Global in time L^p-estimates for the instationary Stokes- and Navier-Stokes flow through an aperture

Andreas Fröhlich

Department of Mathematics, TU Darmstadt, Schlossgartenstr. 7, D-64289 Darmstadt, Germany, email: froehlich@mathematik.tu-darmstadt.de

Abstract

Using a characterisation of maximal L^p-regularity by R-bounded operator families we prove global in time estimates in L^p(R_+ ; L^q(Ω)), 1 < p, q < ∞, for solutions of the instationary Stokes system in an aperture domain Ω ⊂ R^n , n ≥ 3, with ∂Ω ∈ C^{1,1}. The results are applied to obtain new global in time estimates for weak solutions of the Navier-Stokes equations with nonvanishing flux through the aperture.

AMS classification: 35Q30, 35D05, 47D06

1 Introduction

For n ≥ 3 and d ≥ 0 let R^n_± = {x = (x_1, . . . , x_n) ∈ R^n : ±x_n > d/2}. Then an open connected set Ω ⊂ R^n is called an aperture domain if there is a bounded set B ⊂ R^n such that Ω ∪ B = R^n_+ ∪ R^n_− ∪ B. We assume ∂Ω ∈ C^{1,1}.

PSfrag replacements

Figure 1: An aperture domain

For a smooth bounded (n−1)-dimensional manifold M with unit normal vector ν directed downwards dividing Ω into two connected components Ω_± and a solenoidal, sufficiently smooth vector field u : Ω → R^n the flux of u through the aperture is defined by Φ(u) = ∫ M u · ν dσ. In an aperture domain we consider the instationary Navier-Stokes system

u_t + (u, ∇u) − Δu + ∇p = f, div u = 0 in R_+ × Ω (1) u = 0 on ∂Ω, u(x, 0) = u_0(x) in Ω. (2)

In [5] M. Franzke constructed a global weak solution with prescribed flux Φ(u) = α under suitable assumptions on the data in the case n = 3. Here we are interested in global estimates in L^s(0, T ; L^q (Ω))−spaces of u_t, ∇^2u, ∇p for such a weak solution. This kind of estimate was obtained in [10] for the whole space, the half space, bounded and exterior domains for exponents 1 < s, q < ∞ satisfying 2/s + n/q = n + 1. However, if Ω is an aperture domain a new effect occurs in the case Φ(u) ≠ 0 : The conditions 2/s+n/q = n+1 and s > 1 yield q < n^′ := n/(n − 1), but for q ≤ n^′ a solenoidal vector field u ∈ L^q(Ω)^n necessarily has vanishing flux (see [2], [5]). Therefore in the case Φ(u) ≠ 0 the regularity result can not be the same as for the domains considered in [10]. We have to use the sum of spaces L^s(R_+ ; L^q) + L^r(R_+ ; L^ρ) for 1 < s, q, r, ρ < ∞, 2/s + n/q = n + 1, ρ > n^′.

Writing for simplicity L^s(R_+ ; L^q) for L^s(R_+ ; L^q(Ω)^N ) regardless of N ∈ N and denoting the respective norm by ‖ · ‖_{s,q} the result reads as follows:

Theorem 1.1 Let Ω ⊂ R^n , n ≥ 3, be an aperture domain with boundary of class C^{1,1}, let 1 < s, q, r < ∞, 2/s + n/q = n + 1 and assume f ∈ L^s(R_+ ; L^q), u_0 ∈ L^{[s,q]}_Σ (Ω) and α ∈ W^{1,r}(R_+ ) with Φ(u_0) = α(0). Let u be a weak solution of the Navier-Stokes equations (1)-(2) with flux Φ(u) = α and let ∇p be the associated pressure gradient. Then

u_t, ∇^2u, ∇p ∈ L^s(R_+ ; L^q) + ⋂ ρ>n^′ L^r(R_+ ; L^ρ). (3)

The respective norms of u_t, ∇^2u, ∇p in L^s(R_+ ; L^q)+L^r(R_+ ; L^ρ) for ρ > n^′ can be estimated by a constant C_{s,r,q,ρ} > 0 times ‖f‖_{s,q} + ‖u‖^{2−2/s}_{2,∞} ‖∇u‖^{2/s}_{2,2} + ‖u_0‖_{[s,q],χ} + ‖α‖_W 1,r_{(R+)}. (4) If α = 0 it holds u_t, ∇^2u, ∇p ∈ L^s(R_+ ; L^q).

Here L^{[s,q]}_Σ (Ω) denotes an appropriate space for the initial value with norm ‖·‖_{[s,q],χ} defined in Section 4 below. For the precise definition of a weak solution of the Navier-Stokes equations with flux α see Section 5 below.

As in [10] our proof of global L^s(R_+ ; L^q)-estimates for the Navier Stokes equations rests on L^s(R_+ ; L^q)-estimates of the instationary Stokes system

u_t − Δu + ∇p = f, div u = 0 in R_+ × Ω (5) u | |_{∂Ω} = 0, u(0) = u_0, Φ(u) = α. (6)

In [8] the a priori estimate ∫_T 0 { ‖u_t‖^s_q + ‖∇^2u‖^s_q + ‖∇p‖^s_q } dt ≤ C ( ∫ T 0 ‖f‖^s_q dt + ‖u_0‖^s_{[s,q]} + ‖α‖^s_W 1,s_{(0,T )} ) , (7)

for 0 < T < ∞ with C = C_T > 0 is proved. But it has remained open if the constant C = C_T in (7) can be chosen independently of T ∈ (0, ∞). The aim of this paper is not only to give a positive answer to this question but also to improve the new method of proof from [8] which rests on resolvent estimates in weighted L^q-spaces for Muckenhoupt weights.

It is well known from semigroup theory that the behaviour of the solution of the instationary Stokes system for large times corresponds to the behaviour of the solution of the Stokes resolvent system

λu − Δu + ∇p = f, div u = 0 in Ω, u = 0 on ∂Ω (8) for small values of the modulus of λ ∈ Σ_ε := {λ ∈ C \ {0} : |arg λ| < π − ε }, 0 < ε <^π_2 .

The idea used in [8] to prove (7) is as follows: An abstract theorem on maximal L^p-regularity (see [11], [12] or Theorem 4.3 below) is combined with the fact that for L^qspaces the assumptions of this theorem can be verified by using weighted L^q-estimates of the corresponding resolvent problem. To be more specific, for 1 < q < ∞ and a weight ω ∈ A_q in the Muckenhoupt class (see Defintion 2.1) define the weighted L^q-space

L^q_ω(Ω) = {u ∈ L^1_{loc}(Ω) : ‖u‖^q_{,ω} := ∫ Ω |u|^qω dx < ∞ }. Then by [8] the validity of the estimate ‖λu‖_{q,ω} ≤ C ‖f‖_{q,ω}, λ ∈ Σ_ε, |λ| ≥ δ > 0 (9) in (8) for all weights ω ∈ A_q together with the fact that C = C_{ε,δ}(ω) depends only on the A_q-constant (see Definition 2.1) of the weight ω ∈ A_q implies (7). The dependence of C in (9) on δ > 0 corresponds to the (possible) dependence of the constant C in (7) on T .

In the case without weights in [2] the resolvent estimate (9) was proved with a constant C independent of δ > 0. The proof rests on a uniqueness assertion for the stationary Stokes system and on Sobolev imbedding inequalities. In order to transfer this approach to the weighted situation we need weighted Sobolev inequalities, which require additional restrictions on the class of weight functions; therefore we are not able to verify the estimate (9) with a constant independent of δ > 0 for all Muckenhoupt weights ω ∈ A_q.

Actually a smaller class of weights turns out to be sufficient: Let Ā_q = A_1 ∪{ω^{−1/(q′−1)} : ω ∈ A_1} ⊂ A_q for 1 < q < ∞, 1/q + 1/q^′ = 1. We observe that (7) follows for all 1 < s, q < ∞ from the resolvent estimate (9) for q = 2 and for all weights ω ∈ Ā_2 with a constant C independent of δ > 0 and depending only on the A_1-constant of ω (see Theorem 4.2 below). Indeed, we have weighted Sobolev inequalities at hand to prove (9) with a constant independent of δ > 0 for n^′ < q < n and all weight functions in Ā_q.

2 Preliminaries

A cube Q is a subset of R^n of the form Π^n_{j=1}I_j, where I_1, . . . , I_n ⊂ R are bounded intervals of the same length.

Definition 2.1 Let 1 < q < ∞. A function 0 ≤ ω ∈ L^1_{loc}(R^n ) is called A_q-weight, if

A_q(ω) := sup_Q ( 1 |Q| ∫ Q ω dx ) ( 1 |Q| ∫ Q ω^{− 1q−1} dx )_{q−1} < ∞, (10) where the supremum is taken over all cubes Q ⊂ R^n and |Q| is the Lebesgue measure of Q. A function 0 ≤ ω ∈ L^1_{loc}(R^n ) is called A_1-weight, if

A_1(ω) := sup_Q { ( 1 |Q| ∫ Q ω dx ) ess sup_{x∈Q} 1 ω(x) } < ∞, where the supremum is taken over all cubes Q ⊂ R^n . For 1 ≤ q < ∞ the value A_q(ω) is called the A_q-constant of ω.

Finally we set A_∞ := ⋃ 1≤q<∞ Aq.

Obviously cubes may be replaced by balls in this definition. We use the abbreviations ω(S) for ∫ S ω(x) dx for a measurable subset S ⊂ R^n , q^′ :=^q_{q−1} and ω^′ := ω^{− 1q−1} if 1 < q < ∞ is fixed. For 1 < q < ∞, ω ∈ A_q and an open set U ⊂ R^n note that with respect to the dual product (f, g) = ∫ U f g dx the dual space of L^q_ω(U) can be identified with L^{q′}_{ω′} (U).

In the sequel constants C = C(ω) > 0 in weighted L^q-estimates depending on the weight ω ∈ A_q, 1 ≤ q < ∞, will appear. We call such a constant A_q-consistent if for every c_0 > 0 it can be chosen uniformly for all ω ∈ A_q with A_q(ω) ≤ c_0.

Lemma 2.1 (Properties of Muckenhoupt weights)

(i) For 1 < q < ∞ : ω ∈ A_q ⇐⇒ ω^′ = ω^{− 1q−1} ∈ A_q′ . It holds A_q(ω) = A_q′ (ω^′)^{q−1}.

(ii) A_p ⊂ A_q and A_q(ω) ≤ A_p(ω) for 1 ≤ p ≤ q ≤ ∞.

(iii) For every ω ∈ A_∞ there are constants C > 0 and δ > 0 such that for every ball B and every subset A ⊂ B ω(A) ω(B) ≤ C ( |A| |B| )_δ . (iv) ω ∈ A_∞ ⇒ ω(R^n ) = ∞.

(v) |x|^α and (1 + |x|)^α are A_q-weights for −n < α < n(q − 1).

(vi) For 1 < q < ∞ and ω ∈ A_q there is a 1 < p_0 < q such that ω ∈ A_p for all p_0 < p < q.

(vii) For all ω ∈ A_q and 1 < q < ∞ it holds ∫ R^n ω(x)(1 + |x|) −nq dx < ∞. Proof: (i) follows immediately from the definition. (ii) [9], Chapter IV, Theorem 1.14. (iii) See [9], Chapter IV, Theorem 2.9.

(iv) By iii) there is for ω ∈ A_∞ some δ > 0 such that ω(B_R) ≥ R^{nδ}ω(B_1) → ∞ for R → ∞. (v) See [4], Lemma 2.3 v). (vi) [9], Chapter IV, Theorem 2.6.

(vii) [4], Lemma 2.2 (iii). □

The following nice property of the class of weighted L^q-spaces equipped with Muckenhoup weights will be useful:

Lemma 2.2 Let 1 < r, q < ∞, v ∈ A_r and ω ∈ A_q. Then there exist s > 1 and a weight ρ ∈ A_s such that

L^r_v(R^n ) + L^q_ω(R^n ) ⊂ L^s_ρ(R^n ).

Here ρ can be chosen in the form ρ(x) = (1 + |x|)^{−α} with 0 < α < n.

Proof: By Lemma 2.1 (vi) there exist p < q and τ < r such that ω ∈ A_p and v ∈ A_r and p/q = r/τ =: s. By (i) and (vi) of the same lemma there are ε, δ > 0 such that ω^{− 1p−1} ∈ A_p′_{−ε} and v^{− 1τ −1} ∈ A_τ ′_{−δ}. Let max{^{p′−ε}_{p′} ,^{τ ′−ε}_{τ ′} } < t < 1 and α = nt. Then with ρ(x) := (1 + |x|)^{−α} ∈ A_1 ⊂ A_s we get by Hölder’s inequality ∫ R^n |f|^s ρ dx ≤ ‖f‖^s_{q,ω} ( ∫ R^n ω(x)^{− 1p−1} (1 + |x|)^{−αp′} dx )_{1/p}′ .

Since αp^′ ≥ n(p^′ − ε) and ω^{− 1p−1} ∈ A_p′_{−ε} the last factor on the left hand side is finite by Lemma 2.1 (vii). Analogously ∫ R^n |f|^s ρ dx ≤ ‖f‖^s_{r,v} ( ∫ R^n v(x)^{− 1τ −1} (1 + |x|)^{−ατ ′} dx )_{1/τ} ′ . Since ατ^′ ≥ n(p^′ − δ) and v^{− 1τ −1} ∈ A_τ ′_{−δ} an application of Lemma 2.1 (vii) completes the proof. □

Lemma 2.3 Let n^′ < q < ∞ and ω ∈ A_1. Then (1 + | · |)^q ω ∈ A_q or equivalently (1 + | · |)^{−q′} ω^′ ∈ A_q′ . Furthermore A_q((1 + | · |)^q ω) ≤ c A_1(ω).

Proof: Using the notation ∫ −_M g :=^1_{|M|} ∫ M g dx we have for x_0 ∈ R^n and R > 0 (∫ −_B R(x_0)

(1 + |x|)^q ω ) (∫ −_B R(x_0) (1 + |x|)^{−q′} ω^{− 1q−1} )_{q−1}

≤ (∫ −_B R(x_0)

(1 + |x|)^q ω ) ess sup

x∈B_R(x_0) 1 ω(x) (∫ −_B R(x_0) (1 + |x|)^{−q′} )_{q−1} . Since q^′ < n we can estimate this quantity from above as follows (cf. [4], p. 260)

≤ c max{(1 + |x_0|)^q, (1 + R)^q} (∫ −_B R(x_0) ω ) ess sup

x∈B_R(x_0) 1 ω(x) min{(1 + R)^{−q}, (1 + |x_0|)^{−q}} ≤ c (∫ −_B R(x_0) ω ) ess sup

x∈B_R(x_0) 1 ω(x) ≤ c A_1(ω) < ∞. □ For 1 < q < ∞, ω ∈ A_q, k ≥ 1 and a domain Ω ⊂ R^n we define the weighted Sobolev spaces W^{k,q}_ω (Ω) = {u ∈ L^q_ω(Ω) : D^αu ∈ L^q_ω(Ω), |α| ≤ k}, ^W^{1,q}_ω (Ω) = {u ∈ W^{1,1}_{loc} (Ω) : ∇u ∈ L^q_ω(Ω)^n},

equipped with their respective norm ‖ · ‖_{k,q,ω} and seminorm ‖∇ · ‖_{q,ω}. The subspace of functions u ∈ W^{1,q}_ω (Ω) and u ∈ ^W^{1,q}_ω (Ω) with trace u | |_{∂Ω} = 0 is denoted by W^{1,q}_{0,ω}(Ω) and ^W^{1,q}_{0,ω}(Ω) respectively (see [6], [8] for the definition of the trace). The dual spaces of W^{1,q′}_{0,ω′} (Ω), ^W^{1,q′}_{0,ω′} (Ω) and ^W^{1,q′}_{ω′} (Ω) := ^W^{1,q′}_{ω′} (Ω)/C are denoted by W^{−1,q}_ω (Ω), ^W^{−1,q}_{0,ω} (Ω) and ^W^{−1,q}_ω (Ω) respectively. The norm of ^W^{−1,q}_ω (Ω) is denoted by ‖ · ‖_{−1,q,ω}. If ω ≡ 1 we simply write L^q(Ω), W^{1,q}(Ω), ^W^{−1,q}(Ω), . . .

Lemma 2.4 Let Ω ⊂ R^n be an aperture domain with Lipschitz boundary.

i) Let 1 < q < ∞, ω ∈ A_q and (1 + | · |)^{−q}ω ∈ A_q. Then there is a constant C > 0 such that for every u ∈ ^W^{1,q}_ω (Ω) there are constants K^± with ‖u − K^±‖_{q,(1+|·|)}−q_{ω,Ω±} ≤ C ‖∇u‖_{q,ω,Ω±} . The constant C = C(ω) > 0 can be chosen as an increasing function of A_q(ω)A_q((1 + | · |)^{−q}ω).

ii) Let n^′ < q < ∞, ω ∈ A_1. Then there is an A_1-consistent constant C > 0 such that for every u ∈ ^W^{1,q′}_{ω′} (Ω) there are constants K^± with ‖u − K^±‖_{q′,(1+|·|)−q}′_{ω′,Ω±} ≤ C ‖∇u‖_q′_{,ω}′_{,Ω±} . Proof: i) The estimate for the whole space R^n is a special case of Corollary 3.7 in [4]. The constant appearing in this result is an increasing function of A_q′ (ω^′)A_q′ ((1+|·|)^{−q′} ω^′). Since Ω_± and ω^′ ∈ A_q′ satisfy the assumptions in [1] for the existence of bounded linear extension operators E_± : ^W^{1,q}_ω (Ω_±) → ^W^{1,q}_ω (R^n ) with A_q-consistent norms assertion i) is clear.

ii) Since ω^′, (1 + | · |)^{−q′} ω^′ ∈ A_q′ by Lemma 2.3, we can apply i). It follows from Lemma 2.3 that A_q′ (ω^′)A_q′ (ω^′(1 + | · |)^{−q′} ) ≤ c A_1(ω)^{2/(q−1)}. Hence by the properties of the constant in i) the constant C > 0 is A_1-consistent. □

Remark: Note that the imbeddings ^W^{1,q}_ω (R^n ) → L^q_{(1+|x|)−q ω}(R^n )/C and ^W^{1,q}_ω (R^n ) → L^r_ω(Ω)/C , 1 < r < ∞, are not true for general Muckenhoupt weights ω ∈ A_q: Let 1 < q < n and ω(x) = (1 + |x|)^{−α} with n − 1 < α < n yielding ω ∈ A_q. Further consider a sequence (u_k) ⊂ C^∞_0 (R^n ) such that u_k is equal to 1 for |x| < k, equal to 0 for |x| > k + 1 and |∇u_k| is bounded independent of k. Then ‖∇u_k‖_{q,ω} → 0 for k → ∞ while the sequences ‖u_k‖_{(1+|x|)}−q_ω and ‖u_k‖_{r,ω} are increasing.

For n < q < ∞ one may take even ω ≡ 1 to get a counter-example.

3 Resolvent estimates for the Stokes system

We need a uniqueness assertion for the stationary Stokes system

−Δu + ∇p = 0, div u = 0 in Ω, (11) u | |_{∂Ω} = 0, Φ(u) = 0. (12)

To reduce this problem to perturbed Stokes problems on half spaces R^n_± and on bounded domains we introduce a localisation technique:

Let B be an open ball centered at 0 such that Ω ∪ B = R^n_+ ∪ R^n_− ∪ B. Let B^′ be another open ball B^′ with B^′ ⊂ B such that Ω ∪ B^′ = R^n_+ ∪ R^n_− ∪ B^′. Furthermore we may assume that there is a bounded domain G ⊂ Ω with B ∩ Ω ⊂ G and with boundary of class C^1 or C^{1,1}, if ∂Ω ∈ C^1 or ∂Ω ∈ C^{1,1}, respectively. We define cut-off functions η ∈ C^∞(R^n ) and η+, η_− ∈ C^∞(R^n_+ ∪ R^n_− ∪ B^′) by the following properties:

0 ≤ η, η_+, η_− ≤ 1, η_+ + η_− + η = 1 on Ω η = 0 on R^n \ B, η = 1 on B^′, η_+ = 1 on R^n_+ \ B, η_+ = 0 on R^n_− ∪ B^′, η_− = 1 on R^n_− \ B, η_− = 0 on R^n_+ ∪ B^′.

Lemma 3.1 Let 1 < q < ∞, ω ∈ A_q and let Ω ⊂ R^n be an aperture domain with ∂Ω ∈ C^{1,1}. Furthermore let u ∈ ^W^{2,q}_ω (Ω) ∩ ^W^{1, q}_ω (Ω) and p be a solution of the Stokes system (11), (12). Assume that there are constants K^± such that p − K^± ∈ L^q_ω(Ω_±). Then u = 0 and ∇p = 0.

Proof: For U = R^n_± , G and ϕ = η_±, η consider the local equations −Δ(ϕu) + ∇(ϕp) = f̃, div(ϕu) = g̃, (ϕu) | ∂U = 0, where f̃ = −2(∇ϕ)∇u − (Δϕ)u + (∇ϕ)p and g̃ = (∇ϕ) · u. Here we replace p by p − K^± if U = R^n_± .

Let U = R^n_± : Note that because of the bounded support of ∇ϕ we have for some 1 < s < ∞ that f̃ ∈ ^W^{−1,s}_0 (U)^n := and g̃ ∈ L^s(U) (see [7]), Lemma 2.2) and that (ϕu, ϕ(p − K^±)) ∈ ^W^{1,q}_ω (U)^n × L^q_ω(U) is a weak solution of the stationary Stokes system in U = R^n_± with right hand sides f̃ and g̃. Hence Theorem 5.2 (II) in [6] yields (ϕu, ϕ(p − K_±)) ∈ ^W^{1,s}(R^n_± )^n×L^s(R^n_± ). Now we are in the case without weights and one can conclude by a procedure using Sobolev’s imbedding exactly as in [2] p. 20 that ∇(ϕu) ∈ L^2(R^n_± ).

Let U = G: Noting f̃ ∈ L^s(G)^n and g̃ ⊂ W^{1,s}(G) ∩ ^W^{−1,s}(G) Theorem 3.3 ii) in [7] implies that (ϕu, ϕp) ∈ W^{2,s}(G)^n × W^{1,s}(G); again a bootstrapping argument yields ∇(ϕu) ∈ L^2(G)^n.

We get that ∇u ∈ L^2(Ω)^{n2} . Following the arguments in [2] p. 20 we conclude that u = 0 and ∇p = 0. □

Lemma 3.2 Let ω ∈ A_1, n^′ < q < ∞, 0 < ε <^π_2 and let Ω ⊂ R^n be an aperture domain with ∂Ω ∈ C^{1,1}. Then for every f ∈ L^{q′}_{ω′} (Ω)^n and every λ ∈ Σ_ε there is a unique solution (u, p) ∈ W^{2,q′}_{ω′} (Ω)^n × ^W^{1,q′}_{ω′} (Ω) of the Stokes resolvent system

λu − Δu + ∇p = f, div u = 0 in Ω, u | |_{∂Ω} = 0, Φ(u) = 0. (13)

Furthermore there is an A_1-consistent constant C = C(ω, ε) > 0 such that ‖λu‖_q′_{,ω}′ + ‖∇^2u‖_q′_{,ω}′ + ‖∇p‖_q′_{,ω}′ ≤ C ‖f‖_q′_{,ω}′ (14) for all λ ∈ Σ_ε.

Proof: Since ω^′ ∈ A_q′ by Lemma 2.1 (i), the existence and uniqueness assertion as well as the estimate (14) for |λ| ≥ δ > 0 with a constant C = C(δ) depending A_q′ -consistently on ω^′ (and therefore depending A_1-consistently on ω) is proved in [8]. So it remains to prove that under the assumptions of the lemma C is independent of δ > 0 and A_1-consistent. Assume this was not true. Then there is a c_0 > 0 a sequence (ω_j) ⊂ A_1 with sup_j A_1(ω_j ) ≤ c_0 and a sequence (λ_j ) ⊂ Σ_ε with λ_j → 0 for j → ∞ and (u_j , p_j) ∈ W^{2,q′}_{ω′j} (Ω)^n × ^W^{1,q′}_{ω′j} (Ω) solving (13) with respect to λ = λ_j and f = f_j such that

‖(λ_j u_j, ∇^2u_j , ∇p_j)‖_q′_{,ω}′_j = 1, (15) ‖f_j‖_q′_{,ω}′_j → 0. (16) A standard cut-off technique [8] and Theorem 1.1 in [7] yield the preliminary estimate: ‖(λ_j u_j , ∇^2u_j , ∇p_j)‖_q′_{,ω}′_j ≤ C ( ‖f_j ‖_q′_{,ω}′_j +‖u_j ‖_{1,q}′_{,ω}′_{j ,G} (17) + ‖λ_j u_j ‖_{[W} 1,q_{ωj (G)]′} + ‖p_j ‖_q′_{,ω}′_{j ,G} ). By Lemma 2.4 and (15) there is a constant C > 0 and a constant (n × n)-Matrix K^±_j such that ‖∇u_j − K^±_j ‖_{q′,(1+|·|)−q}′_{ω′,Ω±} ≤ C ‖∇^2u_j ‖_q′_{,ω}′_{j ,Ω} ≤ C. Note that ∇u_j ∈ L^{q′}_{ω′j} (Ω_±)^{n2} and

K^±_j − ∇u_j ∈ L^{q′}_{(1+|·|)−q′ ω′j} (Ω_±)^{n2} , thus K^±_j ∈ L^{q′}_{(1+|·|)−q′ ω′j} (Ω_±)^{n2} . Since (1 + | · |)^{−q′} ω^′_j ∈ A_q′ by Lemma 2.3, this implies K^±_j = 0 by Lemma 2.1 iv). Hence with a constant C > 0 independent of j ‖∇u_j ‖_{q′,ω}′_{j (1+|·|)−q}′_{,Ω} + ‖∇^2u_j‖_{q′,ω}′_{j (1+|·|)−q}′_{,Ω} ≤ C ‖∇^2u_j‖_q′_{,ω}′_{j ,Ω} ≤ C. Since due to the proof of Lemma 2.3 A_q′ ((ω^′_j (1+|·|)^{−q′} ) ≤ c A_1(ω_j)^{1q−1} ≤ c c 1 q−1 0 , by Lemma 2.2 in [8] there is an 1 < s < n^′ and a weight function ρ = (1 + | · |)^{−α} ∈ A_1, 0 < α < n, such that all the spaces L^{q′}_{ω′j (1+|·|)−q′} (Ω) are continuously imbedded into L^s_ρ(Ω), where

the embedding constant can be chosen uniformly with respect to j. Hence L^{q′}_{ω′j} (Ω) is continuously imbedded into L^s_v(Ω), v = (1 + | · |)^sρ with imbedding constant independent of j. Assuming w.l.o.g. that s < α < n we get that v = (1 + | · |)^{s−α} ∈ A_1.

Thus the sequences (∇u_j ), (∇^2u_j ) and (∇p_j ) are bounded in L^s_ρ(Ω)^{n2} , L^s_v(Ω)^{n3} and L^s_v(Ω)^n, respectively. Therefore, suppressing the notation of subsequences, we get the weak convergences ∇u_j ⇀ ∇u ∈ L^s_ρ(Ω)^{n2} , ∇^2u_j ⇀ ∇^2u ∈ L^s_v(Ω)^{n3} and ∇p_j ⇀ ∇p ∈ L^s_v(Ω)^n, ∫ G p dx = 0. Since v ∈ A_s and ρ = (1 + | · |)^{−s}v ∈ A_s we get from Lemma 2.4 i) constants K_± such that p − K_± ∈ L^s_ρ(Ω_±). Furthermore div u = 0. Since u_k | ∂Ω = 0 and because of the special form of ρ we conclude by Poincaré’s inequality that u_k ⇀ u weakly in L^s(Ω ∩ B̂) for all balls B̂ with Ω ∩ B̂ ≠ 0. Hence u ∈ L^s_{loc}(Ω)^n, u | |_{∂Ω} = 0 and −Δu+∇p = 0 in the distributional sense. As in [2] p. 22 one shows Φ(u) = ∫ M u·ν ds = 0. Therefore Lemma 3.1 can be applied to u ∈ ^W^{2,s}_v (Ω)^n ∩ ^W^{1,s}_ρ (Ω)^n ⊂ ^W^{2,s}_ρ (Ω)^n ∩ ^W^{1,s}_ρ (Ω)^n and ∇p ∈ L^s_v(Ω)^n ⊂ L^s_ρ(Ω)^n with p − K_± ∈ L^s_ρ(Ω_±) to conclude that u = 0 and ∇p = 0.

Note that A_q′ (ω^′_j) ≤ A_1(ω_j )^{1q−1} ≤ c 1 q−1 0 . Thus we may use a compactness argument (Lemma 2.3 in [8]) to show exactly as in the proof of Theorem 1.1 in [8] that (after choosing a subsequence) all the terms on the right hand side of (17) converge to 0. This contradicts (15). □

4 Maximal L^p-Regularity for the instationary Stokes system

To apply an abstract result on maximal L^p-regularity stated as Theorem 4.3 below, we introduce the Stokes operator in weighted L^q-spaces. In [8] the Helmholtz decomposition of weighted L^q-spaces in aperture domains Ω ⊂ R^n with boundary of class C^1

L^q_ω(Ω)^n = L^q_{ω, σ}(Ω) ⊕ G^q_ω(Ω)

is proved for 1 < q < ∞ and arbitrary ω ∈ A_q. Here L^q_{ω, σ}(Ω) denotes the closure in L^q_ω(Ω)^n of the space C^∞_{0,σ}(Ω) of smooth, solenoidal vector fields with compact support in Ω and G^q_ω(Ω) are the gradient fields in L^q_ω(Ω)^n. The corresponding bounded projection operator from L^q_ω(Ω)^n onto L^q_{ω, σ}(Ω) with kernel G^q_ω(Ω) is denoted by P_{q,ω}.

Then the Stokes operator A_{q,ω} is defined as follows:

D(A_{q,ω}) = W^{2,q}_ω (Ω)^n ∩ W^{1,q}_{0,ω}(Ω)^n ∩ L^q_{ω, σ}(Ω) A_{q,ω}u = −P_{q,ω}Δu for u ∈ D(A_{q,ω}). Lemma 6.2 in [8] shows that D(A_{q,ω}) = {u ∈ W^{2,q}_ω (Ω)^n ∩W^{1,q}_{0,ω}(Ω)^n : div u = 0, Φ(u) = 0}. If ω ≡ 1 we simply write L^q_σ(Ω), A_q, · · · .

Theorem 4.1 Let ω ∈ A_1, 1 < q < ∞, 0 < ε <^π_2 and let Ω ⊂ R^n be an aperture domain with ∂Ω ∈ C^{1,1}. Then for all λ ∈ Σ_ε the resolvents (λ + A_{q,ω})^{−1} and (λ + A_q′_{,ω}′ )^{−1} exist.

For 1 < q < n there is an A_1-consistent constant C = C(ε, ω) > 0 such that the estimate ‖λ (λ + A_{q,ω})^{−1}f‖_{q,ω} ≤ C ‖f‖_{q,ω} ∀f ∈ L^q_{ω, σ}(Ω). (18) holds uniformly for all λ ∈ Σ_ε.

For n^′ < q < ∞ there is an A_1-consistent constant C = C(ε, ω) > 0 such that the estimate ‖λ (λ + A_q′_{,ω}′ )^{−1}f‖_q′_{,ω}′ ≤ C ‖f‖_q′_{,ω}′ ∀f ∈ L^{q′}_{ω′,σ}(Ω) (19) holds uniformly for all λ ∈ Σ_ε.

Proof: Since ω ∈ A_1 ⊂ A_q and ω^′ ∈ A_q′ the existence of the resolvents (λ + A_{q,ω})^{−1} and (λ + A_q′_{,ω}′ )^{−1} for λ ∈ Σ_ε follows from Theorem 1.1 in [8]. The estimate (19) follows immediately from Lemma 3.2. The estimate (18) is proved by duality: Let g ∈ L^q_{ω, σ}(Ω), f ∈ L^{q′}_{ω′} (Ω)^n and let u, p be the solution of the Stokes resolvent system corresponding to λ, f from Lemma 3.2. Then for v = (λ + A_{q,ω})^{−1}g ∈ L^q_ω(Ω)^n |(v, f)| = |(v, λu − Δu + ∇p)| = |(λv − Δv, u)| = |(g, u)| ≤ 1 |λ| ‖g‖_{q,ω}‖f‖_q′_{,ω}′ . Since f ∈ L^{q′}_{ω′} (Ω)^n = [L^q_ω(Ω)^n]^′ was arbitrary the estimate (18) follows. □

To apply a characterisation of maximal regularity due to L. Weis ([11], [12]) we introduce the notion of R-bounded operator families. In the sequel L(X) denotes the space of bounded linear operators on a Banach space X.

Definition 4.1 Let X be a Banach space. A subset T ⊂ L(X) is called R-bounded if there exists a constant C ∈ R such that ∫_1 0 ‖ ‖^N∑ j=1 r_j(u) T_j x_j ‖ ‖ X du ≤ C ∫_1 0 ‖ ‖^N∑ j=1 r_j (u) x_j ‖ ‖ X du (20)

for all T_1, . . . , T_N ∈ T , x_1, . . . , x_N ∈ X and N ∈ N, where (r_j ) is a sequence of independent, symmetrically distributed, {−1, 1}-valued random variables defined on [0, 1], e.g. the Rademacher functions. The smallest constant C such that (20) holds is called R-bound of T and is denoted by R(T ).

Lemma 4.1 Let (Ω, Σ, μ) be a measure space, 1 < q < ∞ and X = L^q(Ω, μ). Then T ⊂ L(X) is R-bounded if and only if there is a constant C ∈ R such that ‖ ‖ (^N∑ j=1 |T_j f_j|^2 ) 1_2 ‖ ‖_{Lq (Ω,μ)} ≤ C ‖ ‖ (^N∑ j=1 |f_j|^2 ) 1_2 ‖ ‖_{Lq (Ω,μ)} (21)

for all T_1, . . . , T_N ∈ T , f_1, . . . , f_N ∈ X and N ∈ N.

Proof: See e.g. [7], Lemma 4.2. □

Note that for q = 2 we have ω^′ = ω^{−1/(q−1)} = ω^{−1} for a weight function ω ∈ A_2, i.e., ω^{−1} means^1_ω ; this notation should not cause confusion with an inverse function.

The following Theorem is a consequence of the proof of Theorem 6.4., Chapter V, in [9], although the statement given there is weaker. We give the proof with slight modifications for the convenience of the reader.

Theorem 4.2 Let 1 < q < ∞ and let Ω ⊂ R^n be an open set. Further let T ⊂ L(L^q(Ω)) be a family of linear operators with the property that for all ω ∈ A_1 there is a constant C = C(ω) > 0 depending only on the A_1-constant of ω such that the following estimates hold ‖T f‖_{2,ω} ≤ C ‖f‖_{2,ω} ∀f ∈ L^q(Ω) ∩ L^2_ω(Ω), (22) ‖T f‖_{2,ω}−1 ≤ C ‖f‖_{2,ω}−1 ∀f ∈ L^q(Ω) ∩ L^2_ω−1 (Ω). (23) Then T is R-bounded in L^q(Ω).

Proof: First, let Ω = R^n and q > 2. Set s = (_q 2 )_′ and 1 < σ := (1 + s)/2 < s. Then given 0 ≤ w ∈ L^s(R^n ) let W (x) = (Mw^σ (x))^1σ and observe that i) w(x) ≤ W (x) ii) ‖W ‖_s ≤ C_s ‖w‖_s. iii) W ∈ A_1 with A_1-constant depending only on s (see [9], Theorem 3.4, Chapter II).

It follows from i), iii) and (22) ‖T f‖_{2,w} ≤ ‖T f‖_{2,W} ≤ C ‖f‖_{2,W} , where C does not depend on the choice of w but only on s. Given sequences (T_j ) ⊂ T and (f_j) ⊂ L^q(R^n ) there exists 0 ≤ w ∈ L^s(R^n ) with norm ‖w‖_s = 1 such that ‖ ‖( ∑ j |T_j f_j|^2 ) 1_2 ‖

‖_q = ‖ ‖ ∑ j |T_j f_j|^2 ‖ ‖^12 s^′ = ( ∫ R^n ∑ j |T_j f_j|^2w dx ) 1_2 ≤ C ( ∫ R^n ∑ j |f_j |^2W dx ) 1_2

≤ C ‖ ‖ ∑ j |f_j|^2 ‖ ‖ 1 2 s^′ ‖W ‖^{12}_s ≤ C ‖ ‖ ( ∑ j |f_j|^2 ) 1_2 ‖ ‖_q where C depends only on s, i.e., T is R-bounded in L^q(R^n ).

Let q < 2. Choose g = (g_1, . . . , g_N ) ∈ L^{q′} (R^n )^N with norm ‖g‖_q′ = 1 such that ‖ ‖(^N∑ j=1 |T_j f_j|^2 ) 1_2 ‖ ‖_q = N∑ j=1 ∫ R^n T_j f_j g_j dx

= N∑ j=1 ∫ R^n f_j (T_j )^′g_j dx ≤ ‖ ‖( ∑ j |f_j|^2 ) 1_2 ‖ ‖_q ‖ ‖( ∑ j |(T_j )^′g_j |^2

) 1_2 ‖ ‖_{q′} .

By (23) and a duality argument using (L^2_ω(R^n ))^′ = L^2_{ω−1} (R^n ) there is an A_1-consistent constant C > 0 such that ‖(T )^′f‖_{2,ω} ≤ C ‖f‖_{2,ω} for all ω ∈ A_1, all T ∈ T and all f ∈ L^{q′} (R^n ) ∩ L^2_ω(R^n ). Since q^′ > 2 the first step of the proof yields a constant C independent of N such that ‖ ‖(^N∑ j=1 |(T_j )^′g_j |^2

) 1_2 ‖ ‖_{q′} ≤ C ‖ ‖(^N∑ j=1 |g_j |^2 ) 1_2 ‖ ‖_{q′} = 1. This proofs the claim in the case q < 2 and Ω = R^n .

The case q = 2 follows from interpolation.

The assertion for a general open set Ω ⊂ R^n can be reduced to Ω = R^n by extending the functions by 0 to R^n . See [7], proof of Theorem 4.3, for details. □

Let A be the generator of an analytic semigroup in the Banach space X. We consider the abstract Cauchy problem

u_t − Au = f, u(0) = 0. (24)

For f ∈ L^1_{loc}([0, ∞); X) the mild solution on J = R_+ is given by u(t) = ∫_t 0 e^{(t−s)A}f(s)ds. Definition 4.2 Let 1 < s < ∞ and f ∈ L^s(J, X). We say that A has the property MR of maximal regularity, if for every 0 < T < ∞ and every f ∈ L^s(0, T ; X) the mild solution u of (24) belongs to W^{1,s}(0, T ; X) ∩ L^s(0, T ; D(A)) and if there is a constant C ∈ R such that the estimate ‖u_t‖_Ls_{(0,T ;X)} + ‖Au‖_Ls_{(0,T ;X)} ≤ C ‖f‖_Ls_{(0,T ;X)} (25) holds.

A generator A of a bounded analytic semigroup is said to have the property MR_∞ of maximal regularity if A has the property MR and the estimate (25) holds with a constant C independent of T ∈ (0, ∞), i.e., (0, T ) can be replaced by the infinite interval (0, ∞) in (25).

For an aperture domain with boundary of class C^{1,1} the property MR was proved for the Stokes operator −A_{q,ω} in L^q_{ω, σ}(Ω) even for general Muckenhoupt weights, see [8]. In the sequel we show in the case without weights that the Stokes operator A_q has the property MR_∞.

The following characterisation of maximal regularity by R-bounded operator families is due to L. Weis [11], [12]. Recall that a UMD space X is defined to be a Banach space such that the Hilbert transform is bounded from L^p(R; X) to L^p(R; X) for 1 < p < ∞. It is well known that L^q(Ω, μ) is an UMD space for 1 < q < ∞ .

Theorem 4.3 Let A be the generator of a bounded analytic semigroup in a UMD space X. Then A has the property of maximal regularity MR_∞, iff the operator family {λ (λ − A)^{−1} : λ ∈ iR, λ ≠ 0} is R-bounded.

Theorem 4.4 Let 1 < q < ∞ and let Ω ⊂ R^n , n ≥ 3, be an aperture domain with boundary of class C^{1,1}. Then the Stokes operator −A_q generates a bounded analytic semigroup in L^q_σ(Ω), which has the property MR_∞ of maximal regularity.

Proof: We can write λ(λ + A_q)^{−1}P_q for λ ∈ iR \ {0} as an n × n-martix (A^λ_{i,j} )_{i,j=1,...n} of linear bounded operators on L^q(Ω).

Recall from Lemma 2.2 that for 1 < q < ∞ and v ∈ A_2 there exist s ∈ (1, ∞) and ρ ∈ A_s such that L^2_v(Ω) + L^q(Ω) ⊂ L^s_ρ(Ω). Applying the uniqueness assertion of Theorem 1.1 in [8] to the pair (s, v) we get (λ + A_q)^{−1}P_qf = (λ + A_{s,ρ})^{−1}P_{s,ρ}f = (λ + A_{2,v})^{−1}P_{2,v}f for f ∈ L^q(Ω)^n ∩ L^2_v(Ω)^n. We will use this fact with v = ω and v = ω^{−1} in the following arguments.

Since furthermore n^′ < 2 < n for n ≥ 3 and since ω ∈ A_1 implies ω ∈ A_2 as well as ω^{−1} ∈ A_2, the operators A^λ_{i,j} i, j = 1, . . . , n, extend by Theorem 4.1 and the boundedness properties of the Helmholtz projection (see Theorem 3.1 in [8]) to linear bounded operators on L^2_ω(Ω) and on L^2_{ω−1} (Ω) for all ω ∈ A_1 with A_1-consistent norm bound independent of λ ∈ iR \ {0}. Hence Theorem 4.2 yields that the operator families {A^λ_{i,j} : λ ∈ iR \ {0} } are R-bounded in L(L^q(Ω)) for i, j = 1, . . . , n. This implies the R-boundedness of { λ (λ + A_q)^{−1} : λ ∈ iR \ {0} } in L(L^q_σ(Ω)). Thus Theorem 4.3 completes the proof. □

To formulate the global in time result for the instationary Stokes system following from Theorem 4.4 with a nonvanishing flux and a nonzero inital value we introduce some notation:

For n^′ < q < ∞ and an aperture domain Ω ⊂ R^n with Lipschitz boundary there exists a flux function χ ∈ W^{2,q}(Ω)^n satisfying χ | |_{∂Ω} = 0, div χ = 0, Φ(χ) = 1, (26)

see [5], Theorem 1.4.

We introduce some appropriate spaces for the initial value: L^{[s,q]}_σ (Ω) := {u ∈ L^q_σ(Ω) : ‖u‖_{[s,q]} < ∞ }, ‖u‖_{[s,q]} := ‖u‖_q + ‖A_qe^{−tAq} u‖_Ls_{(R+,L}q_{σ(Ω))}. L^{[s,q]}_Σ (Ω) := L^{[s,q]}_σ (Ω) ⊕ span{χ} ‖u + αχ‖_{[s,q],χ} := ‖u‖_{[s,q]} + |α| for 1 < s, q < ∞. Note that the flux Φ(u) = ∫ M u · ν dσ initially defined for u ∈ W^{1,q}_0 (Ω)^n extends uniquely to a bounded linear functional on the subspace { u ∈ L^q(Ω)^n : div u = 0, u · ν | |_{∂Ω} = 0} of L^q(Ω)^n (see [5], Theorem 1.7).

Theorem 4.5 Let 1 < s, q < ∞ and let Ω be as in Theorem 4.4. Let f ∈ L^s(R_+ ; L^q(Ω)^n).

i) For n^′ < q < ∞, α ∈ W^{1,s}(R_+ ) and u_0 ∈ L^{[s,q]}_Σ (Ω) with Φ(u_0) = α(0) there exists a unique solution (u, ∇p) of the Stokes system (5), (6) with flux Φ(u) = α satisfying

∇^2u ∈ L^s(R_+ ; L^q(Ω)^{n2} ), u_t, ∇p ∈ L^s(R_+ ; L^q(Ω)^n), (27) ∫_∞ 0 { ‖u_t‖^s_q + ‖∇^2u‖^s_q + ‖∇p‖^s_q } dt ≤ C ( ∫ ∞ 0 ‖f‖^s_q dt + ‖u_0‖^s_{[s,q],χ} + ‖α‖^s_W 1,s ) (28)

with a constant C = C(s, q, Ω) > 0.

ii) For 1 < q < n^′ and u_0 ∈ L^{[s,q]}_σ (Ω) there exists a unique solution (u, ∇p) of the Stokes system (5), (6) satisfying (27). Furthermore u has a vanishing flux Φ(u) = 0 for all t > 0 and there is a constant C = C(s, q, Ω) > 0 such that ∫_∞ 0 {‖u_t‖^s_q + ‖∇^2u‖^s_q + ‖∇p‖^s_q } dt ≤ C ( ∫ ∞ 0 ‖f‖^s_{q,ω} dt + ‖u_0‖^s_{[s,q]} ) . Proof: This theorem is a consequence of Theorem 4.4. For further details we refer the reader to the proof of Theorem 6.1 in [8]. □

5 Weak solutions of the Navier-Stokes equations with nonvanishing flux

Let Ω ⊂ R^n , n ≥ 3, be an aperture domain with C^{1,1}-boundary. We consider the Navier- Stokes equations

u_t + u · ∇u − Δu + ∇p = f, div u = 0 in R_+ × Ω (29) u = 0 on ∂Ω, u(x, 0) = u_0(x). (30)

Then u is called a weak solution of the Navier-Stokes equations in Ω with flux α if

u ∈ L^∞(R_+ , L^2(Ω)^n), ∇u ∈ L^2(R_+ , L^2(Ω)^{n2} ), div u = 0 in R_+ × Ω u = 0 on R_+ × ∂Ω, Φ(u) = α in R_+ , (u(t), v(t)) + ∫_t 0 {−(u, v_t) + (∇u, ∇v) + (u · ∇u, v)} dτ = (u_0, v(0)) + ∫_t 0 (f, v) dτ for all t > 0 and all v ∈ C^1_0 ([0, ∞); C^∞_{0,σ} (Ω)).

For n = 3 in [5], Theorem 1.1, the existence of a global weak solution with prescribed flux α is shown under the assumptions

f ∈ L^1(R_+ ; L^2(Ω)^3) + L^2(R_+ ; ^W^{−1,2}(Ω)^3), α ∈ W^{1,1}(R_+ ) (31) and u_0 ∈ L^2(Ω)^3 with div u_0 = 0, u_0 · ν | |_{∂Ω} = 0, Φ(u_0) = α(0), (32)

where α(0) denotes the trace of α ∈ W^{1,1}(R_+ ) at 0.

Proof of Theorem 1.1: The function v = u − αχ satisfies Φ(v) = 0 and is a weak solution of

v_t − Δv + u · ∇u + ∇p = f − α^′χ + αΔχ, div v = 0 (33) v | ∂Ω = 0, v(0) = u_0 − α(0)χ ∈ L^{[s,q]}_σ .

As usual (cf. [10]) one gets the estimate ‖u · ∇u‖_{s,q} ≤ C ‖u‖^{2−2/s}_{2,∞} ‖∇u‖^{2/s}_{2,2} . (34)

Define

V (t) = e^{−tAq} [u_0 − α(0)χ] + ∫_t 0 e^{−(t−s)Aq} P_q[f − (u · ∇u)](s) ds W (t) = − ∫_t 0 e^{−(t−s)Aρ} P_ρ[α^′χ − αΔχ](s) ds, ρ > n^′. By (34), the properties χ, Δχ ∈ L^ρ for ρ > n^′, α ∈ W^{1,r}(R_+ ), u_0 − α(0)χ ∈ L^{[s,q]}_σ (Ω) and Theorem 4.4 we get

V_t, A_qV ∈ L^s(R_+ ; L^q), W_t, A_ρW ∈ L^r(R_+ ; L^ρ) ∀ρ > n^′, (35)

and the respective norms can be estimated by ‖f‖_{s,q} + ‖u‖^{2−2/s}_{2,∞} ‖∇u‖^{2/s}_{2,2} + ‖u_0‖_{[s,q],χ} + ‖α‖_W 1,r_{(R+)}. Set ṽ := V +W and τ := min{r, s}. Note that L^q + ⋂ ρ>n^′ L ρ ⊂ L^q +L^2 ⊂ L^q_ω where ω = (1 + | · |)^{−γ} ∈ A_1, n(2 − q)/2 < γ < n. Hence ṽ ∈ L^τ (0, T ; D(A_{q,ω})) ∩ W^{1,τ} (0, T ; L^q_ω ) for every 0 < T < ∞ and ṽ is a solution of ṽ_t + A_{q,ω}ṽ = P_{q,ω}[f − u · ∇u − α^′χ + αΔχ] =: F, ṽ(0) = u_0 − α(0)χ. (36) Applying the Yosida approximation J_k = (I + A_{q,ω}/k)^{−1} (which exists by Theorem 1.1 in [8]) to v it follows from Theorem 1.2 in [8] that J_kv ∈ L^τ (0, T ; D(A_{q,ω})) ∩ W^{1,τ} (0, T ; L^q_ω ) for 0 < T < ∞ and (J_kv)_t + A_{q,ω}(J_kv) = J_kF, see also [10] for details. Theorem 1.1 and Theorem 1.2 in [8] imply that (J_kv) is uniformly bounded in L^τ (0, T ; D(A_{q,ω})) ∩ W^{1,τ} (0, T ; L^q_ω). This yields v ∈ L^τ (0, T ; D(A_{q,ω})) ∩ W^{1,τ} (0, T ; L^q_ω ) for 0 < T < ∞ and v_t + A_{q,ω}v = F. Hence the uniqueness statement of Theorem 1.2 in [8] yields v = ṽ a.e. in R_+ .

Note that the conditions on s and q imply q < n^′ < n. Therefore (see [5], Theorem 2.8) ‖∇^2V ‖_q ≤ C ‖A_qV ‖_q, ‖∇^2W ‖_ρ ≤ C ‖A_ρW ‖_σ, n^′ < ρ < n. Since u = v + αχ = V + W + αχ and ∇p = f − u_t + Δu − u · ∇u, the proof is complete. □

Remark: Assume s = r in Theorem 1.1 and note that for γ > n(n^′ − q)/n^′ and ω = (1 + | · |)^{−γ} the embedding

L^q + ⋂ ρ>n^′ L^ρ ⊂ L^q_ω

holds. Therefore the norm of u_t, ∇^2u, ∇p in L^s(R_+ ; L^q_ω) can be estimated by (4). The exponents s, q satisfy the the condition 2/s+n/q = n+1 as in the case of the whole space, the half space, a bounded or an exterior domain (see [10]) and the exponent γ > 0 of the weight function tends to 0 if s tends to 1 and q tends to n^′.

References

[1] S.-K. Chua, Extension theorems for weighted Sobolev spaces. Indiana Univ. Math. J.

41, 1027-1076, (1992).

[2] R. Farwig, H. Sohr, Helmholtz decomposition and Stokes resolvent system for aperture domains in L^q-spaces. Analysis 16, 1-26, (1996).

[3] R. Farwig, H. Sohr, Global estimates in weighted spaces of weak solutions of the Navier-Stokes equations in exterior domains. Arch. Math. 67, 319-330, (1996).

[4] R. Farwig, H. Sohr, Weighted L^q-theory for the Stokes resolvent in exterior domains.

J. Math. Soc. Japan 49, 251-288, (1997).

[5] M. Franzke, Die Navier-Stokes-Gleichungen in Öffnungsgebieten. Shaker Verlag (2000).

[6] A. Fröhlich, The Stokes operator in weighted L^q-spaces I: Weighted estimates for the Stokes resolvent problem in a half space. TU Darmstadt, Fachbereich Mathematik, Preprint Nr. 2172, (2001), to appear in J. Math. Fluid Mech.

[7] A. Fröhlich, The Stokes operator in weighted L^q-spaces II: Weighted resolvent estimates and maximal L^p-regulartiy. TU Darmstadt, Fachbereich Mathematik, Preprint Nr. 2173, (2001) To appear in Math. Ann.

[8] A. Fröhlich, Maximal Regularity for the Instationary Stokes System in an Aperture Domain. TU Darmstadt Fachbereich Mathematik, Preprint Nr. 2187, (2001).

[9] J. Garcia-Cuerva, J.L. Rubio de Francia, Weighted norm inequalities and related topics. North Holland, Amsterdam, (1985)

[10] Y. Giga, H. Sohr, Abstract L^p estimates for the Cauchy problem with applications to the Navier-Stokes equations in exterior domains. J. Funct. Anal. 102, 72-94, (1991).

[11] L. Weis, Operator-Valued Fourier Multiplier Theorems and Maximal L_p-Regularity.

Math. Ann. 319, 735-758, (2001).

[12] L. Weis, A New Approach to Maximal L_P -Regularity. Proc. of the 6th International Conference on Evolution Equations, (G. Lumer and L. Weis, editors) Marcel Dekker 2000.