Characterizations of Proper Actions

Harald Biller^∗

12th April 2002

Abstract

Three kinds of proper actions of increasing strength are defined. We prove that the three definitions specialize to the definitions by Bourbaki, by Palais, and by Baum, Connes, and Higson in their respective settings. The third of these, which thus turns out to be the strongest, originally only concerns actions of second countable locally compact groups on metrizable spaces. In this situation, it is shown to coincide with the other two definitions if the total space locally has the Lindelöf property and the orbit space is regular.^{1 2}

Introduction

Proper actions are an important generalization of actions of compact groups. They were introduced by Palais [16] as continuous actions of locally compact groups on completely regular spaces such that certain neighbourhoods of stabilizers are compact. Bourbaki [5] calls a continuous action of an arbitrary topological group proper if all stabilizers are compact and a certain map is closed. The Baum–Connes conjecture for second countable locally compact groups G, as formulated by Baum, Connes, and Higson [2], states that a certain map from the equivariant K-homology of a classifying space for proper G-actions to the topological K-theory of the reduced C^∗-algebra of G is an isomorphism. In this context, a continuous action of G on a metrizable space is defined to be proper if each point lies in a slice and the orbit space is metrizable.

The relations between these three definitions of a proper action are obscured by the fact that they are given in three different settings and in terms of different concepts. This note starts with the single notion of “Cartan actions” of general topological groups. It defines three kinds of proper actions as Cartan actions for which the orbit space is a Hausdorff space, regular,

∗Fachbereich Mathematik, Technische Universität Darmstadt, Schlossgartenstr. 7, 64289 Darmstadt, Germany; e-mail address: biller@mathematik.tu-darmstadt.de 1Mathematics Subject Classification (2000): 54H15; 19K35, 19L47, 46L80, 57S05 2Keywords: proper action; slice; Baum–Connes conjecture

and paracompact, respectively. These three definitions are equivalent to the concepts due to Bourbaki, to Palais, and to Baum, Connes, and Higson in their respective settings. In the course of the proof of this equivalence, we characterize the three kinds of proper actions for locally compact groups in the spirit of Palais [16]. This characterization differs considerably from our definition, so that it becomes even more transparent how the three concepts increase in strength.

If G is a topological group and Y is a topological space then the action of G on G × Y by g.(g^′, y) := (gg^′, y) is a Cartan action. The orbit space of this action is homeomorphic to Y . Hence for actions on general spaces, any two of the three concepts of a proper action are inequivalent. Moreover, there are Cartan actions of R on G_δ-subsets of R^2 for which the orbit space is not a Hausdorff space, or a non-regular Hausdorff space. However, under suitable hypotheses on a group G and a space X, if the orbit space of a Cartan action of G on X is regular then it is even paracompact. Extending an observation by Abels [1], we prove this for Cartan actions of locally compact Lindelöf groups G on paracompact locally Lindelöf spaces X. In particular, all three concepts of a proper action are equivalent for actions of second countable locally compact groups on second countable locally compact spaces. This special case has recently been proved by Chabert, Echterhoff, and Meyer [7].

I thank Stephen Millington who brought this problem to my attention and introduced me to the Baum–Connes conjecture.

1 Notions of proper actions

If a group G acts on a set X and A, B ⊆ X are subsets, set σ_G(A, B) : = {g ∈ G | g.A ∩ B ≠ ∅}. For a, b ∈ X, write σ_G(a, b) := σ_G({a}, {b}) = {g ∈ G | g.a = b}. Note that this set is either empty or a coset of a stabilizer.

The symbol U(·) denotes the neighbourhood filter of a point or of a subset of a topological space.

We follow Bourbaki [5] in calling a topological space quasi-compact if every open covering has a finite subcovering. Compactness, local compactness, and paracompactness include the Hausdorff separation property.

1.1 Definition. A continuous action of a topological group G on a topological space X is called a Cartan action if all stabilizers are quasi-compact and for each point x ∈ X and each neighbourhood U ⊆ G of the stabilizer G_x, there is a neighbourhood V ⊆ X of x such that every group element which maps a point of V into V belongs to U, i.e. ∀ x ∈ X ∀ U ∈ U(G_x) ∃ V ∈ U(x): σ_G(V, V ) ⊆ U.

A proper action is a Cartan action with a Hausdorff orbit space. A Palais-proper action is a Cartan action with a regular orbit space. A strongly proper action is a Cartan action with a paracompact orbit space.

1.2 Remark (Relations to established definitions). The most widespread concept of a proper action probably is the one to be found in Bourbaki [5, III.4, Def. 1]. By Proposition 1.4, a continuous action of a topological group on a topological space is proper in the sense of Bourbaki if and only if it is proper in the sense of our definition.

Palais [16] only considers actions of locally compact groups on completely regular spaces. Theorem 1.6 shows that his concepts of a Cartan G-space and of a proper G-space [16, 1.1.2 and 1.2.2] are equivalent to our definitions of a Cartan action and of a Palais-proper action.

Baum, Connes, and Higson [2] restrict themselves to actions of second countable locally compact groups on metrizable spaces. As we will see in Remark 3.6, such an action is proper in their sense if and only if it is strongly proper in our sense.

1.3 Remark (Implications and separating examples). Let G be a topological group, and let H be a subgroup. If the natural action of G on G/H is a Cartan action then H is quasi-compact. Conversely, assume that H is quasi-compact. Choose g ∈ G, and let U ⊆ G be a neighbourhood of the subgroup gHg^{−1}, which is the stabilizer of gH ∈ G/H under the natural action of G. By continuity of the group multiplication and quasi-compactness of H, there is a neighbourhood V ⊆ G of g such that V HV^{−1} ⊆ U. The neighbourhood V^′ := V H/H of gH in G/H satisfies σ_G(V^′, V^′) ⊆ U. We conclude that the natural action of G on the coset space G/H is a Cartan action if and only if the subgroup H is quasi-compact. Assume that this is the case, and let Y be an arbitrary topological space. The action of G on G/H × Y by g(g^′H, y) := (gg^′H, y) is a Cartan action with orbit space homeomorphic to Y . For an arbitrary topological group G and suitable topological spaces Y , this construction yields Cartan actions of G which are not proper, proper actions which are not Palais-proper, and Palais-proper actions which are not strongly proper.

Here the orbit space lacks a certain topological property which the total space of the action also lacks. Thus the following examples may be more surprising. Palais [16, p. 298] describes a Cartan action of R on [−1, 1] × R which is not proper. An example of a proper action of R on a G_δ -subset of R^2 which is not Palais-proper is due to Bebutov (see Hájek [12, p. 79], cf. Bhatia and Szegö [3, IV.1.5.5] and Abels [1, 1.6]).

However, a Palais-proper action of R on a separable metric space is automatically strongly proper. More generally, let G be a locally compact group such that the quotient of G by its identity component is compact.

(Such a group is called almost connected.) A result sketched by Abels in the introduction to [1] asserts, translated into our terminology, that every Palais-proper action of G on a paracompact locally Lindelöf space is strongly proper. Corollary 3.5 below extends this result to actions of locally compact Lindelöf groups. (A locally compact group is a Lindelöf space if and only if it has an open almost connected subgroup of countable index.) Weaker hypotheses may entail that Palais-properness of an action implies strong properness. For instance, Abels [1] conjectured that every Palais-proper action of a connected locally compact group on a paracompact space is strongly proper.

By Part (b) of Corollary 3.5, every proper action of a locally compact Lindelöf group on a paracompact locally compact space is strongly proper.

1.4 Proposition. A continuous action of a topological group G on a topological space X is proper if and only if the map (g, x) → (x, g.x): G × X → X × X is proper (i.e. closed with quasi-compact fibres).

In other words, the present definition of a proper action is equivalent to Bourbaki’s [5, III.4, Def. 1].

Proof. It was proved in [4, 2.1] that the action of G on X is proper in the sense of Bourbaki if and only if all stabilizers are quasi-compact and ∀ x, x^′ ∈ X ∀ U ∈ U ( σ_G(x, x^′) ) ∃ V ∈ U(x), V^′ ∈ U(x^′): σ_G(V, V^′) ⊆ U. It is easy to see that this condition is equivalent to the present definition of a proper action. □

This paper follows Bourbaki [5] in considering topological groups which may not be Hausdorff spaces. However, it should be emphasized that the relation between topological groups and Hausdorff groups is much closer than that between topological spaces and Hausdorff spaces in general. For a topological group G, this relation is described via the closure N of {1} in G, which is the smallest closed normal subgroup of G. The quotient G/N is the universal Hausdorff group associated to G (in the sense of categories). A subset A ⊆ G is open (respectively closed) if and only if AN = A and A/N is an open (respectively closed) subset of G/N. In this sense, the topology of G is derived from the topology of the Hausdorff group G/N. A subset A ⊆ G is quasi-compact if and only if AN/N is a compact subset of G/N. If this is the case then the quasi-compact set AN is the closure of A in G. A coset space of G is a T_0-space if and only if it is a completely regular space if and only if it is the coset space of a closed subgroup of G (see Hewitt and Ross [13, 8.14(a)]). In particular, every action of G on a T_0-space X factors through an action of G/N on X.

Let a topological group G act continuously on a topological space X. Following Palais [16, 1.2.1], we will say that a subset A ⊆ X is G-small if every point x ∈ X has a neighbourhood V such that σ_G(A, V ) is contained in a quasi-compact subset of G. Equivalently, the closure of σ_G(A, V ) in G is quasi-compact. This is because every quasi-compact subset of a topological group has quasi-compact closure. Note that the closure of a G-small subset is G-small.

1.5 Lemma. Let a topological group G act continuously on a topological space X, and let A ⊆ X be a closed G-small subset. Then the following assertions hold:

(a) The restriction ω : G × A → X, (g, a) → g.a of the action to G × A is a proper map.

(b) The restriction p: A → G\X, a → G.a of the orbit projection to A is a proper map.

Proof. (a) If x ∈ X then ω^{−1}(x) = {(g, g^{−1}.x) | g ∈ σ_G(A, {x})} is a continuous image of the set σ_G(A, {x}). This set is closed because A is closed, so that it is quasi-compact because A is G-small. Hence the fibres of ω are quasi-compact. Let C ⊆ G × A be a closed subset, and let x ∈ X \ ω(C). Choose a neighbourhood V of x such that the closure K of σ_G(A, V ) in G is quasi-compact. The restriction of ω to K ×A is a proper map (see Bourbaki [5, III.4, Prop. 1]). As V ∩ G.A = V ∩ K.A, we conclude that V \ ω(C) = V \ ω(C ∩ (K × A)) is a neighbourhood of x which does not meet ω(C).

(b) The fibre of p through x ∈ A is G.x ∩ A = σ_G(A, {x})^{−1}.x. Being a continuous image of the quasi-compact set σ_G(A, {x}), it is quasi-compact. If B ⊆ A is a closed subset then B is also G-small. Hence the orbit saturation G.B of B in X is closed by part (a), so that p(B) is closed in the orbit space G\X. □ 1.6 Theorem (Proper actions of locally compact groups). Let a locally compact group G act continuously on a topological space X.

(a) The action of G on X is a Cartan action if and only if any two distinct points on an orbit have disjoint neighbourhoods in X and

∀ x ∈ X ∃ V ∈ U(x): σ_G(V, V ) is compact.

(b) The action of G on X is proper if and only if X is a Hausdorff space and ∀ x, x^′ ∈ X ∃ V ∈ U(x), V^′ ∈ U(x^′): σ_G(V, V^′) is compact.

(c) The action of G on X is Palais-proper if and only if X is regular and each point of X has a G-small neighbourhood, i.e.

∀ x ∈ X ∃ V ∈ U(x) ∀ x^′ ∈ X ∃ V^′ ∈ U(x^′): σ_G(V, V^′) is compact.

(d) The action of G on X is strongly proper if and only if X is paracompact and there is an open G-small subset V of X such that G.V = X.

Proof. (a) Assume that the action is a Cartan action. Let x ∈ X. If g ∈ G is a group element such that g.x ≠ x then G \ {g} is a neighbourhood of the stabilizer G_x, whence we may choose a neighbourhood V of x such that g ∉ σ_G(V, V ). This means that V and g.V are disjoint neighbourhoods of x and of g.x. Let U be a compact neighbourhood of the stabilizer G_x. Choose a neighbourhood V^′ of x in X such that σ_G(V^′, V^′) ⊆ U. The closure of σ_G(V^′, V^′) in G is compact.

Conversely, assume that the condition in (a) is satisfied. Choose a point x ∈ X. If g.x ≠ x for an element g ∈ G then there are neighbourhoods U of g and V , V^′ of x, g.x such that V ∩ V^′ = ∅ and U.V ⊆ V^′. Hence U is disjoint from σ_G(V, V ). This proves that

G_x = ⋂ V ∈U(x) σ_G(V, V ).

This intersection is compact by hypothesis. Let U be an open neighbourhood of G_x. Then we find neighbourhoods V_1, . . . , V_n of x such that U ⊇ n⋂ j=1 σ_G(V_j, V_j ) ⊇ σ_G(V_1 ∩ · · · ∩ V_n, V_1 ∩ · · · ∩ V_n).

(b) If X is a Hausdorff space and x, x^′ ∈ X then we find as above that

σ_G(x, x^′) = ⋂ { σ_G(V, V^′) | V ∈ U(x), V^′ ∈ U(x^′)}. The arguments from part (a) yield that the condition in (b) is equivalent to the characterization of proper actions used in the proof of Proposition 1.4. Alternatively, Proposition 1.4 implies that part (b) is the well-known characterization of proper actions of locally compact groups given by Bourbaki [5, III.4, Prop. 3 and Prop. 7].

(c) Assume that the action of G on X is Palais-proper, and let x ∈ X. Choose an open neighbourhood W_1 of x such that σ_G(W_1, W_1) has compact closure in G. As the orbit space is regular, we may choose a closed Ginvariant neighbourhood W_2 of x in X which is contained in G.W_1. We claim that the neighbourhood V := W_1 ∩W_2 of x is G-small. Indeed, if x^′ ∈ G.W_1, say x^′ ∈ g.W_1, then g.W_1 is a neighbourhood of x^′ for which σ_G(V, g.W_1) ⊆ g.σ_G(W_1, W_1) has compact closure in G. If x^′ ∈ X \ G.W_1 then X \ W_2 is a neighbourhood of x^′ such that σ_G(V, X \ W_2) = ∅. (This part of the proof has been adapted from Palais [16, 1.2.5].) The closure of V in X is a Gsmall subset of X, and it is regular since it is a Hausdorff space and admits a proper map onto a regular space (Lemma 1.5 and Engelking [10, 3.7.23]). As every point of X has a closed regular neighbourhood, we conclude that X is regular.

Conversely, assume that X is regular and that each point of X has a G-small neighbourhood. Choose x ∈ X, and let W be a G-invariant neighbourhood of x. Choose a G-small closed neighbourhood W_1 of x which is contained in W . Lemma 1.5 shows that the G-invariant neighbourhood G.W_1 ⊆ W of x is closed in X. Hence the orbit space G\X is regular. Moreover, we may choose a neighbourhood W_2 of x such that σ_G(W_1, W_2) has compact closure in G. Then V : = W_1 ∩ W_2 is a neighbourhood of x such that σ_G(V, V ) has compact closure. Part (a) shows that the action is a Cartan action.

(d) Suppose that the action of G on X is strongly proper. Then it is Palais-proper, so that part (c) yields a covering U of X by G-small open sets. Let W be a locally finite open refinement of the open covering {pr(U) | U ∈ U} of G\X, where pr denotes the orbit projection. For each W ∈ W, choose U_W ∈ U such that W ⊆ pr(U_W ), and set V_W : = U_W ∩ pr^{−1}(W ), so that pr(V_W ) = W . Let V be the union of the G-small open sets V_W , where W ranges over W. Then V is an open subset of X with G.V = X. We claim that V is G-small. Let x ∈ X. Choose a neighbourhood V^′ of x in X such that pr(V^′) meets only finitely many elements W_1, . . . , W_n of W. For each j ∈ {1, . . . , n}, let V_j ⊆ V^′ be a neighbourhood of x such that σ_G(V_{Wj} , V_j ) has compact closure in G. Then the closure of σ_G(V, V_1 ∩ · · · ∩ V_n) ⊆ n⋃ j=1 σ_G(V_{Wj} , V_j )

is compact. Hence V is indeed G-small. Let A be the closure of V in X, which is G-small. Then A is paracompact because it admits a proper map onto the paracompact space G\X, see Lemma 1.5 and Dugundji [9, XI.5.3]. Locally compact groups are paracompact (Bourbaki [5, III.4, Prop. 13]). The product of a paracompact locally compact space with a paracompact space is paracompact (use Engelking [10, 5.1.34 and 5.1.36], cf. [10, 5.5.5]). Therefore, the product G × A is paracompact. Lemma 1.5 yields a proper map from G × A onto X. Hence X is paracompact [9, VIII.2.6].

Conversely, part (c) shows that the action is Palais-proper if the condition in (d) is satisfied. Lemma 1.5 yields a proper map from the closure of V in X onto the orbit space, whence G\X is paracompact [9, VIII.2.6]. □ 1.7 Proposition. The orbit space of a strongly proper action of a locally compact group G on a metrizable space X is metrizable.

Proof. Theorem 1.6 yields a G-small subset V ⊆ X such that G.V = X. Let A be the closure of V in X. Then A is a G-small subset of X, and the restriction of the orbit projection to A is a proper map onto G\X by Lemma 1.5. The image of a proper map with metrizable domain is metrizable (see Dugundji [9, XI.5.2]). □

2 Slices

If G is a group and H ≤ G is a subgroup which acts on a set S then H acts on G × S by h.(g, s) := (gh^{−1}, h.s). The orbit space of this action is called the twisted product G ×_H S. The H-orbit of (g, s) ∈ G × S is written as [g, s] ∈ G ×_H S. The full group G acts on G ×_H S by g.[g^′, s] := [gg^′, s]. For elementary properties of twisted products, see Bredon [6, I.6] or tom Dieck [8, I.4].

2.1 Definition. Let a Hausdorff group G act continuously on a Hausdorff space X, and let H be a closed subgroup of G. An H-slice in X for the action of G is an H-invariant subset S ⊆ X such that the continuous G-equivariant map [g, s] −→ g.s: G ×_H S → X is an open embedding.

We say that the action has enough slices if for each point x ∈ X, there is a compact subgroup K ≤ G such that x is contained in an K-slice.

2.2 Remark. If S is an H-slice for an action of G on X then G.S is an open subset of X and g.s → gH : G.S → G/H is a continuous G-equivariant surjection.

This property of an H-slice can be used as a definition. Consider a continuous action of a locally compact group G on a Hausdorff space X, and let H be a closed subgroup of G. Assume that S ⊆ X is an H-slice in the sense of Palais [16, 2.1.1], which means that S is H-invariant, the set Y : = G.S is open in X, and there is a continuous G-equivariant map from Y onto G/H which maps S to the base-point H ∈ G/H. Then the map [g, s] −→ g.s: G ×_H S −→ Y is a G-equivariant homeomorphism (see [4, 3.2]). Therefore, our definition of an H-slice is equivalent to the definition by Palais.

2.3 Proposition. Let G be a topological group, and let H ≤ G be a subgroup which acts continuously on a topological space S. Then the natural action of G on the twisted product Y : = G ×_H S is a Cartan action if and only if the action of H on S is a Cartan action. Moreover, the map φ: H\S −→ G\Y, H.s −→ G.[1, s] is a homeomorphism.

In particular, the action of G on G ×_H S is proper, Palais-proper, or strongly proper if and only if so is the action of H on S.

Proof. Using the notation of Definition 1.1, observe that all g, g^′ ∈ G and all s, s^′ ∈ S satisfy

σ_G([g, s], [g^′, s^′]) = g^′ σ_H (s, s^′) g^{−1}.

In particular, this yields G_{[g,s]} = gH_sg^{−1}. Therefore, all stabilizers of the action of G on Y are quasi-compact if and only if all stabilizers of the action of H on S are quasi-compact.

Assume that the action of G on Y is a Cartan action, and let U ⊆ H be an open neighbourhood of the stabilizer H_s. Let U^′ ⊆ G be an open subset with U^′ ∩ H = U. Then U^′ is an open neighbourhood of G_{[1,s]} = H_s. Hence there is a neighbourhood V ⊆ Y of [1, s] such that σ_G(V, V ) ⊆ U^′. The pre-image W of V under the continuous injection s → [1, s]: S → Y is a neighbourhood of s in S such that σ_H (W, W ) ⊆ U.

Conversely, assume that the action of H on S is a Cartan action, and let U ⊆ G be a neighbourhood of the stabilizer G_{[g,s]} = gH_sg^{−1}. By continuity of the group multiplication and quasi-compactness of H_s, there are neighbourhoods V ⊆ G of g and V^′ ⊆ H of H_s such that V V^′V^{−1} ⊆ U. Choose a neighbourhood W ⊆ S of s such that σ_H (W, W ) ⊆ V^′. Let W^′ the image of V × W under the H-orbit projection from G × S onto Y . Then W^′ is a neighbourhood of [g, s] which satisfies σ_G(W^′, W^′) ⊆ U.

It is easy to see that φ is a continuous bijection. For a subset U of S, the image of H\H.U ⊆ H\S under φ is the image of G × U ⊆ G × S under the natural projection of G × S onto G\Y , which is an open map. This implies that φ is open. □

2.4 Lemma. A continuous action of a Hausdorff group G on a Hausdorff space X which has enough slices is a Cartan action.

Proof. Choose a point x ∈ X. Let K ≤ G be a compact subgroup such that x is contained in a K-slice S ⊆ X. As the stabilizer G_x is contained in K, it is a compact subgroup. Since K is compact, Theorem 1.6 implies that the action of this group on S is a Cartan action. Proposition 2.3 yields that the action of G on the neighbourhood G.S of x is a Cartan action. Therefore, the action of G on X is a Cartan action. □

2.5 Theorem. A continuous action of a locally compact group G on a completely regular space X has enough slices if and only if it is a Cartan action.

Proof. Lemma 2.4 asserts that the action is a Cartan action if it has enough slices. Conversely, assume that the action of G on X is a Cartan action. By

Palais’s main result in [16, 2.3.3], if G is a Lie group and x ∈ X then x is even contained in a G_x-slice. If G is an almost connected locally compact group then every identity neighbourhood of G contains a compact normal subgroup N such that G/N is a Lie group. (This was proved by Yamabe [17] and by Gluškov [11, Theorem 9], see also Montgomery and Zippin [15, Chapter IV] and Kaplansky [14, II.10, Theorem 18].) Applying this fundamental result to suitable almost connected open subgroups of an arbitrary locally compact group G, one can deduce from Palais’s Slice Theorem that the action of G on X has enough slices. For proper actions, this was carried out in [4, 3.8]. The proof need hardly be changed for Cartan actions, but we can also apply the result [4, 3.8] directly if we cover X by G-invariant open sets on which G acts properly. Such a covering is provided by Theorem 1.6. Indeed, let x ∈ X, and choose an open neighbourhood V ⊆ X of x such that σ_G(V, V ) has compact closure in G. Then the action of G on G.V is proper (even Palais-proper). □

3 Paracompactness and metrizability of orbit spaces

Recall that a Lindelöf space is a topological space with the property that every open covering contains a countable subcovering. Every regular Lindelöf space is paracompact (see Dugundji [9, VIII.6.5]). In particular, every regular locally Lindelöf space is completely regular, so that every Cartan action on such a space has enough slices.

3.1 Proposition. The following statements about a regular locally Lindelöf space X are equivalent:

(i) X is paracompact.

(ii) Every open covering of X has a locally countable open refinement.

(iii) X is a topological sum of Lindelöf spaces.

This observation and an indication of the following proof are due to Hájek [12, Prop. 13]. They generalize the well-known equivalence of statements (i) and (iii) for locally compact spaces X (cf. Dugundji [9, XI.7.3]).

Proof. (i) ⇒ (ii) By definition, every open covering of a paracompact space has an open refinement which is even locally finite.

(ii) ⇒ (iii) Let U be an open covering of X such that U is a Lindelöf space for each U ∈ U. Let V be a locally countable open refinement of U. Then each element of V meets at most countably many others. Assuming that ∅ ∉ V, we call elements V, V^′ ∈ V equivalent if there is a finite chain V_1, . . . , V_n of elements of V such that V = V_1, V^′ = V_n, and V_{j−1} ∩V_j ≠ ∅ for every j ∈ {1, . . . , n}. For each element V ∈ V, the equivalence class [V ] is countable. If V, V^′ ∈ V are not equivalent then the open sets ⋃ [V ] and ⋃ [V^′] are disjoint. Hence X is the topological sum of its subspaces ⋃ [V ], where [V ] ranges over the equivalence classes in V. As each subspace ⋃ [V ] is closed, we find that ⋃ [V ] = ⋃ V^′∈[V ] V ′ is a countable union of Lindelöf spaces and hence has the Lindelöf property.

(iii) ⇒ (i) A regular Lindelöf space is paracompact (see Dugundji [9, VIII.6.5]). A topological sum of paracompact spaces is paracompact. □

3.2 Proposition. The following statements about a regular space X are equivalent:

(i) X is a metrizable locally Lindelöf space.

(ii) X has a locally countable basis.

(iii) X is a topological sum of second countable spaces.

Proof. (i) ⇒ (ii) The metrizable space X is paracompact. For each n ∈ N, let U_n be a locally finite open refinement of the covering {U_{1/n}(x) | x ∈ X}. Then U : = ⋃ n∈N U_n is a basis. Choose a point x ∈ X, and let V ⊆ X be a Lindelöf neighbourhood of x. For each n ∈ N, the neighbourhood V meets at most countably many sets from U_n. Hence V meets at most countably many sets from U.

(ii) ⇒ (iii) Let U be a locally countable basis of X. Omitting some basis sets, we may assume that each element of U is non-empty and meets at most countably many others. Call basis sets U, U^′ ∈ U equivalent if there is a finite chain U_1, . . . , U_n of elements of U such that U = U_1, U^′ = U_n, and U_{j−1} ∩ U_j ≠ ∅ for each j ∈ {1, . . . , n}. Let [U] denote the equivalence class of U ∈ U. If U, U^′ ∈ U are not equivalent then ⋃ [U] and ⋃ [U^′] are disjoint. Each equivalence class [U] is countable, and it is a basis of the open subset ⋃ [U] of X. Hence X is the topological sum of its second countable subspaces ⋃ [U], where [U] ranges over the equivalence classes in U.

(iii) ⇒ (i) A second countable regular space has the Lindelöf property, and it is metrizable by the Urysohn Metrization Theorem (cf. Dugundji [9, IX.9.2]). A topological sum of metrizable spaces is metrizable. □

3.3 Lemma. Let a locally compact Lindelöf group G act continuously on a regular locally Lindelöf space X. Let F be a locally countable family of subsets of X. Then the image of F under the orbit projection X → G\X is a locally countable family.

Proof. Let x ∈ X be an arbitrary point. Choose a Lindelöf neighbourhood U ⊆ X of x. It suffices to show that G.U is a Lindelöf space, since this implies that G.U meets at most countably many members of F. The locally compact Lindelöf group G is the union of a countable family (K_n)_{n∈N} of compact subsets. The product K_n × U is a Lindelöf space for each n ∈ N (see Dugundji [9, XI.5.4]), whence so is its continuous image K_n.U (see [9, VIII.6.6]). Therefore, the countable union ⋃ n∈N K_n.U = G.U is a Lindelöf space. □

3.4 Theorem. Let a locally compact Lindelöf group G act continuously on a regular locally Lindelöf space X. Suppose that the orbit space G\X is regular.

(a) If X is paracompact then so is G\X.

(b) If X is metrizable then so is G\X.

Proof. (a) Since the orbit projection pr: X → G\X is a continuous open map, the orbit space G\X has the local Lindelöf property. Let U be an open covering of G\X. Choose a locally finite open refinement V of the open covering {pr^{−1}(U) | U ∈ U} of X. Then {pr(V ) | V ∈ V} is an open covering of G\X which refines U and which is locally countable by Lemma 3.3. Proposition 3.1 yields that G\X is paracompact.

(b) Proposition 3.2 shows that X has a locally countable basis, the image of which under the orbit projection is a basis of G\X, and this basis is locally countable by Lemma 3.3. A second application of Proposition 3.2 yields that G\X is metrizable. □

3.5 Corollary. Let G be a locally compact Lindelöf group.

(a) An action of G on a paracompact locally Lindelöf space is strongly proper if and only if it is Palais-proper.

(b) An action of G on a paracompact locally compact space is strongly proper if and only if it is proper.

Proof. Assertion (a) follows immediately from Theorem 3.4. If G acts properly on a paracompact locally compact space X then the orbit space G\X is locally compact and hence regular. Theorem 3.4 shows that the action is strongly proper. □

3.6 Remark. Baum, Connes, and Higson [2] call a continuous action of a second countable locally compact group G on a metrizable space X proper if it has enough slices and G\X is metrizable. By Proposition 1.7 and Theorem 2.5, these conditions are satisfied if and only if the action is strongly proper. Under the hypotheses on X given by Corollary 3.5, it suffices to assume that the action is Palais-proper or just proper.

References

[1] Herbert Abels, Parallelizability of proper actions, global K-slices and maximal compact subgroups, Math. Ann. 212 (1974/75), 1–19.

[2] Paul Baum, Alain Connes, and Nigel Higson, Classifying space for proper actions and K-theory of group C^∗-algebras, C^∗-algebras: 1943– 1993 (San Antonio, TX, 1993), Amer. Math. Soc., Providence, RI, 1994, pp. 240–291.

[3] N. P. Bhatia and G. P. Szegö, Stability theory of dynamical systems, Springer-Verlag, New York, 1970.

[4] Harald Biller, Proper actions on cohomology manifolds, Preprint 2182, Fachbereich Mathematik, Technische Universität Darmstadt, 2001, http://wwwbib.mathematik.tu-darmstadt.de/Preprints/ shadows/pp2182.html.

[5] Nicolas Bourbaki, Éléments de mathématique. Topologie générale.

Chapitres 1 à 4, Hermann, Paris 1971 (French).

[6] Glen E. Bredon, Introduction to compact transformation groups, Academic Press, New York 1972.

[7] Jérôme Chabert, Siegfried Echterhoff, and Ralf Meyer, Deux remarques sur l’application de Baum-Connes, C. R. Acad. Sci. Paris Sér. I Math. 332 (2001), no. 7, 607–610 (French).

[8] Tammo tom Dieck, Transformation groups, Studies in Mathematics 8, de Gruyter, Berlin 1987.

[9] James Dugundji, Topology, Allyn and Bacon, Boston 1966.

[10] Ryszard Engelking, General topology, second ed., Sigma Series in Pure Mathematics 6, Heldermann Verlag, Berlin 1989.

[11] Viktor M. Gluškov, The structure of locally compact groups and Hilbert’s fifth problem, Amer. Math. Soc. Transl., II. Ser. 15 (1960), 55–93, transl. of Usp. Mat. Nauk. 12 (1957), no. 2, 3–41.

[12] Otomar Hájek, Parallelizability revisited, Proc. Amer. Math. Soc. 27 (1971), 77–84.

[13] Edwin Hewitt and Kenneth A. Ross, Abstract harmonic analysis I, 2nd ed., Grundlehren der mathematischen Wissenschaften 115, Springer, Berlin 1979.

[14] Irving Kaplansky, Lie algebras and locally compact groups, Chicago Lectures in Mathematics, The University of Chicago Press, 1971.

[15] Deane Montgomery and Leo Zippin, Topological transformation groups, Interscience, New York 1955.

[16] Richard S. Palais, On the existence of slices for actions of non-compact Lie groups, Ann. of Math., II. Ser. 73 (1961), 295–323.

[17] Hidehiko Yamabe, A generalization of a theorem of Gleason, Ann. of Math., II. Ser. 58 (1953), 351–365.