Central extensions of current groups

Peter Maier, Karl-Hermann Neeb

Abstract. In this paper we study central extensions of the identity component G of the Lie group C^∞(M,K) of smooth maps from a compact manifold M into a Lie group K which might be infinitedimensional. We restrict our attention to Lie algebra cocycles of the form ω(ξ,η)=[κ(ξ,dη)] , where κ:k×k→Y is a symmetric invariant bilinear map on the Lie algebra k of K and the values of ω lie in Ω^1(M,Y )/dC^∞(M,Y ) . For such cocycles we show that a corresponding central Lie group extension exists if and only if this is the case for M=S^1 . If K is finite-dimensional semisimple, this implies the existence of a universal central Lie group extension ^G of G . The groups Diff(M) and C^∞(M,K) act naturally on G by automorphisms. We also show that these smooth actions can be lifted to smooth actions on the central extension ^G if it also is a central extension of the universal covering group ~G of G .

Introduction

Let M be a compact manifold and K a Lie group (which may be infinite-dimensional). Then the so called current groups C^∞(M, K) with pointwise multiplication are interesting infinitedimensional Lie groups arising in many circumstances. The most studied class of such groups are the loop groups (M = S^1 and K compact) which is completely covered by Pressley and Segal’s monograph [PS86]. The goal of this paper is a systematic understanding of a certain class of central extensions of the identity components of these groups, namely those whose Lie algebra cocycle is of product type, which is defined in more detail below. Here the main point is to see which Lie algebra cocycle can be integrated to a central Lie group extension. These central extensions occur naturally in mathematical physics, where the problem to integrate projective representations of groups to representations of central extensions is at the heart of quantum mechanics ([Mi87], [LMNS98], [Wu01]). The central extensions of current groups are often constructed via representatations by pulling back central extensions of certain operator groups ([Mi89]). It is our philosophy that one should try to understand the central extensions of a Lie group G first, and then try to construct representations of these central extensions. In this context certain discreteness conditions for Lie algebra cocycles appear naturally because they ensure that the corresponding central Lie algebra extensions integrate to group representations ([Ne02b]). We think of these discreteness conditions as an abstract version of the phenomenon of discreteness of quantum numbers in quantum physics. As an outcome of our analysis, we will see that we do not have to impose any conditions on the group K for our general results.

We now describe our results in some more detail. Let M be a compact manifold, Y a sequentially complete locally convex space, Ω^p(M, Y ) the space of smooth Y -valued p-forms on M , and z_M (Y ) = Ω^1(M, Y )/dC^∞(M, Y ). Then z_M (Y ) carries a natural locally convex topology and if Y is Fréchet, then the same holds for z_M (Y ). Now let K be a possibly infinite-dimensional connected Lie group and k its Lie algebra. We associate to each invariant continuous bilinear form κ: k×k → Y a continuous Lie algebra cocycle on g := C^∞(M, k) by ω(ξ, η) := [κ(ξ, dη)] ∈ z_M (Y ). We call such cocycles of product type. The main objective of this paper is to understand central Lie group extensions of the identity component G := C^∞(M, K)_e of the Lie group C^∞(M, K) corresponding to the Lie algebra cocycle ω . According to the results in [Ne02b, Sect. VII], there are two obstructions for the existence of a central Lie group extension ^G of G corresponding to ω . First the image of the associated period map per_ω: π_2(G) → z_M (Y ) may not be discrete, and second, the adjoint action of g on the Lie algebra ^g := g ⊕_ω z_M (Y ) does not integrate to a smooth representation of G. The main point in the choice of this general setting is that it permits us to use arbitrary infinite-dimensional Lie groups K , hence in particular groups of the type K = C^∞(N, H), H a finite-dimensional Lie group. Then C^∞(M, K) ∼= C^∞(M × N, H), so that we may use product decompositions of manifolds to study current groups on manifolds.

In the first section we investigate the discreteness of the period group Π_ω := im(per_ω). Our main result states that Π_ω is discrete for all compact manifolds M if and only if it is discrete for the manifold M = S^1. This is remarkable because the group π_2(G) is not well accessible for dim M > 2. In Section II we turn to the case where K is finite-dimensional and κ: k × k → V (k) is the universal invariant symmetric bilinear form on k. In this case we show that the period group is discrete for M = S^1, hence also for arbitrary M by the results of Section I.

In Section III we turn to the central Lie group extensions. Here we show in particular that for any Lie algebra cocycle ω of product type the adjoint representation of g on ^g integrates to a smooth Lie group representation of the generally non-connected group C^∞(M, K). Therefore the second obstruction to the existence of a central Lie group extension is always trivial, and we obtain for each κ for which the period group Π_ω is discrete a central Lie group extension of the identity component G = C^∞(M, K)_e . In Section IV we show that if K is finite-dimensional and semisimple, then we even obtain a universal central Lie group extension of G by the abelian group π_1(G) × (z_M (V (k))/Π_ω ).

Because of its relevance for the construction of representations of Diff(M) and abelian extensions of this group, it is interesting to know to which extent the Lie group Diff(M) acts on the central extensions of G. It obviously acts on G itself by composition φ.f := f ∘ φ^{−1} for f ∈ G, φ ∈ Diff(M). Suppose that Z → ^G →→ G is a central Lie group extension corresponding to a cocycle of product type and that ^G also is a central extension of the universal covering group ~G of G, which means that the connecting homomorphism π_1(G) → π_0(Z) is an isomorphism. Then we show in Section VI that the action of Diff(M) has a unique lift to an action on ^G. This result is based on general results in Section V which are concerned with lifting automorphic Lie group actions R × G → G to actions of R on central extensions ^G of G by Z . We show that if G is simply connected, a pair of smooth actions of R on G and Z can be lifted to a smooth action of R on ^G whenever there is a smooth action of R on the Lie algebra ^g of ^G extending the actions on g and z.

The universal central extension ^G of the universal covering group ~G of G = C^∞(M, K)_e , K a simple compact Lie group, appears in [PS86] for the first time, although no rigorous argument for its existence is given there. As we will see in Section III, the group π_2( ^G) is not always trivial, contradicting a corresponding statement in [PS86]. The construction of a central extension of the group G, instead of its universal covering group, seems to be new (see [LMNS98] for a construction for which it is not clear to the authors that it produces a Lie group). It is clear that this point of view has the advantage that the group G itself has a concrete realization, which need not be the case for its universal covering group.

As is well known from the case of loop groups ([PS86]) and the case of current groups over Riemann surfaces ([EF94]), the coadjoint orbits of the central extensions ^G have fascinating geometric interpretations. In [VN02] we address various aspects of the geometry of coadjoint orbits for general M .

It is also interesting to study “algebraic” relatives of the central extensions of current groups arising in this paper. In [Shi92] Shi constructs so-called toroidal groups associated to the universal central extension ^g of the Lie algebra g := C [t^±, s^±] ⊗ k, where k is a simple complex Lie algebra. These groups are defined as groups generated by root groups in such a way that they act in all integrable representations of ^g. He also makes a connection to Steinberg groups of the algebra C [t^±, s^±] of Laurent polynomials. It would be interesting to understand the precise relationship between these groups and the universal central Lie group extension of C^∞(T^2, K)_e . For M = T^d , the d-dimensional torus, we think of our central extensions ^G, or the corresponding semidirect product groups ^G ⋊ T^d , as natural Lie group versions of toroidal groups. The Lie algebras of these groups and their representations have been studied intensively in recent years (see f.i. [CF01], [Tan99], [Pi00], [BB99]). In [Ta98] Takebayashi approaches the problem to find groups for the Lie algebra ^g, or rather for g in his context, by using a Chevalley basis of k to construct a group corresponding to g as an algebraic group over the algebra C [t^±, s^±] via the Chevalley-Demazure construction. He also examines the structure of the “elementary subgroup” generated by all root groups, which is a quotient of the group constructed by Shi.

This paper contributes to a larger program dealing with Lie groups G whose Lie algebras g are root graded in the sense that there exists a finite irreducible root system Δ such that g has a Δ-grading g = g_0 ⊕ ⨁ α∈Δ g_α , it contains the split simple Lie algebra k corresponding to Δ as a graded subalgebra, and is generated, topologically, by the root spaces g_α , α ∈ Δ. All Lie groups of the type C^∞(M, K), M compact and K simple complex, are of this type, and the same holds for their central extension. A different but related class of groups arising in this context are the Lie groups SL_n(A) and their central extensions, where A is a continuous inverse algebra, i.e., a locally convex unital associative algebra with open unit group and continuous inversion ([Gl01c]). In [Ne01c] we discuss the universal central extensions of the groups SL_n(A), which are Lie group versions of the Steinberg groups St_n(A). In the end of Section II we show that for K = SL_n(A), A a commutative continuous inverse algebra, we have V (k) ∼= A with κ(x, y) = tr(xy) and that the image of the corresponding period map is discrete for the corresponding product type cocycle on the Lie algebra C^∞(M, k) of the group C^∞(M, K). For non-commutative algebras the image of the period map is not always discrete.

The present results on current groups over compact manifolds are extended in [Ne02c] to current groups over non-compact manifolds in several settings. It is remarkable that the difficulties arising in this context are of a completely different nature as those in this paper because they are mainly caused by the possible infinite dimension of the first cohomology of M .

I. The period map

Definition I.1. For a finite-dimensional manifold M (for this definition we do not have to assume that M is compact) and a sequentially complete locally convex (s.c.l.c.) space Y we define z_M (Y ) := Ω^1(M, Y )/dΩ^0(M, Y )

and observe that the image of the space of closed forms in z_M (Y ) is the subspace H^1_{dR}(M, Y ).

We endow Ω^1(M, Y ) with the natural topology given by locally uniform convergence of all derivatives. Then we obtain for each α ∈ C^∞(S^1, M) a continuous linear map Ω^1(M, Y ) → Y by integration over α. Since the space dΩ^0(M, Y ) of all exact 1-forms coincides with the annihilator of these functionals, it is a closed subspace, and we thus obtain on z_M (Y ) a natural locally convex Hausdorff topology and continuous linear maps given by

α_z: z_M (Y ) → Y, [β] → ∫ α β. In the following we write Lin(E, F ) for the space of continuous linear maps between topological vector spaces E and F .

Remark I.2. (a) Since an element β ∈ Ω^1(M, Y ) is an exact form if and only if all integrals ∫ α β , α ∈ C^∞(S^1, M), vanish, the linear functions α_z ∈ Lin(z_M (Y ), Y ) separate the points of z_M (Y ).

(b) A 1-form β ∈ Ω^1(M, Y ) is closed if and only if for all pairs of homotopic paths α_1, α_2 the integrals of β over α_1 and α_2 coincide. Therefore the subspace H^1_{dR}(M, Y ) ⊆ z_M (Y ) is the annihilator of the functionals α_{1,z} − α_{2,z} , [α_1] = [α_2] in π_1(M), which implies in particular that it is closed. Moreover, for [β] ∈ z_M (Y ) the condition [β] ∈ H^1_{dR}(M, Y ) is equivalent to the independence of α_z([β]) from the homotopy class of α.

(c) For M = S^1 we have z_S1(Y ) ∼= Y because the map Ω^1(M, Y ) → Y, β → ∫ S^1 β is surjective

with kernel dΩ^0(M, Y ). We identify the class of β ∈ Ω^1(S^1, Y ) in z_S1(Y ) with the integral ∫ S^1 β.

(d) On the subspace H^1_{dR}(M, Y ) we can define continuous linear maps by integration over continuous loops because we may use the isomorphism

H^1_{dR}(M, Y ) ∼= H^1_{sing}(M, Y ) ∼= Hom(π_1(M), Y ).

From now on we assume M to be compact.

The following remark will be helpful for the calculation of period groups.

Remark I.3. For every compact connected smooth manifold M the group π_1(M) is finitely generated (M can be triangulated), which is inherited by the singular homology group H_1(M) ∼= π_1(M)/(π_1(M), π_1(M)) (Hurewicz). Let k := b_1(M) := rank H_1(M) and fix α_1, . . . , α_k ∈ C(S^1, M) such that the corresponding 1-cycles [α_j ] form a basis of the free abelian group H_1(M)/ tor(H_1(M)).

Since H_0(M) is a free abelian group, the Universal Coefficient Theorem implies that

H^1_{sing}(M, Z) ∼= Hom(H_1(M), Z) ∼= Hom(π_1(M), Z)).

Moreover, in view of Huber’s Theorem ([Hu61]) and the local contractibility of M , this group is isomorphic to Ȟ^1(M, Z) ∼= [M, S^1].

In particular there exist continuous functions f_1, . . . , f_k: M → S^1 such that [f_j ∘ α_i] = δ_{ij} ∈ π_1(S^1) ∼= Z. Since every homotopy class in [M, S^1] contains a smooth function ([Ne02b, Th. A.3.7]), we will assume in the following that the functions f_j are smooth. This implies in particular that its logarithmic derivative δ(f_j ) := f^{−1}_j .df_j can be viewed as a closed 1-form on M , which is not exact because ∫ α_j δ(fj ) = 1.

With the basis [α_j ] of the group H_1(M)/ tor H_1(M), we immediately obtain an isomorphism

Φ: H^1_{dR}(M, Y ) ∼= Hom(H_1(M), Y ) ∼= Hom(H_1(M)/ tor H_1(M), Y ) → Y^k, [β] → ( ∫ α_j β ) j=1,...,k whose continuous inverse is given by

Φ^{−1}(y_1, . . . , y_k) = [^k∑ j=1 δ(f_j ) · y_j ] .

Definition I.4. (The topology on C^∞(M, K)) (a) If K is a Lie group and X is a compact space, then C(X, K), endowed with the topology of uniform convergence is a Lie group with Lie algebra C(X, k) ([Ne02b, App. A.3]).

(b) If K is a Lie group with Lie algebra k, then the tangent bundle of K is a Lie group isomorphic to k⋊K , where K acts by the adjoint representation on k (cf. [Ne01b]). Iterating this procedure, we obtain a Lie group structure on all higher tangent bundles T^nK which are diffeomorphic to k^{2n−1} × K .

For each n ∈ N_0 we obtain topological groups C(T^nM, T^nK) by using the topology of uniform convergence on compact subsets. Therefore the inclusion C^∞(M, K) → ∏ n∈N_0 C(T^nM, T^nK)

leads to a natural topology on C^∞(M, K) turning it into a topological group. For compact manifolds M these groups can even be turned into Lie groups with Lie algebra C^∞(M, k). Here C^∞(M, k) is endowed with the topology defined above if we consider k as an additive Lie group. For details we refer to [Gl01b].

Definition I.5. (a) Let z be a topological vector space and g a topological Lie algebra. A continuous z-valued 2-cocycle is a continuous skew-symmetric bilinear function ω: g × g → z satisfying ω([x, y], z) + ω([y, z], x) + ω([z, x], y) = 0. It is called a coboundary if there exists a continuous linear map α ∈ Lin(g, z) with ω(x, y) = α([x, y]) for all x, y ∈ g. We write Z^2_c (g, z) for the space of continuous z-valued 2-cocycles and B^2_c (g, z) for the subspace of coboundaries defined by continuous linear maps. We define the second continuous Lie algebra cohomology space to be

H^2_c (g, z) := Z^2_c (g, z)/B^2_c (g, z).

(b) If ω is a continuous z-valued cocycle on g, then we write g ⊕_ω z for the topological Lie algebra whose underlying topological vector space is the product space g × z, and the bracket is defined by [(x, z), (x^′, z^′)] = ( [x, x^′], ω(x, x^′) ) . Then q: g⊕_ω z → g, (x, z) → x is a central extension and σ: g → g⊕_ω z, x → (x, 0) is a continuous linear section of q .

Let K be a Lie group and k its Lie algebra. Further let G := C^∞(M, K)_e denote the identity component of the Lie group C^∞(M, K) with Lie algebra g = C^∞(M, k). We consider a continuous invariant symmetric bilinear map κ: k × k → Y . We thus obtain a continuous z_M (Y )-valued cocycle on g by (1.1) ω_M (ξ, η) := ω_{M,κ}(ξ, η) := [κ(ξ, dη)] ∈ z_M (Y ), where we view κ(ξ, dη) as the element of Ω^1(M, Y ) whose value in a tangent vector v ∈ T_p(M) is given by κ(ξ(p), dη(p)(v)). We write Ω_M for the left invariant z_M (Y )-valued 2-form on G with Ω_M (e) = ω_M .

In this first section we will discuss the image of the period homomorphism

per_{ωM} : π_2(G) → z_M (Y )

which is defined on piecewise smooth maps (with respect to a triangulation) σ: S^2 → G by

per_{ωM} ([σ]) := ∫ σ Ω_M

([Ne02b, Sect. V]). We also recall from [Ne02b, Th. A.3.7] that each homotopy class in π_2(G) has smooth representatives and that the integration formula defines a group homomorphism per_{ωM} . In particular we are interested in whether or not the period group

Π_{M,κ} := im(per_{ωM,κ} )

is a discrete subgroup of z_M (Y ).

The following theorem is the key result of this section.

Theorem I.6. (Reduction Theorem) The period group Π_{M,κ} is contained in the subspace H^1_{dR}(M, Y ) of z_M (Y ). Identifying H^1_{dR}(M, Y ) with Y^k via the map Φ, where k := b_1(M) := dim H^1_{dR}(M, R) is the first Betti number of M , we have

Π_{M,κ} ∼= Π^k_S1_{,κ} ⊆ Y^k ∼= H^1_{dR}(M, Y ) ⊆ z_M (Y ).

In particular Π_{M,κ} is discrete if and only if Π_S1_{,κ} is discrete.

For the proof we need several lemmas. Since the linear maps α_z on z_M separate points (Remark I.2), it is crucial to get a better description of the compositions α_z ∘ per_{ωM} .

Lemma I.7. For each α ∈ C^∞(S^1, M) we have (1.2) α_z ∘ per_{ωM} = per_{ωS1} ∘π_2(α_K ),

where π_2(α_K ): π_2(G) → π_2(C^∞(S^1, K)) is the group homomorphism induced by the Lie group homomorphism α_K : G → C^∞(S^1, K), f → f ∘ α.

Proof. First we observe that α_z ∘ Ω_M is a Y -valued left invariant 2-form on G whose value in e is α_z ∘ ω_M . Further α^∗_K Ω_S1 is a left invariant 2-form on G whose value in e is given by (ξ, η) → ω_S1(ξ ∘ α, η ∘ α) = [κ(ξ ∘ α, d(η ∘ α))] = [κ(α^∗ξ, α^∗(dη))] = ∫ S^1 κ(α^∗ξ, α^∗(dη)) = ∫ α κ(ξ, dη) = α_z ( ω_M (ξ, η) ) .

This implies α_z ∘ Ω_M = α^∗_K Ω_S1 , which in turn leads to (1.2).

Lemma I.8. Let M_i , i = 1, 2, be two compact manifolds with base points x_{Mi} and α_{1,2}: M_1 → M_2 two smooth homotopic maps with α_j (x_{M1} ) = x_{M2} . Then the Lie group homomorphisms α_{j,K} : C^∞(M_2, K) → C^∞(M_1, K), f → f ∘ α_j satisfy π_m(α_{1,K} ) = π_m(α_{2,K} ) for each m ∈ N_0 .

Proof. Let F : [1, 2] × M_1 → M_2 be a homotopy with F_1 = α_1 and F_2 = α_2 . Then the map Φ: [1, 2] × C(M_2, K) → C(M_1, K), Φ(t, f)(s) := f(F (t, s)) is continuous because the map ~Φ: [1, 2] × C(M_2, K) × M_1 → K, ~Φ(t, f, s) := f(F (t, s)) = ev(f, F (t, s)) is continuous, which in turn follows from the continuity of the evaluation map ev: C(M_2, K) × M_2 → K.

We conclude that the two maps Φ_1, Φ_2: C(M_2, K) → C(M_1, K) are homotopic, hence induce the same homomorphisms π_m(C(M_2, K)) → π_m(C(M_1, K)) for each m ∈ N_0 .

The restriction, resp., corestriction of these two maps to the subgroup C^∞(M_2, K) of smooth functions are the maps α_{1,K} and α_{2,K} . Since the inclusions C^∞(M_j , K) → C(M_j , K) is a homotopy equivalence ([Ne02b, Th. A.3.7]), the commutativity of the diagram π_m(C^∞(M_2, K))^{∼=}−−→ π_m(C(M_2, K)) π_{m(αj,K )} π_{m(Φj )} π_m(C^∞(M_1, K))^{∼=}−−→ π_m(C(M_1, K)) implies π_m(α_{1,K} ) = π_m(α_{2,K} ) because of π_m(Φ_1) = π_m(Φ_2). Corollary I.9. Π_{M,κ} ⊆ H^1_{dR}(M, Y ).

Proof. From (1.2) and Lemma I.8 we derive that for each α ∈ C^∞(S^1, M) the map α_z ∘per_{ωM} only depends on the homotopy class of α, and therefore that im(per_{ωM} ) ⊆ H^1_{dR}(M, Y ) (Remark I.2(b)).

Lemma I.10. Let C^∞_∗ (S^1, K) := {f ∈ C^∞(S^1, K): f(1) = e} denote the Lie group of based loops. For h ∈ C^∞(S^1, S^1) and m ∈ N_0 the map

π_m(h_K ): π_m(C^∞_∗ (S^1, K)) → π_m(C^∞_∗ (S^1, K))

is given by π_m(h_K )([σ]) = deg(h) · [σ],

where deg(h) = [h] ∈ π_1(S^1) ∼= Z is the mapping degree of h.

Proof. We realize S^1 as R/Z, so that continuous functions S^1 → K correspond to continuous 1-periodic functions R → K . In view of Lemma I.8, π_m(h_K ) only depends on the homotopy class of h, so that we may assume that h(z) = nz for some n ∈ Z. In this case n = deg(h).

Since the inclusion C^∞_∗ (S^1, K) → C_∗(S^1, K) is a homotopy equivalence ([Ne02b, Th. A.3.7]), it suffices to consider the maps

φ_n: C_∗(S^1, K) → C^∞_∗ (S^1, K), φ_n(f)(t) = f(nt).

We claim that φ_n is homotopy equivalent to the map ψ_n(f) := f^n .

We assume that n > 0. The case n = 0 is trivial and the case n < 0 is treated similarly. For each interval [^i_n ,^{i+1}_n ], i = 0, . . . , n − 1, we define a continuous map

α_i: C_∗(S^1, K) → C_∗(S^1, K), α_i(f)(t) := f(~α_i(t)), 0 ≤ t ≤ 1,

where ~α_i: [0, 1] → [0, 1], t → 0 for t ≤^i_n nt − i for^i_n ≤ t ≤^{i+1}_n 1 for^{i+1}_n ≤ t ≤ 1.

This means that the functions α_i(f) are “supported” by the Z-translates of the interval [^i_n ,^{i+1}_n ]. Then each map ~α_i is homotopic to the identity of [0, 1] with fixed endpoints, and the same carries over to α_i . Now φ_n(f) = α_1(f) · α_2(f) · · · α_n(f)

is a pointwise product because the supports of the factors are disjoint. As each map α_i is homotopic to id_{C∗(S}1_{,K)} , the map φ_n is homotopic to the nth power map.

The nth power map on C_∗(S^1, K) induces the nth power map on the corresponding homotopy groups, where the multiplication is induced by pointwise multiplication in K , and we conclude that π_m(φ_n): π_m(C_∗(S^1, K)) → π_m(C_∗(S^1, K))

is the nth power map in the abelian group π_m(C_∗(S^1, K)).

In the appendix we give an alternative proof of Lemma I.10 using the homotopy cogroup structure of S^1 .

Proof. (of Theorem I.6) We already know from Corollary I.9 that

Π_{M,κ} ⊆ H^1_{dR}(M, Y ) = k⨁ j=1 [δ(f_j )] · Y ∼= Y^k,

and the linear maps α_{j,z} correspond to the projections onto the components in Y^k . We have to evaluate these maps on Π_M . To approach Π_M from below, we associate to each f ∈ C^∞(M, S^1) the map f_K : C^∞(S^1, K) → G = C^∞(M, K), η → η ∘ f, which in turn induces a map π_2(f_K ): π_2(C^∞(S^1, K)) → π_2(G). For α ∈ C^∞(S^1, M) we obtain with Lemma I.10

α_z ∘ per_{ωM} ∘π_2(f_K ) = per_{ωS1} ∘π_2(α_K ) ∘ π_2(f_K ) = per_{ωS1} ∘π_2(α_K ∘ f_K ) = per_{ωS1} ∘π_2((f ∘ α)_K ) = deg(f ∘ α) · per_{ωS1} .

For f = f_i and α = α_j it follows in particular that

α_{i,z} ∘ per_{ωM} ∘π_2(f_{j,K} ) = δ_{ij} per_{ωS1} .

Hence per_{ωM} ( im π_2(f_{j,K} ) ) = [δ(f_j )] · Π_S1_{,κ},

and further

Π_M ⊇ k∑ j=1 [δ(f_j )] · Π_S1 ∼= Π^k_S1.

For the converse inclusion, we observe that

α_{j,z} ∘ per_{ωM} = per_{ωS1} ∘π_2(α_K )

implies that for each j we have α_{j,z} ∘ per_{ωM} ⊆ Π_S1_{,κ} and therefore Π_M ⊆ Π^k_{S1,κ} .

In view of Theorem I.6, the discreteness of the group Π_{M,κ} does not depend on M (if b_1(M) > 0), so that as far as the discreteness of the period group is concerned, it suffices to consider the simplest non-trivial compact manifold M = S^1 . In this first section we did not use any specific information on κ, but for the discreteness of Π_S1_{,κ} the specific choice of κ plays a crucial role.

Remark I.11. (a) In this section we have analyzed the period map

π_2(C^∞(M, K)) → z_M (Y )

by indirect methods based on smooth homomorphisms of loop groups into C^∞(M, K) and on homomorphisms into loop groups. It is remarkable that this method provides a complete description of the period group.

Let x_M ∈ M be a base point and C_∗(M, K) ⊆ C(M, K) denote the kernel of the evaluation homomorphism C(M, K) → K, f → f(x_M ). For general groups K and general compact manifolds the Approximation Theorem ([Ne02b, Th. A.3.7] implies that

π_2(C^∞(M, K)) ∼= π_2(C(M, K)) ∼= π_2(K) × π_2(C_∗(M, K)) ∼= π_2(K) × [S^2, C(M, K)]_∗ ∼= π_2(K) × [S^2 ∧ M, K]_∗ ∼= π_2(K) × π_0(C_∗(S^2 ∧ M, K)).

In general the group of homotopy classes [M, K] for a CW-complex M may be quite hard to access if dim M ≥ 3. For 2-dimensional manifolds one can use the classification of compact surfaces to obtain good descriptions of π_2(C(M, K)).

(b) We consider the case where M = T^d is a d-dimensional torus. Then C(T^d, K) ∼= C(T, C(T^{d−1}, K)) ∼= C_∗ ( T, C(T^{d−1}, K) ) ⋊ C(T^{d−1}, K) implies that π_k(C(T^d, K)) ∼= π_{k+1}(C(T^{d−1}, K)) ⊕ π_k(C(T^{d−1}, K)) and by induction we obtain

π_k(C(T^d, K)) ∼= d∑ j=0 π_{k+j} (K)(^{dj}).

II. The case of loop groups

We keep the notation of Section I. In addition, we assume in this section that K is finitedimensional. In this case we show that if κ is the universal invariant symmetric bilinear form on k, then the period group Π_S1_{,κ} is discrete.

Definition II.1. For a finite-dimensional Lie algebra k we write V (k) := S^2(k)/k.S^2(k), where the action of k on S^2(k) is the natural action inherited by the one on the tensor product k ⊗ k by x.(y ⊗ z) = [x, y] ⊗ z + y ⊗ [x, z]. There exists a natural invariant symmetric bilinear form κ: k × k → V (k), x ⊗ y → [x ∨ y] such that for each invariant symmetric bilinear form β: k × k → W there exists a unique linear map φ: V (k) → W with φ ∘ κ = β . We call the natural map κ: k × k → V (k) the universal invariant symmetric bilinear form on k.

We start with some observations that will be needed later on.

Remark II.2. (1) The assignment g → V (g) is a covariant functor from Lie algebras to vector spaces.

(2) If g = a ⊕ b with a perfect, then V (g) ∼= V (a) ⊕ V (b) because for every symmetric invariant bilinear map κ: g × g → V we have for x, y ∈ a, z ∈ b the relation κ([x, y], z) = κ(x, [y, z]) = κ(x, 0) = 0.

(3) If h ⊴ g is an ideal and the quotient morphism q: g → q := g/h splits, then g ∼= h ⋊ q, and the natural map V (q) → V (g) is an embedding. In fact, let η: q → g be the inclusion map. Then q ∘ η = id_q and this leads to V (q) ∘ V (η) = id_{V (q)} , showing that V (η) is injective. (4) If s is reductive with the simple ideals s_1, . . . , s_n , then (2) implies that

V (s) ∼= V (z(s)) ⊕ n⨁ j=1 V (s_j ) ∼= V (z(s)) ⊕ R^n .

(5) If k = r ⋊ s is a Levi decomposition, then (3) implies that the natural map V (s) → V (k) is an embedding.

(6) If k = gl(n, R), then V (k) ∼= R^2 follows from (4).

Remark II.3. We recall some results on the homotopy groups of finite-dimensional Lie groups K . First we recall E. Cartan’s Theorem

π_2(K) = 1

([Mi95, Th. 3.7]), and further Bott’s Theorem that for a compact connected simple Lie group C we have π_3(C) ∼= Z

([Mi95, Th. 3.9]).

In [Mi95, pp. 969/970] one also finds a table with π_k(G) up to k = 15, showing that

π_4(G) ∼=

Z_2 ⊕ Z_2 for G = SO(4) Z_2 for G = Sp(n), SU(2), SO(3), SO(5) 1 for G = SU(n), n ≥ 3 and SO(n), n ≥ 6 1 for G = G_2, F_4, E_6, E_7, E_8.

π_5(G) ∼=

Z_2 ⊕ Z_2 for G = SO(4) Z_2 for G = Sp(n), SU(2), SO(3), SO(5) Z for G = SU(n), n ≥ 3 and SO(6) 1 for G = SO(n), n ≥ 7, G_2, F_4, E_6, E_7, E_8.

Remark II.4. (a) Let C ⊆ K be a maximal compact subgroup, C_0 the identity component of the center of C and C_1, . . . , C_m the connected simple normal subgroups of C . Then the multiplication map C_0 × C_1 × . . . × C_m → C has finite kernel, hence is a covering map. Now the existence of a manifold factor in K implies that

π_3(K) ∼= π_3(C) ∼= m∏ j=1 π_3(C_j ) ∼= Z^m

(Remark II.3) because C_0 is a torus, so that π_3(C_0) is trivial.

(b) If C is compact and simple, then a generator of π_3(C) can be obtained from a homomorphism η: SU(2) → C . More precisely, let α be a long root in the root system Δ_c of c and c(α) ⊆ c the corresponding su(2)-subalgebra. Then the corresponding homomorphism SU(2) ∼= S^3 → C represents a generator of π_3(C) ([Bo58]).

Remark II.5. If E and F are locally convex vector spaces, then we write E ⊗_π F for the tensor product space endowed with the projective tensor product topology (cf. [Tr67]) and E ^⊗F for the completion of this space.

If M is a finite-dimensional σ -compact manifold and E a complete locally convex space, then C^∞(M, E) ∼= C^∞(M, R)^⊗E follows from [Gr55, Ch. 2, p.81]. In particular, the subspace C^∞(M, R) ⊗ E ∼= span{φ · y: φ ∈ C^∞(M, R), y ∈ E} is dense in C^∞(M, E).

Lemma II.6. Let Y be a s.c.l.c. space and z_M (Y ) as in Definition I.1. Then the subspace z_M (R) · Y spanned by the elements of the form [β · y], β ∈ Ω^1(M, R), y ∈ Y , is dense in z_M (Y ). Proof. It suffices to show that Ω^1(M, R) · Y spans a dense subspace of Ω^1(M, Y ).

Let (φ_j )_{j∈J} be a finite partition of unity in C^∞(M, R) such that the support of each function φ_j is contained in an open set U_j diffeomorphic to an open subset of R^d for d := dim M . For each U_j we then have Ω^1(U_j , Y ) ∼= C^∞(U_j , Y )^d, and Remark II.5 implies that for the completion Y of Y we have C^∞(U_j , Y ) ∼= C^∞(U_j , R)^⊗Y . Since C^∞(U_j , R) · Y is dense in C^∞(U_j , R)^⊗Y , it is also dense in C^∞(U_j , Y ).

Writing β ∈ Ω^1(M, Y ) as a sum β = ∑ j φ_j β , the preceding argument implies that each φ_j β is contained in the closure of Ω^1(M, R) · Y , and this proves that Ω^1(M, R) · Y is dense in Ω^1(M, Y ).

Lemma II.7. Let k be a locally convex Lie algebra, M a smooth manifold, g := C^∞(M, k), κ: k × k → Y a continuous invariant symmetric bilinear form, and ω_{M,κ} ∈ Z^2_c (g, z_M (Y )) defined by ω_{M,κ}(η, ξ) := [κ(η, dξ)], so that in particular ω_{M,κ}(f ⊗ x, g ⊗ y) := [fdg]κ(x, y) ∈ z_M (Y ). If im(κ) spans Y , then the central extension ^g := g ⊕_{ωM,κ} z_M (Y ) is a covering, i.e., z_M (Y ) is contained in the closure of the commutator algebra of ^g.

Proof. For x, y ∈ k and f, g ∈ C^∞(M, R) we have in ^g the relation [f ⊗ x, g ⊗ y] − [g ⊗ x, f ⊗ y] = ( fg ⊗ [x, y] − gf ⊗ [x, y], 2[fdg] · κ(x, y) ) = ( 0, 2[fdg] · κ(x, y) ) . This implies that the dense subspace z_M (R) · Y of z_M (Y ) (Lemma II.6) is contained in [^g, ^g] and therefore that ^g → g is a covering.

We now return to our assumption that K is finite-dimensional and consider the loop group G := C^∞(S^1, K). Let κ: k × k → V (k) denote the universal invariant symmetric bilinear form and define a cocycle on g = C^∞(S^1, k) as in Section I by ω(f, g) := ω_S1_{,κ}(f, g) := [κ(f, dg)].

Remark II.8. (a) If K is a finite-dimensional Lie group, then π_2(K) = 1 implies that π_3(K) ∼= π_2(C_∗(S^1, K)) ∼= π_2(G), and we can view the period map of ω as a homomorphism

per_K : π_3(K) → V (k).

(b) For any infinite-dimensional Lie group K we can also define a homomorphism π_3(K) → V (k) as follows. To define V (k) for an infinite-dimensional Lie algebra k, we first endow k ⊗ k with the projective tensor product topology and define V (k) as the quotient of this space by the closure of the subspace spanned by all elements of the form x ⊗ y − y ⊗ x and [x, y] ⊗ z + y ⊗ [x, z], x, y, z ∈ k. If [z] denotes the image of z ∈ k ⊗ k in V (k), we obtain a continuous invariant bilinear map κ: k × k → V (k), κ(x, y) := [x ⊗ y] which leads to the cocycle ω ∈ Z^2_c (g, V (k)) on g := C^∞(S^1, k) given by ω(ξ, η) := [κ(ξ, dη)].

Let G := C^∞(S^1, K)_e . Since the restriction of ω to the subalgebra k of g consisting of constant k-valued functions vanishes, the period map per_ω: π_2(G) ∼= π_3(K) × π_2(K) → V (k) vanishes on π_2(K) and defines group homomorphism

per_K : π_3(K) → V (k)

with the same image.

The following theorem shows that for each finite-dimensional Lie group K the homomorphism per_K has discrete image, and it is not so easy to find infinite-dimensional Lie groups where this is not the case. Below we discuss some related examples and special classes.

Theorem II.9. For every finite-dimensional connected Lie group K and the V (k)-valued cocycle ω(f, g) = [κ(f, dg)] on C^∞(S^1, k), the image of per_ω in V (k) is discrete. Proof. If φ: K_1 → K_2 is a Lie group morphism and L(φ): k_1 → k_2 the corresponding Lie algebra morphism, then we have

κ_{k2} ∘ L(φ × φ) = V (L(φ)) ∘ κ_{k1} , and per_{ωM,k2} ∘π_3(φ) = V (L(φ)) ∘ per_{ωM ,k1} .

In view of Remark II.4, this reduces the problem to the determination of V (L(η_j )) for the generators η_j : SU(2) → K , j = 1, . . . , m, of π_3(K).

For K = SU(2) pick x ∈ k with Spec(ad x) = {0, ±2i}. All these elements are conjugate under inner automorphisms. Therefore v_k :=^1_2 κ(x, x) ∈ V (k) is well defined (κ can be viewed as a multiple of the Cartan-Killing form; see also Remark II.2(4)). Then the calculations in Appendix IIa to Section II in [Ne01a] imply that per_ω([id_K ]) = v_k.

Therefore, in the general case, im(per ω) ⊆ V (k) is the subgroup generated by the elements v_1, . . . , v_m corresponding to the homomorphisms η_j : SU(2) → C_j mentioned above. If s ⊆ k is a Levi complement, then we may assume that im(L(η_j )) ⊆ s for each j , so that it suffices to determine the image of per_ω in the case where k = s is semisimple (Remark II.2(5)). This problem immediately reduces to the case where s is simple. Let s_c ⊆ s be a maximal compact semisimple subalgebra. Then s_c need not be simple and we write s^j_c , j = 1, . . . , l , for its simple ideals. (For s = su(p, q) we have s_c ∼= su(p) × su(q), so that l = 2 for p, q ≥ 2.)

We are interested in the subgroup of V (s) ∼= R generated by the elements v_j coming from the basis elements v_sj_c =^1_2 κ(x_j , x_j ) ∈ V (s^j_c), where x_j denotes an element in a suitable su_2 - subalgebra of the simple ideal s^j_c of s_c which is normalized in such a way that Spec(ad x_j ) = {±2i, 0} holds on the su_2 -subalgebra. The choice of the elements x_j ∈ s^j_c and the representation theory of sl(2, C ) imply that all eigenvalues of ad x_j are contained in iZ,so that tr((ad x_j )^2) ∈ −N_0 . Therefore the values of the Cartan–Killing form on the v_j are integral, so that they generate a discrete subgroup of V (s) ∼= R. We finally conclude that in the general situation the image of per_ω in V (k) is discrete.

Remark II.10. Let γ ∈ V (k)^∗ , so that κ_γ := γ ∘ κ defines a real-valued symmetric bilinear form on k. Then the image of the corresponding period map in R is determined by the values of γ on the image of the period map π_3(K) → V (k) in Theorem II.9 which is generated by the elements v_1, . . . , v_m ∈ V (k) obtained as follows. Let c_j denote the simple ideals in the Lie algebra c of a maximal compact subgroup C ⊆ K . Further let su(2)_j ⊆ c_j be a subalgebra corresponding to a long root and x_j ∈ su(2)_j with Spec(ad x_j |_{su(2)j} ) = {0, ±2i}. Then v_j =^1_2 κ(x_j , x_j ) ∈ V (k), and we have

im(per_ω) = k∑ j=1 Zγ(v_j) = k∑ j=1 1 2 Zγ(κ(x_j, x_j )).

Lemma II.11. Let k be a finite-dimensional simple Lie algebra, and κ_k its Cartan-Killing form of k. Further let A be a locally convex unital commutative associative algebra and consider the locally convex Lie algebra g := A ⊗_π k with the bracket given by [a ⊗ x, b ⊗ y] := ab ⊗ [x, y]. Then the map κ: g × g → A, (a ⊗ x, b ⊗ y) → κ_k(x, y)ab has the universal property of the universal invariant symmetric bilinear form. In particular we have V (g) ∼= A. Proof. From κ([a ⊗ x, b ⊗ y], c ⊗ z) = κ_k([x, y], z)abc = κ_k(x, [y, z])abc = κ(a ⊗ x, [b ⊗ y, c ⊗ z]) we see that κ is an invariant symmetric bilinear form on g. Its construction implies the continuity.

To verify the universal property, let β: g × g → Y be a continuous invariant symmetric bilinear form. For each pair a, b ∈ A we then obtain an invariant bilinear form β_{a,b}: k × k → Y, (x, y) → β(a ⊗ x, b ⊗ y). Now V (k) = Rκ_k implies the existence of a unique element η(a, b) ∈ Y with β_{a,b} = κ_k · η(a, b). Pick x, y ∈ k with κ_k(x, y) ≠ 0. Then the continuity of the map A × A → Y, (a, b) → β(a ⊗ x, b ⊗ y) = κ_k(x, y)η(a, b) implies the continuity of η: A × A → Y .

Since k is a perfect Lie algebra, we also find three elements x, y, z ∈ k with κ_k([x, y], z) ≠ 0. Then the invariance of β further leads to κ_k([x, y], z)η(ab, c) = β([a ⊗ x, b ⊗ y], c ⊗ z) = β(a ⊗ x, [b ⊗ y, c ⊗ z]) = κ_k(x, [y, z])η(a, bc) = κ_k([x, y], z)η(a, bc), so that η(ab, c) = η(a, bc), a, b, c ∈ A. Let 1 ∈ A denote the unit element and define the continuous linear map γ: A → Y, a → η(a, 1). Then β(a ⊗ x, b ⊗ y) = κ_k(x, y)η(a, b) = κ_k(x, y)η(ab, 1) = κ_k(x, y)γ(ab) = (γ ∘ κ)(a ⊗ x, b ⊗ y) shows that β factors through κ, which implies the universal property of κ. Here the uniqueness of γ follows from A = 1 · A = A · A.

Remark II.12. (a) We call an associative unital locally convex algebra A a continuous inverse algebra if its group of units A^× is open and the inversion A^× → A^× is a continuous map. Such algebras have been studied in [Gl01c]. In particular the following results have been obtained: (1) If A is a sequentially complete continuous inverse algebra, then all matrix algebras M_n(A), n ∈ N , also have this property ([Gl01c, Prop. 4.5]).

(2) If A is a continuous inverse algebra, then A^× is a Baker–Campbell–Hausdorff–Lie group (BCH-Lie group), i.e., it has an exponential map exp: a → A (given by holomorphic functional calculus) which restricts to a diffeomorphism of some open 0-neighborhood U in A to some open 1-neighborhood in A^× and on some 0-neighborhood W ⊆ U with exp W exp W ⊆ exp U the multiplication

x ∗ y := exp|^{−1}_U (exp x exp y)

is given by the BCH-series.

By combining (1) and (2), we can use the theory of analytic subgroups of BCH-Lie groups ([Gl01b]) to derive for each closed Lie subalgebra g ⊆ M_n(A) the existence of a global Lie group G with an exponential function obtained by restricting the one of M_n(A) ([Gl01b, Prop. 2.13]). (b) Let A be a unital locally convex algebra and HC_0(A) := A/[A, A]. We write [a] for the class of a ∈ A in HC_0(A). Then the map Tr: M_r(A) → HC_0(A), x → [ ∑ j x_{jj} ]

is a continuous Lie algebra homomorphism and we define sl_r(A) := ker Tr. Inspecting the arguments in [BGK96, Lemma 2.8] in the algebraic setting, it is easy to see that V (sl_r(A)) ∼= HC_0(A) and that a universal invariant symmetric bilinear form is given by κ(x, y) := Tr(xy).

Suppose that A is a complete complex commutative continuous inverse algebra. According to [Bos95, Prop. A.1.5], A satisfies

K_0(A) ∼= K_2(A) := indlim_{n→∞} π_3(GL_n(A)).

One can show that the period map

per_{SLr (K)}: π_3(SL_r(A)) → HC_0(A)

is the composition of the natural maps π_3(SL_r(A)) → π_3(GL_r(A)) → K_0(A) and the trace map

T_A: K_0(A) → HC_0(A), [p] → Tr(p),

where p = p^2 ∈ M_n(A) is an idempotent representing an element of K_0(A) (see [Ne02a] for details).

If A is commutative, then HC_0(A) = A and the image of the trace map T_A is contained in the kernel of the exponential function exp_A: A → A^×, x → e^{2πix} , hence discrete. This implies that im(per_{SLr (A)}) is discrete. The smallest examples of non-commutative algebras for which im(T_A) is not discrete are the irrational rotation algebras, certain 2-dimensional quantum tori. In this case HC_0(A) ∼= C and im(T_A) = Z + θZ for some irrational real number. (c) In the context of (b), we can use (a) to obtain for each simple complex Lie algebra k the existence of a Lie group G with Lie algebra g := A⊗k because we can embed k into some M_n(C ) and then extend scalars to obtain an embedding g → M_n(A). We then have g ⊆ sl_n(A), and the natural map V (g) → V (sl_n(A)) is an isomorphism (Lemma II.11). Therefore (b) implies that im(per_G) is discrete if im(per_{SLr (A)}) is discrete, which holds whenever A is a complete commutative continuous inverse algebra.

III. Existence of corresponding central Lie group extensions

In the following we will use the concept of an infinite-dimensional Lie group described in detail in [Mi83] (see also [Gl01a] and [Ne01b]). This means that a Lie group G is a smooth manifold modeled on a locally convex space g for which the group multiplication and the inversion are smooth maps. We write λ_g (x) = gx, resp., ρ_g(x) = xg for the left, resp., right multiplication on G. Then each X ∈ T_e(G) corresponds to a unique left invariant vector field X_l with X_l(g) := dλ_g (1).X, g ∈ G. The space of left invariant vector fields is closed under the Lie bracket of vector fields, hence inherits a Lie algebra structure. In this sense we obtain on g := T_e(G) a continuous Lie bracket which is uniquely determined by [X, Y ]_l = [X_l, Y_l].

In this context central extensions of Lie groups are always assumed to have a smooth local section. Let Z → ^G →→ G be a central extension of the connected Lie group G by the abelian group Z . We assume that the identity component Z_e of Z can be written as Z_e = z/π_1(Z), where the Lie algebra z of Z is a s.c.l.c. space. This means that the additive group of z can be identified in a natural way with the universal covering group of Z_e , and that Z_e is a quotient z modulo a discrete subgroup which can be identified with π_1(Z). Since the quotient map q: ^G → G has a smooth local section, the corresponding Lie algebra homomorphism ^g → g has a continuous linear section, hence can be described by a continuous Lie algebra cocycle ω ∈ Z^2_c (g, z) as ^g ∼= g ⊕_ω z with the bracket [(x, z), (x^′, z^′)] = ([x, x^′], ω(x, x^′)).

Let Z^2_s (G, Z) denote the abelian group of 2-cocycles f: G × G → Z which are smooth in a neighborhood of (e, e) and B^2_s (G, Z) the subgroup of all functions of the form (g, g^′) → h(gg^′)h(g)^{−1}h(g^′)^{−1} , where h: G → Z is smooth in an identity neighborhood. We recall from [Ne02b, Prop. IV.2] that central Lie group extensions as above can always be written as ^G ∼= G ×_f Z with (g, z)(g^′, z^′) = (gg^′, zz^′f(g, g^′)), with f ∈ Z^2_s (G, Z). Two cocycles f_1 , f_2 define equivalent Lie group extensions if and only if f_1 · f^{−1}_2 ∈ B^2_s (G, Z) (for f^{−1}_2 (x, y) := f_2(x, y)^{−1} ), and the quotient group H^2_s (G, Z) := Z^2_s (G, Z)/B^2_s (G, Z) parametrizes the equivalence classes of central Z -extensions of G with smooth local sections ([Ne02b, Remark IV.4]). On the Lie algebra level the space H^2_c (g, z) = Z^2_c (g, z)/B^2_c (g, z) classifies the central z-extensions of g with continuous linear sections. There is a natural map H^2_s (G, Z) → H^2_c (g, z) induced by the map (3.1) D: Z^2_s (G, Z) → Z^2_c (g, z), D(f)(x, y) = d^2f(e, e)(x, y) − d^2f(e, e)(y, x) ([Ne02b, Lemma IV.6]), where d^2f(e, e) has to be understood as d^2f(e, e)(x, y) := ∂^2 ∂s∂t |_{t,s=0} f(γ(t), η(s)) where γ: ] − ε, ε[→ G and η: ] − ε, ε[→ G are smooth curves with γ(0) = e, γ^′(0) = x, η(0) = e, and η^′(0) = y . For more details we refer to [Ne02b].

In this section we discuss the existence of a central Lie group extension for the Lie algebra cocycles ω_{M,κ} of product type (see (1.1)), where K may be an infinite-dimensional Lie group.

The group G := C^∞(M, K) acts on g by the adjoint action which is given by

(Ad(f).ξ)(m) := Ad(f(m)).ξ(m) for m ∈ M.

We also define an action of G on k-valued 1-forms on M by

(Ad(f).α)(m) := Ad(f(m)) ∘ α(m) for m ∈ M.

Definition III.1. For an element f ∈ C^∞(M, K) we write δ^l(f)(m) := dλ_{f (m)}−1 (f(m))df(m): T_m(M) → k ∼= T_e(K) for the left logarithmic derivative of f . This derivative can be viewed as a k-valued 1-form on M . We also write simply δ^l(f) = f^{−1}.df and observe the following product rule (3.2) δ^l(f_1f_2) = Ad(f_2)^{−1}.δ^l(f_1) + δ^l(f_2). The right logarithmic derivative δ^r(f) = df.f^{−1} satisfies the product rule (3.3) δ^r(f_1f_2) = δ^r(f_1) + Ad(f_1).δ^r(f_2) ([KM97, 38.1]).

The form θ^l_K := δ^l(id_K ) ∈ Ω^1(K, k) is called the left Maurer–Cartan form on K and θ^r_K := δ^r(id_K ) the right Maurer–Cartan form. Using the Maurer–Cartan forms, we have δ^l(f) = f^∗θ^l_K and δ^r(f) = f^∗θ^r_K .

Lemma III.2. The smooth maps δ^l, δ^r: C^∞(M, K) → Ω^1(M, k) satisfy (dδ^l)(e)(η) = (dδ^r)(e)(η) = dη for η ∈ C^∞(M, k) ∼= T_e(C^∞(M, K)).

Proof. Let V ⊆ k be an open convex 0-neighborhood and φ: V → U := φ(V ) a chart of K with φ(0) = e and dφ(0) = id_k . Let η ∈ g = C^∞(M, k). Then there exists an ε > 0 such that for each t ∈ [0, ε] we have tη(M) ⊆ V . Then γ: [0, ε] → C^∞(M, K), γ_t(m) := φ(tη(m)) is a smooth curve on C^∞(M, K) with γ(0) = e and γ^′(0) = η . We now have for v ∈ T_m(M) dγ_t(m).v = dφ(tη(m))tdη(m)v ∈ T_{γ(m)}(K) and therefore δ^l(γ_t)(m).v = γ_t(m)^{−1}.(dγ_t(m).v) = φ(tη(m))^{−1}.dφ(tη(m)) · t · dη(m)v ∈ k. In view of dγ_0 = 0, it follows that d dt t=0 γ_t(m)^{−1}.(dγ_t(m).v) = lim_{t→0} φ(tη(m))^{−1}.dφ(tη(m))dη(m)v = φ(0)^{−1}.dφ(0)dη(m)v = dη(m)v. A similar argument works for the right logarithmic derivatives.

Proposition III.3. Let g := C^∞(M, k), κ: k × k → Y be a continuous invariant symmetric bilinear form, and define Θ: C^∞(M, K) → Lin(g, z_M (Y )), Θ(f)(ξ) := [κ(δ^l(f), ξ)].

Then we obtain for the cocycle ω(ξ, η) := [κ(ξ, dη)] an automorphic action of C^∞(M, K) on ^g := g ⊕_ω z_M (Y ) by (3.4) f.(ξ, z) := (Ad(f).ξ, z − Θ(f)(ξ)) = (Ad(f).ξ, z − [κ(δ^l(f), ξ)]).

The corresponding derived action is given by (3.5) η.(ξ, z) = [(η, 0), (ξ, z)] = ([η, ξ], ω(η, ξ)). Proof. Using (3.2), we first verify the cocycle condition for Θ:

Θ(f_1f_2)(ξ) = [κ(δ^l(f_1f_2), ξ)] = [κ(δ^l(f_2) + Ad(f_2)^{−1}.δ^l(f_1), ξ)] = Θ(f_2)(ξ) + [κ(δ^l(f_1), Ad(f_2).ξ)] = Θ(f_2)(ξ) + Θ(f_1)(Ad(f_2).ξ).

This relation implies that

f_1.(f_2.(ξ, z)) = f_1.(Ad(f_2).ξ, z − Θ(f_2)(ξ)) = ( Ad(f_1f_2).ξ, z − Θ(f_2)(ξ) − Θ(f_1)(Ad(f_2).ξ) ) = ( Ad(f_1f_2).ξ, z − Θ(f_1f_2)(ξ) ) . To see that C^∞(M, K) acts by automorphisms of ^g, we note that d(Ad(f).η)(m) = ( (d Ad)(f(m))df(m) ) .η(m) + Ad(f(m)) ∘ dη(m) = ( Ad(f(m))d Ad(e)dλ_{f (m)}−1 (f(m))df(m) ) .η(m) + Ad(f(m)) ∘ dη(m) = ( Ad(f(m)) ∘ ad δ^l(f)(m) ) .η(m) + Ad(f(m)) ∘ dη(m), which means that (3.6) d(Ad(f).η) = Ad(f).[δ^l(f), η] + Ad(f).dη. Therefore ω(Ad(f).ξ, Ad(f).η) = [κ(Ad(f).ξ, d(Ad(f).η))] = [κ(Ad(f).ξ, Ad(f).dη + Ad(f).[δ^l(f), η])] = [κ(ξ, dη)] + [κ(ξ, [δ^l(f), η])] = [κ(ξ, dη)] − [κ(δ^l(f), [ξ, η])] = ω(ξ, η) − Θ(f)([ξ, η]). That C^∞(M, K) acts by automorphisms on ^g now follows from

f.[(ξ_1, z_1), (ξ_2, z_2)] = (Ad(f).[ξ_1, ξ_2], ω(ξ_1, ξ_2) − Θ(f)([ξ_1, ξ_2])) = ( [Ad(f).ξ_1, Ad(f).ξ_2], ω(Ad(f).ξ_1, Ad(f).ξ_2) ) = [f.(ξ_1, z_1), f.(ξ_2, z_2)].

To verify (3.5), we have to show that the differential of Θ in e is given by dΘ(e)(η)(ξ) = ω(ξ, η). Using Lemma III.2, we obtain dΘ(e)(η)(ξ) = [κ ( (dδ^l)(e)(η), ξ ) ] = [κ(dη, ξ)] = [κ(ξ, dη)] = ω(ξ, η). Definition III.4. Let G be a connected Lie group with Lie algebra g and ω ∈ Z^2_c (g, z) a continuous Lie algebra cocycle with values in the s.c.l.c. space z. Let Γ ⊆ z be a discrete subgroup and Z := z/Γ the corresponding quotient Lie group. Further let Ω be the corresponding left invariant closed z-valued 2-form on G. Then we define a homomorphism P : H^2_c (g, z) → Hom(π_2(G), Z) × Hom(π_1(G), Lin(g, z)) as follows. For the first component we take P_1([ω]) := q_Z ∘ per_ω, where q_Z : z → Z is the quotient map and per_ω : π_2(G) → z is the period map of ω . To define the second component, for each X ∈ g we write X_r for the corresponding right invariant vector field on G. Then i_{Xr} Ω is a closed z-valued 1-form ([Ne02b, Lemma III.11]) to which we associate a homomorphism π_1(G) → z via

P_2([ω])([γ])(X) := ∫ γ i_{Xr} Ω. We refer to [Ne02b, Sect. VII] for arguments showing that P is well defined, i.e., that the right hand sides only depend on the Lie algebra cohomology class of ω .

Theorem III.5. Let ω ∈ Z^2_c (g, z) be a continuous Lie algebra cocycle. Then the central Lie algebra extension z → ^g := g ⊕_ω z →→ g integrates to a central Lie group extension Z → ^G →→ G if and only if P ([ω]) = 0. Proof. [Ne02b, Th. VII.12].

Theorem III.6. Let K be a connected Lie group, M a compact manifold, G := C^∞(M, K)_e and ω_{M,κ} ∈ Z^2_c (g, z_M (Y )) as above. Suppose that the period group Π_{M,κ} ⊆ z_M (Y ) is discrete. For Z := z_M (Y )/Π_{ωM,κ} we then obtain a central Lie group extension Z → ^G →→ G corresponding to the cocycle ω_{M,κ} .

Proof. In view of Theorem III.5, we only have to see that P_2([ω_{M,κ}]) = 0, but this follows from Proposition III.3 and [Ne02b, Prop. VII.6].

Corollary III.7. If dim K < ∞, Y = V (k), and κ: k × k → V (k) is the universal symmetric invariant bilinear map, then there exists for Z := V (k)/Π_{M,κ} a central Lie group extension Z → ^G →→ G = C^∞(M, K)_e. Proof. This is a consequence of Theorem II.9 and Theorem III.6.

Remark III.8. (a) (cf. [Ne02b, Rem. V.12]) Let Z → ^G →→ G be a central extension of Lie groups, where G and ^G are connected. In view of [Ne02b, Prop. V.11], the long exact homotopy sequence of the principal Z -bundle ^G over G leads to an exact sequence

π_2(Z) → π_2( ^G) → π_2(G)^{perω}−−−−→π_1(Z) → π_1( ^G) → π_1(G) → π_0(Z) → π_0( ^G) = 1, so that π_2(Z) ∼= π_2(z) = 1 leads to π_2( ^G) → π_2(G)^{perω}−−−−→π_1(Z) → π_1( ^G) →→ π_1(G) → π_0(Z).

If the connecting map π_1(G) → π_0(Z) is injective, then the map π_1(Z) → π_1( ^G) is surjective, and we obtain π_2( ^G) ∼= ker per_ω ⊆ π_2(G) and π_1(G) ∼= π_1( ^G)/ coker per_ω .

These relations show how the period homomorphism controls how the first two homotopy groups of G and ^G are related.

(b) We consider the special case where K is a simple compact Lie group and G = C^∞(T^d, K)_e , where M = T^d is a d-dimensional torus. Then Y = V (k) ∼= R, where the Cartan-Killing form κ_k of k is universal, and π_1(T^d) ∼= Z^d implies z_Td(R) ∼= R^d , where the projection onto the components is given by integrating over the coordinate loops α_j : T → T^d , j = 1, . . . , d.

According to Remark I.11(b), we have π_2(G) ∼= π_2(K) ⊕ π_3(K)^d ⊕ π_4(K)(^{d2}) ⊕ . . . .

Since π_2(K) is trivial and π_3(K) ∼= Z (Remark II.3), we have π_2(G) ∼= Z^d ⊕ E, where E ∼= π_4(K)(^{d2}) ⊕ . . .. The natural homomorphism Z^d → π_2(G) is obtained from the map C^∞(T, K)^d → G, (g_j )_{j=1,...,d} → (g_1 ∘ p_1) · · · (g_d ∘ p_d), where p_j : T^d → T is the projection onto the j -component. As we have seen above, the period map per_{ωM,κ} maps the subgroup Z^d bijectively onto the full period group Π_Td_{,κ} ∼= Π^d_S1_{,κ} ∼= Z^d ⊆ z_Td(R) ∼= R^d .

We conclude in particular with (a) that π_2( ^G) ∼= ker(per_{ωTd,κ} ) ∼= π_2(G)/π_3(K)^d ∼= π_4(K)(^{d2}) ⊕ . . . .

As we have seen in Remark II.3, this group is not always trivial, showing that π_2( ^G) is not always trivial. This contradicts a statement in [PS86, Prop. 4.10.1] saying that π_2( ^G) is trivial.

For the following theorem we recall that we can use the continuous bilinear form κ: k×k → Y to define a wedge product ∧_κ: Ω^1(M, k) × Ω^1(M, k) → Ω^2(M, Y ) by (α ∧_κ β)(v, w) := κ(α_p(v), β_p(w)) − κ(β_p(v), α_p(w)), v, w ∈ T_p(M). We also define for ξ ∈ C^∞(M, k) and α ∈ Ω^1(M, k) the wedge product ξ ∧_κ α := −α ∧_κ ξ := κ(ξ, α) and observe that d(ξ ∧_κ α) = dξ ∧_κ α + κ(ξ, dα). For each smooth map f: M → G we then have (3.7) ( Ad(f).α ) ∧_κ β = α ∧_κ ( Ad(f)^{−1}.β ) , where (Ad(f).α)(v) = Ad(f(p)).α(v) for v ∈ T_p(M), because the bilinear map κ is invariant under Ad(K). We likewise get (3.8) [ξ, α] ∧_κ β = −α ∧_κ [ξ, β] for ξ ∈ C^∞(M, k), where [β, ξ]_p(v) := −[ξ, β]_p(v) := [β_p(v), ξ(p)]. We also have a wedge product [·, ·]_∧: Ω^1(M, k) × Ω^1(M, k) → Ω^2(M, k) defined by [α, β]_∧(v, w) := [α_p(v), β_p(w)] − [α_p(w), β_p(v)], v, w ∈ T_p(M). Note that [α, β]_∧ = [β, α]_∧ . The two wedge products are related by the formula (3.9) κ([α, β]_∧, ξ) = α ∧_κ [β, ξ], ξ ∈ C^∞(M, k). Theorem III.9. Let G^+ := C^∞(M, K). Then the map c: G^+ × G^+ → Ω^2(M, Y ), c(f, g) := δ^l(f) ∧_κ δ^r(g) defines a a smooth Ω^2(M, Y )-valued group 2-cocycle on G^+ , so that we obtain a central Lie group extension ^G^+ := G^+ ×_c Ω^2(M, Y ). The corresponding Lie algebra cocycle Dc from (3.1) is given by Dc(ξ, η) = 2dξ ∧_κ dη for ξ, η ∈ C^∞(M, k). The map γ: z_M (Y ) → Ω^2(M, Y ), [β] → 2dβ satisfies γ ∘ ω_{M,κ} = Dc and induces a Lie algebra homomorphism γ_g: ^g = g ⊕_{ωM,κ} z_M (Y ) → ^g^+ := g ⊕_{Dc} Ω^2(M, Y ), (X, [β]) → (X, 2dβ).

This homomorphism is G^+ -equivariant with respect to the action on ^g^+ induced by the adjoint action of ^G^+ , given by Ad^_{g+} (g).(ξ, z) = ( Ad(g).ξ, z − d(κ(δ^l(g), ξ)) ) . Proof. The smoothness of the cocycle follows from the smoothness of the maps δ^l, δ^r: C^∞(M, K) → Ω^1(M, k) and the continuity of κ.

For the constant function f = e we have δ^l(f) = δ^r(f) = 0, so that c(g, e) = c(e, g) = 0. Moreover, we obtain with (3.2), (3.3) and (3.7): c(f, gh) − c(fg, h) = δ^l(f) ∧_κ δ^r(gh) − δ^l(fg) ∧_κ δ^r(h) = δ^l(f) ∧_κ ( δ^r(g) + Ad(g).δ^r(h)) − ( δ^l(g) + Ad(g)^{−1}.δ^l(f) ) ∧_κ δ^r(h) = c(f, g) − c(g, h) + δ^l(f) ∧_κ ( Ad(g).δ^r(h)) − ( Ad(g)^{−1}.δ^l(f) ) ∧_κ δ^r(h) = c(f, g) − c(g, h) Therefore c is a group cocycle.

According to [Ne02, Lemma IV.6] and Lemma III.2, the corresponding Lie algebra cocycle Dc ∈ Z^2_c (C^∞(M, k), Y ), is given by Dc(ξ, η) = d^2c(e, e)(ξ, η) − d^2c(e, e)(η, ξ) = dδ^l(e)(ξ) ∧_κ dδ^r(e)(η) − dδ^l(e)(η) ∧_κ dδ^r(e)(ξ) = dξ ∧_κ dη − dη ∧_κ dξ = 2dξ ∧_κ dη. To relate the Lie algebra cocycles ω_{M,κ} and Dc, we first observe that the differential d: Ω^1(M, Y ) → Ω^2(M, Y ) leads to a linear map γ: z_M (Y ) → Ω^2(M, Y ), [β] → 2dβ. This map satisfies γ ∘ ω_{M,κ}(ξ, η) = 2d(κ(ξ, dη)) = 2d(ξ ∧_κ dη) = 2dξ ∧_κ dη = Dc(ξ, η). This implies that γ_g is a Lie algebra homomorphism.

Next we derive an explicit formula for the action of G^+ on the Lie algebra ^g^+ := g ⊕_{Dc} Ω^2(M, Y ) from which it will follow that γ_g is G^+ -equivariant. The conjugation action of G^+ on the group ^G^+ is given by g.(h, 0) := (g, 0)(h, 0)(g, 0)^{−1} = ( ghg^{−1}, c(g, h) − c(ghg^{−1}, g) ) ([Ne02b, Rem. I.2]) which implies that the derived action is given by Ad^_{g+} (g).(ξ, 0) = ( Ad(g).ξ, dc(g, e)(0, ξ) − dc(e, g)(Ad(g).ξ, 0) ) . We have seen in Lemma III.2 that dc(g, e)(0, ξ) = δ^l(g) ∧_κ dξ, and with (3.6) we further get

dc(e, g)(Ad(g).ξ, 0) = d(Ad(g).ξ) ∧_κ δ^r(g) = Ad(g).[δ^l(g), ξ] ∧_κ δ^r(g) + ( Ad(g).dξ ) ∧_κ δ^r(g) = Ad(g).[δ^l(g), ξ] ∧_κ δ^r(g) + dξ ∧_κ ( Ad(g)^{−1}.δ^r(g) ) = [δ^l(g), ξ] ∧_κ δ^l(g) + dξ ∧_κ δ^l(g).

This leads to Ad^_{g+} (g).(ξ, 0) = ( Ad(g).ξ, 2δ^l(g) ∧_κ dξ + δ^l(g) ∧_κ [δ^l(g), ξ] ) . To show that γ_g is G^+ -equivariant, we have to verify that (3.10) Ad^_{g+} (g).(ξ, 0) := ( Ad(g).ξ, −2d ( κ(δ^l(g), ξ) )) (see (3.4)). The Maurer–Cartan Equation dδ^l(f) = − 1 2 [δ^l(f), δ^l(f)]_∧, f ∈ C^∞(M, K) ([KM97, p.405]) implies d ( κ(δ^l(f), ξ) ) = d(δ^l(f) ∧_κ ξ) = dδ^l(f) ∧_κ ξ − δ^l(f) ∧_κ dξ = − 1 2 [δ^l(f), δ^l(f)]_∧ ∧_κ ξ − δ^l(f) ∧_κ dξ = − 1 2 δ^l(f) ∧_κ [δ^l(f), ξ] − δ^l(f) ∧_κ dξ. This relation immediately gives the desired formula for Ad^_{g+} (f).

Remark III.10. Since the central extension ^G^+ of G^+ has a smooth global section, its period group Π_{Dc} = γ(Π_{M,κ}) ⊆ Ω^2(M, Y ) is trivial ([Ne02b, Prop. VIII.5]). This is another argument for the inclusion Π_{M,κ} ⊆ H^1_{dR}(M, Y ) (Corollary I.9). It is remarkable that we obtain a central extension of the whole group G^+ and not only of its identity component G.

Remark III.11. (a) Since M is compact, its fundamental group π_1(M) is finitely generated. Let k := b_1(M) := rk H_1(M) and choose α_1, . . . , α_k ∈ C^∞(S^1, M) as in Remark I.3. Then the integration map Φ: z_M (Y ) → Y^k, [β] → ( ∫ α_j β ) j=1,...,k maps the subspace H^1_{dR}(M, Y ) bijectively onto Y^k , so that we obtain a topological splitting

z_M (Y ) ∼= H^1_{dR}(M, Y ) ⊕ ker Φ.

Then the differential d: z_M (Y ) → Ω^2(M, Y ), [β] → dβ maps ker Φ continuously onto the closed subspace B^2_{dR}(M, Y ) of exact 2-forms in Ω^2(M, Y ).

Suppose that Π_{M,κ} is discrete. Then the group Z from Theorem III.6 has a product decomposition Z ∼= ( H^1_{dR}(M, Y )/Π_{M,κ} ) × ker Φ ∼= ( Y/Π_S1_{,κ} )_k × ker Φ

(cf. Theorem I.6).

(b) The differential d: z_M (Y ) → Ω^2(M, Y ) induces a Lie algebra homomorphism

γ_g: ^g = g ⊕_{ωM,κ} z_M (Y ) → ^g^+ = g ⊕_{Dc} Ω^2(M, Y ), (ξ, [β]) → (ξ, 2dβ).

The construction of a corresponding Lie group homomorphism ^G → ^G^+ , where ^G is a central extension of G by Z = z_M (Y )/Π_{M,κ} (Theorem III.6) is not so obvious because the values of the cocycle c in Theorem III.9 are in general not exact forms (Remark III.13 below), hence do not lie in the range of the map d. Nevertheless, the range of the Lie algebra cocycle Dc is contained in the space of exact forms. Suppose that Y is a Fréchet space. Then the quotient map p: Ω^2(M, Y ) → E := Ω^2(M, Y )/B^2_{dR}(M, Y ) is an open morphism of Fréchet spaces. We obtain a smooth group cocycle c_− := p ∘ c ∈ Z^2_s (G^+, E) whose corresponding Lie algebra cocycle is trivial. According to [Ne02b, Th. VIII.8], there exists a homomorphism α: π_1(G) → E such that G ×_{c−} E ∼= ( ~G × E)/Γ(α), where Γ(α) ⊆ π_1(G) × E is the graph of α. Is this extension trivial? Since G is smoothly paracompact, there exists a smooth function f: ~G → E with f(gd) = f(g) + α(d), g ∈ ~G, d ∈ π_1(G) ([Ne02b, Prop. III.8]).

(c) If Y is Fréchet, the same holds for the space Ω^2(M, Y ). Therefore ^G^+ is a central extension of the regular Fréchet–Lie group G^+ by the regular Fréchet–Lie group Ω^2(M, Y ), hence regular ([KM97, Th. 38.6]). Therefore the Lie algebra homomorphism γ_g: ^g → g ⊕_{Dc} B^2_{dR}(M, Y ) integrates to a unique Lie group homomorphism ~γ_G: G^♯ → ~G×~_cΩ^2(M, Y ), where G^♯ is the central Lie group extension of the universal covering group ~G of G by Z = z_M (Y )/Π_{M,κ} (Theorem III.6). Then the surjectivity of the period homomorphism π_2(G) ∼= π_2( ~G) → π_1(Z) implies that G^♯ is simply connected (Remark III.8). Since the natural map π_1( ^G) → π_1(G) is an isomorphism (Remark III.8), it follows that ~γ_G(π_1( ^G)) ⊆ π_1(G), and hence that ~γ_G factors through a Lie group homomorphism γ_G: ^G → ^G^+ with L(γ_G) = γ_g .

Remark III.12. (The abelian case) We assume that K is a connected abelian Lie group with universal covering group ~K = (k, +). Then K ∼= k/Γ, where Γ ∼= π_1(K) is a discrete subgroup of k. Let q_K : k → K denote the quotient map.

Let M be a compact connected manifold. Then the group G^+ = C^∞(M, K) is abelian and its identity component G = C^∞(M, K)_e is the image of the exponential map exp_G: g = C^∞(M, k) → G, ξ → q_K ∘ ξ.

Therefore ~G = g = C^∞(M, k) is contractible, and π_k (G) = 1 for k ≥ 2. We further have

π_1(G) ∼= ker exp_G ∼= C^∞(M, Γ) ∼= Γ and π_0(G) ∼= Hom(π_1(M), Γ) ∼= Γ^k

for k = b_1(M). Here we use [Ne02b, Prop. III.9] to see that each homomorphism π_1(M) → Γ is obtained from a smooth map M → K and that a smooth map f: M → K lifts to a smooth map M → k if and only if π_1(f): π_1(M) → π_1(K) ∼= Γ is trivial. Let κ: k × k → Y be a continuous bilinear form and ω(ξ, η) := [κ(ξ, dη)] the corresponding Lie algebra cocycle. (a) Since each element of π_1(G) ⊆ g corresponds to a constant function, we have ω(π_1(G), g) = {0}, so that

c_G(exp_G ξ, exp_G η) :=^1_2 ω(ξ, η) =^1_2 [κ(ξ, dη)]

defines a global z_M (Y )-valued group cocycle on G, and we obtain a central extension

^G = G ×_{cG} z_M (Y )

which can be lifted to a central Lie group extension ~G × ~cG z^M (Y ) with ~c^G := c^G ∘ (exp^G × exp^G), i.e., ~c_G(ξ, η) = [κ(ξ, dη)]. On the other hand we have the central extension G^+ ×_c Ω^2(M, Y ) given by the cocycle

c(g, h) = δ^l(g) ∧_κ δ^r(h) = δ^l(g) ∧_κ δ^l(h)

(Theorem III.9). Note that δ^r = δ^l follows from K being abelian. Since each left invariant 1- form on an abelian Lie group is closed, the Maurer–Cartan form θ_K is closed, hence δ^l(f) = f^∗θ_K is closed for each smooth function f: M → K , so that all 2-forms c(g, h) are closed.

As we will see below, they are not always exact. For elements g = exp_G ξ and h = exp_G η in the identity component G of G^+ we have c(g, h) = dξ ∧_κ dη = d ( κ(ξ, dη) ) = 2d ( c_G(g, h)), so that G ×_{cG} z_M (Y ) → G^+ ×_c Ω^2(M, Y ), (g, [β]) → (g, 2dβ)

is a Lie group homomorphism.

(b) Let q_M : ~M → M denote the universal covering map and g ∈ G^+ . Then the map ~g := g ∘ q_M can be written as exp_K ∘~ξ , where ~ξ ∈ C^∞( ~M, k). We likewise write ~h = exp_K ∘~η for a second element h ∈ G^+ . Then q^∗_M c(g, h) = q^∗_M (δ^l(g) ∧_κ δ^l(h)) = d~ξ ∧_κ d~η = d(~ξ ∧_κ d~η) is an exact 2-form on ~M . This means that [c(g, h)] ∈ H^2(M, Y ) ∼= Hom(H_2(M), Y ) vanishes on the image of π_2(M) ∼= H_2( ~M) in H_2(M).

(c) For M = T^2 , K = T, Y = R, κ(x, y) = xy , g(t_1, t_2) = t_1 and h(t_1, t_2) = t_2 we obtain on ~M ∼= R2 : q^∗_M c(g, h) = dx ∧ dy and therefore ∫ M c(g, h) ≠ 0. In particular c(g, h) is not exact.

(d) Since K is abelian, the group π_0(G^+) acts trivially on ~G and hence on π_1(G). The actions of G^+ on ^g and ^g^+ are given by Ad^_g(g).(ξ, z) = (ξ, z − [κ(δ^l(g), ξ)]) and Ad^_{g+} (g).(ξ, z) = (ξ, z − dκ(δ^l(g), ξ)) = (ξ, z − δ^l(g) ∧_κ dξ). For each constant map ξ ∈ Γ ⊆ ~G ∼= g we therefore obtain Ad^_{g+} (g).(ξ, z) = (ξ, z), but for each g ∈ G the 1-form κ(δ^l(g), ξ) = δ^l(g) ∧_κ ξ is closed, and for α ∈ C^∞(S^1, M) we have ∫ α κ(δ^l(g), ξ) = κ ( ∫ α δ^l(g), ξ )

with ∫ α δ^l(g) ∈ Γ. Therefore the action of π_0(G^+) on π_1(G) × z_M (Y ) ∼= Γ × z_M (Y ) is given by g.(γ, z) = (γ, z − [κ(δ^l(g), γ)]), where [κ(δ^l(g), γ)] ∈ H^1_{dR}(M, Y ) ∼= H^1(M, Y ) ∼= Hom(π_1(M), Y ) corresponds to the homomorphism κ(π_1(g), γ): π_1(M) → Y . This action is non-trivial if and only if κ(Γ, Γ) ≠ {0}.

Remark III.13. Let K be a compact Lie group and M := K × K . We consider the smooth maps f: M → K, (k_1, k_2) → k_1 and g: M → K, (k_1, k_2) → k^{−1}_2 .

Let p_1, p_2: M → K denote the projections onto the factors. Then δ^l(f) = p^∗_1θ^l_K and δ^r(g) = −p^∗_2θ^l_K holds for the left Maurer–Cartan form θ^l_K on K . Hence c(f, g) = −p^∗_1θ^l_K ∧_κ p^∗_2θ^l_K is a left invariant 2-form on the compact Lie group M = K × K . Let β := c(f, g)_e . Then β((x, y), (x^′, y^′)) = −κ(x, y^′) + κ(x^′, y). Since K is a compact connected Lie group, the form c(f, g) is closed/exact if and only if β is closed/exact as a Lie algebra cochain. For every continuous linear map α: k × k → Y we have

α([(x, y), (x^′, y^′)]) = α([x, x^′], 0) + α(0, [y, y^′]).

Therefore c(f, g) is exact if and only if κ = 0.

The closedness of c(f, g) is equivalent to the vanishing of κ([x^′, x^{′′}], y) − κ([y^′, y^{′′}], x) + κ([x^{′′}, x], y^′) − κ([y^{′′}, y], x^′) + κ([x, x^′], y^{′′}) − κ([y, y^′], x^{′′}). Using this identity for y^′ = y^{′′} = 0, we see that c(f, g) is closed if and only if κ(k, [k, k]) = {0}.

IV. Universal central extensions

In this section we turn to the question whether the central extension from Corollary III.7 is universal. This question will be answered affirmatively if k is finite-dimensional and semisimple. First we recall some concepts and a result from [Ne01c] on weakly universal central extensions of Lie groups and Lie algebras.

Definition IV.1. (cf. [Ne01c]) Let g be a topological Lie algebra over K ∈ {R, C } and a be a topological vector space considered as a trivial g-module. We call a central extension q: ^g = g ⊕_ω z → g with z = ker q (or simply the Lie algebra ^g) weakly universal for a if the corresponding map δ_a: Lin(z, a) → H^2_c (g, a), γ → [γ ∘ ω] is bijective.

We call q: ^g → g universal for a if for every linearly split central extension q_1: ^g_1 → g of g by a there exists a unique homomorphism φ: ^g → ^g_1 with q_1 ∘ φ = q . Note that this universal property immediately implies that two central extensions ^g_1 and ^g_2 of g by a_1 and a_2 which are both universal for both spaces a_1 and a_2 are isomorphic. A central extension is said to be (weakly) universal if it is (weakly) universal for all locally convex spaces a.

Definition IV.2. We call a central extension ^G = G ×_f Z of the connected Lie group G by the abelian Lie group Z weakly universal for the abelian Lie group A if the map δ_A: Hom(Z, A) → H^2_s (G, A), γ → [γ ∘ f] is bijective. It is called universal for the abelian group A if for every central extension q_1: G ×_φ A → G, φ ∈ Z^2_c (G, A), there exists a unique Lie group homomorphism ψ: G ×_f Z → G ×_φ A with q_1 ∘ ψ = q . A central extensional is said to be (weakly) universal if it is (weakly) universal for all Lie groups A with A_e ∼= a/π_1(A) and a s.c.l.c.

Definition IV.3. If g is a Fréchet–Lie algebra, then we write H_1(g) := g/g^′ , where g^′ := [g, g] is the closed commutator algebra. The space H_1(g) is a Fréchet space because g^′ is closed. If G is a connected Lie group with Lie algebra g and ~G its universal covering group, then we have a natural homomorphism d_G: ~G → H_1(g). Its kernel is denoted by ( ~G, ~G). If G is finitedimensional, then ( ~G, ~G) is the commutator group of ~G.

The following theorem is [Ne01c, Th. IV.13].

Theorem IV.4. (Recognition Theorem) Assume that q: ^G → G is a central Z -extension of Fréchet–Lie groups over K ∈ {R, C } for which (1) the corresponding Lie algebra extension ^g → g is weakly K -universal, (2) ^G is simply connected, and (3) π_1(G) ⊆ ( ~G, ~G).

If ^g is weakly universal for a Fréchet space a, then ^G is weakly universal for each abelian Fréchet–Lie group A with Lie algebra a and A_e ∼= a/π_1(A).

Lemma IV.5. If q: Y → Z is a surjective morphism of Fréchet spaces and X a Fréchet space, then the natural map id_X ⊗q: X ^⊗Y → X ^⊗Z is a quotient map. Proof. Let f ∈ X ^⊗Z . Then f can be written as f = ∑ n∈N λ_nx_n ⊗ z_n with λ ∈ l^1(N, R), x_n → 0 and z_n → 0 ([Tr67, Th. 45.1]). Let p_X , p_Y , resp., p_Z , be a continuous seminorm on X , Y , resp., Z . We further assume that

p_Z (q(y)) = inf p_Y (y + ker q),

because the seminorms on the right hand side define the topology on Z .

Using the quotient metric on Z , we find y_n ∈ Y with q(y_n) = z_n and y_n → 0. Then ~f := ∑ n λ_nx_n ⊗ y_n

converges absolutely in X ^⊗Y because ∑ n |λ_n|(p_X ⊗ p_Y )(x_n ⊗ y_n) ≤ ∑ n |λ_n|p_X (x_n)p_Y (y_n)

and the right hand side converges since p_X (x_n) → 0 and p_Y (y_n) → 0. Moreover, we have q( ~f) = f . This implies that id_X ⊗q is surjective, hence a quotient map by the Open Mapping Theorem.

Proposition IV.6. Let M be a compact manifold, K a connected Fréchet–Lie group and G := C^∞(M, K)_e . Then π_1(G) ⊆ ( ~G, ~G) ⇐⇒ π_1(K) ⊆ ( ~K, ~K). Moreover, we have g^′ = C^∞(M, k^′) and H_1(g) ∼= C^∞(M, H_1(k)).

Proof. Let x_M ∈ M be any point and consider the evaluation map δ: G → K, f → f(x_M ). We write δ_g: g → k for the corresponding Lie algebra homomorphism. With G_∗ := C^∞_∗ (M, K)_e := ker δ we obtain G ∼= G_∗ ⋊K , i.e., the Lie group homomorphism δ is split by the natural inclusion ι: K → G by viewing elements of K as constant maps on M . We thus obtain a commutative diagram, where the vertical homomorphisms split: ~G^{dG}−−→ H_1(g) ~δ H1^{(δ}g^) ~K^{dK}−−→ H_1(k). The splitting of the vertical arrows implies that we may view the lower horizontal homomorphism as the restriction of d_G to ~K . As π_1(K) can be viewed as a subgroup of π_1(G), this shows that π_1(G) ⊆ ( ~G, ~G) = ker d_G implies π_1(K) ⊆ ker d_K = ( ~K, ~K).

Suppose, conversely, that π_1(K) ⊆ ker d_K , i.e., that d_K factors through a Lie group homomorphism d^′_K : K → H_1(k) which in turn induces a Lie group homomorphism

η: C^∞(M, K) → C^∞(M, H_1(k)), η(f)(m) := d^′_K (f(m)).

On the other hand, the natural Lie algebra homomorphism β: C^∞(M, k) → C^∞(M, H_1(k)) is a quotient map (Remark II.5, Lemma IV.5) with kernel C^∞(M, k^′).

We claim that g^′ = C^∞(M, k^′). It is obvious that the commutator algebra g^′ is contained in C^∞(M, k^′). We further have for each f ∈ C^∞(M, k) the relation f ⊗ ∑ j [x_j , y_j ] = ∑ j [1 ⊗ x_j , f ⊗ y_j ] ∈ g^′,

which leads to C^∞(M, R) ^⊗k^′ ∼= C^∞(M, k^′) ⊆ g^′ because k^′ is a complete locally convex space (Remark II.5), and hence to C^∞(M, k^′) = g^′ . Putting the information together, we conclude that H_1(g) = g/g^′ = C^∞(M, k)/C^∞(M, k^′) ∼= C^∞(M, H_1(k)).

Therefore the Lie group homomorphism G ⊆ C^∞(M, K) → C^∞(M, H_1(k)) integrates the Lie algebra homomorphism g → H_1(g), which implies that π_1(G) ⊆ ker d_G = ( ~G, ~G).

Theorem IV.7. Suppose that K is finite-dimensional semisimple and let G := C^∞(M, K)_e . Let z := z_M (V (k)) and ω ∈ Z^2_c (g, z) the cocycle given by ω(η, ξ) = [κ(η, dξ)]. Then the corresponding central Lie algebra extension ^g := g ⊕_ω z is universal and there exists a corresponding central Lie group extension Z → ^G →→ G with Z ∼= π_1(G) × (z/Π_ω) which is universal for all abelian Fréchet–Lie groups A with A_e ∼= a/π_1(A).

Proof. First we note that ^g → g is a covering (Lemma II.7), so that for each locally convex space a the natural map δ: Lin(z, a) → H^2_c (g, a), γ → [γ ∘ ω]

is injective ([Ne01c, Rem. I.6]).

It has been shown in [Ma02, Thm. 16] that δ is also surjective, so that ^g is weakly universal for all locally convex spaces a. Since g is perfect by Proposition IV.6, the Lie algebra ^g is a universal central extension of g.

Furthermore, the period map per_ω: π_2(G) → z has discrete image Π_ω (Theorem II.9). In view of Theorem III.6, [Ne02b, Prop. VII.13] now implies the existence of a central Lie group extension Z → ^G →→ G with Z ∼= (z/Π_ω ) × π_1(G) corresponding to the Lie algebra extension z → ^g → g and such that the connecting homomorphism π_1(G) → π_0(Z) is an isomorphism.

To prove the universality of ^G, we use the Recognition Theorem IV.4. For that we have to verify that (1) ^g is weakly universal, (2) k is Fréchet, (3) π_1( ^G) = 1, (4) π_1(G) ⊆ ( ~G, ~G). Since k is finite-dimensional semisimple, (2) is trivially satisfied, and (1) has been verified above. Further (4) follows from π_1(K) ⊆ ~K = ( ~K, ~K) (Proposition IV.6). It therefore remains to verify (3). For that we consider a part of the long exact homotopy sequence of the Z -principal bundle q: ^G → G (cf. Remark III.8):

(3.11) π_2(G)^δ−−→π_1(Z) → π_1( ^G) → π_1(G) → π_0(Z).

According to [Ne02b, Prop. V.11], we have δ = − per_ω , so that π_1(Z) = Π_ω (as subsets of z) implies that δ is surjective. Moreover, the natural homomorphism π_1(G) → π_0(Z) is an isomorphism by the construction of ^G, so that the exactness of (3.11) implies that ^G is simply connected.

Remark IV.8. (a) If K is finite-dimensional and reductive, then ~K ∼= z(k)×( ~K, ~K). Therefore π_1(K) is contained in ( ~K, ~K) if and only if K ∼= z(k) × (K, K). In this case we have C^∞(M, K) ∼= C^∞(M, z(k)) × C^∞(M, (K, K)) and hence we have for G = C^∞(M, K)_e the direct product decomposition

G = G_D × G_Z with G_D := C^∞(M, (K, K))_e and G_Z := C^∞(M, z(k)).

In this case the Lie algebra g = C^∞(M, k) has the direct decomposition g = g^′ ⊕ z(g) with g^′ = C^∞(M, k^′) (Proposition IV.6) and z(g) = C^∞(M, z(k)). It is easy to see that every Lie algebra cocycle ω ∈ Z^2_c (g, Y ) vanishes on g^′ × z(g) ⊆ g × g because g^′ is perfect. From that one further derives that a weakly universal central extension of g can be obtained with

z := z_M (V (k^′)) ⊕ Λ^2(z(g)),

where for a locally convex space E the space Λ^2(E) is defined as the quotient of E ⊗_π E modulo the closure of the subspace spanned by the elements e ⊗ e, e ∈ E . To describe the corresponding cocycle, we write ξ ∈ g as ξ = (ξ^′, ξ_z) with ξ^′ ∈ g^′ and ξ_z ∈ z(g). Then a weakly universal cocycle is given by ω(ξ, η) = ([κ_k′ (ξ^′, dη^′)], ξ_z ∧ η_z).

Let ^G_D be the universal central extension of G_D from Theorem IV.7 and define ^G := ^G_D × ^G_Z , where ^G_Z is the 2-step nilpotent Lie algebra

z(g) ×_{ωZ} Λ^2(z(g)) with ω_Z (ξ, η) = ξ ∧ η.

Using Theorem IV.4, we see that ^G_Z is a weakly universal central extension of G_Z ∼= g_Z . Theorems IV.4 and IV.7 now imply that ^G is a weakly universal central extension of G. (b) As we have seen in Proposition IV.6, the Lie algebra g = C^∞(M, k) has the commutator algebra g^′ = C^∞(M, k^′). On the other hand g = g_∗ ⋊ k, where k corresponds to the constant functions in g, and g_∗ := {ξ ∈ g: ξ(x_M ) = 0}, where x_M ∈ M is any point. For two elements ξ, η ∈ g_∗ we then have d[ξ, η](x_M ) = 0, showing that [g_∗, g_∗] is in general not dense in C^∞_∗ (M, k^′). This defect comes from the observation that in the algebra C^∞_∗ (M, R) the ideal C^∞_∗ (M, R)^2 is contained in {f ∈ C^∞_∗ (M, R): df(x_M ) = 0}, and it is easy to see that we actually have equality.

V. Lifting automorphisms to central extensions

In this section we discuss the problem to associate to a pair (γ_G, γ_Z ) of an automorphism γ_G of G and γ_Z of Z an automorphism ^γ of a central extension ^G of G by Z restricting to γ_Z on Z and inducing γ_G on G. This section is independent of the others. Its results apply to general infinite-dimensional Lie groups. The key results of this section are Proposition V.4 which gives for a simply connected G a necessary and sufficient condition for the existence of ^γ , and Theorem V.9, saying that for smooth actions of a Lie group R on G and Z which lead to a smooth action on the Lie algebra ^g, there exists a smooth action on the group ^G. In Section VI we will apply these results to the actions of the groups Diff(M) and C^∞(M, K) on C^∞(M, K)_e .

For a Lie group G we write Aut(G) for the group of Lie group automorphisms of G and Hom(G_1, G_2) for the set of Lie group morphisms from G_1 to G_2 . For a homomorphism φ: G_1 → G_2 of Lie groups we write L(φ): g_1 → g_2 for the corresponding homomorphism of Lie algebras. In particular we then obtain a group homomorphism L: Aut(G) → Aut(g). As above, let Z → ^G^q−−→G be a central extension of connected Lie groups, where Z_e ∼= z/π_1(Z).

In the following we write γ = (γ_G, γ_Z ) for elements γ ∈ Aut(G) × Aut(Z). The group Aut(G) × Aut(Z) acts on the group Z^2_s (G, Z) by γ.f := γ_Z ∘ f ∘ (γ^{−1}_G , γ^{−1}_G ). It likewise acts on Z^2_c (g, z) by

f.ω := L(γ_Z ) ∘ f ∘ (L(γ_G)^{−1} × L(γ_G)^{−1}).

The following purely algebraic lemma will be quite useful in the following.

Lemma V.1. (a) For i = 1, 2 let ^G_i = G_i ×_{fi} Z_i be a central Lie group extension of G_i by the abelian Lie group Z_i defined by f_i ∈ Z^2_s (G_i, Z_i). For γ = (γ_G, γ_Z ) ∈ Hom(G_1, G_2)×Hom(Z_1, Z_2) and a function h: G_1 → Z_2 which is smooth in an identity neighborhood, the formula ^γ(g, z) := (γ_G(g), γ_Z (z)h(g)), g ∈ G_1, z ∈ Z_1 defines a Lie group morphism ^G_1 → ^G_2 if and only if the relation

(5.1) γ_Z (f_1(g, g^′))h(gg^′) = f_2 ( γ_G(g), γ_G(g^′) ) h(g)h(g^′) holds. Every Lie group homomorphism ^γ: ^G_1 → ^G_2 mapping Z_1 into Z_2 is of this form.

For G = G_1 = G_2 , Z = Z_1 = Z_2 and (γ_G, γ_Z ) ∈ Aut(G) × Aut(Z), formula (5.1) is equivalent to

(5.2) (γ.f)(g, g^′)f(g, g^′)^{−1} = h_0(gg^′)h_0(g)^{−1}h_0(g^′)^{−1}, g, g^′ ∈ G

for the function h_0 := inv(h) ∘ γ^{−1}_G , where inv(h)(x) := h(x)^{−1} .

(b) For i = 1, 2 let ^g_i = g_i ×_{ωi} z_i be a central extension of the topological Lie algebra g_i by the abelian Lie algebra z_i defined by ω_i ∈ Z^2_c (g_i, z_i). If γ = (γ_g, γ_z) ∈ Lin(g_1, g_2) × Lin(z_1, z_2), then for α ∈ Lin(g_1, z_2) the formula

^γ(x, z) := (γ_g(x), γ_z(z) + α(x)), x ∈ g_1, z ∈ z_1,

defines a continuous Lie algebra morphism ^g_1 → ^g_2 if and only if the relation

(5.3) ω_2(γ_g(x), γ_g(x^′) ) = γ_z(ω_1(x, x^′)) + α([x, x^′]) holds. Every morphism ^g_1 → ^g_2 mapping z_1 → z_2 is of this form.

For g = g_1 = g_2 , z = z_1 = z_2 , (γ_g, γ_z) ∈ Aut(g) × Aut(z), and α_0 := α ∘ γ^{−1}_g , formula (5.3) is equivalent to γ.ω − ω = dα_0.

(c) Let R be a Lie group and γ: R → Aut(g) × Aut(z), r → (r_g, r_z) a homomorphism such that the corresponding actions on g and z are smooth. Let α: R × g → z be a smooth map which is linear in the second argument. Then ^γ(r).(x, z) := (r_g(x), r_z(z) + α(r, x)), r ∈ R, x ∈ g, z ∈ z, defines a smooth action of R by automorphisms of ^g if and only if for each r ∈ R the function α_r := α(r, ·) satisfies (5.3) for γ(r), and α satisfies the cocycle condition (5.4) α(r~r, x) = r_z.α(~r, x) + α(r, ~r_g.x), r, ~r ∈ R, x ∈ g. Proof. (a) If (5.1) is satisfied for some function h which is smooth in an identity neighborhood, then ^γ is a group homomorphism which is smooth in an identity neighborhood, hence a morphism of Lie groups.

Assume, conversely, that ^γ: ^G_1 → ^G_2 is a Lie group homomorphism mapping Z_1 into Z_2 . Then ^γ has the form ^γ(g, z) = ( γ_G(g), γ_Z (z)h(g) ) , where h: G_1 → Z_2 is a function which is smooth in an identity neighborhood, and an easy calculation leads to (5.1).

(b) The proof is a straightforward verification.

(c) According to (b), the requirement ^γ(r) ∈ Aut(^g) is equivalent to (5.3) for γ(r) and α_r . Suppose that these conditions are satisfied. It is clear that ^γ defines a smooth function R×^g → ^g, so that we only have to see which condition on α means that ^γ defines a representation of R on ^g. That this is equivalent to (5.4) follows from r.(~r.(x, z)) = (r_g ~r_g.x, r_z~r_z.z + r_z.α(~r, x) + α(r, ~r_g.x)) and (r~r).(x, z) = (r_g ~r_g.x, r_z~r_z.z + α(r~r, x)). Lemma V.2. If γ ∈ Aut( ^G) preserves the subgroup Z , then γ_Z := γ |_Z is a smooth endomorphism of Z .

Proof. This follows from the fact that Z is a submanifold of ^G in the sense that each point in Z has a neighborhood which is diffeomorphic to a product of an open subset of Z and a transversal manifold.

If Z → ^G →→ G is a central extension as discussed above, then we define Aut( ^G, Z) := {γ ∈ Aut( ^G): γ(Z) = Z}. In view of Lemma V.2, we then have a natural homomorphism

η: Aut( ^G, Z) → Aut(G) × Aut(Z), η(γ)(q(g), z) = ( q(γ(g)), γ(z)). To each f ∈ Hom(G, Z) we assign the element of Aut( ^G, Z) given by ^f(g) := gf(q(g)). Then ker η = { ^f: f ∈ Hom(G, Z)} ∼= Hom(G, Z). ([Ne01a, Lemma II.9]).

Lemma V.3. If γ = (γ_G, γ_Z ) ∈ Aut(G) × Aut(Z) is contained in the range of η , then there exists α ∈ Lin(g, z) satisfying (5.3). If, conversely, G is simply connected and α ∈ Lin(g, z) satisfies (5.3), then there exists a unique automorphism ^γ ∈ Aut( ^G, Z) with η(^γ) = γ and L(^γ)(x, z) = ( L(γ_G).x, L(γ_Z )(z) + α(x) ) , x ∈ g, z ∈ z. Proof. If γ = η(^γ), then L(^γ) ∈ Aut(^g) preserves z and induces an automorphism of z (Lemma V.2). Hence it is of the form L(^γ).(x, z) = (L(γ_G).x, L(γ_Z ).z + α(x)), where α: g → z is a continuous linear map (Lemma V.1(b)). This implies the first part of the assertion.

Suppose, conversely, that (5.3) is satisfied by α ∈ Lin(g, z) for γ_g := L(γ_G) and γ_z := L(γ_Z ). Since G is simply connected, the exact sequence for central Lie group extensions ([Ne02b, Th. VII.12]) implies that the natural map H^2_s (G, Z) → H^2_c (g, z) is injective.

Now it easily follows that it is equivariant with respect to the action of Aut(G) × Aut(Z) on both sides. Our assumption implies that [γ.ω] = [ω] in H^2_c (g, z), so that the equivariance of D together with the injectivity of the corresponding map on the cohomology groups implies that [γ.f] = [f] in H^2_s (G, Z). Now the existence of the automorphism ^γ follows from Lemma V.1(a). The uniquenss of the automorphism ^γ follows from the fact that any automorphism of the connected Lie group ^G is uniquely determined by the corresponding automorphism of the Lie algebra ([Mi83, Lemma 7.1]).

Proposition V.4. If G is simply connected and ω ∈ Z^2_c (g, z) is a Lie algebra cocycle corresponding to the Lie algebra extension z → ^g →→ g, and ^G a corresponding Lie group extension of G by Z , then γ = (γ_G, γ_Z ) ∈ Aut(G) × Aut(Z) lifts to an automorphism ^γ ∈ Aut( ^G, Z) if and only if [γ.ω] = [ω], i.e., if the corresponding automorphism of g lifts to an automorphism of ^g.

Proof. This is a direct consequence of Lemma V.3.

Lemma V.5. Suppose that σ: R × G → G is a smooth action of the Lie group R by automorphisms of the connected Lie group G. Then the action of R on G lifts to a smooth action ~σ: R × ~G → ~G by automorphisms of the simply connected covering group ~G of G. Proof. [Ne01a, Lemma II.17]

If G is not simply connected, then it might have non-trivial central Z -extensions corresponding to trivial Lie algebra extension. These are discussed in the following lemma.

Lemma V.6. If ^G is of the form ^G = ( ~G × Z)/Γ(φ), where q_G: ~G → G is the universal covering morphism of G, π_1(G) ∼= ker q_G is identified with a subgroup of ~G, φ: π_1(G) → Z is a homomorphism, and Γ(φ) := {(d, φ(d)): d ∈ π_1(G)} the graph of φ, then γ = (γ_G, γ_Z ) ∈ Aut(G) × Aut(Z) is in the range of η if and only if (γ^{−1}_Z ∘ φ ∘ π_1(γ_G)) · φ^{−1} extends to a smooth homomorphism ~G → Z .

Proof. Let ~γ_G be the natural lift of γ_G to ~G (Lemma V.5). The canonical map ~G × Z → ^G is a covering, and ~G × z is the universal covering group of ^G. Therefore, if γ = η(^γ), the automorphism ^γ also lifts to some automorphism ~γ of ~G × Z preserving the subgroup Γ(φ). Then ~γ is of the form ~γ(g, z) = (~γ_G(g), γ_Z (z)f(g)), with f ∈ Hom( ~G, Z). The condition that ~γ preserves Γ(φ) means that f |_{π1 (G)} = (γ_Z ∘ φ)^{−1} · φ ∘ π_1(γ_G),

where π_1(γ_G) = ~γ_G |_{π1(G)} . If, conversely, (γ_Z ∘ φ)^{−1} · φ ∘ π_1(γ_G) extends to a morphism ~G → Z , then the above formula yields an automorphism ~γ on ~G × Z preserving Γ(φ) which then factors to the quotient group ^G.

If π_1(G) ⊆ ( ~G, ~G), then γ ∈ im(η) is equivalent to γ_Z ∘ φ = φ ∘ π_1(γ_G) because for every homomorphism of ~G to an abelian Lie group the restriction to π_1(G) is trivial.

Lifting automorphic group actions to central extensions In the preceding subsection we have lifted automorphisms of G to automorphisms of ^G.

Now we assume that we have a smooth automorphic action of the Lie group R on G, which leads to a semidirect product Lie group G ⋊ R. We are looking for sufficient conditions to lift the smooth action of R on G to a smooth action on ^G which apply in particular to the action of Diff(M) and C^∞(M, K) on C^∞(M, K)_e , where K is a Lie group and M a compact manifold.

The following lemma will be used to reduce the problem to the case where the group ^G is simply connected.

Lemma V.7. Let Z^♯ := z/ im(per_ω). Then there exists a central Lie group extension Z^♯ → G^{♯ q♯}−−→ ~G corresponding to the cocycle ω , and G^♯ is the universal covering group of ^G. Proof. [Ne01a, Lemma II.16]

The following remark will be relevant for the argument in the proof of the Lifting Theorem IV.9 below.

Remark V.8. (Local description of central Lie group extensions) Let q: ^G → G be a central Lie group extension with kernel Z .

Let Ω be the left invariant 2-form on G with Ω_e = ω , where ^g ∼= g ⊕_ω z. Further let p_z: ^g → z denote the projection onto z defined by this identification. We write α for the left invariant z-valued 1-form on ^G with α_e = p_z . Then the 2-form q^∗Ω is exact with q^∗Ω = −dα because −dp_z((x, z), (x^′, z^′)) = p_z([(x, z), (x^′, z^′)]) = ω(x, x^′).

In ^G we have an open e-neighborhood of the form U × Z ⊆ ^G, where the multiplication is given for x, x^′, xx^′ ∈ U by (x, z)(x^′, z^′) = (xx^′, zz^′f^Z (x, x^′)) for a smooth function f^Z : U × U → Z . This means that the left multiplication map λ_{(x,e)} is given by (x^′, z^′) → (xx^′, z^′f^Z_x (x^′)) for a smooth function f^Z_x : U → Z . Let σ: U → ^G denote the smooth section given by σ(g) = (g, e). Then θ := −σ^∗α is a z-valued 1-form on G with

dθ = −dσ^∗α = −σ^∗dα = σ^∗q^∗Ω = Ω and θ_e = −p_z ∘ dσ(e) = 0.

In view of the left invariance of α, we have on U × Z the relation

α = q^∗θ + p^∗_Z θ_Z ,

where θ_Z = δ^l(id_Z ) is the Maurer–Cartan form on Z with θ_Z (e) = id_z and p_Z : U × Z → Z is the projection onto Z . Therefore

α = λ^∗_{(x,e)}α = q^∗λ^∗_xθ + p^∗_Z θ_Z + q^∗δ^l(f^Z_x ),

which leads to θ = λ^∗_xθ − δ^l(f^Z_x ) and hence to λ^∗_xθ − θ = δ^l(f^Z_x ), f^Z_x (e) = e.

We assume that W is an open identity neighborhood in G diffeomorphic to an open convex subset of g with W W ⊆ U . Then the Poincaré Lemma ([Ne02b, Lemma III.3]) implies for each x ∈ W the existence of a smooth function

f^z_x: W → z with f^z_x(e) = 0 and df^z_x = (λ^∗_xθ − θ)|_W .

Moreover, this function depends smoothly on x, so that the function

f^z: W × W → z, f^z(x, y) := f^z_x(y)

is smooth. From the uniqueness we now conclude that on W we have for each x ∈ W the relation f^Z_x = q_Z ∘ f^z_x. This construction of the functions f^Z_x will become crucial, when we lift automorphic group actions on G to group actions on ^G in Theorem V.9.

Theorem V.9. (Lifting Theorem) Let σ_G: R × G → G, resp., σ_Z : R × Z → Z be smooth automorphic actions of the Lie group R on the connected Lie groups G, resp., Z . Assume further that G is simply connected and that there exists a smooth function α: R × g → z such that σ^_g(r)(x, z) := (r.x, r.z + α(r, x)), r ∈ R, x ∈ g, z ∈ z is an action of R on ^g by automorphisms. Then there exists a unique smooth action σ^_G: R × ^G → ^G by automorphisms such that the corresponding derived action is σ^_g .

Proof. In view of Lemma V.3, each automorphism σ^_g(r) of ^g integrates to a unique automorphism of ^G. It is clear that the uniqueness implies that we obtain an action σ^_G of R on ^G by smooth automorphisms. It remains to show that this action is smooth.

The action σ^_G lifts uniquely to an action σ_G♯ on the universal covering group G^♯ of ^G by Lie group automorphisms which can also be viewed as a central extension of the simply connected group G by a group Z^♯ ∼= z/π_1(Z^♯) (Lemma V.7). If the action σ_G♯ is smooth, then the induced action σ^_G is also smooth. Hence it suffices to show that σ_G♯ is smooth. Therefore we may w.l.o.g. assume that ^G is simply connected, i.e., ^G = G^♯ .

First we consider the local situation in a suitable small neighborhood of the identity in ^G. For r ∈ R we write r_G := σ_G(r, ·) and r_Z := σ_Z (r, ·). In ^G we have an open e-neighborhood of the form U × Z ⊆ ^G, where the multiplication is given for x, x^′, xx^′ ∈ U by (x, z)(x^′, z^′) = (xx^′, zz^′f^Z (x, x^′)) for a smooth function f^Z : U × U → Z . Let W and f := f^z: W × W → z with f^Z = q_Z ∘ f be as in Remark V.8 determined by

df_x = (λ^∗_xθ − θ)|_W for f_x := f(x, ·).

Now let r ∈ R and W_1 ⊆ W be an open e-neighborhood diffeomorphic to a convex set such that r.W_1 ⊆ W . Let α_r be the left invariant z-valued 1-form on G with α_r(e) = α(r, ·). Then (5.3) implies that r^∗_GΩ − L(r_Z ) ∘ Ω = −dα_r

because both sides are left invariant 2-forms which coincide in e because ω(L(r_G).x, L(r_G).y) − L(r_Z ).ω(x, y) = α([x, y]), x, y ∈ g. On W_1 we therefore have d(r^∗_Gθ − L(r_Z ) ∘ θ + α_r) = 0, so that there exists a unique function h_r: W_1 → z with h_r(e) = 0 and dh_r = r^∗_Gθ − L(r_Z ) ∘ θ + α_r .

On W_1 × W_1 we consider the function (r^♯.f)(x, y) := L(r_Z )^{−1}.f(r_G.x, r_G.y). Then (r^♯.f)_x = L(r_Z )^{−1}r^∗_Gf_{rG.x} , so that on W_1 we have d ( (r^♯.f)_x ) = L(r_Z )^{−1}r^∗_Gdf_{rG.x} = L(r_Z )^{−1}r^∗_G(λ^∗_{rG .x}θ − θ) = L(r_Z )^{−1} ( (λ_{rG .x} ∘ r_G)^∗θ − r^∗_Gθ ) = L(r_Z )^{−1} ( (r_G ∘ λ_x)^∗θ − r^∗_Gθ ) = L(r_Z )^{−1} ( λ^∗_xr^∗_Gθ − r^∗_Gθ ) . Now the left invariance of α_r leads to

d((r^♯.f)_x − f_x) = L(r_Z )^{−1} ( λ^∗_xr^∗_Gθ − r^∗_Gθ ) − λ^∗_xθ + θ = L(r_Z )^{−1} ( λ^∗_x ( r^∗_Gθ − L(r_Z ) ∘ θ ) − (r^∗_Gθ − L(r_Z ) ∘ θ) )

= L(r_Z )^{−1} ( λ^∗_x ( r^∗_Gθ − L(r_Z ) ∘ θ + α_r ) − (r^∗_Gθ − L(r_Z ) ∘ θ + α_r) ) = L(r_Z )^{−1}(λ^∗_xdh_r − dh_r) = d ( L(r_Z )^{−1}(λ^∗_xh_r − h_r) ) . In view of the normalizations f_x(e) = f(x, e) = 0 = h_r(e), we have

((r^♯.f)_x − f_x)(e) = L(r_Z )^{−1}.f(r_G.x, e) = 0 and L(r_Z )^{−1}(λ^∗_xh_r − h_r)(e) = L(r_Z )^{−1}h_r(x).

Therefore (r^♯.f)_x − f_x = L(r_Z )^{−1}(λ^∗_xh_r − h_r) − L(r_Z )^{−1}h_r(x),

which leads to (5.5) f(r_G.x, r_G.y) − L(r_Z ).f(x, y) = h_r(xy) − h_r(y) − h_r(x) for x, y sufficiently close to e.

Let q_Z : z → Z be the quotient map, f^Z := q_Z ∘ f and h^Z_r := q_Z ∘ h_r . Then we have an e-neighborhood of the form W_2 × Z in ^G, where W_2 ⊆ W_1 , and the multiplication on W_2 × Z is given by (g, z)(g^′, z^′) = (gg^′, zz^′f^Z (g, g^′)). Pick an open symmetric connected e-neighborhood W_3 ⊆ W_2 with r.W_3 ⊆ W_2 such that (5.5) is satisfied for x, y ∈ W_3 . Then a similar argument as in Lemma V.1 shows that the map σ_0(r): W_3 × Z → W_2 × Z ⊆ ^G, (g, z) → (r_G.g, r_Z (z)h^Z_r (g)) is a smooth homomorphism of local groups. Using Lemma II.3 in [Ne02b] and the simple connectedness of ^G, we see that σ_0(r) extends to a smooth homomorphism σ_0(r): ^G → ^G. The derivative of this automorphism in e ∈ ^G is given by dσ_0(r)(e)(x, z) = (r_G.x, r_Z .z + dh^Z_r (e)(x)) = (r_G.x, r_Z .z + dh_r(e)(x)) = (r_G.x, r_Z .z + α(r, x) + θ(e)(r_G.x) − r_Z .θ(e)(x)) = (r_G.x, r_Z .z + α(r, x)) = σ^_g(r)(x, z). Since both automorphisms induce the same Lie algebra automorphism, σ_0(r) = σ^_G(r) for each r ∈ R, so that we obtain an explicit description of σ^_G near to the identity in ^G.

It remains to show that this action is smooth. Since R acts by smooth automorphism on ^G, it suffices to show that the action is smooth in a neighborhood of (e, e) and that all orbit maps R → ^G are smooth in a neighborhood of e. Since the latter property can be derived from the first one ( ^G is connected), it remains to see that the action is smooth in a neighborhood of (e, e). To this end, we slightly adjust the choices of W_1 and W_3 above. First we choose an open e-neighborhood V in R and W_1 such that, in addition, V.W_1 ⊆ W . Likewise we choose V_1 ⊆ V and W_3 ⊆ W_2 with V_1.W_3 ⊆ W_2 . Then the function (r, x) → h_r(x) is defined on V × W_1 , and the construction of h_r with the Poincaré Lemma implies that this function is smooth in a neighborhood of (e, e) (cf. [Ne02b, Lemma III.3]). This implies that the action map σ^_G is smooth on a neighborhood of (e, e) contained in V_1 × W_3 , and this completes the proof.

Corollary V.10. Let σ_G: R × G → G be a smooth automorphic action of the Lie group R on the connected Lie group G. Assume that G is simply connected and that r^∗_Gω = L(r_Z ) ∘ ω holds for all r ∈ R. Then the action of R on G lifts uniquely to a smooth automorphic action of R on ^G such that the corresponding action of R on ^g ∼= g ⊕_ω z is given by r.(x, z) = (L(r_G).x, L(r_Z ).z), r ∈ R, x ∈ g, z ∈ z. Proof. We apply Theorem V.9 with α = 0.

Remark V.11. Suppose that Z → ^G →→ G is a central Lie group extension and that the R-action on the group G^♯ from Lemma V.7 exists. If this action preserves the discrete subgroup π_1( ^G), then it factors through an action on ^G ∼= G^♯/π_1( ^G), but this condition has to be checked directly in concrete cases because there is no general reason for it to be satisfied. If G is simply connected, then the natural mal H^2_s (G, Z) → H^2_c (g, z) is injective, which permits us to lift every γ ∈ Aut(G) × Aut(Z) fixing the cohomology class [ω] in H^2_c (g, z) to an automorphism of ^G. If G is not simply connected, then we only have an exact sequence . . . → Hom(π_1(G), Z) → H^2_s (G, Z) → H^2_c (g, z) → . . .

([Ne02b, Th. VII.12]) which shows that in general there are inequivalent central Z -extensions ^G of G with the same Lie algebra, so that there is no reason for a γ ∈ Aut(G) × Aut(Z) to lift to a particular one.

Remark V.12. (a) If g is topologically perfect, i.e., the commutator algebra [g, g] is dense in g, then in (5.5) the continuous linear map α_r := α(r, ·): g → z is uniquely determined by r^∗ω − ω = −dα_r . Therefore −dα_r~_r = (r~r)^∗ω − L(r_Z ) L(~r_Z )ω = ~r^∗(r^∗ω − L(r_Z )ω) + ~r^∗ L(r_Z )ω − L(r_Z ) L(~r_Z )ω = −~r^∗dα_r − L(r_Z )dα~_r implies the relation (5.4). In view of this, (5.4) is only needed if g is not topologically perfect. (b) If ^G is a regular Lie group in the sense of [Mi83], then every automorphism of ^g integrates uniquely to an automorphism of ^G ([Mi83, Th. 8.1]). In our context it does not make sense to work with this additional assumption because we anyway need the more explicit information obtained in the proof of Theorem V.9 to show that the action is smooth.

Problem V.1. Let G be Lie group and σ_G: R × G → G an action of the Lie group R on G by Lie automorphisms such that the corresponding action σ_g: R × g → g is smooth. Does this imply that σ_G is a smooth action?

VI. Diffeomorphism groups acting on current groups

If M is a compact manifold, then the group Diff(M) of all diffeomorphisms of M has a natural Lie group structure and the action of this group on M induces a natural smooth action on each group C^∞(M, K) of smooth maps into some Lie group K . In this section we apply the Lifting Theorem of the preceding section to see how the action of Diff(M) on G = C^∞(M, K)_e can be lifted to a smooth action of Diff(M) on a central extension ^G whenever this central extension of G is such that the connecting homomorphism π_1(G) → π_0(Z) is an isomorphism. The latter means that ^G is weakly universal for discrete abelian groups. This condition is in particular satisfied for the universal central extension of G if K is finite-dimensional and simple (Theorem IV.7). We also lift the conjugation action of C^∞(M, K) on G to ^G.

The manifold structure on Diff(M) is obtained by the observation that this group is an open subset of the mapping space C^∞(M, M) which is a smooth manifold ([KM97, Th. 43.1]). Let E: Diff(M) × M → M be the natural action of Diff(M) on M given by the evaluation. To see that E is a smooth map, it suffices to observe that the corresponding map E: C^∞(M, M) × M → M, (φ, m) → φ(m) is smooth ([KM97, Th. 42.13]).

Lemma VI.1. If M is a compact manifold and K a Fréchet–Lie group, then the natural action Diff(M) × C^∞(M, K) → C^∞(M, K), (φ, f) → f ∘ φ^{−1} is smooth.

Proof. Let U ⊆ K be an open identity neighborhood diffeomorphic to an open subset of k. Then [Ne01b, Th. III.5] implies that the action of Diff(M) on the open subset C^∞(M, U) ⊆ C^∞(M, K) is smooth.

For a smooth function f: M → K the orbit map Diff(M) → C^∞(M, K), φ → f ∘ φ^{−1} is smooth because the map Diff(M) × M → K, (φ, m) → f(φ^{−1}(m)) is smooth, which in turn follows from the smoothness of the action of Diff(M) on M .

Now the smoothness of the action of Diff(M) on C^∞(M, K) follows from the observation that for each f ∈ C^∞(M, K) the map Diff(M) × C^∞(M, U) → C^∞(M, K), (φ, h) → φ.(fh) = φ.f · φ.h is smooth because the orbit map of f is smooth and the action on C^∞(M, U) is smooth.

The general argument behind the proof of Lemma VI.1 is that an automorphic action of a Lie group R on the Lie group G is smooth if (1) there exists an open invariant identity neighborhood on which the action is smooth, and (2) all orbit maps are smooth.

Remark VI.2. (a) Let G := C^∞(M, G)_e . On the Lie algebra g = C^∞(M, k) of G we consider the continuous cocycle

ω: g × g → z_M (Y ) = Ω^1(M, Y )/dΩ^0(M, Y ), ω(ξ, η) = [κ(ξ, dη)],

where κ is a continuous invariant symmetric bilinear form k × k → Y and Y is a s.c.l.c. space. For φ ∈ Diff(M) we have ω(φ^{−1}.ξ, φ^{−1}.η) = ω(φ^∗ξ, φ^∗η) = [κ(φ^∗ξ, dφ^∗η)] = [κ(φ^∗ξ, φ^∗dη)] = [φ^∗κ(ξ, dη)] = φ^{−1}.[κ(ξ, dη)] = φ^{−1}.ω(ξ, η). Here the last expression refers to the natural action of Diff(M) on z_M (Y ) which exists because the natural action on Ω^1(M, Y ) preserves the closed subspace dΩ^0(M, Y ) because φ^∗(df) = dφ^∗f for f ∈ Ω^0(M, Y ). Lemma V.1(b) now implies that φ.(ξ, z) := (ξ ∘ φ^{−1}, (φ^{−1})^∗.z) defines a smooth action of R on the Lie algebra ^g = g ⊕_ω z by Lie algebra automorphisms. (b) The cocycle ω is fixed by Diff(M) if and only if this group acts trivial on z_M (Y ), which (for Y ≠ 0) is equivalent to the triviality of the action on z_M (R). If this is the case, then we have in particular that for each vector field X on M and each 1-form α the 1-form L_X .α = i_X dα + d(i_X .α) is exact, which implies dα = 0. That all 1-forms are closed means that dim M ≤ 1, so that M = S^1 is the only non-trivial compact manifold for which the Lie algebra of vector fields acts trivially on z_M (R). For a 1-form α on M and φ ∈ Diff(M) we have ∫ S^1

φ^∗α = deg(φ) ∫ S^1 α. Therefore the identity component Diff(S^1)_e of orientation preserving diffeomorphisms acts trivially on z_S1(R) ∼= R, and if a diffeomorphism changes orientation, it acts by multiplication by −1 on z_S1(R).

Theorem VI.3. Let K be a connected Fréchet–Lie group, M a compact manifold, G := C^∞(M, K)_e , ω ∈ Z^2_c (g, z_M (Y )) a cocycle of product type with discrete period group. Further let ^G → G be a corresponding central extension of G by a Lie group Z with Lie algebra z_M (Y ) for which the connecting homomorphism π_1(G) → π_0(Z) is an isomorphism. Then the following assertions hold:

(1) The automorphic action of Diff(M) on ^g = g ⊕_ω z_M (Y ) by φ.(ξ, z) := (ξ ∘ φ^{−1}, (φ^{−1})^∗.z) integrates to a smooth action of Diff(M) on ^G.

(2) The automorphic action of C^∞(M, K) on ^g = g ⊕_ω z_M (Y ) by f.(ξ, z) := (Ad(f).ξ, z − [κ(δ^l(f), ξ)]) integrates to a smooth action on ^G.

Proof. First we use [Ne01c, Lemma 4.6] to see that the condition that the connecting homomorphism π_1(G) → π_0(Z) is an isomorphism implies that the central extension q: ^G → G is weakly universal for all discrete abelian groups A. Now [Ne01c, Prop. 4.7] further implies that ^G/Z_e ∼= ~G, showing that ^G can be viewed as a central extension of the simply connected group ~G by Z_e .

(1) Using Lemma V.5, we lift the smooth action of Diff(M) on G to a smooth action on ~G. Now the Lifting Theorem V.9 implies that this action can be lifted to a smooth action of Diff(M) on ^G, integrating the given action on the Lie algebra ^g.

(2) follows as in (1) from Proposition III.3 and the Lifting Theorem V.9.

For the case of loop groups, part (2) of Theorem VI.3 has already been observed in [PS86]. Theorem VI.3 is a good starting point for a systematic investigation of the action of subgroups of Diff(M) on coadjoint orbits of the central extension ^G. Although Diff(M) acts on the group ^G and its Lie algebra ^g, the corresponding action on the topological dual ^g^′ mixes the coadjoint orbits of ^G. Here the interesting point is that specific coadjoint orbits of ^G can be assigned to geometric structures on the manifold M and one can only expect the corresponding subgroups of Diff(M) to act on these orbits. This point of view will be explored in [NV02] (see also [PS86] for the case of loop groups which is somehow trivial, and [EF94] for the case of complex Riemann surfaces).

VII. Problems arising for non-connected groups

In this section we discuss some of the additional difficulties arising for non-connected groups. One such difficulty is that for a non-connected group the conjugation action of G on G might induce a non-trivial action on the fundamental group π_1(G). A related problem is that the surjective homomorphism G → π_0(G) does in general not split. Another problem is that we find for connected groups K certain natural maps χ_{m,n}: π_m(K) × π_n(K) → π_{n+m}(K) given by commutators, and we do not know whether they are always trivial or not. This is of particular interest for m = n = 1. If K is finite-dimensional, then π_2(K) is trivial, so that χ_{1,1} is trivial. For infinite-dimensional groups, the maps χ_{1,1} are harder to study because π_1(K) need not be generated by Hom(T, K).

Central extensions of non-connected groups

Remark VII.1. Let G be the identity component of the Lie group G^+ and assume that we have a central extension Z → ^G →→ G as above. When can we extend this central extension to a central extension Z → ^G^+ →→ G^+ of the full group G^+ ?

Since Z ⊆ ^G^+ is central, the subgroup ^G ⊆ ^G^+ acts trivially by conjugation on Z , so that we obtain an action of ^G^+/ ^G ∼= G^+/G = π_0(G^+) by Lie automorphisms on the group Z . Let σ_Z denote the corresponding action of G^+ , resp., π_0(G^+), on Z . A necessary condition for the existence of a central extension ^G^+ of G^+ is that the adjoint action of G^+ on g can be extended to an action of G^+ ∼= ^G^+/Z on ^g ∼= g ⊕_ω z of the form c(g).(x, z) := ( Ad(g).x, σ_Z (g).z + α(g, x) ) , where α: G^+ × g → z is a cocycle, so that c: G^+ → Aut(^g) defines a representation of G^+ on ^g. The existence of this action implies in particular that

σ_Z (g) ∘ ω − ω ∘ (Ad(g) × Ad(g)) ∈ B^2_c (g, z)

for all g ∈ G^+ (Lemma V.1). For g ∈ G this follows automatically from the existence of the conjugation action of G on ^G.

In the preceding section we have constructed central extensions of the identity component C^∞(M, K)_e of the group C^∞(M, K) which in general is not connected. In this subsection we briefly discuss the difficulties involved in extending central Lie group extensions from the identity component of a Lie group to the whole group.

Remark VII.2. We resume the situation of Theorem VI.3. As we have seen in Proposition III.3, the condition under (a) is satisfied for the group G^+ = C^∞(M, K) and the cocycle ω(ξ, η) = [κ(ξ, dη)] for σ_Z (g) = id_z . We recall that π_0(Z) ∼= π_1(G), so that the divisibility of Z_e ∼= z/Π_{M,κ} implies that Z ∼= Z_e × π_1(G). Since the action of G^+ on ^g fixes z pointwise, the corresponding action on ^G fixes Z_e pointwise. Therefore the action is given by an action of π_0(G^+) ∼= [M, K] on π_0(Z) ∼= π_1(G) ∼= π_1(G^+) and a map

ζ: π_0(G^+) × π_1(G) → Z_e defined by α.(z, β) = (zζ(α, β), α.β).

The map ζ satisfies the cocycle identity

ζ(α_1α_2, β) = ζ(α_1, α_2.β)ζ(α_2, β),

so that ζ is a bihomomorphism if the action of π_0(G^+) on π_1(G^+) = π_1(G) is trivial. Since the splitting of Z_e in Z is not natural, we cannot expect to find a complement which is invariant under the action of π_0(G^+). Nevertheless, if q: ^G → G is the quotient map of the central extension and we consider K as a subgroup of G, then q^{−1}(K) ∼= ~K × Z_1 , where Z_1 is an open subgroup of Z . To see this, we first construct the central extension ^G_∗ of the subgroup G_∗ := C^∞_∗ (M, K)_e of G ∼= G_∗ ⋊ K , and then observe that ^G ∼= ^G_∗ ⋊ ~K because this group is simply connected with the Lie algebra ^g ∼= g_∗ ⋊ k. As the cocycle ω on g is invariant under Ad(K), there is no obstruction to lifting the action of K on G_∗ to ^G_∗ (Theorem V.9). In this picture π_1(K), realized as a subgroup of ~K , arises naturally as a subgroup of Z , but the action of G^+ does not leave the subgroup ~K of ^G invariant.

In Proposition A.3 below we will see that the action of π_0(C_∗(M, K)) on π_1(C_∗(M, K)) is trivial for M = S^d, d ≥ 1, and more generally if M is homotopic to a space of the form S^1 ∧ N . In this case the action of π_0(G^+) on Z is completely encoded in the map ζ . Passing from G^+ to the open subgroup C^∞(M, ~K), where ~K is the universal covering group of K , reduces the number of connected components, so that in this context it is more probable that G^+ acts trivially on Z .

Remark VII.3. In this remark we discuss the problem of finding a formula for ζ which is as explicit as possible. For that we have to understand how an element γ ∈ G^+ = C^∞(M, K) acts on the group ^G (Theorem VI.3), where the action on the Lie algebra ^g is given by

Ad^_g(γ).(ξ, z) = ( Ad(γ).ξ, z − [κ(δ^l(γ), ξ)] ) . Let Ω ∈ Ω^2(G, z_M (Y )) be the left invariant 2-form with Ω_e = ω_S1_{,κ} . Then the calculations in the proof of Proposition III.3 show that Ad(γ)^∗ω − ω = dθ(γ) with θ(γ) = [κ(δ^l(γ), ·)] ∈ Lin(g, z_M (Y )). Let Θ(γ) ∈ Ω^1(G, z_M (Y )) denote the corresponding left invariant 1-form on G. Then the conjugation automorphism c_γ (f) := γfγ^{−1} of G satisfies c^∗_f Ω − Ω = dΘ(γ). For a smooth map η ∈ C^∞_∗ (S^1, G) we then obtain ∫ η Θ(γ) = ∫ S^1

[κ( δ^l(γ)

∈Ω^1 (M,k) , δ^l(η)(t) ∈C^∞(M,k) )] dt ∈ z_M (Y ).

Let S^1 ∼= R/2πZ, and z: [0, 2π] → Z a smooth curve with

z(0) = 0 and δ^l(z)(t) = −Θ(γ)(η^′(t)) = −θ(γ)(δ^l(η)(t)).

Further let ^η: [0, 2π] → ^G denote the horizontal lift of the curve c_γ .η defined by ^η(0) = e and δ^l(^η)(t) = (Ad(γ).δ^l(η)(t), 0), t ∈ [0, 2π]. Then the pointwise product ^η · z: [0, 2π] → ^G is a smooth curve with

δ^l(^η · z) = δ^l(^η) + δ^l(z) = Ad^_g(γ).(δ^l(η)(t), 0) = ( Ad(γ).δ^l(η)(t), −[κ(δ^l(γ), δ^l(η)(t))] )

because z is a curve with central values. The endpoint ^η(2π)z(2π) lies over ~η(2π) for the lift ~η of η to ~G, hence corresponds to γ.([η], 0) = (γ.[η], ζ(γ, η)) ∈ π_1(G) × Z .

Let us assume, in addition, that η(S^1) ⊆ K , i.e., that each map η(t): M → K is constant, so that we can think of ~η as a curve in ~K ⊆ ^G from e to the element [η] ∈ π_1(K) → π_1(G). This curve is mapped by ^c_f ∈ Aut( ^G) to ^η · z ending in ^η(2π)z(2π). If, in addition, Ad(γ).δ^l(η)(t) = δ^l(η)(t) holds for each t ∈ [0, 2π], then ^η(t) = η(t), and therefore

(7.1) ζ([γ], [η]) = z(2π) = q_Z ( − ∫_{2π} 0 [κ ( δ^l(γ), δ^l(η)(t) ) ] dt ) .

Since each δ^l(η)(t) is a constant function, we identify it with an element of k, and write [δ^l(γ)] for the class of δ^l(γ) ∈ Ω^1(M, k) in z_M (k). Then we have for each t the relation [κ ( δ^l(γ), δ^l(η)(t) ) ] = κ ( [δ^l(γ)], δ^l(η)(t) ) ∈ z_M (Y ),

via the map z_M (k) × k → z_M (Y ), ([β], x) → [κ(β, x)],

which is well defined because dκ(ξ, x) = κ(dξ, x) for ξ ∈ C^∞(M, k). In this sense we also have

(7.2) ζ([γ], [η]) = q_Z ( − κ ( [δ^l(γ)], ∫_{2π} 0 δ^l(η)(t) dt )) .

Example VII.4. (a) In [PS86] one finds an explicit description of the action of π_0(G^+) on Z for the loop group case M = S^1 and K compact and simple. We now consider the situation, where M = S^1 for a general connected groups K satisfying π_2(K) = 1. This holds in particular for finite-dimensional Lie groups K . In this case π_0(G^+) ∼= π_1(K) and π_1(G^+) ∼= π_2(K) × π_1(K) ∼= π_1(K). As the conjugation action of π_1(K) on itself is trivial, the action of π_1(K) on Z is completely determined by the bihomomorphism

ζ: π_1(K) × π_1(K) → Z_e.

We think of S^1 as R/2πZ, so that we think of functions on S^1 as 2π -periodic functions on R. Further z_S1(Y ) ∼= Y via the integration isomorphism [β] →^1_{2π} ∫ S^1 β , and Ze ∼= Y/Π_{S1,κ}. Let γ ∈ C^∞_∗ (S^1, K) be a smooth loop. Then we identify [δ^l(γ)] ∈ z_M (k) with^1_{2π} ∫ S^1 δ l(γ) and obtain with (7.2) for η ∈ C^∞_∗ (S^1, K): ζ([γ], [η]) = q_Z ( − κ ( 1 2π ∫ S^1 δ^l(γ), ∫ S^1 δ^l(η) )) . If K is finite-dimensional and T ⊆ K a maximal torus, then the natural map Hom(T, T ) → π_1(K) is surjective, so that [γ] and [η ] have representatives for which δ^l(γ) = x and δ^l(η) = y are constant functions. As [x, y] = 0, the assumptions leading to (7.2) are satisfied, and we obtain the simple formula ζ([γ], [η]) = q_Z ( − 2πκ(x, y) ) . We conclude that ζ is trivial if and only if 2πx, 2πy ∈ ker exp_T for the exponential function exp_T : t → T of the maximal torus T ⊆ K implies κ(x, y) ∈^1_{2π} Π_S1_{,κ} .

(b) To understand this condition, let us assume that K is compact and simple. Then V (k) is one-dimensional, so that we may w.l.o.g. assume that Y = R. Further π_2(G) ∼= π_3(K) ∼= Z, and we may therefore assume that Π_S1_{,κ} = 2πZ, where ω(ξ, η) = 1 2π ∫_{2π} 0 κ(ξ(θ), η^′(θ)) dθ. Let t ⊆ k be the Lie algebra of a maximal torus of K . For the coroots α̌ of the long roots α ∈ Δ_k ⊆ it^∗ we then have −κ(α̌, α̌) = κ(iα̌, iα̌) = 2 for the complex bilinear extension of κ to k_C (see Appendix IIa to Section II in [Ne01a]). We claim that for x ∈ t_C we then have κ(Δ̌, x) ⊆ ZΔ(x). In fact, let α ∈ Δ and r_α(x) := x−α(x)α̌ the corresponding reflection in t_C . Since the restriction of κ to t_C is invariant under all these reflections, we have κ(α̌, x) = −κ(r_α.α̌, x) = −κ(α̌, r_α.x) = −κ(α̌, x) + α(x)κ(α̌, α̌), so that κ(α̌, x) = 1 2 α(x)κ(α̌, α̌) ∈ Zα(x) follows from κ(α̌, α̌) ∈ 2Z for all roots (including the short ones) (see [Ne01a, loc.cit.]). From Δ(α̌) ⊆ Z for each coroot, we obtain in particular κ(Δ̌, Δ̌) ⊆ Z. If Z(K) is trivial, then for x ∈ t the condition exp 2πx = e is equivalent to e^{2π ad x} = id_k , which means that Δ(x) ⊆ iZ. This is satisfied in particular for x ∈ iΔ̌. We have κ(x, iΔ̌) ⊆ iZΔ(x) ⊆ Z whenever Δ(x) ⊆ iZ. Nevertheless, it may happen that there are two elements x, y ∈ t with 2πx, 2πy ∈ ker exp_T but κ(x, y) ∉ Z. (c) Finally we consider an example where ζ is non-trivial. For k = su(2) and K = SO(3, R) ∼= SU(2, C )/{±e} we have ker exp_T = Zπiα̌, where Δ = {±α}. For x = y =^i_2 α̌ we therefore get κ(x, y) = − 1 4 κ(α̌, α̌) = 1 2 ∉ Z. We conclude that for K = SO(3, R) the group π_0(G^+) ∼= π_1(K) ∼= Z_2 = {±1} acts non-trivially on Z ∼= R/2πZ × Z_2 by s.(x, t) = (c(s, t)x, t), where c: Z_2 × Z_2 → Z_2 is the unique non-trivial bicharacter satisfying c(−1, −1) = −1.

Remark VII.5. (a) Let x_o ∈ M be a base point, and assume that M is connected of positive dimension and K is a Banach–Lie group. We consider the group G_∗ := C^∞_∗ (M, K)_e . If φ ∈ Hom(T, G_∗), then the map Φ: M → Hom(T, K), x → (t → φ(t)(x)) is a continuous map with Φ(x_o) = e (the constant homomorphism). Since K has no small subgroups, the constant homomorphism e is isolated in the set Hom(T, K) ⊆ C(T, K). Therefore the continuity of Φ implies that it is constant, and thus Hom(T, G_∗) = {e}. On the other hand π_1(G_∗) ∼= [M ∧ S^1, K] may be non-trivial. A typical example is K = SU(2, C ) and M = S^2 , where π_1(G_∗) ∼= π_3(K) ∼= Z. Hence G_∗ is an example of an infinite-dimensional Lie group for which π_1(G_∗) is not generated by the homotopy classes of homomorphisms T → G_∗ . (b) According to [ASS71], the unit groups G := A^× of von Neumann algebras on separable Hilbert spaces all have the property that Hom(T, A^×) generates π_1(A^×).

Problems VII. (1) Find a good characterization of those groups G for which a “universal covering group” exists even if G is not connected.

(2) Generalize (7.1) to a general formula for ζ without any additional assumption.

The following two examples show that in general the universal covering group q: ~G → G cannot be extended to a central/abelian extension of the full group G^+ . If the homomorphism G^+ →→ π_0(G^+) splits, then we can simply form ~G ⋊ π_0(G^+) by lifting the natural conjugation action of π_0(G^+) on G to an action on ~G.

Example VII.6. We describe an example of a non-connected Lie group for which G_e does not split. Let

G := { 1 p z 0 1 q 0 0 1 : p, q ∈ Z, z ∈ R } . Then G_e ∼= R and π_0(G) ∼= Z^2. The group G is a central extension of Z^2 by R. An easy calculation shows that the commutator group (G, G) of G is

(G, G) = { 1 0 z 0 1 0 0 0 1 : z ∈ Z } .

As the commutator group is non-trivial, G is not a semidirect product of G_e and π_0(G).

Example VII.7. In the group G of Example VII.6, we consider the normal subgroup

N := { 1 p z 0 1 q 0 0 1 : p, q, z ∈ 2Z } .

Then G/N is a central extension of π_0(G/N) ∼= Z^2 by T ∼= R/Z. The commutator group of G/N is given by (G, G)/((G, G) ∩ N) ∼= Z/2Z ∼= Z_2 . Therefore T = (G/N)_e → G/N →→ Z^2 ∼= π_0(G/N) is a non-trivial central extension.

Suppose that we have an extension ~T ∼= R → ^G →→ Z^2, where ^G is a covering group of G. Then ~T is central in ^G because Z^2 ∼= π_0(G/N) acts trivially on the Lie algebra of G/N , hence on (G/N)_e . Therefore ^G is a central extension of Z^2 by R. Since the commutator map (x, y) → xyx^{−1}y^{−1} factors through a bihomomorphism Z^2 → R. Since R has no non-trivial finite subgroups, the commutator group of ^G is trivial. Therefore ^G is abelian, contradicting the assumption that ^G is a covering of the non-abelian group G.

We have thus shown that the group G has no universal covering group.

Lemma VII.8. Let G := C_∗(M, K), where K is a Banach–Lie group and M a connected topological space. Then the constant map e is the only element of G of finite order. Proof. Assume that f^k = e holds for some continuous base point preserving map f: M → K . Further let U ⊆ K be an identity neighborhood containing no small subgroups and V ⊆ U an open identity neighborhood with V^k ⊆ U . Then the only element of order k in V is e because otherwise U would contain a non-trivial subgroup of K . Therefore f^{−1}(V ) is an open subset of M which coincides with f^{−1}({e}), hence is also closed. As f preserves base points, this set is non-empty, and the connectedness of M implies that f is constant e.

Example VII.9. Let M = S^1, K be a compact connected semisimple Lie group, and G := C_∗(M, K). Then π_0(G) ∼= π_1(K) is a finite group and Lemma VII.8 implies that the exact sequence G_e → G →→ π_0(G) does not split.

Appendix: Some homotopy theoretic background

A version of Hilton’s Lemma

This section grew out of an attempt to obtain a more conceptual proof of Lemma I.10.

Lemma A.1. Let G be a set with two group structures m_1(a, b) = ab and m_2(a, b) = a ∗ b with identity elements e_1 and e_2 . We assume that m_2 is a group homomorphism (G, m_1)^2 → (G, m_1), i.e., that (ab) ∗ (cd) = (a ∗ c)(b ∗ d), a, b, c, d ∈ G. Then e_1 = e_2 , m_1 = m_2 , and the multiplications are abelian. Proof. First we obtain

e_1 ∗ e_1 = (e_1e_1) ∗ (e_1e_1) = (e_1 ∗ e_1)(e_1 ∗ e_1),

showing that e_1 ∗ e_1 is an idempotent for m_1 , and hence that e_1 = e_1 ∗ e_1 . Now e_1 is an idempotent for m_2 , so that we also get e_2 = e_1 . Therefore e := e_1 = e_2 is a unit for both group structures. We now obtain for a, b, c, d ∈ G: b ∗ c = (eb) ∗ (ce) = (e ∗ c)(b ∗ e) = cb and a ∗ d = (ae) ∗ (ed) = (a ∗ e)(e ∗ d) = ad. We conclude that both group structures coincide and turn G into an abelian group.

The above argument works with somewhat weaker assumptions. It also shows that if we have two monoid structures with the same identity on a set M , then both coincide and are abelian.

If G is a topological group and X an H -cogroup, such as a sphere S^n, then we have on the set [X, G] of homotopy classes of continuous maps X → G two natural group structures. The first one is given by pointwise multiplication: [f][g] := [f · g], and the second one is obtained by the comultiplication γ: X → X ∨ X by

[f] ∗ [g] := [f ∗ g] := [(f ∨ g) ∘ γ].

According to [Br93, Lemma VII.3.4], both group structures satisfy the assumptions of Lemma A.1, hence coincide. A similar argument applies to the set [X, G]_∗ of homotopy classes of base point preserving maps, but if G is arcwise connected, we trivially have [X, G] = [X, G]_∗ .

Remark A.2. If X itself is a topological group, for example if X = S^1 = T, then we consider the element [id_X ] in the abelian group [X, X]. Its powers form a cyclic subgroup [id_X ]^Z of [X, X]. Let [X, X] × [X, G] → [X, G], ([f], [g]) → [g ∘ f] denote the natural composition map. We claim that in the group [X, G] we have

[f][id_X ]^n = [f^n], n ∈ Z.

In fact, for a fixed [f] ∈ [X, G] the map [X, X] → [X, G], [h] → [f ∘ h] is a group homomorphism because

[h_1][h_2] = [h_1 ∗ h_2] → [f ∘ (h_1 ∨ h_2) ∘ γ] = [f ∘ h_1] ∗ [f ∘ h_2].

Therefore [f] ∘ [id_X ]^n = [f ∘ id_X ]^n = [f]^n = [f^n], n ∈ Z,

and in particular [id_X ]^n ∼= [id^n_X ]. For X = S^1 = T this implies that for each n ∈ Z and f ∈ C^∞(S^1, G) the maps t → f(t^n) and t → f(t)^n are homotopic.

Whitehead products and some homotopy theory

Let G be a topological group. Then G acts by inner automorphism c_g (x) := gxg^{−1} on itself. For each k ∈ N_0 the automorphism c_g induces an automorphism π_k(c_g ) of the homotopy group π_k(G) which is trivial if g ∈ G_e , the arc-component of the identity of G. We thus obtain an action of π_0(G) on the groups π_k(G), which for k = 0 is the conjugation action of π_0(G) on itself.

There are circumstance under which these actions are trivial.

Proposition A.3. If G = C_∗(S^1, K) holds for a topological group K , then π_0(G) acts trivially on all homotopy groups π_k(G), k ∈ N_0 .

Proof. If G = C_∗(S^1, K) for some topological group K , then we have to consider the action of π_0(G) ∼= π_1(K) on the groups π_k (G) ∼= π_{k+1}(K). To see that this action is trivial, we view the pointed spaces S^k as I^k/∂I^k , where I = [0, 1]. Then we view elements of G as continuous function f: I → K , and an element of π_k(G) is represented by a continuous function h: I^{k+1} → K . Then the action of [f] ∈ π_0(G) on [h] ∈ π_k(G) is given by (f.h)(x_1, . . . , x_k, x_{k+1}) = f(x_1)h(x_1, . . . , x_k, x_{k+1})f(x_1)^{−1}.

The map f is homotopic to f_1 with support contained in [0,^1_2 ] ⊆ I , and h_1 is homotopic to a maps whose support is contained in [^1_2 , 1] × I^k . Therefore [f.h] = [f_1.h_1] = [h_1] implies that π_0(G) acts trivially on π_k(G).

Corollary A.4. For G = C_∗(S^d, K), d > 0 and K a topological group, the action of π_0(G) on all homotopy groups π_k(G) is trivial. Proof. In view of d ≥ 1, we have C_∗(S^d, K) ∼= C_∗(S^1 ∧ S^{d−1}, K) ∼= C_∗(S^1, C_∗(S^{d−1}, K)).

Therefore Proposition A.3 applies.

Now let G = C(S^d, K) with d > 0 and assume that K is connected. Then the evaluation map ev: G → K, f → f(x_o) in the base point x_o ∈ S^d is split by the map K → G mapping k ∈ K to the corresponding constant map. Let G_∗ := C_∗(S^d, K) := ker ev. We then obtain an isomorphism G ∼= G_∗ ⋊ K , and therefore π_0(G) ∼= π_0(G_∗) ∼= π_d(K), and for k > 0:

π_k(G) ∼= π_k (G_∗) × π_k(K) ∼= π_{k+d}(K) × π_k(K).

From Corollary A.4 we derive that the action of π_0(G) on π_k(G_∗) is trivial. Since the projection π_k(G) → π_k(K) corresponds to the evaluation in x_o , and all the elements of G_∗ are trivial in x_o , we see that the action of π_0(G) on π_k(G) can be written as [f].([v], [w]) = ([v] + χ_{d,k}([f], [w]), [w]), where the map χ_{d,k}: π_d(K) × π_k(K) → π_{k+d}(K) is a bihomomorphism. This map is given on the level of functions by χ_{d,k}([f], [v]) = [f ∗ v] with (f ∗ v)(x, y) = f(x)v(y)f(x)^{−1}v(y)^{−1}, where we observe that this defines a map I^{k+d} = I^k × I^d → K vanishing on the boundary of I^{k+d} . A particular interesting case is d = k = 1, where we have a bihomomorphism χ_{1,1}: π_1(K) × π_1(K) → π_2(K).

Proposition A.5. If K = C_∗(S^1, H) holds for a topological group H , then the maps χ_{d,k}: π_d(K) × π_k(K) → π_{k+d}(K) are trivial.

Proof. Let f: I^d → K and v: I^k → K be continuous maps representing the elements [f] ∈ π_d(K) and [v] ∈ π_k (K). In view of C_∗(S^d, K) = C_∗(S^d, C_∗(S^1, H)) ∼= C_∗(S^{d+1}, H), we may think of f as a function ~f: I × I^d → H , and likewise interprete v as a function ~v: I × I^k → H . As these functions vanish on ∂I × I^d , resp., ∂I × I^k , they can be represented by functions f supported by [0,^1_2 ] × I^d , resp., v supported by [^1_2 , 1] × I^k . Then the function I × I^d × I^k → H, (t, x, y) → f(t, x)v(t, y)f(t, x)^{−1}v(t, y)^{−1} is constant e, which implies that χ_{d,k}([f], [v]) ∈ π_{d+k}(K) is trivial.

Remark A.6. For each pointed topological space X one has the Whitehead products π_k(X) × π_m(X) → π_{k+m−1}(X), k, m ∈ N. These maps are defined as follows. We use the natural map g: S^{k+m−1} ∼= ∂I^{k+m} = ∂I^k × I^m ∪ I^k × ∂I^m → S^k ∨ S^m to define for two maps φ ∈ C_∗(S^k, X) and ψ ∈ C_∗(S^m, X) the map φ ∗ ψ := (φ ∨ ψ) ∘ g: S^{k+m−1} → X, and by passing to the homotopy classes a map π_k(X) × π_m(X) → π_{k+m−1}(X), [φ] ∗ [ψ] → [φ ∗ ψ]. With a similar argument as in the proof of Proposition A.5, one can see that if X is a topological group, then all Whitehead products are trivial ([Br93, Probl. VII.7.5]). For k = m = 1 this implies in particular that π_1(X) is abelian because in this case [φ] ∗ [ψ] = [φ][ψ][φ]^{−1}[ψ]^{−1}.

The Whitehead products are somehow close, but different from the maps χ_{d,k} defined above. If X = H is a topological group and K := C_∗(S^1, H), then the Whitehead products are maps π_k(K) × π_m(K) → π_{k+m}(K), k, m ∈ N_0 . We do not know whether the Whitehead products correspond in this setting to the maps χ_{d,k} from above, but in this context we also have the direct argument in Proposition A.5 showing that each χ_{d,k} is trivial.

Remark A.7. (Some information on [M, K]_∗ ) Let ~K denote the simply connected covering group of K . Then a base point preserving smooth map f: M → K lifts to ~K if and only if the corresponding homomorphism π_1(f): π_1(M) → π_1(K) is trivial. We therefore obtain an exact sequence C_∗(M, ~K) → C_∗(M, K) → Hom(π_1(M), π_1(K)) which immediately leads to an exact sequence

[M, ~K]_∗ ∼= π_0(C_∗(M, ~K)) → [M, K]_∗ ∼= π_0(C_∗(M, K)) → Hom(π_1(M), π_1(K)). Here we use that the image of C_∗(M, ~K) is open because maps with image contained in a sufficiently small identity neighborhood can be lifted to the universal covering group of K . Remark A.8. One may also try to get some information on the χ_{d,k} ’s for the groups G_d := C(T^d, K) for d ≥ 2, but this becomes quite involved for the following reasons. In this case G_d ∼= C(T, G_{d−1}) ∼= C_∗(T, G_{d−1}) ⋊ G_{d−1} (cf. Remark I.11(b)). If we ask for the action of π_0(G_d) on π_1(G_d), then we can use the same argument as after Corollary A.4 to see that this action is trivial if and only if the commutator map χ_{1,1}: π_1(G_{d−1}) × π_1(G_{d−1}) → π_2(G_{d−1}) is trivial. Even for d = 2, this does not follow from Proposition A.5 because C(T, K) is larger than the group C_∗(T, K).

Problem A.1. Let K be a connected topological group. Is the mapping χ_{d,k}: π_d(K) × π_k(K) → π_{k+d}(K) defined above trivial for d, k ≥ 1? The case k = d = 1 is of particular interest.

References

[ASS71] Araki, H., M.-S. Bae Smith, and L. Smith, On the homotopical significance of the type of von Neumann algebra factors, Commun. math. Phys. 22 (1971), 71–88.

[BGK96] Berman, S., Y. Gao, Y. Krylyuk, Quantum tori and the structure of elliptic quasi-simple Lie algebras, J. Funct. Anal. 135 (1996), 339–389.

[BB99] Berman, S., and Y. Billig, Irreducible representations for toroidal Lie algebras, J. Algebra 221 (1999), 188–231.

[Bos90] Bost, J.-B., Principe d’Oka, K -theorie et systèmes dynamiques non-commuta-tifs, Invent. Math. 101 (1990), 261–333.

[Bo58] Bott, R., The space of loops on a Lie group, Michigan Math. J. 5 (1958), 35–61. [Br93] Bredon, G. E., “Topology and Geometry,” Graduate Texts in Mathematics 139, Springer-Verlag, Berlin, 1993.

[BJ73] Bröcker, Th., and K. Jänich, “Einführung in die Differentialtopologie,” Springer Verlag, Berlin, 1973.

[CF01] Cox. B., and V. Futorny, Borel subalgebras and categories of highest weight modules for toroidal Lie algebras, J. Algebra 236 (2001), 1–28.

[EK64] van Est, W. T., and Th. J. Korthagen, Non enlargible Lie algebras, Proc. Kon. Ned. Acad. v. Wet. A 67 (1964), 15–31.

[EF94] Etingof, P. I., and I. B. Frenkel, Central extensions of current groups in two dimensions, Commun. Math. Phys. 165 (1994), 429–444.

[Fe88] Feigin, B. L., On the cohomology of the Lie algebra of vector fields and the current algebra, Sel. Math. Soc. 7:1 (1988), 49–62.

[Gl01a] Glöckner, H., Infinite-dimensional Lie groups without completeness condition, Preprint, Louisiana State University, March 2001.

[Gl01b] —, Lie group structures on quotient groups and universal complexifications for infinite-dimensional Lie groups, J. Funct. Anal., to appear.

[Gl01c] —, Algebras whose groups of units are Lie groups, Studia Math., to appear. [Gr55] Grothendieck, A., “Produits tensoriels topologiques et espaces nucléaires,” Mem. of the Amer. Math. Soc. 16 (1955), Prov., Rhode Island, 1955.

[Ha92] Haddi, A., Homologie des algèbres de Lie étendues à une algèbre commutative, Comm. in Alg. 20:4 (1992), 1145–1166.

[Hi76] Hirsch, M. W., “Differential Topology,” Graduate Texts in Mathematics 33, Springer-Verlag, 1976.

[Hu61] Huber, P. J., Homotopical Cohomology and Çech Cohomology, Math. Annalen 144 (1961), 73–76.

[KM97] Kriegl, A., and P. Michor, “The Convenient Setting of Global Analysis,” Math. Surveys and Monographs 53, Amer. Math. Soc., 1997.

[Lo98] Loday, J.-L., “Cyclic Homology,” Grundlehren der math. Wissenschaften 301, Springer-Verlag, Berlin, 1998.

[LMNS96] Losev, A., G. Moore, N. Nekrasov, and S. Shatashvili, Four-dimensional avatars of two-dimensional RCFT, in “Strings 95” (Los Angeles, CA, 1995), World Sci. Publ., NJ, 1996, 336–362.

[LMNS98] —, Central extensions of gauge groups revisited, Sel. math., New series 4 (1998), 117–123.

[Ma02] Maier, P., Central extensions of topological current algebras, in Proc. of the “Workshop on Lie Groups and Lie Algebras” in Bedlewo (Sept. 2000), Banach Center Publications, to appear.

[Mi87] Mickelsson, J., Kac-Moody groups, topology of the Dirac determinant bundle, and fermionization, Commun. Math. Phys. 110 (1987), 173–183.

[Mi89] —, “Current Algebras and Groups,” Plenum Press, ew York, 1989. [Mi95] Mimura, M., Homotopy theory of Lie groups, in “Handbook of Algebraic Topology,” I. M. James ed., North Holland, 1995.

[Ne01a] Neeb, K.-H., Borel-Weil Theory for Loop Groups, in “Infinite Dimensional Kähler Manifolds,” Eds. A. Huckleberry, T. Wurzbacher, DMV-Seminar 31, Birkhäuser Verlag, 2001.

[Ne01b] —, Representations of infinite dimensional groups, in “Infinite Dimensional Kähler Manifolds,” Eds. A. Huckleberry, T. Wurzbacher, DMV-Seminar 31, Birkhäuser Verlag, 2001.

[Ne01c] —, Universal central extensions of Lie groups, Acta Appl. Math., to appear. [Ne02a] —, Steinberg–Lie groups, in preparation.

[Ne02b] —, Central extensions of infinite-dimensional Lie groups, Annales de l’Inst. Fourier, to appear.

[Ne02c] —, Current groups over non-compact manifolds, in preparation. [NV02] Neeb, K.-H., and C. Vizman, A geometric approach to coadjoint orbits of central extensions of current groups, in preparation.

[Pi00] Pianzola, A., Line bundles and conjugacy theorems for toroidal Lie algebras, C. R. Math. Acad. Sci. Soc. R. Can. 22 (2000), 125–128.

[PS86] Pressley, A., and G. Segal, “Loop Groups,” Oxford University Press, Oxford, 1986.

[Se76] Seligman, G. B., “Rational Methods in Lie Algebras,” Lecture Notes in Pure and Applied Math. 17, Marcel Dekker, New York, 1976.

[Shi92] Shi, Zhiyang, Toroidal groups, Comm. in Alg. 20:11 (1992), 3411–3458. [Ta98] Takebayashi, T., Chevalley groups associated to elliptic Lie algebras, J. of Algebra 210 (1998), 498–513.

[Tan99] Tan, Sh., Principal construction of the toroidal Lie algebra of type A_1 , Math. Z. 230 (1999), 621–657.

[Tr67] Treves, F., “Topological Vector Spaces, Distributions, and Kernels,” Academic Press, New York, 1967.

[Wu01] Wurzbacher, T., Fermionic second quantization and the geometry of the restricted Grassmannian, in “Infinite Dimensional Kähler Manifolds,” Eds. A. Huckleberry, T. Wurzbacher, DMV-Seminar 31, Birkhäuser Verlag, 2001.

Peter Maier Karl-Hermann Neeb Technische Universität Darmstadt Schlossgartenstrasse 7 D-64289 Darmstadt Deutschland maier@mathematik.tu-darmstadt.de neeb@mathematik.tu-darmstadt.de