An axiomatic approach to the limit operators method

V. S. Rabinovich^∗, S. Roch

Abstract

We propose an axiomatic approach for the application of the limit operators method. This approach will be applied to operators in a C^∗-algebra which is generated by operators of right convolution on a homogeneous non-commutative group X and by operators of multiplication by functions in L_∞(X). In terms of limit operators, we derive necessary and sufficient conditions for these operators to be semi-Fredholm or Fredholm. As another application, we obtain necessary and sufficient conditions for the semi-Fredholmness and Fredholmness of pseudodifferential operators with double symbols in the class OP S^0_{,0,0}.

1 Introduction

The first appearance of limit operators is in Favard’s paper [2] where they are used to verify the existence of almost-periodic solutions of ordinary differential equations with almost-periodic coefficients. Later, Muhamadiev [10, 11] applied limit operators to the question of solvability of elliptic partial differential equations in R^n . The method of limit operators method has been further developed in the papers [6, 7, 8, 13, 14, 15] for the study of the Fredholm property of wide classes of pseudo-differential operators and convolution operators on R^n and Z^n. Note also the paper [1], where the applicability of the limit operators method to the computation of the essential spectrum of

∗Supported by the German Research Foundation (DFG) under Grant Nr. 436 RUS 17/24/01.

singular integral operators on Carleson curves acting in general weighted L^2- spaces has been illustrated. Observe that in all of these papers, the method of limit operators is applied to a concrete class of operators acting on a concrete Banach space.

In contrast to this, it is the first goal of the present paper to propose an axiomatic scheme for the application of the method of limit operators which contains many of the afore-mentioned applications as special cases. Then, by means of this scheme, we examine the Fredholm property of operators in a C^∗-algebra which is generated by operators of convolution acting on L^2(X) over a homogeneous non-commutative group X, and by the operators of multiplication by functions in L^∞(X). Our aim to give necessary and sufficient conditions for operators in this algebra to be semi-Fredholm or Fredholm.

A well-known and important example of a homogeneous group is the Heisenberg group. Singular integral operators and pseudo-differential operators on the Heisenberg group have been intensively studied by many authors (see, for example, the monographs [17, 12, 21, 22] which contain extensive bibliographies). Let us also mention the papers [23, 24, 4, 5] which are devoted to the analysis of double convolutions on a class of step two nilpotent Lie groups.

The Fredholm property of operators in certain algebras generated by convolution operators and operators of multiplications by bounded functions on non-commutative locally compact groups was studied in [18, 19] by means of Simonenko’s local principle (see [16]).

As another illustration of the abstract scheme, we apply it to the problem of Fredholmness and semi-Fredholmness of pseudo-differential operators with double symbols in the L. Hörmander class OP S^0_{0,0,0} which is connected with convolutions on the Heisenberg group (see, for instance, [21, 22]).

2 Abstract scheme for the method of limit operators.

Let H be a Hilbert space and L(H) the C^∗-algebra of all bounded linear operators acting on H. Throughout what follows, suppose that we are given

1. bounded sequences (P_k)_{k∈N} and (P̂_k)_{k∈N} of operators in L(H) such that s-lim_{k→∞}P̂_k = I and P̂_kP_k = P_k for all k.

2. a countable set {U_α}_{α∈Λ} of unitary operators on H such that, with P_{k,α} := U_αP_kU^{−1}_α , ∑ α∈Λ ‖P_{k,α}u‖^2 = ‖u‖^2 for all k ∈ N and u ∈ H. (1)

3. a bounded sequence {Q_r}_{r∈N} of operators in L(H) which are compatible with the P_{k,α} in the following sense:

(a) there is a distinguished set B of sequences in Λ with the property that every sequence (β_j ) which is not in B possesses a subsequence (β_{jm} ) such that ∀ k ∈ N ∃ r_0 ∈ N ∀ r ≥ r_0 ∀ m ∈ N : P_{k,βjm} Q_r = 0. (2) (b) for each r ∈ N and any sequence (β_j) ∈ B one has s-lim_{j→∞} U^{−1}_{βj} (I − Q_r)U_{βj} = 0. (3) Definition 1 Let A(H) denote the set of all operators A ∈ L(H) such that lim_{k→∞} ‖[P_{α,k}, A]‖ = 0 and lim_{k→∞} ‖[P_{α,k}, A^∗]‖ = 0 (4) uniformly with respect to α ∈ Λ. Here, as usual, [A, B] refers to the commutator of the operators A and B.

It is easy to check that A(H) is a C^∗-algebra.

Definition 2 We say that the operator A_β is a limit operator of A ∈ L(H) defined by the sequence β = (β_j ) ∈ B if, for each k ∈ N, lim_{j→∞} ‖ ‖(U_{−1βj} AU_{βj} − A_β) P̂_k ‖ ‖ = lim j→∞ ‖ ‖P̂_{∗k} (U_{−1βj} AU_{βj} − A_β ) ‖ ‖ = 0.

The set of all limit operators of A will be denoted by lim_B(A). The following proposition describes some properties of limit operators. Proposition 3 Let β = (β_j ) ∈ B, and let A, B ∈ L(H) be operators for which the limit operators A_β and B_β exist. Then

(a) ‖A_β‖ ≤ ‖A‖. (b) (A + B)_β exists and (A + B)_β = A_β + B_β.

(c) (AB)_β exists and (AB)_β = A_βB_β .

(d) (A^∗)_β exists and (A^∗)_β = (A_β)^∗.

(e) if C, C^{(m)} ∈ L(H) are operators with ‖C − C^{(m)}‖ → 0, and if the limit operators (C^{(m)})_β exist for all sufficiently large m, then C_β exists and ‖C_β − (C^{(m)})_β‖ → 0.

Definition 4 Let A_0(H) denote the set of all operators A ∈ A(H) such that every sequence in B possesses a subsequence β for which the limit operator A_β exists.

Proposition 3 implies that A_0(H) is a closed subalgebra of A(H).

In what follows we will need the notion of the lower norm ν(A) := inf_{‖f‖=1} ‖Af‖ of an operator A ∈ L(H). It is well-known that the operator A is invertible from the left if and only if ν(A) > 0, and invertible from the right if and only if ν(A^∗) > 0. Thus, A is invertible if and only if both ν(A) > 0 and ν(A^∗) > 0. Furthermore, given an operator P ∈ L(H), we set ν(A|_{P (H)}) := inf_{‖P f‖=1} ‖AP f‖ and call this quantity the lower norm of A relative to P .

Let us also recall that an operator A ∈ L(H) is a Φ_+-operator if A has a closed range and a finite dimensional kernel, whereas A is called a Φ_−- operator if its adjoint A^∗ is a Φ_+-operator. Φ_±-operators are also called semi-Fredholm operators. An operator A which is both a Φ_+ and a Φ_−- operator is said to be a Fredholm operator. One can show (see [9], Chapter I, Lemma 2.1) that A is a Φ_+-operator if and only if there exists an operator P ∈ L(H) such that I − P is compact and ν(A|_{P (H)}) > 0.

Theorem 5 Let A ∈ A_0(H). Then the following conditions are equivalent:

(a) lim inf_{r→∞} ν(A|_{Qr (H)}) > 0.

(b) max_r ν(A|_{Qr(H)}) > 0.

(c) inf_{Aβ ∈limB(A)} ν(A_β) > 0.

The proof of this theorem is based on the following proposition. Proposition 6 Let A ∈ A(H). Then inf_k inf_{(βj )∈B} lim inf_{j→∞} ν(A|_{Pβj ,k(H)}) ≤ lim inf_{r→∞} ν(A|_{Qr(H)}). (5) Proof. Set μ_A := lim inf_{r→∞} ν(A|_{Qr(H)}). Then, for every fixed ε > 0, there is a sequence r_m → ∞ such that ν(A|_{Qrm (H)}) ≤ μ_A + ε. This shows that, for every m ∈ N, there is a v_m ∈ H with ‖Q_{rm} v_m‖ = 1 and ‖AQ_{rm} v_m‖ ≤ μ_A + 2ε. (6) From axiom (1) we obtain for every k ∈ N ‖AQ_{rm} v_m‖^2 = ∑ α∈Λ ‖P_{k,α}AQ_{rm} v_m‖^2 as well as ‖Q_{rm} v_m‖^2 = ∑ α∈Λ ‖P_{k,α}Q_{rm} v_m‖^2 and hence, together with (6), ∑ α∈Λ ‖P_{k,α}AQ_{rm} v_m‖^2 ∑ α∈Λ ‖P_{k,α}Q_{rm} v_m‖^2 ≤ (μ_A + 2ε)^2.

This inequality implies that, for every m, there is an α_m with P_{k,αm} Q_{rm} v_m not being zero and ‖P_{k,αm} AQ_{rm} v_m‖ ‖P_{k,αm} Q_{rm} v_m‖ ≤ μ_A + 2ε. (7) Further, since A ∈ A(H), one can find a k_0 = k_0(ε) such that ‖[A, P_{k,αm} ]‖ ≤ ε for all k ≥ k_0. uniformly with respect to m. Hence, for all k ≥ k_0, ‖P_{k,αm} AQ_{rm} v_m‖ ≥ ‖AP_{k,αm} Q_{rm} v_m‖ − ε‖Q_{rm} v_m‖.

Since ‖P_{k,αm} Q_{rm} v_m‖ ≤ C, the latter estimate in combination with (7) yields that, for each m and k ≥ k_0, there exists α_m such that ‖AP_{k,αm} Q_{rm} v_m‖ ‖P_{k,αm} Q_{rm} v_m‖ ≤ μ_A + (2 + C)ε.

Observe that the condition P_{k,αm} Q_{rm} v_m ≠ 0 implies that the sequence (α_m) belongs to the set B. Thus, for every ε > 0 and k > k_0(ε), there exists a sequence (α_m) ∈ B such that ν(A|_{Pk,αm (H)}) ≤ μ_A + (2 + C)ε. This finally shows that inf_k inf_{(αj )∈B} lim inf_{j→∞} ν(A|_{Pk,αj (H)}) ≤ μ_A + (2 + C)ε.

Since ε > 0 is arbitrary, we arrive at (5).

Proof of Theorem 5. The implication (a) ⇒ (b) is trivial. For the implication (b) ⇒ (c), assume that (b) is fulfilled. Then there exists an r_0 as well as a δ > 0 such that ν(A|_{Qr0 (H)}) ≥ δ. Consequently, ‖AQ_{r0} u‖ ≥ δ‖Q_{r0} u‖ for all u ∈ H. (8) Let β = (β_j) ∈ B be a sequence for which the limit operator A_β exists. Then, as follows from (8), ‖U^{−1}_{βj} AQ_{r0} U_{βj}P̂_ku‖ ≥ δ‖U^{−1}_{βj} Q_{r0} U_{βj} P̂_ku‖ for all u ∈ H. Passing to the limit j → ∞ (where we have to take into account condition (3)) we obtain ‖A_βP̂_ku‖ ≥ δ‖P̂_ku‖ for all u ∈ H. Since s-lim_{k→∞}P̂_k = I, this estimate implies that ‖A_βu‖ ≥ δ‖u‖ for arbitrary u ∈ H. (c) ⇒ (a). Suppose that (a) is not satisfied. Then lim inf_{r→∞} ν(A|_{Qr(H)}) = 0, whence via Proposition 6 inf_k inf_{(βj )∈B} lim inf_{j→∞} ν(A|_{Uβj Pk(H)}) = 0.

Thus, for arbitrary ε > 0, there exists k_0 ∈ N such that

inf_{(βj )∈B} lim inf_{j→∞} ν(A|_{Uβj Pk0 (H)}) < ε.

This inequality on its hand implies the existence of sequences (β_j) ∈ B and (f_j) ⊂ H with ‖P_{k0} f_j‖ = 1 and lim_{j→∞} ‖U^{−1}_{βj} AU_{βj} P_{k0} f_j ‖ ≤ 2ε or, equivalently,

lim_{j→∞} ‖U^{−1}_{βj} AU_{βj}P̂_{k0} P_{k0} f_j ‖ ≤ 2ε. (9)

Without loss, we can assume that the limit operator A_β with respect to the sequence β := (β_j ) exists (otherwise we pass to a suitable subsequence). Then inequality (9) implies that ‖A_βP_{k0} f_j ‖ ≤ 3ε for j large enough. Thus, for arbitrary ε > 0, there exists a limit operator A_β ∈ lim_B(A) such that ν(A_β) < 3ε. This contradicts condition (c).

3 Fredholmness of convolution operators on homogeneous groups

3.1 Some notations

Following [17], Chapter XIII, Section 5, we start with recalling some facts concerning homogeneous groups which are needed in what follows.

Homogeneous groups arise from R^m by equipping this space with a Lie group structure and with a family of dilations that act as group automorphisms on this space. To be precise, to make R^m to a homogeneous group X, we assume that there is a pair of mappings R^m → R^m : (x, y) → x · y and R^m → R^m : x → x^{−1} which are smooth and which provide R^m with a Lie group structure such that 0 ∈ R^m is the identity element of the Lie group. Further we suppose that there is an m-tuple of positive integers a_1 ≤ . . . ≤ a_m which is specific for X (with the monotonicity being no essential restriction) such that the dilations x = (x_1, . . . , x_m) → D_δx := (δ^{a1} x_1, . . . , δ^{am} x_m) are group automorphisms for every δ > 0, i.e. that D_δ(x · y) = D_δx · D_δy for all x, y ∈ R^m . As follows from these properties, the group operation is necessarily of the form x · y = x + y + Q(x, y), where Q : R^m × R^m satisfies Q(0, 0) = Q(x, 0) = Q(0, x) = 0.

Moreover, Q = (Q_1, . . . , Q_m), where every Q_k is a polynomial in 2m real variables which is homogeneous of degree a_k. Thus, Q contains no pure monomials in x or y.

The Euclidean measure dx on R^m is both left and right invariant with respect to the group multiplication; i.e. it is a Haar measure on X. Note also that d(D_δx) = δ^adx, where a := a_1 + . . . + a_m.

A nontrivial example of a homogeneous non-commutative group is the Heisenberg group which can be identified with C^n × R with the group operation (w, s) · (z, t) = (w + z, s + t + 2 Im ⟨w, z⟩) where ⟨w, z⟩ := ∑_n j=1 z_jw̄_j.

The norm function ρ on R^m is defined as ρ(x) := max{|x_j|^{1/aj} : 1 ≤ j ≤ m}. Note that ρ(x) ≥ 0 and ρ(x) = 0 if and only if x = 0. Also, ρ(D_δx) = δρ(x), and there exists a constant c > 0 such that ρ(x · y) ≤ c(ρ(x) + ρ(y)) and ρ(x^{−1}) ≤ cρ(x). Set ρ(x, y) := ρ(x^{−1} · y). The collection {B(x, ε)}_{ε>0} of all balls B(x, ε) := {y ∈ X : ρ(x, y) < ε} forms an open neighborhood base of the point x ∈ X. Since ρ is left-invariant, one also hase B(x, ε) = x · B(0, ε), and because the measure is left invariant, |B(x, ε)| = |B(0, ε)| = ε^a|B(0, 1)|.

3.2 Convolution operators on the homogeneous group

Let X be a homogeneous group. A function f is said to be uniformly continuous on X if, for each ε > 0, there exists an η > 0 such that |f(x)−f(y)| < ε whenever ρ(x, y) < η. The class of all bounded uniformly continuous functions on X will be denoted by BUC(X). Let further Q(X) refer to the set of all measurable bounded functions a on X with

lim sup y→∞ ∫ Ω |a(y^{−1} · x)|dx = 0 for each compact Ω ⊂ X. Set

W (X) := BUC(X) + Q(X) ⊂ L^∞(X).

As it has been proved in [19], W (X) is a commutative C^∗-algebra, and Q(X) is a closed ideal in W (X).

Let k ∈ L^1(X). Then we define the operator C_{k,r} of right convolution by k by (C_{k,r}u)(x) := ∫ R^m k(x^{−1} · y)u(y)dy = ∫ R^m k(z)u(x · z)dz, x ∈ R^m . It is well-known and easy to check that C_{k,r} is bounded on L^2(R^m ) and invariant with respect to the left shift, i.e. U_{l,g}C_{k,r} = C_{k,r}U_{l,g} where (U_{l,g}f)(x) := f(g · x) for g ∈ X. We denote by V_r(X) the set of all operators C_{k,r} of right convolution by a function k ∈ L^1(R^m ). Note that, if a ∈ Q(X) and T ∈ V_r(X), then aT and T aI are compact operators on L^2(X) (see [19]).

Let Y be a discrete subgroup of the group X which acts freely on X such that X/Y is a compact manifold. Let M be a fundamental domain of X with respect to the action of Y on X by left shift, i.e. M is a bounded domain in X such that X = ⋃ α∈Y α · M. Let f ∈ C(X) be a function which is 1 on M and 0 outside a small neighborhood M^′ of M, and which takes values in [0, 1] only. For δ > 0, set f_δ(x) := f(D_δx) and, for α ∈ Y,

φ^2_{δ,α}(x) := f_δ(α · x) ∑ β∈Y f_δ(β · x) .

It is evident that 0 ≤ φ_{δ,α}(x) ≤ 1 and that, for every δ > 0, the system {φ^2_{δ,α}}_{α∈Y} forms a partition of unity on X in the sense that ∑ α∈Y φ^2_{δ,α}(x) = 1, x ∈ X. Proposition 7 Let K ∈ V_r(X). Then lim_{δ→0} ‖[φ_{δ,α}, K]‖ = 0 uniformly with respect to α ∈ Y. Proof. Let γ_1(δ, α) := sup_{x∈X} ∫ X |k(x^{−1} · y)||φ_{δ,α}(x) − φ_{δ,α}(y)|dy,

γ_2(δ, α) := sup_{y∈X} ∫ X |k(x^{−1} · y)||φ_{δ,α}(x) − φ_{δ,α}(y)|dx. Then ‖[φ_{δ,α}, K]‖ ≤ max{γ_1(δ, α), γ_2(δ, α)}. Let us suppose for a moment that k(x) = 0 if ρ(x, 0) ≥ R. Then, for j = 1, 2, γ_j(δ, α) ≤ sup_{ρ(x−1·y)≤R} |φ_{δ,α}(x) − φ_{δ,α}(y)| ∫ X |k(x)|dx ≤ sup ρ(y^{−1} ·x)≤δR |φ_{1,e}(x) − φ_{1,e}(y)| ∫ X |k(x)|dx. The function φ_{1,e} is uniformly continuous on X. Thus, for each ε > 0, we find a δ > 0 such that γ_j(δ, α) ≤ ε for j = 1, 2 and for all α ∈ Y.

Since the set of all functions with compact support is dense in L^1(X), we can use a standard approximation argument to get the assertion of the proposition for arbitrary kernel functions k ∈ L^1(X).

Now we can specify the axioms of the abstract scheme for the limit operators method as follows:

1. For a sequence (δ_k) of positive numbers tending to zero, we set P_k := φ_{δk ,e}I and P̂_k := χ_{kM} ′ I where χ_{kM} ′ is the characteristic function of the set kM^′. It is evident that P̂_kP_k = P_kP̂_k = P_k and s-lim_{k→∞}P̂_k = I.

2. The sequence of unitary operators is specified to be {U_{α,l}}_{α∈Y} where (U_{α,l}u)(x) = u(α · x) are the operators of left shift by α. If we set P_{k,α} := U_αP_kU^{−1}_α = φ_{δk,α}I, then condition (1) is satisfied.

3. Let (Q_r)_{r∈N} be the sequence of the operators of multiplication by the characteristic functions χ_r of B^′_r := {x ∈ R^m : ρ(x, 0) > r}, and let B be the set of all sequences in Y (which plays the role of Λ) which tend to infinity. Then conditions (2) and (3) are also fulfilled.

Definition 8 We denote by B(W (X), V_r(X)) the smallest C^∗-subalgebra of L^2(X) which contains all operators of the form p∑ i=1 q∏ j=1 a_{ij} K_{ij}b_{ij} I (10) where p, q ∈ N, a_{ij} I and b_{ij} I are operators of multiplication by functions a_{ij} and b_{ij} in W (X), and the operators K_{ij} belong to V_r(X). Let further Ḃ(W (X), V_r(X)) refer to the smallest unital C∗-subalgebra of L2(X) which contains all operators (10).

Proposition 9 Let A ∈ Ḃ(W (X), V_r(X)). Then lim_{k→∞} ‖[A, P_{k,α}]‖ = 0 uniformly with respect to α ∈ Y.

The proof follows easily from Proposition 7.

Proposition 10 Ḃ(W (X), V_r(X)) ⊆ A_0(L^2(X)).

Proof. Let α = (α_k) ∈ B. If aI is the operator of multiplication by the function a ∈ BUC(X), then (U^{−1}_{αk} aU_{αk} ) is the sequence of operators of multiplication by the functions x → a(α^{−1}_k · x). By the Arzelà–Ascoli theorem, this sequence has a subsequence a(α^{−1}_{kj} · x) which tends uniformly on the compact sets in X to a function a_{α̃}. This function is in BUC(X) again, and lim_{j→∞} ‖P̂_m(U^{−1}_{αkj} aU_{αkj} − a_{α̃}I)‖ = lim_{j→∞} ‖(U^{−1}_{αkj} aU_{αkj} − a_{α̃}I)P̂_m‖ = 0 for every m. Next, if b is a function in Q(X) and K ∈ V_r(X), then one has lim_{j→∞} ‖P̂_mU^{−1}_{αkj} bKU_{αkj} ‖ = lim_{j→∞} ‖U^{−1}_{αkj} bKU_{αkj} P̂_m‖ = 0,

lim_{j→∞} ‖P̂_mU^{−1}_{αkj} KbU_{αkj} ‖ = lim_{j→∞} ‖U^{−1}_{αkj} KbU_{αkj} P̂_m‖ = 0, even for an arbitrary sequence (α_{kj} ) tending to infinity, because the operators P̂_mK and KP̂_m are compact and the sequence U −1_{αkj} bU_{αkj} I strongly converges to 0. Thus, for every function a ∈ W (X) and every sequence α ∈ B, there is a subsequence α̃ of α for which the limit operator (aI)_{α̃} is defined.

Further, since the operators in V_r(X) are invariant with respect to left shifts, we conclude that the algebra Ḃ(W (X), V_r(X)) is completely contained in A_0(L^2(X)).

For A ∈ Ḃ(W (X), V_r(X)), we denote by lim_∞(A) the set of all limit operators of A which are defined with respect to sequences in B. Thus, the following theorem is a corollary of the general Theorem 5.

Theorem 11 Let A ∈ Ḃ(W (X), V_r(X)). Then the following assertions are equivalent:

(a) lim inf_{r→∞} ν(A|_{Qr(L}2_{(X))}) > 0. (b) inf{ν(A_β ) : A_β ∈ lim_∞(A)} > 0.

Theorem 12 Let A ∈ Ḃ(W (X), V_r(X)). Then (a) A is a Φ_+-operator if and only if inf{ν(A_β ) : A_β ∈ lim_∞(A)} > 0. (b) A is a Φ_−-operator if and only if inf{ν(A^∗_β) : A_β ∈ lim_∞(A)} > 0. (c) A is a Fredholm operator if and only if all operators A_β ∈ lim_∞(A) are uniformly invertible, i.e. if and only if sup{‖A^{−1}_β ‖ : A_β ∈ lim_∞(A)} > 0.

Proof. (a) Let inf{ν(A_β) : A_β ∈ lim_∞(A)} > 0. Then there exist r ∈ N and C > 0 such that ‖⟨Q_rA^∗AQ_rf, Q_rf⟩‖ ≥ C‖Q_rf‖^2 for every f ∈ L^2(X). Thus, the operator Q_rA^∗AQ_r is invertible from the left on L^2(Q_rX), i.e. there is an operator B such that

BQ_rA^∗AQ_r = Q_r. (11)

The operator B belongs to the C^∗-subalgebra Ḃ(W (X), V_r(X), Q_r) of L^2(X) which is generated by the operators in Ḃ(W (X), V_r(X)) and by Q_r. Let J_0 denote the closed ideal of Ḃ(W (X), V_r(X), Q_r) which is generated by the operators of multiplication by functions a ∈ L^∞(X) with lim_{x→∞} a(x) = 0. Equality (11) implies that there are operators R^′ ∈ Ḃ(W (X), V_r(X), Q_r) and T ∈ J_0 such that R^′A = I + T . Setting R := R^′ + I − AR^′ we get RA − I = R^′A + A − AR^′A − I = (I − A)(R^′A − I). (12) Note that I − A belongs to the closed ideal J_1 of Ḃ(W (X), V_r(X), Q_r) which is generated by the operators in V_r(X). It is evident that, if T_0 ∈ J_0 and T_1 ∈ J_1, then T_0T_1 and T_1T_0 are compact operators. Thus, the identity (12) implies that A is a Φ_+-operator.

Conversely, let A be a Φ_+-operator. Then, as we have already remarked, the a priori estimate C‖u‖ ≤ ‖Au‖ + ‖Ku‖ holds with a certain compact operator K and a constant C > 0 ([9], Chapter I, Lemma 2.1). This estimate gives ‖AQ_ru‖ ≥ C‖Q_ru‖ − ‖KQ_ru‖. Since Q_r converges^∗-strongly to 0 as r → ∞, we have ‖KQ_{r0} u‖ ≤^C_2 ‖Q_{r0} u‖ for a certain r_0. Hence, ‖AQ_{r0} u‖ ≥^C_2 ‖Q_{r0} u‖. Now the assertion follows (a) as in the proof of the implication (b) ⇒ (c) of Theorem 5. Assertions (b) and (c) are direct consequences of (a).

3.3 Convolution operators on discrete subgroups of the homogeneous group

Let l^2(Y) be the space of all complex valued functions u on the discrete group Y for which

‖u‖^2_l2_{(Y)} := ∑ x∈Y |u(x)|^2 < ∞, and write l^∞(Y) for the space of all bounded complex valued functions on Y, provided with the norm

‖a‖_l∞_{(Y)} := sup_{x∈Y} |a(x)|.

By aI we will denote the operator of multiplication by a ∈ l^∞(Y) thought of as acting on l^2(Y). Further, given g ∈ Y, we let U_{g,l} and U_{g,r} stand for the unitary operators of left and right shift acting at u ∈ l^2(Y) by (U_{g,l}u)(x) := u(g · x) and (U_{g,r}u)(x) := u(x · g), x ∈ Y. Finally, for every function ψ on X, we denote its restriction onto Y by ψ̂. Definition 13 Let B(l^∞(Y), {U_{g,r}}_{g∈Y}) denote the closure in L(l^2(Y)) of the set of all operators of the form A_Γ := ∑ g∈Γ a_gU_{g,r} with a_g ∈ l^∞(Y) (13)

where Γ is a finite subset of Y.

It turns out that B(l^∞(Y), {U_{g,r}}_{g∈Y}) is even a C^∗-subalgebra of L(l^2(Y)). Proposition 14 Let A ∈ B(l^∞(Y), {U_{g,r}}_{g∈Y}) and φ ∈ BUC(X). Then lim_{δ→0} ‖[φ̂_{δ,g}, A]‖_{L(l}2_{(Y))} = 0 (14) uniformly with respect to g ∈ Y, where φ_δ(x) := φ(D_δx) and φ_{δ,g}(x) := φ_δ(g · x). Proof. A simple calculation shows that ‖[φ̂_{δ,g}, U_{z,r}]‖ = ‖U^{−1}_{z,r} [φ̂_{δ,g}, U_{z,r}]‖ ≤ sup_{y∈Y} |φ̂_{δ,(z}−1_{·g)}(y) − φ̂_{δ,g}(y)| = sup_{y∈Y} |φ̂(D_δ(z^{−1}) · D_δ(g · y)) − φ̂(D_δ(g · y))|.

Since φ is in BUC, for each ε > 0 there is a δ_0 = δ_0(ε, z) such that, for all δ < δ_0, sup_{y∈Y} |φ̂(D_δ(z^{−1}) · D_δ(g · y)) − φ̂(D_δ(g · y))| < ε. This verifies condition (14) for the shift operator. But then this condition holds for all operators of the form (13), and passage to the closure yields the proof of the proposition in the general case.

To apply the abstract scheme proposed in Section 2, we will use the sequence of unitary operators {U_{g,l}}_{g∈Y}. Further we let δ_k → 0 and define for k ∈ N and g ∈ Y P_k := φ̂_{δk} I, P_{k,g} := U_{g,l}P_kU^{−1}_{g,l} = φ̂_{δk,g}I, P̂_k := χ̂_M ′_{,k}I. Finally, let (Q_r) be the sequence of the operators of multiplication by the functions χ̂_r where χ_r is the characteristic function of {x ∈ Y : ρ(x, 0) > r}.

Let A_Γ be an operator of the form (13) and h = (h_k) be a sequence in Y tending to infinity. Then, for all x ∈ Y, ( U^{−1}_{hk,l} A_ΓU_{hk,l} u ) (x) = ∑ g∈Γ a_g(h^{−1}_k · x)(U_{g,r}u)(x). As follows from the Bolzano-Weierstrass theorem and the Cantor diagonalization procedure, there exists a subsequence h̃ = (h_{km} ) of h such that the pointwise limit

a_g(h_{km} · x) → (a_g)~_h(x)

exists for each g ∈ Γ. This implies that, with (A_Γ)~_h := ∑ g∈Γ(a_g)~_hU_{g,r}, lim_{m→∞} ‖(U^{−1}_{hkm,l} A_ΓU_{hkm,l} − (A_Γ)~_h)P̂_r‖ = 0 for all r and lim_{m→∞} ‖P̂^∗_r (U^{−1}_{hkm,l} A_ΓU_{hkm,l} − (A_Γ)~_h)‖ = 0 for all r.

Thus, A_Γ belongs to A_0(l^2(Y)). Taking into account Proposition 3 (5), one conludes from this result that even

B(l^∞(Y), {U_{g,r}}_{g∈Y}) ⊆ A_0(l^2(Y)).

The conditions (2), (3) are evidently satisfied in the present setting. So we obtain as a corollary of Theorem 5 the following.

Theorem 15 Let A ∈ B(l^∞(Y), {U_{g,r}}_{g∈Y}). Then the following assertions are equivalent:

(a) lim inf_{r→∞} ν(A|_{Qr(l}2_{(Y))}) > 0. (b) inf{ν(A_β ) : A_β ∈ lim_∞(A)} > 0.

The operators I −Q_r are compact. So Theorem 15 has the following corollary. Corollary 16 Let A ∈ B(l^∞(Y), {U_{g,r}}_{g∈Y}). Then (a) A is a Φ_+-operator if and only if inf{ν(A_β) : A_β ∈ lim_∞(A)} > 0. (b) A is a Φ_−-operator if and only if inf{ν(A^∗_β ) : A_β ∈ lim_∞(A)} > 0. (c) A is a Fredholm operator if and only if all limit operators A_β ∈ lim_∞(A) are uniformly invertible.

4 Pseudodifferential operators

We say that a function a on R^n × R^n × R^n belongs to the class S^0_{0,0,0} if |∂^β_x ∂^γ_y ∂^α_ξ a(x, y, ξ)| ≤ C_{αβγ} for all multiindices α, β, γ ∈ N^n . The operator A = Op(a) is called a pseudodifferential operator in the class OP S^0_{0,0,0} with double symbol a if a ∈ S^0_{0,0,0} and (Au)(x) = (Op(a)u)(x) = ∫ R^n ∫ R^n a(x, y, ξ)e^{i(x−y,ξ)}u(y)dy dξ for all u ∈ C^∞_0 (R^n ). The well-known Calderon-Vaillancourt theorem ([20]) states that operators in OP S^0_{0,0,0} are bounded on L^2(R^n ) and that ‖Au‖ ≤ C ∑ |α|+|β|+|γ|≤m sup (x,y,ξ)∈R^{3n} |∂^β_x ∂^γ_y ∂^α_ξ a(x, y, ξ)|. (15)

Proposition 17 Let A ∈ OP S^0_{0,0,0} and φ ∈ C^∞_0 (R^n × R^n ). For r > 0 and h = (p, q) ∈ R^n × R^n , set φ_r(x, ξ) := φ(x/r, ξ/r) and φ_{r,h}(x, ξ) := φ_r(x − p, ξ − q). Then lim_{r→∞} ‖[A, Op(φ_{r,h})]‖ = 0 (16) uniformly with respect to h ∈ R^n × R^n .

The proof follows easily from the composition rule for pseudo-differential operators and from estimate (15).

Let f ∈ C^∞_0 (R^n ) be a function which is 1 on the cube Q := {x ∈ R^n : |x_i| ≤

1 for}; i = 1, . . . , n} and 0 outside 2Q and which takes values in [0, 1] only. For k ∈ N, define f_k(x) := f(x/k), and set for every α ∈ Z^n

φ^2_{α,k}(x) := f_k(x − α) ∑ β∈Z^n fk(x − β) . It is evident that ∑ α∈Z^n φ^2_{α,k}(x) = 1 and 0 ≤ φ_{α,k}(x) ≤ 1 for all x ∈ R^n .

We will apply the abstract scheme with the unitary operators U_α, α ∈ Z^n, acting by (U_αu)(x) = u(x − α), and with the operators P_k := Op(φ_{0,k}(x)). (A more correct but also more cumbersome notation would be P_k := Op(a) with a(x, y, ξ) = φ_{0,k}(x).) As before, we also set P_{k,α} := U_αP_kU^{−1}_α . It is evident that the sequence (P_k) is bounded.

Further, let ϕ ∈ C^∞_0 (R^n ) be a function with ϕ(x) = 1 if |x| ≤ 2 and ϕ(x) = 0 if |x| ≥ 3 and such that 0 ≤ ϕ(x) ≤ 1. For k ∈ N, set ϕ_k(x) := ϕ(x/k) and P̂_k := Op(ϕ_k(ξ))Op(ϕ_k(x)). Finally, let χ ∈ C^∞(R^n ) be such that χ(x) = 1 if |x| ≥ 2 and χ(x) = 0 if |x| ≤ 1, let (Q_r)_{r∈N} be the sequence of the operators of multiplication by the functions x → χ(x/r) and denote by B the set of all sequences in Z^n tending to infinity. It is evident that the conditions of the axiomatic approach are satisfied.

We claim that OP S^0_{0,0,0} ⊂ A_0(L^2(R^n )). Let α = (α_m) ∈ B. Then, clearly, U^{−1}_{αm} Op(a)U_{αm} = Op(b_m) with b_m(x, y, ξ) := a(x + α_m, y + α_m, ξ). The sequence (b_m) is bounded in C^∞(R^{3n} ). As follows from the Arzelà–Ascoli theorem, there is a subsequence (b_{mk} ) of (b_m) which converges in the topology of C^∞(R^{3n} ) to a function a_{α̃}. It is easy to check that a_{α̃} ∈ S^0_{0,0,0} and that lim_{k→∞} ‖(U^{−1}_{αmk} Op(a)U_{αmk} − Op(a_{α̃}))P̂_r‖ = 0,

lim_{k→∞} ‖P̂^∗_r (U^{−1}_{αmk} Op(a)U_{αmk} − Op(a_{α̃}))‖ = 0 for every r. This proves our claim. Thus, Theorem 5 implies:

Theorem 18 Let A ∈ OP S^0_{0,0,0}. Then lim inf r→∞ ν(A|_{Qr(L}2_{(R}n_{))}) > 0 (17) if and only if inf{ν(A_α) : A_α ∈ lim_B (A)} > 0. (18) Let ψ ∈ C^∞_b (R^n ), the space of all smooth functions which are bounded together with all their derivatives, and set ψ_r(x) := ψ(x/r) for r > 0. We denote by B(L^2(R^n )) the subset of L(L^2(R^n )) consisting of all operators A such that lim_{r→∞} ‖[A, ψ_rI]‖ = 0 for all ψ ∈ C^∞_0 (R^n ).

It is easy to see that B(L^2(R^n )) is a C^∗-subalgebra of L(L^2(R^n )) and that OP S^0_{0,0,0} ⊆ B(L^2(R^n )).

Let ρ ∈ C^∞_0 (R^n ) be a function with ρ(x) = 1 if |x| ≥ 2 and ρ(x) = 0 if |x| ≤ 1 and set ρ_r(x) := ρ(x/r) for r > 0. Let further J stand the set of all operators T ∈ B(L^2(R^n )) with lim_{r→∞} ‖ρ_rT ‖ = lim_{r→∞} ‖T ρ_rI‖ = 0 which is in fact a closed ideal of B(L^2(R^n )).

Proposition 19 The condition (17) is satisfied if and only if there exist operators L ∈ B(L^2(R^n )) and T ∈ J such that LA = I + T . Proof. Let (17) be satisfied. Then there exist δ > 0 and r_0 > 0 such that ⟨χ_{r0} A^∗Aχ_{r0} u, χ_{r0} u⟩ ≥ δ‖χ_{r0} u‖^2 where χ_{r0} is the characteristic function of the set {x ∈ R^n : |x| > r_0}. This inequality implies the existence of an operator L ∈ B(L^2(R^n )) such that LAχ_{r0} I = χ_{r0} I, which can be rewritten as LA = I − LA(I − χ_{r0} I) + (I − χ_{r0} I). Since I − χ_{r0} I ∈ J , we obtain T := −LA(I − χ_{r0} I) + (I − χ_{r0} I) ∈ J which is the assertion. Conversely, let LA = I + T with L ∈ B(L^2(R^n )) and T ∈ J . Then LAρ_rI = ρ_rI + T ρ_rI. Choose r such that ‖T ρ_rI‖ < 1, and let r_0 be such that χ_{r0} ρ_r = χ_{r0} . Then LAχ_{r0} I = (I + T ρ_rI)χ_{r0} and, thus, (I + T ρ_rI)^{−1}LAχ_{r0} I = χ_{r0} I. This identity implies estimate (17).

We would like to conclude this paper with a ‘dual’ application of the abstract scheme and its consequences. In this case, the unitary operators are given by (U_αu)(x) := e^{i⟨α,x⟩}u(x), and we further choose P_k := Op(φ_{0,k}(ξ)), P̂_k := Op(ϕ_k(x))Op(ϕ_k(ξ)), Q_r := Op(χ(ξ/r)). Again, B denotes the set of all sequences in Z^n which tend to infinity.

One can check in the same way as before that all axioms of our approach are satisfied. Thus, as a corollary of Theorem 5, we get Theorem 20 Let A ∈ OP S^0_{0,0,0}. Then lim inf r→∞ ν(A|_{Qr(L}2_{(R}n_{))}) > 0 (19) if and only if inf{ν(A_β) : A_β ∈ lim_B (A)} > 0. (20) Denote by B^′(L^2(R^n )) the subset of L(L^2(R^n )) of all operators A satisfying lim_{r→∞} ‖[A, Op(ψ_r(ξ))]‖ = 0 for every ψ ∈ C^∞_0 (R^n ).

B^′(L^2(R^n )) is a C^∗-subalgebra of L(L^2(R^n )), and OP S^0_{0,0,0} ⊆ B^′(L^2(R^n )). Further, the set J^′ of all operators A ∈ B^′(L^2(R^n )) with lim_{r→∞} ‖Op(ϕ_r(ξ))A‖ = lim_{r→∞} ‖AOp(ϕ_r(ξ))‖ = 0 is a closed ideal of B^′(L^2(R^n )).

Proposition 21 The condition (19) holds if and only if there exist operators L^′ ∈ B^′(L^2(R^n )) and T^′ ∈ J^′ such that L^′A = I + T^′.

The proof is similar to the proof of Proposition 19.

The preceding two theorems have remarkable consequences for the semi- Fredholmness and Fredholmness of operators in OP S^0_{0,0,0}.

Theorem 22 Let A ∈ OP S^0_{0,0,0}. Then A is a Φ_+-operator if and only if

inf{ν(A_β) : A_β ∈ lim_B (A)} > 0 and inf{ν(A_β) : A_β ∈ lim_B (A)^′} > 0 (21)

where lim_B(A) is a set of all limit operators of A which are defined by means of the unitary operators (U_αu)(x) = u(x − α), whereas lim_B(A)^′ refers to the collection of all limit operators of A taken with respect to the unitaries (U_αu)(x) := e^{i⟨α,x⟩}u(x). Proof. Let the condition (21) be satisfied. Then there are operators L ∈ B(L^2(R^n )) and L^′ ∈ B^′(L^2(R^n )) as well as operators T ∈ J and T^′ ∈ J^′ such that

LA = I + T and L^′A = I + T^′.

With the operator B := LAL^′ − L − L^′ one finds BA − I = T T^′. We claim that the operator T T^′ is compact. Indeed, let ϕ_r be defined as earlier. Then lim_{r→∞} ‖T T^′ Op(ϕ_r(x))‖ = lim_{r→∞} ‖T T^′ Op(ϕ_r(ξ))‖ = 0. Hence, the operator T T^′ can be approximated in the norm by the compact operators T T^′(I − Op(ϕ_r(x)))(I − Op(ϕ_r(ξ))) as closely as desired which proves our claim. So, BA − I is a compact operator, whence its Φ_+-property.

Conversely, let A be a Φ_+-operator. Then the a priory estimate δ‖u‖ ≤ ‖Au‖ + ‖Ku‖, u ∈ L(L^2(R^n )) (22) holds with a positive constant δ and a compact operator K. If (U_γ )_{γ∈Z}n is one of the sequences of unitary operators considered in the theorem, then it follows from (22) δ‖u‖ ≤ ‖U^{−1}_γ AU_γ u‖ + ‖U^{−1}_γ KU_γ u‖. (23) Since the U_γ converge weakly to zero as γ → ∞, the operators U^{−1}_γ KU_γ converge strongly to 0. Thus, letting γ go to infinity in (23) yields condition (21).

Our final result is a corollary to Theorem 22.

Theorem 23 Let A ∈ OP S^0_{0,0,0}. Then (a) A is a Φ_−-operator if and only if

inf{ν(A^∗_β ) : A_β ∈ lim_B (A)} > 0 and inf{ν(A^∗_β) : A_β ∈ lim_B (A)^′} > 0.

(b) A is a Fredholm operator if and only if all operators in lim_B(A)∪lim_B(A)^′ are uniformly invertible, i.e. if

sup{‖A^{−1}_β : A_β ∈ lim_B (A) ∪ lim_B (A)^′} < ∞.

The preceding two theorems remain valid without change for operators A in the closure of OP S^0_{0,0,0} in L(L^2(R^n )), which is a C^∗-subalgebra of L(L^2(R^n )).

References

[1] A. Böttcher, Yu. Karlovich, V. Rabinovich, The method of limit operators for one-dimensional singular integral operators with slowly oscillating data. – J. Oper. Theory, 43(2000), 171-198.

[2] J. Favard, Sur les equations differentiales a coefficients presque periodicues. – Acta Math. 51(1927), 31 – 81.

[3] I. Gohberg, N. Krupnik, One-dimensional Linear Singular Integral Operators. – Birkhäuser Verlag, Basel, Boston, Stuttgart 1992.

[4] V. V. Kisil’, The spectrum of the algebra generated by two-sided convolutions on the Heisenberg group and by operators of multiplications by continuous functions. – Russ. Acad. Sci. Dokl. Math. 50(1995), 1, 93 – 96.

[5] V. V. Kisil’, On an algebra of pseudo-differential operators which is generated by convolutions on the Heisenberg group. – Sib. Mat. Zh. 34(1993), 6, 1066 – 1075 (Russian).

[6] B. V. Lange, V. S. Rabinovich, On the Noether property of multidimensional discrete convolution operators. – Mat. Zametki 37(1985), 3, 407 – 421 (Russian).

[7] B. V. Lange, V. S. Rabinovich, On the Noether property of multidimensional operators of convolution type with a measurable bounded coefficients. – Izv. Vyssh. Uchebn. Zaved., Mat. 6(1985), 22 – 30 (Russian).

[8] B. V. Lange, V. S. Rabinovich, Pseudo-differential operators on R^n and limit operators. – Mat. Sbornik 129(1986), 2, 175 – 185 (Russian, Engl. transl.: Math. USSR Sbornik, 577(1987), 1, 183 – 194).

[9] S. G. Mikhlin, S. Prössdorf, Singular Integral Operators. – Springer-Verlag, Heidelberg 1986.

[10] E. M. Muhamadiev, On the invertibility of differential operators in partial derivatives of elliptic type. – Dokl. Akad. Nauk SSSR 205(1972), 6, 1292 – 1295 (Russian).

[11] E. M. Muhamadiev, On the normal solvability and the Noether property of elliptic operators on R^n . – Zap. Nauchn. Sem. LOMI 110(1981), 120 – 140 (Russian).

[12] A. Nagel, E. M. Stein, Lectures on Pseudo-Differential Operators: Regularity Theorems and Applications to Non-Elliptic Problems. – Math. Notes, Princeton Univ. Press, 1979.

[13] V. S. Rabinovich, Fredholmness of pseudo-differential operators on R^n in the scale of L_{p,q}-spaces. – Sib. Mat. Zh. 29(1988), 4, 635 – 646 (Russian, Engl. transl. Sib. Math. J. 29(1988), 4, 635-646).

[14] V. S. Rabinovich, Criterion for local invertibility of pseudo-differential operators with operator symbols and some applications. – In: Proceedings of the St. Petersburg Mathematical Society, vol. V, AMS Transl. Series 2, 193(1998), 239 – 260.

[15] V. S. Rabinovich, S. Roch, B. Silbermann, Fredholm theory and finite section method for band-dominated operators. – Integral Equations Oper. Theory 30(1998), 452 – 495.

[16] I. B. Simonenko, A new general method of investigating linear operator equations of the singular integral equations type, I. – Izv. Akad. nauk SSSR, Ser. Mat., 3(1965), 567 – 586 (Russian).

[17] E. M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals. – Princeton Univ. Press, Princeton, New Jersey, 1993.

[18] B. Ya. Steinberg, On convolution operators on locally compact groups. – Funkts. Anal. Prilozh. 15(1981), 95 – 96 (Russian).

[19] B. Ya. Steinberg, Boundedness and compactness of convolution operators on locally compact groups. – Mat. Zametki 38(1985), 2, 278 - 292 (Russian).

[20] M. E. Taylor, Pseudodifferential Operators. – Princeton Univ. Press, Princeton, New Jersey, 1981.

[21] M. E. Taylor, Noncommutative Microlocal Analysis, I. – Memoirs AMS 313(1984).

[22] M. E. Taylor, Noncommutative Harmonic Analysis. – Math. Surveys and Monographs 22, AMS 1986.

[23] N. L. Vasilevski, R. Trujillo, Group convolution operators on standard CR-manifolds, I. Structural properties. – Integral Equations Oper. Theory 19(1994), 66 – 104.

[24] N. L. Vasilevski, Convolution operators on standard CR-manifolds, II. Algebras of convolution operators on the Heisenberg group. – Integral Equations Oper. Theory 19(1994), 327 – 358.

Authors’ addresses:

V. S. Rabinovich, Instituto Politechnico National, ESIME-Zacatenco, Ed. 1, 2-do piso, Av. IPN, Mexico, D.F., 07738 email: rabinov@maya.esimez.ipn.mx

S. Roch, Fachbereich Mathematik, Technische Universität Darmstadt, Schloßgartenstraße 7, 64289 Darmstadt, Germany email: roch@mathematik.tu-darmstadt.de