NUMERICAL METHODS FOR RADIATIVE HEAT TRANSFER IN DIFFUSIVE REGIMES AND APPLICATIONS TO GLASS MANUFACTURING^∗

AXEL KLAR^† AND GUIDO THOEMMES^‡

Abstract. In this paper, different approaches for the numerical solution of radiative heat transfer problems in diffusive regimes are considered. We discuss asymptotic preserving schemes, domain decomposition methods and the development of improved diffusion approximations. Problems related to glass manufacturing processes are numerically investigated.

Key words. Radiative heat transfer, glass manufacturing, diffusion approximations

AMS(MOS) subject classifications.

1. Introduction. Simulation of heat transfer in semitransparent materials such as glass are usually done on the basis of the radiative transfer equations or, using a diffusion approximation, on the basis of a nonlinear diffusion equation. We refer to [15], [18], [19], [22], [24], [25] for a detailed description of the equations and further references.

The diffusion approximation of radiative transfer models is obtained by an asymptotic analysis using the diffusion scaling and letting the scaled mean free path tend to zero. If standard numerical methods are used to solve the radiative transfer equations in regimes with small mean free path, usually, a very fine and expensive discretization depending on the mean free path is required due to the stiffness of the equations near the diffusion limit. This makes these schemes extremely time consuming. To deal with this problem different approaches have been used. Examples will be surveyed in the following:

The first approach is to develop numerical schemes for the transport equation working uniformly for different regimes. In particular, it should be possible to chose the discretization size independent of the mean free path. In recent years there has been a lot of work on numerical methods for transport equations working uniformly for a large range of parameters,see [4, 14, 13, 17, 2, 6, 5, 21, 20, 7, 8]. These schemes are usually based an semiimplicit time discretizations. In section 3 such a scheme will be presented for the radiative transfer equations, see [10].

The second approach is based on the following observation: In many applications it is not necessary to model the whole computational region

∗This work was supported by DFG grant KL 1105/7.

†Department of Mathematics, Technical University of Darmstadt, 64289 Darmstadt, Germany.

‡Department of Mathematics, Technical University of Darmstadt, 64289 Darmstadt, Germany. 1

2 A. KLAR, G. THOEMMES

by the computationally expensive radiative transfer equation. Only in particularly sensitive regions, where the solution is far from equilibrium, as for example in boundary layers, these equations have to be employed. In the remaining regions of the domain the diffusion approximation is valid, and will lead to sufficiently accurate results. Domain decomposition methods are thus a natural design tool in this case leading to accurate numerical codes with reasonable computation times. One major problem is to obtain the correct coupling conditions at the interface between the two regions, see [10]. This is discussed in section 4.

The third approach is to use improved diffusion approximations. As mentioned above diffusion theory is not capable of describing boundary layers, and the question arises whether some more sophisticated diffusion type approximations can suitably model the boundary layer effects. Such higher–order asymptotic corrections to diffusion theory exist: they are the so–called simplified P_N (SP_N ) theories, see [23, 1]. These SP_N theories are, in fact, diffusion in nature. That is, they employ diffusion equations, or coupled systems of diffusion equations. They contain boundary layer effects and can be remarkably accurate – much more accurate than standard diffusion theory. In practice, one views these equations as an extended form of diffusion theory. No separate boundary–layer treatment is necessary because the boundary layers are included in the SP_N equations. For other approximate theories for the above equations and applications, see for example [3, 16]. In these papers approximations based on the Levermore moment expansion and improved diffusion equations are derived.

2. The equations. In a domain D ∈ R^3 we consider the radiative transfer equations including conductive heat transfer but without photon scattering. The space variable is dentoted by x ∈ D, the direction by the unit vector Ω ∈ S, S the unit sphere, ν ∈ R^+ denotes the frequency, t ∈ R^+ the time and M the number of spectral bands. For the absorption cross-section κ̃ = κ̃(ν) we assume κ̃(ν) = κ(k) = const, k = 1, · · · , M for ν ∈ [ν_k, ν_{k+1}), where κ(k) is the absorption cross-section for band k. This assumption is justified in many cases, for example, in the case of radiative heat transfer in glass. The interval [ν_1, ∞) is called the transparent region and [0, ν_1) the opaque region of the frequency. We denote by I = I(x, Ω, t, k) the radiative intensities at x in the direction Ω in band k and by T (x, t) the temperature. We consider the transport equation for the radiative intensity Ω · ∇_xI(x, Ω, t, k) = κ(k)[B(T (x, t), k) − I(x, Ω, t, k)], (2.1)

where the spectral black body intensity for the k-th band is defined by B(T (x, t), k) = ∫_{νk+1} ν_k B̃(T (x, t), ν))dν

HEAT TRANSFER IN GLASS MANUFACTURING 3

with the spectral black body intensity

B̃(T, ν) = 2h^pν^3 c^2 (e^{hpνk}B^T − 1)^{−1}, where h_p, c, k_B are Planck’s constant, the speed of light and the Boltzmann constant, respectively.

This equation is considered together with the temperature equation c_mρ_m∂_tT (x, t) = ∇_x · (k_h∇_xT (x, t)) (2.2) − ∑ k κ(k) ∫ S [B(T (x, t), k) − I(x, Ω, t, k)]dΩ. Here c_m, ρ_m, k_h are the specific heat, the density and the thermal conductivity, respectively. Initial conditions have to be imposed on the temperature: T (x, 0) = T_0(x), x ∈ D. (2.3)

Boundary conditions for I can be of absorbing, reflecting or mixed type. For example, for x̂ ∈ ∂D, whose inward–pointing normal is n, one can use the semi–transparent boundary condition I(x̂, Ω, t, k) = ρ(Ω)I(x̂, Ω^′, t, k) + [1 − ρ(Ω)]R(x̂, Ω, k), (2.4)

where Ω · n > 0. Here Ω^′ is the reflection of Ω in the tangent plane to ∂D:

Ω^′ = Ω − 2n(n · Ω),

and ρ is the reflectivity and R denotes the radiative intensity transmitted into the medium from the outside. The reflectivity ρ is given by the Fresnel and Snell law. This means for incident angle Θ_1 with cosΘ_1 = n · Ω we have ρ = 1 2 [ tan^2(Θ_1 − Θ_2) tan^2(Θ_1 + Θ_2) + sin^2(Θ_1 − Θ_2) sin^2(Θ_1 + Θ_2) ] with

n_2sinΘ_2 = n_1sinΘ_1,

if |sin(Θ_1)| ≤^{n2}_{n1} and ρ = 1 otherwise. Here n_1 is the refractive index for the material and n_2 the coefficient for the surroundings. We assume n_1 ≥ n_2.

Boundary conditions for the heat transfer equation (2.2) are needed as well. One can prescribe either the temperature or the heat flux at the boundary. The heat flux is given by the total (convective plus radiative)

4 A. KLAR, G. THOEMMES heat input at the boundary. For example, the following conditions can be imposed at x̂ ∈ ∂D, see [25]: k_hn · ∇_xT (x̂, t) = −q(T (x̂, t)) (2.5) with q given by q(T (x̂, t)) = h(T_{ext}(x̂, t) − T (x̂, t)) + απ ∫_{ν1} 0 [B̃(T_{ext}(x̂, t), ν) − B̃(T (x̂, t), ν)]dν, where T_{ext} is a fixed exterior temperature. The last equation models the heat transfer at the boundary resulting from a convective term due to the temperature difference at the boundary and a term due to the surface radiation of the body, h denoting the convective heat transfer coefficient and α the emissivity depending on the refractive indizes. The integration is only over the opaque frequencies, ν ∈ [0, ν_1).

To simplify the notation we restrict in the following to the case of only one frequency band κ̃ = κ for ν ∈ [ν_1, ∞). We use the notation < f >= ∫ S f(Ω)dΩ. We introduce the diffusion scaling, see [12, 15]. If l_{ref} , t_{ref} , κ_{ref} , k_{href} denote the reference scales for length, time, absorption and conduction, the quantity ϵ = 1 κ_{ref} l_{ref} is assumed to be small. Moreover we have the relations t_{ref} = c_mρ_mκ_{ref} l^2_{ref} k_{href} κ_{ref} = 1 This gives the nondimensionalized equations ϵΩ · ∇_xI = κ(B(T ) − I) (2.6) ϵ^2∂_tT = ϵ^2∇_x · (k_h∇_xT ) − κ < B(T ) − I > .

(2.7) We investigate equations (2.6), (2.7) as ϵ tends to 0 using an ansatz of the form I = I^0 + ϵI^1 + ϵ^2I^2 + . . . T = T^0 + ϵ^2T^2 + . . . .

Collecting terms of the same order in ϵ one obtains: I^0 = B(T^0) I^1 = − 1 κ Ω · ∇_xI^0

HEAT TRANSFER IN GLASS MANUFACTURING 5

and the limiting diffusion equation for T^0:

∂_tT^0 = ∇_x · [(k_h + k_r(T^0))∇_xT^0],

(2.8)

k_r(T ) = 4π 3 1 κ ∂B ∂T (T ). Boundary conditions for (2.8) are given by (2.5).

3. Asymptotic preserving schemes. For small values of ϵ, problem (2.6), (2.7) is stiff. In this section we are interested in developing a numerical scheme which is suitable for simulations of the equations in the small mean free path limit. The algorithm should work uniformly for all ϵ and tend to a suitable scheme for the diffusion equation as ϵ tends to 0. In particular, it should not be necessary to adapt the stepsize as ϵ → 0. These points are obviously not satisfied for a straightforward explicit discretization of the equations. However, they can be achieved by a semi–implicit discretization. For ϵ → 0 the discretization presented below tends to a standard linear implicit method for the nonlinear diffusion equation (2.8). To obtain a suitable discretization of (2.6), (2.7) we start by rewriting the problem.

The asymptotic procedure suggests writing the radiative intensity in the form I(x, Ω, t) = B(T (x, t)) + ϵÎ(x, Ω, t) + ϵ^2Z(x, t) , with ⟨Î⟩ = 0. This is a decomposition of I into its mean value ⟨I⟩ = 4πB(T )+ϵ^2Z with respect to Ω and the remainder ϵÎ. Instead of I, we use the new unknowns Î and Z. Equations (2.6) are now rewritten as a system for Î, Z and T determining an equation for the mean value of (2.6), and the deviation from the mean value: ∇_x · ⟨ΩÎ⟩ = −4πκZ , (3.1)

Ω · ∇_xB(T ) + ϵ∇_x · (ΩÎ − 1 4π ⟨ΩÎ⟩) + ϵ^2Ω · ∇_xZ = −κÎ , (3.2) ∂_tT = k_hΔ_xT + 4πκZ . (3.3)

The transformed system consists of the the kinetic equation (3.2) for Î, and the parabolic equation (3.3) for T . Therefore, boundary conditions for Î and T are needed. We refer to [10] for details.

In the following the problem in the form (3.1)–(3.3) will be discretized. First the time discretization is discussed. We introduce a time step τ > 0 and approximations of the solution at time t^n = nτ, denoted by the superscript n. We use a semi-implicit discretization of (3.1)–(3.3) where backward differences are used for the zeroth order terms (as ϵ → 0) and forward differences for higher order terms:

∇_x · ⟨ΩÎ^{n+1}⟩ = −4πZ^{n+1} ,

(3.4)

B^′(T^n)Ω · ∇_xT^{n+1} + ϵ∇_x · (ΩÎ^n − 1 4π ⟨ΩÎ^n⟩) (3.5)

6 A. KLAR, G. THOEMMES

+ϵ^2∇_x · (ΩZ^n) = −κÎ^{n+1} , 1 τ (T^{n+1} − T^n) = k_hΔ_xT^{n+1} + 4πκZ^{n+1} .

(3.6)

Note that linearization about the old time step has been used to make the problem at the new time step linear. From the equations (3.4), (3.5), Z^{n+1} and Î^{n+1} can be computed explicitly in terms of T^{n+1}. Using the expressions for Z^{n+1} and Î^{n+1} in (3.6) we obtain

κÎ^{n+1} = −B^′(T^n)Ω · ∇_xT^{n+1} + ϵG^n ,

(3.7)

with G^n = −∇_x · (ΩÎ^n − 1 4π ⟨ΩÎ^n⟩) − ϵ∇_x · (ΩZ^n) , κZ^{n+1} = ∇_x · ( 1 3κ B^′(T^n)∇_xT^{n+1} ) + ϵH^n , (3.8)

with H^n = − 1 4πκ ∇_x · ⟨ΩG^n⟩ , 1 τ (T^{n+1} − T^n) = ∇_x · [( k_h + 4π 3κ B^′(T^n) ) ∇_xT^{n+1} ] + ϵ4πH^n . (3.9)

Thus, an elliptic equation for T^{n+1} remains to be solved. For ϵ = 0, the last equation becomes a stable, linear-implicit discretization of the diffusion equation (2.8).

To state the spatial discretization we consider for simplicity a onedimensional problem x ∈ [0, 1] and denote the component of Ω in this direction by the one-dimensional variable μ, μ ∈ [−1, 1].

We discretize space using staggered grids with h = 1/imax: x_i = ih, i = 0, . . . , imax and x_{i−1/2} = (i − 1/2)h, i = 0, . . . , imax + 1.

The variables T , and Z are discretized at the full grid points x_i, and Î is discretized at the points x_{i−1/2}. The approximations at time t^n are denoted by T^n_i , Z^n_i , and Î^n_{i−1/2}. Defining

(B^′)^n_i = B^′(T^n_i ) , (B^′)^n_{i−1/2} = 1 2 ( B^′(T^n_i ) + B^′(T^n_{i−1}) ) , the one-dimensional, space-discretized version of (3.7)–(3.9) reads

κÎ^{n+1}_{i−1/2} = −(B^′)^n_{i−1/2}μ

T^{n+1}_i − T^{n+1}_{i−1} h + ϵG^n_{i−1/2} , (3.10)

with G^n_{i−1/2} = − μ h (Î^n_i − Î^n_{i−1})

(3.11) + 1 4π ⟨ μ h (Î^n_i − Î^n_{i−1}) ⟩ − ϵμ h (Z^n_i − Z^n_{i−1})

HEAT TRANSFER IN GLASS MANUFACTURING 7 κZ^{n+1}_i = ϵH^n_i (3.12) + 1 3hκ ( (B^′)^n_{i+1/2}

T^{n+1}_{i+1} − T^{n+1}_i h − (B^′)^n_{i−1/2} T^{n+1}_i − T^{n+1}_{i−1} h )

with

H^n_i = − 1 4πκ ⟨ μ h (G^n_{i+1/2} − G^n_{i−1/2}) ⟩ , (3.13)

1 τ (T^{n+1}_i − T^n_i ) = 1 h [( k_h + 4π 3κ (B^′)^n_{i+1/2} ) T^{n+1}_{i+1} − T^{n+1}_i h (3.14)

− ( k_h + 4π 3κ (B^′)^n_{i−1/2} ) T^{n+1}_i − T^{n+1}_{i−1} h ] + ϵ4πH^n_i The free streaming operator in (3.11) is discretized by an upwinding procedure:

Î^n_i = { Î n_{i−1/2} , for μ > 0 , Î n_{i+1/2} , for μ < 0 .

For ϵ = 0, (3.14) becomes a standard linear-implicit discretization of (2.8).

For the discretization of the boundary conditions we refer to [10]. The following algorithm needs to be carried out for each time step: Step 1: Compute G^n_{i−1/2}, i = 1, . . . ,imax, from (3.11). Step 2: Compute H^n_i , i = 1, . . . ,imax−1, from (3.13).

Step 3: Compute T^{n+1}_i , i = 0, . . . ,imax, from (3.14) subject to boundary conditions.

Step 4: Compute Z^{n+1}_i , i = 1, . . . ,imax−1, from (3.12). Step 5: Compute Î^{n+1}_{i−1/2}, i = 1, . . . ,imax, from (3.10) subject to boundary conditions.

Note that only Step 3 is implicit. A tridiagonal system resulting from the implicit discretization of a parabolic equation needs to be solved there. finally, we mention that for the velocity discretization standard methods are used.

4. Domain decomposition methods. By solving radiative transfer and diffusion equations simultanously in different domains, a good approximation of the full radiative transfer solution may be obtained. Moreover, the computational complexity is in general considerably below the one needed for the full radiative transfer solution, in particular, if the diffusion approximation is valid in the main part of the domain as it is the case in diffusive regimes. We assume that the computational domain is separated into a subdomain where the radiative transfer equation is solved and another subdomain where the diffusion approximation is used. That

8 A. KLAR, G. THOEMMES

means we consider the domain D divided into two non-overlapping subdomains D_A and D_B , D_A ∪ D_B = D with boundaries ∂D_A, ∂D_B and the interface F = ∂D_A ∩ ∂D_B .

The global radiative transfer solution is approximated by the solution of the following coupling problem: in D_A the radiative transfer equation (2.6) is solved and in D_B the diffusion equation (2.8). Providing these equations with coupling conditions at the interface F will lead to a properlystated problem. This is solved by an iterative procedure solving in turn the two equations, see [11]. In the following I_A, T_A and I_B , T_B denote the solution of (2.6) in D_A and D_B , respectively. T^0_B denotes the solution of the diffusion equation (2.8) in D_B .

These coupling conditions can be found by using an additional rescaling of the normal component of the space variable in an interface layer between the two domains. Equations for interface layer terms can be derived. Coupling conditions can be found using an appropriate matching of the radiative transfer domain, the layer and the diffusion domain, see [11]. Here we state suitable approximations of these conditions. They are based on equalizing fluxes and the fact that the intensity I_B in the diffusion domain can be approximated by

I_B (x, Ω) ∼ B(T^0_B (x)) − ϵ 1 κ Ω · ∇_xB(T^0_B (x)) + O(ϵ^2).

(4.1)

Assuming T_A in the radiative transfer domain to be known a straightforward coupling condition for T^0_B, the diffusion solution, would be T^0_B(x̂) = T_A(x̂), x̂ ∈ F . T^0_B is however only a first order approximation of T_B. A much better condition can be found by the analysis of the interface layer. An approximation is

T^0_B (x̂) − ϵα(x̂)n · ∇_xT^0_B (x̂) = T_A(x̂),

(4.2)

where n is the normal to the interface pointing into D_B and α is determined by < 1 κ ∫ μ>0 μ^2dΩ >=< ∫ μ>0 μα(x̂)dΩ > (4.3)

with μ = n · Ω. (4.3) is found by comparing the positive halffluxes of^μ_κ and α. The condition for the radiative transfer solution in D_A assuming T^0_B to be known are found using (4.1) as an approximation of the ingoing function. I.e.

I_A(x̂, Ω) = B(T^0_B (x̂)) − ϵ 1 κ Ω · ∇_xB(T^0_B (x̂)), μ < 0.

(4.4)

The condition for T_A is found by equalizing the total flux (radiative transfer and heat flux) in the direction of the normal to the interface, i.e. ϵ^2k_hn · ∇_xT (x) − ϵ < n · ΩI(x, Ω) > .

HEAT TRANSFER IN GLASS MANUFACTURING 9

We obtain the additional coupling condition by requiring the continuity of these fluxes at the interface, i.e. ϵk_hn · ∇_xT_A(x̂)− < n · ΩI_A(x̂, Ω) > (4.5) = ϵk_hn · ∇_xT_B(x̂)− < n · ΩI_B (x̂, Ω) > . Using (4.1) and approximating T_B by T^0_B one obtains ϵk_hn · ∇_xT_A(x̂)− < n · ΩI_A(x̂, Ω) > (4.6)

= ϵk_hn · ∇_xT^0_B(x̂) + ϵ < 1 κ n · ΩΩ · ∇_xB(T^0_B (x̂)) >

= ϵk_hn · ∇_xT^0_B(x̂) + ϵ 1 κ 4π 3 B^′(T^0_B (x̂))n · ∇_xT^0_B (x̂)

= ϵ[k_h + k_r(T^0_B (x̂))]n · ∇_xT^0_B (x̂).

Equation (4.6) gives a second straightforward coupling condition.

The coupled solution is now obtained by an iterative procedure solving in turn radiative transfer and diffusion equations. A numerical example using the above coupling conditions is found in the last section.

5. Approximate equations. In this section we derive improved diffusion approximations, the SP_N equations for radiative transfer see [9]. In order to formally “solve” equation (2.6), we write it in the form ( 1 + ε κ Ω · ∇ ) I = B(T ). and invert the operator on the left using Neumann’s series I = ( 1 + ε κ Ω · ∇ )_{−1} B (5.1) = [ 1 − ε κ Ω · ∇ + ε^2 κ^2

(Ω · ∇)^2 − ε^3 κ^3

(Ω · ∇)^3 + · · · ] B. Integrating with respect to Ω and using the result

< (Ω · ∇)^n >= [1 + (−1)^n] 2π n + 1 ∇^n, we get ϕ = < I > = 4π [ 1 + ε^2 3κ^2

∇^2 + ε^4 5κ^4

∇^4 + ε^6 7κ^6 ∇^6 · · · ] B + O(ε^8).

(5.2)

Hence 4πB = [ 1 + ε^2 3κ^2

∇^2 + ε^4 5κ^4

∇^4 + ε^6 5κ^6

∇^6 ]_{−1} ϕ + O(ε^8)

10 A. KLAR, G. THOEMMES

= { 1 − [ ε2 3κ^2

∇^2 + ε^4 5κ^4

∇^4 + ε^6 5κ^6

∇^6 ]

+ [ ε2 3κ^2

∇^2 + ε^4 5κ^4

∇^4 + ε^6 5κ^6

∇^6

]_2

− [ ε2 3κ^2

∇^2 + ε^4 5κ^4

∇^4 + ε^6 5κ^6

∇^6

]_3 · · · } ϕ + O(ε^8) = [ 1 − ε^2 3κ^2

∇^2 −

4ε^4 45κ^4

∇^4 −

44ε^6 945κ^6

∇^6 ] ϕ + O(ε^8), so 4πB = [ 1 − ε^2 3κ^2

∇^2 −

4ε^4 45κ^4

∇^4 −

44ε^6 945κ^6

∇^6 ] ϕ + O(ε^8).

(5.3)

If we discard terms of O(ε^4),O(ε^6) or O(ε^8) we obtain the P_1, SP_2 and SP_3 approximations, respectively. The above approximation (5.2) for ϕ is then used in the temperature equation (2.6). In the following we state the different approximate equations and suitable boundary conditions, see [9] for details. Let us define for m = 1, 3 integrals of the influx of radiation on the boundary, x̂ ∈ ∂D

I_m(x̂) = ∫ n·Ω>0 ( 1 − ρ(n · Ω) ) P_m(|n · Ω|)R(x̂, Ω) dΩ

where P_1 and P_3 are the Legendre polynomials of order 1 and 3, respectively: P_1(μ) = μ and P_3(μ) = (5μ^3 − 3μ)/2. Furthermore, it will be convenient for the statement of the boundary conditions below to have the following integrals with respect to the weight ρ at hand:

r_1 = 2π

∫_1 0 μρ(μ) dμ, r_2 = 2π

∫_1 0 μ^2ρ(μ) dμ, r_3 = 2π

∫_1 0 μ^2ρ(μ) dμ, r_4 = 2π

∫_1 0 μP_3(μ)ρ(μ) dμ, r_5 = 2π

∫_1 0 P_3(μ)ρ(μ) dμ, r_6 = 2π

∫_1 0 P_2(μ)P_3(μ)ρ(μ) dμ, r_7 = 2π

∫_1 0 P_3(μ)P_3(μ)ρ(μ) dμ,

The O(ϵ^2) or P_1 approximation is given by the approximate flux equation − ε^2 3κ^2 ∇^2ϕ + κϕ = κ(4πB) (5.4)

together with the energy equation ∂T ∂t = ∇ · (k_h∇T ) + ∇^2 ϕ 3κ (5.5)

and the flux boundary condition

(1 − 2r_1)ϕ(x̂) − (1 + 3r_2) 2ε 3κ n · ∇ϕ(x̂) = 4I_1(x̂).

(5.6)

HEAT TRANSFER IN GLASS MANUFACTURING 11

where n is the normal to the boundary pointing into the domain. The boundary condition for the temperature is in all cases given by (2.5). Condition (5.6) is found by equating half–fluxes and expanding the radiative intensity similar to (4.1) in section 4. Introducing the variable

ξ = ϕ + 4 5 (ϕ − 4πB), the SP_2 approximation is − 3ε^2 5κ ∇^2ξ + κξ = κ(4πB), (5.7)

and again ∂T ∂t = ∇ · (k_h∇T ) + ∇^2 ξ 3κ , (5.8)

with boundary condition

α_1ξ(x̂) − (1 + 3r_2) 2ε 3κ n · ∇ξ(x̂) = α_24πB(T_b(x̂)) + 4I_1(x̂),

(5.9)

where we use the short notation

α_1 = 5 9 ( 1 − 2r_1 + 1 2 (1 − 4 ( 3r_3 − r_1) ))

α_2 = 1 2 ( 1 − 4(3r_3 − r_1) ) − 4 5 α_1.

The SP_3 approximation is given by the following: Let

ψ_n = ϕ + γ_nϕ_2, n = 1, 2

(5.10)

where ϕ_2 is given by

ϕ_2 = (1 − 11 21 ϵ^2 κ^2

∇^2)^{−1}

2ϵ^2 15κ^2 ϕ and γ_n = 5 7 [ 1 + (−1)^{n 3} √ 6 5 ] . If we define constants

a_n = 1 30 ( 5 ∓ 3 √ 5 6 ) , n = 1, 2, and μ^2_n = 3 7 ± 2 7 √ 6 5 , n = 1, 2,

12 A. KLAR, G. THOEMMES

then the SP_3 approximation consists of the flux equations −ε^2∇ · 1 κ ∇μ^2_1ψ_1 + κψ_1 = κ(4πB),

(5.11) −ε^2∇ · 1 κ ∇μ^2ψ_2 + κψ_2 = κ(4πB),

(5.12)

together with the energy equation ∂T ∂t = ∇ · (k_h∇T ) + ∇^2 a_1ψ_1 + a_2ψ_2 κ . (5.13)

The SP_3 boundary conditions for ϕ and ϕ_2 are originally

(1 − 2r_1) 1 4 ϕ(x) + (1 − 8r_3) 5 16 ϕ_2(x) + (1 + 3r_2) ε 6κ n · ∇ϕ(x) − ( 1 + 3r_2 3 + 3r_4 2 ) 2ε 3κ n · ∇ϕ_2(x) = I_1(x),

−(1 + 8r_5) 1 16 ϕ(x) + (1 − 8r_6) 5 16 ϕ_2(x) + 3r_4 ε 6κ n · ∇ϕ(x) − ( r_4 + 3 14 (1 + 7r_7) ) ε κ n · ∇ϕ_2(x) = I_3(x).

or formally

A_1ϕ(x) + A_2ϕ_2(x) + A_3 ε κ n · ∇ϕ(x) + A_4 ε κ n · ∇ϕ_2(x) = I_1(x)

B_1ϕ(x) + B_2ϕ_2(x) + B_3 ε κ n · ∇ϕ(x) + B_4 ε κ n · ∇ϕ_2(x) = I_3(x).

We have to derive boundary conditions for ψ_1 and ψ_2. Using the formulae in (5.10), we can transform the boundary conditions for ϕ and ϕ_2 into boundary conditions for ψ_1 and ψ_2. Defining w_0 = 1/(γ_2 − γ_1) we have

ϕ = w_0γ_2ψ_1 − w_0γ_1ψ_2, ϕ_2 = −w_0ψ_1 + w_0ψ_2,

such that the boundary equations above become

(A_1γ_2w_0 − A_2w_0)ψ_1 + (−A_1γ_1w_0 + A_2w_0)ψ_2 +(A_3γ_2w_0 − A_4w_0) ε κ n · ∇ψ_1 + (−A_3γ_2w_0 + A_2w_0) ε κ n · ∇ψ_2 = I_1 (B_1γ_2w_0 − B_2w_0)ψ_1 + (−B_1γ_1w_0 + B_2w_0)ψ_2 +(B_3γ_2w_0 − B_4w_0) ε κ n · ∇ψ_1 + (−B_3γ_2w_0 + B_2w_0) ε κ n · ∇ψ_2 = I_3

or, again formally rewritten for writing convenience,

C_1ψ + C_2ψ_2 + C_3 ε κ n · ∇ψ + C_4 ε κ n · ∇ψ_2 = I_1

D_1ψ + D_2ψ_2 + D_3 ε κ n · ∇ψ + D_4 ε κ n · ∇ψ_2 = I_3.

HEAT TRANSFER IN GLASS MANUFACTURING 13

We eliminate the gradient term n · ∇ψ_2 in the first equation and n · ∇ψ_1 in the second in order to get boundary conditions for the ψ_1 and ψ_2 equations, respectively, such that ψ_1 and ψ_2 are only weekly coupled. We find

(C_1D_4 − D_1C_4)ψ_1 + (C_3D_4 − D_3C_4) ε κ n · ∇ψ_1 = −(C_2D_4 − D_2C_4)ψ_2 + (D_4 I_1 − C_4 I_3)

−(C_2D_3 − D_2C_3)ψ_2 + (C_3D_4 − D_3C_4) ε κ n · ∇ψ_2 = (C_2D_3 − D_2C_3)ψ_1 − (D_3 I_1 − C_3 I_3)

so, if we set D = C_3D_4 − D_3C_4 and define constants

α_1 = (C_1D_4 − D_1C_4)/D, β_1 = (C_2D_4 − D_2C_4)/D α_2 = −(C_2D_3 − D_2C_3)/D, β_2 = −(C_2D_3 − D_2C_3)/D,

then we end up with SP_3 boundary conditions for (5.11) and (5.12) in the following form:

α_1ψ_1(x) + ε κ ψ_1(x) = −β_2ψ_2(x) + (D_4 I_1(x) − C_4 I_3(x))/D,

(5.14)

α_2ψ_2(x) + ε κ ψ_2(x) = −β_1ψ_1(x) − (D_3 I_1(x) − C_3 I_3(x))/D.

(5.15)

6. Numerical Results. We investigated the approximation of the radiative transfer solution by the coupling approach from section 4 and the approximations using improved diffusion equations in section 5. In our first example we consider domain decomposition, see [11]. 3D–multiband equations were studied for a typical example in glass manufacturing. We simulated the annealing of a cylindrical glass slab with radius 1cm and height 2cm. The number of frequency bands was M = 18 and the absorption coefficients κ(k) ranged in magnitude from 1m^{−1} to 10^5m^{−1} for the different bands. We started with an initial temperature T_0 = 873K of the glass and used (2.5) as boundary condition for the heat transfer equation. We assumed room temperature T_{ext} = 293K in the exterior and the outside radiation is accordingly assumed to be a Planckian i.e. isotropic R(Ω, ν) = B(T_{ext}, ν). In our case, the refractive coefficients n_1 and n_2 were chosen for glass with surrounding air: we set n_1 = 1.46 and n_2 = 1. Therefore, the corresponding hemispheric emissivity was set α = 0.92. The edge of of the opaque part of the spectrum was located at the wavelength λ_1 = 7μm thus giving ν_1 = c/λ_1 = 4.28 · 10^{13}s^{−1}. Furthermore, we used the density ρ_m = 3000kg/m^3, the specific heat c_m = 1000J/kgK, the thermal heat conductivity k_h = 1.6W/mK and a vanishing convective heat transfer coefficient h = 0W/m^2K. Figure 1 shows a comparison of the domain decomposition approach, the global radiative transfer solution and the diffusion approximation for the above data. The temperature is plotted at a fixed time considering a horizontal section in the middle of the cylinder. The radiative transfer solution and the coupled solution show good agreement in contrast to the diffusion solution.

14 A. KLAR, G. THOEMMES

Fig. 1. Domain decomposition approach. The classical diffusion (Rosseland) approximation used in the interior domain while the radiative transfer equations solved in the boundary layer. Two decompositions with layers of size 0.1 and 0.3, respectively, were investigated.

The investigation of the diffusion approximations was done for the 1D model in so–called slab geometry. Temperature and radiation only depend on the x–coordinate in space but not on y and z and, moreover, the radiation is symmetric with respect to the x–axis. Simulations were done for the single band case as described above. Standard finite differences were applied to discretize the diffusion equations and uniform space and time grids were used. We chose a grid size 0.01 for the scaled interval [0, 1] and the time step 0.0001. The initial temperature is T_0 = 1000K while the exterior temperature is T_{ext} = 300K. We assume the scaled physical parameters in the equations to have the values κ = 1, k_h = 1 and h = 1. The rest of the parameters were the same as in the previous example. Different optical regimes were considered corresponding to different values of the parameter ϵ. Figures 2 and 3 show the three improved SP_N diffusion approximations explained in section 5 in comparison with the radiative transfer solution and the Rosseland approximation at time t = 0.01. As can be observed, the improved approximations, in particular the SP_3 approximation, give better results than the conventional diffusion approximation. Furthermore, owing to the asymptotic analysis leading to the classical diffusion approximation and the SP_N approximations, one expects that all of them become the more accurate the smaller ε is i.e. the more optically thick and diffusive the regime is. The results confirm this asymptotic behaviour which is particularly distinctive in the Rosseland approximation. We mention

HEAT TRANSFER IN GLASS MANUFACTURING 15

Fig. 2. The SP_N approximations for large parameter ε = 1.

Fig. 3. The SP_N approximations in the optically thick, diffusive regime corresponding to the small parameter ε = 0.01.

that the Levermore moment method [3] for radiative transfer mentioned in the introduction gives, in this simple case, the same result as the P_1 approximation. However, this behaviour can change drastically for more complicated problems with strong anisotropies, see [3].

16 A. KLAR, G. THOEMMES

REFERENCES

[1] P. Brantley and E. Larsen, The simplified P_3 approximation, preprint. [2] R. Caflisch, S. Jin, and G. Russo, Uniformly accurate schemes for hyperbolic systems with relaxation, SIAM J. Num. Anal., 34 (1997), pp. 246–281.

[3] B. Dubroca and J. Feugeas, Moment model hierachy for radiative transfer equationsm, preprint.

[4] S. Jin and D. Levermore, Fully-discrete numerical transfer in diffusive regimes, TTSP, 22 (1993), pp. 739–791.

[5] S. Jin, L. Pareschi, and G. Toscani, Diffusive relaxation schemes for discretevelocity kinetic equations, SIAM J. Num. Anal., 35 (1998), pp. 2405–2439.

[6] S. Jin and Z. Xin, The relaxation schemes for systems of conservation laws in arbitrary space dimensions, Comm. Pure Appl. Math., 48 (1995), pp. 235–276.

[7] A. Klar, An asymptotic-induced scheme for nonstationary transport equations in the diffusive limit, SIAM J. Num. Anal., 35 (1998), pp. 1073–1094.

[8] , A numerical method for kinetic semiconductor equations in the drift diffusion limit, SIAM J. Sci. Comp., 20 (1999), pp. 1696–1712.

[9] A. Klar, E. Larsen, and G. Thoemmes, Simplified p_n approximations to the equations of radiative transfer and applications to glass manufacturing, preprint, (2000).

[10] A. Klar and C. Schmeiser, Numerical passage from radiative heat transfer to nonlinear diffusion models, to appear in MMMAS, (2000).

[11] A. Klar and N. Siedow, Boundary layers and domain decomposition for radiative heat transfer and diffusion equations: Applications to glass manufacturing processes, Eur. J. Appl. Math., 9-4 (1998), pp. 351–372.

[12] E. Larsen and J. Keller, Asymptotic solution of neutron transport problems for small mean free path, J. Math. Phys., 15 (1974), p. 75.

[13] E. Larsen and J. Morel, Asymptotic solution of numerical transport problems in optically thick, diffusive regimes II, J. Comp. Phys., 83 (1989), pp. 212–236.

[14] E. Larsen, J. Morel, and W. Miller, Asymptotic solution of numerical transport problems in optically thick, diffusive regimes, J. Comp. Phys., 69 (1987), pp. 283–324.

[15] E. Larsen, G. Pomraning, and V. Badham, Asymptotic analysis of radiative transfer problems, J. Quant. Spectr. and Radiative Transfer, 29 (1983), pp. 285–310.

[16] F. Lentes and N. Siedow, Three-dimensional radiative heat transfer in glass cooling processes, Glastech. Ber. Glass Sci. Technol., 72 (1999), pp. i188–196.

[17] T. Manteuffel, S. McCormick, J. Morel, S. Oliveira, and G. Yang, A fast multigrid algorithm for isotropic transport problems I: Pure scattering, SIAM J. Sci. Comp., 16 (1995), pp. 601–635.

[18] M. Modest, Radiative Heat Transfer, McGraw-Hill, 1993. [19] G. Pomraning, Radiation hydrodynamics, Pergamon, NY, 1983. [20] C. Ringhofer, C. Schmeiser, and A. Zwirchmayr, Moment methods for the semiconductor Boltzmann equation on bounded position domains, preprint, TU Wien, (1997).

[21] C. Schmeiser and A. Zwirchmayr, Convergence of moment methods for the semiconductor Boltzmann equation, SIAM J. Num. Anal., to appear.

[22] A. Sparrow and R. Cess, Radiation heat transfer, McGraw-Hill, 1978. [23] D. Tomasevic and Larsen, Nucl. Sci. Eng., 122 (1996), p. 309. [24] R. Viskanta, Radiative heat transfer, Fortschritte der Verfahrenstechnik, 22 (1984), p. 51.

[25] R. Viskanta and E. Anderson, Heat transfer in semitransparent solids, Advances in Heat Transfer, 11 (1975), p. 318.