Evolving Microstructure and Homogenization

Hans-Dieter Alber^∗

Abstract

In this article we formulate a mathematical model for the temporally evolving microstructure generated by phase changes and study the homogenization of this model. The investigations are partially formal, since we do not prove existence or convergence of solutions of the microstructure model to solutions of the homogenized problem. To model the microstructure, the sharp interface approach is used. The evolution of the interface is governed by an everywhere defined distribution partial differential equation for the characteristic function of one of the phases. This avoids the disadvantage commonly associated with this approach of an evolution equation only defined on the interface. To derive the homogenized problem, a family of solutions of the microstructure problem depending on the fast variable is introduced. The homogenized problem obtained contains a history functional, which is defined by the solution of a initial-boundary value problem in the representative volume element. In the special case of a temporally fixed microstructure the homogenized problem is reduced to an evolution equation to a monotone operator.

1 Introduction

Alloys used in jet engines display a microstructure, whose configuration evolves in time under loading. This microstructure, which is formed by phase changes of the material, influences the creep behavior of the alloy. A mathematical model describing the stress and deformation behavior of the alloy must therefore also account for the evolving microstructure. Since in this microstructure the length scale of the phase changes is less than 0.5μm, effective numerical computations of the stress and strain fields in metallic components, whose dimensions lie in the range of centimeters or meters, can not be based on a

Department of Mathematics, Darmstadt University of Technology, Schlossgartenstraße 7, 64289 Darmstadt, Germany. alber@mathematik.tu-darmstadt.de Supported in part by the Sonderforschungsbereich 298 “Deformation und Versagen bei metallischen und granularen Strukturen” at the Darmstadt University of Technology

microscopic mathematical model which faithfully describes the evolving microstructure. A macroscopic model is needed for this purpose. An interesting idea to develop a macroscopic model is to formulate a microscopic model first and then to derive a macroscopic model from it by homogenization. In this article we want to contribute to the development of this idea. We derive and formulate a microscopic model, which is of the sharp interface type, and study the homogenization of the partial differential equations in this model. The homogenized problem obtained contains a history functional, which is defined via the solution of an initial-boundary value problem in the representative volume element. The derivation of the homogenized equations is partly formal, since neither do we prove existence or uniqueness of solutions for the microscopic model, nor do we prove convergence of solutions of the microscopic model to solutions of the homogenized equations, assuming that such solutions exist. Such investigations must be left to later work. However, as a special case the model we derive describes microstructures, which do not evolve, but are temporally fixed. In this simpler case we discuss the homogenized initial-boundary value problem more precisely and verify some results towards an existence proof for solutions of this initial-boundary value problem.

To understand the mathematical investigations in this paper it is helpful to know the mechanical background of the mathematical model. Therefore we sketch this mechanical background first. Detailed descriptions and experimental and theoretical investigations can be found in [29, 18, 54, 67].

Nickel based single crystal alloys display a microstructure after production. For simplicity, we discuss alloys which only consist of the two components aluminium and nickel. Embedded in a matrix phase γ are cubic precipitates γ^′. After complete aging the precipitates are distributed in the γ–matrix phase as a periodic array of cuboids of fairly uniform size. The length of the edges and the mutual distance of the precipitates is in the range of 0.2–0.5μm. The γ^′– phase is highly ordered: The large aluminium atoms are placed in the crystal lattice at the eight corners of a cube and the nickel atoms are placed at the center of the six sides of this cube. In the γ–matrix phase the aluminium and the nickel atoms are distributed randomly over the positions in the crystal lattice. There is a mismatch between the lattice parameters a_γ and a_γ′ of the crystal in the γ– and γ^′–phases. Typically the mismatch δ = a_γ′ − a_γ a_γ is of the order of |δ| ≤ 0.005. Nevertheless, this small mismatch introduces a significant internal stress in the crystal at the phase interfaces and is considered to be the reason for the evolution of the morphology of the precipitates, which happens at high temperatures under the application of external stress. Two different types of evolution have been observed: Either the cuboids coarsen preferentially along the direction of the applied stress and form plates which lie parallel to the stress direction; or the coarsening is normal to the applied stress and plates form with the faces normal to the stress direction. The difference in the coarsening directions is attributed to the different crystal structures of the alloys.

As an important aspect, a mathematical model for this type of problem must account for the phase changes. Two approaches are used to model temporally evolving phase changes mathematically; both are employed in the different mathematical models, which have been developed to model the microstructure and the stress-strain behavior of single crystal alloys: In the phase field approach the different phases are characterized by an order parameter, which varies rapidely but smoothly and is assumed to satisfy a diffusion equation. The two phases are separated by the transition region of the order parameter. In the sharp interface approach the different phases are assumed to be separated by sharp moving interfaces. The movement of the interfaces is determined by an equation for the normal speed of the interfaces. The basic principle used in all investigations and models to govern the movement of the interfaces or the evolution of the order parameter is the second law of thermodynamics, which requires that this movement or evolution tend to decrease the free energy.

Mathematical models for the evolving microstructure in single crystal alloys using the phase field approach are formulated in [18, 78]; the sharp interface approach is used in [33, 55, 64, 65, 67], for example. Of these references, only [18] contains a complete set of model equations; in the others the main interest is to compute the equilibrium states of the microstructure. They do not give such a complete set of equations, which is not needed for this purpose.

In continuum mechanics and in the material sciences the investigation of moving interfaces and phase changes is a very active field of research with a long history. From the large body of literature we only mention [1, 5, 21, 22, 34, 35, 36, 47, 49, 50, 56]. Together with more articles several of these are collected in the book [6]. For detailed studies we must refer the reader to the bibliography contained in these articles.

From the mathematical literature about moving interfaces, moving boundaries and phase transitions we can only mention here [4, 8, 9, 10, 11, 13, 14, 17, 20, 27, 30, 31, 40, 48, 57, 68, 72, 73, 74, 76]. Many of the mathematical investigations concern interface problems, where the free energy has a nonvanishing surface part. This leads to problems of mean curvature flow or a generalization of it. Together with the constitutive assumption that the free energy is only a function of space, time and normal velocity of the interface, the problem can be reduced to the solution of a scalar partial differential equation, which in most cases is parabolic. An extensive theory also exists for the phase field approach, where the coupled evolution of the order parameter and the temperature field is studied. We refer in particular to [4]. This approach leads to initial-boundary value problems for a parabolic system or for a parabolic system coupled with other equations. In the recent investigation [30], the phase field approach is used to study temporally evolving phase changes in an elastic medium. Local existence of solutions is proved and the sharp interface limit is studied in the stationary case.

Concerning homogenization, we mention the articles [19, 46, 51, 53, 59, 60, 61, 62, 66, 69, 70], where the engineering view is dominating. A theoretical view predominates in the books and articles [3, 7, 12, 15, 24, 25, 37, 38, 39, 41, 42, 43, 44, 45, 52, 58, 63, 71]. The first group of articles contains investigations of the homogenization of problems with evolving microstructure as well as with temporally fixed microstructure, and numerical algorithms to compute the overall response of solids with microstructure. [12] and [58] from the second group discuss homogenization of nonlinear monotone operators, which is of interest for the investigations in Section 4. There the homogenization of initial-boundary value problems for inelastic materials with temporally fixed microstructure is studied, which, after a suitable transformation, can often be written as an evolution equation to a monotone operator. This is shown in [2]. In [52] the homogenization of a rate independent model for phase transformations is investigated. The homogenization of complicated time dependent flow problems from chemistry and engineering is discussed in [38, 39, 42]. The mathematical models studied in these articles contain transmission conditions and partial differential equations defined on the boundary manifold. In [15, 24, 25, 37] the homogenization of Hamilton-Jacobi equations is discussed in the frame of the theory of viscosity solutions.

We finally summarize the content of this article: In Section 2 we formulate a model for the evolving microstructure in single crystal alloys, which is of the sharp interface type. The basic, standard assumptions we use to formulate it are the same as in the model of Socrate and Parks [67]. In this model, the free energy does not have a surface part, but the material is allowed to show inelastic stress-strain behavior. This stress-strain behavior may be different in the two different phases. It is modeled using internal variables.

To characterize the two phases we introduce an order parameter which only takes the values 0 and 1 and thus jumps at the face interface. Using an order parameter is not new in the sharp interface approach, since the level set method uses such a parameter, for example. However, the choice of a discontinuous order parameter is in contrast both to the phase field approach and to the level set method, where the order parameters are smooth.

We first use the second law of thermodynamics to derive dissipation inequalities, which must be satisfied by the normal velocity of the phase interfaces and by the time derivative of the internal variables. These dissipation inequalities restrict the constitutive relations for the normal velocity and for the internal variables. The derivation is standard, but we present it for completeness and for definitness. As usual, it follows that the driving traction for the phase interface is generated by a jump of the Eshelby tensor at the interface; this jump is caused by the misfit strain originating from the different values of the lattice parameters in the γ– and γ^′–phases. Since the free energy does not have a surface part, the mean curvature does not appear in the equations. We then formulate a constitutive equation for the normal velocity of the phase interfaces, which is in accordance with these restrictions. This equation can be considered to be an evolution equation for the phase interface. The mathematical model thus consists of an initial-boundary value problem to a system, which consists of partial differential equations for the strain and stress fields and of evolution equations for the internal variables and the phase interface. This model is derived in Sections 2.1 and 2.2.

Our new contributions to the modelling of moving phase interfaces are contained in Sections 2.3 to 2.5. A drawback of the sharp interface approach is that the equation for the normal speed of the interface is only defined on the interface, which causes difficulties in theoretical investigations and numerical computations. For example, the coalescence or the separation of precipitates will be difficult to model and to study. However, in a first step we show that the equation for the normal speed of the interface can be reformulated as an evolution equation for the discontinuous order parameter S taking the value 0 on the γ–phase and the value 1 on the γ^′–phase. The evolution equation holds in the distribution sense and is defined everywhere, not only on the interfaces. Since knowledge of the interfaces is not needed to formulate the equation, the above mentioned drawback of the second approach is removed. Still, this equation is complicated and will not be easy to use. In a second step we therefore show that if the solution of this equation is smooth, it can be reduced to the first order partial differential equation S_t(x, t) = −cρψ_S (ε, S, z) |∇_x S(x, t)| for S, a transport equation or Hamilton-Jacobi equation. Here ψ_S is the partial derivative of the free energy with respect to S, c is a constant and ρ, ε, z denote the density, the strain and the vector of internal variables. We surmise that the initial-boundary value problem with this equation as evolution equation for the order parameter has smooth solutions to smooth initial data, and that these smooth solutions can be used to approximate theoretically and numerically the discontinuous solutions to the original microstructure problem.

In Section 3 we formally derive the homogenized initial-boundary value problem associated to this microstructure model. The microstructure is introduced in the problem by assuming that the initial data for the order parameter are given by a function of the form

S^{(0)}(x, x η ), where y → S^{(0)}(x, y) is periodic and where η > 0 is a small parameter. x is called the slow variable, y the fast variable. This means that the initial data are approximately periodic in space and that the scale of the microstructure tends to zero for η → 0. To derive the homogenized equations, we assume that the microscopic initial-boundary value problem has solutions to these initial data with an order parameter of the form S_η(x, x η , t), where S_η(x, y, t) is periodic in the fast variable y and tends to S_0(x, y, t) for η → 0 in a suitable sense. Moreover, it is assumed that the other unknowns in the initial-boundary value problem have similar representations. By leting tend η → 0, an initial-boundary value problem is determined which must be solved by S_0 and by the limit functions of the other unknowns. This is the homogenized problem. The homogenized problem consists of a macroscopic initial-boundary value problem in the macroscopic (x, t)–variables for the macroscopic deformation u_0(x, t) and the macroscopic mean stress T_∞(x, t), with a history functional T_∞(x, t) = F_{s≤t}(∇_x u_0(x, s)), which for every x is computed via the solution of an initial-boundary value problem in the (y, t)–variables. y varies in the periodicity cell. This periodicity cell, or better, the initial-boundary value problem in the periodicity cell, is called representative volume element.

The evolution equation for the order parameter in the microscopic problem is a partial differential equation containing derivatives with respect to x and t. These derivatives are distribution derivatives. It turns out that in the initial-boundary value problem of the representative volume element the function (y, t) → S_0(x, y, t) must solve a partial differential equation containing distribution derivatives with respect to y and t. As usual in the theory of distributions, to define distribution derivatives with respect to y, an integration with respect to the y–variable must be present. To introduce this integration, we define in Section 3.1 the notion of a family of solutions of the microscopic initial-boundary value problem depending on the fast variable and generalize it in Section 3.4 to distribution solutions. For a precise discussion of the homogenized initial-boundary value problem we refer to the scholia after Definition 3.11 of this homogenized initial-boundary value problem in Section 3.4.

The reduction of the microscopic initial-boundary value problem to a homogenized problem with history functional defined via the solution of an initial-boundary value problem in the representative volume element is not completely satisfactory, since, as is discussed more precisely in the scholia after Definition 3.11, the determination of such a history functional still is of high computational complexity. Therefore this first homogenization should be followed in a second step by a homogenization of this representative volume element, which results in the elimination of the y–variable. Ideas have been developed for such a second homogenization, cf. [46, 52, 59, 60, 61, 62, 69, 70]. We can not discuss these ideas here, but have to refer to these articles and to the literature cited there.

In Section 4 we specialize the model to the simpler situation of a temporally fixed microstructure. In this simpler situation it is suggestive to interpret the homogenized initial-boundary value problem as a quasi-static problem with a constitutive equation, which is an ordinary differential equation in an infinite dimensional Banach space. We reduce the problem to an evolution equation and show that this is an evolution equation to a monotone operator, if the constitutive equation for the original microscopic problem is of monotone type. This is an important step towards an existence proof for solutions of the homogenized problem.

2 A mathematical model with sharp phase interfaces

2.1 Equations for the stress, displacement and internal variables

In this section we introduce the model equations for the stress, displacement and internal variables. These equations coincide essentially with the equations for homogeneous inelastic materials discussed in the book [2]. The only differences are that the microstructure introduces inhomogeneity in the material and that the equations used here contain a term representing the misfit strain. Therefore we only state these equations and refer the reader to [2] for a precise discussion. Also, we formulate interface conditions, boundary conditions and initial conditions.

To model phase changes evolving in time one needs in addition to the model equations for inelastic materials an evolution equation for the phase interfaces. Sections 2.2–2.5 are devoted to the formulation and transformation of this equation.

Let Ω ⊂ R^3 be a bounded open set with smooth boundary ∂Ω. It represents the points of a material body. By γ(t) we denote the set of points of Ω, which at time t belong to the γ–phase, whereas γ^′(t) denotes the set of points of Ω which at time t belong to the γ^′–phase. We assume that γ(t) is closed in Ω and that γ(t) ∩ γ^′(t) = ∅ , γ(t) ∪ γ^′(t) = Ω . The interface between the two phases is Γ(t) = γ(t) ∩ γ^′(t). These subsets of Ω are the cross sections at time t of the sets γ = {(x, t) ∈ Ω × R^+_0 | x ∈ γ(t)}, γ^′ = {(x, t) ∈ Ω × R^+_0 | x ∈ γ^′(t)} and Γ = {(x, t) ∈ Ω × R^+_0 | x ∈ Γ(t)}.

If in the following we do not mention special assumptions, we shall always assume that Γ is a sufficiently smooth submanifold of Ω × R^+_0 . To represent these sets, we introduce an order parameter S : Ω × R^+_0 → {0, 1} with S(x, t) = { 0 , x ∈ γ(t) 1 , x ∈ γ^′(t) . Let S^3 denote the set of symmetric 3×3–matrices, let u : Ω×R^+_0 → R^3 denote the displacement and ε ( ∇_xu(x, t) ) = 1 2 [ ∇_xu(x, t) + (∇_xu(x, t))^T ] ∈ S^3 the linear strain tensor. Here (∇_x u(x, t))^T denotes the transpose of the 3 × 3– matrix ∇_x u(x, t), the matrix of first order partial derivatives of u with respect to x = (x_1, x_2, x_3). The function T : Ω × R^+_0 → S^3 is the Cauchy stress tensor and z : Ω × R^+_0 → R^N is the vector of internal variables. Finally, b : Ω × R^+_0 → R^3 is the given volume force. The strain and stress distributions are governed by the equations

−div_x T (x, t) = b(x, t) (2.1) T (x, t) = D(S(x, t)) ( ε(∇_xu(x, t)) − ε^∗(S(x, t)) − Bz(x, t) ) (2.2) z_t(x, t) = f(S(x, t), T (x, t), z(x, t)) , (2.3) which must be satisfied for all t ≥ 0 and for all x ∈ Ω\Γ(t) . Here D(0), D(1) : S^3 → S^3 are linear, symmetric, positiv definite mappings. D(0) is the elasticity tensor in the matrix phase γ , and D(1) is the elasticity tensor in the γ^′–phase. ε^∗(1) ∈ S^3 is the misfit strain in the γ^′–phase. The misfit strain is equal to zero in the matrix–phase, hence ε^∗(0) = 0 .

B : R^N → S^3 is a linear mapping, which maps the vector of internal variables to the plastic strain tensor: ε_p(x, t) = Bz(x, t) . The given function f : Δ(f) ⊆ {0, 1} × S^3 × R^N → R^N in the evolution equation (2.3) for the vector z of internal variables determines the inelastic properties of the γ– and γ^′–phases of the material. Here Δ(f) denotes the domain of definition of f . This function depends on S , since the two phases behave differently. Purely elastic behavior in the γ^′–phase is obtained with f(1, ε, z) ≡ 0 . On the interface Γ(t) the functions u, T and z must satisfy interface conditions. The functions ε(∇_xu), u_t , T, and z can jump across Γ , but we assume that the displacement u and the traction vector are continuous across the interface. Thus, with a given function g : R^N → R^N the interface conditions for u, T and z are

u^+(x, t) = u^−(x, t), (2.4) T^+(x, t)n(x, t) = T^−(x, t)n(x, t), (2.5) z(x, t+) = g(z(x, t−)), (2.6) which must hold for all (x, t) ∈ Γ . Here n(x, t) ∈ R^3 is the unit normal vector to Γ(t) pointing from γ^′(t) to γ(t) . Also, T^+(x, t) and T^−(x, t) are the limit values of T if the argument tends to (x, t) ∈ Γ from γ or from γ^′ , respectively.

Precisely, for a function w and (x, t) ∈ Γ we define

w^+(x, t) = lim_{η→0} η>0 w((x, t) + ηm(x, t)) w^−(x, t) = lim_{η→0} η<0 w((x, t) − ηm(x, t)) , with the unit normal vector m(x, t) ∈ R^4 to Γ pointing from γ^′ to γ . In the following we assume that this normal vector differs everywhere from the vector (0, ±1) ∈ R^3 × R .

Finally, the boundary condition is T (x, t)n(x) = 0, x ∈ ∂Ω, t ≥ 0, (2.7) with a unit vector n(x) normal to ∂Ω at x, and the initial conditions are

z(x, 0) = z^{(0)}(x), S(x, 0) = S^{(0)}(x), x ∈ Ω. (2.8)

Under suitable regularity conditions for Γ and b, the equations (2.1) and (2.5), respectively, hold in the classical sense in (Ω × R^+ )\Γ and on Γ, respectively, if and only if T is a weak solution of (2.1) in Ω × R^+ . By definition, T is a weak solution if and only if ∫_∞ 0 ∫ Ω T (x, t) : ∇_xφ(x, t) dxdt = ∫_∞ 0 ∫ Ω b(x, t) · φ(x, t) dxdt (2.9) is satisfied for every function φ ∈ C^∞_0 (Ω × R^+ , R^3 ) .

Remark. Instead of (2.6) we require in Section 3 that z is continuous across the interface Γ. We caution the reader that in this article v does not normally denote velocity. Instead, by v we denote functions with values in S^3 or in R^m with m ≥ 1.

2.2 Evolution equation for the phase interface, dissipation inequal- ity The 3 + 9 + N equations (2.1)–(2.3) contain the 3 + 9 + N + 1 unknown components of u, T, z und S . Therefore the system (2.1)–(2.3) is not closed; an evolution equation for the order parameter S is missing. The evolution of S is known if and only if the evolution of the sets γ(t) and γ^′(t) is known, and this evolution is known, if a constitutive equation is known, which determines the normal speed of the interface between the phases as a function of u, T and z. In this section we first derive restrictions for the form of such an equation from the second law of thermodynamics, essentially following the standard arguments in thermodynamics. Our presentation is influenced by

[35]. We then formulate a constitutive equation for the normal speed, which is in accordance with these restrictions. In Section 2.3 this equation is used to formulate an evolution equation for the order parameter S.

Let ψ = ψ(ε, S, z) be the free energy. We assume that ψ : Δ(ψ) → R is a sufficiently smooth function, whose domain of definition Δ(ψ) is equal to the set S^3 × {0, 1} × R^N or to a suitable subset of it. ψ must satisfy the basic equation ρ∇_εψ(ε, S, z) = T , (2.10) (cf. [2]), where ρ > 0 denotes the mass density. In this article we assume that ρ is a constant. Insertion of (2.2) into (2.10) and integration yields ρψ(ε, S, z) = 1 2 [ D(S) ( ε − ε^∗(S) − Bz )] : ( ε − ε^∗(S) − Bz ) + ψ_1(S, z), with a suitable function ψ_1 .

Second law of thermodynamics. We use the second law of thermodynamics in the following form: For every subregion R of Ω with sufficiently smooth boundary ∂R the displacement u , the stress T , the vector of internal variables z and the order parameter S must satisfy the inequality d dt ∫ R ρψ(ε(∇_xu), S, z) dx ≤ ∫ ∂R q(ε(∇_xu), u_t, S, z) · n(x) dσ(x) + ∫ R b · u_t dx , (2.11)

with the negative energy flow (the stress power) q(ε(∇_xu), u_t, S, z) = T (ε(∇_xu), S, z)u_t . Here n(x) is a unit vector normal to ∂R pointing out of R .

Theorem 2.1 (Dissipation inequalities for the internal variables and for the phase boundary) Let (u, T, z, S) : Ω × R^+_0 → R^3 × S^3 × R^N × {0, 1} be a function, which is continuously differentiable on the closed set γ and on the set γ^′, and which is such that (u, T, z, S)|_{γ′} has a continuously differentiable extension to γ^′.

(i) Then (2.11), the second law of thermodynamics, implies ρ ∂ ∂t ψ(ε, S, z) − div_x q(ε, u_t, S, z) − b · u_t ≤ 0 (2.12) on Ω × R^+ in the weak sense.

(ii) Assume in addition that u, T, z, S satisfy (2.1), (2.2) on Ω × R^+ and (2.4) (2.5) on the phase interface Γ. Then (2.12) holds if and only if the following two inequalities are satisfied: ρ∇_zψ(ε(∇_xu(x, t)), S(x, t), z(x, t)) · z_t(x, t) ≤ 0 (2.13) for almost all (x, t) ∈ Ω × R^+_0 , and m^{′′}(x, t) ( m^′(x, t) · [ C ( ∇_xu(x, t), S(x, t), z(x, t) )] m^′(x, t) ) ≤ 0 (2.14)

for all (x, t) ∈ Γ . Here m(x, t) = (m^′(x, t), m^{′′}(x, t)) ∈ R^3 × R is a unit normal vector to Γ pointing from γ^′ to γ , C(∇_xu, S, z) = ρψ(ε(∇_xu), S, z)I − (∇_xu)^T T (2.15) = ρψ(ε(∇_x u), S, z)I − (∇_x u)^T (D(S)(ε(∇_x u) − ε^∗(S) − Bz)) is the Eshelby tensor, and

[C] = C^+ − C^−

denotes the jump of C along the phase boundary Γ . By I we denote the unit matrix.

Remark. By definition, (2.12) is satisfied in the weak sense if ∫ Ω×R^+ ( − ρψ(ε, S, z)φ_t + q(ε, u_t, S, z) · ∇_x φ − b · u_t φ ) d(x, t) ≤ 0 for all φ ∈ C^∞_0 (Ω × R^+ , R) with φ(x, t) ≥ 0.

Since we assumed that m(x, t) ≠ (0, ±1) , hence m^′(x, t) ≠ 0 , it follows that (2.14) is equivalent to ν ( n · [ C(∇_xu, S, z) ] n ) ≥ 0 , with the unit normal vector n =^{m′}_{|m′|} ∈ R^3 to Γ(t) and with ν(x, t) = − m^{′′}(x, t) |m^′(x, t)| . (2.16)

ν(x, t) is the normal speed of propagation of the phase interface Γ(t) at the point x in the direction of n(x, t) . Therefore we have the following

Corollary 2.2 (Constitutive equation for the normal speed of the phase interface.) Let c : R → R be a given function with c(s)s ≥ 0 for all s ∈ R . If u, T, z, S satisfy (2.1)–(2.5), if the normal speed of the phase interface satisfies ν(x, t) = c ( n(x, t) · [ C ( ∇_xu(x, t), S(x, t), z(x, t) )] n(x, t) ) (2.17)

for all (x, t) ∈ Γ , and if the dissipation inequality ρ∇_zψ(ε, S, z) · f(S, T, z) ≤ 0 (2.18) is satisfied for all (ε, S, z) ∈ Δ(ψ) ∩ {(ε, S, z) | (S, T, z) ∈ Δ(f)} , then the inequality (2.12) expressing the second law of thermodynamics is fulfilled.

Remark. Since by assumption (2.2) is satisfied, we consider here T = T (ε, S, z) to be a function of (ε, S, z). (2.18) is the well known dissipation inequality for constitutive equations with internal variables, cf. [2].

Proof of the Corollary: The equation (2.17) implies (2.14), and (2.13) is implied by (2.3) and (2.18). Therefore the statement follows from Theorem 2.1.

Proof of Theorem 2.1: (i) Assume that the inequality (2.11) holds. To every function φ ∈ C^∞_0 (Ω × R^+ ) satisfying φ(y, t) ≥ 0 for all (y, t) ∈ Ω × R^+ we can choose a number r ∈ R such that 0 < r < 1 2 dist ( supp φ, ∂(Ω × R^+ ) ) . Then for every (y, t) ∈ supp φ the closed ball B_r(y) = {x ∈ R^3 | |x − y| ≤ r} belongs to Ω . In (2.11) we choose R = B_r(y) with (y, t) ∈ Ω × R^+ , multiply the inequality with φ(y, t) and integrate with respect to (y, t) . The result is ∫ Ω×R^+ φ(y, t) d dt ∫ |x−y|<r ρψ(x, t) dx d(y, t) ≤ ∫ Ω×R^+ φ(y, t) ∫ |x−y|=r q(x, t) · x − y r dσ(x)d(y, t)

+ ∫ Ω×R^+ φ(y, t) ∫ |x−y|<r (b · u_t)(x, t) dxd(y, t), where we used the notations ψ(x, t) = ψ ( ε(∇_xu(x, t)), S(x, t), z(x, t) ) and q(x, t) = q ( ε(∇_xu(x, t)), u_t(x, t), S(x, t), z(x, t) ) . Partial integration and interchange of the order of integration yields − ∫ Ω×R^+ ∫ |y−x|<r φ_t(y, t)ρψ(x, t) dy d(x, t) ≤ − ∫ Ω×R^+ ∫ |y−x|=r φ(y, t) y − x r dσ(y) · q(x, t) d(x, t) + ∫ Ω×R^+ ∫ |y−x|<r φ(y, t)(b · u_t)(x, t) dy d(x, t) . In the first term on the right hand side of this inequality we use the Divergence Theorem to obtain ∫ Ω×R^+ ∫ |y−x|<r ( − φ_t(y, t)ρψ(x, t) + ∇_yφ(y, t) · q(x, t) − φ(y, t)(b · u_t)(x, t) ) dyd(x, t) ≤ 0 . Since lim_{r→0} 3 4πr^3 ∫ |y−x|<r ∇_{(y,t)}φ(y, t)dy = ∇_{(x,t)}φ(x, t) , uniformly with respect to (x, t) ∈ Ω×R^+ , we conclude from the last inequality that ∫ Ω×R^+ ( − ρψ(x, t)φ_t(x, t) + q(x, t) · ∇_xφ(x, t) − (b · u_t)(x, t) φ(x, t) ) d(x, t) ≤ 0 (2.19)

for all non-negative φ ∈ C^∞_0 (Ω × R^+ ) . This proves (i).

(ii) Since S is constant on the sets γ and γ^′, it follows that on^∘γ and on γ^′ , ∂ ∂t ψ(x, t) = ∇_εψ(ε, S, z) : ε_t + ∇_zψ(ε, S, z) · z_t . Therefore the inequality (2.19) is equivalent to ∫ Ω×R^+ ( ρ∇_εψ(ε, S, z) : ε_t + ρ∇_zψ(ε, S, z) · z_t − div_x q(ε, u_t, S, z) − b · u_t ) φ(x, t)d(x, t) + ∫ Γ ( ρ[ψ(ε, S, z)]m^{′′} − [q(ε, u_t, S, z)] · m^′ ) φ(x, t) dσ(x, t) ≤ 0 , where, as above, m(x, t) = (m^′, m^{′′}) ∈ R^3 × R is a unit normal vector to Γ pointing from γ^′ to γ and [ψ] = ψ^+ − ψ^−, [q] = q^+ − q^− denote the jumps of ψ and q along Γ . Using that

div_x q = div_x(T u_t) = (div_xT^T ) · u_t + T^T : ∇_xu_t = (div_xT ) · u_t + ρ(∇_εψ) : ε_t , (2.20)

where we employed (2.10) and the symmetry of T , the above inequality is seen to be equivalent to ∫ Ω×R^+ ( ρ∇_z ψ(ε, S, z) · z_t − (div_xT ) · u_t − b · u_t ) φ(x, t) d(x, t) + ∫ Γ ( ρ[ψ]m^{′′} − [T u_t] · m^′ ) φ(x, t) dσ(x, t) ≤ 0 . Because of div_x T + b = 0 and because of

[T u_t] = ⟨T ⟩[u_t] + [T ]⟨u_t⟩

with ⟨T ⟩ = 1 2 (T^+ + T^−), ⟨u_t⟩ = 1 2 (u^+_t + u^−_t ) ,

this is equivalent to ∫ Ω×R^+ ( ρ∇_zψ(ε, S, z) · z_t ) φ(x, t)d(x, t) (2.21) + ∫ Γ ( ρ[ψ]m^{′′} − (⟨T ⟩m^′) · [u_t] − ([T ]m^′) · ⟨u_t⟩ ) φ(x, t) dσ(x, t) ≤ 0 . Since m^′ ∈ R^3 is normal to Γ(t) , it follows from (2.5) that [T ]m^′ = 0 . The vector field (m^{′′}m^′, −|m^′|^2) is tangential to Γ . Since by assumption u is continuously differentiable on γ and on γ^′ and continuous across Γ , it follows that the limits (u_t)^±, (∇_xu)^± on Γ exist and that the tangential derivatives on both sides of Γ coincide:

−|m^′|^2u^+_t + m^{′′}(∇_xu)^+m^′ = −|m^′|^2u^−_t + m^{′′}(∇_xu)^−m^′ ,

hence [u_t] = [∇_xu]m^′ m^{′′} |m^′|^2 . Therefore (2.21) is equivalent to ∫ Ω×R^+ ( ρ∇_zψ(ε, S, z) · z_t ) φ(x, t)d(x, t) + ∫ Γ ( ρ[ψ] − ( ⟨T ⟩ m^′ |m^′| ) · ( [∇_xu] m^′ |m^′| )) m^{′′}φ(x, t)dσ(x, t) ≤ 0 .

This inequality holds for all φ ∈ C^∞_0 (Ω × R^+ ) with φ ≥ 0 if and only if ρ∇_zψ(ε, S, z) · z_t ≤ 0 almost everywhere in Ω × R^+ and ( ρ[ψ] − ( ⟨T ⟩ m^′ |m^′| ) · ( [∇_x u] m^′ |m^′| )) m^{′′} ≤ 0 (2.22)

almost everywhere on Γ . We use again that [T ]m^′ = 0, which implies

[∇_x u]^T ⟨T ⟩m^′ = [∇_x u]^T ⟨T ⟩m^′ + ⟨∇_x u⟩^T [T ]m^′ = [(∇_x u)^T T ]m^′,

whence (2.22) is equivalent to m^′ |m^′| · (ρ[ψ]I − [(∇_x u)^T T ]) m^′ |m^′| m^{′′} ≤ 0 on Γ.

This inequality can be written in the form (2.14) using the definition of the Eshelby tensor C in (2.15). The theorem is proven.

2.3 Evolution equation for the order parameter S

The equations (2.1)–(2.3), (2.17) form a closed system, since the evolution in time of the phase interface Γ can be determined from the normal velocity ν given in (2.17). However, instead of the equation (2.17) for the normal speed of the phase interface Γ one would prefer to have an evolution equation for the order parameter S directly. To derive such an equation we start from the method of characteristics, a customary way to model moving phase interfaces, cf. Taylor, Cahn and Handwerker [73]. The method is based on a partial differential equation readily derived from (2.16). We shortly sketch the iteration procedure which must be used to determine the manifold Γ with this method. After this we shall not follow this method any further; instead, we show that this partial differential equation can be used directly as an evolution equation for the order parameter S. This evolution equation is however a distribution equation.

Assume that Γ is a sufficiently smooth 3–dimensional submanifold of Ω × R^+ , that (m^′, m^{′′}) is a unit normal vector field on Γ , and that ν : Γ → R is the normal velocity of Γ. Then ν satisfies the equation (2.16) on all of Γ : ν(x, t) = − m^{′′}(x, t) |m^′(x, t)| . Assume moreover that Γ is given by Γ = { (x, t) ∈ Ω × R^+ | | | χ(x, t) = 0 } , (2.23) with a suitable function χ . Then for all (x, t) ∈ Γ the vector (∇_xχ(x, t), χ_t(x, t)) is normal to Γ , and we assume that it has the direction of −(m^′(x, t), m^{′′}(x, t)) , hence (∇_xχ, χ_t) = −|(∇_xχ, χ_t)| (m^′, m^{′′}) . From this equation and from (2.16) we infer that the equation χ_t(x, t) − ν(x, t)|∇_xχ(x, t)| = 0 (2.24) holds for all (x, t) ∈ Γ .

Conversely, if χ is a sufficiently smooth function which satisfies (2.24) and which on a 2–dimensional submanifold Γ̃ of Γ fulfills the initial condition χ(x, t) = 0, (x, t) ∈ Γ̃, then χ vanishes on all of Γ, whence (2.23) is satisfied. This follows from the classical theory of first order partial differential equations. If for (ξ, ζ) ∈ R^3 ×R we set p(x, t; ξ, ζ) = ζ − ν(x, t)|ξ| , then the equation (2.24) can be written in the form p(x, t, ∇_xχ(x, t), χ_t(x, t)) = 0 . However, the solution χ of this differential equation can not be determined in the usual manner by solving the characteristic system of ordinary differential equations, since ν(x, t) and p(x, t; ξ, ζ) are only defined for points (x, t) on the manifold Γ . The partial derivatives p_t and ∇_xp are therefore not defined. To solve the characteristic system it is necessary to extend ν smoothly from Γ to an open neighborhood of Γ by a suitable method. Then a solution of (2.24) can be obtained by solving the characteristic system dx ds = ∇_ξ p(x, t; ξ, ζ) dt ds = ∂ ∂ζ p(x, t; ξ, ζ) dξ ds = −∇_x p(x, t; ξ, ζ) dζ ds = − ∂ ∂t p(x, t; ξ, ζ) . The solution χ of (2.24) is constant along the characteristic curves s → (x(s), t(s)) , whence the manifold {χ(x, t) = 0} is generated by those characteristic curves s → (x(s), t(s)), which pass through Γ̃. That (2.23) holds can be deduced from (2.24), which implies that the normal vector field (m̃^′, m̃^{′′}) = −(∇_x χ, χ_t) to the manifold χ(x, t) = 0 satisfies ν(x, t) = − m̃^{′′}(x, t) |m̃^′(x, t)| . Therefore, since the manifolds Γ and {χ(x, t) = 0} both contain Γ̃ as a submanifold and since the normal speeds coincide, it follows that Γ = {χ(x, t) = 0}.

In these considerations we assumed that Γ and the normal velocity ν : Γ → R are known from the outset. However, in the initial-boundary value problem to the equations (2.1)–(2.3), (2.17) the unknowns are u, T, z and Γ. The normal speed is determined by (2.17) as a function of (u, T, z, Γ) and is also unknown. To determine these unknowns, we must use an iteration procedure: Start with an approximate phase interface Γ_0 , determine to this approximate interface a solution (u, T, z) of the partial differential equations (2.1)–(2.3) with suitable boundary and initial conditions and with suitable interface conditions on Γ_0 , and insert this solution into (2.17) to compute an approximate normal speed ν_0 on Γ_0 . Insert ν_0 for ν into (2.24). After smooth extension of ν_0 , a new approximate phase interface Γ_1 can be computed by solving this partial differential equation with the method of characteristics. The iteration can then be continued and one expects that the sequence of phase interfaces {Γ_0, Γ_1, . . .} tends to the correct interface sought.

We will not pursue this method further; instead, in the next lemma we show that without extending ν smoothly, the order parameter S can be inserted for χ in (2.24) directly. If ν is continued by zero from the manifold Γ to Ω × R^+ , then (2.24) can be interpreted as a partial differential equation, which holds on all of Ω × R^+ in the sense of measures. This yields an evolution equation for S.

To formulate this result, we need the space BV^{loc}(Ω × R^+ ) of functions in L^{1,loc}(Ω × R^+ ), whose weak first derivatives are Radon measures. More precisely, a function h belongs to the space BV^{loc}(Ω × R^+ , R) if h ∈ L^{1,loc}(Ω × R^+ , R) and if for any open subset V compactly contained in Ω × R^+ sup { ∫ V h(x, t) div φ(x, t) d(x, t) | | | φ ∈ C^1_0 (V, R^4 ), |φ| ≤ 1 } < ∞. Here C^1_0 (Ω × R^+ ) denotes the space of all continuous mappings with compact support in Ω × R^+ . A function belonging to the space BV^{loc}(Ω × R^+ ) is said to have locally bounded variation.

The derivatives h_t and h_{xi} are signed measures. To these measures the total variation measures |h_t| and |∇_x h| can be introduced: For a measure μ on an open subset U and a measureable subset R of U the total variation measure

|μ| is defined by |μ(R)| = sup n∑ i=1 |μ(R_i)| , (2.25)

where the supremum is taken over all finite collections {R_i} of μ–measurable, pairwise disjoint sets with R_i ⊆ R.

The set γ^′ is said to be of locally finite perimeter if the characteristic function S of this set belongs to the space BV^{loc}(Ω × R^+ , R). In this case a unit normal vector field (m^′, m^{′′}) pointing from γ^′ to γ can be defined on the measure theoretic boundary Γ_∗ ⊆ Γ, which consists of all points (x, t) ∈ Γ with

lim sup r→0 1 r^4 |B_r(x, t) ∩ γ^′| > 0, lim sup_{r→0} 1 r^4 |B_r(x, t)\γ^′| > 0. Here B_r(x, t) ⊆ R^4 is the ball with center (x, t) and radius r and | · | denotes the Lebesgue measure. For these and other results about the spaces BV^{loc} we refer to [26, 77, 75].

Lemma 2.3 Assume that γ^′ is of locally finite perimeter with a unit normal vector field (m^′, m^{′′}) of Γ_∗ pointing from γ^′ to γ. Let ν : Ω × R^+ → R be a function satisfying

ν(x, t) = 0, (x, t) ∈ (Ω × R^+ )\Γ_∗ .

Then S solves the equation S_t = ν |∇_x S| (2.26)

if and only if ν(x, t) = − m^{′′}(x, t) |m^′(x, t)| for σ_3–all (x, t) ∈ Γ_∗ , where σ_3 denotes the three dimensional Hausdorff measure.

Scholium. Because of S ∈ BV^{loc}(Ω × R^+ ), both members of the equation (2.26) are measures, and equality is meant in the sense of measures. The measures S_t and ∇_x S satisfy S_t(V ) = ∇_xS(V ) = 0 for every open subset V ⊆ (Ω × R^+ )\Γ , and the product ν|∇_x S| is the measure corresponding to the bounded linear form on C_0(Ω × R^+ ) defined by the integral φ → (ν|∇_x S|, φ) = ∫ Ω×R^+ φ(x, t)ν(x, t) d|∇_xS(x, t)| , for φ ∈ C_0(Ω × R^+ ) .

S must satisfy (2.26) with the normal speed of the phase boundary Γ given by (2.17) inserted for ν. Therefore (2.26) is the evolution equation for S. In the proof of Theorem 2.5 we also need the other direction of the statement of the lemma: If S is the characteristic function of the set γ^′ and satisfies an equation of the form (2.26), then ν must necessarily be the normal speed of the boundary Γ, along which S jumps.

Proof of Lemma 2.3: By definition of the distribution S_t and by the Divergence Theorem for functions of locally bounded variation (cf. [26, p. 209]), we obtain for φ ∈ C^∞_0 (Ω × R^+ ) ∫ Ω×R^+ φ(x, t) dS_t(x, t) = − ∫ Ω×R^+ φ_t(x, t)S(x, t) d(x, t) = − ∫ γ^′ φ_t(x, t) d(x, t) = − ∫ Γ_∗ m^{′′}(x, t)φ(x, t) dσ_3(x, t). For the measure S_t this means that

S_t = −m^{′′}σ_3⌊Γ_∗ , (2.27)

where σ_3⌊Γ_∗ denotes the restriction of the Hausdorff measure σ_3 to Γ_∗ . Similarly, ∫ Ω×R^+ φ(x, t) dS_{xi} (x, t) = − ∫ Ω×R^+ φ_{xi} (x, t)S(x, t) d(x, t) = − ∫ Γ_∗ m^′_i(x, t)φ(x, t) dσ_3(x, t) , hence ∇_x S = −m^′σ_3⌊Γ_∗ . This equation together with (2.25) implies |∇_x S| = |m^′|σ_3⌊Γ_∗ . From this equation and from (2.27) we infer that S_t = ν |∇_x S| is equivalent to −m^{′′}σ_3⌊Γ_∗ = ν|m^′|σ_3⌊Γ_∗ , which holds if and only if −m^{′′}(x, t) = ν(x, t)|m^′(x, t)| for σ_3–all (x, t) ∈ Γ_∗ . This completes the proof.

2.4 Weak form of the evolution equation for S

With the result of Lemma 2.3 we obtain an evolution equation for S by insertion of (2.17) into (2.26). Combination of the resulting equation with (2.1)– (2.3) yields a closed system for the unknown function (u, T, z, S). This system is

−div_xT (x, t) = b(x, t) (2.28) T (x, t) = D(S(x, t)) ( ε(∇_xu(x, t)) − ε^∗(S(x, t)) − Bz(x, t) ) (2.29) z_t(x, t) = f(S(x, t), T (x, t), z(x, t)) (2.30) S_t(x, t) (2.31) = c ( n(x, t) · [C(∇_x u(x, t), S(x, t), z(x, t))]n(x, t) ) |∇_xS(x, t)|. In (2.31), n(x, t) is a normal vector to the surface Γ(t) , which bounds the set γ^′ = {x ∈ Ω | S(x, t) = 1} . Such a normal vector field can be defined if S belongs to the space BV^{loc}(Ω × R^+ ). However, for several reasons it is advantageous to have an evolution equation without normal vectors. In this section we transform the evolution equation (2.31) into a form without normal vectors under the assumption, that the function c is linear. In Section 2.5 it is shown that this form of the evolution equation can be considerably simplified provided that the solutions are smooth. This is one of the advantages of the form without normal vectors.

Thus, in the remainder of this article c denotes a positive constant.

Lemma 2.4 Assume that (u, T, z, S) : Ω × R^+_0 → R^3 × S^3 × R^N × {0, 1} satisfies the assumptions of Theorem 2.1 (ii). Then the following assertions hold:

(i) The equation |n · [C]n| = |[C]n| (2.32) is satisfied on Γ , where n(x, t) ∈ R^3 is a unit normal vector to Γ(t) at x ∈ Γ(t) . (ii) Let the distribution [C]n |∇_xS| be defined by ( [C]n |∇_xS|, φ ) = ∫ Ω×R^+ [C(x, t)]n(x, t)φ(x, t) d|∇_xS(x, t)| , for φ ∈ C^∞_0 (Ω × R^+ , R^3 ) , with [C(x, t)] = { [C(∇_xu(x, t), S(x, t), z(x, t))] , (x, t) ∈ Γ 0 , (x, t) ∈ (Ω × R^+ )\Γ .

Then, in the sense of distributions, div_x C(∇_xu, S, z) − ρ(∇_x z)^T ∇_z ψ(ε, S, z) − (∇_xu)^T b = [C]n|∇_xS| . (2.33)

Remark. Precisely, (2.33) means that − ∫ Ω×R^+ C(∇_x u, S, z) : ∇_x φ d(x, t) − ∫ (Ω×R^+)\Γ ( ρ(∇_x z)^T ∇_z ψ(ε, S, z) + (∇_xu)^T b ) · φ d(x, t) = ( [C]n|∇_xS|, φ )

for all φ ∈ C^∞_0 (Ω × R^+ , R^3 ). The derivatives of ∇_x z of z in (2.33) are the classical derivatives on (Ω × R^+ )\Γ, not the distributional derivatives of z on Ω × R^+ . The function z can jump across Γ, in which case the distributional derivatives on Ω × R^+ differ from the classical derivatives on (Ω × R^+ )\Γ by a measure on Γ. This measure does not appear in (2.33).

Proof: (i) The interface condition (2.5) yields [T (x, t)]n(x, t) = 0 for (x, t) ∈ Γ. (2.15) and the equation [(∇_xu)^T T ] = [(∇_xu)^T ]⟨T ⟩ + ⟨(∇_xu)^T ⟩[T ] thus imply n · [C]n = n · ( ρ[ψ] − [(∇_xu)^T T ] ) n (2.34) = n · ( ρ[ψ]n − [(∇_xu)^T ]⟨T ⟩n − ⟨(∇_xu)^T ⟩[T ]n )

= n · ( ρ[ψ]n − [∇_xu]^T ⟨T ⟩n ) . We now show that the range of the linear mapping [∇_xu]^T is contained in the subspace of R^3 spanned by n(x, t) . Since ρ[ψ] is a scalar, statement (i) is an obvious consequence of this result and of (2.34).

Thus, assume that τ ∈ R^3 is orthogonal to n ∈ R^3 . Then τ is a tangential vector to Γ(t) . Since by assumption u is continuously differentiable on γ(t) and on γ^′(t) and continuous across Γ(t) , it follows that the limits (∇_xu)^± exist on Γ(t) and that the tangential derivatives on both sides of Γ(t) coincide. For every v ∈ R^3 we thus obtain τ · ( [∇_xu]^T v ) = ( [∇_xu]τ ) · v = (( (∇_xu)τ )_+ − ( (∇_xu)τ )_−) · v = (( ∂ ∂τ u )_+ − ( ∂ ∂τ u )_−) · v = 0 , which proves that the range of [∇_xu]^T is contained in the subspace spanned by n . (ii) Let m(x, t) = (m^′(x, t), m^{′′}(x, t)) ∈ R^4 be a unit normal vector to Γ pointing from γ^′ to γ . With the unit normal vector n(x, t) =^{m′(x,t)}_{|m′(x,t)|} to Γ(t) and with φ ∈ C^∞_0 (Ω × R^+ , R^3 ) we obtain just as in the proof of Lemma 2.3 that ( [C]n |∇_x S|, φ ) = ∫ Ω×R^+ φ · [C]n d|∇_x S| = ∫ Γ φ(x, t) · [C(x, t)]n(x, t)|m^′(x, t)| dσ_3(x, t) = ∫ Γ ( ρ[ψ]m^′ − [(∇_x u)^T T ]m^′ ) · φ dσ_3 (2.35)

= ∫ Γ ρ[ψ]m^′ · φ dσ_3 − ∫ Γ m^′ · [T u_{x1} ] . . m^′ · [T u_{x3} ] · φ dσ^3

= ∫ Γ ρ[ψ]m^′ · φ dσ_3 + ∫ Ω×R^+ 3∑ i=1 div_x (T u_{xi} φ_i) d(x, t) .

Now, because of the symmetry of T ,

div_x(T u_{xi} φ_i) = (div_xT^T ) · u_{xi} φ_i + T^T : (∇_xu_{xi} )φ_i + (T u_{xi} ) · ∇_xφ_i

= (div_xT ) · u_{xi} φ_i + T : ε(∇_x u_{xi} )φ_i + (T u_{xi} ) · ∇_x φ_i . (2.36)

Since S is constant on connected components of (Ω × R^+ )\Γ , we obtain from (2.10) that on (Ω × R^+ )\Γ T : ε(∇_x u_{xi} )φ_i = ρ∇_εψ(ε(∇_xu), S, z) : ε(∇_x u_{xi} )φ_i = ρ ∂ ∂x_i ψ(ε, S, z)φ_i − ρ∇_zψ(ε, S, z) · z_{xi} φ_i . (2.37) Using that T solves (2.1), we obtain by insertion of (2.37) into (2.36) that 3∑ i=1 div_x(T u_{xi} φ_i)

= 3∑ i=1 ( ρ ∂ ∂x_i ψ(ε, S, z) − b · u_{xi} − ρ∇_zψ(ε, S, z) · z_{xi} ) φ_i

+ 3∑ i=1 (T u_{xi} ) · ∇_xφ_i = ( div_x ( ρψ(ε, S, z)I ) − (∇_xu)^T b − ρ(∇_xz)^T ∇_zψ(ε, S, z) ) · φ + (T (∇_xu)) : (∇_xφ)^T .

We insert this equation into (2.35), note that (T (∇_xu)) : (∇_xφ)^T = ((∇_xu)^T T ) : ∇_xφ and apply the Divergence Theorem to obtain ( [C]n |∇_xS|, φ )

= − ∫ Ω×R^+ ( ρψ(ε, S, z)I − (∇_xu)^T T ) : ∇_x φ d(x, t) − ∫ Ω×R^+ ( (∇_xu)^T b + ρ(∇_xz)^T ∇_zψ(ε, S, z) ) · φ d(x, t) = ( div_x ( ρψ(ε, S, z)I − (∇_xu)^T T ) , φ )

− ( (∇_xu)^T b + ρ(∇_xz)^T ∇_zψ(ε, S, z), φ )

= ( div_xC(∇_x u, S, z) − (∇_xu)^T b − ρ(∇_xz)^T ∇_zψ(ε, S, z), φ ) . The second equality sign in this computation holds by definition of the distribution div_x (ρψI − (∇_xu)^T T ) . This proves the lemma.

With this result we obtain the evolution equation for S, which does not contain normal vectors:

Theorem 2.5 Assume that (u, T, z, S) : Ω × R^+_0 → R^3 × S^3 × R^N × {0, 1} satisfies the equations (2.28)–(2.31), the interface conditions

[u] = [T ]n = 0

on Γ and the regularity assumptions of Theorem 2.1. Moreover, assume that the function f in (2.30) fulfills the dissipation inequality (2.18): ρ∇_zψ(ε, S, z) · f(S, T, z) ≤ 0. Then the equation |S_t| = c |div_x C(∇_xu, S, z) − ρ(∇_xz)^T ∇_zψ(ε, S, z) − (∇_xu)^T b| (2.38) and the entropy condition ρ ∂ ∂t ψ(ε, S, z) − div_x q(ε, u_t, S, z) − b · u_t ≤ 0 (2.39) are satisfied with q(ε, u_t, S, z) = T u_t . Proof: The equations (2.31), (2.32) and (2.33) together imply |S_t| = c|n · [C]n| |∇_xS| = c|[C]n| |∇_xS| = c | | |[C]n|∇xS| | | | = c|divxC − ρ(∇xz)^T ∇zψ − (∇xu)^T b| , which is (2.38). If (2.31) holds, then it follows from Lemma 2.3 that c(n · [C(∇_x u, S, z)]n) must be the normal velocity ν of the surface Γ, along which S has a jump. Therefore equation (2.17) is satisfied. By Corollary 2.2, the equations (2.17) and (2.18) together imply that (2.39) holds. This proves the theorem.

Initial-boundary value problem for an inelastic material with evolving microstructure. The equation (2.38) does not contain normal vectors. However, because of the absolute values on both sides, this equation allows more solutions than (2.31) does. We surmise that the entropy condition (2.39) singles out the correct solutions of (2.38) and that, therefore, (2.38) and (2.39) together are equivalent to (2.31). The mathematical model for the inelastic material with evolving microstructure thus derived consists of the equations (2.28)–(2.30), (2.38), of the entropy condition (2.39) as side condition, and of the interface, boundary and initial conditions (2.4)–(2.8). The complete initial-boundary value problem is formulated at the beginning of Section 3.

2.5 Reduction of the evolution equation for smooth solutions

In this section we show that the evolution equation (2.38) can be simplified considerably under the assumption that the function (u, T, z, S) does not jump at the phase boundaries, but varies smoothly in all of Ω × R^+ . In these investigations we are led by the idea that the initial-boundary value problem consisting of the equations (2.1)–(2.3), (2.7), (2.8) and of the simplified evolution equation derived below has smooth solutions, at least for a finite interval of time, if smooth functions are inserted for the initial data z^{(0)}, S^{(0)} in (2.8). We surmise that if a sequence of smooth initial data is chosen, which approximates the original initial data with jumps, a sequence of smooth solutions is obtained approximating the discontinuous solution to the original initial data. This would be helpful both to prove existence of solutions of the initialboundary value problem (2.1)–(2.8), (2.38) to discontinuous initial data, and to compute the solution of this problem numerically.

Let J ⊆ R be an interval containing the numbers 0 and 1 and let

ε^∗ : J → S^3, f : Δ(f) ⊆ J × S^3 × R^N → R^N , ψ : Δ(ψ) ⊆ S^3 × J × R^N → R

be smooth functions. We assume that the free energy ψ satisfies (2.10) and that f and ψ satisfy the dissipation inequality (2.18): ρ∇_z ψ(ε, S, z) · f(S, T (ε, S, z), z) ≤ 0 for all (ε, S, z) ∈ Δ(ψ) ∩ {(ε, S, z) | (S, T (ε, S, z), z) ∈ Δ(f)}. Here we set T (ε, S, z) = D(S)(ε − ε^∗(S) − Bz). Lemma 2.6 Let (u, T, z, S) be a continuously differentiable solution of the equations (2.28) and (2.38). Then |S_t| = cρ|ψ_S (ε(∇_x u), S, z)| |∇_x S| (2.40) holds in Ω × R^+ .

Conversely, if (u, T, z, S) is a continuously differentiable solution of −div_x T = b, (2.41) T = D(S) ( ε(∇_xu) − ε^∗(S) − Bz ) , (2.42) z_t = f(S, T, z), (2.43) S_t = −cρ ψ_S (ε(∇_xu), S, z) |∇_x S|, (2.44) then (2.28)–(2.30), the evolution equation (2.38) for S and the entropy condition (2.39) are satisfied.

Proof: The definition of the Eshelby tensor in (2.15) yields

div_xC − ρ(∇_xz)^T ∇_zψ − (∇_xu)^T b (2.45) = ρ∇_xψ − div_x ( (∇_xu)^T T ) − ρ(∇_xz)^T ∇_zψ − (∇_xu)^T b . Moreover, (2.10) implies ρ∇_xψ(ε, S, z)

= ρ∇_εψ(ε, S, z) : ε_{x1} + ρ∇_zψ(ε, S, z) · z_{x1} . . ρ∇_εψ(ε, S, z) : ε_{x3} + ρ∇_zψ(ε, S, z) · z_{x3} + ρψ^S (ε, S, z)∇^x S

= T : ε_{x1} . . T : ε_{x3} + ρ(∇^xz)^T ∇^zψ + ρψ^S (ε, S, z)∇^x S . (2.46) Also, because of the symmetry of T ,

−div_x ( (∇_xu)^T T ) = −(∇_xu)^T div_x T −

T : ∇_x(u_{x1} ) . . T : ∇_x(u_{x3} )

= −(∇_xu)^T div_x T − T : ε_{x1} . . T : ε_{x3} . (2.47)

Therefore, if T solves (2.28) (or (2.41)), then we obtain by combination of (2.45)–(2.47) the equality

div_x C − ρ(∇_xz)^T ∇_zψ − (∇_xu)^T b = ρψ_S (ε, S, z) ∇_xS . (2.48)

With this equation the proof of the lemma readily follows: First, if (2.28) and (2.38) are satisfied, then insertion of (2.48) in (2.38) yields (2.40). Conversely, if (2.41)–(2.44) are satisfied, we take absolut values on both sides of (2.44) and insert (2.48) into the resulting equation to obtain (2.38). The equations (2.28)–(2.30) hold, since (2.41)–(2.43) are restatements of these equations.

To prove that the entropy condition (2.39) holds, we use (2.20) and (2.41) to compute ρ ∂ ∂t ψ(ε, S, z) − div_x q(ε, u_t, S, z) − b · u_t = ρ(∇_ε ψ) : ε(∇_x u_t) + ρψ_S S_t + ρ∇_z ψ · z_t

− (div_x T ) · u_t − ρ(∇_ε ψ) : ε(∇_x u_t) − b · u_t = ρψ_S S_t + ρ∇_z ψ · z_t = −ρψ_S cρψ_S |∇_x S| + ρ∇_z ψ · f ≤ 0. The last equality sign follows from (2.43) and (2.44), and the inequality sign is a consequence of the dissipation inequality (2.18) for f, which we assumed to hold. This shows that the entropy condition (2.39) is fulfilled.

Scholia. 1. Because of the product ψ_S |∇_x S|, the formulation of the system (2.41)–(2.44) is only valid for smooth solutions. Since a smooth solution of this system also satisfies the evolution equation (2.38) and the entropy condition (2.39), whose formulations are both valid for non-smooth solutions, it is tempting to assume that for a sequence of smooth solutions tending to a non-smooth limit function, this limit function is a solution of (2.38) and (2.39). This would allow us to construct and compute numerically non-smooth solutions of the initial-boundary value problem for evolving microstructures using the simpler equations (2.41)–(2.44).

2. In this section we require that the free energy ψ(ε, S, z) is defined for all values of S in an interval J containing 0 and 1. As in the derivation of the Cahn-Allen equation, cf. [9], it should be required that ψ is a double well potential having minima at the values S = 0 and S = 1. The first order equations (2.44) or (2.38) could be an alternative to the Cahn-Allen equation, an equation of second order.

3 Homogenization of the equations for materials with evolving microstructure

3.1 The microscopic initial-boundary value problem In this section we study the homogenization of the following initial-boundary value problem for (u, T, z, S) stated and derived in the preceding section: In Ω × R^+ the partial differential equations

−div_x T (x, t) = b(x, t) (3.1) T (x, t) = D(S(x, t)) ( ε(∇_x u(x, t)) − ε^∗(S(x, t)) − Bz(x, t) ) (3.2) z_t(x, t) = f(S(x, t), T (x, t), z(x, t)) (3.3) |S_t(x, t)| = ηc|div_x C(∇_xu, S, z) −ρ(∇_x z)^T ∇_z ψ(ε(∇_x u), S, z) − (∇_x u)^T b| (3.4) must be satisfied. The entropy condition ρ ∂ ∂t ψ(ε, S, z) − div_x (T u_t) − bu_t ≤ 0 , (3.5) must be fulfilled as side condition. The interface conditions are [u(x, t)] = [T (x, t)]n(x, t) = 0, z(x, t+) = g(z(x, t−)), (x, t) ∈ Γ, (3.6) the boundary condition is T (x, t)n(x) = 0, x ∈ ∂Ω, t ≥ 0 , (3.7) and the initial conditions are z(x, 0) = z^{(0)}(x) , S(x, 0) = S^{(0)}(x), x ∈ Ω . (3.8) In the interface condition g : R^N → R^N is a given function.

At time t = 0 the microstructure in the material, that is the distribution of the γ^′–precipitates in the γ–matrix phase, is determined by the initial function S^{(0)}. We shall assume that the microstructure is approximately periodic at t = 0 and study the situation when the dimensions of the periodicity cell of this microstructure are proportional to a parameter η and thus tend to zero for η → 0. If we assume that also the initial function z^{(0)} is approximately periodic with the same periodicity cell, then also the solution (u, T, z, S) of (3.1)–(3.8) to these initial data will be periodic. With shrinking periodicity cell one expects that this solution tends in a suitable sense against the solution of a homogenized system of partial differential equations. In this section we derive this homogenized system.

This derivation will be purely formal, however, since we do neither prove that the initial-boundary value problem (3.1)–(3.8) has a solution, nor do we prove that solutions must converge to solutions of the homogenized system. Instead, we assume that solutions of this initial-boundary value problem exist and that these solutions converge to limit functions. Our goal is to derive a system of partial differential equations, the homogenized system, which must be satisfied by the limit functions.

The constant ηc in (3.4) determines the speed of propagation of the phase boundary between the γ– and γ^′–phases. Since this speed is proportional to η, it is also proportional to the dimensions and distances of the precipitates. The time scale, on which the microstructure evolves, does therefore not change if η tends to zero. If the speed of propagation would not decrease with η, then because of the decreasing distances of the precipitates the microstructure would evolve more and more rapidly, and the interaction of the precipitates would happen in a short time interval with length tending to zero. One expects that after this short time interval the microstructure would settle to an approximately steady state. Homogenization would essentially amount to determine an initial-boundary value problem, whose solutions are asymptotic to the solution of the original problem at large times.

At present we do not know how to derive such an initial-boundary value problem. In fact, in practical problems the main interest is not to determine such a long time asymptotics to the evolution of the microstructure. Instead, in a real material the evolution of the microstructure is slow and typically needs hundreds or thousands of hours, and it is just this slow evolution before and during the interaction and the formation of the plate-like structure, which one wants to study. The choice of the constant ηc in (3.4) is therefore not only justified by the reduction of the mathematical difficulties; it is in fact a natural choice in the problem we want to study.

The evolution equation (3.4) for the order parameter and the equation resulting from it in the homogenized initial-boundary value problem are distribution equations. To derive and formulate the homogenized distribution equation we use a family of solutions of the initial-boundary value problem (3.1)–(3.8) depending on the fast variable. The definition of this family is given below. The homogenized equations for the displacement, the stress and the internal variables are derived in Section 3.2 using the method of asymptotic series. In Section 3.3 we prove some results for oscillating functions of bounded variation, which are used in Section 3.4 to derive the homogenized equation for the order parameter. There we also formulate the complete homogenized initial-boundary value problem.

Thus, assume that the initial data are given in the form

z^{(0)}(x) = z^{(0)}_0 (x, x η ), S^{(0)}(x) = S^{(0)}_0 (x, x η ) , (3.9)

with a parameter η > 0 and functions z^{(0)}_0 : Ω × R^3 → R^N , S^{(0)}_0 : Ω × R^3 → {0, 1} . The functions y → z^{(0)}_0 (x, y), y → S^{(0)}_0 (x, y) are assumed to be periodic for every x ∈ Ω with a bounded periodicity cell Y ⊆ R^3 . For simplicity we assume that ∫ Y dy = 1. (3.10)

We consider values of η in the range 0 < η < η_0 with a positive constant η_0. The functions z^{(0)}_0 (x,^x_η ) and S^{(0)}_0 (x,^x_η ) are approximately periodic with a periodicity cell, whose dimensions decrease to zero when η tends to zero.

In the following definition the value η > 0 is kept fixed:

Definition 3.1 Let ((x, y, t) → (u, T, z, S)) : Ω × R^3 × R^+ → R^3 × S^3 × R^N × {0, 1} be a function which satisfies the initial condition

z(x, y, 0) = z^{(0)}_0 (x, x η + y), S(x, y, 0) = S^{(0)}_0 (x, x η + y) (3.11)

for almost all (x, y) ∈ Ω × R^3 , and for which the function (x, t) → (u, T, z, S)(x, y, t) is a solution of (3.1)–(3.7) for almost all y ∈ R^3 . Then (u, T, z, S) is called a family of solutions depending on the fast variable y of the initial-boundary value problem (3.1)–(3.7), (3.11) with parameter η and initial data (z^{(0)}_0 , S^{(0)}_0 ).

In the following we fix z^{(0)}_0 and S^{(0)}_0 and for brevity avoid to mention the initial data. Thus, we call (u, T, z, S) a family of solutions of the initial-boundary value problem depending on the fast variable with parameter η.

3.2 Homogenized equations for u, T and z

In this section we study the homogenization of the equations (3.1)–(3.3). We assume that for all 0 < η < η_0 a family of solutions (û_η, T̂_η, ẑ_η, Ŝ_η) of the initial-boundary value problem depending on the fast variable with parameter η exists, which can be asymptotically expanded in the form (û_η, T̂_η, ẑ_η, Ŝ_η)(x, y, t) = (u_η, T_η, z_η, S_η)(x, x η + y, t) , 0 < η < η_0 , (3.12) with u_η(x, y, t) = u_0(x, t) + ηu_1(x, y, t) + η^2u_2(x, y, t, η) (3.13) T_η(x, y, t) = T_0(x, y, t) + ηT_1(x, y, t, η) (3.14) z_η(x, y, t) = z_0(x, y, t) + z_1(x, y, t, η) (3.15) S_η(x, y, t) = S_0(x, y, t) + S_1(x, y, t, η) , (3.16) where the functions u_η, u_1, u_2(·, η) : Ω × R^3 × R^+ → R^3 T_η, T_0, T_1(·, η) : Ω × R^3 × R^+ → S^3 z_η , z_0, z_1(·, η) : Ω × R^3 × R^+ → R^N S_η, S_0, S_1(·, η) : Ω × R^3 × R^+ → {0, 1} are assumed to be periodic with respect to the y–argument and have periodicity cell Y . The remainder terms are assumed to satisfy lim_{η→0} S_1(x, y, t, η) = 0 (3.17)

lim_{η→0} ∫ Ω ∫ Y |z_1(x, y, t, η)|^2dydx = 0 , (3.18) and the boundedness conditions sup 0<η<η_0 ∫ Ω ∫ Y ( |D^α_{x,y} u_2(x, y, t, η)|^2 ) dydx < ∞ (3.19) sup 0<η<η_0 ∫ Ω ∫ Y ( |D^α_{x,y} T_1(x, y, t, η)|^2 ) dydx < ∞, (3.20) for every multi-index α with |α| ≤ 1.

Scholia. 1. The function (ẑ_η, Ŝ_η) satisfies the initial condition (3.11) if (z_η, S_η) fulfills

z_η(x, y, 0) = z^{(0)}_0 (x, y), S_η(x, y, 0) = S^{(0)}_0 (x, y), (x, y) ∈ Ω × R^3 . 2. If the solution of the initial-boundary value problem (3.1)–(3.8) is unique, and if (û_η, T̂_η, ẑ_η, Ŝ_η) is a family of solutions to the initial-boundary value problem (3.1)–(3.7), (3.11) depending on the fast variable with parameter η, then y → (û_η, T̂_η, ẑ_η, Ŝ_η)(x, y, t) is periodic with periodicity cell Y . For, otherwise a solution different from

(û_η, T̂_η, ẑ_η, Ŝ_η) : Ω × R^3 × R^+_0 → R^3 × S^3 × R^N × {0, 1} could be obtained by extending (û_η, T̂_η, ẑ_η, Ŝ_η)|_{Ω×Y ×R+0} periodically with periodicity cell Ω × Y × R^+_0 to Ω × R^3 × R^+_0 . This would contradict the uniqueness of the solution.

3. Assume that (û_η, T̂_η, ẑ_η, Ŝ_η) is a family of solutions depending on the fast variable with parameter η, which are periodic with respect to the y–argument and have periodicity cell Y . Let (u_0, u_1, T_0, z_0, S_0) = (u_0, u_1, T_0, z_0, S_0)(x, y, t) be a given function, which is periodic with respect to y and has periodicity cell Y . Then necessarily the remainder (ũ, T̃ , z̃, S̃) defined by

(û_η, T̂_η, ẑ_η, Ŝ_η)(x, y, t) (3.21)

= (u_0 + ηu_1, T_0, z_0, S_0)(x, x η + y, t) + (η^2ũ, ηT̃ , z̃, S̃)(x, y, t, η) is of the form given above: (ũ, T̃ , z̃, S̃)(x, y, t, η) = (u_2, T_1, z_1, S_1)(x, x η + y, t, η) , (3.22)

with a function (x, y, t) → (u_2, T_1, z_1, S_1)(x, y, t, η), which is periodic with respect to y and has periodicity cell Y . For, the left hand side of the equation (3.21) and the first term on the right hand side are periodic with periodicity cell Y . Therefore also the second term on the right hand side is periodic. Define (u_2, T_1, z_1, S_1)(x, y, t, η) = (ũ, T̃ , z̃, S̃)(x, y − x η , t, η). Clearly, u_2, T_1, z_1, S_1 are periodic with respect to y and satisfy (3.22). Homogenization. From the hypothesis that (û_η, T̂_η, ẑ_η, Ŝ_η) is a family of solutions of the initial-boundary value problem depending on the fast variable and under the assumption that the terms u_2 and T_1 in the asymptotic expansion satisfy (3.19) and (3.20) we derive now a system of three equations which must be satisfied by the limit functions u_0, T_0, z_0, S_0 . The equations of this system are the homogenized equations corresponding to the equations (3.1)–(3.3). To formulate this system we need some definitions:

By M_Y : L^2(Y ) → R we denote the mean value operator

M_Y v = ∫ Y v(y) dy . Of course, M_Y can also be considered to be a projector to the space of constant functions on Y .

The elasticity tensors D(0) : S^3 → S^3 and D(1) : S^3 → S^3 in the matrix phase γ and in the γ^′–phase, respectively, are by assumption symmetric, positive definite mappings. Since the inverses D(0)^{−1} and D(1)^{−1} have the same properties, to a given function S : Ω × Y × R^+_0 → {0, 1} we can therefore define an (S, x, t)–dependent scalar product on L^2(Y, S^3) by [v, w]_{(S,x,t)} = ∫ Y ( D(S(x, y, t))^{−1}v(y) ) : w(y) dy , for v, w ∈ L^2(Y, S^3). Let

D_0 = { w|_Y | | | w ∈ L^{2,loc}(R^3 , S^3), divy w = 0, w is periodic

with periodicity cell Y } . D_0 is a closed subspace of L^2(Y, S^3). By

P_{(S,x,t)} : L^2(Y, S^3) → D_0 ⊆ L^2(Y, S^3)

we denote the projector onto D_0 , which is orthogonal with respect to the scalar product [v, w]_{(S,x,t)}. Of course, P_{(S,x,t)} depends on the function S and on (x, t).

By H_1(Ω × Y ) we denote the usual Sobolev space of functions with weak derivatives in L^2(Ω × Y ) up to order 1.

Theorem 3.2 Assume that for all η_0 > η > 0 the function (û_η, T̂_η, ẑ_η, Ŝ_η) with the representation (3.12)–(3.16) is a family of solutions of the initial-boundary value problem depending on the fast variable with parameter η. If the function (x, y) → (u_0, u_1, u_2, T_0, T_1)(x, y, t) belongs to the Sobolev space H_1(Ω × Y ) for almost all t, if (x, y) → (z_0, z_1)(x, y, t) belongs to L^2(Ω × Y ) for almost all t, and if the conditions (3.17)–(3.20) are fulfilled, then the function (u_0, T_0, z_0, S_0) satisfies

−div_x (M_Y T_0(x, ·, t)) = b(x, t) (3.23) T_0(x, ·, t) = P_{(S0,x,t)} { D(S_0(x, ·, t)) ( ε(∇_x u_0(x, t)) (3.24) − ε^∗(S_0(x, ·, t)) − Bz_0(x, ·, t) )} . Proof: From (3.12) and (3.14) we obtain

div_x T̂_η(x, y, t) = div_x T_η(x, x η + y, t) = div_x ( T_0(x, x η + y, t) + ηT_1(x, x η + y, t, η) )

= [ 1 η div_ξ T_0(x, ξ, t) (3.25) + div_x T_0(x, ξ, t) + div_ξ T_1(x, ξ, t, η) + ηdiv_x T_1(x, ξ, t, η) ] ξ=^x_η +y . Because of the periodicity of y → T_1(x, y, t, η), the hypothesis (3.20) implies η ( ∫ Ω ∫ Y |div_x T_1(x, ξ, t, η)|_{ξ= xη +y}|^2dydx )_{1/2}

= η ( ∫ Ω ∫ Y |div_xT_1(x, y, t, η)|^2dydx )_{1/2} ≤ ηK_1 ,

with a suitable constant K_1. This estimate and (3.25) show that (3.1) can only hold for all 0 < η < η_0 if ∫ Ω ∫ Y |div_y T_0(x, x η + y, t)|^2dydx = ∫ Ω ∫ Y |div_y T_0(x, y, t)|^2dydx = 0

and ∫ Ω ∫ Y |div_xT_0(x, ξ, t)|_{xη +y} + div_y T_1(x, x η + y, t, η) + b(x, t)|^2dydx

= ∫ Ω ∫ Y |div_xT_0(x, y, t) + div_y T_1(x, y, t, η) + b(x, t)|^2dydx = 0,

from which we conclude that the equations div_y T_0(x, y, t) = 0 (3.26) −div_x T_0(x, y, t) − div_y T_1(x, y, t, η) = b(x, t) (3.27) hold for almost all (x, y, t) ∈ Ω × R^3 × R^+ . Integration of (3.27) with respect to y yields

−div_x ∫ Y T_0(x, y, t) dy − ∫ Y div_y T_1(x, y, t, η) dy = ∫ Y b(x, t) dy = b(x, t) , where in the last step we used (3.10). The Divergence Theorem yields

−div_x ∫ Y T_0(x, y, t) dy − ∫ ∂Y T_1(x, y, t, η)n(y) dσ(y) = b(x, t) , (3.28) where n(y) is the exterior unit normal vector to ∂Y at y. Since Y is a periodicity cell for T_1 , it follows that ∫ ∂Y T_1(x, y, t, η)n(y) dσ(y) = 0 . With the definition of the mean value operator equation (3.28) can therefore be written in the form of equation (3.23).

To prove (3.24), we insert (3.13) and (3.14) into (3.2) and obtain for ξ = x η + y T_0(x, ξ, t) + ηT_1(x, ξ, t, η) = D(S_η(x, ξ, t)) ( ε(∇_x u_0(x, t) + ∇_ξ u_1(x, ξ, t)) (3.29) + ηε(∇_x u_1(x, ξ, t) + ∇_ξ u_2(x, ξ, t, η)) + η^2ε(∇_x u_2(x, ξ, t, η)) − ε^∗(S_η(x, ξ, t)) − Bz_η(x, ξ, t) ) . With the components D_{ijkl}(S) of the elasticity tensor D(S) we define

|D(S)|^2 = ∑ D_{ijkl}(S)^2. Since the hypothesis (3.17) implies

lim_{η→0} |D(S_η(x, y, t)) − D(S_0(x, y, t))|^2 = 0

for almost all (x, y), since S_η and S_0 have values in {0, 1} and since all functions are periodic with respect to y, the Dominated Convergence Theorem implies

lim_{η→0} ∫ Ω ∫ Y | | | ( D(S_η(x, x η + y, t)) − D(S_0(x, x η + y, t)) ) ( ε(∇_x u_0(x, t) + ∇_y u_1(x, x η + y, t)) )| | dydx = lim_{η→0} ∫ Ω ∫ Y | | | ( D(S_η(x, y, t)) − D(S_0(x, y, t)) ) (3.30) ( ε(∇_x u_0(x, t) + ∇_y u_1(x, y, t)) )| | dydx ≤ lim_{η→0} ( ∫ Ω ∫ Y | |D(S_η(x, y, t)) − D(S_0(x, y, t)) | |^2dydx)^{1/2}

· ( ∫ Ω ∫ Y | | |ε(∇x u0(x, t) + ∇y u1(x, y, t)) | | |^2dydx )_{1/2} = 0 .

Since |D(S_η(x, y, t))| ≤ max(|D(0)|, |D(1)|), the hypothesis (3.19) yields

lim_{η→0} ∫ Ω ∫ Y | | |D(Sη(x, x η + y, t)) ( ηε(∇_x u_1(x, ξ, t) + ∇_ξ u_2(x, ξ, t, η)) + η^2ε(∇_x u_2(x, ξ, t, η)) ) | x_{η +y} | | | dydx ≤ lim_{η→0} ( ∫ Ω ∫ Y |D(S_η(x, y, t))|^2dydx )_{1/2} (3.31) ( ∫ Ω ∫ Y |ηε(∇_x u_1 + ∇_y u_2) + η^2ε(∇_x u_2)|^2dydx )_{1/2} = 0 By a similar reasoning we see that (3.15)–(3.18) and the Dominated Convergence Theorem also imply

lim_{η→0} ∫ Ω ∫ Y | |D(Sη(x, x η + y, t)) ( ε^∗(S_η(x, x η + y, t)) − Bz_η (x, x η + y, t) )

−D(S_0(x, x η + y, t)) ( ε^∗(S_0(x, x η + y, t)) − Bz_0(x, x η + y, t) )| |dydx = 0. (3.32)

Finally, (3.20) implies

lim_{η→0} ∫ Ω ∫ Y |ηT_1(x, x η + y, t, η)| dx (3.33) ≤ |Ω|^{1/2} lim_{η→0} η ( ∫ Ω ∫ Y |T_1(x, y, t, η)|^2dydx )_{1/2} = 0 .

Combination of (3.30)–(3.33) with (3.29) shows that (3.2) can hold for all η_0 > η > 0 only if ∫ Ω ∫ Y | | |T0(x, ξ, t) − D(S0(x, ξ, t)) ( ε(∇_x u_0(x, t) + ∇_ξ u_1(x, ξ, t)) − ε^∗(S_0(x, ξ, t)) − Bz_0(x, ξ, t) )| |_{ξ= x} η +y dydx

= ∫ Ω ∫ Y | | |T0(x, y, t) − D(S0(x, y, t)) ( ε(∇_x u_0(x, t) + ∇_y u_1(x, y, t)) − ε^∗(S_0(x, y, t)) − Bz_0(x, y, t) )| | dydx = 0, where we again used the periodicity of all functions of the integrand with respect to y, whence

T_0(x, y, t) = D(S_0(x, y, t)) ( ε(∇_x u_0(x, t) + ∇_y u_1(x, y, t)) (3.34) − ε^∗(S_0(x, y, t)) − Bz_0(x, y, t) )

for almost all (x, y, t) ∈ Ω × R^3 × R^+ .

To see that this equation implies (3.24), note that for every w ∈ D_0 we obtain because of the symmetry of w(y) for the scalar product [D(S_0(x, ·, t)) ε(∇_y u_1(x, ·, t)), w(·)]_{(S0,x,t)} = ∫ Y ε(∇_y u_1(x, y, t)) : w(y) dy = ∫ Y ∇_y u_1(x, y, t) : w(y) dy = ∫ Y u_1(x, y, t) · div w(y) dy = 0 . The last integral vanishes since div w = 0 . The partial integration does not yield boundary terms, since u_1 and w both have periodicity cell Y . From this computation we conclude that the function y → D(S_0(x, y, t)) ε(∇_y u_1(x, y, t)) belongs to the orthogonal space of D_0 . This orthogonal space is equal to the kernel of the projector P_{(S0,x,t)} . Moreover, (3.26) implies that y → T_0(x, y, t) belongs to D_0 . Application of P_{(S0,x,t)} on both sides of (3.34) thus yields the equation (3.24). This completes the proof.

Remark. For use in Section 3.4 we note that the reasoning at the end of this proof also shows that application of P^⊥_{(S0,x,t)} = (I − P_{(S0,x,t)}) to (3.34) yields −D(S_0(x, ·, t))ε(∇_y u_1(x, ·, t)) (3.35) = P^⊥_{(S0,x,t)} { D(S_0(x, ·, t))(ε(∇_x u_0(x, t)) − ε^∗(S_0(x, ·, t)) − Bz_0(x, ·, t)) } . Definition 3.3 We call the equations

−div_x (M_Y T_0(x, ·, t)) = b(x, t) (3.36) T_0(x, ·, t) = P_{(S0,x,t)}{D(S_0(x, ·, t))(ε(∇_x u_0(x, t)) (3.37) − ε^∗(S_0(x, ·, t)) − Bz_0(x, ·, t))} ∂ ∂t z_0(x, y, t) = f(S_0(x, y, t), T_0(x, y, t), z_0(x, y, t)) (3.38) homogenized system associated to the equations (3.1)–(3.3). Note that we did not require f to satisfy any restricting conditions. In constitutive models used in the engineering sciences f is in general a function growing rapidly with respect to several of its variables. Of course, for such general f the conditions (3.17)–(3.20) for the solution (u, T, z, S) of (3.1)–(3.3) are not sufficient to guarantee that the limit function (T_0, z_0, S_0) satisfies the equation (3.38). Clearly, for a given function f it is not difficult to formulate conditions for (u, T, S, z) assuring that the limit function satisfies (3.38). However, such investigations are of interest only in connection with investigations of existence and regularity of solutions of the initial-boundary value problem (3.1)–(3.8). The justification of (3.38) in the homogenized system is therefore left to later works.

3.3 Oscillating functions of bounded variation

It remains to derive the homogenized form of the evolution equation for the order parameter. The derivatives in this evolution equation are measures. In this section we study the measures obtained by insertion of oscillating solutions of the form (3.12) into this equation. The derivation of the homogenized evolution equation in the next section is based upon the result obtained in the following lemma. To state this lemma, we need some definitions and notations.

Assume that

((x, y, t) → H_η(x, y, t)) ∈ BV^{loc}(Ω × R^3 × R^+ )

for all 0 < η < η_0. The values of H_η can lie in R, in R^N or in the set M^3 of 3 × 3–matrices. Accordingly, in this section the scalar product in all three spaces is uniformly denoted by v · w, and the test functions are chosen with values in appropriate spaces. We set Ĥ_η(x, y, t) = H_η(x, x η + y, t) for η > 0. The distribution div_xĤ_η is defined by

(div_xĤ_η, φ) = − ∫ Ω×R^3×R^+ H_η(x, x η + y, t) · ∇_xφ(x, y, t) d(x, y, t), for φ ∈ C^∞_0 (Ω × R^3 × R^+ ). This distribution is a measure. To see this, note that if V is an open set compactly contained in Ω × R^3 × R^+ , then also V_η = {(x, y, t) | (x, y − x η , t) ∈ V } is open and compactly contained in Ω × R^3 × R^+ . Since H_η ∈ BV^{loc}(Ω × R^3 × R^+ ), the derivatives div_xH_η and div_yH_η are measures. This means that there exist constants C_1, C_2 with

|(div_xH_η, φ)| ≤ C_1 max_{Vη} |φ|, |(div_yH_η, φ)| ≤ C_2 max_{Vη} |φ| (3.39) for all φ ∈ C^∞_0 (V_η). Since for all φ ∈ C^∞_0 (V ) the function φ̌_η defined by φ̌_η(x, y, t) = φ(x, y − x η , t) belongs to C^∞_0 (V_η), we obtain from (3.39) that

|(div_x Ĥ_η, φ)| = | | | ∫ V H_η(x, x η + y, t) · ∇_x φ(x, y, t) d(x, y, t) | | | = | | ∫ V_η H_η(x, y, t) · ∇_x φ(x, ξ, t)|_{ξ=y− xη} d(x, y, t) | |

= | | ∫ V_η H_η(x, y, t) · ( ∇_x φ(x, y − x η , t) + 1 η ∇_y φ_η(x, y − x η , t) ) d(x, y, t) | | ≤ | | | ∫ V_η H_η(x, y, t) · ∇_x φ̌_η(x, y, t)d(x, y, t) | | | + 1 η | | ∫ V_η H_η(x, y, t) · ∇_y φ̌_η(x, y, t) d(x, y, t) | |

≤ (C_1 + 1 η C_2) max_{Vη} |φ̌_η| = (C_1 + 1 η C_2) max_V |φ|.

This estimate shows that div_xĤ_η is a measure.

Consequently, by the Riesz representation theorem (cf. [26, pp. 49 and pp. 167]), to the total variation measure

μ̂_η = |div_xĤ_η| (3.40)

there exists a μ̂_η–measurable function σ̂_η with

div_xĤ_η = σ̂_ημ̂_η .

From this theorem it also follows that to the measure

η div_xH_η + div_yH_η

there exists a non-negative Radon measure μ_η and a μ_η–measurable function σ_η with η div_xH_η + div_yH_η = σ_η μ_η .

We call μ_η the total variation measure of η div_xH_η + div_yH_η and write

|η div_xH_η + div_yH_η| = μ_η . (3.41)

Lemma 3.4 For every φ ∈ C^∞_0 (Ω × R^3 × R^+ ) we have ∫ Ω×R^3×R^+ φ(x, x η + y, t) η d|div_xĤ_η| (3.42) = ∫ Ω×R^3×R^+ φ(x, y, t) d|η div_xH_η + div_yH_η| and ∫ Ω×R^3×R^+ φ(x, x η + y, t) d | | ∂ ∂t Ĥ_η | | = ∫ Ω×R^3×R^+ φ(x, y, t) d | | ∂ ∂t H_η | | . (3.43)

Proof: Let T : Ω × R^3 × R^+ → Ω × R^3 × R^+ be the map defined by T (x, y, t) = (x, x η + y, t) . With the notations from (3.40) and (3.41), equation (3.42) can be written in the form ∫ Ω×R^3×R^+ φ ∘ T (x, y, t) η dμ̂_η = ∫ Ω×R^3×R^+ φ(x, y, t) dμ_η . (3.44) This formula holds if μ_η = ηT_∗ μ̂_η, where the measure T_∗ μ̂_η is defined by

T_∗ μ̂_η(A) = μ̂_η(T^{−1}(A))

for every measurable subset A. Since μ_η and ηT_∗ μ̂_η are Radon measures on Ω × R^3 × R^+ and since Radon measures coincide if they coincide on open sets compactly contained in Ω × R^3 × R^+ , cf. [28, p. 62], equation (3.44) follows if we show that μ_η(V ) = ηT_∗ μ̂_η(V ) = ημ̂_η(T^{−1}(V )) (3.45) for all open subsets V compactly contained in Ω × R^3 × R^+ . For such sets

μ_η(V ) = sup { ∫ V φ d(η div_x H_η + div_y H) | | φ ∈ C^∞_0 (V ), |φ| ≤ 1 }

= sup { − ∫ V H_η(x, y, t) · (η∇_x + ∇_y)φ(x, y, t) d(x, y, t) | | | φ ∈ C^∞_0 (V ), |φ| ≤ 1 } (3.46) and ημ̂_η(T^{−1}(V )) = sup { ∫ T^{−1}(V )

φ η d(div_x Ĥ_η) | | | φ ∈ C^∞_0 (T^{−1}(V )), |φ| ≤ 1 }

= sup { − ∫ T^{−1}(V ) Ĥ_η(x, y, t) · η ∇_x φ(x, y, t) d(x, y, t) | | φ ∈ C^∞_0 (T^{−1}(V )), |φ| ≤ 1 } . (3.47)

Since T^{−1}(x, y, t) = (x, y −^x_η , t) and | det(T^{−1})^′(x, y, t)| = 1, we obtain ∫ T^{−1}(V ) Ĥ_η(x, y, t) · η ∇_x φ(x, y, t) d(x, y, t)

= ∫ T^{−1}(V ) H_η(T (x, y, t)) · η ∇_x φ(x, y, t) d(x, y, t)

= ∫ V H_η(x, y, t) · η ∇_x φ(x, ξ, t)|_{ξ=y− xη} d(x, y, t) (3.48) = ∫ V H_η(x, y, t) · (η ∇_x + ∇_y)φ(x, y − x η , t) d(x, y, t) = ∫ V H_η(x, y, t) · (η ∇_x + ∇_y)(φ ∘ T^{−1})(x, y, t) d(x, y, t) . Since the mapping φ → φ ∘ T^{−1} : C^∞_0 (T^{−1}(V )) → C^∞_0 (V ) is bijective, it follows from (3.48) that sup { − ∫ T^{−1}(V ) ηĤ_η · ∇_x φ d(x, y, t) | | φ ∈ C_{∞0} (T_{−1}(V )), |φ| ≤ 1}

= sup { − ∫ V H_η · (η∇_x + ∇_y)φ d(x, y, t) | | | φ ∈ C^∞_0 (V ), |φ| ≤ 1 } . (3.45) results from this formula and from (3.46), (3.47). This proves (3.42). The proof of (3.43) runs exactly along the same lines, but is slightly simpler. Definition 3.5 For every 0 ≤ η < η_0 let ν_η be a Radon measure on Ω × R^3 × R^+_0 . If lim_{η→0} ∫ Ω×R^3×R^+ φ(x, y, t) dν_η = ∫ Ω×R^3×R^+

φ(x, y, t) dν_0 (3.49) for all φ ∈ C^∞_0 (Ω × R^3 × R^+ ), we write ν_η^∞⇀ ν_0 .

If (3.49) holds for all φ ∈ C_0(Ω × R^3 × R^+ ), we write ν_η^∗⇀ ν_0 and say that ν_η converges to ν_0 weak*.

Examples show that in general ν_η^∞⇀ ν_0 does not imply ν_η^∗⇀ ν_0 . However, the following simple result holds:

Lemma 3.6 Assume that for every open subset V compactly contained in Ω× R^3 × R^+ sup_{η>0} |ν_η|(V ) < ∞. Then ν_η^∞⇀ ν_0 implies ν_η^∗⇀ ν_0 .

Proof: To φ ∈ C_0(Ω×R^3 ×R^+ ) choose an open set V with supp φ ⊆ V ⊂⊂ Ω× R^3 × R^+ . To δ > 0 we next choose a function χ ∈ C^∞_0 (V ) with sup |φ − χ| < δ. Then |(ν_η − ν_0, φ)| ≤ |(ν_η − ν_0, χ)| + (|ν_η| + |ν_0|, |φ − χ|) ≤ |(ν_η − ν_0, χ)| + δ(|ν_0|(V ) + sup_{η>0} |ν_η|(V )),

from which the statement follows, since δ was arbitrary.

In Lemma 3.8 we give a criterion for the family {H_η}_{0<η<η0} which guarantees that |ηdiv_x H_η + div_y H_η|^∗⇀ |div_y H_0|, with a suitable function H_0 . This type of convergence is needed in the derivation of the homogenized evolution equation for the order parameter. In the proof of this lemma we rely on the following Lemma 3.7 Assume that V is a bounded open subset of R^n and that ν_η is a Radon measure on V for every 0 ≤ η < η_0 . If ν_η^∗⇀ ν_0 and |ν_η|(V ) → |ν_0|(V ) for η → 0, then |ν_η|^∗⇀ |ν_0|. A proof can be found in [75, pp. 141]. See also [32, pp. 9].

We assume that H_η ∈ BV^{loc}(Ω × R^3 × R^+ ) for all 0 ≤ η < η_0 and that additionally for almost all (x, t) and all 0 ≤ η < η_0 the functions y → H_η(x, y, t) are periodic with periodicity cell Y ⊆ R^3 . Without loss of generality we assume that the periodicity cell is the half open cube Y = {y = (y_1, y_2, y_3) ∈ R^3 | 0 ≤ y_i < 1, i = 1, 2, 3}.

For δ > 0 we denote by

(Ω × R^+ )_δ = {(x, t) ∈ Ω × R^+ | dist((x, t), ∂(Ω × R^+ )) > δ, |(x, t)| <^1_δ } the bounded open set of all points with distance from the boundary of Ω × R^+ greater than δ and with norm less than 1/δ.

Lemma 3.8 Assume that there exists a sequence {Ω_m × I_m}^∞_{m=1} of bounded open sets with (Ω × R^+ ) 1_m ⊆ Ω_m × I_m ⊆ Ω × R^+ , such that for all m

lim_{η→0} ∫ Ω_m×Y ×I_m |H_η(x, y, t) − H_0(x, y, t)| d(x, y, t) = 0. (3.50) sup 0<η<η_0 |div_x H_η|(Ω_m × Y × I_m) < ∞ (3.51)

lim_{η→0} |div_y H_η|(Ω_m × Y × I_m) = |div_y H_0|(Ω_m × Y × I_m). (3.52)

Then |ηdiv_x H_η + div_y H_η|^∗⇀ |div_y H_0| . (3.53) Proof: This statement results from Lemma 3.7. Therefore the main part of the proof consists in the verification of the assumptions of Lemma 3.7.

In the first step of the proof we construct a partition of unity on R^3 . We use the notations s_+ = max{s, 0} for s ∈ R and |y|_∞ = max_{1≤i≤3} |y_i| for y = (y_1, y_2, y_3) ∈ R^3 . Define a function χ ∈ C_0(R^3 , R^+_0 ) by χ(y) = 3∏ i=1 (1 − |y_i|)_+ , y ∈ R^3 .

Then χ differs from zero only in the cube {y ∈ R^3 | |y|_∞ ≤ 1} consisting of 2^3 copies of Y . With this function we set χ_α(x) = χ(x − α) and obtain a partition of unity {χ_α}_{α∈Z}3_0 which satisfies for every positive integer m and every periodic function p with periodicity cell Y χ^{(m)}(x) = ∑ |α|_∞≤m χ_α(x) = 1, |x|_∞ ≤ m, (3.54) ∫ R^3

χ^{(m)}(y)p(y)dy = (2m + 1)^3 ∫ Y p(y)dy. (3.55)

For the proof of (3.55) note that the definition of χ^{(m)} in (3.54) yields ∫ R^3 ∑ |α|_∞≤m χ_α(y)p(y) dy = ∫ R^2 m∑ α_2,α_3=−m 3∏ i=2 (1 − |y_i − α_i|)_+ (3.56)

· ∫ R m∑ α_1=−m (1 − |y_1 − α_1|)_+p(y) dy_1 d(y_2, y_3) .

We use substitution and the periodicity of p to obtain m∑ α_1=−m ∫ R (1 − |y_1 − α_1|)_+p(y) dy_1

= m∑ α_1=−m ∫_1 −1 (1 − |y_1|)_+p(y_1 + α_1, y_2, y_3) dy_1

= (2m + 1) ( ∫ 1 0 (1 − |y_1|)p(y) dy_1 +

∫_1 0 (1 − |η − 1|)p(η − 1, y_2, y_3) dη )

= (2m + 1)

∫_1 0 [(1 − y_1) + (1 − (1 − y_1))]p(y) dy_1 = (2m + 1)

∫_1 0 p(y) dy_1 . Insertion of this formula into (3.56) and recursive application of it with the indices i = 2, 3 yields (3.55).

With the function χ^{(m)} just constructed the proof of the lemma is obtained as follows: For the measures ν^{(m)}η (x, y, t) = χ^{(m)}(y) (η div_x H_η + div_y H_η)(x, y, t), η ≥ 0, we prove that ν^{(m)}_η^∞⇀ ν^{(m)}_0 (3.57) and lim_{η→0} |ν^{(m)}_η |(Ω_m × R^3 × I_m) = |ν^{(m)}_0 |(Ω_m × R^3 × I_m), (3.58) for all m ∈ N. Since to any open set V compactly contained in Ω × R^3 × R^+ there exists m with

V ⊆ {(x, y, t) | (x, t) ∈ (Ω × R^+ ) 1_m , y ∈ R^3 } ⊆ Ω_m × R^3 × I_m , it follows from (3.58) that sup_{η>0} |ν^{(m)}_η |(V ) < ∞.

This relation, (3.57) and Lemma 3.6 together imply ν^{(m)}_η^∗⇀ ν^{(m)}_0 , and this result, (3.58) and Lemma 3.7 yield

|ν^{(m)}_η |^∗⇀ |ν^{(m)}_0 |

on the set Ω_m × R^3 × I_m for all m. Note that the unbounded set Ω_m × R^3 × I_m can be inserted for the bounded set V in Lemma 3.7, since the measure ν^{(m)}η restricted to the set Ω_m × R^3 × I_m has bounded support. The statement of Lemma 3.8 is an immediate consequence of this result, since (3.54) implies that to any φ ∈ C_0(Ω × R^3 × R^+ ) there exists m with supp φ ⊆ Ω_m × {y | χ^{(m)} = 1} × I_m .

To complete the proof it remains to show (3.57) and (3.58). For the proof of (3.57) let φ ∈ C^∞_0 (Ω × R^3 × R^+ ) and choose m with supp φ ⊆ Ω_m × R^3 × I_m . Using that the functions φ^{(m)}(x, y, t) = χ^{(m)}(y)φ(x, y, t) and φ_α(x, y, t) = χ_α(y)φ(x, y, t) have weak derivatives in L^∞, we obtain | | | ∫ Ω×R^3×R^+ φ(x, y, t)χ^{(m)}(y) ( d(ηdiv_x H_η + div_y H_η) − d(div_y H_0) )| | = = | | − ∫ Ω×R^3×R^+ H_η(x, y, t) · η∇_x φ^{(m)}(x, y, t) d(x, y, t) − ∫ Ω×R^3×R^+ (H_η(x, y, t) − H_0(x, y, t)) · ∇_y φ^{(m)}(x, y, t) d(x, y, t) | | | ≤ ∑ |α|_∞≤m ( ∫ Ω_m×supp χ_α×I_m η|H_η(x, y, t)| |∇_x φ_α(x, y, t)| d(x, y, t)

+ ∫ Ω_m×supp χ_α×I_m |H_η(x, y, t) − H_0(x, y, t)| |∇_y φ_α(x, y, t)| d(x, y, t) )

≤ ∑ |α|_∞≤m ( max |∇_x φ_α(x, y, t)| + max |∇_y φ_α(x, y, t)| )

·2^3 ∫ Ω_m×Y ×I_m ( η|H_η(x, y, t)| + |H_η(x, y, t) − H_0(x, y, t)| ) d(x, y, t) → 0 for η → 0. To get the last inequality sign we used that the cube supp χ_α consists of 2^3 copies of Y , and we applied the periodicity of H_η. The convergence to zero is implied by (3.50) and by sup η_0>η>0 ∫ Ω_m×Y ×I_m |H_η(x, y, t)| d(x, y, t) < ∞ , which also is a consequence of (3.50). This proves (3.57).

To verify (3.58) we note that the equation (3.55) yields for the measures |ν^{(m)}η | by some straightforward considerations

|ν^{(m)}_η |(Ω_m × R^3 × I_m) = (2m + 1)^3|ν_η|(Ω_m × Y × I_m),

for all η ≥ 0. Here the measures ν_η are defined by ν_η = η div_x H_η + div_y H_η. Therefore, to prove (3.58) it suffices to show that

lim_{η→0} |ν_η|(Ω_m × Y × I_m) = |ν_0|(Ω_m × Y × I_m). (3.59)

To verify this relation, note that the inverse triangle inequality and (3.51) imply | | |η divx Hη + divy Hη|(Ωm × Y × Im) − |divy Hη|(Ωm × Y × Im) | | ≤ |ηdiv_xH_η|(Ω_m × Y × I_m) ≤ ηC. From the hypothesis (3.52) we thus obtain | | |νη|(Ωm × Y × Im) − |ν0|(Ωm × Y × Im) | | ≤ | | | |η divx Hη + divy Hη|(Ωm × Y × Im) − |divy Hη|(Ωm × Y × Im) | | | + | | |divy Hη|(Ωm × Y × Im) − |divy H0|(Ωm × Y × Im) | | ≤ ηC + | | | |divy Hη|(Ωm × Y × Im) − |divy H0|(Ωm × Y × Im) | | | → 0 for η → 0. Therefore (3.59) and also (3.58) hold. This completes the proof of the lemma.

3.4 Homogenized evolution equation for the order parameter and homogenized initial-boundary value problem

To derive the homogenized form of the equation (3.4) we must insert the functions û_η, T̂_η, ẑ_η, Ŝ_η from (3.12) into (3.4) and study the limits of the terms on both sides of the equation for η → 0. These are limits in the distribution sense. Therefore, to study these limits we must generalize Definition 3.1 and introduce a family of distribution solutions of the initial-boundary value problem depending on the fast variable. We begin with this definition.

The space BV^{loc}(Ω × R^3 × R^+ ) and the total variation measure was introduced before Lemma 2.3. In the following definition we also need the space BV^{loc}(Ω × R^3 × R^+_0 ), which consists of all functions w on Ω × R^3 × R^+_0 with the property that for every open set V compactly contained in Ω × R^3 × R the restriction of w to V ∩ (Ω × R^3 × R^+ ) satisfies w|_{V ∩(Ω×R3×R+)} ∈ BV (V ∩ (Ω × R^3 × R^+ )) . For the given initial data z^{(0)}_0 : Ω × R^3 → R^N and S^{(0)}_0 : Ω × R^3 → {0, 1} we assume as above that y → z^{(0)}_0 (x, y) and y → S^{(0)}_0 (x, y) are periodic with periodicity cell Y and that this periodicity cell satisfies (3.10).

In the equation (3.4), which was derived in Lemma 2.4 for piecewise continuously differentiable z, the derivatives ∇_x z are the classical derivatives on (Ω × R^+ )\Γ and differ from the distributional derivatives by a measure on Γ generated by jumps of z across Γ. To avoid regularity problems, we want to use in the following definition only weak or distributional derivatives. ∇_x z could be computed from the distributional derivatives by subtraction of the measure on the interface Γ. Since we also want to avoid the discussion of the regularity of Γ, which would be necessary if this measure would explicitely appear in the definition, we require in the following definition of a family of distribution solutions depending on the fast variable that z is continuous across the interface. This means that we take the identity for the function g in the interface condition (3.6). In this case the weak and the classical derivatives coincide when the latter exist, and for ∇_x z in (3.4) we can insert the weak derivatives. Also for ∇_x u we can take the weak derivatives, since in all our investigations we assume that u is continuous across Γ.

Definition 3.9 a.) Let z^{(0)}_0 ∈ L^{1,loc}(Ω × R^3 ), let S^{(0)}_0 be measurable and let η > 0 be constant. The function (u, T, z, S) is a distribution solution of the partial differential equations

−div_x T (x, y, t) = b(x, t) (3.60) T (x, y, t) = D(S(x, y, t))(ε(∇_xu(x, y, t)) − ε^∗(S(x, y, t)) − Bz(x, y, t)) (3.61) z_t(x, y, t) = f(S(x, y, t), T (x, y, t), z(x, y, t)) (3.62) |S_t(x, y, t)| = ηc|div_x C(∇_x u, S, z) (3.63) −ρ(∇_x z)^T ∇_z ψ(ε(∇_x u), S, z) − (∇_x u)^T b| defined for (x, y, t) ∈ Ω × R^3 × R^+ , of the interface conditions [u(x, y, t)] = [T (x, y, t)]n(x) = [z(x, y, t)] = 0, (x, y) ∈ Γ(t), t ∈ R^+ , (3.64) of the boundary condition

T (x, y, t)n(x) = 0 , (x, y, t) ∈ ∂Ω × R^3 × R^+_0 , (3.65) and of the initial conditions

z(x, y, 0) = z^{(0)}_0 (x, x η + y), S(x, y, 0) = S^{(0)}_0 (x, x η + y), (x, y) ∈ Ω × R^3 , (3.66)

if the following conditions (i)–(v) are satisfied: (i) The functions u, T, z, S, C, f and b satisfy S, C(∇_x u, S, z) ∈ BV^{loc}(Ω × R^3 × R^+_0 ) u, ∇_x u, ∇_x z, ∈ L^{1,loc}(Ω × R^3 × R^+ ) T, b ∈ L^{1,loc}(Ω × R^3 × R^+ ) z, f(S, T, z) ∈ L^{1,loc}(Ω × R^3 × R^+_0 ), and also

(∇_x u)^T b, (∇_x z)^T ∇_z ψ(ε(∇_x u), S, z) ∈ L^{1,loc}(Ω × R^3 × R^+ )

(ii) The equation (T, ∇_x φ) = (b, φ), (3.67) holds for all φ ∈ C^∞_0 (R^3 × R^3 × R^+ , R^3 ), the equation (3.61) holds for almost all (x, y, t) ∈ Ω × R^3 × R^+ , and the equation −(z, φ_t) = (f(S, T, z), φ) (3.68) + ∫ Ω×R^3 z^{(0)}_0 (x, x η + y) · φ(x, y, 0) d(x, y), is satisfied for all φ ∈ C^∞_0 (Ω × R^3 × R, R^N ) (iii) The equation (3.63) holds in the sense of measures, where the absolute values on both sides of this equation denote the total variation measures (iv) The interface condition [u(x, y, t)] = 0 (3.69) holds for almost all (x, y) ∈ Γ(t) × R^3 , t ∈ R^+ (v) The initial condition

S(x, y, 0) = S^{(0)}_0 (x, x η + y) (3.70)

holds for almost all (x, y) ∈ Ω × R^3 .

b.) We say, that the distribution solution (u, T, z, S) of (3.60)–(3.66) defines a family of distribution solutions of the initial-boundary value problem (3.1)– (3.4), (3.6), (3.7), (3.11) depending on the fast variable y with parameter η and initial data (z^{(0)}_0 , S^{(0)}_0 ).

Of course, the equation (3.67) combines the equation (3.60), the interface condition for T and the boundary condition (3.65), the equation (3.68) combines the equation (3.62), the interface condition for z and the first one of the initial conditions (3.66), and in (3.70) we use that as a BV -function S has a trace on the part Ω × R^3 × {0} of the boundary of Ω × R^3 × R^+ .

Now we derive the homogenized evolution equation for the order parameter S. For 0 < η < η_0 let (û_η, T̂_η, ẑ_η, Ŝ_η) be a family of distribution solutions of the initial-boundary value problem depending on the fast variable with parameter η, which can be represented in the form (3.12)–(3.16). Let C denote the Eshelby tensor and ψ the free energy. We define Ĉ_η(x, y, t) = C(∇_x û_η(x, y, t), Ŝ_η(x, y, t), ẑ_η(x, y, t)), ∇_zψ̂_η (x, y, t) = ∇_zψ(ε(∇_x û_η(x, y, t)), Ŝ_η(x, y, t), ẑ_η(x, y, t)) and C_η(x, y, t) = C(∇_x u_η(x, y, t) + 1 η ∇_y u_η(x, y, t), S_η(x, y, t), z_η(x, y, t)), ∇_zψ_η(x, y, t) = = ∇_zψ(ε(∇_x u_η(x, y, t)) + 1 η ε(∇_y u_η(x, y, t)), S_η(x, y, t), z_η(x, y, t)), hence Ĉ_η(x, y, t) = C_η(x, x η + y, t), ∇_zψ̂_η (x, y, t) = ∇_zψ_η(x, x η + y, t). Under suitable boundedness conditions for the function u_2 in (3.13) and its derivatives, we have ∇_x u_η(x, y, t) + 1 η ∇_y u_η(x, y, t) → ∇_x u_0(x, t) + ∇_y u_1(x, y, t) for η → 0. Therefore we assume below that for η → 0 the function C_η tends to the function C_0(x, y, t) = C(∇_x u_0(x, t) + ∇_y u_1(x, y, t), S_0(x, y, t), z_0(x, y, t)), and ∇_z ψ_η tends to ∇_zψ_0(x, y, t) = ∇_zψ(ε(∇_x u_0(x, t)) + ε(∇_y u_1(x, y, t)), S_0(x, y, t), z_0(x, y, t)) .

With these definitions we can write the equation which results from insertion of (û_η, T̂_η, ẑ_η, Ŝ_η) into the evolution equation (3.63) in the form | | | ∂ ∂t Ŝ_η(x, y, t) | | | = ηc | | | divx Ĉη(x, y, t) (3.71) − ρ(∇_x ẑ_η (x, y, t))^T ∇_z ψ̂_η(x, y, t) − (∇_x û_η(x, y, t))^T b(x, t) | |. Lemma 3.10 Assume that

div_x Ĉ_η − ρ(∇_x ẑ_η)^T ∇_z ψ̂_η − (∇_x û_η)^T b

and^∂_{∂t}Ŝ_η are measures, and that the corresponding total variation measures satisfy (3.71). Assume moreover that | | | ∂ ∂t S_η | | |^∗⇀ | | | ∂ ∂t S_0 | | | (3.72) and | |ηdiv_x C_η + div_y C_η − ρ(η∇_x z_η + ∇_y z_η)_T ∇_z ψ_η − (η∇_x u_η + ∇_yu_η)_T b | | ∗⇀ | | |divy C0 − ρ(∇y z0)^T ∇z ψ0 | | | (3.73)

for η → 0. Then the equation | | ∂ ∂t S_0(x, y, t) | | = c | |div_y C_0(x, y, t) − ρ(∇_y z_0(x, y, t))_T ∇_z ψ_0(x, y, t) | | (3.74)

holds in the sense of measures on Ω × R^3 × R^+ .

Remark. Equation (3.74) is the homogenized evolution equation for the order parameter. Because of the nonlinear dependence of C and ρ(∇_x z)^T ∇_z ψ on (u, T, z, S), it is clear that weak convergence of (u_η, T_η, z_η, S_η) to (u_0, T_0, z_0, S_0) is not sufficient to guarantee (3.73). This problem arises in all investigations of nonlinear partial differential equations and in particular in investigations of quasilinear hyperbolic conservation laws. In the present problem an additional difficulty is introduced through the presence of the total variation measure. We do not investigate this problem any further, but only refer to the criterion for weak convergence of total variation measures given in Lemma 3.8.

Proof: If we insert the function S for H in the equation (3.43) of the Lemma 3.4, we obtain for every φ ∈ C^∞_0 (Ω × R^3 × R^+ , R) that ∫ Ω×R^3×R^+ φ(x, x η + y, t) d | | ∂ ∂t Ŝ_η | | = ∫ Ω×R^3×R^+ φ(x, y, t) d | | ∂ ∂t S_η | | . (3.75)

Insertion of C for H in (3.42) yields a corresponding result for the measures |div_x Ĉ_η| and |ηdiv_x C_η + div_y C_η|. Examination of the proof of (3.42) shows that the result can be extended to the measure on the right hand side of (3.71) and that the same proof yields for all φ ∈ C^∞_0 (Ω × R^3 × R^+ ) ∫ Ω×R^3×R^+ φ(x, x η + y, t)η d | |divx Ĉη − ρ(∇x ẑη)^T ∇z ψ̂η − (∇x ûη)^T b | | = ∫ Ω×R^3×R^+ φ(x, y, t) d | | |ηdivx Cη + divy Cη − ρ(η∇x zη + ∇y zη)^T ∇z ψη − (η∇_x u_η + ∇_yu_η)^T b | | . (3.76)

From (3.71), (3.75) and (3.76) we thus obtain ∫ Ω×R^3×R^+ φ(x, y, t) ( d | | | ∂ ∂t S_η | | | − c | | |ηdivx Cη + divy Cη − ρ(η∇_x z_η + ∇_y z_η)^T ∇_z ψ_η − (η∇_x u_η + ∇_yu_η)^T b | | ) = 0 for all φ ∈ C^∞_0 (Ω × R^3 × R^+ , R), which implies | | | ∂ ∂t S_η | | | = c | | |ηdivx Cη + divy Cη − ρ(η∇x zη + ∇y zη)^T ∇z ψη − (η∇_x u_η + ∇_yu_η)^T b | | | . By (3.72) and (3.73), the left hand side tends to |^∂_{∂t} S_0| and the right hand side tends to c|div_y C_0 − ρ(∇_y z_0)^T ∇_z ψ_0| . Therefore these limits must coincide, which proves (3.74).

Next we define the homogenized initial-boundary value problem. In this definition the mean stress T_∞(x, t) = M_Y T_0(x, ·, t) = ∫ Y T_0(x, y, t) dy playes an important part:

Definition 3.11 The homogenized initial-boundary value problem associated to the initial-boundary value problem (3.1)–(3.4), (3.6)–(3.8) is constituted by the equations

−div_x T_∞(x, t) = b(x, t), (3.77)

T_∞(x, t) = F_{s≤t}(∇_x u_0(x, s), x), (3.78) T_∞(x, t)n(x) = 0, x ∈ ∂Ω, t ≥ 0. (3.79)

Here the history functional ∇_x u_0(x, ·) → T_∞(x, ·) = F_{s≤t}(∇_x u_0(x, s), x) is defined by the equation T_∞(x, t) = M_Y T_0(x, ·, t), (3.80) which couples the mean stress to the micro stress T_0 , and by an initial-boundary value problem in the representative volume element, which defines T_0 and which consists of the four equations

−D(S_0(x, ·, t))ε(∇_y u_1(x, ·, t)) = (3.81) = P^⊥_{(S0,x,t)}{D(S_0(x, ·, t))(ε(∇_x u_0(x, t)) − ε^∗(S_0(x, ·, t)) − Bz_0(x, ·, t))}, T_0(x, ·, t) = (3.82) = P_{(S0,x,t)}{D(S_0(x, ·, t))(ε(∇_x u_0(x, t)) − ε^∗(S_0(x, ·, t)) − Bz_0(x, ·, t))}, ∂ ∂t z_0(x, y, t) = f(S_0(x, y, t), T_0(x, y, t), z_0(x, y, t)), (3.83) | | | ∂ ∂t S_0 | | | = c | | | divy C(∇x u0 + ∇y u1, S0, z0) (3.84) − ρ(∇_y z_0)^T ∇_z ψ(ε(∇_x u_0 + ∇_y u_1), S_0, z_0) | | | , where P^⊥_{(S0,x,t)} = (I − P_{(S0,x,t)}) : L^2(Y ) → D^⊥_0 ⊆ L^2(Y ) is the orthogonal projector onto the orthogonal space D^⊥_0 of D_0 , of the interface conditions

[u_0(x, y, t)] = [T_0(x, y, t)]n(x, t) = [z_0(x, y, t)] = 0, (x, y, t) ∈ Γ, (3.85) of the boundary condition y → (u_1(x, y, t), T_0(x, y, t), z_0(x, y, t), S_0(x, y, t)) (3.86) has periodicity cell Y, and of the initial conditions

z_0(x, y, 0) = z^{(0)}_0 (x, y), S_0(x, y, 0) = S^{(0)}_0 (x, y), (x, y) ∈ Ω × R^3 . (3.87) Scholia. 1. For every fixed x ∈ Ω the equations (3.81)–(3.87) define an initial-boundary value problem in the domain Y ×R^+ for the unknown function (y, t) → (u_1, T_0, S_0, z_0)(x, y, t), which has the same form as the initial-boundary value problem (3.1)–(3.8). This is hidden by the introduction of the projections P_{(S0,x,t)} and (I − P_{(S0,x,t)}) .

To see that (3.81)–(3.87) has this form, note that the pair of equations (3.81) and (3.82) is equivalent to the pair of equations (3.26) and (3.34).

In fact, at the end of the proof of Theorem 3.2 it was shown that (3.26) and (3.34) imply the equations (3.35) and (3.24), which coincide with (3.81) and (3.82). Conversely, (3.26) is obtained from (3.82), since P_{(S0,x,t)} is a projector to the space D_0 of periodic functions with vanishing divergence, and (3.34) is obtained from (3.81) and (3.82) by addition of these two equations. Therefore the equations (3.81) and (3.82) can be replaced by

div_y T_0(x, y, t) = 0, (3.88) T_0(x, y, t) = D(S_0(x, y, t)) ( ε(∇_x u_0(x, t) + ∇_y u_1(x, y, t)) (3.89) − ε^∗(S_0(x, y, t)) − Bz_0(x, y, t) ) , and the problem constituted by these two equations and by (3.83)–(3.87) is of the form of (3.1)–(3.8). The main difference is the presence of the term

∇_x u_0(x, t)

in (3.89) and in (3.84), which from the point of view of the initial-boundary value problem (3.88), (3.89), (3.83)–(3.87) is a given function. This term imposes a deformation field on the representative volume element, which does not depend on y. Hence, for every given time this deformation field is constant throughout the representative volume element Y . Besides the micro stress T_0 also u_1 is determined by this initial-boundary value problem. The function u_1 playes the part of a micro displacement.

2. The periodicity requirement for u_1 and T_0 in the boundary condition (3.86) is not needed in conjunction with the equations (3.81) and (3.82), since it is a consequence of the definition of the projection P_{(S0,x,t)} . It is needed, however, in conjunction with the equations (3.88) and (3.89).

3. The x–dependence of the history functional F_{s≤t}(∇_x u_0(x, s), x) is introduced by the x–dependence of the initial data z^{(0)}_0 (x, y) and S^{(0)}_0 (x, y). 4. By a formal reasoning, from the boundary condition (3.65) one would obtain the boundary condition T_0(x, y, t)n(x) = 0, (x, y, t) ∈ ∂Ω × R^3 × R^+_0 for the homogenized problem, which is stronger than the boundary condition (3.79). However, in accordance with well known results from the theory of homogenization for linear elliptic problems, cf. [7, pp. 87], one expects that this stronger boundary condition cannot be imposed in the homogenized problem and that (3.79) is the right condition.

5. The functions u_0, u_1, T_0, z_0 and S_0 determined as solution of the homogenized initial-boundary value problem can be used in two ways:

Since these functions are the leading terms in the expansions (3.13)–(3.16), the functions û_{0,η}(x, y, t) = u_0(x, t) + ηu_1(x, x η + y, t), (3.90) T̂_{0,η}(x, y, t) = T_0(x, x η + y, t), ẑ_{0,η}(x, y, t) = z_0(x, x η + y, t), Ŝ_{0,η}(x, y, t) = S_0(x, x η + y, t), form an asymptotic approximation to the solution (û_η, T̂_η, ẑ_η, Ŝ_η) of the microscopic initial-boundary value problem (3.1)–(3.7), (3.11):

(û_η, T̂_η, ẑ_η, Ŝ_η) − (û_{0,η}, T̂_{0,η}, ẑ_{0,η}, Ŝ_{0,η}) → 0 (3.91)

for η → 0. This is the first usage.

For the second usage we define the mean stress T̂_{η,∞} of the exact solution in the cell ηY = {ηy | y ∈ Y } by T̂_{η,∞}(x, y, t) = 1 |ηY | ∫ ηY T̂_η(x + z, y, t) dz

= 1 |ηY | ∫ ηY T_η(x + z, x + z η + y, t) dz = 1 |ηY | ∫ ηY T_η(x + z, x + z η , t) dz, where |ηY | = ∫ ηY dy . Here we used (3.12) and the periodicity of T_η. This computation shows that T̂_{η,∞}(x, y, t) = T̂_{η,∞}(x, t). We also use that T_∞(x, t) = ∫ Y T_0(x, y, t) dy = ∫ Y T_0(x, x η + y, t) dy = 1 |ηY | ∫ ηY T_0(x, x + y η , t) dy = 1 |ηY | ∫ ηY T_0(x + y, x + y η , t) dy + r(η), with the remainder r(η) = 1 |ηY | ∫ ηY ( T_0(x, x + y η , t) − T_0(x + y, x + y η , t) ) dy → 0 for η → 0. From (3.91) we thus have |T̂_{η,∞}(x, t) − T_∞(x, t)| ≤ | | | 1 |ηY | ∫ ηY ( T_η (x + y, x + y η , t) − T_0(x + y, x + y η , t) ) dy | | | + r(η) → 0 for η → 0. As second usage we therefore see from this relation and from (3.90), (3.91) that u_0 and T_∞, which are macroscopic, non-oscillating quantities, are the limits of the displacement û_η and of the averaged stress T̂_{η,∞} over the cell ηY for η → 0: (û_η, T̂_{η,∞}) → (u_0, T_∞). 6. The history functional F_{s≤t}(∇_x u_0(x, s), x) has the input function s → ∇_x u_0(x, s) and the output function t → T_∞(x, t). To compute T_∞(x, ·) from the deformation gradient ∇_x u_0(x, ·) for a given fixed x, this deformation gradient is considered as a function (y, s) → ∇_x u_0(x, s) constant with respect to y, which we insert in the initial-boundary value problem (3.88), (3.89), (3.83)–(3.87) posed in the representative volume element Y . Then the functions u_1, T_0, S_0, z_0 varying with respect to y in the representative volume element are computed by solving this initial-boundary value problem. Finally, we obtain the y–independent value T_∞(x, t) by taking the mean value of T_0(x, ·, t) over the representative volume element. This computation of the y–independent function T_∞ from the y–independent function ∇_x u_0 via the determination of y–dependent functions as solutions of an initial-boundary value problem is computationally expensive. An important open problem is therefore to devise a method to eliminate the y–variable by homogenization of the initial-boundary value problem (3.88), (3.89), (3.83)–(3.87) posed in the representative volume element. The homogenization procedure discussed in this article can therefore only be considered as a first step. The homogenization of the microscopic initial-boundary value problem leading to a history functional defined by an initial-boundary value problem in the representative volume element should be completed by a homogenization procedure, which replaces this initial-boundary value problem in the representative volume element by a constitutive relation, which for every x consists of an ordinary differential equation with respect to the time variable. For a discussion of such second homogenization procedures we have to refer to the literature cited at the end of the introduction. Closely connected to the problems studied in this article is [52], where a second homogenization procedure for a phase transformation problem is presented.

4 Materials with temporally invariant microstructure

4.1 The microscopic and the homogenized initial-boundary value problems

In the remainder of this paper we study the initial-boundary value problem describing a material with a microstructure, which is temporally fixed. As in the case of the evolving microstructure the history functional in the homogenized problem is defined by an initial-boundary value problem in the representative volume element. In the case of fixed microstructure it is particularly suggestive to interpret this homogenized problem as a quasi-static problem for an inelastic material with a constitutive equation, which is an ordinary differential equation in an infinite dimensional Banach space.

Existence proofs for initial-boundary value problems to inelastic materials are often based on the idea to show that under suitable assumptions for the constitutive equations the initial-boundary value problem can be written as an evolution equation to a monotone operator. In [2] it is shown that even if the given constitutive equations do not satisfy these assumptions, they can sometimes be brought into a transformed form, in which the assumptions are fulfilled. Existence of solutions is then obtained from the general theory of such evolution equations if in a second step it can be shown that the operator is maximal monotone. This program has been carried out completely in [2] for some dynamic initial-boundary value problems, whereas for quasi-static problems only the reduction to an evolution equation to a monotone operator is given there.

The goal of this section is to show that under the same assumptions for the constitutive equations, which allow to reduce the initial-boundary value problem for an inelastic material with fixed microstructure to a monotone evolution equation also the homogenized problem with constitutive equation in an infinite dimensional Banach space can be reduced to a monotone evolution equation. The reduction to an evolution equation is carried out in section 4.2, the proof of monotonicity is given in section 4.3. Monotonicity is not enough to prove existence of solutions of the evolution equation. In addition it must be shown that the monotone operator is maximal and that the resulting family of monotone operators satisfies some regularity conditions. We must leave the determination of conditions for the constitutive equations assuring these properties and thus guaranteeing existence of solutions for the homogenized problem to later investigations. Also, the problem, to show that solutions of the microscopic problem tend to solutions of the homogenized problem if the scale of the microstructure goes to zero, is left open in this work.

We begin with the formulation of the microscopic and the homogenized initial-boundary value problems. We assume that the elasticity tensor D is a periodic function of the space variable x, but is independent of the time variable t. Moreover, we assume that the misfit strain ε^∗ is negligible. In this case the order parameter S is not needed to describe the microstructure. Therefore we obtain the mathematical model for a material with temporally fixed microstructure from the initial-boundary value problem (3.1)–(3.8) by droping the relations (3.4)–(3.6) and omiting the term ε^∗ in (3.2).

Thus, let Ω ⊆ R^3 be a bounded open set with smooth boundary. For every y ∈ R^3 let D(y) : S^3 → S^3 be a linear mapping, which is symmetric and positive definite. Let f : R^3 × Δ̂(f) → R^N be a given map with Δ̂(f) ⊆ S^3 ×R^N . We assume that y → D(y) and y → f(y, T, z) are sufficiently smooth periodic functions with periodicity cell Y ⊆ R^3 . The periodicity cell is assumed to satisfy (3.10). Let η > 0 be a parameter, B : R^N → S^3 be a linear mapping and z^{(0)} : Ω → R^N be given initial data. The microscopic initial-boundary value problem is

−div_x T (x, t) = b(x, t) (4.1) T (x, t) = D( x η )(ε(∇_xu(x, t)) − Bz(x, t)) (4.2) z_t(x, t) = f( x η , T (x, t), z(x, t)) , (4.3) T (x, t)n(x) = 0, x ∈ ∂Ω, t ≥ 0 (4.4) z(x, 0) = z^{(0)}(x), x ∈ Ω. (4.5)

To study the homogenization of this system we consider initial data of the form z^{(0)}(x) = z^{(0)}_0 (x, x η ), x ∈ Ω, (4.6)

with a sufficiently regular function z^{(0)}_0 : Ω × R^3 → R^N . It is assumed that for every x ∈ Ω the function y → z^{(0)}_0 (x, y) is periodic with periodicity cell Y . For such initial data the analysis of Section 3.2 can be repeated. The resulting homogenized system is essentially equal to (3.36)–(3.38). To state the homogenized initial-boundary value problem precisely, let the mean value operator M_Y and the space D_0 be defined as in Section 3.2. A scalar product on L^2(Y ) is defined by [v, w] = ∫ Y (D(y)^{−1}v(y)) : w(y) dy. By P : L^2(Y ) → D_0 ⊆ L^2(Y ) we denote the projector onto D_0, which is orthogonal with respect to the scalar product [v, w].

Definition 4.1 The homogenized initial-boundary value problem associated to the problem (4.1)–(4.6) is given by −div_x T_∞(x, t) = b(x, t), (4.7) T_∞(x, t) = F_{s≤t}(∇_x u_0(x, s), x), (4.8) T_∞(x, t)n(x) = 0, x ∈ ∂Ω, t ≥ 0. (4.9) Here the history functional ∇_x u_0(x, ·) → T_∞(x, ·) = F_{s≤t}(∇_x u_0(x, s), x) is defined by the equation T_∞(x, t) = M_Y T_0(x, ·, t), (4.10) which yields the mean stress T_∞ as a function of the micro stress T_0, and by the initial-boundary value problem, which defines T_0 and which consists of the equations T_0(x, ·, t) = P {D(·)(ε(∇_x u_0(x, t)) − Bz_0(x, ·, t))}, (4.11) ∂ ∂t z_0(x, y, t) = f(y, T_0(x, y, t), z_0(x, y, t)), (4.12) and of the boundary and initial conditions

y → (T_0(x, y, t), z_0(x, y, t)) is periodic with periodicity cell Y, (4.13)

z_0(x, y, 0) = z^{(0)}_0 (x, y), (x, y) ∈ Ω × R^3 . (4.14) Remark. The periodicity requirement for T_0 in (4.13) can be dropped, since it is implied by the definition of the projection P .

From this formulation of the homogenized problem we see that it is a quasistatic problem for an inelastic material, whose history functional F_{s≤t} is defined by the system (4.11), (4.12) of ordinary differential equations in an infinite dimensional Banach space. Depending on the properties of f, the solution (y, t) → z_0(x, y, t) of this differential equation can for every fixed t lie in the Banach space of functions on R^3 periodic with periodicity cell Y and contained in L^p(Y ) for a suitable p, or it can lie in a Banach space of measures.

Just as in the homogenized problem to the evolving microstructure, we can also take another point of view and replace the equation (4.11) by the equivalent pair of equations

div_y T_0(x, y, t) = 0, T_0(x, y, t) = D(y)(ε(∇_x u_0(x, t) + ∇_y u_1(x, y, t)) − Bz_0(x, y, t)), which must be supplemented by the periodicity condition

y → (u_1(x, y, t), T_0(x, y, t)) is periodic with periodicity cell Y.

For every x ∈ Ω, the equations (4.12)–(4.14) together with this pair of equations and with the periodicity condition constitute an initial-boundary value problem for the unknown function (y, t) → (u_1, T_0, z_0)(x, y, t) in the domain Y × R^+ , which has the same form as the problem (4.1)–(4.5). The function u_1 is the micro deformation.

For all these considerations we refer to the scholia after Definition 3.11.

4.2 Reduction of the homogenized system to an evolution equation

In this section we reduce the homogenized initial-boundary value problem to an evolution equation. The reduction follows in all essential details the reduction of quasi-static initial-boundary value problems to inelastic materials given in Section 3.2 of [2]. However, in the more complicated case of the homogenized problem properties of several linear spaces and linear operators play a role, which must first be determined. Before we carry out the reduction, we first collect the information needed about these spaces and operators in several lemmas:

We assume that the symmetric linear mapping D(y) : S^3 → S^3 is uniformly positive definite: There exists a constant c > 0 with (D(y)F ) : F ≥ c|F |^2 for all y ∈ R^3 and all F ∈ S^3. The bounded linear operator P : D_0 → D_0 is defined by Pv = P (D(·)v(·)), v ∈ D_0 . Lemma 4.2 The operator P is selfadjoint with respect to the scalar product (v, w) = ∫ Y v(y) : w(y) dy on D_0 and positive definite.

Proof: D(y) is symmetric and positive definite, hence D(y)^{−1} exists and is symmetric. By definition the projection P is orthogonal with respect to the scalar product [v, w] on L^2(Y ). Hence P is selfadjoint. For v, w ∈ D_0 we thus obtain (Pv, w) = ∫ Y [P (D(·)v(·))](y) : w(y) dy

= ∫ Y D(y)^{−1}[P (D(·)v(·))](y) : D(y)w(y) dy = ∫ Y D(y)^{−1}[P (D(·)v(·))](y) : [P (D(·)w(·))](y) dy = ∫ Y D(y)^{−1}D(y)v(y) : [P (D(·)w(·))](y) dy = ∫ Y v(y) : [P (D(·)w(·))](y) dy = (v, Pw). Therefore P is selfadjoint. To see that P is positive definite, note that the above calculation also yields (Pv, v) = ∫ Y D(y)^{−1}[P (D(·)v(·))](y) : [P (D(·)v(·))](y) dy = [Pv, Pv] ≥ 0 . It follows that P is positive definite if Pv = P (D(·)v(·)) ≠ 0 for all v ∈ D_0 with v ≠ 0, hence if ker P = {0}. Now, if v ∈ ker P, then D(·)v(·) ∈ ker P = D^⊥_0 . Since v ∈ D_0 , this implies

0 = [v, D(·)v(·)] = ∫ Y (D^{−1}(y)v(y)) : D(y)v(y) dy = ∫ Y v(y) : v(y) dy, whence v = 0. This proves that P is positive definite. The proof is complete.

Next we need to collect some information about the kernel of the operator div_x M_Y . First we define precisely how we want to understand this operator. Definition 4.3 The domain of definition of div_x M_Y consists of all functions w ∈ L^2(Ω × Y, S^3), for which v ∈ L^2(Ω, R^3 ) exists satisfying − ∫ Ω (M_Y w(x, ·)) : ∇_x φ(x) dx = ∫ Ω v(x) · φ(x) dx, for all φ ∈ H_1(Ω, R^3 ). Obviously, v is uniquely defined by this equation. We thus define (div_x M_Y )w = v.

Clearly, this means that the domain of definition of div_x M_Y consists of all w, for which div_x can be applied to x → (M_Y w(x, ·)) in the weak sense, and which in the weak sense satisfy [M_Y w(x, ·)]n(x) = 0, x ∈ ∂Ω. By K we denote the kernel of the operator div_x M_Y . Then K is the subspace of all functions w ∈ L^2(Ω × Y, S^3) with ∫ Ω (M_Y w(x, ·)) : ∇_x φ(x) dx = 0 (4.15) for all φ ∈ H_1(Ω, R^3 ). The subspace K is closed. The orthogonal space of K in L^2(Ω × Y, S^3) with respect to the scalar product (v, w)_{Ω×Y} = ∫ Ω ∫ Y v(x, y) : w(x, y) dxdy is denoted by K^⊥.

Lemma 4.4 (i) The space K consists of all functions w of the form w(x, y) = w_0(x) + w_1(x, y), (4.16) where w_0 ∈ L^2(Ω, S^3) satisfies div_x w_0 = 0, w_0(x)n(x) = 0, x ∈ ∂Ω (4.17) in the weak sense, and where w_1 ∈ L^2(Ω × Y, S^3) satisfies M_Y w_1(x, ·) = 0, x ∈ Ω. (4.18) (ii) We have K^⊥ = {(x, y) → ε(∇_x v(x)) | v ∈ H_1(Ω, R^3 )}. (4.19) Remark. w_0 satisfies (4.17) in the weak sense if ∫ Ω w_0(x) : ∇φ(x) dx = 0 for all φ ∈ H_1(Ω, R^3 ), of course. (ii) means that all functions of the set K^⊥ are constant with respect to the y-variable.

Proof: (i) Assume that w = w_0 + w_1 with w_0, w_1 satisfying (4.17), (4.18). For φ ∈ H_1(Ω, R^3 ) we then have because of (3.10) ∫ Ω (M_Y w(x, ·)) : ∇_x φ(x) dx = ∫ Ω (M_Y w_0(x) + M_Y w_1(x, ·)) : ∇_x φ(x) dx = ∫ Ω w_0(x) : ∇_x φ(x) dx = 0, whence w ∈ K. On the other hand, assume that w ∈ K. We set w_0(x) = M_Y w(x, ·) and w_1 = w − w_0 . Then w(x, y) = w_0(x) + w_1(x, y) and w_1 satisfies (4.18), since M_Y w_1(x, ·) = M_Y w(x, ·) − M_Y w_0(x) = M_Y w(x, ·) − w_0(x) = M_Y w(x, ·) − M_Y w(x, ·) = 0, where we used (3.10) again. Moreover, w_0 satisfies (4.17), since for φ ∈ H_1(Ω, R^3 ) ∫ Ω w_0(x) : ∇_x φ(x) dx = ∫ Ω ∫ Y w_0(x) dy : ∇_x φ(x) dx = ∫ Ω (M_Y w_0(x) + M_Y w_1(x, ·)) : ∇_x φ(x) dx = ∫ Ω (M_Y w(x, ·)) : ∇_x φ(x) dx = 0. This proves (i).

(ii) Let M^T_Y : L^2(Ω, S^3) → L^2(Ω × Y, S^3) denote the transpose operator of M_Y : L^2(Ω × Y, S^3) → L^2(Ω, S^3). It is immediately seen that (M^T_Y v)(x, y) = v(x) for all v ∈ L^2(Ω, S^3) and all (x, y) ∈ Ω × Y .

Since M_Y w(x, ·) is a symmetric matrix for all w ∈ L^2(Ω × Y, S^3), it follows that (M_Y w(x, ·)) : ∇_x φ(x) = (M_Y w(x, ·)) : ε(∇_x φ(x)).

Therefore, by (4.15), K is the set of all w ∈ L^2(Ω × Y, S^3) with 0 = ∫ Ω (M_Y w(x, ·)) : ∇_x φ(x) dx = ∫ Ω (M_Y w(x, ·)) : ε(∇_x φ(x)) dx = ∫ Ω ∫ Y w(x, y) : [M^T_Y (ε(∇_x φ))](x, y) dydx, for all φ ∈ H_1(Ω, R^3 ). Thus, K is the orthogonal space of the subspace

{M^T_Y (ε(∇_x φ)) | φ ∈ H_1(Ω, R^3 )} = {(x, y) → ε(∇_x φ(x)) | φ ∈ H_1(Ω, R^3 )}.

Since this subspace is closed, it is equal to K^⊥. This proves (ii).

Because K is a closed subspace of L^2(Ω×Y, S^3), we can define the orthogonal projection Π_1 : L^2(Ω × Y, S^3) → K ⊆ L^2(Ω × Y, S^3) onto K. Orthogonality is meant with respect to the scalar product (v, w)_{Ω×Y} . By Π_2 = I − Π_1 we denote the orthogonal projection to the orthogonal space K^⊥ of K.

An operator defined on a subspace of L^2(Ω×Y, S^3) can be introduced using the operator P : D_0 → D_0 as follows: Since this operator is linear, bounded, selfadjoint and positive definite, it defines by ((x, y) → v(x, y)) → ((x, y) → (Pv(x, ·))(y)) (4.20) a bounded linear operator on

L^2(Ω, D_0) = {v ∈ L^2(Ω × Y, S^3) | v(x, ·) ∈ D_0 for almost all x}, which is also selfadjoint with respect to the scalar product (v, w)_{Ω×Y} and positive definite, and which we denote by the same symbol P : L^2(Ω, D_0) → L^2(Ω, D_0). Of course, the same considerations apply to the inverse P^{−1} : L^2(Ω, D_0) → L^2(Ω, D_0).

The next lemma contains information about these operators: Lemma 4.5 (i) We have

Π_1(L^2(Ω, D_0)) ⊆ K ∩ L^2(Ω, D_0), Π_2(L^2(Ω × Y, S^3)) ⊆ L^2(Ω, D_0) (ii) The operator Π_1P^{−1} maps the subspace K ∩ L^2(Ω, D_0) of L^2(Ω × Y, S^3) into itself, and Π_1P^{−1} : K ∩ L^2(Ω, D_0) → K ∩ L^2(Ω, D_0) is selfadjoint and positive definite.

Proof: (i) Lemma 4.4 (ii) implies for the range R(Π_2) of the projection Π_2 that

R(Π_2) = K^⊥ = {(x, y) → ε(∇_x v(x)) | v ∈ H_1(Ω, R^3 )} ⊆ L^2(Ω, D_0), since functions w(x, y) = ε(∇_x v(x)) are periodic with respect to y and satisfy div_y v(x, y) = 0. For v ∈ L^2(Ω, D_0) we thus have Π_1v = (I − Π_2)v = v − Π_2v ∈ L^2(Ω, D_0), hence Π_1(L^2(Ω, D_0)) ⊆ K ∩ L^2(Ω, D_0). The proof of (i) is complete. (ii) Since P^{−1} : L^2(Ω, D_0) → L^2(Ω, D_0) we conclude from (i) that Π_1P^{−1} : K ∩ L^2(Ω, D_0) → K ∩ L^2(Ω, D_0).

To see that this operator is selfadjoint and positive definite, let v, w ∈ K ∩ L^2(Ω, D_0). Then Π_1v = v and Π_1w = w. Since the orthogonal projection Π_1 is selfadjoint on L^2(Ω × Y ) and P^{−1} is selfadjoint on L^2(Ω, D_0), we thus obtain (Π_1P^{−1}v, w)_{Ω×Y} = (P^{−1}v, Π_1w)_{Ω×Y} = (P^{−1}v, w)_{Ω×Y}

= (v, P^{−1}w)_{Ω×Y} = (Π_1v, P^{−1}w)_{Ω×Y} = (v, Π_1P^{−1}w)_{Ω×Y} .

This shows that Π_1P^{−1} is selfadjoint. From this computation it also follows that for v ≠ 0 (Π_1P^{−1}v, v)_{Ω×Y} = (P^{−1}v, v)_{Ω×Y} > 0, since P^{−1} is positive definite on L^2(Ω, D_0). Consequently, Π_1P^{−1} is positive definite. This proves the lemma.

Reduction to an evolution equation. With these lemmas we can reduce the homogenized initial-boundary value problem to an evolution equation. We use the following notation: For functions v and w defined on Ω × R^+ and on Ω × Y × R^+ , respectively, which take values in some space V , we denote by v(t) and w(t) the functions x → v(x, t) : Ω → V and (x, y) → w(x, y, t) : Ω × Y → V, respectively.

Since by Lemma 4.2 the operator P : D_0 → D_0 is selfadjoint and positive definite, it has a selfadjoint and positive definite inverse P^{−1} : D_0 → D_0. Because P is the projection to D_0, the terms on both sides of the equation (4.11) belong to the domain of definition of P^{−1}. Therefore we can apply P^{−1} to this equation and obtain together with (4.7) and (4.10)

−div_x (M_Y T_0(x, ·, t)) = b(x, t) (4.21)

P^{−1}T_0(x, ·, t) = ε(∇_x u_0(x, t)) − P^{−1}P (D(·)Bz_0(x, ·, t)). (4.22)

Here we used that ε(∇_x u_0(x, t)) can be considered to be a function of (x, y, t), which is constant with respect to y. Since constant functions belong to D_0, we have ε(∇_x u_0(x, t)) ∈ D_0 for all (x, t), which yields

P^{−1}P (D(·)ε(∇_x u_0(x, t))) = P^{−1}Pε(∇_x u_0(x, t)) = ε(∇_x u_0(x, t)).

In the second term on the right of (4.22) this simplification is not possible, since Bz_0(x, ·, t) /∈ D_0 , in general. Hence this function does not belong to the domain of definition of P.

In the next step we insert T_0 = Π_1T_0 + Π_2T_0 into (4.21). Because Π_1 projects to the kernel of the operator div_x M_Y , we obtain

−div_x M_Y T_0(t) = −div_x M_Y (Π_1T_0)(t) − div_x M_Y (Π_2T_0)(t)

= −div_x M_Y (Π_2T_0)(t) = b(t). (4.23)

Here we used that T_0(t) and, as a consequence, also Π_2T_0(t) belong to the domain of definition of div_x M_Y . This is guaranteed by the boundary condition (4.9). We continue by applying Π_1 to (4.22), which results in

Π_1P^{−1}T_0(t) = Π_1ε(∇_x u_0(t)) − Π_1P^{−1}P (DBz_0(t))

= −Π_1P^{−1}P (DBz_0(t)),

since (4.19) implies ε(∇_x u_0(t)) ∈ K^⊥ and since K^⊥ = ker Π_1 . Using T_0(t) ∈ L^2(Ω, D_0), we conclude from Lemma 4.5 (i) that Π_1T_0(t), Π_2T_0(t) ∈ L^2(Ω, D_0), whence Π_1T_0(t) and Π_2T_0(t) both belong to the domain of definition of P^{−1}. Consequently, P^{−1}T_0(t) = P^{−1}Π_1T_0(t) + P^{−1}Π_2T_0(t), which shows that the last equation can be written in the form

Π_1P^{−1}(Π_1T_0)(t) = −Π_1P^{−1}P (DBz_0(t)) − Π_1P^{−1}(Π_2T_0)(t). (4.24) Because the mapping Π_1P^{−1} : K ∩ L^2(Ω, D_0) → K ∩ L^2(Ω, D_0) is selfadjoint and positive definite, it has an inverse, which is also selfadjoint and positive definite. We denote this inverse by (Π_1P^{−1})^{−1}. Because the three functions T_0(t), P^{−1}P (DBz_0(t)) and P^{−1}(Π_2T_0)(t) all are contained in L^2(Ω, D_0), we can invoke Lemma 4.5 (i) again to conclude from this fact that Π_1T_0(t) and both terms on the right hand side of (4.24) belong to the subspace K ∩ L^2(Ω, D_0), the domain of definition of (Π_1P^{−1})^{−1}. Therefore we can apply this inverse to all terms of the equation (4.24). Differentiation of the resulting equation and insertion of (4.12) for^∂_{∂t} z_0 yields ∂ ∂t (Π_1T_0)(·, ··, t) = −(Π_1P^{−1})^{−1}Π_1P^{−1}P (D(··)Bf(··, T_0(·, ··, t), z_0(·, ··, t)))

− (Π_1P^{−1})^{−1}Π_1P^{−1} ∂ ∂t (Π_2T_0)(·, ··, t). (4.25)

We note that in this equation (Π_1P^{−1})^{−1}Π_1P^{−1} can not be replaced by the identity, since (Π_1P^{−1})^{−1} is the inverse of Π_1P^{−1} on K ∩ L^2(Ω, D_0). However, P (DBf) /∈ K ∩ L^2(Ω, D_0) and (Π_2T_0)_t /∈ K ∩ L^2(Ω, D_0), in general.

If we replace T_0 by Π_1T_0 + Π_2T_0 in the argument of f, then we obtain from (4.25) the evolution equation for Π_1T_0 which we sought. We state this evolution equation and the equation (4.23) for Π_2T_0 in the following Theorem 4.6 Assume that (u_0, T_0, z_0) is a function which has the properties u_0(t) ∈ H_1(Ω, R^3 ) (4.26)

T_0(t), ∂ ∂t T_0(t) ∈ L^2(Ω × Y, S^3) (4.27)

z_0(t), ∂ ∂t z_0(t) ∈ L^2(Ω × Y, S^3), (4.28)

for almost all t ∈ R^+ , and which satisfies the homogenized initial-boundary value problem (4.7)–(4.14). Then T_0 and z_0 satisfy on Ω×Y ×R^+ the equations −div_x M_Y (Π_2T_0) = b(x, t) (4.29) ∂ ∂t (Π_1T_0) = −(Π_1P^{−1})^{−1}Π_1P^{−1}P (D(·)Bf(·, Π_1T_0 + Π_2T_0, z_0))

− (Π_1P^{−1})^{−1}Π_1P^{−1}(Π_2T_0)_t (4.30) ∂ ∂t z_0 = f(·, Π_1T_0 + Π_2T_0, z_0), (4.31) on ∂Ω × R^+ the boundary condition

[M_Y Π_2T_0(x, ·, t)]n(x) = 0, (4.32)

and on Ω × Y the initial conditions

(Π_1T_0)(x, ·, 0) = −(Π_1P^{−1})^{−1}Π_1P^{−1}P (D(·)Bz^{(0)}_0 (x, ·))

− (Π_1P^{−1})^{−1}Π_1P^{−1}(Π_2T_0)(x, ·, 0) (4.33)

z_0(x, y, 0) = z^{(0)}_0 (x, y). (4.34)

Conversely, if T_0 and z_0 are periodic with respect to y, fulfill (4.27), (4.28) and satisfy (4.29)–(4.34), then a unique function u_0 exists satisfying (4.26), such that the function (u_0, T_0, z_0) solves the homogenized initial-boundary value problem (4.7)–(4.14).

Scholium. Before we give the remaining parts of the proof of this theorem, we interpret the equations (4.29)–(4.34). The equations (4.29) and (4.32) belong together and are meant in the weak sense. Together they mean that for almost all t the function (x, y) → (Π_2T_0)(x, y, t) must belong to the domain of definition of the operator div_x M_Y introduced in Definition 4.3 and that the application of this operator to Π_2T_0 yields x → b(x, t). Since by definition Π_2 maps to the orthogonal space of the kernel of div_x M_Y , the function Π_2T_0 is uniquely determined by (4.29) and (4.32). Hence, if these two equations can be solved for almost all t, then the component Π_2T_0 of T_0 in the space K^⊥ is known. Thus, the unknowns in (4.30), (4.31) and (4.33), (4.34) are z_0 and the component Π_1T_0 of T_0 in the space K. Therefore, (4.30), (4.31) is a system of evolution equations for the functions Π_1T_0 and z_0 to the initial conditions (4.33), (4.34). If this system can be solved, then T_0 = Π_1T_0 + Π_2T_0 and z_0 are known. By the statement of the theorem, u_0 can be determined such that (u_0, T_0, z_0) satisfy the homogenized initial-boundary value problem. Proof: We already proved that (4.29), (4.30) follow from (4.7), (4.11). The equations (4.31) and (4.34) coincide with (4.12) and (4.14). With T_∞(x, t) = M_Y T_0(x, ·, t), the boundary condition (4.9) can be written in the form (M_Y T_0(x, ·, t))n(x) = 0, (x, t) ∈ ∂Ω × R^+ . The boundary condition (4.32) follows from this equation and from

Π_2T_0 = T_0 − Π_1T_0 ,

since by definition Π_1 is the projection to the kernel of the operator div_x M_Y ; the function Π_1T_0 thus satisfies

[M_Y Π_1T_0(x, ·, t)]n(x) = 0 on ∂Ω × R^+ in the weak sense. Finally, the initial condition (4.33) for Π_1T_0 is obtained by application of the operator (Π_1P^{−1})^{−1} to (4.24) and insertion of the initial data for z_0 in the resulting equation.

Conversely, assume that (4.29)–(4.34) are satisfied. We use (4.31) to replace f in (4.30) by^∂_{∂t} z_0 and integrate the resulting equation with respect to t. Insertion of the initial condition (4.33) for Π_1T_0 and application of the operator Π_1P^{−1} to the resulting equation yields (4.24), which can be written in the form

Π_1P^{−1}T_0 = −Π_1P^{−1}P (D(·)Bz_0).

Since ker Π_1 = K^⊥, this equation and Lemma 4.4 (ii) imply that for almost every t there exists a function (x → u_0(x, t)) ∈ H_1(Ω, R^3 ) such that (4.22) is satisfied. Moreover, (4.21) follows directly from (4.29). From (4.21), (4.22) we obtain (4.7) and (4.11) by application of P to (4.22). The equations (4.12), (4.14) and (4.9) result directly from (4.31), (4.34) and (4.32). This proves the theorem.

Remark. The hypothesis z_0(t),^∂_{∂t} z_0(t) ∈ L^2(Ω × Y, S^3) in Theorem 4.6 is questionable. In fact, from the theory of quasi-static problems it is known that z_0(t) belongs to L^2 only if f satisfies growth restrictions, which are not satisfied in most constitutive models derived in the engineering sciences. In general, z_0 belongs to L^p or to a space of measures, depending on the properties of f. However, we believe that the preceding reasoning can be modified to hold also in situations where z_0 belongs to these more general spaces.

4.3 Monotonicity of the evolution equation

The crucial difficulty in proving that the homogenized initial-boundary value problem has a solution is to show that the evolution system (4.30) and (4.31) is solvable. Here we prove that if f is a monotone vector field, then this evolution system can be written as an evolution equation of the form

τ_t(t) = −A(t)τ(t) + g(t) (4.35)

with a known function g and with a family {A(t)}_{t≥0} of monotone operators. This is an essential step in proving existence of solutions for the homogenized system. Of course, monotonicity of A(t) alone is not sufficient for existence of solutions of (4.35). It is necessary that A(t) is maximal monotone and that the family {A(t)}_{t≥0} satisfies additional regularity conditions, cf. [16, 23]. Whether these additional conditions are satisfied is an open question, not only for the homogenized system, but also for the original system, where a similar, but simpler reduction to an evolution equation is possible.

In order to keep the discussion simple, we restrict ourselves in the following investigations to constitutive equations (4.3) of the form

z_t = f( x η , T ), where the function f does not depend on the internal variables z explicitly. Many simple constitutive equations used in the engineering sciences are of this form, cf. [2]. We remark however, that the following considerations go through for considerably more general functions f, which also depend on the internal variables z explicitly.

So, assume that f = f(y, T ). In this case (4.29), (4.30) and the boundary condition (4.32) form a closed system for Π_1T_0 and Π_2T_0 , and the evolution equation (4.31) for the internal variables z_0 can be dropped. To simplify the notation we set

τ = Π_1T_0 , σ = Π_2T_0 . Then τ = τ(x, y, t), σ = σ(x, y, t) and τ(t) ∈ K ∩ L^2(Ω, D_0), σ(t) ∈ K^⊥ for almost every t ≥ 0. The equation (4.30) takes the form

τ_t(t) = −(Π_1P^{−1})^{−1}Π_1P^{−1}P (D(·)Bf(·, τ(t) + σ(t))) − (Π_1P^{−1})^{−1}Π_1P^{−1}σ_t(t) . (4.36) According to the discussion following Theorem 4.6, the function σ(t) is uniquely determined by (4.29) and (4.32). Therefore σ and the function g = (Π_1P^{−1})^{−1}Π_1P^{−1}σ_t can be considered to be known. With this function g the equation (4.36) can thus be written in the form (4.35), if we define the operator A(t) = A(σ(t)) by

A(σ(t))τ̂ = (Π_1P^{−1})^{−1}Π_1P^{−1}P (D(·)Bf(·, τ̂ + σ(t))), (4.37)

for every τ̂ from the domain of definition Δ(σ(t)) of A(σ(t)). For Δ(σ(t)) we choose the set of all functions τ̂ ∈ K ∩ L^2(Ω, D_0), for which ((x, y) → f(y, τ̂(x, y) + σ(x, y, t))) ∈ L^2(Ω × Y, R^N ) (4.38) holds. With this choice we have

A(σ(t)) : Δ(σ(t)) ⊆ K ∩ L^2(Ω, D_0) → K ∩ L^2(Ω, D_0).

To see this, note that by definition of the projection P , the relation (4.38) implies x → P (D(·)Bf(·, τ̂(x, ·) + σ(x, ·, t))) ∈ L^2(Ω, D_0). Since P^{−1} : L^2(Ω, D_0) → L^2(Ω, D_0), we thus obtain from Lemma 4.5 (i) that for τ̂ ∈ Δ(σ(t))

Π_1P^{−1}P (D(·)Bf(·, τ̂ + σ(t))) ∈ K ∩ L^2(Ω, D_0), which together with Lemma 4.5 (ii) and with the definition of A(σ(t)) yields

A(σ(t))τ̂ ∈ K ∩ L^2(Ω, D_0).

This proves the assertion. In passing we note that, as indicated in the notation, the operator A(t) = A(σ(t)) depends on the time t only via the known function σ(t). A mapping A : Δ(A) ⊆ H → H on a Hilbert space H with the scalar product (v, w) is monotone if (Av − Aw, v − w) ≥ 0 for all v, w ∈ Δ(A). Here Δ(A) denotes the domain of A. We shall prove that A(σ(t)) is a monotone operator on K∩L^2(Ω, D_0) for almost all t, if this Hilbert space is equipped with the scalar product defined as follows: In Lemma 4.5 it was proved that Π_1P^{−1} is selfadjoint and positive definite on the Hilbert space K ∩L^2(Ω, D_0) with the scalar product (v, w)_{Ω×Y} = ∫ Ω ∫ Y v(x, y) : w(x, y) dydx. Using this, we define the new scalar product on K ∩ L^2(Ω, D_0) by ⟨v, w⟩ = ∫ Ω ∫ Y (Π_1P^{−1}v) : w dydx . (4.39)

Theorem 4.7 Let f : R^3 × S^3 → R^N be a given function and B : R^N → S^3 be a linear mapping. Assume that for every y ∈ R^3 the vector field τ̃ → Bf(y, τ̃) : S^3 → S^3 is monotone:

(Bf(y, τ̃_1) − Bf(y, τ̃_2)) : (τ̃_1 − τ̃_2) ≥ 0, (4.40)

for all τ̃_1, τ̃_2 ∈ S^3. Then for every σ ∈ K^⊥ ⊆ L^2(Ω × Y, S^3) the operator A(σ) defined in (4.37) is monotone on K ∩ L^2(Ω, D_0), if this space is equipped with the scalar product ⟨v, w⟩.

Proof: Let τ_1, τ_2 ∈ Δ(σ). Then (4.37) and (4.39) yield

⟨A(σ)τ_1 − A(σ)τ_2, τ_1 − τ_2⟩ = ∫ Ω×Y ( Π_1P^{−1}[P D(·)Bf(·, τ_1 + σ) − P D(·)Bf(·, τ_2 + σ)] ) : (τ_1 − τ_2)d(x, y)

= ∫ Ω×Y ( Π_1P^{−1}P D(·)(Bf(·, τ_1 + σ) − Bf(·, τ_2 + σ)) ) : (τ_1 − τ_2) d(x, y) =: J_1,

where we used the linearity of Π_1P^{−1} and of P . Since Π_1 : L^2(Ω × Y, S^3) → K ⊆ L^2(Ω × Y, S^3) is orthogonal with respect to the scalar product (v, w)_{Ω×Y} and since τ_1 − τ_2 ∈ K, hence Π_1(τ_1 − τ_2) = τ_1 − τ_2 , we obtain that

J_1 = ∫ Ω ∫ Y ( P^{−1}P (D(·)(Bf(·, τ_1 + σ) − Bf(·, τ_2 + σ))) ) : (τ_1 − τ_2) dydx = ∫ Ω ∫ Y ( P (D(·)(Bf(·, τ_1 + σ) − Bf(·, τ_2 + σ))) ) : P^{−1}(τ_1 − τ_2) dydx

=: J_2 .

Here we used that P defined in (4.20) and also P^{−1} are selfadjoint on L^2(Ω, D_0) with respect to the scalar product (v, w)_{Ω×Y} . Note that P projects to D_0 , hence P D(·)(Bf(·, τ_1 +σ)−Bf(·, τ_2 +σ)) ∈ L^2(Ω, D_0) and τ_1 −τ_2 ∈ L^2(Ω, D_0) . We next use that P : L^2(Y ) → D_0 ⊆ L^2(Y ) is orthogonal with respect to the scalar product [v, w] = ∫ Y (D(y)^{−1}v(y)) : w(y) dy. For all v, w ∈ L^2(Y ) we thus have ∫ Y [P (Dv)] : w dy = ∫ Y [D(y)^{−1}P (D(·)v(·))] : D(y)w(y) dy = ∫ Y D(y)^{−1}D(y)v(y) : P (D(·)w(·)) dy = ∫ Y v : [P (Dw)] dy . Using this relation, we obtain

J_2 = ∫ Ω ∫ Y ( Bf(y, τ_1 + σ) − Bf(y, τ_2 + σ) ) : P (D(·)P^{−1}(τ_1 − τ_2)) dydx = ∫ Ω ∫ Y (Bf(y, τ_1 + σ) − Bf(y, τ_2 + σ)) : (τ_1 − τ_2) dydx = ∫ Ω ∫ Y [ (Bf(y, (τ_1 + σ)(x, y)) − Bf(y, (τ_2 + σ)(x, y)) ]

: [ (τ_1 + σ)(x, y) − (τ_2 + σ)(x, y) ] dydx ≥ 0. The last inequality sign follows from the assumption (4.40). In this step we used that for v ∈ L^2(Ω, D_0) P (D(·)v(x, ·))(y) = (Pv)(x, y), by definition of P, hence P (D(·)P^{−1}(τ_1 − τ_2)) = PP^{−1}(τ_1 − τ_2) = τ_1 − τ_2 .

This computation proves that the operator A(σ) is monotone. The proof is complete.

Conclusion. The contributions of this article to the mathematical theory of phase transformations and to the homogenization of mathematical models from solid mechanics can be summarized as follows:

In Section 2 we derived a new mathematical model for the evolution in time of phase transitions. In this model the order parameter belongs to the space BV^{loc} of functions of bounded variation. Its evolution in time is rate dependent and is governed by a first order partial differential equation, a Hamilton-Jacobi equation. This model could be an alternative to the Cahn-Allen model.

Since the order parameter is of bounded variation, to determine the effective equations to this model it was necessary in Section 3 to study homogenization in the space BV^{loc}. This made it necessary to introduce the idea of a family of solutions of the microscopic initial-boundary value problem depending on the fast variable.

In Section 4 we reduced the homogenized system of partial differential equations for temporally invariant microstructure to an evolution equation. The reduction procedure generalizes the reduction given in [2] for the equations modeling inelastic solids. As a first step in the direction of an existence proof we showed that the resulting evolution equation is monotone.

It remains open whether the model suggested in Section 2 has a solution and whether the solution is unique. Moreover, it would be important to investigate this model numerically. Also,the proof of monotonicity in Section 4 should be extended to an existence proof for the homogenized system to temporally invariant microstructure. Subsequently, this homogenized system should be justified by proving that the solutions of the homogenized problem tend asymptotically to the solutions of the microscopic problem. In the last step, the same program should be carried out for the homogenized problem to evolving microstructure. Of these tasks, the existence proof for the homogenized system to invariant microstructure and the justification of this system seem to be the most accessible ones.

References

[1] Abeyarathe, R.; Knowles, J.K.: On the driving traction acting on a surface of strain discontinuity in a continuum. J. Mech. Phys. Solids 38(1990), 345–360

[2] Alber, H.-D.: Materials with memory. Springer Lecture Notes in Mathematics 1682. Berlin: Springer 1998

[3] Allaire, G.: Homogenization and two-scale convergence. SIAM J. Math. Anal.

23(1992), 1482-1518

[4] Alt, H.W.; Pawlow, I.: Existence of solutions for non-isothermal phase separation. Adv. Math. Sci. Appl. 1(1992), 319–409

[5] Angenent, S.B.; Gurtin, M.E.: Multiphase thermomechanics with interfacial structure. 2. Evolution of an isothermal interface. Arch. Rational Mech. Anal. 108(1989), 323–391

[6] Ball, J.M.; Kinderlehrer, D.; Podio-Guidugli, P.; Slemrod, M.: Evolving phase interfaces in solids. Berlin: Springer 1999

[7] Bensoussan, A.; Lions, J.L.; Papanicolaou, G.: Asymptotic analysis for periodic structures. Amsterdam: North Holland 1978

[8] Brakke, K.: The motion of a surface by its mean curvature. Princton: Princton University Press 1978

[9] Brokate, M.; Sprekels, J.: Hysteresis and phase transitions. New York:

Springer 1996

[10] Cermelli, P.; Gurtin, M.E.; Leoni, G.: Energies for incoherent films: an analytical approach. Interfaces and free Boundaries 1(1999), 81–105

[11] Chen, Y.-G.; Giga, Y.; Goto, S.: Uniqueness and existence of viscosity solutions of generalized mean curvature flow equations. J. Diff. Geom. 33(1991), 749–786

[12] Chiadò Piat, V.; Defranceschi, A.: Homogenization of monotone operators.

Nonlinear Analysis TMA 14(1990), 717–732

[13] Chop, D.L.; Sethian, J.A.: Motion by intrinsic Laplacian of curvature. Interfaces and free Boundaries 1(1999), 107–123

[14] Colli, P.; Sprekels, J.: Global solution to the Penrose-Fife phase-field model with zero interfacial energy and Fourier law. Adv. Math. Sci. Appl. 9(1999), 383-391

[15] Concordel, M. C.: Periodic homogenisation of Hamilton-Jacobi equations: II:

Eikonal equations. Proc. R. Soc. Edinb., Sect. A 127(1997), 665-689

[16] Crandall, M.G.; Pazy, A.: Nonlinear evolution equations in Banach spaces.

Israel J. Math. 11(1972), 57–94

[17] Deckelnick, K.; Dziuk, G.: Convergence of a finite element method for nonparametric mean curvature flow. Numer. Math. 72(1995), 197–222

[18] Dreyer, W.: Development of microstructure based viscoplastic models for advanced design of single crystal hot section components. In: J. Olschewski [ed.]: Final technical report, Brite/Euram Program BRE2-CT92-0176, pp. 34–49, Bundesanstalt für Materialwissenschaft Berlin 1996

[19] Dreyer, W.; Müller, W.H.; Olschewski, J.: Application of Fourier transforms to heterogeneous materials. Part I: Elastically homogeneous bodies. Manuscript, Bundesanstalt für Materialwissenschaft Berlin 1996

[20] Elliott, Ch.M.; Garcke, H.: Existence results for diffusive surface motion laws.

Advances in Math. Sci. Appl. 7(1997), 467–490

[21] Epstein, M.; Maugin, G.A.: Sur le tenseur de moment matériel d’Eshelby en élasticité non linéaire. C.R. Acad. Sci. Paris, II 310(1990), 675–678

[22] Eshelby, J.D.: Energy relations and the energy momentum tensor in continuum mechanics. In: M. Kanninen, W. Adler, A. Rosenfeld, R. Jaffe [eds.]: Inelastic behavior of solids, 77–115. New-York: McGraw-Hill 1970

[23] Evans, L.C.: Nonlinear evolution equations in an arbitrary Banach space.

Israel J. Math. 26(1977), 1–42

[24] Evans, L. C.: The perturbed test function method for viscosity solutions of nonlinear PDE. Proc. R. Soc. Edinb., Sect. A 111(1989), 359-375

[25] Evans, L. C.: Periodic homogenisation of certain fully nonlinear partial differential equations. Proc. R. Soc. Edinb., Sect. A 120(1992), 245-265

[26] Evans, L.C.; Gariepy, R.F.: Measure theory and fine properties of functions.

Boca Raton: CRC Press 1992

[27] Evans, L.C.; Spruck, J.: Motion of level set by mean curvature. J. Diff. Geom.

33(1991), 635–681

[28] Federer, H.: Geometric measure theory. Berlin: Springer-Verlag 1969

[29] Feller-Kniepmeier, M.: Report about the research results of the subprojects B1 (pp. 169–204), B2 (pp. 205–241), B6 (pp. 339–364) and YD (pp. 687– 706) of the Sonderforschungsbereich 339. In: Forschungsbericht des Sonderforschungsbereiches 339: Schaufeln und Scheiben in Gasturbinen – Werkstoffund Bauteilverhalten. Technische Universität Berlin 1992 (in German)

[30] Garcke, H.: On mathematical models for phase separation in elastically stressed solids. Habilitationsschrift, Universität Bonn 2000

[31] Giga, M.-H.; Giga, Y.: Evolving graphs by singular weighted curvature. Arch.

Rational Mech. Anal. 141(1998), 117–198

[32] Giusti, E.: Minimal surfaces and functions of bounded variation. Boston:

Birkhäuser 1984

[33] Gross, D.; Müller, R.: Ein Verfahren zur Bestimmung von Gleichgewichtskonfigurationen von Einschlüssen mit Hilfe verallgemeinerter Kräfte. Preprint Nr. 4/97, Fachbereich Mechanik, Technische Universität Darmstadt 1997

[34] Gurtin, M.E.: Multiphase thermomechanics with interfacial structure 1.

Heat conduction and the capillary balance law. Arch. Rational Mech. Anal. 103(1988), 195–221

[35] Gurtin, M.E.: The nature of configurational forces. Arch. Rational Mech.

Anal. 131(1995), 67–100

[36] Herring, C.: Surface tension as a motivation for sintering. In: W.E. Kingston [ed.]: The phsics of powder metallurgy, 143–179. New-York: McGraw-Hill 1951

[37] Horie, Kazuo; Ishii, Hitoshi: Homogenization of Hamilton-Jacobi equations on domains with small scale periodic structure. Indiana Univ. Math. J. 47(1998), 1011-1057

[38] Hornung, U.; Jäger, W.: Diffusion, convection, adsorption, and reaction of chemicals in porous media. J. Differ. Equations 92(1991), 199–225

[39] Hornung, U.; Jäger, W.; Mikelic, A.: Reactive transport through an array of cells with semi-permeable menbranes. RAIRO, Modelisation Math. Anal. Numer. 28(1994), 59–94

[40] Huisken, G.: The volume preserving mean curvature flow. J. reine Angew.

Math. 382(1987), 35–88

[41] Ishii, Hitoshi: Homogenization of the Cauchy problem for Hamilton-Jacobi equations. In: McEneaney, W.M. [ed.] et al., Stochastic analysis, control, optimization and applications. A volume in honor of Wendell H. Fleming, on the occasion of his 70th birthday. Boston: Birkhaeuser 305-324 (1999)

[42] Jäger, W.; Mikelic, A.: On the effective equations of a viscous incompressible fluid flow through a filter of finite thickness. Commun. Pure Appl. Math. 51(1998), 1073–1121

[43] Jäger, W.; Oleinik, O.A.; Shamaev, A.S.: Asymptotics of solutions of the boundary value problem for the Laplace equation in a partially perforated domain with boundary conditions of the third kind on the boundaries of the cavities. Trans. Mosc. Math. Soc. 1997(1997), 163–196

[44] Jäger, W.; Oleinik, O.A.; Shaposhnikova, T.A.: Homogenization of solutions of the Poisson equation in a domain perforated along a hypersurface, with mixed boundary conditions on the boundary of the cavities. Trans. Mosc. Math. Soc. 1998(1998), 135–157

[45] Jikov, V.V.; Kozlov, S.M.; Oleinik, O.A.: Homogenization of differential operators and integral functionals. Berlin: Springer 1994

[46] Kailasam, M.; Ponte Castañeda, P.: A general constitutive theory for linear and nonlinear particulate media with microstructure evolution. J. Mech. Phys. Solids 46(1998), 427–465

[47] Larché, F.C.; Cahn, J.W.: The interactions of composition and stress in crystalline solids. Acta Metall. Mater. 33(1985), 337–357

[48] Luckhaus, S.: Solutions for the Two-Phase-Stefan problem with the Gibbs- Thomson law for the melting temperatur. Euro. J. Appl. Math. 1(1990), 101– 111 [49] Maugin, G.A.: Material inhomogeneities in elasticity. London: Chapman and Hall 1993

[50] Maugin, G.A.: Momentum and pseudomomentum in matter. Mitt. Ges.

Angew. Math. Mech. 20(1997), 37–51

[51] Miehe, C.; Schröder, J., Schotte, J.: Computational homogenization analysis in finite plasticity. Simulation of texture development in polycrystalline materials. Computer Methods in Appl. Mech. Engineering 171(1999), 387–418

[52] Mielke, A.; Theil, F.: A mathematical model for rate-independent phase transformations with hysteresis. In: H.-D. Alber, R, Balean, R. Farwig [eds.]: Models of continuum mechanics in analysis and engineering, 117–129. Aachen: Shaker 1999

[53] Moulinec, H.; Suquet, P.: A fast numerical method for computing the linear and nonlinear mechanical properties of composites. C. R. Acad. Sci. Paris 318, Série II (1994), 1417–1423

[54] Müller, L.; Glatzel, U.; Feller-Kniepmeier, M.: Modelling thermal misfit stresses in Nickel-base superalloys containing high volume fraction of γ^′–phase. Acta Metall. Mater. 40(1992), 1321

[55] Müller, R.; Gross, D.: 3D simulation of equilibrium morphologies of precipitates. Computational Materials Science 11(1998), 35–44

[56] Mullins, W.W.; Sekerka, R.F.: Morphological stability of a particle growing by diffusion or heat flow. J. Appl. Phys. 34(1963), 323–324

[57] Novick-Cohen, A.: The Cahn-Hilliard equation: mathematical and modelling perspectives. Adv. Math. Sci. Appl. 8(1998), 965–985

[58] Pankov, A.: G-convergence and homogenization of nonlinear partial differential equations. Dordrecht: Kluwer 1997

[59] Ponte Castañeda, P.: A second-order theory for nonlinear composite materials. (Une theorie exacte a l’ordre 2 pour les materiaux composites non lineaires). C. R. Acad. Sci., Paris, Ser. II, Fasc. b 322(1996), 3-10

[60] Ponte Castañeda, P.: Nonlinear composite materials: Effective constitutive behavior and microstructure evolution. In: Suquet, P. [ed.]: Continuum micromechanics. Wien: Springer. CISM Courses Lect. 377(1997), 131-195

[61] Ponte Castañeda, P.; Zaidman, M.: Constitutive models for porous materials with evolving microstructure. J. Mech. Phys. Solids 42(1994), 1459–1497

[62] Ponte Castañeda, P.; Zaidman, M.: The finite deformation of nonlinear composite materials. I. Instantaneous constitutive relations. II: Evolution of the microstructure. Int. J. Solids Struct. 33(1996), 1271-1303

[63] Sanchez-Hubert, J.; Sanchez-Palencia, E.: Sur certains problèmes physiques d’homogénéisation donnant lieu à des phénomènes de relaxation. C. R. Acad. Sci. Paris, A 286(1978), 903-906

[64] Schmidt, I.: Gleichgewichtsmorphologien elastischer Einschlüsse. Dissertation, Fachbereich Mechanik, Technische Universität Darmstadt 1997

[65] Schmidt, I.; Gross, D.: The equilibrium shape of an elastically inhomogeneous inclusion. J. Mech. Phys. Solids 45(1997), 1521–1549

[66] Schröder, J.; Miehe, Ch.: Numerical homogenization analysis of polycrystalls.

Z. Angew. Math. Mech. 78 Suppl. 2(1998), 721–722

[67] Socrate, S.; Parks, D.M.: Numerical determination of the elastic driving force for directional coarsening in Ni-superalloys. Acta Metall. Mater. 41(1993), 2185–2209

[68] Soner, H.M.: Convergence of the phase field equations to the Mullins-Sekerka problem with kinetic undercooling. Arch. Rational Mech. Anal. 131(1995), 139–137

[69] Suquet, P.M.: Elements of homogenization for inelastic solid mechanics. In: E.

Sanchez-Palencia, A. Zaoui [eds.]: Homogenization techniques for composite media. Lecture Notes in Physics 272, 193–278. Berlin: Springer 1986

[70] Suquet, P.M.: Effective properties of nonlinear composites. In: Suquet, P. [ed.]: Continuum micromechanics. Wien: Springer. CISM Courses Lect. 377(1997), 197-264

[71] Tartar, L.: Memory effects and homogenization. Arch. Ration. Mech. Anal.

111(1990), 121-133

[72] Taylor, J.E.: Crystalline variational problems. Bull. Amer. Math. Soc.

84(1978), 568–588

[73] Taylor, J.E.; Cahn, J.W.; Handwerker, C.A.: I – Geometric models of crystal growth. Acta Metall. Mater. 40(1992), 1443–1474

[74] Taylor, J.E.: II – Mean curvature and weighted mean curvature. Acta Metall.

Mater. 40(1992), 1475–1485

[75] Temam, R.: Problème mathématiques en plasticité. Paris: Gauthier-Villars 1983

[76] Visintin, A.: Models of phase transitions. Boston: Birkhäuser 1996

[77] Vol’pert, A.I.; Hudjaev, S.I.: Analysis in classes of discontinuous functions and equations of mathematical physics. Dordrecht: Martinus Nijhoff Publishers 1985

[78] Voorhees, P.W.; McFadden, G.B.; Johnson, W.C.: On the morphological development of second-phase particles in elastically-stressed solids. Acta Metall. Mater. 40(1992), 2979–2992