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Preface

It all began with a remark by T. KATO in his 1961 paper Fractional powers
of dissipative operators [92]:

“We do not know whether or not D(AY?) = D(A*Y2) [..].
This is perhaps not true in general. But the question is open
even when A is reqularly accretive. In this case it appears
reasonable to suppose that both D(AY?) and D(A*Y/?) coincide
with D(H'?) = D(a), where H is the real part of A and a is

the reqular sesquilinear form which defines A [...].7 1

KATO himself had proved the result for self-adjoint operators and — mo-
tivated by his former studies of hyperbolic equations — he was asking for
generalizations to broader classes of operators. As merely one year af-
ter J.-L. LIONS came up with a first counterexample [105], which was
strengthened later on by A. MYINTOSH [116], one might have thought
that this was already the end of a rather short episode. It was not.
Abandoning the bold generalization to all regularly accretive operators,
analysts returned to the applications KATO was most concerned with,
which were formulated for elliptic differential operators in divergence-form,
say of second order A = —V-uV. For this class of operators, the conjecture
turned out to be one of the hardest problems of 20'"-century analysis and
made history as the Kato square root problem. It resisted all attempts
to resolve it for more than 40 years, but revealed its profound influence
and impact to other mathematical topics, among which are hyperbolic
and elliptic partial differential equations, maximal parabolic regularity,

LCited with some changes in notation.



Preface

functional calculus, in particular what is nowadays called H*-functional
calculus, the Cauchy integral on Lipschitz curves, and the 7'(b)-theorems
in harmonic analysis. The interested reader can refer to the excellent
surveys of A. MYINTOSH [119,120] for further historical background.

The main object of studies in this thesis are precisely those second-
order elliptic operators in divergence-form A = —V - uV, acting on a
domain © C RY or a coupled system of such. The coefficients u are
merely bounded and boundary conditions on 02 are formally encoded in
a vector space V.2 Usually, we interpret equalities of type —V - uVu = f
along with boundary conditions for u in the variational sense

/Q/L(x)Vu(x) - Vo(z) do = /Qf(x)v(x) dz (veV).

For illustration, think of € as a bounded domain (a closed container, if you
will) and A arising from a thermodynamical model. Then there may be
pure Dirichlet conditions V = H} (cooling everywhere on the boundary),
pure Neumann conditions V = H' (perfect isolation everywhere on the
boundary), or a mixture with cooling on one part and isolation on the
other, which is certainly most common to models arising from applications.
For the mixed problem, the standard choice for V is the H!'-closure of
smooth functions vanishing in a neighborhood of the Dirichlet part [129].

For this setup, the Kato conjecture is D(A'/?) = V and, in particular,
that A~'/2 gains a full derivative. This is all the more surprising since by
general elliptic regularity theory the inverse of the second-order operator
A in general does not gain two full derivatives [136].

First positive answers to Kato’s conjecture were obtained under certain
additional smoothness assumptions on the coefficients p. J.-L. LIONS [105]
exploited the embedding of D(A) into H?(Q2), available for pure Dirichlet
or Neumann conditions on smooth domains and C!-coefficients. This em-
bedding, however, is not available for mixed boundary conditions, not even
for = Id on a C*-domain, due to E. SHAMIR’s counterexample [136].
Later, A. MCINTOSH [118] solved the problem for operators with Holder
continuous coefficients subject to general homogeneous boundary condi-
tions on Lipschitz domains.

2As A. TURING puts it, “boundary conditions are made by the devil”. You may think
of Q = R? if you, too, dislike them.
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Rough L*°-coefficients, however, stayed out of reach much longer and
only became available by harmonic analysis’ most delicate methods. In
their famous paper [41] on the L2-boundedness of the Cauchy integral
along a Lipschitz curve, R. COIFMAN, A. M°INTOSH, and Y. MEYER gave
a solution for Q2 = R, and later P. AUSCHER and P. TCHAMITCHIAN [24]
succeeded for Q@ C R. On Q = R? d > 2, a succession of serious de-
velopments [59], [42], [88], [21], [27], [80] at the end of the 20" century
eventually led to the celebrated solution of the Kato square root prob-
lem in all dimensions due to P. AUSCHER, S. HOFMANN, M. LACEY,
A. MCINTOSH, and P. TCHAMITCHIAN in 2001 [18] and an extension to
higher-order operators and systems due to some of these authors [19]. A
little later, AUSCHER and TCHAMITCHIAN used localization techniques to
cope with the case of a Lipschitz domain Q C R supplemented with pure
Dirichlet or pure Neumann conditions [25] and related LP-theory [26]. As
A2 is a non-local operator, it was somewhat surprising that the Kato
conjecture could be solved in this manner in the first place. On the other
hand, mixed boundary conditions stayed out of reach because of certain
incompatibilities with the localization maps.

Thus, what remained open after the first quantum leap were the case of
mixed boundary conditions as well as pure Dirichlet conditions on irregular
domains, that is, beyond Lipschitz domains. In fact, already in 1962 J.-
L. Lions [105] had proclaimed this problem, henceforth known as the
Lions problem, to be among the most interesting questions in the orbit of
Kato’s conjecture:

Donc, par exemple, pour un opérateur elliptigue A du 2éme
ordre, non auto-adjoint, avec condition aux limites de Dirich-
let sur une partie de la frontiére et condition aux limites de
Neumann sur le reste de la frontiére, on ignore si D(AY?) =
D(A*1/2). Méme chose d’ailleurs avec le probléme de Dirichlet
et une frontiére irrégquliére.’

A first serious attempt to the Lions problem for non-smooth coefficients
was made by A. AXELSSON, S. KEITH, and A. M°INTOSH in 2006. In a

3So0, for example, for A an elliptic second-order operator subject to Dirichlet conditions
on one part of the boundary and Neumann conditions on the rest of the boundary,
one does not know whether or not D(AY/?) = D(A*'/2). The same, by the way,
applies to the Dirichlet problem if the boundary is not regular.
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remarkable paper [30] they cast the Kato square root problem in a new
abstract framework of perturbed Dirac type operators on Hilbert spaces.
In a follow-up [29] they obtained for the first time a resolution of the
Lions problem on mixed boundary conditions for non-smooth coefficients.
However, they had to additionally assume that the underlying domain (2
is smooth and that the Dirichlet part D and the Neumann part 9Q \ D
of the boundary are separated by a smooth interface. As a consequence
of the first-order structure of the implied comparability

HUHL2(Q) + HAl/QuHLQ(Q) = HUHLQ(Q) + HVU”L2(Q)d (u € D(AW) =V),

they obtained the same result for all geometric configurations (2,0, D)
that are of smooth type as above modulo a global bi-Lipschitz change of
coordinates on R?. The latter certainly is a subclass of the Lipschitz do-
mains — though a rather odd one — and in particular, it seems to lack an
intrinsic characterization allowing to tell whether or not a given domain
belongs to this class. Also the existence of a smooth Dirichlet-Neumann
interface is certainly more a technical workaround than a satisfactory ge-
ometric assumption, similar to GROGER’s regular sets [72].

Of course, this is not meant to diminish the relevance of AXELSSON,
KEITH, and MCINTOSH’s pioneering work, but rather to shed light on its
limitations and point out that it does not resolve the Lions problem in the
intended generality. In particular, it leaves the second part on irregular
domains untouched.

More recently, relative results on irregular domains have been obtained
that included the solution of the Lions problem as an assumption. This
concerns, for instance, extrapolation of the square root property to L
spaces [16] with applications to maximal parabolic regularity on distribu-
tion spaces [16,76]. Here, the rather unexpected use of the square root
property is that A='/2 provides a topological isomorphism W=7 — L?
that commutes with the parabolic solution operator (% + A)~L. Pertur-
bation theory for square root domains under additive potentials has ex-
haustively been discussed by GESZTESY, HOFMANN, and NICHOLS [63].
Even closer to the original motivations of KATO [92] and L1oNs [105] are
recent applications to maximal regularity for evolution equations governed
by non-autonomous forms, see ARENDT-DIER-LAASRI-OUHABAZ (8], and
elliptic boundary value problems on the upper halfspace [12,14,15]. We
will come back to the last issue later on.

viil



Preface

A major motivation for choosing the subject of this thesis was to close
the gap between geometric constellations in which the Kato problem is
already solved and those in which its solution effects significant progress
in other areas of mathematics. A one-sentence summary of this thesis is
as follows:

We solve Lions’ problem on bounded irreqular domains, even
beyond the class of Lipschitz domains, and without smoothness
assumptions on the Dirichlet-Neumann interface.

More precisely, we consider a bounded domain 2 C R and A = —V-uV as
before. As for geometry, we assume d-Ahlfors regularity of € and (d —1)-
Ahlfors regularity of 9 and D (provided this set is non-empty), and only
around the Neumann part 92\ D a local weakly Lipschitz condition has
to be satisfied. Nowadays, Ahlfors regularity is a standard assumption
in the study of partial differential equations and among the weakest geo-
metric concepts that allow for a reasonable theory of, e.g., the Dirichlet
problem on a bounded domain. We give an extensive account on these ge-
ometric concepts in Chapter 1. For now, it suffices to think of an [-Ahlfors
regular set as one that behaves [-dimensional on small scales.

The Lions problem for this general setup lies somewhere on the interface
of harmonic analysis, geometric measure theory, and potential analysis. In
the same spirit, the architecture of this thesis is threefold.

Overview

Following the historical order rather than the chronology of results in this
thesis, the first observation is that the harmonic analysis part inherent to
the problem can be decoupled from the rest by what we call the reduction
theorem.

Theorem (Reduction Theorem). In order to solve the Lions
problem in the described setup, it suffices to prove the existence
of an a > 5 for which the domain of (—Ay)* embeds into an
L2-Bessel potential space of optimal differentiability order 2c.

Here, —Ay, is the negative of the weak Laplacian with form domain V),
that is, the simplest operator of type —V - uV obtained for p = Id. The
reduction theorem is formulated more precisely in Chapter 4, see Theo-
rem 4.3.1.

X
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In order to grasp its essence, it is convenient to view the Kato square
root problem as the problem of proving optimal L2-regularity for the do-
main of the square root of A. Indeed, as A is associated with a second-
order differential operator, the domain of A allows for at most two distri-
butional derivatives in L2. Hence, by interpolation, the optimal regularity
for the domain of A%, 0 < o < 1, is 2« fractional derivatives in L2. This
being said, the reduction theorem tells us that within a setup traced out
by €, D, and V, the following is true:

The square root property D(AY2) =V for all elliptic opera-
tors A = =V - uV follows provided the square root property
D((—Ay)Y?) =V, which is always true due to self-adjointness
of the Laplacian, extrapolates to fractional powers (—Ay)* with
slightly larger exponent.

The obvious value of the reduction theorem is that all issues arising from
the non-smooth coefficients p have disappeared at once. On smooth do-
mains, a similar phenomenon occurred in the work of MCINTOSH [118§]
and AXELSSON-KEITH-MCINTOSH [29)].

The reduction theorem is simple in sound but its proof requires to ex-
tend the complete technology used in the proof of Kato’s conjecture on
Q) = R? as presented in [29,30] to a merely Ahlfors-regular setup.* In
fact, with Theorem 4.1.11 we provide a much more general theorem on
quadratic estimates for perturbed Dirac type operators on Ahlfors reg-
ular domains of which the reduction theorem is a particularly interest-
ing instance. On manifolds without a boundary, similar extensions have
previously been obtained by L. BANDARA [32]. The results of Chap-
ter 4 will appear in a joint article with P. TOLKSDORF and R. HALLER-
DINTELMANN [53].

Checking the premise of the reduction theorem is a mathematical prob-
lem of completely different flavor, more in the manner of potential analysis.
Following a line of attack first proposed in 1981 by A. J. PRYDE [131], ev-
erything is about constructing an ambient scale of Bessel potential spaces
{H$ ()} around V = H}(Q) that is adapted to mixed boundary condi-
tions and well-behaved under complex interpolation. Evidently, the usual

4This is just fair, if one trusts the postulate of conservation of the amount of work as
I learned it from R. HALLER-DINTELMANN.
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approach to interpolation theory on domains by localization and reduc-
tion to the classical results on the upper halfspace is not applicable in our
setup.

In Section 5.4 we overcome this problem by developing a new and global
approach to interpolation theory for spaces adapted to mixed boundary
conditions. This bases on P. GRISVARD’s trace method [70] and the ob-
servation that fractional Hardy inequalities of type

[, i <
o d(z, D)% ~ H(©)

can be used to encode that a function u € H¥(§2) vanishes on the Dirich-
let part D in some sense. In this spirit, for instance, the form domain
V = H}(Q), intransparently defined as the H'-closure of suitable test-
functions, simply becomes the intersection of the classical Sobolev space
H'(Q) with the weighted Lebesgue space L?(§2;d(x, D)~2dz). Hardy in-
equalities and their relation to function space theory for Sobolev spaces
are actually the central object in two chapters of this thesis. In Chapter 5,
Theorem 5.5.5, we utilize them as described above, to prove the extrap-
olation property for the fractional powers of the Laplacian. Thereby we
solve the Lions problem in Theorem 5.6.2 by putting it down to the re-
duction theorem. These results have been published in a joint article with
P. TOLKSDORF and R. HALLER-DINTELMANN [54].

In Chapter 2 we are concerned with the Hardy inequality for o = 1
in an LP-setting. We develop a geometric framework in which Hardy’s
inequality

[ty e s [ FuGor

holds for all functions u in the space W5P(Q), defined as the W' -closure
of smooth functions vanishing in a neighborhood of D. Assuming that
the Dirichlet part D is thick enough in the sense of geometric measure
theory and that () satisfies an extension property around the Neumann
part 0Q \ D, we establish Hardy’s inequality in Theorem 2.3.9. In Theo-
rem 2.4.6 we provide a certain converse to the effect that WiP(Q) is the
largest subset of the usual Sobolev space W!?(€)) on which the left-hand
side of Hardy’s inequality is finite.

pal
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As a byproduct, we obtain new and rather universal results on the
structure of Sobolev extension operators for the Sobolev spaces W (Q),
defined as the W*P-closure of smooth functions vanishing in a neighbor-
hood of D. For instance, we prove the following in Section 2.2.3:

If a function on Q can be approzimated in the W*P-topology
by smooth functions vanishing near D within §2, then every
WEP_extension operator will automatically produce a function
that can be approrimated by smooth functions vanishing near
D also from the outside of €.

In particular, preservation of Dirichlet conditions under Sobolev exten-
sions is irrespective of the construction of the extension operator. This
also sheds new light on rather recent developments establishing the preser-
vation property for special extension operators on foot [37]. The results
of Chapter 2 have been published in a joint article with R. HALLER-
DINTELMANN and J. REHBERG [52].

In the final Chapter 6 we present an application of the resolution of
Kato’s conjecture to classical elliptic boundary value problems. More pre-
cisely, we are concerned with elliptic second-order systems on cylindrical
domains (0, 00) x €2, subject to homogeneous mixed boundary conditions
on the lateral boundary, and inhomogeneous Dirichlet or Neumann con-
ditions on the cylinder base. In order to grasp the connection to Kato’s
square root problem, it is instructive to consider a simple problem in this
class on the upper halfspace, say

Opu(t, ) + V- u Vou(t,z) =0 (t >0, x € RY),
u(0,2) = up(x) (x € RY),

where uy € HY(R?) is the given data. To make sense of the semigroup
*tAmuo(x), where A = —V,-uV,, is precisely what
KATO had in mind. The Kato square root property is equivalent to the
space H'(RY) of data coinciding with the space D(A'/2) of traces of semi-
group solutions along with the Rellich estimate

ansatz u(t,r) = e

HatU|t:0HL2(Rd) ~ H VEU0‘|L2(Rd)d.

Modern theory of such boundary value problems dates back to the ground-
breaking 1979 article of B. DAHLBERG [45]. The Kato approach has only

Xii
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rather recently been rediscovered and developed to full strength for ellip-
tic systems on the upper halfspace in a series of papers by P. AUSCHER,
A. AXELSSON, and A. M°INTOSH [12,14,15].

We extend their approach to systems acting on the much more challeng-
ing geometric configuration of a cylinder (0, 00) x Q. The crucial observa-
tion is that general second-order elliptic systems® are related to first-order
systems upon identifying the unknown u(¢, z) with its conormal gradient
f(t)(x), a vector formed from the conormal derivative and the tangential
gradient at each interior point. If the coefficients are independent of ¢, the
first-order system for f has the form of an evolution equation

f'(®)+DBf(t) =0 (t>0),

for D a first-order self-adjoint operator acting on the tangential variables
and B a bounded accretive multiplication operator. Since D has posi-
tive and negative spectrum, the evolution for f is forward on one part
and backward on another part of the underlying L2-space. Hence, the
latter has to be split into spectral subspaces. For Laplace’s equation on
the upper halfspace, for instance, this can be done fairly explicit as the
first-order system is the Cauchy-Riemann system and L? is split into the
two holomorphic Hardy spaces in virtue of the Hilbert transform. The
substitute for the Hilbert transform in the more general case is the op-
erator 1c+(DB) — 1¢-(DB) defined by means of the functional calculus
for bisectorial operators. Its boundedness can be inferred from quadratic
estimates for perturbed Dirac type operators as obtained in Chapter 4,
Theorem 4.1.11. The main results of Chapter 6 will appear in a joint
publication with P. AUSCHER [17].

Chapters 1 and 3 do not contain new results but provide background
material, mainly on potential analysis, interpolation of function spaces,
and functional calculus. There are also some variants of well-known results
needed here and there throughout the thesis and certain proofs which took
me ages to find in the literature (in case I succeeded at all). At these
opportunities also some notational conventions are introduced. An expert
reader may simply skip to the list of notations at the end of this thesis to
recall their definitions.

5Unlike in the toy problem above, the t- and z-derivatives may of course be coupled.
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Zusammenfassung in deutscher Sprache

In der vorliegenden Dissertation wird die Kato’sche Vermutung fiir ellipti-
sche Differentialoperatoren in Divergenzform A = —V -1V mit beschrank-
ten Koeffizienten p und gemischten Dirichlet- und Neumann-Randbedin-
gungen auf einem beschrankten Gebiet €2 unter sehr allgemeinen geo-
metrischen Voraussetzungen bestétigt. Eine Losung dieses 1962 von J.-
L. Lions [105] formulierten Problems war bisher selbst auf beschrank-
ten Lipschitz-Gebieten nicht bekannt. Fiir den Beweis werden bekannte
Techniken aus Operatortheorie und harmonischer Analysis auf nicht-glatte
Gebiete verallgemeinert und mit Methoden der geometrischen Mafitheo-
rie kombiniert. Als zentrales Hilfsmittel werden verallgemeinerte Hardy-
Ungleichungen entwickelt, welche von eigenstandigem Interesse sind und
Anwendung in verwandten Teilgebieten finden. Schliellich wird die Losung
des Kato’schen Problems genutzt, um neue Wohlgestelltheits-Resultate fiir
elliptische Randwertprobleme auf zylindrischen Gebieten zu erhalten.

Im Folgenden sei der Operator A = —V-uV stets im schwachen Sinne iiber
eine Sesquilinearform a definiert und die Randbedingungen seien iiber den
Definitionsbereich D(a) := V realisiert. Im Falle von gemischten Randbe-
dingungen — Dirichlet-Beding-ungen auf einem abgeschlossenen Teil D des
Randes 02 und Neumann-Bedingungen auf dem restlichen Rand — ist V
definiert als H!(€2)-Abschluss der glatten Funktionen, deren Tréger D mei-
det. Die Kato-Vermutung besagt, dass der Definitionsbereich der maximal
akkretiven Wurzel AY? mit V iibereinstimmt.

Die Zusammenfassung der Ergebnisse folgt im weiteren Verlauf der ma-
thematischen Struktur der Kato-Vermutung.

Zunéchst werden in Kapitel 4 gestorte Dirac-Operatoren auf Ahlfors-regu-
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Zusammenfassung in deutscher Sprache

laren Gebieten studiert und die Beschranktheit ihres H*°-Funktionalkal-
kiils als zentrales Resultat bewiesen. Mittels dieser Techniken der harmo-
nischen Analysis, die bereits das Herzstiick des Beweises der Kato’schen
Vermutung auf 0 = R? darstellen, lassen sich alle von den unglatten Ko-
effizienten i ausgehenden Probleme auf einen Schlag beseitigen. Genauer
implizieren sie unter sehr allgemeinen geometrischen Annahmen an §2 und

D das folgende erste Hauptresultat der vorliegenden Arbeit, vergleiche
Theorem 4.3.1.

Theorem (Reduktionstheorem). Falls ein o > 5 ewistiert, fiir
welches der Definitionsbereich der gebrochenen Potenz (—Ay)®
des Laplace-Operators mit gleichen Randbedingungen wie A in
einen L2-Besselpotentialraum von optimaler Differenzierbar-
keitsordnung 2a einbettet, ist die Kato’sche Vermutung bewie-
sen.

Da ein positiver selbstadjungierter Operator wie —A,, die Kato-Eigen-
schaft D((—Ay)Y?) = V hat, kann die geforderte Einbettung als eine
Extrapolationseigenschaft des Laplace-Operators aufgefasst werden.

Der Beweis der Extrapolationseigenschaft wird in Kapitel 5 mit Hilfe eines
funktionentheoretischen Arguments gefiithrt, das auf der komplexen In-
terpolationsmethode beruht. Dessen Quintessenz ist, dass es geniigt, eine
komplexe Interpolationsskala {H% ()}, von an gemischte Randbedingun-
gen angepassten Besselpotentialriumen zu konstruieren, die ¥V = HL(Q)
umfasst. Auf Gebieten, die keine lokale Darstellung des Randes mittels
Koordinatenkarten zulassen, erfordert die Entwicklung der komplexen In-
terpolationstheorie eine neue Idee. Anstelle von Lokalisierungsmethoden
wird ein globales Argument entwickelt. Dieses beruht darauf, dass Hardy-
Ungleichungen der Form

[ bl o 5 i
o d(z, D)% ~ H (@)

genutzt werden konnen, um die Information ,u = 0 auf D* in einem ge-
eigneten Sinne zu kodieren. Auf diese Weise gelingt der Nachweis der Ex-
trapolationseigenschaft fiir den Laplace-Operator in Theorem 5.5.5. Dank
des Reduktionstheorems zieht dies den Beweis der Kato-Vermutung mit
sich, vergleiche Theorem 5.6.2.
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Die Hardy-Ungleichung im Falle o = 1 wird in Kapitel 2 noch systemati-
scher untersucht. Unter sehr allgemeinen mafitheoretischen Annahmen an
Q und D wird in Theorem 2.3.9 gezeigt, dass auf W5P(Q) — definiert als
W1P(Q)-Abschluss der glatten Funktionen, deren Trager D meidet — die
Hardy-Ungleichung

fyate By 4 [, [Vl as

gilt. Dariiber hinaus wird bewiesen, dass W57(Q) die grofite Teilmenge des
tiblichen Sobolevraums W'?(Q) ist, auf der die linke Seite obiger Hardy-
Ungleichung endlich ist, sieche Theorem 2.4.6. Als Nebenprodukt fallen
neue Resultate beziiglich der Struktur von Sobolev-Fortsetzungsoperato-
ren WFP(Q)) — WHP(R?) ab, die von eigenstindigem Interesse sind. Insbe-
sondere zeigt sich in Abschnitt 2.2.3, dass ein solcher Operator homogene
Dirichlet-Randbedingungen auf einer abgeschlossenen Teilmenge D C 0 )
automatisch und unabhéngig von seiner konkreten Struktur erhélt.

Das abschliefende Kapitel 6 liefert eine Anwendung der Losung der Kato-
Vermutung auf elliptische Randwertprobleme auf zylindrischen Gebieten
(0,00) x €. Dabei werden gemischte homogene Dirichlet- und Neumann-
Randbedingungen auf dem Zylindermantel vorgeschrieben und inhomoge-
ne Randbedingungen auf dem Zylinderboden erlaubt. Unter der Annah-
me, dass die Koeffizienten unabhéangig von der unbeschrankten Koordinate
sind, lasst sich ein solches System in die Form einer Evolutionsgleichung

F(H)+DBf(H) =0  (t>0)

iiberfiihren, wobei D ein selbstadjungierter Differentialoperator von erster
Ordnung und B ein beschriankter akkretiver Multiplikationsoperator ist.
Da das Spektrum von D im Allgemeinen zu beiden Seiten der imaginaren
Achse liegt, erfordert der Nachweis der Wohlgestelltheit der inhomoge-
nen Randwertprobleme eine Zerlegung des zugrundeliegenden L2-Raums
in spektrale Teilrdume. Die entsprechenden Spektralprojektionen kénnen
mit Hilfe des Funktionalkalkiils fiir bisektorielle Operatoren als 1¢+(DB)
konstruiert werden. Es zeigt sich, dass ihre Beschranktheit in gewissen
Spezialfallen aquivalent zur Kato’schen Vermutung ist und in jedem Fall
mit Hilfe des Hauptresultats zum Funktionalkalkiil von Dirac-Operatoren,

xXVvii



Zusammenfassung in deutscher Sprache

Theorem 4.1.11 aus Kapitel 4, bewiesen werden kann. Mit Hilfe dieses so-
genannten DB-Formalismus werden dann a priori Losungsformeln gewon-
nen und Wohlgestelltheit der inhomogenen Randwertprobleme fiir gewisse
Unterklassen von Koeffizienten p gezeigt.

Wichtige Methoden der Potential- und Interpolationstheorie sowie der ho-
lomorphe Funktionalkalkiil fiir (bi)sektorielle Operatoren werden in den
Kapiteln 1 und 3 bereitgestellt.

xviii



CHAPTER 1

Fundamentals in function spaces and interpolation
theory

In this chapter we recall some fundamentals in the theory of function
spaces, potential analysis, and interpolation of Banach spaces. We as-
sume the reader has a firm background in these fields and limit ourselves
to the essentials, mostly without proof. For further mathematical back-
ground and historical notes on the theory of function spaces we refer to
the textbooks of BERGH-LOFSTROM [36] and TRIEBEL [142]. Potential
analysis is learned best from ADAMS and HEDBERG [2].

We also take this opportunity to introduce some important notational
conventions we shall frequently use throughout this thesis. Basic, self-
explanatory symbols such as those concerning sets in Euclidean space,
spaces of smooth functions, Lebesgue spaces, and distributions can be
found in the list of notations at the end of this thesis.

1.1 Spaces of integrable and differentiable
functions

In the following all vector spaces will be of functions with values in the
complex numbers. We briefly discuss vector-valued spaces in Section 1.1.3.
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1.1.1 Function spaces on the whole space

We begin with the definitions of the classical Sobolev, Bessel, Besov, and
Triebel-Lizorkin spaces [36, 142]. For convenience we agree on writing
|fllLr < oo to mean that a distribution f is induced by a measurable
function in the first place and that this function, also called f in the
following, belongs to LP.

Definition 1.1.1. Let s > 0 and let 1 < p < oco. If s is an integer, then

the Sobolev space W*P(R?) of order s and integrability p is

wWor®?) = {7 € SEY: Il = ( T 1D Bome) < o),

|a|<s

the right-hand side being interpreted as a supremum in the case p = oo
If s is not an integer and p < oo, then let k := |s] be the integer part of
s and let # := s — k. The spaces

werRY) i={ 1 € /(R

1/p
1otz = (1 B + 3 (0°01,) " < o0},

laf=k

where

lg(z )P Hr
e ([0 )

are called Sobolev-Slobodeckii or fractional Sobolev spaces.
Remark 1.1.2.

(i) There are various different equivalent choices for the norms on frac-
tional Sobolev spaces. For instance, the condition || = k can be
replaced by |a| < k, see [142, Sec. 2.5.1] for a further discussion.

(ii) Another important equivalent definition is obtained by restricting
integration in the definition of the seminorms [-]y, to the strip
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{(z,y) € RY x R% |x —y| < 1}. This follows since for any mea-
surable function g on R? it holds

Ig — 9"
//w yl<1 |d+9p dz dy
)+ 1g(y)I”
2p71 // |g | dr d
+ ‘x y|>1 |CL' |d+9p x y

!9 — 9"
a /x <t |z — gy dxdy+2PHng/ |40

lz|>1 |z

dzx.

Definition 1.1.3. Let —o00o < s < oo and let 1 < p < oo. The Bessel
potential spaces are defined as

H*P(R7) ::{ f e S RY;

/]

HsP(RY) += Hfil«l + |€|2)S/2Jrf)HLp(Rd) < OO}7

where ¢ denotes the identity map on R?. The tempered distribution G :=
F (1 + [€]7)75/?) is called Bessel kernel of order s.

The definitions of Besov and Triebel-Lizorkin spaces require a system
{Xx}, of smooth functions on R? that is constructed as follows. Start
with any x € S(R?) such that Fx has range in [0, 1], is identically 1 on
B(0,1), and vanishes outside of B(0,2). Then put xo := WX and

€)= o (FXCH) = Fx(2479) (k21 ¢ e B

As by construction Y32, Fxi(§) = o) d/Q, ¢ € R? every distribution

f € S8'(R?) can be decomposed as an infinite sum f = 322,y * f of
smooth functions converging in S’(R?).

Definition 1.1.4. Let {x;};2, be as above. For —oo < s < oo and
1 < p,q < oo the Besov spaces Bi?(R?) are defined as

Byr(RY) i= { f € S®"); |1/

. sk
ByP(RY) 1= H{2 X% 10| (LrRd)) < OO}

and the Triebel-Lizorkin spaces FP(R?) are defined as

Py (RY) = {1 € S'RY; [1le

FP(RY) = “{QSka * f}k Olltp (R;09) < OO}
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Remark 1.1.5. Different admissible choices for the base function x un-
derlying the system {xx}?, yield the same Besov and Triebel-Lizorkin
spaces up to equivalent norms [142, Sec. 2.3.1/2].

Since the natural norms on W*?(R?), H*?(R?), B5?(R?), and F:?(R?)
introduced above are sort of superpositions of LP- and ¢9-norms, it is not
hard to see that these spaces are Banach spaces [142, Sec. 2.3] and Hilbert

spaces if p = ¢ = 2. For a proof of the following classical identities and
inclusions we refer, e.g., to [142, Sec. 2.3.2/2.3.3/2.5.1].

Theorem 1.1.6. Let —o0 < s <00, 1 < p < o0, and € > 0 be subject to
further restrictions in the formulas below. Then the following continuous

inclusions and equalities up to equivalent norms hold for function spaces
on RY.

(i) B =F7 (—o0 < s < 0)
(ii) H*?P = F3P (—o0 < s < 0)
(iii) H*te7 C B3P C HE o7 (—00 < 5 < 00)
(iv) B? = WP (s>0,s¢Z)
(iv) HP = W*P (s>0,s€eZ)

In particular, By* = Fy? = H%2 = W2 for all s > 0. Moreover, C° and
S are dense in any of these spaces.

1.1.2 Function spaces on domains

We introduce analogs of the function spaces defined in the previous section
on domains. For the sake of clarity let us state precisely what we mean
by a domain.

Definition 1.1.7. A subset of Euclidean space is called a domain if it is
non-empty, open, and connected.

Suppose = C R? is a domain and X(R¢) C D'(R?) is any of the previ-
ously defined spaces. Let

Rz :D'(RY) = D'(2), (R=fl¢):={f]w)
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be the canonical continuous restriction operator, where C2°(Z) is identified
with a subset of C2°(R?) via extension by zero. For spaces X(R?) that carry
a non-local norm defined via Fourier transform or convolution — that is,
Bessel potential, Besov, and Triebel-Lizorkin spaces — it is most natural
to define X(Z) as the range R=X(R?) with the topology inherited from the
quotient space X(R?)/ N(Rz). We agree on adopting this definition also
for fractional Sobolev spaces, though here a local definition is possible as
well. We will come back to this delicate issue later on in Proposition 2.2.15.

Definition 1.1.8. Let = C R be a domain, X € {W"" H*? B3? FiP},
where —o00 < s < 00, t > 0 not an integer, 1 <r < oo, and 1 < p,q < .
Define

X(Z) := R=X(R%)
with quotient norm

l9llx@) = inf{]| fllxm®a)y; R=f = g} (9 € X(2)).

The Sobolev spaces of integer order carry a local norm that can directly
be restricted to domains.

Definition 1.1.9. Let = C R? be a domain, k¥ € Ny, and 1 < p < oo.
The Sobolev spaces of order k and integrability p on = are

Whr(E) = { € D) W lwnoey = (5 1D°Fle) <o),

| <k

the right-hand side being interpreted as a supremum in the case p = co.

—_
—

The next example shows that the Sobolev spaces W*?(Z) do not coin-
cide with the ranges R=W"?(R?) in general.

Example 1.1.10. Consider the sliced disc = = B(0,1)\([0,1) x{0}) C R?
and let x be a bounded smooth function on = such that x(z,y) = 1 if
x> 1/2and y > 0 and x(z,y) = —1 if z > 1/2 and y < 0. Such a
function exists since the frontier [3,1) x {0} of these two regions does not
belong to =. Then y € WH?(Z) is not a restriction of a function from

WE2(RY).
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Proof. We prove that there does not exist a sequence {x,}, C C>(R?)
that approximates y in WH2(Z). Since C°(R?) is dense in WH2(R?) this
will yield the claim.

To the contrary assume {x,}, was such a sequence. Since B(0,1) \ =
is a nullset, this sequence converges in W'?(B(0,1)) to a function Y that
coincides with x almost everywhere on =. So, VY = 0 almost everywhere
on the region {(z,y) € B(0,1); x > 1/2}, which in turn implies that X is
constant on this region — a contradiction. O]

Overcoming the ambiguity pointed out by the example above requires
further conditions on Z. At this stage we stay fairly abstract and re-
fer to Section 2.2.4 where the notion of (Sobolev) extension domains is
substantiated by more geometrical conditions.

Definition 1.1.11. Let Z;,Z, C R? be two domains such that Z; C Z,.
A partially defined linear operator D'(Z;) — D'(Z,) is called extension op-
erator if it is a right-inverse for the restriction operator D'(Z5) — D/(Z;).

Definition 1.1.12. Let X € {W*?, H*? B}? F>P}, for —oo < s < 00 and
1 < p,q < oo such that these spaces are defined. A domain = C R? is
called X-extension domain if there exists a bounded extension operator
E : X(Z) — X(R%). Any such operator is called X-eztension operator for

—_
—
—

On Sobolev extension domains the Sobolev spaces for integer order of
differentiability may also be defined via restrictions.

Lemma 1.1.13. Let k € Nand let 1 < p < oo. If = C R? is a WkP-
extension domain, then W*P(Z) and R=W*P(R?) (equipped with its nat-
ural quotient norm) coincide up to equivalent norms.

Proof. The claim is a standard result on continuous factorizations of
operators between Banach spaces. In fact, if f € ReW*P(R?), then for
every g € WFP(R?) such that Rzg = f the definition of the respective
norms immediately gives

”fHW’“vP(E) < ||g||wk,p(Rd).

This proves R=WH#P(R?) C W*P(Z) with continuous embedding. Con-
versely, let E be the supposed W*P-extension operator. Then every
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f € WFkP(Z) belongs to R=W*P(R?) in virtue of f = RzEf with an

estimate

£l rewrr ey < | Ellwre@)mwhr@d) || fllwree)- O

Remark 1.1.14. All properties of embeddings of type X(RY) C Y(R?),
where X, Y € {W*? H*P B3P F;P} for —oo < s < 00, 1 < p,q < oo such
that these spaces are defined, are inherited to X-extension domains = in
virtue of the commutative diagram

X(R%) s Y(RY)

i | 7=

X(E) —— Y(2).

This concerns continuity as well as compactness. Moreover, if X is a
closed subspace of X(Z) with the inherited norm and £ : X — X(R?) is a
bounded extension operator, then an akin diagram establishes continuity
or compactness of the embedding X C Y(Z).

1.1.3 Vector-valued spaces

Finally we review spaces of functions with values in some finite dimensional
Banach space. In contrast to the general vector-valued setup, which bears
all the imponderables leading to the theory of geometry of Banach spaces,
the finite dimensional case can be treated by purely algebraic methods.

To this end let S(R% C") be the Fréchet space of C"-valued smooth
and rapidly decaying functions and let §'(R%; C") be its topological dual.
Replacing 8'(RY) by &'(R%; C"), all definitions from the previous two sec-
tions can literally be adopted to a C"-valued setting. Here, convolution
and Fourier transform are understood coordinatewise. Now, let X(R?; C")
be any of the so-obtained (fractional) Sobolev, Bessel potential, Besov, and
Triebel-Lizorkin spaces. Identifying C"-valued functions with the n-tupel
of their coordinate functions yields topological isomorphisms

SR%CY) 2 S(RH™ and S'(R%CM) =2 S'(RY)™
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It is a consequence of the very definitions of X(R%; C") and X(R9) that
this isomorphism restricts to an isomorphism

X(R%C") = X(RY)"

allowing to carry over all results from the scalar to the C"-valued set-
ting. The same applies to spaces on domains by restricting and extending
coordinatewise. Hence, there is no loss in considering only scalar-valued
function spaces when aiming at results also for spaces of C™-valued func-
tions. In fact, in order to clarify notation we shall do so frequently.

1.2 A crash course in potential theory

In this section we review some essentials of potential theory with a partic-
ular focus on Bessel potentials, the associated outer measures on R? called
capacities, and their relation to more geometric notions such as Hausdorft
measure and content. For the understanding of the rest of this thesis,
the most important part certainly is Section 1.2.5 on Sobolev spaces with
partially vanishing trace.

1.2.1 Bessel capacities

The starting point for the definition of Bessel capacities is the observation
that for a > 0 the Bessel kernel G, = F~1((1 4 [£[°)~%/?) occurring in the
definition of the Bessel potential spaces can be represented as a parameter
integral

(1.1) Galr) =

1 X 4—d el ¢ dE
@
2

S tT7 et TiIr — e RY),
amir@) o © 0 ° ;  (@weR)

see, e.g., [138, Sec. 5.3.1]. Hence, G,(x) > 0 for all x € R? and G, (7) < oo
except for the case x = 0 and o < d. By Tonelli’s theorem ||Go||p1(rey = 1
and the dominated convergence reveals that G, is a continuous [0, co]-
valued function. So, for every f € LP(R?), 1 < p < oo, the convolution
G, * f is a p-integrable function called Bessel potential of f of order a.
Note carefully that G, * f is defined at each x € R? for which

(Gax &) = [ Gale = y)f(y) dy
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exists as an element of [—o00, 00] and that we do not identify it with an
equivalence class in LP(R?). Since (27m)¥2F (G, * f) = FG, - Ff in the
sense of distributions, we arrive at the tautology that the Bessel potential
space H*P(R?) defined in Definition 1.1.3 is the space of all such Bessel
potentials, that is,

H*P(RY) = {Gq * f; f € LP(R?)}
with norm

|Ga * f||Hw(Rd) = (27T>_d/2”f||LP(Rd)

modulo functions that agree almost everywhere.

Remark 1.2.1. Let a > 0. As FGq = (1 + |€]*)"%/? is smooth and
strictly positive, a potential G, * f determines f € S'(R%) uniquely. Also
note that the Bessel potential of a positive function is defined everywhere
on RZ.

The following notion of capacity is one of the cornerstones of potential
theory.

Definition 1.2.2. Let a > 0, let 1 < p < o0, and let £ C R?. Denote
Cop(FE) =i f/ P dax,
o(B) i=inf [ fa)r dr
where f ranges over the set
{f € LP(RY); f >0 a.e. and G, * f > 1 everywhere on E}

Then C, ,(F) is called («, p)-capacity of E.

A set E can only have infinite (o, p)-capacity if there does not exist a
positive f € LP(RY) such that G, * f > 1 everywhere on E in the first
place. This in turn cannot happen if E is bounded, as can be seen from
the rough estimate

Cal)dyzn [ = Culy) (r€B)

Go * (nlpon)(z) = n/

B(z,n)
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which holds for n > 2diam(F) sufficiently large. The set functions C,,
are outer measures on R? and they are outer reqular in the sense that

Cop(E) = inf {Cup(U); ECU, Uopen}  (ECR?,

see [2, Prop. 2.3.4-6]. Therefore, it makes sense to say that a property
holds true (o, p)-quasieverywhere on a set E, abbreviated («, p)-q.e., pro-
vided it holds everywhere on F except on a set F' C E with capacity
Cap(F) =0.

There is an order in « for these notions.

Lemma 1.2.3.

(i) Let « > 8 >0 and 1 < p < oo. Then Cp,(E) < Cup(E) holds
for every set E C RY. In particular, a property that holds (o, p)-
quasieverywhere also holds (3, p)-quasieverywhere.

(ii) Leta, >0 and 1 < p,q < 0o be such that fq < ap < d. Then each
Cop-nullset also is a Cg 4-nullset

Proof. The second and much more involved statement follows from [2,
Thm. 5.5.1]. The first statement is a straightforward consequence of the
very definition of capacities but for the sake of completeness we add the
short proof. So, let £ C RY. Suppose f is competing in the definition
for C,,, that is f is a positive LP(R?)-function such that G, * f > 1
everywhere on E. Since G, s is positive and has L'-norm equal to 1,
Go—p* f is positive, satisfies Gg * (Go—_p * f) = Go * f > 1 everywhere on
E and

1Gap * Fllp < [|Gaplhllfllp = Il fllp-

Therefore G,_p * f is competing in the definition for Cz, and the conclu-
sion follows. O

1.2.2 Quasicontinuous functions

The Bessel capacities C, ;, naturally induce a new notion of continuity.

10
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Definition 1.2.4. Let o > 0, 1 < p < oo, and let the scalar-valued
function f be defined (o, p)-quasieverywhere on R%. Then f is said to be
(o, p)-quasicontinuous, provided that for every € > 0 there exists an open
set U C R? with capacity C,,(U) < € such that f is everywhere defined
and continuous on R\ U.

A continuous function is («, p)-quasicontinuous for every possible choice
of @ and p. The next lemma implicit in [2, Sec. 7.1] elaborates closer on
the gap between continuity and quasicontinuity.

Lemma 1.2.5. Let a > 0 and 1 < p < 0o. Every («, p)-quasicontinuous
function on R? coincides with the pointwise limit of a sequence of contin-
uous functions on R? outside a Borel set with vanishing (o, p)-capacity.

Proof. Let f be (a,p)-quasicontinuous on R?. By definition, for each
n € N there is an open set U,, with C, ,(U,,) < 27" such that f is every-
where defined and continuous on R?\ U,,. Tietze’s extension theorem,
see, e.g., [95, Ch. 7, Prop. 10], produces continuous functions F, on R?
that coincide with f on R?\ U,. Then U = ey U, is a Borel set with
C,p(U) =0 and f is the pointwise limit of {F},}, on R?\ U. O

More sophisticated examples of quasicontinuous functions are Bessel
potentials of LP-functions.

Proposition 1.2.6 (]2, Prop. 6.1.2]). If f € LP(RY), 1 < p < oo, then
the Bessel potential G, * f, o > 0, is defined (a, p)-quasieverywhere and
is («, p)-quasicontinuous.

The following considerably stronger result extends Lebesgue’s differen-
tiation theorem to the Bessel scale.

Theorem 1.2.7 ([2, Thm. 6.2.1]). Let « > 0 and let 1 < p < <. For
u € H*P(RY) let f € LP(RY) be such that u = G, * [ almost everywhere.
Then (o, p)-quasievery x € R is a Lebesgue point for u in the LP-sense,
that s,

lim dy =:u
lim o) u(y) dy (x)
exists and is finite and
lim u(y) —u(z)? dy = 0.
— (m)| (y) ()" dy

11
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The function u is an (o, p)-quasicontinuous representative for u and coin-
cides (o, p)-quasieverywhere with G, * f.

Remark 1.2.8. Theorem 1.2.7 remains true in the case g <p<oo. To
see this, first observe that by (1.1) and Minkowski’s inequality for integrals

oo a— x|z|? t p/ l/p’ dt
IGally S [ ([, (5% ) ae) T T
0 Rd t

[
= (p’)%’/ £ o it < o0,
0

since a—d—i—l% = a—g > (0. Thus, the potential G, * f is finite everywhere
by Holder’s inequality and continuous by continuity of translation in the
LP-norm. So, u := G, * f is a continuous representative for u that satisfies
the assertions of Theorem 1.2.7 for every z € R%.

The previous two results allow to extract from each equivalence class
u € H*P(RY) a particularly regular representative.

Definition 1.2.9. Let > 0 and let 1 < p < oo. For u € H*P(R?)
the function u defined in Theorem 1.2.7 and Remark 1.2.8, respectively,
is called regular representative for w.

1.2.3 Potentials of Borel measures

Since the Bessel kernels G, a > 0, are continuous, the notion of Bessel
potentials can be generalized to Borel measures p on R straightforwardly
by setting

Gaxpla)i= [ Gulo—y)duly) (e R,

We agree upon the following terminology, see also [135, p. 47]. By a
measure we always mean a positive measure. A Borel measure p on R? is
regqular if u(K) < oo for every compact subset K C RY. The support of a
regular Borel measure p is the complement of the largest open p-nullset.
The cone of regular Borel measures on R? supported in a set £ C R?
is denoted by M*(E). Hence, M*(R?) is the cone of all regular Borel
measures on R,

12
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The reader should be aware that in ADAMS and HEDBERG’s book a
measure on R? is usually implicitly assumed to be a regular Borel measure,
see [2, Sec. 1.1.2].

The subsequent inequality gives a simple sufficient criterion for a Borel
measure to be absolutely continuous with respect to a Bessel capacity. For
completeness we repeat the argument given in a more general context in
(2, Sec. 2.2/6].

Lemma 1.2.10. Let a > 0 and let 1 < p < co. Suppose i € MT(RY) is
such that Gy * i € LP (RY). Then
W(E) < ||Ga* ptll i iy Cap(E)'7P

for every Borel set E C R,

Proof. Fix a Borel set £ C R% Let f € LP(R?) be positive and such that
Gy f>1on E. Since G, is continuous, G, * f is lower semicontinuous
by Fatou’s lemma and thus Borel measurable. Also the map

R xR = R, (2,y) — Golz —y)f(y)

is measurable with respect to the product Borel-Lebesgue o-algebra on
R4 x RY. All this justifies the calculation

W(E) < [ Gox f(@) dpe) = [ Gaxply)fy) dy < [Gax sl 111,

invoking Tonelli’s theorem, Holder’s inequality, and rotational symmetry
of G. The claim follows by minimizing over f. O

Corollary 1.2.11. Let a > 0 and let 1 < p < oo. If ap > d, then the
empty set is the only subset of R® with vanishing («, p)-capacity.

Proof. If ap > d, then G, € L” (R?) by Remark 1.2.8. This implies that
the potential G, * 0, = G4(- — x) of any Dirac measure 9, supported at
a point z € R? is an element of L7 (R%). The preceding lemma yields
Cap({z}) > 0 and thus the claim. O

For compact sets Lemma 1.2.10 has a far-reaching extension known as
the dual definition of capacity.

13



1 Fundamentals in function spaces and interpolation theory

Proposition 1.2.12 (]2, Thm. 2.5.1]). Let o« > 0 and let 1 < p < oo. If
K CR? is a compact set, then

Cop(K)YP = sup {M(K);,u € MT(K) such that |G * 1l may = 1}_

There exist extremal measures that realize the supremum on the right-
hand side in Proposition 1.2.12. Suitably normalized versions of these are
called capacitary measures.

Proposition 1.2.13 ([2, Thm. 2.5.3]). Let a > 0 and let 1 < p < oo.
For each compact set K there exists a so-called (v, p)-capacitary measure,
that is, a measure pu € M1 (K) satisfying

Canl) = [ (Gor (@) do = (K.

If 41 is a regular Borel measure on R?, then for a >0 and 1 < p < o0 a
special non-linear potential

W= [ (MEED) S wers,

tdfap

the so-called Wolff potential can be associated with p. By an iterated
application of Fatou’s lemma, basing on the lower semicontinuity of the
map =+ u(B(x,t)) for fixed ¢ > 0, it follows that W¥  is lower semi-
continuous. Below, we reprove an important inequality originally due to
WOLFF [78]. In [2] this was left to the reader as an exercise, taking for
granted the proof of the similar inequality from [2, Thm. 4.5.2] and the
following deep result on fractional maximal functions due to MUCKEN-

HOUPT and WHEEDEN [125], see also [2, Cor. 3.6.3].

Theorem 1.2.14. Let0 < a < d and1 < p < co. There exists a constant
A > 0 such that for all p € MT(R?) 4t holds

P
AT G, plff, Ry < / < sup 7% u(B(m,r))) dz < A||Ga * pllfpga-

0<r<1/4

Theorem 1.2.15 (Wolff’s inequality). Let o > 0 and 1 < p < g. Then
there 1s a constant A > 0 such that

/]R (Go# pla))” do < A /R WE(@) du(e)  (u€ MY(RY).

14



1.2 A crash course in potential theory

Proof. Let 4 € MT(R?). Asa < % < d we can infer from Theorem 1.2.14
the estimate

/

0<r<1/4

with an implicit constant independent of y. Now, if 2 € RYand 0 < r < i,

then
B(xz,r P 2r B(z,t Pt
ez (0 < <u( : d( a >>> s
S /1/2 d a)p - /B(%t) du(y) it

Combining the previous two estimates it follows from Tonelli’s theorem
that

1/2 pw(B(z, )P~ dt
[ (Curne) a5 [ /yt tfd_a, ar < duy)

12 p(B(y,20)P | dt
< Judy Sy ™ i 4 7 duto)

Taking into account |B(y,t)| ~ t¢ and substituting 2t < t afterwards,

w(B(y, )Pt dt
< [ [ R ),

the implicit constant being independent of the measure p. Exponent magic
reveals (d—ap)(p'—1) = (d—a)p’ —d, so that the above is just the required
estimate. O]

1.2.4 Thick and Ahlfors regular sets

Below, we introduce the two most important geometric concepts used later
on to specify regularity of the Dirichlet part D in the elliptic equations un-
der investigation in this thesis. We begin with the definitions of Hausdorff
measure and Hausdorff content.

15



1 Fundamentals in function spaces and interpolation theory

Definition 1.2.16. Let [ > 0 and let £ C R?. For 0 < p < oo define

HO(E) = inf{ Sl BEC | Bwn,ra), 2n €RL 0 <1y < p}.
n=1

n=1

Then H*(FE) is called [-dimensional Hausdorff content of E and the in-
creasing limit

Hi(E) Hi(E)

= lim
PN\O
is called [-dimensional Hausdorff measure of E.

Remark 1.2.17. Let [ > 0 and E C R?. Since any ball that intersects E
is contained in a ball with doubled radius centered in F,

H*(E) < inf{ Sorli EC | B(xn,rn), 2a € B, 0< 1, < OO}
n=1 n=1
< 2'H(E).

This often allows to restrict to balls centered in E for estimating the -
dimensional Hausdorff content. The resulting quantity is called centered
[-dimensional Hausdorff content.

By classical measure theory, the [-dimensional Hausdorff content is a
metric outer measure on R? and the I-dimensional Hausdorff measure re-
stricts to a regular Borel measure. Note that by definition

(1.2) HX(E) <Hi(E)  (0<1,ECRY

but that these quantities are not comparable for [ fixed. Consider for
example a ball B = B(z,r) in R? and let [ > 0. Since B covers itself,
H°(B) < r', but it holds H;(B) = oo if | < d. Moreover, H; = H® =0
if [ is larger than the dimension d of Euclidean space. Proofs of all these
statements and further details can be found in YEH’s textbook [147, §7].

By the characterizing properties of Lebesgue measure, there is a con-
stant k4 > 0 such that x4sHg coincides with the d-dimensional outer
Lebesgue measure [147, Thm. 29.2]. We also record the following trans-
formation properties of Hausdorff measures.

16



1.2 A crash course in potential theory

Lemma 1.2.18 ([147, Thm. 29.11]). Let | < d and let T : R' — R? be an
injective linear map. Then

H(T(E)) = det(T*T)"*H,(E) (E CRY,

where on the left-hand side H; is the [-dimensional Hausdorff measure in

R? and on the right-hand side H; is the [-dimensional Hausdorff measure
in RL.

From [101] and [87] we adopt the notions of thick and Ahlfors regular
sets.

Definition 1.2.19. Let 0 <[ < d. A set E C R? is called

(i) [-thick if E is not reduced to a single point and there exists a constant
A > 0 such that

H°(E N B(x,r)) > Ar! (x € E,0<r <diam(F))

(ii) [-Ahlfors reqular, abbreviated [-set, if there exists a constant A > 0
such that

A7t > H(E N B(x,r)) > Ar' (xe E,0<r<1).

Remark 1.2.20. The (d —1)-Ahlfors regular subsets of R also run under
the name of sets satisfying the Ahlfors-David condition.

The next lemma shows that for [-sets and bounded [-thick sets the
restrictions of the radii in Definition 1.2.19 are in some sense arbitrary.

For the proof we remind the Vitali covering theorem as it is stated and
proved in [58, Sec. 1.5].

Theorem 1.2.21 (Vitali covering theorem). Let £ be any collection of
closed balls in R? with a common finite bound on their radii. Then there
exists a countable subcollection F C € of mutually disjoint balls such that

UBc U 5B

Be& BeF

17



1 Fundamentals in function spaces and interpolation theory

Remark 1.2.22. Since B C B C 5B C 6B for any open ball B, Theo-
rem 1.2.21 remains valid for collections of open balls upon changing the
blow up constant from 5 to 6.

Lemma 1.2.23. Let 0 < | < d and suppose E C R? is such that there
exists rg > 0 and A > 0 such that

HX(E N B(x,r)) > Ar (x e E,0<r<rg).

Let r1 > 0. Then upon changing the value of A the same holds true for
every x € E and every 0 < r < ry. An analogous statement holds if there
exists rg > 0 and A > 0 such that

A7 > H(E N B(x,r)) > Ar' (z € E,0<r<r).

Proof. Of course only the case r; > rq is of concern. For the first state-
ment note that if x € E and ro < r < rq, then

HP(EN B(x,r)) > HP(ENB(x,r9)) > Aré > (Arf)?"l_l)rl.

The same holds true if the Hausdorff content H;* is replaced by the Haus-
dorff measure H;, which gives the lower estimate for the second statement.
For the upper estimate let again x € E, ry < r < rq, and observe

H,(ENB(x,r)) < H,(ENB(x,r)) < (ro_l”;'-ll(E N B(x,ﬁ)))Tl-

It remains to bound H,;(E N B(z,r;)) independently of € E. To this
end, cover & N B(x,r;) by open balls of radius % centered in £. By the
Vitali covering theorem there is a countable collection { B, } ;c; of mutually
disjoint such balls that satisfy ENB(z,r1) C U;c; 6B;. As the cardinality
of J is at most

|B(w1,71 +710/6)|
|B(0,70/6)|

#JS = (1+6T1/T0>d

it follows

Hi(ENB(z,m)) <> H(ENG6B;) < A "4 Jr) < A7 (14 6r1/ro)"r}.

jed

This completes the proof. O
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1.2 A crash course in potential theory

We continue with some elementary permanence properties.

Lemma 1.2.24. Let 0 < | < d. If Ei, E; C R? are [-thick or [-Ahlfors
reqular, respectively, then so is Fy U Ej.

Proof. First suppose both E; and F, are [-thick with respective con-
stants A; and A, as in Definition 1.2.19. By symmetry we can assume
diam(£;) < diam(E,). If © € Ey U Ey, then by employing [-thickness of
one of the sets that contains z,

'Hfo((El U Es) N B(x,r)) > min{A;, A;}r! (0 < r < diam(Ey)).

If diam(£E») is finite, then Lemma 1.2.23 directly yields the claim. Other-
wise, we have to take into account that for radii with

2d(Ey, Es) + 2diam(E,) < r < diam(E»)
the estimate
Mo ((EyU Ep) N B(a,1)) > A27'r!,

holds as well since in this case B(z, r) contains a ball with radius § centered
in EQ.

Now, suppose that F; and F5 are [-sets with respective constants A; and
Aj as in Definition 1.2.19. The required lower estimate follows as above
upon replacing H;® by H;. For the upper estimate let + € E; U Es. Due

to Lemma 1.2.23 it suffices to consider radii r < % If B(z,r) intersects
only one of the sets E; and Fj5, then clearly

Hi((E1U E») N B(x,7)) < max{A;", A"}

If B(z,r) intersects both E; and Es, then there exist z; € E;, j = 1,2,
such that B(z,r) C B(z;,2r). Consequently,

(E1U Ey) N B(x,7) C (Ey N B(xy,2r)) U (BN B(x,2r))
and due to 2r <1 this yields the claim

Hl((El UEy)N B(x,r)) <A+ AFH O
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1 Fundamentals in function spaces and interpolation theory

Lemma 1.2.25. If E C R? is I-thick for some 0 < | < d, then it is
m-thick for every 0 < m <.

Proof. Inspecting the definition of thick sets, the claim turns out to be
a direct consequence of the inequality

LA /1 Y™
m m
S == (L)
j=1 j=1 Jj=1
for positive real numbers r{,...,7y. O

It turns out that every bounded [-set is also [-thick, although Hausdorff
measure and Hausdorff content are not comparable in general as we have
already seen.

Lemma 1.2.26. Let 0 < [ < d. If E C R? is a bounded [-set, then there
s a constant A > 0 such that

AW > HR(EN B(z,r) > At (e B,0<r<1).

In particular, E is [-thick.

Proof. We claim
HZ(F) < Hi(F) S HE(F)

for all subsets F' of E. By the [-set property of E this suffices to con-
clude. Due to (1.2) only the second estimate is of concern and owing to
Remark 1.2.17 we can replace the [-dimensional Hausdorff content by its
centered counterpart for this purpose.

So, fix FF C E and let {B,},en be a covering of F' by open balls B,
with radius 7, centered in F. If r, < 1, then H;(E N B,) < rl since E
is an [-set and if r, > 1, then certainly H;(E N B,) < H;(E)rl. Note
that 0 < #H,(E) < oo holds since the bounded set E can be covered by
finitely many balls B with radius 1 centered in E, each of which satisfies

0 < H,;,(F N B) < oo by the [-set property. Altogether,

[e.9]

> TR i’Hl(EﬂBn) > Hl(Eﬂ G Bn) > Hy(F).

n=1 n=1

The claim follows by minimizing over all such coverings of F'. ]
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1.2 A crash course in potential theory

For compact sets Lemma 1.2.26 has a far-reaching generalization due to
FROSTMANN [61], see also [2, Thm. 5.1.12].

Theorem 1.2.27. Let | > 0 and let K C RY be a compact set. Then
u(K) < H°(K)

for all i € M*(K) with the property that u(B(z,r)) < rt holds for all open
balls B(x,r) C Re. Furthermore, there exist a constant A > 0 depending
only on d and a measure p € MT(K) satisfying u(B(z,r)) < r' for all
open balls B(x,r) C RY, such that

Hi°(K) < Ap(K).

A common setup in the theory of partial differential equations is that
of a bounded open d-set whose boundary is a (d — 1)-set [84]. In fact, this
will become one of our standard assumptions in Chapters 4 - 6. Surpris-
ingly, these two purely measure-theoretic assumptions imply a much more
geometrical thickness-property of the set under consideration.

Definition 1.2.28. A bounded set Z C RY is x-plumyp if there exists k > 0
such that for each x € = and each r € (0,diam(Z)] the set =N B(z,r)
contains a ball of radius k7 centered in =.

Remark 1.2.29. The notion of k-plump sets is taken from VAISALA [144].
The concept also runs under interior corkscrew condition [84].

Proposition 1.2.30. If = C R? is a bounded open d-set and OZ is a
(d — 1)-set, then = is k-plump.

Some variant of the following lemma required in the proof of Proposi-
tion 1.2.30 may be well known but for the reader’s convenience we include
the short argument.

Lemma 1.2.31. If = C R? is open and O= is a (d — 1)-set, then for each
ro,tg > 0 there exists C' > 0 such that

‘{w €EZ:|r—ax| <7 d(z,RT\ E) < tr}‘ < Otr?

for all xg € =, 7 € (0,70], and t € (0,t).
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1 Fundamentals in function spaces and interpolation theory

Proof. Put
E={z€Z: |-z <r d(z,R\ ) < tr}.

Then for each © € FE there exists b, € 0= such that x € B(b,,tr).
The Vitali covering theorem, Theorem 1.2.21, yields a countable subset
J C E such that the balls {B(b,,tr)}.cs are mutually disjoint and such
that {B(b,,6tr)}.cs is a covering of E. Hence, |E| < #J(tr)?, where #.J
denotes the cardinality of J.

It remains to establish the bound #.J < t17¢. To this end, fix z € J. If
y € B(b,,tr) for some x € J, then by the triangle inequality

ly — b.| < 3tr +2r < (3ty + 2)r.

Since Hy_1(0Z N B(b,, 7)) =~ 71 remains valid for all b, € Z and all
r € (0, (3ty + 2)ro] with implicit constants depending only on =, r(, and
to, see Lemma 1.2.23, we obtain

((3to +2)r)*™" 2 Ha-1 (020 B(bs, (3to + 2)r))
>3 Ha 1 (02N Blbs, tr)).

zeJ

The right-hand side is comparable to #.J (tr)?~! since = is a (d — 1)-set.
Thus, #.J < t'7¢ and the conclusion follows. O]

Proof of Proposition 1.2.30. By Lemma 1.2.23 there exists ¢ > 0 such
that

2N B(zo,7)| = er? (2o € E, r € (0, diam(E))).

Choose 1y 1= %diam(E) and tp = 1 in Lemma 1.2.31 and apply the esti-
mate with ¢ = min{55, 1} to conclude

— T d\ = tr crd crd
for all xp € = and all r € (0,diam(Z)]. In particular, these sets are
non-empty and so we can choose k = t. ]
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1.2 A crash course in potential theory

The following comparison theorem eventually relates Bessel capacities
to the more handy notion of Hausdorff content. It is in fact a simplified
version of [2, Thm. 5.1.13] that suits best to our purposes. For convenience
we include a short proof.

Theorem 1.2.32 (Comparison theorem). Let 1 < p < oo and suppose
a,l > 0 are such that d—1 < ap < d. Then there exists a constant A such
that for all compact sets K C R? 4t holds

HP(K) < AC, ,(K).

Proof. The proof is by combining Frostmann’s theorem, Theorem 1.2.27,
with Wolff’s inequality, Theorem 1.2.15.

Only the case H°(K) > 0 is of interest. Let ux € MT(K) be the
measure provided by Frostmann’s theorem, that is g (B(z,7)) < r! holds
for all open balls B(z,r) C R? and in addition H®*(K) < Agux(K) for
a constant A, depending only on d. The corresponding Wolff potential
satisfies

wes (@) = [ (!W(%W)p/l dt

td—ap t
N -1 _
- = - o0
td—ap t l—d+ap

and thus by Wolft’s inequality

0
1

<

0

|G * pxlly S px(K) < .

This in turn justifies the application of Lemma 1.2.10 yielding

K)P /
Ca,p(K) > ,UK( ) |p ZMK(K)p_p/p :#K(K),
p/

— 1Ga x|

Note carefully that due to 0 < H°(K) < Agux(K) the measure ug is
non-zero and as (G, is a continuous strictly positive function, also G, * i
is non-zero. The conclusion follows from jux(K) > A HXP(K). O

Concerning nullsets we have the following addendum.

23
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Corollary 1.2.33. Let 1 < p < oo and suppose a,l > 0 are such that
d—1<ap <oo. Then every C, p-nullset is also an H;-nullset and thus
an Hp°-nullset.

Proof. Suppose E C R? is a C,,-nullset. Since C,, is outer regular,
there is a Gg-set (G, that is, a countable intersection of open sets, such
that £ C G and C, ,(G) = 0. This set can be constructed as in the proof
of Lemma 1.2.5. So, upon replacing F with G we can right away assume
that £ is a Borel set.

Let K be any compact subset of E. Then C,,(K) = 0 and thus
H°(K) = 0 by either Theorem 1.2.32 or Corollary 1.2.11. We claim
H;(K) = 0. Indeed, assume to the contrary that H;(FE) > ¢ > 0. Then,
by definition of Hausdorff measure, there exists some p > 0 such that
H7(K) > e. This means that every countable covering of K by open balls
B(x,,r,) satisfies

oo oo

l l l
> rh>e or > rh>p
n=1 n=1

depending on whether or not r, < p holds for every n € N. In any case,
this contradicts H°(K) = 0. Since H,; is a regular Borel measure, the
considerations above imply #,(E) = 0 and thus H°(E) = 0. O

1.2.5 Sobolev spaces with partially vanishing trace

The Sobolev spaces W@p (2) introduced in this section should be thought
of as the subspace of W*?(Z) whose members u satisfy

(1.3) D% =0 (on £ C E)

for all multiindices of order |o| < k—1. In absence of any further regularity
assumption on = or F, these spaces are usually defined as the completion
of a suitable set of test functions vanishing in a neighborhood of E, see,
e.g., [129, Sec. 4.1].

Definition 1.2.34. Let = C R? be a domain and E be a subset of =.
Define the set of test functions

CE(RY) := {u; u € C°(R?) and d(supp(u), E) > O}

and let C¥(Z) := {u|z;u € CF(R?)} be its restriction to =.
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1.2 A crash course in potential theory

Definition 1.2.35. Let = C R? be a domain and let E be a subset of =.
For k € N and 1 < p < oo denote the closure of C¥(Z) in W*P(Z) by
WiP(2).

Remark 1.2.36. The space WhZ(Z) coincides with Wg?(Z), the closure

of C*(Z) in W*P(Z). On the contrary note carefully that in general
Wg’p(E) is a proper subspace of W*?(Z), see Example 1.1.10 and its proof.

Having in mind the Sobolev-Bessel equivalence W*?(RY) = H*?P(R?),
Theorem 1.1.6, for k € N, 1 < p < oo each equivalence class u € W*P(R?)
can be assigned a regular representative as in Definition 1.2.9. We keep
on denoting this representative by gothic letters u. For |o| < k — 1 the
regular representative of D*u is denoted ©“u, not to be confused with the
derivative in whatever sense of u.

Regular representatives allow to give an intrinsic characterization of the
Sobolev spaces WhP(R) that is much more in the spirit of the pointwise
trace condition (1.3). This remarkable result known as the (k, p)-synthesis
is due to HEDBERG and WOLFF [78], see also [2, Thm. 9.1.3].

Theorem 1.2.37. Let k € N, let 1 < p < oo, and let u € WFP(R?).
Suppose E CR? is closed. Then u € WiP(R?) if and only if

DU=0 ((k — ||, p)-quasieverywhere on E)

for every multiinder o € N of order |a| < k — 1, that is, if and only if
for every such multiindex o and for (k — ||, p)-quasievery y € E it holds

lim D%u(x) dz = 0.
=0 JB(y,r)

HEDBERG and WOLFF’s theorem manifests the use of capacities for
studying traces of Sobolev functions. If D is sufficiently tame, e.g. Ahlfors
regular, then capacities can be avoided by replacing them by Hausdorff
measures. Keep in mind that if a property holds (1, p)-quasieverywhere,
then it a fortiori holds H;-almost everywhere if d —p < [ < d but that the
converse is false in general. Still, by means of a deep extension theorem
due to JONSSON and WALLIN [87], the following can be proved.
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Proposition 1.2.38 ([37, Cor. 4.5]). Let k € N, let 1 < p < oo, and let
u € WFP(R?). Suppose E C R? is closed and [-Ahlfors reqular for some
d—p<1<d. Thenue Wi (RY) if and only if

DU =10 (H;-almost everywhere on E)

for every multiinder o € N of order |o| < k — 1, that is, if and only if
for every such multiindex v and for H;-almost every y € E it holds

lim D%u(x) dz = 0.
=0 JB(y,r)

For more information on the spaces Wle’p the reader can refer to [2,
Ch. 9/10] and [37]. A third characterization in terms of weighted LP-
spaces will be given in Chapter 2 on Hardy’s inequality.

1.2.6 Three concepts of dimension from geometric
measure theory

Perhaps the most common notion of dimension in geometric measure the-
ory is the one attributed to HAUSDORFF.

Definition 1.2.39 ([2, p.133]). For every E C R the number
dimy (E) :=sup{s > 0; Hs(E) =0} = inf{s > 0; H,(F) = oo}

is called Hausdorff dimension of E.

Example 1.2.40. The Hausdorff dimension of an I-set £ C R? is equal
to [. To see this, first note that for any ball B with radius 1 centered in
E we have

0<H(ENB) < .

In particular H,;(£) > 0, so that dimy(E) < [. On the other hand, for
any ball B as above we must have dimy(FNB) =l and so Hy(ENB) =0
for every 0 < s < [. Since E can be covered by countably many such
balls, Hs(E) = 0 showing that dimy(F) > s. Since s < [ was arbitrary,
dimy (E) > [ follows.
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In the rest of this section we compare the notion of Hausdorff dimension
with two other concepts of dimension that turned out particularly useful
in the orbit of Hardy-type inequalities, see, for instance, [51,82, 83, 143]
and references therein, as well as Section 2.4. Most important for us will
be that the dimension of a bounded [-set is equal to [, no matter which of
these concepts of dimension is used. This can be deduced from existing
results in the literature. However, the presentation of the matter in this
section allows for a short and self-contained proof.

Definition 1.2.41 ([83, Def. 2.2]). If E C R? is a set with empty interior,
then define A(E) to be the set of all 0 < s < d for which there exists a
constant A such that

/( )d(y,E)s’ddygArs (xe E,0<r<o0).
B(x,r

The infimum dim4(F) := inf A(E) is called Aikewa dimension of E. If
E C R? has non-empty interior, then set dim4(E) := d.

Remark 1.2.42. We agree upon setting 0° := 1 in Definition 1.2.41. This
is of concern only when |E| > 0 and s = d.

Remark 1.2.43. Subsets of R? with Aikawa dimension strictly less than
d are more commonly known under the name of porous sets, a notion from
geometric measure theory closely related to k-plumpness of the comple-
ment of a set. In fact, £ C R? is porous if there exists x < 1 such that
the following statement is true: For every ball B(z,r) with € R? and
0 <r <1 thereis y € B(x,r) such that B(y,xr) N E = 0. A proof of this
rather recent result is found in [103], taking into account [108, Thm. 5.2].
The geometric characterization of porosity also explains the nomenclature.

Definition 1.2.44 ([143, Def. 2.2]). If E C R¢, then define AS(E) to
be the set of all s > 0 for which there exists a constant A > 0 with the
following property: Whenever 0 < r < R < 2diam(FE) and x € E, then
at least A(R/r)® balls centered in E with radius r are needed to cover
E N B(z,R). The supremum dimys(F) := sup AS(F) is called lower
Assouad dimension of E.

Remark 1.2.45. There is a related notion of upper Assouad dimension,
which will not be of concern in the following. Definitions and further
information can be found in [143] and references therein.
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1 Fundamentals in function spaces and interpolation theory

Below we prove three lemmas elaborating on the interconnections be-
tween the different concepts of dimension. The first one is known in a
much more general context [103] but for convenience we give an elemen-
tary proof.

Lemma 1.2.46. For cvery E C R? the inequality dimgs(E) < dimy(E)
holds true.

Proof. Let s € AS(FE), see Definition 1.2.44. We have to prove s < d
in case that F has non-empty interior and s < ¢ for every t € A(E), see
Definition 1.2.41, in case that E has empty interior.

Let # € E and let 0 < 7 < £ < diam(F). Inductively construct a
maximal collection By, ..., By of mutually disjoint balls with radius r
centered in £'N B(x, R). Here, mazimal is in the sense that the collection
cannot be extended to a larger one sharing the same properties. Then
ENB(z,R) C UéV:l 2B;, for if there were y € E N B(z, R) that is not
contained in any of the balls 2B;, then B(y,r) would be a ball disjoint
to every Bj, thereby contradicting maximality. Hence, by definition of
AS(E) there is a constant A > 0 that depends only on s and E such that
N > A(R/(2r))°. As every ball B; is contained in B(z,2R), this latter
ball contains at least N > A(R/(2r))® mutually disjoint balls of radius r
with center in E.

First assume that F has non-empty interior. Then the estimate

N A S
|B(z,2R)| > > |B;| ~ Nrd > 2}5 rd=s

Jj=1

shows that 797 remains bounded in the limit » — 0, i.e., that s < d. If

now t € A(E), then

N
C(2R)" > d(y, )4 dy > /d EYiq
(2R)" > - (y, E) y_jZ::l . (y, B) " dy

for some constant C' > 0 depending only on ¢ and E. Since the balls B;
are centered in F, it follows

|B(07 1)| ARS T,t—s'

N
> Z/ P4 dy — | B(0, 1)| Nrt >
Z17B; 28

As above, this implies s <t and the proof is complete. ]
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The second lemma was essentially proved in [143, Sec. 4.4].

Lemma 1.2.47. The lower Assouad dimension of an l-thick set E C RY,
0<1<d, is at least [.

Proof. It suffices to prove | € AS(E), see Definition 1.2.44. To this end
let z € F, 0 < r < R < 2diam(F), and suppose By, ..., By are balls
centered in E with radius r that cover E N B(z, R). Since E is [-thick,
there is a constant A > 0 such that

H¥(E N B(y,s)) > As' (y € E,0<s<2diam(E)),

see Lemma 1.2.23. Thus,
N N
Nrt >N "H*(B,) > Y H (ENB,) > H*(ENB(z,R)) > AR/,
n=1 n=1

showing N > A(R/r)! as desired. O

To come full circle it remains to give an upper bound for the Aikawa
dimension of Ahlfors regular sets. The subsequent lemma closely follows
an argument in [102, Lem. 2.1], where a slightly different notion of I-sets
has been used.

Lemma 1.2.48. The Aikawa dimension of a bounded [-Ahlfors reqular
set ECRY 0<1<d, is at most .

Proof. We may assume [ < d as by definition there are no subsets of R?
with Aikawa dimension larger than d. In this case E has empty interior:
Indeed, by the [-set property the intersection of E with any ball with
radius less than 1 has finite /-dimensional Hausdorff measure but the -
dimensional Hausdorff measure of a whole such ball is infinite since a ball
in R? has Hausdorff dimension d.

Let | < s < d be arbitrary. We shall prove s € A(F), which implies
dimy(F) = inf A(F) <1 as required.

For the rest of the proof fix € E. First assume 0 < R < 2diam(E).
Integration over the level sets of dg gives

(1.4) /B(M) d(y, B)* dy = /:_d {y € B, R); d(y, ) > A}| dx.
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1 Fundamentals in function spaces and interpolation theory

To estimate the measure of these level sets, temporarily fix y € B(z, R)
and A > R*?. Since

Ex:={z € B(z,R); d(y, E)** > A}
= {2z € B(x, R); d(y, B) <\,
we can cover E) by open balls with radius 2\/¢~% < 2R centered in F
that are contained in B(z,3R). The Vitali covering theorem allows to
extract a countable subcollection {B;};c; of mutually disjoint balls such

that £\ C U;es 6B;. According to Lemma 1.2.23 there is a constant A > 0
depending only on E and [ such that

A7t > H(E N B(z, 1)) > Ar (z€ E,0<r <6diam(E)).
Since every ball B; is entirely contained in B(z,3R),

AN/ 7 < N4 (EN B;) < Hi(EN B(r,3R)) < A7 (3R)’

jeJ
and thus

1By <3 16B;] = 67AY D4 ] S N/ Rl

jed

for an implicit constant depending only on A, [, and d. We reinsert this
estimate in (1.4) to find

Rs—d

/B( o d(y, E)* % dy < Rl/ A@=0/(s=d) q\ < R'RGE=D(s=D/(s=d) _ ps

as desired.
In the case R > 2diam(E) we use the estimate d(y, E) > 1 |y — | for
every y € R\ B(z,2diam(FE)) to find

/ d(y, E)* " dy < / d(y, E)*~" dy
B(z,R) B(z,2diam(E))
ety
B(z,R)
SR

by the claim for R = 2 diam(F) and a simple computation of the rightmost
integral. Altogether, this verifies s € A(F). O
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1.3 A glimpse on interpolation theory

Since Lemma 1.2.26 asserts that every bounded [-set is [-thick, we obtain
coincidence of all three notions of dimensions for bounded [-sets as the
synthesis of the three lemmas above and Example 1.2.40.

Theorem 1.2.49. If E C R is a bounded l-set, 0 < | < d, then
dimAS(E) = dlmA(E) = dlmH(E) = l,

that is, the lower Assouad dimension, the Aikawa dimension, and the
Hausdorff dimension coincide for E.

1.3 A glimpse on interpolation theory

Interpolation theory of Banach spaces will play a fundamental role for re-
solving Kato’s conjecture for mixed boundary conditions. In this section
we collect the essentials we are going to fall back upon at several occasions.
A particular focus lies on obtaining quantitative versions of common the-
orems that are usually quoted only qualitatively. For the presentation of
the matter we essentially follow BERGH and LOFSTROM [36].

An interpolation couple X = (Xy, X)) is a pair of complex Banach spaces
Xy and A that are both included into the same linear Hausdorff space X.
In this case the spaces A(X) := Xy N X} with norm

”xHXoﬁ?ﬁ = maX{HxHXm ||:E||X1}
and X(X) := X, + &, with norm

2l a2 = f{[|zollxy + 21|25 75 € Xy @ = w0 + 11}

are Banach spaces [142, Sec. 1.2.1] and A(X) C Ap, &3 C 3(X) holds
with continuous inclusions. If X and Y are interpolation couples, we write
L(X,Y) for the space of linear operators ¥(X) — () that restrict to
bounded linear operators X; — ); for ¢ = 0,1. Any such operator is

bounded from X(X') into X()).
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1 Fundamentals in function spaces and interpolation theory

1.3.1 Abstract interpolation theory

In order to make precise the definition of interpolation spaces we need to
recall some notions from category theory, see [36, Sec. 2.1] and references
therein.

Definition 1.3.1. A category € consists of a class of objects and a class of
morphisms. Between objects A, B and morphisms 7" a three place relation
T : A~ B is defined such that the following hold for all objects A, B,C
and all morphisms R, S,T in €:

(i) HT: A~ Band S : B ~ C, then there is a morphism ST : A ~ C,
the product of S and T'.

(ii) The product of morphisms meets the law R(ST) = (RS)T of asso-
ciativity.

(iii) For all objects A € € there is a morphism 14 : A ~ A such that
T14 =1,T =T for all morphisms T": A ~ A.

Definition 1.3.2. Let €; and € be two categories. A covariant functor §
from €; to € is a rule that assigns to each object A in €; an object F(A)
in € and to each morphism 7" in €; a morphism §(7") in € in a way such
that the following hold for all objects A, B and all morphisms .S, T in €;:

(i) I T: A~ B, then F(T) : F(A) ~ F(B).
(ii) The law of multiplicativity §(ST) = §(S)F(T).
(ili) Preservation of the identity maps §(14) = 154).

Let now € be the category of Banach spaces with £(X,)) as the mor-
phisms X ~ ). The product of two morphisms is defined by concatena-
tion and for each Banach space X the morphism 1y is the identity map on
X. Moreover, let €; be the category of interpolation couples with £(X,Y)
as the morphisms X ~ ). Again the product of morphisms is defined
by concatenation and for each interpolation couple X’ the morphism 15 is

the identity map on 3(X).

Definition 1.3.3. Let € be the category of complex Banach spaces and ¢;
the category of interpolation couples. A covariant functor § from €; to €
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1.3 A glimpse on interpolation theory

is called interpolation functor if for all interpolation couples X = (Xp, X)),
it holds

A(®) € §(X) C 5(X)

with continuous inclusion and if for all morphisms 7' € £(X,Y) from X to
another interpolation couple Y the operator F(T) : F(X) — F(V) is the
restriction of T to F(X). Each space F(X) is called interpolation space
between X and AXj.

So, if X = (X, X) and Y = (), V1) are interpolation couples and §
is an interpolation functor, then each operator T : %(X) — X())) that
restricts to a bounded operator Xy — )y and X} — ), also restricts to
a bounded operator F(X) — F(J). All interpolation functors we shall

discuss in the next sections will share the following additional property.

Definition 1.3.4. An interpolation functor § is called exact of type 0,
0 < 0 < 1, if for all interpolation couples X = (X, X1) and Y = (M, V1)
and every operator T' € L(X,)) the estimate

—0 0
ITlls@)-5m) < 113500 1T 1%, S0,

holds true.

The following retraction-coretraction theorem has many powerful and
rather unexpected applications.

Theorem 1.3.5 ([142, Sec. 1.2.4]). Let X = (X, X1) and Y = (Yo, V1)
be interpolation couples and let

Re L(X,Y) and E € L(Y,X)

be such that E is a right-inverse for R, that is, RE is the identity operator

on X(Y). Let § be any interpolation functor. Then ER restricts to a
bounded projection in F(X) and

E:3(Y) — ER(F(X))

is an isomorphism of Banach spaces. Here, the closed subspace ER(F(X))
of F(X) carries the inherited norm.
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A first consequence is that projections commute with interpolation func-
tors.

Corollary 1.3.6 ([142, Sec. 1.17.1]). Let X = (X, X1) be an interpolation
couple and let Z be a complemented subspace of (X)) with corresponding
projection P € L(X). Then (Z N Xy, Z N Xy) is again an interpolation
couple and

S(ZHXO,ZﬂXl) == Zﬂg(Xo,Xl)

holds with equivalent norms for every interpolation functor §.

Proof. Of course Y := (ZN X, ZN X)) is an interpolation couple. The
claim follows from Theorem 1.3.5 applied with R = P and E € L(), X)
the identity:. O

In view of Sections 1.1.2 and 1.1.3 the following corollaries are the ulti-
mate instruments for reducing interpolation results for C"-valued spaces
on domains to their scalar-valued analogs on the whole space.

Corollary 1.3.7. Assume the setting of Theorem 1.5.5. If R(F(X)) is
equipped with the quotient norm

HUHR(g(?)) = inf{”ﬂ‘g(})% Rz = u},

then () = R(F(X)) with equivalent norms.

Proof. Applying R to the equality E(F())) = ER(F(X)) of sets, gives

]

F(V) = R(S(X))

as sets. Moreover, every u € R(F(X)) can be obtained as u = R(Eu).
Since § is an interpolation functor, F : §()) — F(X) is bounded. Hence,

lull ) < 1EIs@) -5 lulls@)

and the converse estimate is for free thanks to the open mapping theorem.
]
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1.3 A glimpse on interpolation theory

Corollary 1.3.8. Let X7 = (X], X}), 1 < j < n, be interpolation couples.
Then

I17)

J=1

H? = ( X,
j=1 =1

j=

is again an interpolation couple. Moreover, for every interpolation functor
$ and every fixed choice for the (P-norm on product spaces,

(15) s(n %) = H 3(X7)

with equivalent norms.

Proof. Take the product of the ambient Hausdorff spaces to see that the
finite product of interpolation couples is again an interpolation couple.

For 1 <k <nlet R* € L(IT}_, Xi, X*) be the map extracting the kth
component and let E* € L(XF, "_, X7) be the map filling at the kth
position of a vector of zeros. Then P* := E*R* is the projection onto the
kth component and Theorem 1.3.5 yields

{0}><-~-><]-"(Xk)x---x{O}:Pk(S(ﬁ[lXJ)) (1<k<n)

as sets for every interpolation functor §. This implies (1.5) as an equality
of sets. Furthermore, writing « € F([I}_, X7) as © = Yp_| E"RFz, we
obtain the equivalence of norms

- k ok ° %
Il =) < kz_:l 1E* Rl pp_ &) < Cg; IRl 5 )

IN

s> el qp, 70 = nCllellsqqe, %)
k=1 - -

where Cj is a finite constant coming from the interpolation property of the
functor §. Here, the !-type norm of { R*x}; can be replaced by an (P-type
norm at the expense of another constant depending on n and p. O
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1 Fundamentals in function spaces and interpolation theory

1.3.2 The K-method of real interpolation

In this and the next section we survey the two most common interpolation
functors following [36,142].

The K-method of real interpolation goes back to the work of PEETRE.
For a discussion of several equivalent functors such as the J-method and
the trace method, the reader can refer to [36,107,142]. If X = (X,, X}) is
an interpolation couple, then for every fixed t > 0 an equivalent norm on
(X)) is given by

K(t,l‘,?) = in{Hl'()”XO + t”[El”)(l, x; € Xu Tr =29+ Jfl} (CC S Z(?))

The map K (-, -,X) is the K-functional associated with the couple X.
For 0 < 0 <1 and 1 < p < oo the (0, p)-real interpolation spaces between
Xy and X are defined as

(Ko, X1)o :—{x e N (%)

x4 o _dt\Yr
2 ll6.p,x0.2, == (/0 t°K(t,z, X))P t) < oo},

where the LP-norm in the definition of the norm || - ||¢, is understood as
an essential supremum if p = co. In addition we define

(X(), Xl)O,p = XO and (X(), Xl)l,p = Xl (1 S Y% S OO)

in accordance with [36,142]. It is not hard to see that the (6, p)-real
interpolation spaces between X and &) are complete for their norms [36,
Thm. 3.4.2].

A corresponding functor Ky, is defined by assigning to each interpola-
tion couple X = (X,, X;) the Banach space (Xp, X1)p, and to each mor-
phism T € L(X,)) between X and another interpolation couple Y its
restriction to (Xy, X1)gp.

Theorem 1.3.9 ([36, Thm. 3.1.2/3.4.2]). Let 0 <0 <1 and 1 < p < 0.
Then Ky, is an ezact interpolation functor of type 0. Moreover, if 0 # 0,1
and p # oo, then for any interpolation couple X the space A(X) is dense

m Kg,p(.)(').
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1.3 A glimpse on interpolation theory

The following reiteration theorem shows that real interpolation is stable
under repeated application to the same couple.

Theorem 1.3.10 ([36, Thm. 3.5.3]). Let (X, X1) be an interpolation cou-
ple, let 0 < 0y < 01 <1, and let 1 < pg,p1 < 00. Put

62(1—77)90+7701 (0<7’]<1)
Then, for every 1 < p < oo it holds

(X, X0)a0.p0: (X0, X)or ) = (Ao, X1)

m,p 0.p
with equivalent norms.

Remark 1.3.11. The constants implicit in the norm equivalences from
Theorem 1.3.10 depend only on 6y, 61, and 7. This crucial result is also
proved in [36], though — for whatever reason — not stated explicitly. Indeed,
every single constant in the fairly direct proof [36, Thm. 3.5.3] can be
made explicit as a finite integral of elementary functions involving only
these three parameters.

In order to make sense of the following duality theorem for real interpo-
lation, we observe the following. If X = (X, &}) is an interpolation couple
for which A(X) is dense in both X, and A}, then the duals X7, j = 0,1,

can be continuously embedded into A(X)* via restriction of functionals,
showing that X* := (X, X;) is again an interpolation couple.

Proposition 1.3.12 ([36, Thm. 3.7.1]). Let X = (X, X1) be an interpo-
lation couple such that A(X) is dense in both Xy and X;. Let 1 < p < oo
and 0 <0 < 1. Then

(X()? Xl);,p = (X(;kv Xf)@,p’

with equivalent norms.

1.3.3 The complex interpolation method

The complex interpolation method is an abstraction of THORIN’s [140]
proof of the Riesz-Thorin convexity theorem. Throughout, denote by

S:={z€C;0<Rez< 1}
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1 Fundamentals in function spaces and interpolation theory

the open strip with width 1 parallel to the imaginary axis.

For an interpolation couple X = (Xp, X)) let F(Xp, X)) be the space of
all bounded continuous functions f : S — (&) that are holomorphic with
values in X(X) on the interior S and for which the restrictions ¢ — f(j+it),
Jj = 0,1, are continuous from the real line into X; and tend to zero in X;

as [t| — oo. This space is complete for the norm
1y = mevs {sup 1600 1 +i0) s,
teR teR

see [36, Lem. 4.1.1]. For 0 < 6 < 1 the #-complez interpolation spaces
between A and X are defined as

Xy, Xy = {x € N(X); 3f € F(Xo, X1) : f(0) = x}
equipped with the quotient norm

Il := int {1l f € B, 20), £(60) = .

that is, [Xp, X1]e is isomorphic to the quotient F(Xy, X1)/ N (evy), where
evy is the continuous point evaluation at 6. Hence, [Xp, X))y is a Banach
space. As for the real method we complete this definition by setting

[X(), XI}O = XO and [Xo, th = Xl.

Note carefully that this last agreement is in accordance with TRIEBEL [142]
but not with BERGH and LOFSTROM [36].

A corresponding interpolation functor Cy is defined by assigning to each
couple X = (X, X;) the Banach space [Xp, X1]yp and to each morphism
T € L(X,)Y) between X and another interpolation couple Y its restriction
to [Xo, Xl]g.

Theorem 1.3.13 ([36, Thm. 4.1.2/4.2.2]). For each 0 < 6 < 1 the functor
Cy is an exact interpolation functor of type 6. Moreover, if @ # 0,1, then
for any interpolation couple X the space A(X) is dense in Cy(X).

Complex interpolation also shares stability and duality properties ex-
pressed in the following results.
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1.3 A glimpse on interpolation theory

Theorem 1.3.14 ([36, Thm. 4.6.1]). Let X = (X, X1) be an interpolation
couple and let 0 < 0y,0; < 1. Assume that A(X) is dense in each of the
spaces Xy, X1, and [Xo, Xi]e, N [Xo, Xi]e,. Then for

0=(1-nbo+nt (0<n<1)
it holds
[, Xila, (%o, s, | = [ X, 2],

with equal norms.

Proposition 1.3.15 ([36, Cor. 4.5.2]). Let X = (X, X)) be an interpola-
tion couple. If A(X) is dense in both Xy and Xy and if at least one of the
spaces X;, j = 0,1, is reflexive, then

(X, Xy = [X5 Xl (0<6<1)

with equal norms.

In general, real and complex interpolation are not comparable. There
even exist interpolation couples such that for 0 < # < 1 each 6-complex in-
terpolation space is distinct to every (6, p)-real interpolation space. In fact,
borrowing a result from the next section, the couple (L?(R?), W14(RR9))
has this property provided ¢ € (1,00) \ {2}. On the contrary, for Hilbert
spaces the following holds.

Proposition 1.3.16 ([107, Cor. 4.37]). If Hy and H, are Hilbert spaces
such that Hi C Hy with dense and continuous inclusion, then

[Ho, Hilo = (Ho, H1)oz2 (0<6<1).

In view of the preceding discussion it is surprising that there is a mixed
reiteration theorem, allowing to compute complex interpolation spaces by
the K-method of real interpolation.

Theorem 1.3.17 ([36, Thm. 4.7.2]). Let (Xy, X1) be an interpolation cou-
ple, let 0 < 0y < 01 < 1, and let 1 < pg,p1 < o0 but not py = p1 = 0.
Put

1 1—
0= (1-n)0y+nb and ];: Ty 0<n<1).

Do P1
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Then
|:<X0; Xl)@o,p()v (X()a "X.1)917p1:|77 - (X()a Xl)@,p

with equivalent norms.

Remark 1.3.18. Similar to Theorem 1.3.10 it is proved though not stated
in [36] that the constants implicit in the norm equivalences from Theo-
rem 1.3.17 depend only on 6, and 6; and not even on 7. Again, every
single constant in the proof [36, Thm. 4.7.2] can be made explicit.

Remark 1.3.19. By mistake the case py = p; = oo was not excluded
in BERGH-LOFSTROM [36, Thm. 4.7.2] but their argument substantially
makes use of p < oco. In fact, in this case the result is false as has been
pointed out by CWIKEL and SAGHER [44, Rem. 2.13].

1.3.4 Interpolation of function spaces

Concerning the function spaces introduced in Section 1.1.1, the following
theorem collects all interpolation identities that are required in this thesis.

Theorem 1.3.20 ([36, Thm. 6.4.5]). Let § be given so that 0 < 6 < 1.
Moreover, let s, sg, S1, P, Po, P15, o, q1, and r be given numbers subject to
the restrictions in the formulas below. In addition put

s =(1—6)sg+ 0s;
1 1-6 0
o T
D Do D1
1 1-0 0
qr 9 @

Then the following identities hold up to equivalent norms.

(i) (Bp?Bi?) =BI?  (sp#s1, 1<p<oo, 1<7,q0,q < 00)

q0 o,r

(i) (Bg Bs’p)eq* =By (1<p,q0,q < 0)

qo ’ T q1

(iif) (ng’PO,B;;vpl)oq* =By (s0 # s1, 0" =q", 1 < po. p1, o, 1 < 00)
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Vll

(HSOP Hs! P) — B“q"’*’p (So #51, 1 <p,g< OO)
) (me, sm) L= (1< po.pr < 00)

BZO ,P0 B81 pl} — Bs P (SO 7é 51, 1 S Po, P1,490, 41 S OO)

) |
|

Heopo H pl] — g5 (80 # 51, 1 <po,p1 < OO)

Here, all function spaces are of scalar-valued functions on RY.

Remark 1.3.21.

(1)

(i)

Write any identity in Theorem 1.3.20 in the form
F(Xo(RY), X1(R?)) = X(R)

for a suitable interpolation functor §. If = C R¢ is both an X,- and
an X;-extension domain in virtue of the same extension operator F,
then Corollary 1.3.7 applied with the couples X := (X,(R?), X, (R?))
and Y 1= (Xo(Z), X1 (Z)) gives

F(Xo(2), X4(5)) = R=(F(Xo(R?), X1(RY))) = R=(X(R%)).

The rightmost space coincides with X(Z) up to equivalent norms,
provided the latter is not a Sobolev space of integer order. Then
FE € L(X(Z),X(R%) follows by interpolation and shows that = also
is an X-extension domain.

In view of Section 1.1.3 and Corollary 1.3.8 all identities in Theo-
rem 1.3.20 above remain valid for spaces of C"-valued functions on
R? and on domains subject to the restrictions from (i).

For LP-spaces we also remind the following rules on interpolation with

a change of codomains or a change of measures.

Theorem 1.3.22 ([36, Thm. 5.1.2], [142, Sec. 1.18.4]). Let (X, pu) be a
o-finite measure space. Let 1 < py,p1 < 00, 0 <0 <1, and put

1 1-0 46

p Po D1
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Then for any interpolation couple (Xy, X1) it holds
[LPO (X, p; Xp), L (X, s Xl)]e = L”(X, 1; [Xo, X1]e)

up to equivalent norms.

Theorem 1.3.23 ([36, Thm. 5.4.1], [142, Sec. 1.18.5]). Let (X,p) be a
o-finite measure space and let X be a Banach space. Let 1 < py,p1 < 00
and let wo,w; : X — (0,00) be given measurable functions. For 0 <6 <1
put

— = +— and w=wy "wy.
p Do b1

Then

(L”O(XMSOdu; ), L (X, Wi dp; X))a = LP(X, wPdp; X)

P

up to equivalent norms and
[U’O(X, whdp; X), L (X, wi' dp; X)]9 = LP(X, wPdp; X)

with equal norms.

1.3.5 Sneiberg’s stability theorem

The objective of this closing section on interpolation of Banach spaces is
to provide a self-contained proof of the following result of SNEIBERG [137].

Theorem 1.3.24 (Sneiberg). Let X = (Xo, X)) and Y = (o, D) be
interpolation couples and let T € L(X,Y). Then

{9 € (0,1); T : [X, Xi]o — [Vo, Vile is an isomorphism}

18 an open set.

Theorem 1.3.24 is a strong tool, for instance, in the treatment of second-
order elliptic partial differential equations. It can widely be used to ex-
trapolate the miraculous results obtained from the Lax-Milgram lemma
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1.3 A glimpse on interpolation theory

in L? to a small neighborhood in the LP-scale, see, e.g., [11-13,16,23, 27,
75,123,131] just to mention a few.

Some historical notes are in order: The original manuscript [137] from
1974 is available only in Russian. SNEIBERG’s ideas have been refined by
VIGNATI and VIGNATI [139] in 1988 for a different interpolation method.
It is folklore that there are quantitative estimates for the size of the interval
occurring in Theorem 1.3.24 in terms of 6 and bounds for 7" but most
crucially without referring to any further properties of the Banach spaces
involved. This is implicit in [137,139] and follows by inspection of the
proofs. Vast generalizations to general complex interpolation methods for
quasi-Banach spaces have been obtained by KALTON and MITREA [89] in
1998, again with implicit quantitative bounds.

So, we feel that this section is the right place to reprove a quantitative
version of Theorem 1.3.24. We follow the treatment in [89] with some
simplifications due to the restriction to the standard complex interpolation
method on Banach spaces. The main result reads as follows.

Theorem 1.3.25 (Sneiberg). Let X = (Xp, X)) and Y = (Yo, 1) be
interpolation couples and let T € L(X,Y). For 0 < 0 < 1 abbreviate
Xy = [Xo, X1]g and Vo := [Vo, V1]o. Suppose that for some 6* € (0,1)
there exists k > 0 with the property

ITllyye = Kllella. (2 € Xpe).
Then, given 0 < € < i, the lower estimate
1Txlly, = erlzllx, — (x € Xp)

holds provided

0— 0" < k(1 — 4e) min{0*, 1 — 6"}
-3

K+ 6maxj—o1 [|T|x,-y,

Moreover, if T : Xog« — Yo+ is an isomorphism, then in this range of 6 the
same is true for T : Xy — V.

Reversing the order of statements we begin with proving stability of
ontoness with respect to the interpolation parameter #. The following
lemma required in the proof is part of the standard proof for the open
mapping theorem.
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1 Fundamentals in function spaces and interpolation theory

Lemma 1.3.26. Let T : X — Y be a bounded linear operator between
Banach spaces X and Y. If there are constants 0 < ¢ < 1 and C' > 0 such
that for every y in the unit sphere of Y there exists v € X with ||z||x < C
and ||y — Tx|ly < ¢, then T is onto.

Proof. Given y € ), apply the hypotheses inductively to construct a
sequence {x,}, obeying the estimates

<"yly  (neN),

fealle < Ce gl and [y =7y |
j=1

By the first property x = > >, z,, exists and by the second one T'x =y
as required. O

Proposition 1.3.27 (Stability of ontoness). Let X = (X, X1) and Y =
(Yo, V1) be interpolation couples and let T € L(X,Y). For 0 <6 <1 put
Xy = [Xo, Xi]g and Yy := [Vo, Vile. Suppose that for some 0* € (0,1) the
operator T : Xp- — Y is an isomorphism with norm ||T~(|y,.x,. < *.
Then T : Xy — Yy s onto provided

rmin{f*, 1 — 0"}
K + max,—g1 HT”XJ%’J' '

(1.6) 10— 0% <

Proof. Let § € (0, 1) satisfy the bound (1.6) and choose ¢ > 0 sufficiently
small such that (1+¢)?|6 — 0*| is still smaller than the right-hand side of
(1.6). The argument is in two steps.

Step 1: Preparing for Lemma 1.3.26

Fix y in the unit sphere of Vy and let g € F()h, V1) be such that

(1.7) 9(0) =y and |lgllro < (1 +¢).

By definition of complex interpolation g(6*) € Vs« and T 'g(6*) € Xp-.
So, there exists f € F(Xp, X;) such that

(1.8)  Tf(O")=g(0") and |fllpxo.x) < (1+e)IT9(0)]lx,..

In a second step we will complete the proof by showing that = = f(6) € X}
fits the assumptions of Lemma 1.3.26.
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1.3 A glimpse on interpolation theory

Step 2: Checking the premise of Lemma 1.3.26

A direct calculation employing (1.7) and (1.8) reveals

1+¢
K

2l < 1 fllpcro.x) < (1+)IT9(0) . <

1+e¢ (1+¢)?
9lle@om) < PR

19(67) [,
(1.9)

IN

K
In order to estimate the norm of y — T'x, consider the auxiliary function

) = {z;le*<9<z> I
g(z) =Tf(z) z = 0*,

defined on the closure of the strip S = {z € C;0 < Rez < 1}. As
Tf(0*) = g(6%), it follows from Riemann’s theorem on removable singu-
larities that h is holomorphic on S with values in ), + 1. Moreover,
h € F()y, V1) by the choices of f and g and since T € L(X,)). Since

y—Tx =g(0) —Tf(0) = (0 —0")h(0),
it follows

ly = Tzlly, <16 = 6" |alleeo.am)
0 — 6"
min{6*, 1 —

VAN

- T .
7y lg = Tflleoyn

Abbreviating M := max;j—o, ||T'||x,-y,, the right-hand side is bounded by

|6 — 0"]
~ min{f*, 1 —

g3 Ulsllenon + Ml flleceo)

and so due to (1.7) and the comparison between the second and the last
term in (1.9),

. k+ M
<(1+¢)?0—0 |nmin{9* =0 <1

thanks to the choice of ¢. O
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1 Fundamentals in function spaces and interpolation theory

Stability of the lower bounds in Theorem 1.3.25 will follow from a vari-

ant of the Schwarz lemma from complex analysis essentially taken from
[89, Lem. 2.6].

Lemma 1.3.28. Let (X, X1) be an interpolation couple and 0 < 6* < 1.

Suppose that 0 < r < : min{0*,1 —6*}. Then for each f € F(Xy, X) and
every 0 —r < 0 < 0"+ r it holds

0 — 0"
”f( )H[Xo Xl = QHf( )”[Xo Xilgx — o0 HfHF(Xo,Xl)'

Proof. For brevity put Xp := [X), X1]g, 0 < 6 < 1, and denote its norm by
|| -1lo. The claim is only of interest if 6 is distinct to 6%, which we therefore
assume throughout. For the rest of the proof also fix f € F(Xp, X7).

By definition of complex interpolation it holds f(0) € AXy. Consider
any other g € F(Ap, &}) satisfying g(6) = f(#). Similar to the proof of
Proposition 1.3.27 define h € F(&Xp, X}) by

h(z) = {Zie<f<z> —g(2) 2 £0,
f'(z) =g'(2) z=0.

Its norm is ||||r(xy,2,) equals

I(F = 9)[#)llo, sup

max { sup
teR |1t |

1
— (f =) +it }
so that, on employing § > 6* —r >rand 1—60 > 1—0*—r > r, it follows

1
2]l F(xp,200) < ;||f — glleo,x) < ;||f||F(Xo,X1) + ;||9HF(X0,X1)~

The upshot is that due to h(6*) = (6* — )71 (f(0*) — g(6*)) the norm
of f(0*) in Xy~ can be estimated using h. By the previous estimate and
|0 — 0*| < r this gives

|6 = 0"]

£ (0o < llg + (0" — O)h|lpao,x) < 2/|9llrao,a) + I f 1o, x0) -

Now, this inequality has been established for every g € F(X}, X)) satisfying
g(0) = f(#) and so passing to the infimum,

6 — 0*
1F(6°) 667

Rearranging terms yields the claim. O

o < 2| f(0)]lo +

I f e xo,x0)-
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1.3 A glimpse on interpolation theory

Eventually, we give the proof of Theorem 1.3.25.

Proof of Theorem 1.3.25. Let § € (0,1) and assume |§ — 6% < r,
where r > 0 will be subject to several restrictions culminating in the
one alluded in the theorem. Throughout the proof keep = € Ay fixed.
For brevity put again M := max;_o; ||T| x,~y,. The argument is in two
consecutive steps.

Step 1: A straightforward estimate

By definition of complex interpolation there exists f € F(Xp, A1) such
that f(0) = x. Then T'f € F(Y, V1) satisties T f(0) = Tx € Vp and

1T flleodny < M| fllecxo.a)

since T € L(X,Y). We require r < $min{6*,1 — *} in order to bring
into play Lemma 1.3.28. It follows

T o — 0
1Tz||y, = T f(O)|y, > §||Tf(9 Myee — | o ‘||Tf||F(yo,y1)
L M0 — 6]
> §||Tf(9 Myee — T||f||F(XO,X1)~

As f(0*) € Xy, the assumption on 7T allows to continue the chain of
estimates by

Mo — o

K\ e |
> §||f(9 My — o I/ Nl e,

In order to get rid of f(6*), let us require r < 3z min{6*,1 — 6*}. Then
r < %min{@, 1 — 6}, which in turn allows to reapply Lemma 1.3.28 with
the roles of # and 6* interchanged. By these means,

k(1 |0 — 6|
> 5 (310 - 5 e
M6 — 67|
=g Ifllpcx.a-
As f(0) = x, we are left with
K+ 2M

/ﬁ: *
= ZHxHXe) — 10— 07 ™ 1f Il eao,0)-
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1 Fundamentals in function spaces and interpolation theory

Since this estimate has been obtained for every f € F(Xp, &A1) such that
f(0) = x, passing to the infimum gives

K o k+2M
ety > (= 10- 01552 ol

provided r < § min{6*,1 — 6*}.

Step 2: Adapting parameters

If now 0 < € < %, then summa summarum the result of Step 1 is the

49
required estimate provided

1 2M
]9—9*\§r§§min{9*,1—9*} and Z—\@—@*]FL—ZT > ek.
These conditions collapse to
k(1 — 4e) , k(1 — 4e)
1.10 -0 <r— =< 01—} ——=
as claimed.

Finally, if T : Xp« — Y- is an isomorphism, then [|[T7|y,. 5x,. < L.

K

Due to Proposition 1.3.27 the operator T : Xy — )y remains onto for

K

|0 — 0% < min{6",1 —«9*},{+M,

which in any case is a larger interval then the one in (1.10) for the lower
bound. u

Remark 1.3.29. It is tempting to prove stability of isomorphisms in The-
orem 1.3.24 by a duality argument, thereby avoiding the use of Propo-
sition 1.3.27. However, the duality principle for complex interpolation
(Proposition 1.3.15) comes along with additional requirements on the in-
terpolation couples X and .
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CHAPTER 2

Hardy's inequality for functions vanishing on a part of
the boundary

Hardy’s inequality

J

is one of the classical items in analysis [127]. Two milestones in the
development of the theory seem to be the result of NECAS [126] that
Hardy’s inequality holds on strongly Lipschitz domains and the insight of
MAz’yA [113], [115, Ch. 2.3] that its validity depends on measure the-
oretic conditions on the domain. Rather recently, the geometric frame-

p

Uu
< p 17109
N/QWU| (u € Wy"(Q2))

don

work in which Hardy’s inequality remains valid was enlarged up to the
frontiers of what is possible — as long as the boundary conditions are
purely Dirichlet, see [97,101] and compare also with [6,104, 145]. Over
the last decades it became manifest that Hardy’s inequality plays an em-
inent role in modern theory of partial differential equations, see, e.g.,
[4,35,38,46,55,62,90,106,109,132].

On the contrary, the case that only a part D of the boundary of the
underlying domain 2 carries a Dirichlet condition, while on 02\ D other
boundary conditions may be imposed, has not been approached systemat-
ically so far, see [4,39,96,98] including references therein. In this chapter
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2 Hardy’s inequality

we set up a geometric framework for the bounded domain {2 and the
Dirichlet boundary part D that allow to deduce the corresponding Hardy
inequality

p</ Val  (ue W(Q)).
~ O D

J

Similar to the well-established case D = 0 () we in essence only require that

i
dp

D is [-thick in the sense of Definition 1.2.19. In our context this condition
can be interpreted as an extremely weak compatibility condition between
D and 0Q\ D.

Our strategy of proof is first to reduce to the case D = 0€) by purely
topological means, provided two major tools are applicable. The first one
is an extension operator

E: WP (Q) = WP (R,

the subscript D indicating the subspace of those WP-functions that van-
ish on D in an appropriate sense. The reader may recall the precise
definition of these spaces from Section 1.2.5. The second ingredient is the
global Poincaré inequality

Ll s [vul e W),

which is of course necessary for Hardy’s inequality since dp is a bounded
function on 2. These two conditions trace out an abstract framework for
Hardy’s inequality presented in Section 2.1. We discuss more geometric
assumptions that can be checked — more or less — by appearance in Sec-
tions 2.2 and 2.3. Still, we believe that the abstract framework has the
advantage that other sufficient geometric conditions for Hardy’s inequality
— tailor-suited for future applications — can be found much more easily.
The first assumption for the abstract framework can be weakened con-
siderably. In fact, we will see that under the mere assumption that D is
closed, every linear continuous extension operator Wi(Q) — W1»(R%)
that is constructed by the usual procedure of gluing together local exten-
sion operators, preserves the Dirichlet condition on D. This result even
carries over to higher-order Sobolev spaces and sheds new light on some of
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2.1 An abstract approach to Hardy’s inequality

the deep results on Sobolev extension operators obtained by BREWSTER,
D. MITREA, I. MITREA, and M. MITREA [37].

Conversely, we ask whether Hardy’s inequality also characterizes the
Sobolev space ng (Q): Is the latter precisely the space of those functions
u € WHP(Q) for which 1 belongs to L7(€2)? Under very mild geometric
assumptions we answer this question to the affirmative in Section 2.4.

As an application of the whole theory we prove scale invariant real
and complex interpolation results for the spaces {W () }1<peoo in Sec-
tion 2.5.

2.1 An abstract approach to Hardy’s inequality

First and foremost let us make precise that by Hardy’s inequality for
Sobolev functions on a domain 2 C R? that vanish on a closed portion
D C 99, the Dirichlet part of 02, we mean the inequality

(2.1) /Q

that is, vanishing on D is in the sense of Definition 1.2.35. In the pure
Dirichlet case, that is when D = 0§, the subsequent result of LEHRBACK,
extending earlier work of LEWwIs [104], is close to being optimal, see for

u

p
| S e W),

instance the discussion in the introduction of [101].

Proposition 2.1.1 ([101, Thm. 1]). Let 1 < p < oo and let Qs C R? be a
bounded domain. If 0 is [-thick for some d —p <1 < d, then Hardy’s
inequality

p

S Vel (weCR(e)

u

)

holds. It extends to all u € WP (Q4) by Fatou’s lemma and density.

daq,

It might sound surprising that our approach to the more general in-
equality (2.1) is not by generalizing the arguments in [101] but is of purely
topological nature. The rough idea is to find a superdomain €2, of {2 whose
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2 Hardy’s inequality

boundary contains D. Then dp(z) > dag,(x) for every x € Q, so that it
suffices to prove
s

By extension techniques this inequality will collapse to the one in Propo-
sition 2.1.1.
The construction of Q,, as it first appeared in [16], is as simple as it is

u

p
S [ v,
Q

daq,

ingenious.

Lemma 2.1.2 ([16, Lem. 6.4]). Let Q C R? be a bounded domain and
D C 0 be closed. If @ C R? is an open cube that contains Q, then

Qe := U {U; UCQ\D is a domain that contains Q}

is a domain that contains Q2 and has boundary 0€Qe € {D, D U0 Q}.

Proof. First note that U := () is a domain that contains {2 and is con-
tained in @ \ D. Hence, Q C €,. In any topological space the union of
open and connected subsets that share a common point is again open and
connected. Thus, (2, is a domain and it remains to prove the assertion
about 9€2,.

By construction D C R?\ €, but since every open set that intersects
D C 0 also intersects 2 C €, it follows

(2.2) D C .

Conversely, let x € 0€,. Suppose x ¢ DUOJQ. Then z € @\ D and
since the latter is an open set, there exists an open ball B around z
that is entirely contained in @ \ D. Put U := B U(),. Since z is an
accumulation point of €2, the intersection {2, N B is non-empty. Hence
U is a domain, which by construction contains 2 and is contained in
Q\ D. Thus z € U C (,, which contradicts = € 0, since €2, is open.
Altogether,

(2.3) 90, CDUDQ.

Now, let W C R? be an open cube with the same center as @ and the
property Q@ C W C W C Q. Consider the annulus A := Q \ W. If A
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2.1 An abstract approach to Hardy’s inequality

does not intersect €2, then d(0€,,0Q) > 0 so that (2.2) and (2.3) yield
D =09Q,.

If on the other hand A and 2, share a common point, then U := AU,
is again a domain which satisfies 2 C U C @ \ D and thus must be
contained in €),. Every open set that intersects 0@ of course intersects
R4\ Q C R?\ Q, but the new piece of information is that it also intersects
A C Q,. This proves 0Q C 9€,, which due to (2.2) and (2.3) already
implies 0Q U D = 9 ,. ]

Remark 2.1.3. By construction €, is the largest domain that contains
), avoids D, and is contained in (). A more explicit characterization has
been obtained in [52]: The domain €2, can be constructed as the union of
those connected components of @ \ © whose boundary do not only consist
of points from D.

It is crucial that in terms of thickness and Ahlfors regularity 0}, is as
regular as D.

Lemma 2.1.4. If D in Lemma 2.1.2 is l-thick for some 0 < [ < d—1,
then so is O€),. If D is even an l-set, then so is O §),.

Proof. In preparation for the proof recall that the classes of [-thick sets
and [-sets, respectively, are stable under finite unions, that bounded I-
sets are [-thick, and that [-thickness implies m-thickness for all smaller
parameters m, see Lemmas 1.2.24 - 1.2.26. So, splitting 0 () into the union
of its 2d sides and recalling invariance of the Hausdorff-measure under
rigid motions (Lemma 1.2.18), it suffices to prove that {0} x [—1,1]¢"1 is
a (d —1)-set in R%.

However, in R4! the (d—1)-dimensional Hausdorff measure is a multiple
of the (d — 1)-dimensional Lebesgue measure, showing that [—1,1]¢7 ! is a
(d — 1)-set in R*"!. Lemma 1.2.18 yields H4 ({0} x F) = HY1(E) for
every £ C R%! and the proof is complete. O

Elaborating on the ideas above we can now prove a result that we shall
call abstract Hardy inequality for functions with partially vanishing trace.

Recall that by an extension operator we mean a right-inverse for the
canonical restriction operator D'(R?) — D'(Q2), see Section 1.1.2.
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2 Hardy’s inequality

Theorem 2.1.5 (Abstract Hardy inequality). Let Q C R? be a bounded
domain, let D C 0€) be a closed part of the boundary, and let 1 < p < oco.
For Hardy’s inequality

J

the following three conditions are sufficient.

u

p
< P Lp
| S [Iver e W)

(i) The Dirichlet part D is l-thick for some d —p <1 < d.
(ii) There is a bounded extension operator E : WP (Q) — WP (RY).

(iii) The space Wi (Q) admits the global Poincaré inequality
LlPs [IvaP (e Wi©).
Q Q

Proof. Owing to Lemma 1.2.25 we may assume [ < d—1. Choose an open
cube () that contains the closure of the bounded domain €2 and construct
Qe as in Lemma 2.1.2. Fix a smooth function 7 that is identically one
on 2 and has support in Q. Then nu € Cgy, (R?) for every u € CF(R?).
Hence, if E: W5P(Q) — W7P(R?) is the extension operator provided by
Assumption (ii), then

E, : WBP(Q) — W(ljp(Q.), u— (nEu)

Qo

is a bounded extension operator from €2 to €2,. Since by Lemma 2.1.4 the
boundary of €, is (d — 1)-thick, Proposition 2.1.1 applies to the functions
Eyu € WP(Q,), where u is taken from W (€):

P P

Jlts] = hlae| =k,

The boundedness of F, and Assumption (iii) allow to continue this esti-
mate by

p

< | IvEw)

E.u
daa.

u

dp

u

daq,

< P P < P P < P
< [ 1Bl + [VENP S [l + [V S [ [Val

and the proof is complete. ]
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2.2 The structure of Sobolev extension operators

Remark 2.1.6. One might suggest that the preceding strategy of proof is
not limited to Hardy’s inequality in the non-pure Dirichlet case. Possibly,
the combination of an application of the extension operator F, and the
construction of €2, may serve for the reduction of other problems on func-
tion spaces related to mixed boundary conditions to the pure Dirichlet
case.

Finding handy substitutes for the partly implicit Assumptions (ii) and
(iii) below traces out the program for the following sections.

2.2 The structure of Sobolev extension
operators

In this section we discuss the second condition in Theorem 2.1.5, that is,
the extendability for Wp"(Q) within the same class of Sobolev functions.
We develop three abstract principles concerning Sobolev extension, which,
as we believe, are of independent interest and therefore are presented also
for higher-order Sobolev spaces WIBP . In the last part we review some
feasible, commonly used geometric conditions, which together with our
abstract principles imply the corresponding extendability.

2.2.1 Dirichlet cracks can be removed

As in Figure 1 there may be boundary parts which carry a Dirichlet con-
dition and belong to the interior of the closure of the domain under con-
sideration. Such a part will be called Dirichlet crack.

Extending functions from €2 to such a Dirichlet crack by zero enlarges the
domain and simplifies the boundary geometry. In the following we make
this precise.

Proposition 2.2.1. Let Q C R? be a domain and let D C 9 be closed.
Define Qg as the interior of the set QU D. Then the following hold true.

(i) The set Qu is again a domain, I' == 0Q \ D is a (relatively) open
subset of 00y and 0Ny =T U (D NINy).

(ii) For k € N and 1 < p < oo the operator Ext(€, Q) : Wi () —
W]BP(Q*) extending functions by zero is an isometric extension op-
erator.
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2 Hardy’s inequality

)

Figure 1: The set 3 does not belong to €2, and carries — together with the

striped parts — the Dirichlet condition.

Proof. (i) By construction € is open. Hence, for each x € Q4 there

is an open ball B, that is entirely contained in 4. Since 24 is
a subset of 2, the set of all accumulation points of €2, each ball
B, intersects the connected set €2. Thus, Q4 = Uzeq, B: 1s again
connected.

Next, the inclusions Q C Qu C Q entail Oy = Q and 9Qy C IN.

In particular, I' C Q4 does not intersect {24 and thus is a subset of
0 Qy. Consequently,

Ok =00N0N =(TNIQg) U(DNIV%) =T U (DNIN).

Since D is closed, this decomposition implies that I' is a relatively
open subset of 0.

Consider any u € C%(R?) and its restriction u|q to €. Since the
support of u has a positive distance to D, we may extend u|g by
zero to the whole of 24 without destroying the C*>-property. In
virtue of the commutative diagram

restrict

CF(RY) ——=% C5()

restricth%Q*
extendgﬁg*

CH (%)
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2.2 The structure of Sobolev extension operators

this extension operator provides a linear isometry from C%(Q2) onto
C%(Qy), if both are equipped with the W*?P-norm. By density it
extends to a linear isometry Ext(€2, Q4) such that the following di-
agram commutes:

W%p(Rd) restrictpa_, o W%p<Q)

restrictpa_, o
* Ext(Q,Q4)

W (Q)-

This concludes the proof. O

Remark 2.2.2. Having extended from €2 to {24, the Dirichlet crack X
in Figure 1 has vanished, and we end up with the whole cube. Here the
problem of extending Sobolev functions is almost trivial. We suppose that
this is sort of a generic case — at least for problems arising in applications.

Every extension operator on € factorizes through Ext(£2, Q4 ) defined
in Proposition 2.2.1:

Proposition 2.2.3. Let k € N and 1 < p < co. Let 2 C RY be a domain,
let D C 0% be a closed set, and let Qg be defined as the interior of
QU D. Then every bounded extension operator E : WiP(Q) — WEP(RY)

factorizes as E = FEyExt(Q,Qy) through a bounded extension operator
By : W (Q) — WP (RY).

Proof. Let R be the restriction operator from WP(Qy) to WEP(Q) and
put Ey := ER. Note that for u € C%(§2y) the functions Fyu and u agree
almost everywhere on (Q since E is an extension operator. Moreover,

QU \Q2C U N(OQ\Q)=0xNIQCQynND

due to Proposition 2.2.1, so that u vanishes everywhere on Q4 \ . Since
Eyu € WEP(RY) is the WFP-limit of a sequence in C%(R?), it vanishes
almost everywhere on Q4 \ Q. Note that the awkward this argument looks,
it still is necessary as we have not assumed that D is a Lebesgue nullset.
Altogether, Eyu = u almost everywhere on 24 and

ExExt(Q, Qux)u = ERExt(Q, Qx)u = Fu.
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2 Hardy’s inequality

By density these results extend to all u € Wlfjp (Q) showing that Ej is
indeed an extension operator that provides the required factorization. [J

Here is a guideline how to apply the previous results for problems aris-
ing from applications: Assume we have decided to extend from €2 to Q4
because this prettifies geometry. Then we can either try to construct an
extension operator for Wi?(Q4) and pull it back to WiP(Q) or we can
even replace D by the reduced Dirichlet part Dy := D N 0y. In this
case we are left with the task of establishing an extension operator for
W]Bi (Qx) — while afterwards we take into account that the original func-
tions defined on (24 were zero almost everywhere also on the set D Ny
and have not been altered by the extension operator thereon. Note how-
ever that the geometry Dy may strikingly differ from that of D. For
example, take the two-dimensional configuration

Q= B(0,1)\ ({0} x [0,1]) D := {0} x [0,1].

Then D is a 1-set whereas Dy is a single point. To sum up, when aiming
for an extension operator £ : Wi?(Q) — WHP(R?) we are free to modify
(Q,D) to (Q2x, D) or even to (2x, Dyx) depending on which geometric
configuration suits best.

2.2.2 Sobolev extendability is a local property

In accordance with Definition 1.1.12 we call a domain  C R¢ a WF»P-
extension domain, provided there exists a continuous extension operator
E : WFP(Q) — WFP(RY). There is a whole zoo of subclasses of exten-
sion operators ordered by the amount of Sobolev spaces on which they
act simultaneously [3, Ch. 5]. The most universal such concept is the
following.

Definition 2.2.4. A domain Q C R? that is a W*P-extension domain for
all k € Ny and all 1 < p < oo in virtue of the same extension operator
E, is called universal extension domain. In this case F is called universal
extension operator for €.

Remark 2.2.5. The reader may wonder why the terminology ‘universal
extension domain’ is used instead of ‘universal Sobolev extension’ domain.
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2.2 The structure of Sobolev extension operators

The reason is that as a consequence of the omnibus interpolation Theo-
rem 1.3.20, see also Remark 1.3.21, such a domain automatically is an
X(€2)-extension domain, where X can stand for any of the function spaces
relevant in this thesis.

The next result manifests that if €2 is a bounded domain and D C 92 is
closed, then local W*?-extendability around every point of 9Q \ D implies
global W]Bp -extendability on €2 or in short: Sobolev extendability is a local
property of 0Q\ D.

Proposition 2.2.6. Let k € N and 1 < p < co. Suppose 2 is a bounded
domain and D is a closed part of its boundary. If for every x € 0Q\ D
there is an open neighborhood U, of x such that QNU, is a W*P-extension
domain in virtue of a bounded extension operator E, : W*P(QNU,) —
WHEP(RY), then there is a bounded extension operator

E: WiP(Q) — WFP(RY).

Moreover, if each local extension operator E, maps the space W,]‘_i;f(QﬂUx)
into WP (R?), where D, := DN U,, then also

E : WEP(Q) = WEP(RY).

Proof. For every z € 9Q\ D let U, be the open neighborhood of x from
the assumption. Let U,,, ..., U,, be a finite subcovering of 92\ D. Since
the compact set 92\ D is contained in the open set Uj_; U,,, there exists
e > 0, such that U,,, ..., U,, together with

U:={yeR:d(y,00\ D) > e}

form an open covering of 2. Hence, on ) there is a C™-partition of unity
7,11, - -, M, With the properties supp(n) € U, supp(n;) € U,,. In the
following we abbreviate U,;, E,;, etc. by U;, Ej, etc.

Step 1: Construction of E

Assume u € CF(2). Then nu € CX(Q) and its zero extension Fy(nu) to
all of R? satisfies Ey(nu) € Cgo(RY) C WiP(R%) and

(2.4) [ Eo () |lywer gay = [mullwer@) S lullwer@)
b (RY)
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2 Hardy’s inequality

with an implicit constant independent of u. Now, for fixed j € {1,...,n}
consider the function u; := nju € W*?(Q N U;) and note

(2.5) ”EjujHWk»F(Rd) S HujHW’“vP(QOU]-) S HUHW’“’P(QOUj)a

the implicit constant being independent of u. A priori, we clearly do not
have control on the behavior of Eju on the set Q \ U;. In particular, E;u
may be nonzero thereon and thus cannot be expected to coincide with u;
on the whole of €2. In order to correct this, let ¢; be a smooth function
which is identically one on supp(7n;) and has its support in U;. Then u;
coincides with (;Fju; almost everywhere on 2. Consequently, ¢;Eju; is
an extension of u; = n;u to the whole of R? which due to (2.5) satisfies

HCjEjuijw(Rd) S ”EjUjHWw(Rd) S HUHWM(QmUj) < HUHW"%P(Q)

with implicit constants independent of u. In combination with (2.4) it
follows that

(2.6) u— Bu = Ey(nu) + zn: GEj(nju)

Jj=1

is a bounded linear operator from C¥(Q) equipped with the WP (€)-
topology into W*?(R?). Moreover, Eulg = nu + Y7, nju = u for every
u € CF(Q). Thus, the required extension operator can be taken as the
unique extension of E to a bounded operator Wi (Q) — W*P(R?).

Step 2: Behavior of the extended functions on D

Suppose that in addition each local extension operator £, 1 < j < n,
maps W,’S’f(Q N U;) into W,’S’f(Rd), where D; := DNU;. By density it
suffices to prove Eu € Wi (R?) for u € C%(9).

As the zero extension Eo(nu) belongs to WP(R%), it remains to con-
sider the summands (;Ej(n;u) in (2.6). Clearly nju € Cj5 (2N U;) and
therefore E;(nu) € W%f (RY). Since the smooth function ¢; has com-

pact support in Uj;, multiplication by (; induces a bounded operator
W]B?(Rd) - W]Bp(Rd)~ Thus, (;E;(nju) € W]Bp(Rd) as desired. 0

Later, we will need that the local Dirichlet parts D, in Proposition 2.2.6
are subsets of the boundaries of the local domains 2 N U,. This is a
consequence of the following purely topological lemma.
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2.2 The structure of Sobolev extension operators

Lemma 2.2.7. If Q, U C R? are open and D C 0 is any set, then
DNUCoQNU).

Proof. Clearly,
DNUCDCIQCRIN\QCR\ (Q2NU).

On the other hand, each y € DNU is an accumulation point of € and since
U is open, every sequence approximating y eventually runs into U. Thus,
y is also an accumulation point of 2N U. This proves DNU C QN U and
thus DNU Co(QNU). O

2.2.3 Preservation of traces

In the previous section we have now set up a general scheme to construct
bounded extension operators W5P(Q) — WFP(R%). Our next goal is to
examine under which geometric conditions on {2 and D such an extension
operator preserves the Dirichlet boundary condition on D by mapping into
WHP(RY). Recall that this is the crux of the matter in Assumption (ii)
of the abstract Hardy’s inequality, Theorem 2.1.5. A first answer to this
trace preservation problem is given by the subsequent proposition.

Proposition 2.2.8. Letk € Nand 1 < p < co. Let Q C R? be a domain,
let D C 9K be closed and suppose E : WEP(Q) — WEP(RY) is a bounded
extension operator. Any of the following conditions guarantees that E in
fact maps into WP (R%).

(i) For (k,p)-quasieveryy € D, balls around y in §) have asymptotically
non-vanishing relative volume, that is

(2.7) i ut 1B 1) 09

> 0.
r—0 rd

(ii) The Dirichlet part D is an l-set for some d —p < 1 < d and (2.7)
holds for H;-almost every y € D.

(iii) There exists ¢ > d such that E maps C% () into WH9(RY).
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2 Hardy’s inequality

Proof. As C%() is dense in W5P(Q) and since E is bounded, it suffices
to prove that given v € C%(Q), the function u := Ev belongs to W5 (R%).
The proof of item (i) is inspired by [148, pp. 190-192]. Easy modifications
of the argument will yield items (ii) and (iii).

(i) We appeal to the (k, p)-synthesis, Theorem 1.2.37. Fix an arbitrary
multiindex o € N¢ with || < k — 1. The regular representative for
D%y as in Definition 1.2.9 satisfies

lim | |D%U(z) — D%u(y)| dz

r—0 B(y,r

(2.8) 1/p
< lim DUu(zr) — D%u(y)|? do =0
<ty (£, 0% - 2P ar)

r—0

for (k—|a|, p)-quasievery y € R As (2.7) holds for (k, p)-quasievery
y € D, the more it holds for (k — |a|,p)-quasievery such y, see
Lemma 1.2.3.

Let N C R? be the exceptional set with the properties that (2.7)
holds for every y € D\ N and that (2.8) holds for ally € R\ N. Then
Ck—|a|p(IN) = 0 and in view of Theorem 1.2.37 the claim follows once
we have shown D“u(y) =0 for ally € D\ N.

For the rest of the proof fix y € D\ N and abbreviate B(r) := B(y, r)
for r > 0. For each n € N define

(2.9) Fy = {z e R*\ N; [9"u(z) - D°u(y)| > L}.

To be on the save side, let us remark that Cy_j4,(N) = 0 implies
Hq—1(N) = 0 and thus |N| = 0, see Corollary 1.2.33. In particular,
N is Lebesgue measurable. Thanks to (2.8) for each n € N there is
r, > 0 such that |B(r) N F,| < 27" |B(r)| holds for all 0 < r < r,,.
For simplicity we may arrange that the sequence {r, }, is decreasing.
Then the set

(2.10) F=J {(B(rn)\B(rnH)) an}

neN

has vanishing Lebesgue density at y, that is, =4 |B(r) N F| vanishes
as r tends to 0: Indeed, if r;1; <r <7, then

B(r)nFc (BrnF)u |J (Br)NE)

n>j+1
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2.2 The structure of Sobolev extension operators

(i)

(iii)

and thus

[Br)nFI<27[B(r)|+ > 27"|B(ra)|
< 277|B(r)| + >Z 27" B(r)|

=277"B(r)].

Now, the asymptotically non-vanishing relative volume condition
(2.7) allows for the conclusion

B(r)nQn R\ F
liminf‘ (r) (RT\ ))’zliminf

r—0 rd r—0 rd rd

<|B(T) N [B(r) ﬂFI)
> 0.

Since u is an extension of v € C¥ () and as y is an element of
D, the function ®*u vanishes almost everywhere on B(r) N Q if
r > 0 is small enough. The previous inequality guarantees that
B(r)n QN (R?\ F) is not a Lebesgue nullset provided r > 0 is
small enough. Consequently, there exists a sequence {x,}, C R\ F
converging to y such that ®*u(z,) = 0 for all n.

The upshot is that the restriction of ®*u to R?\ F is continuous
at y: In fact, if z € R\ F satisfies |z — y| < r,,, then by construc-
tion |[D°u(z) — D*u(y)| < +. Hence, D*u(y) = 0 and the proof is
complete.

For every a € N with || < k — 1 we still have at hand (2.8) for
(k — |a], p)-quasievery y € R, but now (2.7) only holds for H-
almost every y € D. Due to Corollary 1.2.33, the set NV constructed
in the proof of (i) is an H;-nullset. By the same reasoning as before,
Du = 0 follows H;-almost everywhere on D. However, since D is
an [-set, this suffices to ensure u € W’Bp (R%), see Proposition 1.2.38.

By assumption v = Fv € Wi (R?), where ¢ > d. Sobolev embed-
dings guarantee that each distributional derivative D%u, || < k—1,
has a continuous representative D“u. So, we do not need the asymp-
totically non-vanishing relative volume condition to construct a set
N on which we can argue by continuity but simply argue globally:
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2 Hardy’s inequality

Each y € D C 0 is an accumulation point of Q \ D and since
D%y = D*v holds almost everywhere on €2, the representative D“u
must vanish everywhere on D. Theorem 1.2.37 yields u € W5 (R?)
as required. O

Remark 2.2.9. Under the assumptions that 2 is a bounded d-set and
that D = 0Q is a (d—1)-set, Proposition 2.2.8 has previously been proved
by JONSSON and WALLIN [87, Sec. VIIL.1].

Typical examples for domains that satisfy the asymptotically non-va-
nishing relative volume condition (2.7) around every boundary point are
of course d-sets.

Lemma 2.2.10. If Q C R? is a d-set, then the asymptotically non-
vanishing relative volume condition (2.7) holds around every boundary
point y € 0S).

Proof. Let y € 9Q and 0 < r < 1. Since B(y, 5) N {2 is non-empty, the

ball B(y,r) contains a ball B(z,3) with center z € Q. By assumption

|B(x,%) N Q| is comparable to ¢ and the conclusion follows. O

Less obvious is that also every Sobolev extension domain satisfies (2.7).
In fact, Sobolev extension domains are necessarily d-sets due to a result
of HAJEASZ, KOSKELA, and TUOMINEN.

Proposition 2.2.11 ([74, Thm. 2]). If Q C R? is a W*P-extension do-
main for some values k € N and 1 < p < 0o, then () satisfies the measure
density condition

QN B(xz,7)| > r (xeQ,0<r<1)

and thus, by equivalence of Lebesque and d-dimensional Hausdorff mea-
sure, is a d-set.

The previous results allow to strengthen Proposition 2.2.6 significantly
provided we restrict to the reflexive range 1 < p < oo. As the setup of
a domain admitting local Sobolev extension operators around the closure
of the non-Dirichlet boundary part is very common in applications, Theo-
rem 2.2.12 in some sense states that under the mere assumption that D is
closed, every common Sobolev extension operator automatically preserves
the Dirichlet condition on D.
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2.2 The structure of Sobolev extension operators

Theorem 2.2.12. Let k € N and 1 < p < co. Suppose §2 is a bounded
domain and D is a closed part of Q. If for every x € 9Q\ D there is an
open neighborhood U, of x such that QN U, is a W*P-extension domain
in virtue of a bounded extension operator E, : WFP(QN U, ) — WFP(RY),
then there is a bounded extension operator

E - WiE(Q) — WE(RY).

Proof. Since, in contrast to Proposition 2.2.6, the set D is not necessarily
a subset of the boundary of €2, we split

D=(DNdQ)U(DNQ) =: DyU Dy,

so that Dy C 0€2 is closed and satisfies 0Q2\ D = 0\ Dy. Let E :
WHP(Q) — W*P(R?) be the bounded extension operator provided by
Proposition 2.2.6. We will show that this operator maps C%(2) into
WHEP(R?), from which the claim follows by a density argument.

Step 1: The Dirichlet condition on Dy

According to Proposition 2.2.6 the statement F : ng(ﬂ) — W’Bg (RY)
follows, provided each local extension operator E,, z € 0\ Dy, maps
the space WH(Q N U,) into Wi(R?), where D, = DyNU,. In or-
der to confirm the latter, first find D, C 9(22 N U,) by Lemma 2.2.7.
The WFP-extension domain QN U, is a d-set, see Proposition 2.2.11. By
Lemma 2.2.10 it satisfies the asymptotically non-vanishing relative volume
condition around every of its boundary points and in particular around
every y € D,. This in turn makes Proposition 2.2.8(i) applicable and the
claim of Step 1 follows.

Step 2: The Dirichlet condition on D
Let u € CF(2). Then from Dy, € Q and u € C3_(Q) it follows

lim D*(Eu) = lim D%y = 0.
r—0 B(y,r) r—0 B(y,r)

for all y € Dy and all multiindices . Provided |a| < k — 1, Step 1 in
combination with Theorem 1.2.37 yields

lim D*(Eu) =0
r—0 B(y,r)
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2 Hardy’s inequality

for (k — ||, p)-quasievery y € Dy. Thus, we have shown this property
for (k — |, p)-quasievery y € D, which gives Fu € W5P(R?) by another
application of Theorem 1.2.37. ]

Corollary 2.2.13. Let k € N and 1 < p < oco. Suppose Q C R? is a
(possibly unbounded) domain and E : WFP(Q) — WHEP(RY) is a bounded
extension operator. Then E : WP(Q) — WEP(RY) for every closed subset
Dcq.

Proof. For every x € 9§ the neighborhood U, = R? of x has the property
that QNU, = € is a W*P-extension domain. Hence, the conclusion follows
as in the proof of Theorem 2.2.12 with E provided by assumption instead
of E provided by Proposition 2.2.6. O

Remark 2.2.14. The explicit representation (2.6) makes clear that the
operator E used in Proposition 2.2.6 and Theorem 2.2.12 inherits every
additional boundedness property common to all local extension operators
E,. For instance, if | € N and 1 < ¢ < oo are such that all local extension
operators are Wh? — Wh4-hounded, then E is Wlbq — Wlbq—bounded and if
1 < ¢ < o is such that all local extension operators are LY — L9-bounded,
then so is F.

2.2.4 Geometric conditions

We finally collect some common geometric conditions on the complement
of the closure of the Dirichlet part allowing for local Sobolev extension do-
mains around. Most preferable would be a converse of Proposition 2.2.11
to the effect that every d-set is a Sobolev extension domain, but again
a sliced disc as in Figure 2 serves as a counterexample, compare with
Example 1.1.10.

On the contrary, a special instance of JONSSON and WALLIN’s exten-
sion/restriction theory on Ahlfors-regular sets [87] ensures that d-sets have
the extension property at least for the fractional Sobolev spaces of differ-
entiability strictly less than 1.

Proposition 2.2.15 ([87, Thm. V.1.1]). Let Q C R? be d-Ahlfors regular,
let0 < s <1, andletl <p<oo. Then there exists an extension operator
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2.2 The structure of Sobolev extension operators

Figure 2: The sliced disc 2 C R? is not a Sobolev extension domain. Let-
ting x and y tend to the slit from different sides, any connecting
rectifiable curve 7 will eventually violate the (g, §)-condition for
any prescribed values &, > 0.

E that extends every measurable function f on §Q that satisfies

_ p 1/p
= U+ ([ e TEEEE o y) < o

lz—y|<1 |$ -y

to a function Ef € W*P(R?) with norm

IEf [lwsreey S 1 llspo-

In particular, the vector space of these functions f is complete for the
norm || - ||sp.o and coincides with WP (QQ) up to equivalent norms.

The positive result of JONSSON and WALLIN lets us suspect that the
local norm on the Sobolev spaces of integer order complicates the extension
procedure for these spaces. In fact, in Example 1.1.10 we have used that
points on different sides of the slit can be arbitrarily close but connecting
them within € always requires to go the long way around the origin, in
order to construct a smooth function which is identically zero on one
side and identically one on the other. This neat trick does not work on
all fractional Sobolev spaces as the globally defined double integral in
Proposition 2.2.15 will produce a non-integrable singularity if sp > d.
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Both of the geometric conditions we shall introduce below exclude such
geometric singularities.

Definition 2.2.16. A map ® between to open subsets of R? is called
bi-Lipschitz if it is bijective and both ® and ®~! are Lipschitz continuous.

Definition 2.2.17. Let Q C R? be a domain and let z € 9. Then Q is
said to satisfy the Lipschitz condition around x provided there is an open
neighborhood U, of x and a bi-Lipschitz map ®, from U, onto the unit
cube (—1,1)¢ such that

(I)x(x> = 07
o, (QANU,) = (—1,1)%* x (~1,0),
d,(00NU,) = (—1,1)"" x {0}.

The Lipschitz condition is illustrated in Figure 3. It asserts that 0 is
a Lipschitz manifold around x and that locally around = the domain (2
only lies at one side of the boundary. Note carefully that we do not require
a local representation of 92 as the graph of some Lipschitz function. In
fact, this latter strong or graph Lipschitz condition is more restrictive, see
[71, Sec. 1.2.1] for further reading.

A less tangible, quantitative connectivity condition has been introduced
by JONES [86].

Definition 2.2.18.

(i) Let © C R? be a domain and let €,§ > 0. Assume that any two
points x,y € 2 with distance not larger than ¢ can be connected
within € by a rectifiable arc v of length () < I |z — y| such that

|z — 2|y — =]

<
|z —y|

id(z,aQ) ( € 7).

Then (2 is called (g, §)-domain.

(ii) Let Q C R? be a domain and z € Q. Then  is said to satisfy an
(¢, 6)-condition around x provided there is an open neighborhood U,
of x such that Q N U, is an (g, d)-domain for some values ¢, > 0.

68



2.2 The structure of Sobolev extension operators

D

Dy

o, (Q2NU,)

Figure 3: In virtue of ®, the open neighborhood U, of z is in bi-Lipschitz
correspondence with the open unit cube as required in Defini-
tion 2.2.17.

Remark 2.2.19. Bounded (¢, §)-domains are also known as Jones or uni-
form domains, see [144, Ch. 4.2] and also [86,110-112] for further infor-
mation and related concepts.

To get a feeling for (g, d)-domains, let us prove that the Lipschitz con-
dition around a boundary point implies the (g, ¢)-condition.

Lemma 2.2.20. If a domain Q@ C R? satisfies the Lipschitz condition
around a boundary point x € 0K, then it also satisfies the (e,9)-condition
around x. More precisely, if U, is the neighborhood provided by the Lip-
schitz condition around x, then QNU, is an (g,0)-domain for some values
g,0 > 0.
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Proof. By assumption there is a neighborhood U of x such that Q N U
can be mapped onto the cuboid @ := (—1,1)%! x (=1,0) by means of a
bi-Lipschitz transformation ®. Let L > 1 be such that

LM e —y| <|®()—@(y)| < Llz—y| (z,yeU).

By uniform continuity ® extends to a homeomorphism QN U — @Q, also
denoted by @ in the following, which shares the same estimate as above.
Since ®(0(2NU)) = 0Q, we conclude that if ®(x) and P(y) can be
connected within @) by a rectifiable arc v satisfying the (e, §)-condition for
fixed values €, > 0 on @, then ®!(~) is a rectifiable arc that connects
r and y within QN U satisfying the (L3¢, L™'§)-condition on QN U. So,
it suffices to prove that @ is an (g, d)-domain.

To this end fix x,y € Q with distance |z — y| < é For each 7, the j-th
coordinates x; and y; are elements in (—1, 1) with distance at most |z — y|
and thus are contained in an open subinterval I; with length 2|z — y|.
Then W := ]_[;l:1 I; C @ is a cube with sidelength |z — y| that contains
both z and y. Let O be the center of W and connect x and y within W
by the piecewise linear arc 7 := x O @ O y. The claim is that this arc suits
Definition 2.2.18.

Figure 4: The configuration in the proof of Lemma 2.2.20. The (g,0)-
condition requires that a region akin to the striped polygon is
entirely contained in Q).

For the length of v simply bound the distance of points in W to its
center O by half the length of the space diagonal, that is,

I(7) = |z — O] +]0 —y| < 2vd |z —y|.
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Now, let z € ﬁ Denote the intersection point of the straight line through
x and O with the boundary of W by Z. The respective angle of intersection
« satisfies % <sina < 1. As by convexity T and the point on @ W closest
to z must lie on the same face of W,

d(z,0Q) > d(z,0W) =T — z|sina > \}a|x— z|,

see also Figure 4. Also
ly— 2 <) < 2Vd|z -y,

so that altogether

< 2dd(z,0Q).

Interchanging the roles of x and y yields the same estimate for z € ﬁ
This means that () satisfies the (g, 0)-condition for the choices ¢ = % and

5:%_ ]

JONES [86] proved in 1981 that an (g,§)-domain is a W*P-extension
domain for every possible choice of £ and p but with extension operators
depending on the choice of k. Much later, in 2006 a degree-independent
extension operator for (e, d)-domains was constructed by ROGERS [133].

Theorem 2.2.21 ([133, Thm. 8]). Each (g,0)-domain is a universal Sobo-
lev extension domain.

Remark 2.2.22.

(i) To avoid confusion, let us remark that all results in [133] are formu-
lated for Sobolev spaces only, but throughout the LP case k = 0 is
allowed.

(ii) Although the uniformity property is not necessary for a domain to
be a Sobolev extension domain [146], it seems presently to be the
broadest class of domains for which this extension property is known
to hold — at least if one aims at all p € (1, 00). For example, Koch’s
snowflake is an (e, 0)-domain [86].
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Plugging in ROGERS’ extension operator in Theorem 2.2.12 lets us
re-discover a deep result of BREWSTER, D. MITREA, . MITREA, and
M. MITREA [37, Thm. 1.3] in case of bounded domains and p strictly
between 1 and co. We even obtain a universal extension operator that si-
multaneously acts on all W]Bp -spaces and at the same time our argument
reveals that the preservation of the trace is irrespective of the specific
structure of JONES’ or ROGERS’ extension operators. We believe that
this sheds some more light also on their result, though — of course — our
argument cannot disclose the fundamental assertions on the support of the
extended functions they obtained by a careful analysis of JONES’ extension
operator.We summarize these observations in the following theorem.

Theorem 2.2.23. Let 2 be a bounded domain and let D be a closed
part of Q). Assume that Q) satisfies the Lipschitz condition or, more gen-
erally, an (e,0)-condition around every x € 0Q\ D. Then there ex-

ists a universal operator E that restricts to a bounded extension operator
WEP(Q) — WEP(R?) for each k € Ny and each 1 < p < co.

2.3 Poincaré’s inequality

In this section we discuss the validity of the global Poincaré inequality

(2.11) Ll s [ vl e W),

thereby unwinding Assumption (iii) of the abstract Hardy inequality, The-
orem 2.1.5. Our aim is not greatest generality as, e.g., in [115] for functions
defined on the whole of R?, but to include the aspect that our functions
are only defined on a domain. Secondly, our interest is to give very gen-
eral, but in some sense geometric conditions,which may be checked more
or less ‘by appearance’ — at least for problems arising from applications.

We present two quite different approaches to this inequality. The first
one is by potential theory and follows a classical pattern going back to
MEYERS [121], see also [2, Thm. 8.3.3], [148, Thm. 4.5.1], and allows to
carry out the dependence of the implicit constant on the Dirichlet part D.
The second approach is new and allows to establish Poincaré’s inequality
even in the geometric setup already used in Sections 2.2.2 and 2.2.3. At
the end we will be in a position to give two handy instances of Hardy’s
and Poincaré’s inequality.
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2.3.1 An approach via potential theory

We begin with an abstract lemma that is most classical for establishing
Poincaré-type inequalities.

Lemma 2.3.1 ([2, Lem. 8.3.1]). Let X, be a Banach space with norm
|- llo, and let X C Xy be a Banach space with norm || - ||x = || - ||o + | - |1,
where | - |1 is a seminorm on X with nullspace Y # {0}. If the embedding
X C Xy is compact, then there exists a constant A > 0 such that

|z — Pxllo < A||P||xmxlxh

for all x € X and all bounded projections P from X onto ).

In ApAMS and HEDBERG’s textbook [2, Thm. 8.3.3] the subsequent
Poincaré inequality with explicit dependence of constants on the Dirichlet
part D has been obtained if D is a subset of 2. We closely follow their
argument but incorporate the results from Section 2.2.3 on preservation of
traces to generalize to the situation D C Q). We are aware that a similar
result is indicated in ZIEMER’s book [148, Thm. 4.5.1] but it seems that
a precise statement on trace preservation is missing therein.

Theorem 2.3.2. Let 1 < p < oo and let Q C R? be a bounded W'P-
extension domain. Then there exists a constant A > 0 such that for all
compact sets D C Q with Cy (D) > 0 the Poincaré inequality

p A p 1,p
[ lu@) dz < Cl,p(D)/QWU(xM de  (ue WH(Q)

holds true.

Proof. The strategy of proof is to apply Lemma 2.3.1 with the choices
Xy =1P(Q), X = WHP(Q), |- |1 = |V - |ltr(), and a suitable projection
P onto the nullspace Y = C such that W5”(Q) € N(P). Here and
throughout we identify scalars with the respective constant functions on
). Note that the compactness of the embedding X C A} is provided by
Remark 1.1.14.

Fix a compact set D C Q with non-vanishing (1, p)-capacity and let
pu € MT(D) be a (1, p)-capacitary measure for D as in Proposition 1.2.13.
Then

(2.12) 0 < C1p(D) = |Gy * ully) = (D) < o0
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and so by Lemma 1.2.10 the measure p is absolutely continuous with
respect to (1, in the sense that

WE) < |Gy * plly Crp(B)P

holds for every Borel set £ C R% Let E : W'P(Q) — WHP(R?) be
the assumed extension operator. Due to the Sobolev-Bessel equivalence
WhP(R?) = HYP(R?), Theorem 1.1.6, each u € WP(Q) can be assigned a
unique f,, € LP(R9) such that

Eu=Gix*f, (a.e. on RY).

Lemma 1.2.5 guarantees that G x f,, coincides with a Borel measurable
function outside a Borel set of vanishing (1, p)-capacity and thus — by
absolute continuity — is measurable with respect to the completion of p.
Denoting this latter measure by 7, define

P:Wh(Q e
() =C, ur Clp by [, G fu

Well-definedness and boundedness of P are checked as follows. On the
right-hand side of

Jlesfldn< [ Gilw—y)* )] dy di()

the integrand is positive and measurable with respect to the Borel-Le-
besgue o-algebra on R? x RY, since G, is positive and continuous. So,
invoking Tonelli’s thoerem and Holder’s inequality,

LG sl di= [ 16,0 [, 6@ =) dul) dy
< I FulllI G %l

Here, we also used G1(z — y) = G1(y — x) by rotational symmetry. Now,
(2.12) and the definition of the H'*-norm allow for the estimate

< HEU’HHLP(Rd)Cll,/pp (D)

1
< CHP (D) E wra(@yswhoeges |[ullwir @),

74



2.3 Poincaré’s inequality

where the implicit constant depending only on p and d stems from the
norm equivalence in WhP(R?) = HP(R?). Altogether, this proves

(2.13) 1P| wrr@)swir@) S CP YD) = Ci;/p(D)

1p

with an implicit constant independent of D. Finally, P? = P is a direct
consequence of C (D) = p(D) = (D), see (2.12). All these considera-
tion make applicable Lemma 2.3.1 to the effect that

(2.14) /Q|u — Pulf < CL:{(D) /Q |Vul? (u € WHP(Q))
holds with a constant A that is independent of D. If now u € W5’(Q),
then Eu € Wi’ (R?) thanks to Corollary 2.2.13. Hence, the potential
G1 * f, vanishes (1, p)-quasieverywhere on D, see Theorems 1.2.37 and
1.2.7. However, (1,p)-quasieverywhere implies fi-almost everywhere by
outer regularity of C, and absolute continuity of the Borel measure p
with respect to C},. This in turn yields Pu = 0 and thus (2.14) yields
the claim. [

For a later use we record the following asymmetric version of Poincaré’s
inequality.

Corollary 2.3.3. Let1 <p <d, p < q < p*, and let Q@ C R be a bounded
WhP_egtension domain. Then there exists a constant A > 0 such for all
compact sets D C Q with Hausdor{f content HF (D) > 0, the Poincaré
inequality

(o )" < ([ o) e wewsion
holds true.

Proof. Let E: W'P(Q) — WHP(R?) be the assumed bounded extension
operator. Given u € WHP(Q), Holder’s inequality and classical Sobolev
embeddings entail

lullagey < 1977

UHLP*(Q)
S ||Eu||W1»P(Rd)
Hy ()P

< lullwr@) + 5o o
@ H (D)Vr

||VU||LP(Q)d-

Theorem 2.3.2 in combination with Theorem 1.2.32 yields the claim. []
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2.3.2 An alternative approach

The proof of Theorem 2.3.2 perfectly illustrates that the explicit depen-
dence on the Dirichlet part of the constant in Poincaré’s inequality has
been established for the price of a global W!P-extension operator for :

The only non-constructive step of proof is hidden in Lemma 2.3.1. So,
when aiming at a control in D for the implicit constants, then Lemma 2.3.1
cannot be applied with X = W}? () but with X = WH?(Q), the complete
Sobolev space. For that reason, defining P in the proof of Theorem 2.3.2
requires an extension for every element in W»?(Q). On the other hand,
the preceding argument has eventually produced an inequality valid for
every WHP(Q) that becomes the required Poincaré inequality only when
restricted to W (), see (2.14).

These considerations raise the question whether we can directly argue on
W,ljp (Q) if we dispense with the explicit dependence of the multiplicative
constants on D. The next proposition is a first step in this direction.

Proposition 2.3.4. Let 1 < p < oo and let Q C R? be a bounded do-
main. Let X be a closed subspace of WYP(Q) equipped with the inherited
norm and suppose that X does not contain the constant function 1. If
the canonical embedding X C LP(Q) is compact, then X allows for the
Poincaré inequality

Ll s [ vl wex).

Proof. First observe that both X and L”(Q) are reflexive. In order to
prove the proposition, assume to the contrary that there exists a sequence
{vi}x from X such that

1
Cllenlls) 2 Voo

After normalization we may assume [|vy||rrq) = 1 for every k € N. Hence,
{Vu }i converges to 0 strongly in LP(Q)?. On the other hand, {v}, is
a bounded sequence in X and hence contains a subsequence {v, }; that
converges weakly in X to an element v € X. Since the gradient operator
V: X — LP(Q)% is continuous, {Vuy, }; converges to Vo weakly in LP(Q2)%.
As the same sequence converges to 0 strongly in L?(2), the function Vv
must be zero and hence v is constant. However, by assumption X does
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2.3 Poincaré’s inequality

not contain constant functions except for v = 0. So, {vg,}; tends to 0
weakly in X. Owing to the compactness of the embedding X C L?(Q),
a subsequence of {vy, }; tends to 0 strongly in L”(Q2), in contradiction the
normalization condition ||vg,||r@) = 1. O

Remark 2.3.5. If there exists a continuous Sobolev extension operator
E : X — W'Y (RY), then the embedding X C LP(Q) is compact, see
Section 1.1.2. Hence, compactness of this embedding is not an additional
requirement in view of Theorem 2.1.5.

The following lemma presents conditions that are particularly easy to
check and entail the premise of Proposition 2.3.4 for X = W;7(Q). Loosely
speaking, some knowledge on the common frontier of D and 02\ D is
required: Either not every point of D should lie thereon or 0 {2 must not be
too wild around. In the proof we will employ the classical local Poincaré
inequality as it can be deduced from Lemmas 7.12 and 7.16 in [65].

Lemma 2.3.6 (Local Poincaré inequality). Let 1 < p < ¢ < p* < o0 and
put = % — %. Let Q C R? be bounded, open, and convez, and let S be a
Borel subset of Q with |S| > 0. Then

(1—-8)'""  (diam@)?|B(0, )|~ j0/*
||u - uS”Lq(Q) < d(l/d— 5)1_5 : |S’ HVUHLP(Q)d

for all w € WHP(Q), where ug := fgu denotes the mean value of u on S.

Lemma 2.3.7. Let 1 < p < oo, let Q0 be a bounded domain, and let
D C 09 be closed and l-thick for some d —p < | < d. Both of the
following conditions assure 1 ¢ WEP(Q).

(i) The set D admits at least one relatively inner point x with respect
to ) as ambient topological space.

(ii) For every x € O\ D there is an open neighborhood U, of x such
that QN U, is a WHP-extension domain,

Proof. We treat both cases separately.

(i) Assume the assertion was false and 1 € WiP(Q). Let = be the inner
point of D from the hypotheses and let B := B(x,r) be a ball that
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does not intersect Q\ D. Put 3B := B(z,%) and let n € C*(B)
be such that n = 1 on %B. We distinguish whether or not = is an

interior point of .

First, assume it is not. For every u € C¥ () the function nu belongs
to W5? (2N B) and as such admits a W'”-extension Fy(nu) by zero
to the whole of R%. In particular,

Eo(nu)(y) =

nu(y), if ye BN
0, if yeB\Q

and consequently,

IV Eom) lios ) = 19 070)l o 5

Since by assumption 1 is in the W'?(Q)-closure of C% () and as
both sides of the identity above depend continuously on u with re-
spect to the WHP(Q)-topology, this identity extends to v = 1, that
is

IV Bz 5y = IV (1) los gy = 0.

On the other hand x is not an inner point of €, so that in particular
%B \ Q is non-empty. Since this set is open, it must have positive
Lebesgue measure [1B\ Q| > 0. As Ey(nl) € W'P(B) vanishes
almost everywhere on 3B\ Q, Lemma 2.3.6 yields

V() liocs) < IV o) o -

However, the right hand side is zero, whereas the left hand side
equals |%B N Q|Y?, which is nonzero since %B N is non-empty and
open — a contradiction.

Now, assume z is contained in the interior of 2. Upon diminishing B
we may assume B C Q. For every u € C%(R?) we have nu € C%(R?)
with an estimate

1/p
lialtwnogesy S lulhwiogs) = ([t +19u?)
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the implicit constant depending only on 7. By our choice of B split
B=BnNnQ=(BNQ)U(BNIN)=(BNQ)U(BND).

Since u vanishes in a neighborhood of D,

1/p
@15)  lnulwvioen S ([l 19u?) <l

Taking into account n =1 on %B , the same reasoning gives

(2.16) L Ve = [ vup < [ [V

2 2

By assumption there is a sequence {u;}; C C%(R?) tending to 1
in the WH?(Q)-topology. Due to (2.15) and the choice of 7, the se-
quence {nu;}; € C%(R?) then tends to some v € WP (R?) satisfying
v =1 almost everywhere on 3B N Q. Due to (2.16), Vv = 0 almost
everywhere on %B, meaning that v is constant on this set. Since
%B N €2 as a non-empty open set has positive Lebesgue measure, all
this can only happen if v = 1 almost everywhere on %B . Hence, for
every y € BN D it holds

i 1 / do =1
im———— vdr =1,
=0 |B(y,7)| /By.r)

which by Theorem 1.2.37 is only possible if Cy,(B N D) = 0. By
Corollary 1.2.33 this implies H?(%F N D) = 0 in contradiction to
the [-thickness of D.

Again assume the assertion was false. Since an [-thick set cannot
be empty, part (i) guarantees that there exists some x € D that is
not an inner point of D with respect to 9 ). Hence, x is an accumu-
lation point of 92\ D and by assumption there is a neighborhood
U = U, of z such that QN U is a W P-extension domain. Denote
the corresponding extension operator by £. We shall localize the
assumption 1 € W5P(Q) within U to arrive at a contradiction.

To this end, let B be an open ball around z such that B C U and let
n € C°(U) be such that 7 = 1 on B. Then also = 1 € Wi*(Q)
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and in particular n|ony is a member of the space W})”; (QNU),

where Dy := $ BN D. Thus, u := E(n|onv) € W})”; (R?) thanks to
Corollary 2.2.13.

On the other hand, similar to the proof of Proposition 2.2.8 let u be
the regular representative of u and let NV be the C; ,-nullset on which
u is not defined. Keep in mind that the W'P-extension domain QNU
satisfies the asymptotically non-vanishing relative volume condition
around every of its boundary points, see Lemma 2.2.10 and Propo-
sition 2.2.11. For fixed y € Dy \ N construct the set I as in (2.8)
and (2.9) in the proof of Proposition 2.2.8. Again the restriction of
u to R?\ F becomes continuous at y and

B(y,r)NnQNUN(RY\ F)

is never a Lebesgue nullset when r» > 0 is small enough. If r is
smaller than the radius of %B, then y € Dy implies B(y,r) C B
and in this case u = 7 = 1 almost everywhere on the set above. This
proves that there is a sequence {z;}; in R?\ F' that approximates
y such that u(z;) = 1 for every j. By continuity, u(y) = 1 follows.
Since y € Dy \ N was arbitrary, u = 1 holds (1, p)-quasieverywhere
on Dy.

So far we known that u € WB]; (RY) and that u = 1 holds (1,p)-
quasieverywhere on Dy. In view of Theorem 1.2.37 this can only

happen if Dy is a Cy p-nullset, which as in part (i) contradicts the
[-thickness of D. O

Remark 2.3.8. The proof of part (i) in Lemma 2.3.7 reveals 1 ¢ W3"(Q)
under the assumption that D is merely closed and contains a relatively
inner point that is not an inner point of €.

Of course Poincaré’s inequality holds in the case D = 0 () irrespective of
any geometric considerations as long as €2 is bounded [50, Thm. V.3.22]. In
order to demonstrate the power of the methods introduced in this section,
let us rediscover this result here: The set D = 02 is non-empty and
consists only of relatively inner points with respect to 0€2. Also, due
to 00 C 90 it cannot be contained in the interior of Q. Hence 1 is
not contained in Wy? (), see Remark 2.3.8. Moreover, the embedding
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WoP(Q) C LP(Q) is compact since WP(Q) admits the continuous zero
extension operator, see Remark 2.3.5. So, Proposition 2.3.4 yields the
well-known inequality.

Note carefully that the assumptions in Lemma 2.3.7(ii) and in the exten-
sion theorem, Theorem 2.2.12; are identical. This allows us to eventually
formulate and prove our main result on Hardy’s inequality.

Theorem 2.3.9 (Hardy’s inequality). Let 1 < p < oo and let Q2 be a
bounded domain. Suppose that D C 0 is closed and [-thick for some
d—p <1 <d and that for each x € 0Q\ D there is an open neighborhood
U, of = such that QNU, is a W"P-extension domain. Then W'(Q) admits
the Hardy inequality

J

Proof. We only have to check the three assumptions (i) - (iii) of Theo-
rem 2.1.5, the abstract version of Hardy’s inequality. Of course assumption
(i) is for free. The extension operator £ : Wi (Q) — WP (R?) required
by (ii) is provided by Theorem 2.2.12. As discussed in Section 1.1.2 this
entails compactness of the embedding W57(Q) C L?(Q). So, Proposi-
tion 2.3.4 yields the global Poincaré inequality required in (iii) provided
1 ¢ WiP(Q), which in turn is precisely the statement of Lemma 2.3.7. [

u

p
| S[Iver e W)

Remark 2.3.10.

(i) The assumptions of Theorem 2.3.9 are met for all 1 < p < oo, if
D is (d — 1)-thick or a (d — 1)-set and (2 satisfies the Lipschitz- or
an (g,9)-condition around every x € 9\ D, see Section 1.2.4 and
2.2.4 for details.

(ii) In the setup of Theorem 2.3.9 the function dp is bounded above
on the bounded domain €2 and therefore Hardy’s inequality implies
the global Poincaré inequality (2.11). Compared to the Poincaré
inequality previously established in Theorem 2.3.2, we have been
able to dispense with W!P-extendability around the Dirichlet part
D for the price of giving up control on the implied constants in terms
of the size of D.
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2 Hardy’s inequality

2.4 An inverse problem for Hardy’s inequality

In this section we address an inverse problem related to Hardy’s inequality.
Suppose we are given a domain {2, a closed subset D of its boundary, and
a function u € W'P(Q) that satisfies

J

Does this imply that u vanishes on D or, more precisely, does it imply that

p
< 0.

u

dp

u is contained in W5P(Q)? As a motivating example we take the positive
result in the pure Dirichlet case.

Proposition 2.4.1 ([50, Thm. V.3.4]). Let 1 < p < oo and let Q C R¢
be an open non-empty set different from R:. If u € WHP(Q) is such that
Ts € LP(Q), then it follows u € W™ (9).

The classical proof of Proposition 2.4.1 cannot be adapted to the more
general case D C 9 (). In some sense this is natural, for the argument does
not rely on regularity properties of €2 in the first place. On the contrary,
the statement for the degenerate case D = (), in which Hardy’s inequality
holds for every u € WHP(2) using the convention ‘inf ) = co’; boils down
to proving W'?(Q) = qu)’p (), which is known to be false in general,
see Example 1.1.10 and its proof. As the latter two spaces coincide if €2
is a WlP-extension domain, these considerations suggest that a converse
to Hardy’s inequality might be true within the geometric framework of
Theorem 2.3.9 and in fact, we will prove so below.

A key observation is that the property % € LP(Q) is closely related to
Sobolev regularity of wlog(dp) by the formal identity

V(ulog(dp)) = log(dp)Vu + div dp.
D

The subsequent lemma renders this connection more precisely. For techni-
cal reasons that will become clear later on, we shall work within fractional
Sobolev spaces. Recall from Remark 1.2.43 that a set £ C R? is porous
if it has Aikawa dimension strictly less than d, or more geometrically, if
there exists x < 1 such that for every ball B(z,r) with center z € R? and
radius 0 < r < 1 there is y € B(x,r) such that B(y,kr) N E = (.
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Lemma 2.4.2. Let 1 < p < 00, let Q be a bounded d-set, and let D C 0§2
be closed and porous. Suppose u € WHP(Q) has an extension v € WHP(R?)
and satisfies 35 € LP(Q). If0<s<1and 1l <r <p, then the function
lulog(dp)| defined on Q has an extension in the Bessel potential space
H*"(R?) that is positive almost everywhere.

Proof. Recall from Theorem 1.1.6(iii) that the scale of Bessel potential
spaces is nested with that of the fractional Sobolev spaces. Therefore, it
suffices to construct an extension in W*"(R%) with the respective proper-
ties. Moreover, it is enough to construct any extension f € W*"(RY) of
ulogdp in the first place — then |f| can be used as the required extension
of [ulogdp|. These considerations and JONSSON and WALLIN’s result,
Proposition 2.2.15, show that the claim follows provided

[ulog(dp) L@
(2.17) . ( [u(x) log(dp()) — u(y) log(dp®))I" dy> v

yeQ d
o<1 |z =y

is finite.

Step 1: First term estimate

To bound the L"-norm on the left-hand side of (2.17) choose 1 < ¢ < o0
such that % = % + % and apply Holder’s inequality

[ulog(dp) L) < [[ullurolllog(dp) lLa)-

For the second term on the right-hand side we utilize that the Aikawa
dimension of D is strictly less than d. More precisely, for some 0 < t < d
and some x € D the estimate

/ dp(z)4 dz < / dp(z) dz < (2diam Q) < oo
Q B(z,2diam Q)

holds. Hence, some negative power of dp is integrable on €2 and by sub-
ordination of logarithmic growth log(dp) € L%(Q2) follows. Altogether,
ulog(dp) € L"(Q) taking care of the first term in (2.17).
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Step 2: Second term estimate

By symmetry the domain of integration for the second term on the left-
hand side of (2.17) can be restricted to dp(z) > dp(y). Adding and
subtracting the term u(y)log(dp(z)), it in fact suffices to prove that

ulz 1/r
(2.18) ( / / [ud . dw " og(dp () dxdy)

and

o ([ g, P )

e
idD( ) |z —

are finite. Fix s <t < 1, write (2.18) in the form

(/ lu(@) —u(y)]" [log(dp(x))[" da dy) v

Q |[E . y|dr/p+t7” |{L‘ . y|dr/q+sr—tr

and apply Holder’s inequality with % = % + % to bound it by

(// & dﬂp ) <// Lo d’imt do dy>1/q

/p
u(z
< || log(dp)||La Q)(/ / [ dﬂp d:c dy)

1/q
N
( |y|<diam(Q |y|d+s R )

Now, log(dp) € L4(€2) has been proved in Step 1 and the third integral
is absolutely convergent since d + (s — t)¢g < d. Finally note that by
assumption u has an extension Fu € WH?(R). Theorem 1.3.20(iv) iden-
tifies WHP(R9) as a real interpolation space between LP(RY) and WP (R?).
Hence, Eu € WH(R?) implying that u is an element of the space WH?(£2)
whose norm dominates the middle term above.

It remains to show that the most interesting term (2.19) is finite. By
the mean value theorem for the logarithm and since dp is a contraction,
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the r-th power of this term is bounded above by

., dp(z) —dp(y)|”
[l [ =AW,
Q dp (@) >dp(y) do(Y)" |7 — 9]
<)
Q

<),

Here, the integral with respect to z is finite since (s — 1)r < 0 and the

u(y) ‘/ 1
dx d
dp(y)| Jo |z — y|d+(s*1)r v

() | / 1
Y T a1\ dzx.
dp(y) |z|<diam(€2) |x|d+(8 Dr

integral with respect to y is finite since by assumption % is p-integrable

on the bounded domain €2 and thus r-integrable for every r < p. [

The next lemma is a first step toward a converse of Hardy’s inequality
on bounded d-sets.

Lemma 2.4.3. Let 1 < p < 00, let Q be a bounded d-set, and let D C 02
be closed and porous. Suppose u € WP(Q) has an extension v € WLP(R?)
and satisfies ﬁ € LP(Q). Then the regular representative of v vanishes
(s,r)-quasieverywhere on D for all choices of 0 < s <1 and 1 <r < p.
Proof. Once more we utilize the techniques from the proof of Proposi-
tion 2.2.8. So, let b be the regular representative of v defined on R\ N
via
o(y) :=1li ,
(y)i=lim g ¢
the exceptional set N being of vanishing (1, p)-capacity and hence of van-
ishing (s, r)-capacity for all choices of 0 < s < 1 and 1 < r < p, see
Lemma 1.2.3 and Corollary 1.2.11.
Fix y € D\ N. Due to Lemma 2.2.10 the asymptotically non-vanishing
relative volume condition
B N«
Bl n0)|

r—0 r

>0

is satisfied. Repeating the argument underlying the proof of Proposi-
tion 2.2.8, there is a Lebesgue measurable set F' C R¢ such that the
restriction of v to R?\ F' is continuous at y and such that

B QN RN\ F

=0 rd

>0
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holds. By these properties of F' it follows

) = lim v
lo(y)] 50 B(ym)mQO(Rd\F)’ |

1
< limsup — / v
r—0 T JB(y,r)NQ

with an implicit constant depending on y. Since v is an extension of u,

) 1
zhmsup—d/ lul .
r—0 T% JB(y,r)nQ

In order to force this mean-value integral to vanish in the limit r — 0,
introduce the function log(dp), which is bounded below in absolute value
by [logr| on B(y,r) if r < 1, to obtain

1
< limsup | log r|~* —/ ulog(d )
<timswtogr| (1 [ jutos(a)l)

Now, let 0 < s <1 and 1 < r < p. According to Lemma 2.4.2 there is an
extension w € H*"(R?) of |ulog(dp)| that is positive almost everywhere.
So, the ongoing estimate can be completed by

Slimsupllogr\’l][ |w] .
r—0 B(y,r)

The upshot is that the required property v(y) = 0 now follows for every
y € D\ N for which

(2.20) lim sup lw| < oo
r—0 B(y,r)

holds. By Theorem 1.2.7 and the subsequent remark, this applies to (s, r)-
quasievery y € D \ N and since Cs,.(N) = 0, the proof is complete. [

By a localization argument we can now resolve the inverse problem
for Hardy’s inequality under almost the same geometric assumptions as
in Theorem 2.3.9. In fact, only porosity of the Dirichlet part enters as
an additional assumption. In the argument we will crucially exploit the
following stability result of HEDBERG and KILPELAINEN.
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Proposition 2.4.4 ([77, Cor. 3.5]). Let 1 < p < oo and let @ C R? be a
bounded domain whose boundary is l-thick for some d —p <1 < d. Then

W) N () We'(Q) € WyP(9Q).

1<r<p

Remark 2.4.5. In [77] the requirement on {2 is that its complement is
uniformly p-fat — a property that by LEHRBACK’s ingenious characteri-
zation [101, Thm. 1] holds for every bounded set with I-thick boundary
provided d —p < 1 < d.

Theorem 2.4.6. Let 1 < p < oo and let §2 be a bounded domain. Suppose
that D C 0€) is closed, porous, and l-thick for some d —p < [ < d.
Moreover, assume that for each x € 0Q \ D there is an open neighborhood
U, of z such that QN U, is a W'P-extension domain. If u € WHP(Q) is
such that - € LP(Q), then already u € WEP ().

Proof. To set up notation for the localization argument, let U,,,...,U,,
be a finite subcovering of 2\ D and let ¢ > 0 be such that the sets
Usys- -, Us,, together with U := {y € R? : d(y,0Q\ D) > ¢}, form an
open covering of Q. Put

Lﬂ* = LJ (]zj, g)*.:=:S2 F]llk, and l)*,:: D F]l[*

J=1

noting that Dy C 04 by Lemma 2.2.7. Moreover, D4 as a subset of
the porous set D is of course porous itself.

Let n,71, ..., 1, be a subordinated C*®-partition of unity on Q, with the
properties supp(n) € U and supp(n;) € U,,. Finally put u; := nu and
ug := (1 — n)u. Since u = uy + uy it suffices to prove that both u; and us
belong to Wi*(Q). The three-step argument relies on Proposition 2.4.1
for u;, Lemma 2.4.3 for usy, and Proposition 2.4.4.

Step 1: Controlling the easy function

First consider u;. Every y in the support of u; satisfies

doa(y) > min{e, dp(y)} > min{e/diam(Q2), 1} dp(y),
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2 Hardy’s inequality

so that

p

U
< Q.

Uy

dp

p p
hlasl = Ll =
Q ~ Ja ~ Ja

Proposition 2.4.1 yields u; € W?(Q) € WHP(Q).

doo dp

Step 2: A suitable extension of the remainder

Now consider uy. As a bounded W1P-extension domain, each set QN Us,
is a bounded d-set, see Proposition 2.2.11, and by Lemma 1.2.24 so is their
union Q. For each j an extension w; € W'P(R?) of nju € WH(QNU,,)
exists by assumption. Let (; be a smooth function which is identically one
on supp(n;) and has its support in U;. Then w := ¥°7_; (w; € WH(RY)
has compact support in Uy and satisfies

w = Gngu=y_ nu=(1—nu=u (a.e. on ),
J=1 j=1

that is, w is an extension of uy € WHP(Q). From Dy C D and Q4 C Q it

directly follows
p p
foulans] = hlan) =4
Qu ~Ja ~Ja

which in turn allows to apply Lemma 2.4.3 to the effect that the regular

p

U2
< 00,

Uz

dp dp

dp,

representative 1w of w vanishes (s, r)-quasieverywhere on Dy for all choices
of 0 < s<1land1<r < p. Toproceed further, we distinguish two cases:

(i) It holds p < d. Then we can let the product sr < p < d get
arbitrarily close to p and therefore Lemma 1.2.3 yields for every
1 < r < p that wv = 0 holds (1, 7)-quasieverywhere on Dy.

(ii) It holds p > d. Then tv is the continuous representative of the
equivalence class w € WHP(R?) and we can choose s and 7 such that
d — 1 < sr. Thus, w vanishes H;°-almost everywhere on Dy due
to Corollary 1.2.33. Since Uy is open, for each y € D N Uy the set
B(y,r) N DN U coincides with B(y,r) N D provided r > 0 is small
enough. By [-thickness of D, these sets have strictly positive H;*-
measure. So, the continuous function to has to vanish everywhere
on D N Uy as well as on its closure — which by definition is D.
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Summing up, to = 0 has been shown to hold (1, r)-quasieverywhere on
Dy for every 1 < r < p. Moreover, on the set D\ Dy C R?\ Uy the
regular representative of w satisfies

(y) = lim w=10
(y) = lim + )
since w has compact support in Uy. Altogether, to vanishes (1,r)-quasi-
everywhere on D for every 1 < r < p. In view of Theorem 1.2.37 and as
w has compact support, this means

(2.21) weWPRHN (] W5'(RY).

1<r<p

Step 3: Conclusion of the proof

Of course statement (2.21) cries for an application of Proposition 2.4.4.
In order to apply this result to the case of mixed boundary conditions, we
proceed similarly to the proof of Theorem 2.1.5: With @ C R? an open
cube that contains 2 as well as the compact support of w, define again

Qe := U {U; U CQ\ D is a domain that contains Q}

Then 0 € {D, DUO Q} by Lemma 2.1.2. By Lemma 1.2.25 the Dirichlet
part D is m-thick for all 0 < m < [ and thus Lemma 2.1.4 guarantees that
0 €, is m-thick for some choice d —p < m < d—1. Finally, let n € C(Q)
be identically one on the support of w. As u — (nu)|q, induces a bounded
operator Wp' (R%) — Wy (Q4), 1 < r < 00, it follows from (2.21) that

wla, = (w)la, € WH(2) 0 () Wp" ()

1I<r<p

and thus w|g, € W7 (€,) thanks to Proposition 2.4.4. Since by construc-
tion  C Q, and D C 0¢),, we eventually conclude

uy = wlo € WEP(Q)

and the proof is complete. ]

Remark 2.4.7. If in Theorem 2.4.6 we require that D is an [-set for some
d—p <1l <d,then D is automatically porous, see Theorem 1.2.49.
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2 Hardy’s inequality

Combining the previous result with Theorem 2.3.9, we find that Hardy’s
inequality characterizes the space ng (Q) whenever Q fits into the de-
scribed geometric setting.

Corollary 2.4.8. Let 1 < p < oo and let € be a bounded domain. Suppose
that D C 0X) is closed, porous, and l-thick for some d —p < | < d.
Moreover, assume that for each x € 0Q \ D there is an open neighborhood
U, of x such that QN U, is a W'P-extension domain. Then

W (Q) = WH(Q) N LP(Q; df (x)da)

with equivalent norms.

Proof. Theorem 2.3.9 yields a continuous inclusion “C”. Theorem 2.4.6
yields the reverse inclusion, which by the open mapping theorem has to
be continuous as well. O

Remark 2.4.9. The assumptions of Corollary 2.4.8 are in particular sat-
isfied for all 1 < p < oo if D is a (d — 1)-set and € satisfies the Lipschitz-
or an (g, d)-condition around every z € 9\ D.

2.5 Scale invariant interpolation identities for
the spaces W’

In this section we are concerned with real- and complex interpolation
theory for the spaces Wp? (Q2), that is, we aim for identities of the form

(222)  (WE™(Q), W5 (Q), =W5(Q) = [W5"(Q), W5 ()]

9, 9’
the parameters being chosen appropriately. So far, the range for p in this
chapter was closely linked to the thickness parameter [ via d —p <[ < d.
Now, we choose a geometric framework that allows to have at hand the
results for the full range 1 < p < co. For technical reasons we will have
to stick to Ahlfors regular sets rather than just thick sets.

Assumption 2.5.1. The domain 2 C R? is bounded, D C 0 is either
empty or (d—1)-Ahlfors reqular, and ) satisfies an (e, d)-condition around
every x € 02\ D.

90



2.5 Scale invariant interpolation identities for W P

There is a fairly universal approach to such identities based on the
retraction-coretraction theorem, Theorem 1.3.5, and the corresponding
identities for the common Sobolev spaces without a partial trace condition.
We will come back to this in Section 5.4. Here, our goal is to work out that
in addition the implicit constants hidden in the interpolation identities
above are scale invariant on large scales.

Definition 2.5.2. Let Q be a domain and D be a closed subset of its
boundary. A constant C' occurring in a statement depending on the pair
(Q, D) is called scale invariant on large scales if for every s > 1 the same
statement holds for the pair (sQ2, sD) and C' can be chosen independently
of s.

Our motivation for studying scale invariance for the interpolation iden-
tities (2.22) arises from applications to certain degenerate elliptic oper-
ators on {2 subject to mixed boundary conditions. For illustration, let
A € L(C') be a strictly accretive matrix and let s > 0. Given some
data f € LP(Q)'?, we want to find a solution u € WP(Q) to the varia-
tional problem

T

T -
u v v 1.0/
/u . dx:/f- dr (e W' (Q).
& 1isVu isVv Q isVou

If p = 2, then there exists a unique such solution u thanks to the Lax-
Milgram lemma. A common technique to extrapolate well-posedness to
the LP-scale relies on Sneiberg’s theorem, Theorem 1.3.25, see, e.g., [37,
68,75,76]. However, letting the equation degenerate as s — 0, the range
for p provided by Theorem 1.3.25 will shrink again to p = 2. In order
to obtain the same p for all parameters 0 < s < 1, say, it is natural
to exploit the scaling inherent to the equation and — after a coordinate
transform — consider uniformly elliptic operators on the scaled domains
%Q with Dirichlet part %D. In this way, Theorem 1.3.25 can offer the
same amount of p-extrapolation for all 0 < s < 1 provided the implied
constants in (2.22) are scale invariant on large scales. A more detailed
account on this example will be given in Section 6.2.1.

In order to become acquainted with the concept of scale invariance, let
us consider an important non-trivial example for such an estimate.

91



2 Hardy’s inequality

Example 2.5.3. Let 2 and D satisfy Assumption 2.5.1. There exists a
bounded extension operator E extending functions from 2 to R? such that
for every 1 < p < oo it holds E : Wi(Q) — W*(R?) with an estimate

E p
/Rd\muyvmu'dg < [P+ IVuP (e W)

and an implicit constant that is scale invariant on large scales.

Proof. By Theorem 2.2.23 there exists a universal extension operator
that restricts to a bounded extension operator LP(Q) — LP(RY) and
WH(Q) = WEP(R?) for every 1 < p < co. Following the proof of Theo-
rem 2.1.5, choose a cube @) that contains the closure of €2 and construct
the superdomain 2, O 2 as in Lemma 2.1.2. Then let n be a smooth
function that is identically one on Q and has support in @, so that

E, : WBP(Q) — Wé’p(Q.), u— (nEu)|a,

is a bounded extension operator. Extending each E,u by zero to all of R,
we obtain a bounded extension operator Ey : WE2(Q) — WF(RY) that
maps L?(Q) boundedly into L?(R?) and which we claim has the required

property.
First note that by construction

(2.23) || Bxullwipge = | Eeullying,) S lullwirg (v € WE(Q)).
Moreover, if D is non-empty, then Proposition 2.1.1 yields

<],

E.u

daq,

E*u
dp

P
S [ VB
Qe

(2.24) /Rd
S [l v we W),

where Lemma 1.2.26 takes care of the required (d — 1)-thickness of D.
Now, let s > 1. Scaling preserves Assumption 2.5.1. In fact, if D is non-
empty, then it follows from Lemmas 1.2.18 and 1.2.23 that sD C 9(sf2)
is again a bounded (d — 1)-set and s{2 still satisfies an (e, sé)-condition

92



2.5 Scale invariant interpolation identities for W P

around every boundary point € 9(sQ2) \ d(sD). Consider the coordinate
transform

T:LP(sQ2) — LP(QQ), Tu(x) := u(sx)
in virtue of which we obtain a bounded extension operator
By WiB(sQ) = WiIBRY), u— T ExTu.

A straightforward calculation confirms
s P s p Eiu(y) P
LBt + 9Bz +|

dsD(y)
_ /R d ’
1

V(B Tu)(s )| +
= [ IETu@)? + 5 VBT @+

dy

p

ExTuls )"
sdp(s~ty)
p

sddz.

1
ExTu(s™'y)|" +

s

ExTu(x)
dD (:L’)

Employing LP-boundedness of E4 for the first term and the estimates
(2.23) and (2.24) for the second and third terms,

1 1
< Py = P = p d
N/Q|Tu(ar:)| +2 |Tu(z)|” + = |VTu(x)” sdx
1
:/§2|u(sx)|p+§|u(sx)|p+|Vu(3$)|p sldz
1
_ p . p p
= [ @)l + < lu@)P + [ Vu(y)P” dy.

Since s > 1, this yields the claim. O

The sought-after extra information on the implicit constants in (2.22)
cannot be revealed by a universal approach from abstract interpolation
theory. Instead, we pursue an idea first proposed by AUSCHER, BADR,
HALLER-DINTELMANN, and REHBERG [16, Sec. 7/8] and establish these
interpolation identities by means of an adapted Calderén-Zygmund de-
composition within the inclusion

W5(Q) CWE(Q) +W5c(Q)  (1<p<oo)

The endpoint space W5 () is defined as follows.
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2 Hardy’s inequality

Definition 2.5.4. Let Q be a domain and let D be a subset of . The
space W5(9) consists of all functions u € L>®(Q) that admit a Lipschitz
continuous representative u that vanishes everywhere on D. It carries the
norm

u(z) — u(y)| 0
lullwioe @) = l[ullise@) + sup —=>——== (u € W5™(12)).

ewen | — 1|
TFY

Remark 2.5.5.

(i) It is well known that every u € WH*(R9) has a Lipschitz continuous

representative u with Lipschitz constant at most ||Vu(|yera), see,
e.g., [57, Thm. 5.8.4].

(ii) Conversely, every u € W5™(Q) belongs to W>°(Q), where the latter
space is defined via distributions, and the estimate

lllwrmc@ < Nl

holds true. In fact, u is strongly differentiable almost everywhere
due to Rademacher’s theorem [58, Sec. 3.1.2], its strong derivative
coincides with its distributional derivative almost everywhere [58,
Sec. 4.2.3|, and every difference quotient can be controlled by the
Lipschitz constant of w.

The endpoint space W5™ is the smallest one in the Wi -scale on a
bounded domain.

Lemma 2.5.6 ([16, Lem. 3.1]). Let Q be a bounded domain and let D be
a closed subset of Q. Then W5™(Q) € Wi(Q) for every 1 < p < oo.

We also record the following useful condition for a function to belong
to W5 (RY).

Lemma 2.5.7. If D C R% is a (d — 1)-set, then W"°(R%) N WP (R?) is
a subset of W™ (R?) for every 1 < p < oo.

Proof. By Remark 2.5.5 every u € Wh*(R?) has a Lipschitz continuous
representative u. Proposition 1.2.38 gives u(z) = 0 for H,_1-almost every
z € D since u € W'(RY). Now let zyp € D be arbitrary. As D is
a (d — 1)-set, D N B(zg,r) has strictly positive Hy_j-measure for every
r > 0. Hence, zy is an accumulation point of {x € D; u(z) = 0}. By
continuity u(zg) = 0 follows and the proof is complete. O
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2.5 Scale invariant interpolation identities for W P

Below, we construct the alluded Calderén-Zygmund decomposition for
W,ljp -functions. The crucial tool allowing to maintain the Dirichlet con-
ditions for both the good and the bad function is Hardy’s inequality.
This idea is taken from AUSCHER-BADR-HALLER-DINTELMANN-REH-
BERG [16] and in fact our argument is very similar to theirs with one
important exception: By introducing a third class of cubes, called bor-
ing cubes in the proof, scale invariance on large scales is incorporated in
the construction. In the proof we utilize the Hardy-Littlewood maximal
function along with its classical estimates, which we recall beforehand
for convenience. Throughout, we write Q for the collection of all closed
axe-parallel cubes in R?.

Definition 2.5.8. The Hardy-Littlewood mazimal operator M is defined
for locally integrable functions f : R* — C by

(Mf)(x) := sup o [fl - (zeR)

Lemma 2.5.9 ([34, Cor. 3.6]). If f : R* — C is locally integrable, then
|f] < M(f) pointwise almost everywhere on RZ.

Theorem 2.5.10 ([34, Thm. 3.10]). For every 1 < p < oo the mazimal
operator is a bounded operator LP(R?) — LP(R?) and for p = 1 it satisfies
the weak-type estimate

{r RS MHE) > 0| S Tl (f €LARY, a>0)

Lemma 2.5.11 (Adapted Calderén-Zygmund decomposition). Let Q and
D satisfy Assumption 2.5.1 and let 1 < p < oo. For every u € WGP (Q)
and every o > 0 there exists an at most countable index set J, cubes
Q; € Q, j € J, and measurable functions g,b; : & — C such that the
following hold true for some constant N > 1 that is scale invariant on
large scales.

jeJ

(ii) Each function b; has its support in Q; and each x € R? is contained
in at most N of the cubes Q;, 7 € J.
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2 Hardy’s inequality

(iii) g € Wp5™(Q) with 191w @) + 19/ dp [[Le(@) < Na.

b

(iv) b; € W5'(Q) with /Q |Vb,| + |b;| + |dj‘ < Na|Qy| for every j € J.
D

(v) The estimate

> 1@ < N|{z € R M(IVEu| + | Eul| + | Bul/ dp)(z) > o}
jeJ
2

p
where Eu is the extension of u provided by Example 2.5.5.
. 1, .
(vi) g € W5"(€) with ||gllwir) < Nlullwir o)
Remark 2.5.12.

1 e function g 1s called gooa junction and b;, 7 € J, are called ba
i) The f i i lled d ] dbj,jeJ lled bad
functions.

(ii) Scale invariance of N on large scales is a non-trivial property for it
cannot be obtained by simply rescaling the good and bad functions
a, posteriori.

Proof of Lemma 2.5.11. In order to carry out properly the dependence
of N on the various parameters at stake, we exceptionally reserve the
symbol < for inequalities involving generic constants that depend only on
p and d. Example 2.5.3 yields an extension operator £ and a constant C'g
that is scale invariant on larges scales such that

p

Eu
(2.25) /Rd |Eul? + [VEulP + |dD < CEHUHfNBp(Q) (u e WEP(Q)).

Throughout the proof we abbreviate Fu by @. More generally, functions
carrying a tilde are always defined on the whole space R? and their re-
strictions to {2 are denoted without.

The proof follows a standard pattern, i.e., it relies on a Whitney de-
composition on an exceptional set determined by an adapted maximal
function. It is divided into seven consecutive steps.
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2.5 Scale invariant interpolation identities for W P

Step 1: Adapted maximal function

Due to (2.25) the function |Vu| + |a| + |@|/ dp is p-integrable on RY. We
define an open set

U= {z € R, M(|Vil + [i] + [al/ dp)(z) > o}.

First we deal with the easy case U = (). Then for the choices J = () and
g = u all assertions are immediate except for (iii). To prove the latter we
use that u is an extension of u to infer

l9()]
dD(Qf)

ja(2)|

V()| + |g(x)] + dp(z)

= [Vu(z)[ + [a(z)| +

for almost every x € €2 and since the right-hand side is dominated almost
everywhere by its maximal function it follows

< M(IVal + [af + [al/dp)(z) <«

for almost every x € ) as required.

So, from now on we can assume that U is a non-empty open subset
of R%. By Jensen’s inequality, the weak (1,1)-estimate for the maximal
operator, and (2.25) we obtain

U| < \{x e REM((IVal + [al + [al/ dp)?) () > ap}’

(2.26) OE

S *IHVuI + [ul + [/ dp 7 gay < — lullfyre g, < oo

WP (Q)

In particular, F' := R¢\ U is non-empty. This allows for choosing a
Whitney decomposition of U, that is, an at most countable index set J
and a collection of cubes Q; € Q, j € J, with diameter d; that satisfy

8 8
1 v={4 QJ, (2) Int-Q;NInt-Q=0if j #k,
59 9 9
(3) Q; CU for all j, 4 > 1q, <127
jeJ

5 ?deQ.,F < 4d; for all j,
6~ ! ’
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see [34, Lemma 5.5.1/2] for this classical tool but replace the cubes @ by
their enlarged counterparts %Q therein. Two important consequences can
be recorded immediately: Firstly, (5) implies

(2.27) 12VdQ; N F#0  (jeJ).

Secondly, (4) in combination with (2.26) immediately implies Assertion (v)
of the theorem since

(2.28) Sl < [ X0, 1015 Elull g,

jeJ jEJ

Step 2: Definition of the good and bad functions

Let {¢;}jes be a partition of unity on U with

(a) ¢; € C*(RY) (b) suppy; C IntQ;

8
(c) ¢j=1on @, (d) sl + 4l Vepslloe S

for all j € J, see [34, Sec. 5.5] for the construction. Let us distinguish three
types of cubes @;. We say that @); is usual if d; < 1 and d(Q;, D) > d;,
it is boring if d(Q;, D) > d; > 1, and it is special if d(Q);, D) < d;. Then
we define

~ @j(t —1g,;) if Q; is usual _
b= L Ued)
o if (), is boring or special
Setting g := @ — ZJEJB as well as b; = B|Q and g == gla, j € J,

these functlons automatically satisfy Assertion (i). Due to (4) there is no
problem of convergence with this sum and also Assertion (ii) holds true.

Next, we check that b; has the required regularity. By construction
b; € W'P(RY). To see that in fact b; € WP(R?) we first assume that
(), is either a usual or a boring cube. Then d(Q;, D) > d; > 0 and via
mollification b can be approximated by C%(R%)-functions in the norm of
WLP(RY). If Q; is special, then we clearly have b; = @i € WP (R%).
Restricting to €, it follows b; € W;*(©2) and since ©Q is bounded, this
implies b; € WH1(Q).
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2.5 Scale invariant interpolation identities for W P

Step 3: Proof of (iv)

After the considerations above it remains to prove the estimate. For a
later purpose we establish a more general estimate involving a parameter

q € {1,p} ~
We start with a usual cube, in which case Vb; = ¢; Vi + (2 — tg,)V;
holds. Using (d), we obtain

[, VRIS [ sVl 1 i) Ve,

1
5/ vatwf/ i — o |7,
[ IVl [, 1= )

For the rightmost integral we apply the local Poincaré inequality from
Lemma 2.3.6 in order to find

(2.29)

1
(2.30) / @ — dg,|? < |B(0, 1)]e9/ ddq/?—q/2/
Q.

— Vi),
dg J Qj

We repeat these estimates for ¢ = 1 and, invoking (2.27) we pick some
zj € Q;NF, where @ = 12\/c_in, in order to bring into play the maximal
operator:

[, IVBLS [ eVl + 1@~ i) Vel < [ 1Vl
(2.31) ’ ’ ’

<IQi1 Vil £ |Q,IM(Val)(z).
Now, we capitalize z; € I’ to obtain
(232) vl < [ VBl £ ol

The corresponding estimate for |b;| can easily be derived similarly. From
Lemma 2.3.6 we can infer

i< [ = [ i g, gl
Jlule < [ sl = [l g, e

(2.33)
gdg/ |vang/ Ve,
Qj Qj
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Specializing to ¢ = 1 and proceeding as in (2.31) and (2.32) we obtain
(2:34) [l s alasl.

For the third term % we note that on usual cubes dp > d; holds and so

by (2.30) and the same argument as in (2.31) and (2.32) it follows

s <

Next, we turn to the estimate in (iv) in case of a boring cube, in which
case b; = up; and d(D,Q;) > d; > 1. By (d),

bj

dp

b
dp

1
5—/ a—a.g/ Vil < alQ;].
I, -t s [ vl sal

J

1051 + Vb [+ | < sVl + [aVe,| +

(2.35) dD

1
< || 4 |Vl + —la| + |—
Nw+\m+%w+d

(a.e. on Q;),

and the usual start of play for the maximal operator following (2.31) and
(2.32) leads to

b]
J sl 198 + |5 /wwﬂvw+

Y5
dp

®itl

s/ Vil + |GV | +
le% |+ |[aV ;] a4,

(2.36) B 1
S [ Jal+ 1val + -l +
Qj d;

i
dp
< [ 3l +|val

Q@
S @l

Finally, we attend to the special cubes. Again Ej = Uyp,;, whence (2.35)
holds true. Since @); is special,

(2.37)  dp(z) = d(z, D) < diam(Q;) + d(Q;, D) < 2d;  (z € Q;),
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so that by a final repetition of the arguments in (2.31) and (2.32),

b;
b; b; -
[ 1bil 1981 + -

/]b\+\Vb[+

73
dp

~ ~ @;u
< [, vl vl + |52
Qj D

(2.38)
u
< / il + |Va) + H
[l v+ |
S a|Ql.
Note that in the third step of this estimate we have absorbed the non-

Hardy term [aV ;| < d;'|a] into the Hardy term dp'|a].

Step 4: Non-gradient terms of the good function

In this step we prove for almost every € R? the estimate

9@)|
dp(z) ™~

|9(x)] +

On F all bad functions Zj vanish. Hence, g = u on this set and therefore
|9(x)] |a(x)]
dp(z) dp(x)

for a.e. x € F. So, we can concentrate on the more difficult case x € U.
Denoting by J,, Jy, and Jg the sets of those j € J such that @); is usual,
boring, and special, respectively, we obtain on U that

=U=3 bi=u— Y giU—tg)— Y ¢l

= ()| +

5(2)| + <M(| |+'"‘;'>< )< a

jeJ jeJu jeJUJs
=U—TUy wj+ Y U= Y UQ,Ps
JjeJ JjEJy jE€Jy

since {¢;}jes is a partition of unity on U. Now, let x € U and let J, , be
the set of those j € J, for which x is contained in the usual cube @;. Due
to (b) and (d) we find

(2:39) gl < X liewl < 3 f, il

]EJuz ]eJuz
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Picking again elements z; € 12\/6_le N F, the same argument we have
used several times before, for instance in (2.31) and (2.32), gives

S 2 Mal)(z) < oy, < 12%;

jEr]u,z

the last step being due to (4). This is the first required estimate on U. For
the second one involving dp, first observe that if y € Q; for some j € J, ,,
then since z € Q); as well,

dp(y) < diam(Q;) +dp(z) = d; +dp(z) < 2dp(x)

by the defining property of usual cubes. Combining this estimate with
(2.39),

and by the same arguments as for g the estimate can be completed as

< ¥ M(D)e) <z

FE€Tuz D

Step 5: Gradient estimate of the good function

The objective of this step is the estimate |Vg(x)| < « for almost every
x € R For this, it is not sufficient to know that § = > el Ej converges
pointwise. At least, convergence in the distributional sense is necessary
to justify pushing the gradient through the sum. For a later use we prove
slightly more by investing the estimates (2.31), (2.32), (2.36), and (2.38)
that led to the proof of Assertion (iv) to the effect that

S bl < X [ sl + i Val + (@ - q,) V]
jed jed. ' Qi

+ X[ el + eVl + @V
JEJUTs ¥ ¥

S alQsl.

jedJ
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From (2.28) we can infer the upper bound

< alprE||u||€va(Q).

In particular, the leftmost sum converges absolutely in W11 (R?). Hence,
adopting the notation from Step 4, we may compute

Vg=Vi-Y Vb

JjeJ
=Vi— Y (¢Vi+ (i—1g,)Ve;) = Y (p;Vi+aVe)
J€Ju JjeSUJs

and as by the previous estimate all occurring sums are absolutely conver-
gent in L'(RY),

(2.40) Vg=Vu—-Vu) ¢;j—uY Vo;+ Y g, Ve;.

jedJ jeJ Jj€EJu

Now, on I all terms on the right-hand side vanish except for the first one
and we easily get

IVi(z)| = |Vu(z)| < M(|Va|)(z) < « (a.e. x € F).

So, we can concentrate on the similar estimate on U. By (4), the sum
Y jes @; over the partition of unity converges absolutely in L'(R?) to a
function that is identically 1 on U. Hence, > ;c; Vp; = 0 on U in the
sense of distributions. Thus, (2.40) collapses to

Vi(z) = ) g, Vy(x)  (zel).

J€EJu

We will not estimate this sum directly. Instead, we define

ho(x) ==Y g, Vej(z) and hg(z) = > g, Ve;(z) (xel)

jEJu jEJbUJs

and prove the estimates |hsp(z)| S a and |hy,(x) + hsp(2)] S a for almost
every x € U. This of course will give the same bound for A, = Vg and
the proof will be complete.
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2 Hardy’s inequality

In order to bound hg,(x) for almost every x € U we recall from (2.37)
that dp(y) < 2d; holds for all y in a special cube @); and that by definition
a boring cube has diameter at least 1. With J, , and J;, the sets of those
J € J for which z is contained in the boring respectively special cube @);
it follows

DI P |UQJI+Z IUQJ

JGJbz JEJSJ:
<y f i+ y f 0
JEJb j€Js.x

Introducing elements z; € 12\/6_162]- N F' and bringing into play the maximal
operator in the usual manner, we get

<S> a+ > a < 12%;,

jEJb,w jeJS,E

the last step being due to (4).
Preliminary to the estimate of h,(x) + hsp(z) fix an index jo € J such
that € Q;, and note that for any cube @); that contains x as well

5}
(2'41) gdj < d(ij D) < d(ZE, D) < d(QjO’ D) + djo < 5dj0

holds as a consequence of (5). The same estimate is true with the roles
of j and jy interchanged. So, with Q7 := 13Q);, every such cube satisfies
Qj C Qj,. Again denote by J, the set of all j € J such that Q); contains
z. Due to 3°;c; V; = 0 almost everywhere on U we find

hu() + hsp(z Z UQJVSOJ< T) = Z (an - ﬂQ§O)V¢j(x>
JjE€Jg j€JI
and thus by (d),
|hu() +hsb NS Z |uQJ _UQ |
jEJx

For 5 € J, we have

= |]éj uly) —ug; dy dy

< m —N *
< £, lil) ~ig; | dy

Jo

< f 1) ~ g,

J

g, — tq;,

104



2.5 Scale invariant interpolation identities for W P

since Q; C @,. The Poincaré estimate (2.30) on the cube Q7 gives
S diam(Q;,) £, Vil Sd;f [V,
QJy @

where we have used (2.41) with the roles of j and j, interchanged. By
(2.27) there exists again some z € @} N F' and the ongoing estimate can
be completed as usual by

< d;M(|Va)(2) < dyor

Gluing together the previous two estimates gives the desired bound

(@) + hsp(@)] < D = !UQ — g | S a#J, <12%

JEJI

in view of (4).

Step 6: Proof of (vi)
Owing to (2.25) and the definition of ¢ it holds

lgllwio@) < ldllwrr@e S C lullwir,

]GJ wtr Rd

So, we have to prove that the rightmost sum converges in W3”(R%) to a
limit with norm under control by HuHWBp(Q). We shall check the Cauchy
property for series and to this end we fix an arbitrary finite subset Jy of
J. We find

(Sl +1981) 5 [, 5 Bl + VBl

Jj€Jo j€Jo

—Z/ bil7 + VB,

Jj€Jdo

j€do lwrre) = Jra

where we emphasize that due to (4) the second estimate involves only sums
of at most 12% non-zero terms and thus holds true for an implicit constant
depending only on d and p. Investing the estimates (2.29), (2.30), and
(2.33) for p = ¢ on usual cubes, (2.35) on boring cubes and in addition
(2.37) on special cubes, we find

ST v s |

Jj€Jo

~p
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2 Hardy’s inequality

i p
— 71|P 71|P
_/Rdlej<|u| + |Vl +'dD )

j€Jdo

As a consequence of (4), the series >, ; 1¢, converges pointwise to a func-
tion bounded everywhere by 12¢. By the dominated convergence theorem
we can infer that ), ; b; is Cauchy in W?(R%). The limit is in fact inde-
pendent of the order of summation since this sum is finite at every point.
Revisiting the calculation above for J = J, we find

~||P p
ij < CEHU““WBP(Q)

jeJ

< [ jap+|vap + ’“
R4 dD

W1Lp(R4)

by (2.25). This completes the estimate.

It remains to check the boundary behavior of g. In Step 2 we have seen
that all functions b; are contained in W’ (R?). Since the latter is a closed
subspace of W'?(R?), the argument above reveals Y ,c;b; € Wi(RY).
Since @ belongs to this space as well, so does g. Finally, restricting to €2
gives g € WRP(Q).

Step 7: Proof of (iii)

After all it remains to check g € Wp™(Q) with the appropriate norm
bound. The statement of Steps 4 and 5 is

11l wt oo ety + Sa

dD Loo (R4)

and so by Remark 2.5.5 there is a Lipschitz continuous representative g of g
with Lipschitz constant bounded by a generic multiple of a. As restricting
to Q does not enlarge the norms, the only question left is whether g
vanishes everywhere on D. This, however, is an immediate consequence
of § € WiF(R?), see Step 6, and Lemma 2.5.7. O

To proceed further, we need to recall the (maximal) decreasing rear-
rangement of a measurable function and its connection to the K-functional
of real interpolation. Definitions and background on real interpolation
spaces can be refreshed from Section 1.3.2.
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2.5 Scale invariant interpolation identities for W P

Definition 2.5.13. Let f : X — C be a measurable function on a measure

space (X, p). The decreasing rearrangement of f is the decreasing function
f*: Rt — R defined by

F0 =int {a = 0 pl{w € X (@) > a}) < ¢}

and the function f**: RT™ — R defined by

= ]{)t f*(s) ds

is called mazimal decreasing rearrangement of f.

Proposition 2.5.14 ([36, Thm. 5.2.1]). Let (X, ) be a o-finite measure
space. Then for every f € L*(X, u; C) + L>®(X, u; C) the K -functional of
real interpolation is given by

K (t, f,LN(X,1;C), L®(X, 15;C)) = tf™(t)  (t>0).

Lemma 2.5.15. Let E C R? be measurable and f € LP(E). Then for
every 1 < p < oo it holds

[ flleez) = 1/ le@ry = 1 lLe@t)

with implicit constants depending only on p.

Proof. The first equality is well-known, see, e.g., [36, p. 8]. The second
part is a consequence of [34, Thm. 3.3.8] but for convenience we include
a direct and much shorter argument. Let g be the zero-extension of f* to
all of R. Since f* is positive and decreasing on RT,

(Mg)(t) = sup o) as= f gls) ds = f (s) ds = £(0)

holds for every ¢ > 0. So, Lemma 2.5.9 and Theorem 2.5.10 ensure
1 e @) = lgllue@) < [IM3llue@ = 1/ |Lr@s

< [ M|r@)—re @) 9] e (w)
= [MlLr@)—re@) |/ L@+

where, [[M||Lr@®)>1e@r) is a finite constant depending only on p. O
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2 Hardy’s inequality

Combining Proposition 2.5.14 and the adapted Calderén-Zygmund de-
composition, we can determine certain real interpolation spaces between
the endpoint spaces W}jl and W}joo. The proof relies on explicit pointwise
estimates for the K-functional similar to the celebrated result of DEVORE
and SCHERER (34, Thm. 5.5.12] for Sobolev spaces on R%. The same tech-
nique has been utilized in [16, Sec. 8.3].

Lemma 2.5.16. Let Q) and D satisfy Assumption 2.5.1 and 1 < p < o0.
Then up to equivalent norms

(W5 (), W5™()) = W5(Q)

1-1/p,p

and the hidden equivalence constants can be chosen scale invariant on large
scales.

Proof. To simplify notation we shall omit the dependence of function
spaces on (), that is, we write X instead of X(£2), where X can be any
relevant function space. By

1/p

(2.42) lallictpp = ( 7 (K W W) dt>

we denote the norm on the real interpolation space (Wp', W5™);_, /pp-
We prove the two required inclusions separately.

Step 1: The inclusion ‘C’

Fix u € (W5', W5™)1_1/pp Then u € W' + W5 making sure that at
least u has distributional derivatives up to order 1 in L' + L*. Since the
embedding WBOO C Whe is a contraction, see Remark 2.5.5, we obtain
for every t > 0 that

1,1 l,00y :
K(t,u, W5, Wp™) = uoewg%fiewg“ HUOHW}D’l + tHulegw
u=ug+u1

> inf o]yt + Ella [lwree.
uwEW S, u1 cWhoe D
u=uo+ui
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2.5 Scale invariant interpolation identities for W P

Writing out the Sobolev norms and considering u = up + u; and J;u =

Ojup + Ojuy, j = 1,...,d, as independent conditions, we find
> inf ||lwo||Lr + t]|wr]|Lee
U()€L1,1141€L°C
u= U0+u1

f t
+ ZuoELP}uE luollus =+ eflen o~
dju=uo+u1

d
= K(t, u, Ll, LOO) + Z K(t, @u, Ll, LOO)
j=1

Now, consider the equality of the K-functional and the maximal decreasing
rearrangement, provided by Proposition 2.5.14. There, the left-hand side
is sublinear in the variable f and the right-hand side is invariant under
replacing f by |f]. So,

d
= K(t, |u|, L', L®) + > K(t, |0;u], L', L)
j=1

d
> K(t, fu + 3 laju|,L1,L°°>

Jj=1

_ t(|uy 4 é \ajuy)**(t).

Plugging this estimate back into the right-hand side of (2.42) gives

p

|wm]mp_HQm+EZWu0

L (R+)

and finally Lemma 2.5.15 allows to complete the ongoing estimate by

d » d
= lul + S jogul]| > Julls + 3 1950l = lalfya,
=1 j=1

with implicit constants depending only on p. So, it remains to check
the boundary behavior of u. By Theorem 1.3.9, u can be approximated
by a sequence {u,}, € W5' N W5 in the interpolation norm || - ||_1/,,-
Lemma 2.5.6 guarantees {u, }, C WBp and by what we have shown above,
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2 Hardy’s inequality

U}, converges to uw in the W'P-norm. Since WEP is a closed subspace
g D
of WHP we eventually see that

lullyig = lullwis  lulli-1/pp
holds with an implicit constant depending only on p.

Step 2: The inclusion ‘O’

Fix u € Wj. First, we note that v € W' € W5' + W5™ since Q is
bounded. Again we start with deriving a pointwise estimate for the K-
functional. Given ¢ > 0 let uw = }>;c;0; + g be the Calderén-Zygmund
decomposition of f with height

alt) = (M(\Vﬂ\ +a)+ ]ﬂ\/dD)>*(t) (t>0),

where u is the extension of u provided by Example 2.5.3 we had already
used in the proof of Lemma 2.5.11. By definition of the decreasing rear-
rangement and continuity of the Lebesgue measure from below, the cor-
responding set

U, = {x e R% M(|Val + [a] + [al/ dp ) (x) > a(t)}

has measure |U;| < t. Hence, Properties (iii), (iv), and (v) of the Calder6n-
Zygmund decomposition yield

> b

b5, ol < Moy + Nea(t) < 28%1a)
J

1
Wj3 jeJ

for N as in Lemma 2.5.11. In particular, K (t,u, W5', W5™) < 2N2ta(t).
Now, for every t > 0 we invest the latter estimate on the right-hand
side of (2.42) so to find

s ([ atey at)”
= |(M(va1+ a1+ a1y a) )

Lo(RY)
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2.5 Scale invariant interpolation identities for W P

By Lemma 2.5.15 and the LP-boundedness of the maximal operator we
conclude

= |[M(val + fal + Jal/ dp )

< |Ival + fal + fal/ do

Lr(R9)

Lr(R4)

with implicit constants that are scale invariant on large scales. With a
final view on Example 2.5.3 this gives

ulli1pp S llullyre
and the implicit constants remain scale invariant on large scales. O]

Finally, we obtain the main result of this section by reiteration.

Theorem 2.5.17. Let 2 and D satisfy Assumption 2.5.1. Let 0 < 0 < 1,
let po, p1 be subject to the restrictions in the formulas below, and put

1 1-60 0

p Po D1

Then the following interpolation identities hold up to equivalent norms
and all hidden equivalence constants can be chosen scale invariant on large

scales:
M) (WE™(Q,W5"(Q), =W5'(Q) (1<po<p <o),
(i) W @), W5 ()], = WE(Q) (1<po<pr < o0).

Proof. In order to simplify notation, we omit the dependence of the rele-
vant function spaces on §2. The first assertion follows from Lemma 2.5.16
and Theorem 1.3.10 applied to the couple (W', W5™), since

1,1 1,00

- <(ng’w}j’oo)l—1/po,po7( b D )1—1/P17p1)97P
_(whwE)  —wlp

1-1/p,p

L,po L,p1
(W5, W), ,
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2 Hardy’s inequality

Relying on Theorem 1.3.17 instead, the second assertion

i ], = (), (9 )

1-1/po,po’ 1—1/p1,171}9

(ng, Wg“) = Wk

1_1/17717

follows. Hidden implicit constant in these calculation are either scale in-
variant on large scales thanks to Lemma 2.5.16 or are caused by reiteration
and thus depend only on the parameters 6, py, and p;, see Remarks 1.3.11
and 1.3.18. O]
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CHAPTER 3

Functional calculus for bisectorial and sectorial
operators

We interrupt the development of the general theory on divergence-form
operators subject to mixed boundary conditions in order to provide the
essentials of the holomorphic functional calculus for bisectorial and secto-
rial operators. This includes the H*-calculus and its relation to quadratic
estimates and, in particular, an abstract version of the Kato square root
problem. The presented results are of fundamental importance for all
subsequent chapters.

Functional calculus is about ‘inserting operators into functions’, that is,
to render meaningful expressions such as

\/Z, VA2, and e ™,

where A is an in general unbounded operator in a Banach space. First
ideas not relying on the spectral theorem for self-adjoint operators date
back to the work of RiESz and DUNFORD [49, Ch. VII]. Inspired by the
reproducing structure

0= o [ g

S omiJrz— )\
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3 Functional calculus for bisectorial and sectorial operators

of Cauchy’s integral formula for holomorphic functions, they defined

f) =5 [ G- A ds

whenever A is a bounded operator, f is holomorphic in a neighborhood of
the spectrum o(A), and I is a closed rectifiable curve that surrounds this
compact set counterclockwise. Extensions to unbounded operators are al-
ready found in DUNFORD and SCHWARTZ [49] and KREIN [99]. However,
more recent approaches fundamentally promoted by MCINTOSH and col-
laborators turned out more powerful and transparent at the same time,
see [5,47,73,117] and references therein.

Due to manifold applications in the theory of parabolic problems it be-
came manifest that the perhaps most important class of operators with
a meaningful holomorphic functional calculus is that of sectorial opera-
tors. An all-embracing treatment of this theory and further background
material is found in HAASE’s textbook [73].

On the contrary, the closely related class of bisectorial operators has
only been treated negligently, mostly by referring that ‘all works simi-
lar for bisectorial operators’ [5,48]. Of course, this cannot be denied in
general. However, since bisectorial operators are most eminent for this
thesis, we decided for the sake of self-containedness to go the other way
round here. Starting from abstract functional calculi in Section 3.1, we
carefully develop the functional calculus for bisectorial operators in Sec-
tion 3.2 and outline the necessary changes for the sectorial case. We pay
special attention to the boundedness of the H*-calculus for non-injective
operators and their connection to quadratic estimates in Sections 3.3 and
3.4. Terminology and presentation of the matter is adopted from HAASE’s
book.

3.1 Abstract functional calculi

An abstract functional calculus over a Banach space X is a triple (£, M, ®)
consisting of a unital commutative algebra M, a subalgebra & C M with
1 ¢ & in general, and an algebra homomorphism ¢ : & — L£(X). An
abstract functional calculus is proper if the set

Reg(€) :={e € &; D(e) is injective}
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3.1 Abstract functional calculi

is non-empty. Each member of Reg(€) is called a regularizer, the name
stemming from the following extension procedure: If for f € M there
exists a regularizer e such that ef € £, then

®(f) == (e)"'0(ef)

can be defined as a closed operator in X. In this case f is said to be
reqularizable by €. The definition of ®(f) is independent of the particular
choice of e and consistent if f € £ [73, Lem. 1.2.1]. Putting

M, = {f € M, f isregularizable by £}
we obtain an extension
® : M, — {closed operators in X'}

of the original mapping ® : £ — L(X). The algebra M, is called domain
of the abstract functional calculus (£, M, ®).

Becoming more specific, let 2 C C be an open set and denote by M(2)
the algebra of meromorphic functions on 2. Suppose we are given a closed
operator A in a Banach space X along with a basic algebra £(2) of mero-
morphic functions on €2 for which we have — by whatever means — designed
a meaningful method

@ = (f = f(A): £(Q) = LX)

of inserting A into functions from £(Q2). Here, meaningful means that ®$
is an algebra homomorphism. In order to make sure that the abstract
functional calculus (£(€), M(Q), ®9) carries enough information on the
underlying operator A we introduce the following notions.

Definition 3.1.1. The coordinate function z — z is simply denoted by z.
Hence, the symbols f(z) and f are interchangeable. For a symbol replacing
a complex number (other than z of course) we do not distinguish between
the complex number and the corresponding constant function.

Definition 3.1.2. Let A be a closed operator in a Banach space X and let
Q) C C be an open set. An abstract functional calculus (£(2), M(Q2), %)
as above is called meromorphic functional calculus for A provided the
following hold.
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3 Functional calculus for bisectorial and sectorial operators

(i) The function z is regularizable by £(€2) and z(A) = A holds.

(ii) If an operator T" € L(X) commutes with A, then it also commutes
with e(A) for every e € £(Q).

The domain of a meromorphic functional calculus (€(€2), M(Q), %) for
Ais
M(Q) 4 :={f € M(Q); [ is regularizable by £(Q)}.
More suggestively, we shall write f(A) instead ®%(f) also for f € M()4.
The most important algebraic properties of meromorphic functional calculi

are summarized in the fundamental theorem of functional calculus [73,
Thm. 1.3.2].

Theorem 3.1.3 (Fundamental theorem of functional calculus). Let A be

a closed operator in a Banach space X, let 2 C C be an open set, and
let (E£(Q), M(2), 1) be a meromorphic functional calculus for A. Let
f e M(Q)a. Then the following assertions hold.

(i) If T € L(X) commutes with A, then it also commutes with f(A). If
f(A) € L(X), then f(A) commutes with A.

(ii) The functions 1 and z yield the operators 1(A) = Id and z(A) = A.

(iii) Let also g € M()a. Then

f(A) +9(A) C(f+9)(A) and f(A)g(A) C (fg)(A).

Furthermore, D(f(A)g(A)) = D((fg)(A)) N D(g(A)) and there is
equality in the relations above if g(A) € L(X).

(iv) It holds f(A) = g(A)"tf(A)g(A) if g € M(Q)4 is such that g(A) is

bounded and injective.
(v) Let X € C be such that (A — )™t € M(2). Then

1
A=

In this case (A—f)"1(A) = (A= f(A))~. In particular, X € p(f(A))
if and only if (A — f)1(A) is well-defined and bounded.

EM(Q)a << X— f(A)is injective.
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If there is a method allowing to insert A into a basic class of functions,
then the abstract framework of meromorphic functional calculi provides a
meaningful extension of f(A) to a much broader class of functions for free.
However, a particular method to start with cannot be pulled out of nothing
and in fact is only known for certain very specific classes of operators,
among which are the sectorial and bisectorial ones to be discussed in the
next section.

3.2 Functional calculi for sectorial and
bisectorial operators

In this section we apply the abstract theory on meromorphic functional
calculi to sectorial and bisectorial operators. Given ¢ € (0,7) denote by

S, ={z€ C\ {0} : |arg 2| < ¢}

the open sector with vertex 0 and opening angle 2¢) symmetric around the
positive real axis. If ¢ € (0, 7) then

Ss:=S;uU-S}

is the corresponding open bisector. These notions are extended to the
case ¢ = 0 by setting S§ := [0, 00) and Sy := (—00, 00).

Definition 3.2.1. An operator A in a Banach space X' is sectorial of angle
¢ € [0,m) if its spectrum is contained in S; and if for every ¢ € (¢, )
there are resolvent bounds

sup{H)\()\—A)*HXHX TN E C\ﬁ} < 0.

Likewise, A is bisectorial of angle ¢ € [0,%) if o(A) C S, and if for every
Y € (¢, 5) there are resolvent bounds

sup { ]AQA = A) ! flamx 1 A € C\ Sy} < oo,

First properties of (bi)sectorial operators are collected in the subsequent
proposition.
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3 Functional calculus for bisectorial and sectorial operators

Proposition 3.2.2 (All-purpose proposition for (bi)sectorial operators).
Let A be a bisectorial operator on a Banach space X. Then the following

assertions hold.

(i) Ifn € N and x € D(A), then

lim (it)" (it + A) "z =2z and lim A"(it + A) "z = 0.
t—ro0 t—o0

(ii) Ifn € N and x € R(A), then

lim(it)" (it + A) ™"z =0 and limA"(it+ A) "z = x.
t—0 t—0

In particular N(A) N R(A) = {0}, so that R(A) = X implies that
A is injective.

(iii) For everyn € N the space D(A™)NR(A™) is dense in D(A)NR(A).

(iv) If X is reflexive, then A is densely defined and induces a topological

decomposition X = N (A) @ R(A).

Upon replacing the imaginary uniti by 1, the same results hold for sectorial
operators.

Proof. (i) First assume = € D(A). Repeatedly applying the elemen-

tary identity x = it(it + A) 'z + (it) lit(it + A) "t Az leads to
= (it)"(it+ A)~ x—l— Z (it)* (it + A)* Ax.

The second term vanishes in the limit ¢ — oo, which proves the first
claim. For the second claim expand the right-hand side of

(3.1) AM(it + A)"r = (1 —it(it + A)~H"z

and use the first claim to prove that it tends to >__, (Z) (=DFz =0
as t — o0o. In order to extend these results to all x € D(A), simply
note that {(it)"(it + A) " }+~o is a bounded subset of L(X) for every
n € N and so is {A"(it + A) " }+~0 thanks to (3.1).
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(i)

(iii)

Again it suffices to consider x € R(A). Choose y € D(A) such that
Ay = x. This time it is it(it + A) "' Ay = ity — (it)*(it + A) "'y that
has to be applied repeatedly in order to find

(it)"(it + A) " Ay = it{(it)”*l(it + A)~ Dy — (i) (it + A)*”y}.

The right-hand side of this identity vanishes in the limit ¢ — 0
and the conclusion follows. As before, the second part follows from
the first when expanding the right-hand side of (3.1). Finally, if
z € N(A) NR(A), then by what has been shown above,

0= Az = lim(it + A)"'Az = lim A(it + A) "'z = 2.
t—0 t—0

Given = € D(A) NR(A) define approximants in D(A™) N R(A™) by
xy = (it)"(it + A) At A) e (6> 0).

Since {(it)"(it+A) ™" }+>0 is uniformly bounded in £(X), the triangle
inequality yields

lzy — 2| S| A"t + A) " — 2| + || (i)™ (it + A) "z — 2]

The right-hand side vanishes in the limit ¢ — oo due to (i) and (ii).

We first prove that D(A) is dense in X. Fix an arbitrary x € X.
By bisectoriality of A, the set {it(it + A) 'x};~¢ is bounded in X.
Since X is reflexive, there are strictly positive numbers ¢;, * oo such
that {ity(ity, + A) "'z }r converges weakly to some limit y € X. Now,
{(ity + A)~'z}; converges strongly to 0 and so

(it + A) e @ Ality + A)7lz = 0@ (z —y) (in X & X)

as k — oo. By the Hahn-Banach theorem strong and weak closure
coincide for convex sets. Applying this result to the graph of A,
we can infer x —y = A(0) = 0. However, y is contained in the
weak closure of D(A) in X’ by construction and so once more by the
Hahn-Banach theorem z € D(A).
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3 Functional calculus for bisectorial and sectorial operators

Owing to (ii) the decomposition N'(A) ®R(A) is direct. To see that
it is a decomposition of the whole space X, fix x € X. This time, we
use the reflexivity of X to obtain strictly positive numbers ¢ \, 0
such that {ity(ity + A) "'z}, converges weakly to some limit y € X'
Note that

(3.2) ity A(ity + A)"w = itgr — ity (it (ity + A) ')

converges strongly to 0 as k& — oo. Employing the coincidence of
weak and strong closure of the graph of A as before, y € D(A) and
Ay = 0, that is, y € N(A). Moreover, multiplying both sides of
(3.2) by (ity)™! and passing to the weak limit as k — oo reveals
x —y as an element of the weak closure of R(X). The usual Hahn-
Banach argument pays for 2 —y € R(X). Hence, 2 € N(A) S R(A).
Finally, N(A) ® R(A) is a topological decomposition since

lyll < lim inf ity (it + A)~'z[| < [l

Finally, if A is a sectorial operator, then proofs for all four items can be
obtained by simply replacing the imaginary unit i by 1 in all the arguments
given above. O]

Corollary 3.2.3. Let A be a densely defined bisectorial operator in a
Banach space X and let Y C X be a closed subspace. If there is an
unbounded sequence {a, }, of positive real numbers such that Y is invariant
under (ia, — A)~" for every n € N, then Y is invariant under A. Upon
replacing i by 1, the same holds true for sectorial operators.

Proof. Let y € D(A) N Y. The claim z := Ay € Y follows immediately
from part (i) of Proposition 3.2.2. O

3.2.1 Construction of the functional calculi

Let A be a bisectorial operator of angle ¢ € [0, §) in a Banach space X'. In
this subsection we construct for each 1 € (¢, 7) a meromorphic functional
calculus for A allowing to insert this operator into certain meromorphic
functions defined on the bisector S,,. We will take special care to providing
arguments that can easily be adapted to sectorial operators. In fact, every
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3.2 Functional calculi for sectorial and bisectorial operators

statement and every proof of this section is convertible into an analog for
a sectorial operator A of angle ¢ € [0, 7) by simply replacing bisectors by
sectors and the imaginary unit i by 1.

It all starts from the algebra

HG°(Sy) ::{f : Sy — C holomorphic;

3C, s> 0¥z €Sy : |f(2)] < Cmin{|2]*, |z|_5}}

of regularly decaying holomorphic functions on S,. Given f € HE(Sy),
define a bounded linear operator f(A) on X via the Cauchy integral

(3.3) =g JEE- 7

27
where v € (¢, 1) and the boundary curve 9 S, surrounds o(A) in counter-
clockwise direction, that is

98, = —R*e" @ R @ —Rte () g Rt e,

see also Figure 5.

Here, the symbol & is used for the concatenation of oriented curves. The
integral in (3.3) converges absolutely due to the decay of f and is inde-
pendent of the particular choice of v due to Cauchy’s integral theorem.
The definition of f(A) can be extended from H§°(S,) to the Dunford-Riesz
class

E(Sy) =H(Sy) @ ((i+2)7") @ (1),
by defining
g(A) = f(A) +c(i+A) ' +d
whenever g € £(S,) is of the form g = f 4+ c(i+ z)"* +d for f € H(Sy)
and c¢,d € C. Note that such a representation is unique since g has limits
—ic+d and d in 0 and oo, respectively.

We consider two important examples of non-elementary functions in the
Dunford-Riesz class.
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Im

Figure 5: The oriented boundary 0'S, in the Cauchy integral defining f(A)
for regularly decaying holomorphic f.

Example 3.2.4. Let ¢ € (0,75) and let f : S, — C be a bounded holo-
morphic function that extends holomorphically to a neighborhood of 0
and for which there exists s > 0 such that |f(z)] € O(]z|°) as |z| — oo

within S,. Then f € £(Sy).

Proof. The function f —if(0)(i+ z)~' is an element of H(S,) since by
holomorphy |f(z) — f(0)| < |2] for z in a neighborhood of z = 0. O

Example 3.2.5. Let ¢ € (0,%) and let f € HF(S,) satisfy [5° f(t) & =

- ono f(t) %. For z € S, define

00 dt

Foi(z) := /Olf(tz) it and  F) (2) ::/ f(tz) -

1

Then Fy 1, Fi o € E(Sy) and Fy1 + Fi oo = ¢, where ¢ = [;° f(t) %.
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Proof. Choose constants C,s > 0 such that |f(z)] < Cmin{|z|",|z|""}
for all z € Sy. Then

! S dt — S
Fa@ <O [t T=Cs " (z€8)

and likewise |Fi o(2)] < Cs™'|z|7®. This not only proves that Fy; and
F o are well-defined but also that the former decays regularly at 0 and
that the latter decays regularly at co. To see that Fj; is holomorphic on
S4 let A C Sy, be a compact triangle, use Fubini’s theorem and Cauchy’s
integral theorem to find

/BAF0,1<Z) dz_/M/Olf(tz)itdz_/ol 8Af(tz dz%io

and conclude by Morera’s theorem. Holomorphy of Fj  is proved analo-
gously. If z € R*, then by the substitution rule

(3.4) %ﬂ@+ﬂ@@:/ —_i/ ;_

0

and by the identity theorem for holomorphic functions this identity ex-
tends to the whole bisector. In virtue of the decomposition

Fou = (ic(i+2)7" = Fioo) —ic(i+2) " +¢

- (FOJ —cz(i+ z)_1> —ici+2)t+e

the function Fp; becomes a member of £(S,;) and with a view to (3.4) so
does F} . O

Let us build back the bridge to the abstract framework of Section 3.1.

Lemma 3.2.6. If A is a bisectorial operator of angle ¢ € [0,5) in a
Banach space X, then for each v € (¢,5) the mapping

Y = (9 g(A)) : E(Sy) = L(X)

is an algebra homomorphism.
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3 Functional calculus for bisectorial and sectorial operators

Proof. Since H{®(Sy)@®((i+2)1)@(1) is a direct decomposition, the map-
ping Y is linear. To prove multiplicativity let g; = f; + ¢;(i+ 2)~! + d;,
Jj = 1,2, be two functions in £(Sy). Expanding g1¢, into mixed prod-
ucts it suffices to prove the three identities (f1f2)(A) = fi(A)f2(A),
(-4 2) " f1)(A) = (i + A) " fu(A), and (+2)2)(A) = i+ A) 2.

To prove the first one, choose the angles 1, and v5 in the definitions of
fi(A) and f5(A), respectively, such that ¢ < v; < vy < 1. By Fubini’s
theorem and the resolvent identity

fl(A)f2(A) - (27r11)2 /88”2 /881,1 f1(21)f2(22)(21 - A)_l(zz — A)_l dz; dzy
_ ! f2(22)<1/a fi(21) dzl> (22— A) ' dzs

2mi Jos,, 2mi Jas,, 22 — 21

L b fﬂa)(lé fx@)(bg(a——A)lmq

271 Jas,, 271 Jos,, 22 — 21

Since on the right-hand side z; lies outside the region enclosed by 05S,,
and z; lies inside the region enclosed by 05S,,, Cauchy’s integral theorem
gives

=0+ 5 /as filz) fa(z1) (21 = A) 71 day = (fif2)(A).

27 v

For the second identity apply again the resolvent identity to find

(i+A)—1f1(A) — 217“ e, {1152211) (z1 — A)—l dz;
1 fi(21)

i+ A)7" dz.
2miJos, T4 m 0 TA)T A
The first integral on the right-hand side defines ((i + 2)7'f1)(A) and the
second integral vanishes due to Cauchy’s integral theorem as —i lies outside
the region enclosed by 05S,,. For the third identity first note
—i iz —i
3.5 i+2)7% = =: € E(Sy).
(3.5) (i+2) PR e o, T /EEB)

Now, let ¢ < v < 1. Since f is holomorphic on C\ {—i} and regularly
decaying on S, Cauchy’s integral theorem yields

f) = o [ fe) - A a,

124



3.2 Functional calculi for sectorial and bisectorial operators

where I' is a closed curve in C\ Sy surrounding —i in clockwise direction.
Owing to Cauchy’s integral formula

d
fA) = —— [iz(z = A) 7Y (=) = i+ A) 2 +ili+A4)"
As by definition (i + 2z)7'(A) = (i + A)™', the conclusion follows from
(3.5). O

Theorem 3.2.7. If A be a bisectorial operator of angle ¢ € [0,5) in a
Banach space X, then for each ¢ € (¢, %) the triple (£(Sy), M(Sy), )
is a meromorphic functional calculus for A.

Proof. Lemma 3.2.6 asserts that (£(Sy), M(Sy), ®%) is an abstract func-
tional calculus. Moreover, if T' € L(X) commutes with A, then it com-
mutes with all resolvents of A and hence with e(A) for every e € £(Sy).
It remains to prove that z is regularizable by £(S,) and that z(A) = A.
To this end choose e = (i + 2)72 € £(Sy) as a regularizer for z. Indeed,
ez is regularly decaying on Sy and Lemma 3.2.6 asserts e(A) = (i+ A) 72,
which is injective. The decomposition

ez=z2(i+2)2=>1+2)""—i(i+2)?
in combination with Lemma 3.2.6 allows to conclude
(e)(A) = (i+A) T —ii+A) 2= A1+ A2

Consequently, 2(A) = e(A)~(ez)(A) = A and the proof is complete. [

The construction of the functional calculus for the bisectorial operator
A can be completed by joining all meromorphic functional calculi provided
by Theorem 3.2.7 as an inductive limit. More precisely, let

MSgl = |J M(Sy)
p<p<I
and similarly define HF[Sy] and E[Sy]. If ¢ < ¥ < ¢ < 7, then the
algebra M(S,) can naturally be regarded as a subalgebra of M(Sy) by
restricting from S, to Sy. As by construction the meromorphic functional
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3 Functional calculus for bisectorial and sectorial operators

caleuli (£(Sy), M(Sy), ®4) and (£(S,), M(S,), ®%) are consistent on S,
an algebra homomorphism

pi=(f = f(A)): E[S] = L(X)

can be defined by setting it equal to @ on E(Sy) for every 1 € (o, 3). In
this manner, (£[Sy], M[Se], ®4) becomes a meromorphic functional calcu-
lus for A called natural functional calculus or simply the functional calcu-
lus. Tts domain is given by

M(Syla = {f € M[Sy]; f is regularizable by E[Sy]} = |J M(Sy)a.

p<p<F

To illustrate the power of this functional calculus, let us consider two ex-
amples. Within the scope of fractional powers, holomorphic semigroups,
and the H*-calculus, more specific examples will be discussed in Sec-
tions 3.2.4, 3.2.5, and 3.3.

Example 3.2.8. The most common regularizers are the natural powers
of (i+ 2)~!. They give rise to a meaningful definition of f(A) provided
f € M[Sy] is such that (i+z)~™f € £[Sy] holds for some m € N. Roughly
speaking, this means that f(z) approaches a finite limit at z = 0 with
polynomial order of convergence and that it grows at most polynomially
as |z| — oo.

Example 3.2.9. If in addition A is injective, then also the powers of
z(i+ 2z)72 serve as regularizers. So, in this case even polynomial growth
of f at 0 is admissible.

Finally, if A is a sectorial operator of angle ¢ € (0,7) in X', then the
functional calculus for A can be set up in a very similar fashion. We write
(E[S], M[S]],®4) for this meromorphic functional calculus and denote
its domain by M([S]]4.

3.2.2 Transformed functional calculi

The following question underlies all of the subsequently presented results:
Suppose A is a (bi)sectorial operator in a Banach space X and we are
given a rule # that links operators B in X’ to operators B* in a possibly
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different Banach space X* and functions f to functions f*. Moreover,
suppose A is again (bi)sectorial. Does this imply

F(AR) = fA(A)

for some functions f? And if so, for which? The transformations discussed
in this section are, in progressive order of difficulty, similarities, scalings,
restrictions, and adjoints.

Similarities

Concerning similarity transformations A — T AT ! we record the follow-
ing result.

Proposition 3.2.10. Let X and Y be Banach spaces and let A be a
(bi)sectorial operator in X. If T : X — Y is an isomorphism, then
B := TAT™! is a (bi)sectorial operator of the same angle in Y and the
identity

F(TAT™) =T (AT

holds for every f in the domain of the functional calculus for A.

Proof. We concentrate on the case that A is bisectorial of angle ¢ € [0, 7).
Let ¢ € (¢, 5).

By similarity, the resolvent sets of A and B coincide and the identity
(A= B)™' = T(A — AT~ holds for every A € p(A). Hence, B is
bisectorial of angle ¢ in Y. The claim for f € £[Sy] is immediate from
that. Finally, take f in the domain of the functional calculus for A and
let e be a corresponding regularizer. As e(B) = Te(A)T !, the function e
regularizes f also in the functional calculus for B and

F(B) = e(B)(ef)(B) = (Te(A)T™") (T(ef)(AT)
T(e(A) ™ (ef)(A)T = T (AT

follows. O
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Scalings

Also concerning scalings A — tA, where ¢t > 0, the functional calculi are
well-behaved in the best possible way.

Proposition 3.2.11. Let A be a (bi)sectorial operator in a Banach space
X and let t > 0. The operator tA is (bi)sectorial of the same angle as A
and the identity

f(tA) = f(tz)(A)

holds true for every f in the domain of the functional calculus for tA.
Moreover, if ¢ denotes the angle of (bi)sectoriality of A and g € E[Sy]
(respectively g € E[ST]), then {g(tA)}so is uniformly bounded in L(X).

Proof. Again, we only consider the case that A is bisectorial of angle
¢ €10,%). From

(3.6) a7 etmh = AT = 2(2 —tA)! (€ C\ Sy, t >0)

we can infer that tA is bisectorial of angle ¢. Now, let g = f+c(i+2)"!+d,
where f € HP[Sy] and ¢,d € C. We abbreviate g(tz) by g; and so on.
Example 3.2.4 guarantees that ct=!(it7! + 2z)~! belongs to £[Sy]. Hence,
gt € E[Sy]. The identity claimed in Proposition 3.2.11 is obvious for d and
by definition of the functional calculus and Theorem 3.1.3(v) also

1+2)71tA) = G +tA) " =t it 4+ A
=171 (it™ 4+ 2)TH(A) = (1 +t2)7(A)

holds. For the remaining summand a simple substitution yields for an
appropriate v € (¢, ) that

$eA) = o [ e - Ayt a
= o | 2= ) s = f(a),

Taking norms in (3.6) as well as in the equation above also proves

G+ 2) 7 (A s + (1 (EA) s

B d|z
S sup oz = A o+ [ 17 < o0
z€C\Sy Sv |Z|
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with an implicit constant independent of ¢.

Finally, consider a general function f in the domain of the functional
calculus for tA and let e be a suitable regularizer. As e(tA) = e;(A)
and (ef)(tA) = (e, fi)(A), the function f; can be regularized by e; in the
functional calculus for A and

f(tA) = e(tA)Hef)(tA) = ei(A) " (e f) (A) = fi(A)
follows. O

Restrictions

In order to study restrictions of (bi)sectorial operators to closed subspaces,
we need the following concept.

Definition 3.2.12. Let A be an unbounded operator in a Banach space
X and let Y C X be a closed subspace. The operator Aly defined by

D(Aly) ={y € D(A)NY; Ay € YV}, Alyy:= Ay

is called part of A in Y. It is the maximal restriction of A to an operator

in ).

Note carefully that (bi)sectoriality is not preserved under restrictions in
general.

Example 3.2.13. In X = (2 consider A : {a,}, — {na,}, with maximal
domain and let Y := {{a,}» € (*;a; = az}. Then o(A) = N and for every
A € C\ N the resolvent (A — A)~! is the bounded multiplication operator
{an}n = {(A—=n)"ta,}n. So, A is (bi)sectorial of angle 0. Now, consider
the sequence a € ) given by a; = as = 1 and a,, = 0 for n > 3 and take an
arbitrary A € C\ N. Since (A — A)~!a is not a member of ), the sequence
a cannot belong to the range of A — Al|y. This proves C\ N C o(Aly),
which in turn prevents Aly from being (bi)sectorial in ).

The subspace ) in Example 3.2.13 lacks in invariance under the resol-
vents of A. If this is imposed as an additional assumption, then (bi)secto-
riality is inherited to A|y and the functional calculi of A and Aly are
compatible in the sense to be expected.

129



3 Functional calculus for bisectorial and sectorial operators

Lemma 3.2.14. Let A be a (bi)sectorial operator of angle ¢ in a Banach
space X and suppose that Y is a closed subspace of X that is invariant
under (A — A)™1 for every X € p(A). Then p(A) C p(Aly) and

A=Ay T =A=-A4)"")

for every X\ € p(A). In particular, Aly is again (bi)sectorial of angle ¢.
Moreover, if A is densely defined, then D(Al|y) =D(A)NY.

Proof. Let A € p(A). Since Y is invariant under resolvents of A, the
part (A — A)7!y is defined everywhere on ) and bounded. Moreover,
by a routine calculation it is seen to be a left and right inverse for the
restriction (A — A)|y = A — Aly. If in addition A is densely defined,
then ) is A-invariant thanks to Corollary 3.2.3 and D(Al|y) = D(A)NY
follows. u
a Banach space X. Suppose Y is a closed subspace of X that is invariant
under (A — A)™! for every A\ € p(A). Then Aly is again bisectorial of
angle ¢ and the following assertions hold.

Proposition 3.2.15. Let A be a bisectorial operator of angle ¢ € [0,

(i) If f € E[Sy], then Y is invariant under f(A), and f(Aly) = f(A)]y.
(i) If f € M[Sy)a, then f € M[Syla), and f(Aly) = f(A)ly.

Upon replacing bisectors by sectors, the same results hold true if A is a
sectorial operator of angle ¢ € [0, ).

Proof. We begin with the first assertion. Thanks to Lemma 3.2.14 it
suffices to consider f € H{°[S,]| and in this case

A =5 [ 7 Ay

 2mi

_ 217“ [ )= Ab) My de = f(Aly)y € Y

holds for every y € J and an appropriate choice of v € (¢, 7).
For the second assertion take a regularizer e for f in the functional
calculus of A. The first assertion assures e(A|y) = e(A)|y as well as
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(ef)(A)]y = (ef)(Aly). So, e(A]y) is an injective operator on ), meaning
that e also regularizes f in the functional calculus for A|y. Thus,

F(Aly) = e(Aly) " (ef)(Aly) = (e(A)]y) " o (eH)(A)ly
= e(A)yo (e Ay = (el e A)ly = F(A)y-

Upon the usual modifications the same arguments apply if A is a sec-
torial operator. O

The concepts discussed above allow to define the injective part of a
(bi)sectorial operator.

Example 3.2.16. Let A be a bisectorial operator of angle ¢ € [0,%) in a

Banach space X and let ) := R(A).

(i) The space Y is invariant under (A — A)~! for every A € p(A). The
part Aly is a (bi)sectorial operator of angle ¢ in ) with dense range
in Y. In particular, it is injective in view of Proposition 3.2.2.(ii).
Therefore A|y is also called injective part of A. Its domain is given
by D(Al|y) = D(A)NY and A|y has dense domain in Y provided A
has dense domain in X.

(i) If X is reflexive, then for every f € £[S,| the decomposition of
vector spaces X = N(A) & Y induces a decomposition of operators
f(A) = f(0)Id®f(Aly), where f(0) := limg,5.0 f(2). Moreover,
D(f(Aly)) = D(f(A)) N Y remains true for every f in the domain
of the functional calculus for A.

Similar results hold for sectorial operators.

Proof. (i) Invariance of J = R(A) under all resolvents of A follows
since resolvents of A commute with A. Lemma 3.2.14 yields (bi)sec-
toriality of A|y on Y with the same angle as A. Since ) is the closure
of the range of A, we obviously have D(A|y) = D(A)N Y. Owing to
Proposition 3.2.2(ii) each y € ) can be approximated by elements

y, = Az, where x, = (it + A) 'y,

as t — 0 (replace i by 1 here if A is sectorial). Since ) is invariant
under resolvents of A, the elements z;, t > 0, belong to D(Aly),
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thereby showing y € R(Al|y). Injectivity of Aly follows again from
Proposition 3.2.2(ii). Finally, if A has dense domain in X, then part
(iii) of Proposition 3.2.2 yields

Y = D(A) N R(A) = DA) N R(A) C DAL) € V.

We only consider bisectorial operators. The modifications in the
sectorial case are straightforward. Let ¢ € (¢, %) and fix f € £(Sy)
along with a representation

f=g+cli+2)'+d (g€ HP(S,), c,deC).

The decomposition of vector spaces is due to Proposition 3.2.2(iv).
Owing to Proposition 3.2.15(i) we only have to consider z in the
nullspace of A and prove the identity f(A)z = f(0)z = (¢ +d)z. In
this case (z — A) "'z = 2712 holds for all z € p(A), so that

1 d
f(A)zx = —/ g(z)xi—l—gm%—dx
S, z i

27

for some angle v € (¢,1). As a consequence of the regular decay of ¢
and Cauchy’s integral theorem the contour integral above vanishes.

Now, take f in the domain of the functional calculus for A and let
e be a regularizer for f. Since both components of the topological
decomposition X = N (A)@®)Y are e(A)-invariant, the inverse e(A) ™!
maps R(e(A))NY into Y. Thus, f(A) maps D(f(A))NY into Y and
consequently, D(f(A)) NY = D(f(A)]y). Proposition 3.2.15 yields
the claim. 0

Adjoints

Suppose A is a densely defined (bi)sectorial operator A on a Banach space
X. Then the adjoint operator A* is defined on the dual space X'* and
owing to

(A=A ) =(A-49"  (Aepd)
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it is (bi)sectorial of the same angle as A. Concerning functional calculus,
the natural identity in question is f(A)* = f*(A*), where f*(z) = f(Z) is
the conjugate of f.

To start with, suppose (€, M, ®) is an abstract functional calculus over
a Banach space X'. Then

O* = (e D(e")") : £ = L(XT)

is an algebra homomorphism turning (£, M, ®*) into an abstract func-
tional calculus over X*, called adjoint functional calculus. This is the
equivalent of the construction in [73, Sec. 2.6.1] for our setting of anti-
dual spaces.

Proposition 3.2.17 ([73, Prop. 2.6.1}). Let (£, M, ®) be an abstract func-
tional calculus over a Banach space X with adjoint calculus (€, M, ®*),

and let f € M. Suppose there exists a reqularizer e € £ for f in the
caleulus (€, M, ®) and a sequence { fi}r C M, such that

(i) it holds ®(fr) € L(X) and R(P(fr)) € R(P(e)) for every k € N,
(i) the sequence {®(fx)}r converges strongly to the identity on X.

Then e regularizes f in the adjoint calculus (€, M, ®*) and ®(f*)* =
O*(f) holds.

Taking into account the all-purpose proposition for (bi)sectorial oper-
ators, Proposition 3.2.2, we can give a satisfactory answer to the initial
question.

Proposition 3.2.18. Let A be a densely defined bisectorial operator of

angle ¢ € [0,%) on a Banach space X. Then A* is a bisectorial operator

of angle ¢ on X* and the identity
fA) = (A7)

holds for every f € M[Sy] that is reqularizable by a power of (14 2)~! in
the functional calculus for A. In particular, this applies to f € E[Sy]. If
in addition A has dense range, then it also holds for every f € M[S,] that
is reqularizable by a power of z(i+ 2)~2 in the functional calculus for A.

Upon replacing bisectors by sectors and the imaginary unit i by 1, the
same results hold for a sectorial operator A of angle ¢ € [0, ).
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Proof. We already know that A* is bisectorial of angle ¢ and that the
assertion holds if A € C\ Sy and f = (A —2)7. Let f € H®(Sy) for some
Y € (¢,5), choose v € (¢,v), and compute

1

FA) == [ TE(E- A7) da
1 TN (= s\ —1
:_%/asuf(z)(z—A) dz
1

e - (g
=551} TE( = A dz = fr(a)
This completes the proof for f € £[Sy]. As a consequence, (f*(A))* =
f(A*), meaning that the adjoint functional calculus of (£[Sy4]), M[Sy], P4)
simply is (8[8¢], M[Sd)], CI)A*>.

To establish the claim in the general case we appeal to Proposition 3.2.17
and construct a sequence { f; }, with the required properties. If f € M[S,]
is regularizable in the functional calculus for A by e = (i + z)~™" for some
n € N, then Proposition 3.2.2 ensures that f; = (ik)"(ik + 2)™" does the
job. Likewise, if f € M][S4] is regularizable in the functional calculus
for A by e = 2"(i + 2z)72" for some n € N and if A has dense range,
then we can take f;, := (ik)"2"(ik™" + 2)™"(ik 4+ 2)™", see the proof of
Proposition 3.2.2(iii). O

Remark 3.2.19. Recall from Proposition 3.2.2 that if the Banach space
X is reflexive, then D(A) = X is automatically satisfied and R(A) = X
is equivalent to A being injective. So, in this case f(A)* = f*(A*) holds
for all common functions in the functional calculus for A.

3.2.3 A composition rule

s
v 2
X. As for every A € C\ Sys 4 there is a factorization

Suppose A is a bisectorial operator of angle ¢ € [0,Z) in a Banach space

(3.7) A= A2 = (VA= A)(—V) - A)

with £v/A € C \ Sy, the operator A? is sectorial of angle 2¢. Since
also every holomorphic function f on Sey 1 corresponds to a holomorphic
function f(z?) on S, it is natural to ask for a composition rule

F(z%)(4) = f(4?)
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3.2 Functional calculi for sectorial and bisectorial operators

provided f(A?) is defined.

Theorem 3.2.20. Let A be a bisectorial operator of angle ¢ € [0,5). If a
meromorphic function f belongs to the domain of the functional calculus
for the sectorial operator A?, then f(z%) belongs to the domain of the
functional calculus for the bisectorial operator A and the composition rule

f(z*)(A) = f(A?) holds.

Proof. We first consider the case g € £(Syy4) for some ¢ € (¢, 7).
By definition there is a decomposition g = f + ¢(1 + 2)~' + d, where
f € HP(S2y+) and ¢,d € C. Then

g(2*) = f(Z*) +c(i+2)"(=i+2)"  +d € ESy),

taking into account Example 3.2.4. The composition rule is certainly true
for the constant part d. For the resolvent parts note that if A € C\ Sy 1,
then (3.7) and Theorem 3.1.3 justify the calculation

A—2) 1A = (A=A = —(VA-A) (VA - A
= |- (VA=) A [(-VX =21 (A)] = (A = 22)71(A).

To handle the part involving f choose v such that ¢ < v < 1 and employ
(3.7) and the resolvent identity to find

1A =5 JEE -4
 2mi
"~ 27 2z

1
27
1 B ~
= [ OWE- AT (—VE-A)
8S21/,+
1 _ 1\ dz
— o[ IO(WE- AT = (VE- A7)
as2u,+
Substituting \/z <> z, this integral can be transformed to a contour inte-
gral over ST. Consequently,

_ ;m /BSU+ FE) (=) = (—2 - 4)7) de
_ 21m /8SU+®_88V+ F22)(z — AV dz
= [(z*)(A),
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3 Functional calculus for bisectorial and sectorial operators

since S, = 0S, + & — 39S, 4+ with respect to the appropriate orientation.

For the general case assume that f belongs to the domain of the func-
tional calculus for A% and pick a regularizer e € £[Sqy 1] for f. From above
we can infer that e(2?) € £[Sy] is a regularizer in the functional calculus
for A and that e(2?)f(2?) = (ef)(z?) € £[Sy). Hence, f(2?) belongs to the
domain of the functional calculus for A and

F()(A) = [e(2")(A)] 7 [(ef)(z*)(A)] = e(A*) " (ef) (A7) = f(A%)

follows. L

3.2.4 Fractional powers

Let A be a sectorial operator of angle ¢ € [0,7) in a Banach space X.
Given the preface to this thesis, it is not surprising that the square root
VA and, more generally, the fractional powers A% are of particular inter-
est. These operators are defined by means of the functional calculus for
sectorial operators as follows: Agreeing on the complex logarithm to be
defined on its principal branch, for each complex number o with Rea > 0
the function z* is holomorphic on C\ (—o0,0] and regularizable in the
functional calculus for A by (1 + 2)™" with n a natural number larger
than Re a. The resulting operators

A% = (27)(A) (Rea > 0)
are called fractional powers of the sectorial operator A. In the case a =

we usually write v/A instead of A'/2.
The most important properties of these operators are collected below.

1
2

Proposition 3.2.21 ([73, Prop. 3.1.1]). Let A be a sectorial operator
of angle ¢ € [0,7) in a Banach space X and let o, € C*. Then the
following assertions hold.

(i) The law of exponents AP = A*AP is satisfied. In particular, the
fractional powers of A coincide with the usual powers of A if a € N.

(ii) If Rea < Ref, then D(A?) C D(A%). If in addition A is densely
defined, then D(AP) is a core of A“.
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3.2 Functional calculi for sectorial and bisectorial operators

(iii) It holds N'(A%) = N(A) and if A is invertible, then so is A®.

Proposition 3.2.22 ([73, Prop. 3.1.9]). Let A be a sectorial operator of
angle ¢ € [0,7) in a Banach space X and let « € CT. Then for every
e > 0 there is equality of domains D(A%) = D((A +¢)%).

Remark 3.2.23. (i) There are at least two legitimate definitions for
the operator (A+¢)%, namely (z+¢)*(A) using the functional calcu-
lus for A and z*(A+¢) using the functional calculus for the sectorial
operator A+ ¢. Fortunately, the latter two operators coincide as an
instance of the omnibus composition rule [73, Thm. 2.4.2].

(ii) The graph norms of A% and (A + €)* are equivalent. To see this,
first note

2% P 1 1
- - 1) - r1eegst)
g (z +e)> ((2+8)°‘+1+z ) 112 € Sy)

Hence g(A) € L(X) and so A* = g(A)(A+¢e)* due to Theorem 3.1.3.
Consequently,

[zl + [[A%2 ] < lelf + 1A+ )%l (& € D(A%))

and the reverse estimate follows from the open mapping theorem.

A composition rule similar to Theorem 3.2.20 makes the functional cal-
culi for A compatible with the functional calculi of its fractional powers.

Proposition 3.2.24 ([73, Prop. 3.1.2, Prop. 3.1.4]). Let A be a sectorial
operator of angle ¢ € [0,7) on a Banach space X. If o € (0, g), then A®
is sectorial of angle ap. Moreover, if a meromorphic function f belongs
to the domain of the functional calculus for A%, then f o z® belongs to the
domain of the functional calculus for A and the identity

f(A%) = (foz%)(A)
holds true.

The following integral representation for fractional powers turned out
useful on occasions. For a proof see [73, Prop. 3.1.12].
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3 Functional calculus for bisectorial and sectorial operators

Proposition 3.2.25 (Balakrishnan representation). Let A be a sectorial
operator of angle ¢ € [0,7) in a Banach space X and let 0 < Rea < 1.
Then

sin o

A = /0°° N+ A Ardt (x € D(A)).

™

Fractional powers of bisectorial operators are a more delicate matter
since the functions z® defined via the principal branch of the logarithm
are not holomorphic on any bisector. Of course, we could switch to a
branch of the logarithm on the simply connected domain C \ i[0, c0), but
the benefit of this workaround usually does not compensate all the tedious
inconveniences it causes, such as incompatibility with the usual powers.
A better replacement for fractional powers when dealing with a bisectorial
operator A are the pseudo fractional powers defined by

(A2)% = 29(A%) = (:2)%(4)  (Rea > 0).

Here, the second equality is by the composition rule, Theorem 3.2.20.
Since the pseudo fractional powers of a bisectorial operator coincide with
the fractional powers of its square, the statements of Proposition 3.2.21,
and in particular the law of exponents, directly carry over to these oper-
ators.

3.2.5 Bounded holomorphic semigroups

In this section we review the basic properties of bounded holomorphic
semigroups and their classical connection to sectorial and bisectorial op-
erators. For further background on operator semigroups we refer to the
excellent textbooks of ENGEL-NAGEL [56], PAzy [130], and ARENDT-
BATTY-HIEBER-NEUBRANDER [7]. Functional calculus allows to render
meaningful the naive solution formula x(t) = e 4z, for the abstract

Cauchy problem
(t) + Az(t) =0 (t > 0),
{L’(O) =2 € X,

whenever A is sectorial of angle smaller than Z in a Banach space X.

2
Indeed,

e = (e —(1+2)7")+(1+2)7" € £[Sy
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3.2 Functional calculi for sectorial and bisectorial operators

provided |argA| + ¢ < 7. Hence, to each sectorial operator of angle

¢ € [0, %) on X there corresponds a one parameter family
e M= eM(A) € L(X) (M€ S:/2—<z> u{0}).

The following properties are straightforward from the definition of func-
tional calculus, see also [73, Prop. 3.4.1].

Proposition 3.2.26. Let A be a sectorial operator of angle ¢ € [0,7) in
a Banach space X and let

T\ :=e M (A e8], ,uU{o}).

Then the following assertions hold.

(i) The functional equation
T0)=1d and TA+p)=TNT(n) A\ €S, 4
is satisfied.
(ii) The mapping
T:=MA=TMN):S), ,— LX)

is holomorphic with derivatives given by T™ = (—=A)"T, n € N.

(iii) For each v € (¢,5) the family {T(A\); A € Sjr/wa} is uniformly
bounded.

(iv) The identity

A+ A)" = /0 T e NT(t) dt

holds true if Re A > 0.

(v) If 2 € D(A)NR(A), then

TNz =z and TNz =0

lim lim
IA|=0, |arg A\|<¢) [A| =00, larg A|<¢

for each ¢ € (0,5 — ¢).
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3 Functional calculus for bisectorial and sectorial operators

A family T = {T'(\); A € Sjr/%a&} of bounded linear operators on a
Banach space X' that satisfies (i) and (ii) of Proposition 3.2.26 is called
holomorphic semigroup of angle 5 — ¢ on X. It is called bounded if in ad-
dition (iii) is satisfied. A holomorphic semigroup of angle § — ¢ is strongly
continuous if the first limit in (v) holds for x € X and it is strongly stable if
so does the second limit. If, given a bounded holomorphic semigroup 1" of
some angle, there exists an operator A satisfying (iv), then this operator is
called generator of T. In this terminology Proposition 3.2.26 reformulates

as follows.

Proposition 3.2.27. Every densely defined sectorial operator A of angle
¢ € [0,%) with dense range in a Banach space X generates a bounded,
strongly continuous, strongly stable, holomorphic semigroup T of angle

5 — ¢ on X given by

T\ =e™  (Aesh, ,u{0}).

For a bisectorial operator there is no direct way to define non-trivial
operator exponentials since for every A € C\ {0} the function e™** grows
exponentially fast as its argument approaches oo within any given bisector.
What can be defined though are exponentials

e (ReX >0),
where here and throughout we put
[2] = V22 = +2 (z € CH).

In fact, e € £[S,] provided that |argA| + ¢ < Z. So, the natural
construction to associate an operator semigroup with a given bisectorial

operator A of angle ¢ € [0, 7) on a Banach space X is to put
T(A) = (e)(4)  (Aesh, ,u{o}).
Since [z] decays regularly at 0, the operator [A] := [2](A) is well-defined in

the functional calculus for A, see Example 3.2.8. The following theorem
does not come as a surprise.
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3.3 The H°-calculus

Theorem 3.2.28. Let A be a densely defined bisectorial operator of angle

¢ €[0,%) in a Banach space X. Then

T = (e)(A)  (AeSt, ,u{0})

is the bounded, strongly continuous, holomorphic semigroup generated by

[A].

Proof. First, we claim that [A] is a densely defined sectorial operator of
angle ¢. Indeed, A? is sectorial of angle 2¢, see Section 3.2.3, and densely
defined due to Proposition 3.2.2(i). Proposition 3.2.21(ii) implies that
[A] = V/A? is densely defined as well and Proposition 3.2.24 guarantees
that it is sectorial of angle ¢. In particular, [A] generates a bounded,
strongly continuous, holomorphic semigroup 7' of angle 7 — ¢ given by

T =e([A)  (AeSf, ,u{0}).

However, owing to Proposition 3.2.24 and Theorem 3.2.20, these semi-
group operators can also be build as

e ([A]) = e(VA2) = e MVE(A?)
=e VP () =) (Nest, ,u{o}

and the conclusion follows. O

Remark 3.2.29. In the setting of Theorem 3.2.28, the space D(A?) is
a core for both A and [A]. This is a consequence of Proposition 3.2.2(i)
and Proposition 3.2.21(ii). The question whether even D(A) = D([A])
holds true is much more involved and we shall come back to it later on in
Section 3.3.4.

3.3 The H®°-calculus

Regularly decaying holomorphic functions such as z(i + z)~! correspond
to bounded operators in the functional calculus for bisectorial operators,
whereas unbounded functions such as z usually correspond to unbounded
operators. This section is devoted to the borderline case for this phe-
nomenon: Under which conditions do merely bounded holomorphic func-
tions correspond to bounded operators?
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3 Functional calculus for bisectorial and sectorial operators

Although the pure notion of an H*-calculus can be set up for general
injective (bi)sectorial operators, most of the more sophisticated results
require operators with dense domain and dense range. These additional
assertions imply injectivity. Conversely, every injective bisectorial op-
erator on a reflexive Banach space fits into this setup due to Proposi-
tion 3.2.2.(iv). Operators with non-dense range will briefly be discussed
in Section 3.3.3. For further generalizations see, e.g., [73, Ch. 5]. Again,
we present the results for bisectorial operators in a way allowing for an
almost literal adoption to the sectorial case.

A beautiful proof of the following vector-valued version of Vitali’s the-
orem from complex function theory was found by ARENDT and NIKOL-
SKI [9], see also [7, Thm. A.5].

Theorem 3.3.1 (Vitali). Let Q C C be a domain and let X be a Banach
space. Let f, : Q@ — X be holomorphic functions (n € N) such that for all
compact sets K C Q it holds

sup || fu(2)]| < o0.
neN, ze K

If the set {z € Q; fu(2) converges} has a limit point in Q, then {fn}nen
converges to a holomorphic function f : Q — X wuniformly on compact
subsets of €.

The next lemma provides an elementary, though important estimate for
the primary functional calculus.

Lemma 3.3.2 (Baby convergence lemma). Let A be a bisectorial operator

of angle ¢ € [0,7) in a Banach space X and let ¢ € (¢,5). Let { fn}nen
be a sequence in H3°(Sy) that converges pointwise on Sy to a function f.

Suppose there exists s > 0 such that
(3.8) fa(2) Smin{ |2, |2} (€84 neN),

Then f € HE*(Sy) and f,(A) converges to f(A) in operator norm. Upon
replacing bisectors by sectors, the same result holds for sectorial operators.

Proof. Due to the uniform estimate (3.8), Vitali’s theorem applies on
both connected components of S, to the sequence {f,},en and yields
f € HF(Sy). The convergence f,(A) — f(A) in operator norm follows
by the dominated convergence theorem applied to the defining Cauchy
integrals, taking min{|z|*,|z| "}||(z — A)"!||x_x as integrable majorizing
function. O]
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3.3 The H°-calculus

3.3.1 Boundedness of the H°°-calculus

For U C C an open set let H*(U) be the Banach algebra of bounded
holomorphic functions on U equipped with the supremum norm || - ||eov-
Suppose A is an injective bisectorial operator of angle ¢ € [0, 7) on a Ba-
nach space X'. For each angle ¢ € (¢, 7) and every bounded holomorphic
function f € H*(Sy) an operator f(A) can be defined using z(i + z) 2 as
a regularizer. The map

H*(S,) — {closed operators in X'}, f— f(A)

is called H*(Sy)-calculus for the injective bisectorial operator A. A similar
notion can be set up for injective sectorial operators.

Definition 3.3.3. Let A be an injective bisectorial operator of some angle

¢ € [0,%) in a Banach space X and let ¢ € (¢, 5). The H*(S,)-calculus

for A is called bounded (with bound Cy > 0) if

[f(Alxsx < Cyllfllees,  (f € HZ(Sy)).
A similar notion is introduced for injective sectorial operators.

Remark 3.3.4. If in the setting of Definition 3.3.3 the H*(S,)-calculus
for A is bounded, then

H*(Sy) = L(X), [ = f(A)

is a bounded algebra homomorphism with norm at most Cy. This is a
consequence of Theorem 3.1.3.

The next result is originally due to M°INTOSH [117].

Proposition 3.3.5 (Convergence lemma). Suppose A is a bisectorial op-
erator of angle ¢ € [0,%) with dense domain and dense range in a Ba-
nach space X. Let ¢ € (¢,5) and let {f,}nen be a bounded sequence in
H>(Sy) that converges pointwise on Sy to a function f. Suppose further-

more fn(A) € L(X) for every n and that
sup || fu(A)|lxox = € < 00

holds. Then f € H®(Sy), f(A) € L(X), and f.(A) — f(A) strongly
on X. Upon replacing bisectors by sectors, the same applies to sectorial
operators.
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3 Functional calculus for bisectorial and sectorial operators

Proof. We concentrate on the bisectorial case. Vitali’s theorem assures
f € H®(S,). Putting e := z(i + 2)~? the sequence {f,e}, satisfies the
assumptions of the baby convergence lemma. So, taking into account
Theorem 3.1.3(iii),

(3.9) fn(A)e(A) = (fue)(A) = (fe)(A) = f(A)e(A)

in operator norm. Now, R(e(4)) = R(A(i+ A)™?) = D(A) N R(A) and
the latter is dense in X due to Proposition 3.2.2(iii). By assumption
{fn(A)}, is a bounded sequence of bounded operators and it has just
turned out to converge strongly on a dense subset of X'. Thus, it converges
strongly everywhere on X to a bounded operator 7" and it remains to prove
T = f(A). To this end take x € X. Since A is injective, e is a regularizer
for f as well as for each f, in the functional calculus for A. Thus,

(3.10) e(A)H(fue)(A)x = fo(A)x — Tx.

Since the operator e(A)™" is closed, the limits (3.9) and (3.10) imply
(fe)(A)z € D(e(A)™') as well as e(A)"!(fe)(A)xr = Tx. By definition
of the functional calculus this means x € D(f(A)) and f(A)x =Tz. O

As a corollary we obtain two weaker assumption implying the bounded-
ness of the H*-calculus. Upon replacing bisectors by sectors, both results
remain valid for sectorial operators and their proofs are literally the same.

Corollary 3.3.6. Let A be a bisectorial operator of angle ¢ € [0, %) with

dense domain and dense range in a Banach space X and let ¢ € (¢, 7).
If there exists a constant Cy > 0 such that

[f(Dllx-x < Collfllees,  (f € HF(Sy)),

then the H*(Sy)-calculus for A is bounded with bound Cy.

Proof. Given f € H*(Sy), put e = 2*(1 + 2?)~2 and define a pointwise
approximating sequence by f, = e'/"f, n € N. Then each f, belongs to
H&°(Sy) and satisfies

1
1 falloosy < 11 Flles, llell s, -
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By assumption this carries over to

| fa(A)llx-x < Collflloes,llells, — (n€N).

Proposition 3.3.5 guarantees that the sequence { f,,(A)}, converges strong-
ly to f(A) € L(X) and letting n tend to oo in the estimate above reveals

IF (AN < Coll fllos, O

Corollary 3.3.7. Let A be a bisectorial operator of angle ¢ € [0, ) with

dense domain and dense range in a Banach space X and let ¢ € (¢, 7).
If f(A) € L(X) for every f € H®(Sy), then the H®(Sy)-calculus for A is
bounded.

Proof. The convergence lemma precisely tells that
{f € HX(Sy); f(A) € L(X)} CHX(Sy) = L(X), [ f(A)

is a closed operator. By assumption this map is everywhere defined and
the closed graph theorem yields the claim. O]

We conclude this section with the following duality result.

Proposition 3.3.8. Let A be a bisectorial operator of angle ¢ € [0, ) with
dense domain and dense range in a Banach space X and let ¢ € (¢, 7).
If the H*®(Sy)-calculus for A is bounded with bound Cy, then so is the
H>(Sy)-calculus for A*. Up to the usual modifications the same holds

true in the sectorial case.

Proof. Recall from the treatise of adjoints in Section 3.2.2 that A* is
a bisectorial operator of angle ¢ in A*. As the adjoint of a a closed
operator with dense domain and dense range is injective [73, Sec. A.4],
the operator A* has a well-defined H*(S,)-calculus on X*. Since every
element of H*(S,) is regularizable by z(i + z)72, the claim follows from
Proposition 3.2.18. The proof in the sectorial case is similar. O

3.3.2 MC€Intosh approximation

The purpose of this section is to give a self-contained proof of a fun-
damental approximation result for bisectorial operators originally due to
MCINTOSH [117].
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3 Functional calculus for bisectorial and sectorial operators

Theorem 3.3.9 (M¢Intosh approximation). Let A be a bisectorial oper-
ator of angle ¢ € [0,%) on a Banach space X and let f € HE°[Sy] satisfy

Jox f() & = £1. Then,

[renet= ([ 10 F)wn"e5" o eD@RD)

Remark 3.3.10. The operators f(tA), t > 0, are unambiguously defined
in view of Section 3.2.2 on scalings.

Remark 3.3.11. The proof of Theorem 3.3.9 will reveal that up to the
usual modification the same result holds for sectorial operators, but that

in the case of a sectorial operator it suffices to assume [5° f(¢) & = 1 since

o(A) N R- = . t

Proof of Theorem 3.3.9. Fix ¢ € (¢,75) such that f € H{(Sy). For
0 <a <b< oo define

b
Fuv:Su—C, Ful) = [ ) T

a

The argument is in three consecutive steps.

Step 1: Estimates for F

In this step we demonstrate that {F,;}o<a<b<oo i @ bounded subfamily of
H5°(Sy). As f belongs to HP(Sy), there exists s > 0 such that

b _, dt blz| dt

Fas] S [Cmin{lel' 27 = [ gy G
o dt 2

< in{t5. ¢t} — ==
_/0 mindf”, 7} t s

alz|

forall 0 < a < b < oo and every z € S;,. By the dominated convergence
theorem each F, is continuous on S;. Moreover, if A C Sy, is any closed
triangle, then by Fubini’s theorem and Cauchy’s integral theorem

/émFa’b(z) dZ:/aA/abﬂtz)itdzz/ab/aAf(tz)dzitzo,

146



3.3 The H°-calculus

As a consequence of Morera’s theorem £} is holomorphic on Sy;. Finally,
to see that Fj is regularly decaying, start again from

b|z| dt
Fol |</ min{t, £} = (z€5,).

If |2| < b1, then the right-hand side is bounded by ¢ t=1 dt = 5571 |z|°
from above. Likewise, if |z| > a™', then ¥ t=*~" dt = a™s7"|2| " is an
upper bound.

In particular, the operator F, ,(A) is defined via the primary functional
calculus for A and with v € (¢,4) and the help of Fubini’s theorem the
representation

(311)  Fuy(A // F(t2) (= — A d%——/ wiﬁ
27r1 oS,

follows.

Step 2: Convergence in a special case

Next, we prove the claim in the case x € D(A)NR(A). Put e := z(i+2) 2
Due to (3.11) and R(e(A)) = D(A) N R(A) it suffices to show

(3.12) Fo b (A)e(A) = (F,, p.e)(A) =3 e(A)

in operator norm for all sequences {a,}, and {b,}, tending to 0 and

00, respectively. The sequence {F,, 5, €}, is bounded in H3°(S,) with a

n;bn

uniform estimate
(Fupp,€)(2)] Smin{|z|,|z|7'} (2 €Sy, n€N)

due to Step 1. Moreover, if z € R*, then

bn dt bz dt ;oo dt
Fan(2) = [ 02 G =[50 G S sen() [ g0 S =
by assumption. Vitali’s theorem allows to extend this pointwise conver-
gence to all z € Sy, and in view of the identity theorem the limit function
must be 1. So, we are in position to apply Lemma 3.3.2 to the sequence
{Fu, p,e}n and (3.12) follows.
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Step 3: Convergence in the general case

Strong convergence can be extended from D(A)NR(A) to its closure by the
usual 3e-argument, once {F,;(A)}o<cach<oo has been uniformly bounded
in £(&X'). This will conclude the proof due to the side result

D(A)NR(A) = D(A) NR(A)

of Proposition 3.2.2(iii). To prove uniform boundedness, start again from
(3.11) and split

Foo) = [ pteaye = [ gy = [ oea) S - [ plara)

This suggests to consider the function Fy; = [y f(tz) 4 € £(Sy), see
Example 3.2.5. As in the final paragraph of Step 1, Fy1(A) = [ f(tA) %
and since the same applies to the sectorial operators bA and aA in place

of A, compare with Proposition 3.2.11,
Fa,b(A) = Foyl(bA) — F(),l (CLA)

Once again referring to Proposition 3.2.11, the operators on the right-hand
side are uniformly bounded in norm with respect to a and b. ]

Example 3.3.12. The standard regularizers iﬁfﬁg; and (1_2;22)2 fit the

assumptions of Theorem 3.3.9.

3.3.3 Operators with non-dense range

It is convenient to define an H*-calculus also for (bi)sectorial operators
with non-dense range. This is done best by restricting to the injective
part of such an operator.

Definition 3.3.13. Let A be a bisectorial operator of angle ¢ € [0, 7) on
a Banach space X. For each ¥ € (¢, §) and every f € H*(Sy) define

f(A) = f(Alzm)

as an operator in R(A). The H*(S,)-calculus for A is said to be bounded
on R(A) (with bound Cy > 0) if the H*(S,)-calculus for the injective

part of A is bounded on R(A) (with bound Cy > 0).
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Remark 3.3.14. Due to Proposition 3.2.15, Definition 3.3.13 is clear
without ambiguity. It can literally be adopted to sectorial operators.

As an application we answer a question raised in Remark 3.2.29 on the
comparability of A and [A]. In fact, the following result is far more than
a simple playing around — it lies at the heart of the Kato square root
problem and many other deep results of the Calderén program [30, p.463]
and has advanced the development of H*-functional calculus in the first
place.

Proposition 3.3.15 (Abstract Kato square root problem). Let A be a
bisectorial operator of angle ¢ € [0, %) on a reflevive Banach space X and
assume that its H*(Sy)-calculus is bounded on R(A) for some ) € (4, 7).
Then D(A) = D([A]) with equivalent graph norms.

Proof. For brevity put Y := R(A) and let B := Al|y be the injective
part of A. With f := Z € H*(Sy), Theorem 3.1.3 yields f(B)[B] € B
and f(B)B C [B]. However, f(B) € L()) by assumption, so that in fact
there is equality in both of these inclusions. Hence, D(B) = D(|B]) with
equivalent homogeneous graph norms. It remains to lift this property
to A. The composition rule in Theorem 3.2.20 yields [A] = v/A2 and
so N(A) = N([4]) thanks to Proposition 3.2.21(iii). Hence, the direct
decomposition X = N(A) @ Y from Proposition 3.2.2(iv) induces direct
decompositions

D(A) =NA)eDA)NY =N(A) ®D(B)
and
D([A]) = N([A]) ® D([A]) N Y = N([A]) & D([B]),

where the respective second equalities are due to Example 3.2.16. Now,
D(A) = D([A]) with equivalent graph follows from the respective claim
for B established in the first part of the proof. n

3.3.4 The spectral decomposition of bisectorial
operators

The spectrum of a bisectorial operator A splits into the three parts

o(A) = (a(A)NC) U (o(A) n{0}) U (o(A)nCTH).
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3 Functional calculus for bisectorial and sectorial operators

From the spectral theoretic point of view, the natural question is whether
this induces a topological spectral decomposition

X=X aNA e X,

of the underlying Banach space X' into A-invariant closed subspaces X7
such that the restrictions A* of A to X satisfy o(A%)\ {0} = o(A)NC*.
A dichotomy at 0 occurs since the spectral properties of A at 0 have not
been specified further. The objective of this section is to establish this
spectral topological decomposition for bisectorial operators that have a
bounded H*>-calculus of some angle.

Definition 3.3.16. Let A be a bisectorial operator of angle ¢ € [0, %)
in a Banach space X and assume that its H*(S,,)-calculus is bounded on

R(A) for some ¢ € (¢, 7). Define
Py :=1c+(A) and X§ :=R(P3).

The operators P3 are called generalized Hardy projections and their ranges
are called generalized Hardy spaces associated with A.

The following two lemmas justify this nomenclature.

Lemma 3.3.17. Let A be a bisectorial operator of angle ¢ € [0,7) in a

Banach space X and assume that its H*(Sy)-calculus is bounded on R(A)
for some 1 € (¢,%). Then Py are bounded projections on R(A) that

induce a topological decomposition R(A) = X, & X1.

Proof. By assumption the operators Py = 1¢+ (Alzgay) are bounded on
R(A). Since

(f = F(A)) - H¥(Sy) = L(R(A))

is an algebra homomorphism, 1. = 1¢+ and lg-rng, + lotns, = 1,
translate to (P$)? = Pi and Py + Pf = ldzray- O

Lemma 3.3.18. Let A be a bisectorial operator of angle ¢ € [0,7) in a

Banach space X and assume that its H*(Sy)-calculus is bounded on R(A)
for some 1) € (¢,%). Then the generalized Hardy spaces associated with A
are invariant under A as well as under (A\—A)~! for every X € p(A). Here,
A-invariant means that APtz = P3 Az holds for every x € D(A)NR(A).
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3.3 The H°-calculus

Proof. This is a direct consequence of Theorem 3.1.3, taking into account
that P = 1¢+(A) are bounded. O

In the proof of the spectral decomposition we will need the following
auxiliary result.

Lemma 3.3.19. Let A be an operator with non-empty resolvent set in a
Banach space X. Suppose that X splits topologically into a sum of two
closed subspaces Y and Z that are both invariant under (A—A)~1 for every
X € p(A). If P is the projection onto ), then PA C AP. Moreover, there

is a spectral decomposition o(A) = o(Aly)Ua(A|z).

Proof. Fix an element A € p(A) and split x € D(A) as
r=AN—A)""POA-Az+ A=A 1 -P)\N— Az :== 2, + 72

Since both ) and Z are invariant under resolvents of A, ;1 € ) and
xo € Z. Since Y @ Z is a direct sum, this implies x; = Pz € D(A). Thus,
(A= A)Px = P(A\— A)x and APx = PAx follows.

Concerning the spectra, first let A € p(A) and note that since Y is
invariant under resolvents of A, the part (A— A)™!|y is defined everywhere
on Y and bounded. By a routine calculation it is seen to be a left and
right inverse for (A\—A)|y = A— A|y. Hence, 0(Aly) C 0(A) and similarly
for Alz. If conversely A € p(Aly) N p(A|z), then the first part reveals

Ry:=(\—Aly)'P+(\—A|z)"'(1 - P) e L(X)

as a two-sided inverse for (A — A) and thus A € p(A) follows. O

Now, we are in the position to prove that the generalized Hardy spaces
are the sought-after spectral subspaces for A.

Theorem 3.3.20. Let A be a bisectorial operator of angle ¢ € [0, 75) in a
Banach space X and assume that its H*(Sy)-calculus is bounded on R(A)

for some ¢ € (¢,5). Then the following assertions hold.

(i) The generalized Hardy spaces X5 are invariant under A and all
resolvents of A. They form a topological decomposition

R(A) =X, & X1,
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3 Functional calculus for bisectorial and sectorial operators

(ii) Let A* be the part of A in X3. Then AT is a sectorial operator of
angle ¢ in X{ and —A~ is a sectorial operator of angle ¢ in X .
In particular, both operators are bisectorial of angle ¢.

(iii) If in addition X is reflezive, then o(A*)\{0} = o(A)NC* and there
s a topological spectral decomposition

X=X, e N(A) e X}

Proof. The first item is precisely the statement of Lemma 3.3.17 and the
second part of the third one then follows from Proposition 3.2.2(iv). The
proof of the remaining assertions is in four short steps.

Step 1: p(A) C p(A*) with appropriate resolvent bounds

Applying Lemma 3.2.14 twice to first restrict from X to R(A) and after-
wards to X3, we find p(A) C p(A*) and

A=A = A=Ay (e p(d)).

Moreover, A* is bisectorial of angle ¢ on X and the simple but important
identity

(3.13) e+ (Ai) = 1c= (A)|Xjf = IdXAi

holds true.

Step 2: The inclusion CT C p(A*)

Throughout this step let A € CT and put fi = (A — z)"'1¢+. Then
fif € H®(S,) and thus fi7(A) is a bounded operator on R(A). We claim

FEA) s = (A5 = (A= A%

The first equality is again a consequence of Proposition 3.2.15. More-
over, fi = le=f{ implies ff(A) = PTf(A). Hence, R(f{(A)) C X5
and therefore fi(A*) is everywhere defined and bounded on X¥. Theo-
rem 3.1.3 in combination with (3.13) yields

(A = AF) [ (AF), [E(AF) A =A%) S (A = 2)[i)(AY) = 1ex(AF) =1

showing that fi(A*) is a two-sided inverse for A — A*.
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3.3 The H°-calculus

Step 3: Resolvent estimates on CT

The goal of this step is to prove the resolvent estimate
(3.14) IA=AHTI ST (AeCh).

Since we already know that A* is bisectorial of angle ¢, this will imply
that FA* is even sectorial of angle ¢. In order to establish (3.14), we first
use Step 2 and the boundedness of the H*(S,)-calculus for A to find

1O = A5 it = IFEAN S I les, (€ CP).
By symmetry it suffices to consider the case A € C~. Clearly,
1

ao. S:D AeC).

13 o5, <

Now, if |arg A\| > 7 +1), then the origin is the point in % closest to A and
hence d(A,S)) = [A|. Otherwise, let d be the foot of the perpendicular
from X to the halfray [0, 00)el¥ and note

d(A,S))) = |d — A| = [A]sin(|arg \| — ) = sin(§ — ) = |A| cos 1),

see also Figure 6. Altogether, this establishes (3.14).

Step 4: Nesting the spectrum of A*

It remains to prove the spectral equality o(A%) \ {0} = o(4) N C*. The
first two steps provide the inclusion

o(A*)\ {0} C (a(4) NC\ CF) \ {0} = o(A) NC*,

where for the second equality we have utilized that o(A) NiR C {0} holds
by bisectoriality. On the other hand, applying Lemma 3.3.19 twice leads
to the converse inclusion

o(A)NCE = (0(A7) U (Alpa) Ua(AT)) nC*
AF)YNC*

Here, reflexivity has guaranteed that X splits into the topological sum

N(A) & R(A). O
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3 Functional calculus for bisectorial and sectorial operators

Im

Re

Figure 6: The case |arg A| < §+4 in Step 3 of the proof of Theorem 3.3.20.

3.4 Quadratic estimates

(Bi)sectorial operators A with a bounded H*-calculus on the closure of
their range are closely related to those satisfying quadratic estimates

[Tl S el @ e RCAD,

where f is some appropriate regularly decaying holomorphic function.
Seminal results in this direction are due to MYINTOSH [117] relying on
earlier ideas of YAGI, see also [43]. We give a short account of the the-
ory for bisectorial operators with dense domain and outline the necessary
changes for sectorial operators.

We begin by rendering the notion of quadratic estimates more precisely.

Definition 3.4.1. Let ¢ € (0, 7). A function in H(Sy) is called degen-
erate if its restriction to one of the sets R¥ is identically zero.

Remark 3.4.2. In view of the identity theorem there is no akin notion of
non-trivial degenerate holomorphic functions on connected open subsets
such as sectors.

Definition 3.4.3. Let A be a densely defined bisectorial operator of angle

€ [0, %) in a Banach space X and let f € Hi°|Ss|] be non-degenerate. If
2 0 P¢

(315 [T s el @ e RO,
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3.4 Quadratic estimates

then A is said to satisfy quadratic estimates for f. Similarly, densely
defined sectorial operators A of angle ¢ € [0,7) that satisfy quadratic
estimates for some f € Hi°[S/] are introduced.

Definition 3.4.3 will turn out independent of the particular choice of f:
Once (3.15) holds for some admissible function, then it already holds for
all such functions. Therefore we can simply speak of densely defined bisec-
torial operators that satisfy quadratic estimates. The proof of this result,
however, requires some preparations.

Lemma 3.4.4. Let A be a bisectorial operator of angle ¢ € [0,7) in a
Banach space X and let ¢ € (¢,%). For any two fi, fo € HF°(Sy) there

)
exists a positive function ¢ € L(0, oo; 7") such that

Ifi(sA) fo(tA)|x—x S C(st™) (5,8 >0).

Up to the usual modifications the same applies to sectorial operators.

Proof. Fix v € (¢,) and choose exponents a; > 0, j = 1,2, such that
the bounds |f;(z)] < min{|z|",|z|”™} are satisfied for all z € S,. The
most direct estimate on the Cauchy integral gives

AR = [ 1621021~ A

X=X

d|z|
IER

</ min{|sz|™ , |s2| 7} min{|tz]*? , [¢2] 7}

and by substituting ¢ |z| <> u it follows

:/ mln{
st_l

)-

—o

Cany d
bamin{lul™?, Ju 2} <

S
—u
t

)

Integrability of ¢ with respect to % follows by the substitution ru < r
and Tonelli’s theorem:

[ e S = ([Tt ) ([ gl

4
= ) [
109
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3 Functional calculus for bisectorial and sectorial operators

We also need the following concept.

Definition 3.4.5. The normalized conjugate of a non-degenerate function
J € HF(Sg), 0 < ¢ < 7, is defined by

fiz) = —f(2) = *f( ) (2€8,nCH),

where cx = %+ fpu [f()]? g, Similarly, if f € HF(S}), 0 < ¢ <, is not
identically zero, then its normalized conjugate is

)= 1) = JE) (2€8y)

where ¢ = for | f(1)[ .

Remark 3.4.6. Let f € H(Sy), 0 < ¢ < 7, be non-degenerate. By

construction its normalized conjugate belongs to HS°(S,) and satisfies
Je= A f(t) & = 1. Similarly, if f € H(S]), 0 < ¢ < m, is not
identically zero, then [, f(t)f(t) & = 1.

Now, we can come up with the promised ‘for some/for all result’.

Proposition 3.4.7. Let A be a densely defined bisectorial operator of
angle ¢ € [0,%) in a Banach space X. If f,g € HF[Sy] are any two
reqularly decaying holomorphic functions and if g is non-degenerate, then

[Tl § < [Tlgtapr S e RO,

In the sectorial case the conclusion holds for all non-zero reqularly decaying
holomorphic functions in the functional calculus for A.

Proof. Choose 1 € (¢, 3) such that f,g € H*(Sy). Then g € H3®(Sy)
and by construction [p:(¢gfg)(t) & = £1. Now, fix z € R(A). The-
orem 3.3.9 yields the identity [°(gg%)(tA)x % = z in the sense of an
inproper Riemann integral. Hence,

[T 1reae L < 0‘”( [ 155 At A1z O}j) &
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3.4 Quadratic estimates

Lemma 3.4.4 provides a positive function ¢ € L*(0, oo; &) such that

<[ ([ Oaean &) &

and the Cauchy-Schwarz inequality bounds the right-hand side by

< [T eCnaeare ) <

A straightforward calculation invoking the substitution rule and Tonelli’s

theorem reveals
o0 dr\? ([ o dt
= ([T %) (7 tatearel )

and the conclusion follows. O

Corollary 3.4.8. Let A be a densely defined bisectorial operator of angle
¢ € [0,5) in a Banach space X. If A satisfies quadratic estimates for
some non-degenerate function f € HE[Sy], then

[T TSl @ e REA)

holds for all f € H°[Sy] and the reverse estimate 2 holds for all non-
degenerate such f.

In the sectorial case quadratic estimates for some non-zero reqularly de-
caying holomorphic function imply quadratic estimates for all such func-
tions.

Corollary 3.4.9 (Schur’s estimate). Let A be a densely defined bisectorial

operator of angle ¢ € [0,%) in a Banach space X. If {T;} C L(X) is a

family of operators for which there exists ¢ € L1(0, oc; T) and C' > 0 such
that

| Tt A1+ 2 A%) | von < OC(st™)  (s,t > 0),

then

o0 ds o0 _ dt
[l < SR gy [ e smm(A) A+ 22 2

for all x € R(A).
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3 Functional calculus for bisectorial and sectorial operators

Proof. Put g = ib(?jr(;))z , so that g € H°[Sy] is non-degenerate and sat-
isfies ¢° = g. The conclusion follows literally as in the proof of Proposi-

tion 3.4.7 upon replacing f(sA) with Ty. O

On reflexive Banach spaces upper quadratic estimates imply lower qua-
dratic estimates for the adjoint. This is a highly valuable result whenever
one tries to prove quadratic estimates for a subclass of (bi)sectorial op-
erators that is invariant under taking adjoints, e.g., operators associated
with sectorial sesquilinear forms on Hilbert spaces.

Lemma 3.4.10. Let A be a bisectorial operator of angle ¢ € [0,7) in a
reflexive Banach space X. If for every non-degenerate f € HJ[S,] there

are upper quadratic estimates

[T S el (e RO,

then for every such such f there are lower quadratic estimates

o0 d
o S [TIreane P @ e RE),

In particular, if both A and A* satisfy upper quadratic estimates for every
non-degenerate f € H3°[Sy], then they already satisfy quadratic estimates
for all such f.

Up to the usual modifications the same applies to sectorial operators.

Proof. From Proposition 3.2.2(iv) and the part of Section 3.2.2 on ad-
joints we recall the following facts: The operator A has dense domain, it
induces a topological decomposition X = N(A4) @ R(A), and its adjoint
A* is densely defined and bisectorial of angle ¢ in X'*.

In the following (- | -) denotes the dual pairing between X* and X. To
prove the lower bound for A* take a non-degenerate f € H[S4] and let f*
be its normalized conjugate. Due to Theorem 3.3.9 for every z € X and

every x* € R(A*) it holds in the sense of an inproper Riemann integral
that

dt|?

(2 = | [Tl 1) §
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3.4 Quadratic estimates

The identity (f%)*(tA)* = f%(tA*), t > 0, provided by Proposition 3.2.18
allows to proceed as follows

dt|?

_ | [T treana | (e S

< ([ wearere ([T eae ),

Decompose & = 2 +a g according to X = N (A)BR(A). As (f4)*(0) =0,
Example 3.2.16 gives (f%)*(tA)x = (f%)*(tA)xg for every t > 0. Conse-

quently,
= (e Py (1w )

and investing the upper estimate for A and the continuity of the projection
X = R(A),

o0 d
< ([ e Y

Passing to the supremum over all x € X with norm 1 yields the required
lower estimate.

For the second part simply note that upon identifying X and X** by
reflexivity, A is the adjoint of A* [73, Sec. A.4]. Hence, by interchang-
ing the roles of A and A*, upper quadratic estimates for A* imply lower
quadratic estimates for A. n

The following theorem builds the bridge between quadratic estimates
and the boundedness of the H*-calculus.

Theorem 3.4.11. Let A be a densely defined bisectorial operator of angle
¢ €[0,%) in a Banach space X. Consider the following statements:

(i) The operator A satisfies quadratic estimates for some non-degene-
rate f € H3°[Sy).

(ii) The operator A satisfies quadratic estimates for all non-degenerate

f e Hy[Sy).
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3 Functional calculus for bisectorial and sectorial operators

(iii) For everyy € (¢, %) the H®(Sy)-calculus for A is bounded on R(A).

Then (i) < (ii) = (ili) and the implication (iii) = (i) holds at least if
X is a Hilbert space. Upon replacing bisectors by sectors, the same result
applies to sectorial operators.

For the proof we need one more lemma.

Lemma 3.4.12 (Unconditionality lemma). Let 0 < ¢ < ¢ < § and
f € HP(Sy). There exists a constant C' > 0 such that the following holds.
If A is a bisectorial operator of angle ¢ with dense domain and dense range
in a Banach space X such that the H*(Sy)-calculus for A is bounded with
bound Cy, then

125 A H < CCyllall
> apf(t2°A) - wllalle

kEZ

for all t > 0 and all sequences {ay}rez with only finitely many non-zero
elements. Upon replacing bisectors by sectors, the same applies to sectorial
operators.

Proof. Choose C > 0 and s > 0 such that |f(z)] < Cmin{|z|",|z|""}
holds for all z € S, and fix ¢ > 0. For each z € S, let k(z) be the
unique integer satisfying 1 < |2%(*)z| < 2. The rest is by straightforward

estimating
af@2)| = (S ase) )|
% XX % X=X
< Cy| S apf(t2kz)
keZ 00,8y
< Cyllalle= sup > |f(2%2)]

2€5y kez,

and using that by an index shift

sup Z |f(2kz)| < C sup Zmin{|2kz]5, |2kz|73}

2€5y ez 2€Sy kez
= C sup Z rnin{|21<c—|—k(z)z|s7 |2k+k(z)z|—s}
Z€Sy ey,
25 +1
SC(Zz’“SJrZzSz’“):CSJF . m
E>0 k<0 22 =1
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3.4 Quadratic estimates

Proof of Theorem 3.4.11. Without loss of generality we can assume
that A has dense domain and dense range — otherwise we can replace A
with its injective part Ay and X with R(A), see Example 3.2.16 and
Definition 3.3.13.

The equivalence (i) < (ii) is one of the statements of Corollary 3.4.8.

In order to prove (i) = (iii) fix an angle ¥ € (¢, %) and take a non-
degenerate f € HY(Sy,). By assumption, A satisfies quadratic estimates
for f. We appeal to Corollary 3.3.6 and establish a uniform bound for the
H§°(Sy )-calculus for A. To this end let g € H3°(Sy) be arbitrary. Perform
the same steps as in the proof of Lemma 3.4.4, but bound ¢ simply by its
supremum norm on S, in the very first estimate to find

(3.16) 1£(sA)g(A) (A lxsa S lgllsos,C(st™) (5,8 >0)

dr

r

for some ¢ € L0, oc;
By assumption

) and an implicit constant not depending on g.

oAyl S [ 15 (sAg Ayl <

holds for every z € X. Theorem 3.3.9 yields [;° f*(tA)f(tA)z & = z in
the sense of an inproper Riemann integral, so that invoking (3.16),

< [T ([ 1renseransaa) )
S lglzs, /OOO (/OOO C(st™ )| f(tA)z| i’f) ds

s
S

Now, the usual Cauchy-Schwarz-Tonelli argument from, e.g., the proof of
Proposition 3.4.7 pays for the upper bound

00 dt
< lglikes, [ IfA)® <

and once again by quadratic estimates for A, [[g(A)z|* < llgll%s, =]

with an implicit constant independent of x and g. This concludes the
proof of the implication (ii) = (iii).
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3 Functional calculus for bisectorial and sectorial operators

Now, assume (iii) and that &' is a Hilbert space. Let ¢ € (¢, 7). Fix
any f € H¥(S,) and for the moment also fix N € N. For every z € X
and every ¢t > 0 split

9N ok+1

[ s &= S Z [, e G
. k @
—k;N [ sy S

Let {ex}rez := {\F e'*?}1c7 be the standard orthonormal basis of L?(0, ).
Employing the orthogonality relation of the e, and the unconditionality
lemma (Lemma 3.4.12),

N-1

k_X::N If (25 A)z|* = /07r k_z_:N er(s)f(12FA)x

™
5/0 {ex(s) ezl ll[|* ds = |||

with an implicit constant independent of N. Concatenating the previous
two estimates and letting IV tend to oo gives the upper quadratic estimate

(3.17) [T sl S el e x)

Thanks to Proposition 3.3.8 the H*(S,)-calculus for A* is bounded as
well. Thus, for every f € HJ(S,) the upper estimate (3.17) with A*
in place of A can be deduced by the same argument as above and the
conclusion follows from Lemma 3.4.10. O

Remark 3.4.13. The implication (iii) = (i) in Theorem 3.4.11 is limited
to Hilbert spaces. Still, the much more involved characterizations of op-
erators with a bounded H*-calculus on general Banach spaces obtained,
e.g., by KuUNSTMANN and WEISs [100] heavily rely on the unconditionality
lemma.

For a later use we state the following quantitative extension of Theo-

rem 3.4.11 in the case of the standard non-degenerate function z(1+2%)71,

which follows by tracking constants in the proof of (ii) = (iii).
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3.4 Quadratic estimates

Corollary 3.4.14 (Explicit bounds for the H*-calculus). Let A be a

densely defined bisectorial operator of angle ¢ € [0,7) in a Banach space

X and suppose there are constants cy,co > 0 such that

oo e dt
allz]* < /0 [EAQL+EA) TP = < eolz]* (2 € R(A)).

Then for each v € (¢, 5) there exists a constant Cy, depending only on )

such that the H*(Sy)-calculus for A is bounded on R(A) with bound

Cuyes sup [|2(z — A) 7| xsa
Ve zes,

Even on separable Hilbert spaces there exist (bi)sectorial operators of
angle 0 that do not have a bounded H*°-calculus of any angle on the closure
of their range [73, Sec. 9.1]. We close this section with a simple proof of
the well-known result that for a self-adjoint operator on a Hilbert space
the H*-calculus of any angle is bounded. For further positive results the
reader can refer to [73, Ch. 7].

Example 3.4.15. Let A be a self-adjoint operator in a Hilbert space H.
Then A is bisectorial of angle 0 and satisfies quadratic ‘estimates’

oo Lo dt 1
/0 [EAQ+ 2 A%) T ul* = = Sllul® (€ R(A)).

Proof. By classical Hilbert space theory, e.g., [73, Prop. C.4.2], the spec-
trum of A is a subset of R and on C\ R there are resolvent bounds

1 1

(z € C\R),

|2| [sin(arg z)]

1

showing that A is bisectorial of angle 0. Now, put f := 2(1 + 2%)~! and

let u € R(A). Owing to Theorem 3.3.9 and Example 3.3.12 the equality
IsC fA(tA)u % = 1w holds in the sense of an inproper Riemann integral.
Thus,

el = ([T P T | W) = [Creaseu v §

and since f(tA)* = f(tA*) = f(tA) by Proposition 3.2.18 and self-adjoint-
ness,

_ /Ooo(f(tA)u | f(tA)u) i’f _ /Ooo\lf(tA)uH??

as required. O]
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CHAPTER 4

Perturbed Dirac type operators on Ahlfors regular sets

As outlined in the preface, the first step toward the resolution of the Lions
problem is a reduction theorem in the fashion of M°INTOSH [118] elimi-
nating all issues arising from non-smooth coefficients in one fell swoop. In
the present chapter we will achieve this intermediate goal.

Staying a little more general, we consider a coupled second-order m xm
elliptic system

d
AU = — Z &(uwaju)

1,j=1

in divergence-form with bounded C™*™-valued coefficients p; ; on a do-
main Q C R? As usual, A is interpreted as a maximal accretive opera-
tor in L?(Q) via a sesquilinear form defined on some closed subset V of
W'2(Q) that contains Wy () and satisfies a certain localization property.
Of course, the case ¥V = W5*(Q) is included in these considerations. Un-
der very mild assumptions on €2 and ¥ made precise below, we show that
the resolution of the Kato square root problem for such systems can be
deduced from a regularity result for the fractional powers of the negative
Laplacian in the same geometric setting.

The operator theoretic fundament is the I1g-type Theorem 4.1.11, which
is in the fashion of AXELSSON-KEITH-MCINTOSH [29,30]. Of course, we
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4 Perturbed Dirac type operators on Ahlfors regular sets

will recall the essentials of AXELSSON, KEITH, and M°INTOSH’s operator
framework beforehand. The proof of the Ilg-theorem will then occupy
most of this chapter. Our argument builds upon the techniques being
introduced in [30] as did many other square root type results, e.g., [29,31,
32,124] before, but as a novelty it allows the presence of a non-smooth
boundary. Finally, in Section 4.3 we will obtain the alluded reduction
theorem as a special instance of the [Ig-theorem. Throughout this chapter
we assume the following setup. Starting from now, we fix the codimension
m > 1, that is, the number of equations in a system Au = f.

Assumption 4.0.1.
() The domain Q CRY, d > 2, is a d-set.
(0Q) The boundary 02 is a (d — 1)-set.

(V) The form domain V is a closed subspace of WY2(Q)™ that contains
Wé’Q(Q)m and is stable under multiplication by smooth scalar func-
tions, that is,

PYCV  (peCZR%C)).

Moreover, ¥V has the Wh2-extension property, that is, there exists a
bounded extension operator E : V — WH2(R)™,

(a) For some a € (0,1) the complex interpolation space [L2(Q)™,V]a

™ up to equivalent

coincides with the Bessel potential space H*?(Q)
norms.

Some comments on these assumptions are in order.

Remark 4.0.2. In the field of partial differential equations Assump-
tion (£2) also runs under d-Ahlfors condition or measure density condi-
tion [74] and Assumption (0 () is also known as Ahlfors-David condition.

Remark 4.0.3. Applications we have in mind are of course mixed Dirich-
let/Neumann boundary conditions, that is, V = WBQ(Q)’” for a closed
subset D of 9. For this choice the W!2-extension property has exhaus-
tively been discussed in Section 2.2.
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Remark 4.0.4. Assumption («) should be considered as a geometric one.
A common way to force its validity is to assume that € is a W!2-extension
domain and that

(Me) L2, W @] = [L2@)m, whQ)m]

« «

holds up to equivalent norms. Indeed, due to Lemma 1.1.13, Theo-
rem 1.3.20(iv), and Remark 1.3.21 the right-hand side then coincides with
H*2(Q)™ so that Assumption («) is a direct consequence of the inclusions
WP (Q)™ SV C W Q)™

Condition (M€) has been introduced in this context by M°INTOSH [118].
Among the Wh2-extension domains satisfying (0 €2) and MCINTOSH’s con-
dition for all & € (0,3) are the whole space R? [142, Sec. 2.4.1], the
upper half space R‘i [142; Sec. 2.10] from which the result for special Lip-
schitz domains can be deduced, as well as bounded Lipschitz domains [68,
Thm. 3.1], [142, Sec. 4.3.1]. By Proposition 2.2.11 every Wh2-extension
domain satisfies (€2), so that Assumption 4.0.1 reduces to the stability
assumption on V in this case.

However, configurations in which €2 is not a Sobolev extension domain
though (Q2), (092), (V), and Assumption («) are satisfied, naturally occur
in the treatment of mixed boundary value problems and will in fact be
the main subject of Chapter 5.

Concerning the coefficients of the operator Au = — E;;i,j:1 05 (p;,;05u) we
make the following standard ellipticity assumption.

Assumption 4.0.5. We assume p;; € L>*(Q; L(C™)) for 1 < i,j < d
and that the associated sesquilinear form

d
a:VxV—C, a(u,v): Z /um@ju-aﬁ
ij=17%
is elliptic in the sense that for some \ > 0 it satisfies the Garding inequal-
ity
(4.1) Rea(u,u) > )\||Vu||iz(ﬂ)dm (ueV).

We define the divergence-form operator — szzl 0;(pi j0ju) properly by
means of KATO’s form method [91]. Since V is dense in L?(Q)™ and a
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4 Perturbed Dirac type operators on Ahlfors regular sets

is elliptic, classical form theory [91, Ch. VI] yields that the associated
operator A in L?(2)™ given by

a(u,v) = (Au | v)r2)m (ue D(A),veV)
on
D(A) := {u €V :a(u,-) boundedly extends to LQ(Q)m}

is maximal accretive, that is, closed and for z in the open left complex
halfplane z — A is invertible with operator norm

1
||(Z ) ||L2(Q) —L2(Q)m > |Re(z)| ( €z )
In particular, A is sectorial of angle 7. This allows to define fractional

powers (¢ + A)* for all a,e > 0 by means of the functional calculus for
sectorial operators, see Section 3.2.4. The so-defined square root /A of A
can also be characterized as the unique maximal accretive operator such
that VAV A = A holds in the sense of unbounded operators, see 91,
Thm. V.3.35] and [73, Cor. 7.1.13]. Finally, the choice p;; = d; ; Idgmxm,
where ¢ is Kronecker’s delta, yields the negative of the (coordinatewise)
weak Laplacian Ay, with form domain V.

4.1 Quadratic estimates for perturbed Dirac
type operators

In their seminal 2006 paper [30], AXELSSON, KEITH, and M°INTOSH have
introduced an operator theoretic framework of so-called perturbed Dirac
type operators that allows to unify some of the most distinguished prob-
lems of harmonic analysis, amongst which are the Kato square root prob-
lem and the Cauchy integral on Lipschitz curves.

It all begins with a triple {I", By, By} of operators in a complex Hilbert
space H satisfying the following three hypotheses.

(H1) The operator I" is nilpotent, that is, closed, densely defined, and
satisfies R(I') C M(T). In particular I'? = 0 on D(T).
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4.1 Quadratic estimates for perturbed Dirac type operators

(H2) The operators B; and Bj are defined on the whole of . There exist
K1, kg > 0 such that they satisfy the accretivity conditions

Re(Byu | w)y > killullf, (v € R(I™)),
Re(Bou | w)y > kallull;, (v € R(I))

and there exist K7, Ky such that they satisfy the boundedness con-
ditions

|Brully < Killull% and  [|Boully < Kallully (v € H).

(H3) The operator By B; maps R(I'™*) into N(I'™) and the operator By By
maps R(I') into M(T'). In particular, I'* By B;I'™* = 0 on D(I'*) and
B, B, = 0 on D(T).

For every nilpotent operator I' the triple {T", Id, Id} satisfies the hypothe-
ses above. The operator theoretic framework arising from this choice is
called unperturbed and the operators By and B, are called perturbations.
If T is nilpotent, then I'* is closed, densely defined, and from

(T*u | Tv)y = (u| ) =0  (ue D), ve D))
we can infer R(I'™*) C M (T'™*). Hence, I'* is again nilpotent and the follow-
ing symmetry is immediate.

Lemma 4.1.1. If{l', By, B2} satisfies any of (H1) - (H3), then the triples
{I'*, By, B1}, {I'*, B3, Bf}, and {T', B}, B3} satisfy the same hypothesis for
the same choices of constants in (H2).

The main actors in this section are the following composite operators.

Definition 4.1.2. Let I'; := BBy, Il :=T + 1", and Il := 1" 4 I'}.
The operator II is called Dirac type operator and Ilg is called perturbed
Dirac type operator.

First properties of these operators are listed below.

Lemma 4.1.3 ([30, Lem. 4.1]). The operator I'}; is nilpotent.
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4 Perturbed Dirac type operators on Ahlfors regular sets

Proposition 4.1.4 ([30, Prop. 2.2]). The operator Il induces the alge-
braic and topological Hodge decomposition

(4.2) H = N(lp) &Ry &R

and in particular

(43)  N(Ip) = N(@y) NN{I) and R(p) = R() & R(T)

topologically.

Proposition 4.1.5 ([30, Prop. 2.5]). The perturbed Dirac type operator
I is bisectorial of some angle w € (0, 7).

Proposition 4.1.6 ([30, Cor. 4.3]). The unperturbed operator 11 is self-
adjoint.

Since Iz = I'4+ 1"} is bisectorial, we can introduce the following families
of auxiliary operators.

Definition 4.1.7. For each t € R\ {0} define the following operators.

RP = (1 +itllg) ™"
1
P = (1+15) ™" = S(RY + RE) = RYRE,

1
Q7 =tlizPP = E(Ri — R})

OF .=ty PP,
In the unperturbed case By = By = Id, we simply write Ry, P;, (;, and
O;.

Lemma 4.1.8. The families {RtB}teR\{o}, {PtB}teR\{O}; {QtB}teR\{o}; and
{©F }ier\(oy are uniformly bounded in L(H).

Proof. Bisectoriality of IIp gives all claims except the one for ©F. Here,
we use that due to (4.3) the operator norm of ©F is controlled by that of

QB. O

The framework traced out by (H1) - (H3) is already strong enough to
supply certain quadratic estimates.
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4.1 Quadratic estimates for perturbed Dirac type operators

Proposition 4.1.9 ([30, Prop. 4.8]). Let {I', By, B2} satisfy hypotheses
(H1)-(H3). Then

o0 dt
| era =Rl TSl (e RD)).

Moreover, a sufficient condition for the quadratic estimate

o0 _ dt —_—
| s 1) g, Sl (0 e ROTTR))
is that
o B 2 de < 2
| IeP Pl T Sl (we R(D)

and the three analogous estimates obtained by replacing {I', By, By} with
{T*, By, B}, {T'*, B, B;}, and {T', B}, B3} hold.

Let us remark that all explicit and implicit estimates adopted from [30]
in this section are quantitative, by which we mean that occurring constants
only depend on k1, kg, K7, and Kj fixed in the premise of (H2). This fact
is already hidden at the beginning of [30, Sec. 2| and has been reworked
in greatest details in the master’s thesis of TOLKSDORF [141, Ch. 3]. It
concerns the norms of the projections implicit in Proposition 4.1.4, the
angle of bisectoriality in Proposition 4.1.5, the bounds in Lemma 4.1.8,
and the implicit constants in Proposition 4.1.9. The resolvents bounds
implicit in Proposition 4.1.5 in addition depend of course on the respective
opening angles of relevant (bi)sectors.

Starting from now, we assume H = L*(Q2)*™ for some k € N and that
Q) and V satisfy Assumption 4.0.1. For brevity we put N = mk. Similar
to previous work by AXELSSON-KEITH-M“INTOSH [29,30], MORRIS [124]
or BANDARA [31,32] the set of hypotheses (H1) - (H3) is completed by
localization and coercivity assumptions on the unperturbed operators and
the perturbations in order to obtain quadratic estimates for the perturbed
operator IIz. The slight difference between our hypotheses (H7) and the
corresponding hypothesis in [29] stresses that no further knowledge on the
occurring interpolation spaces between H and V is necessary.

(H4) The operators B; and By are multiplication operators induced by
L>°(; L(CV))-functions.
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4 Perturbed Dirac type operators on Ahlfors regular sets

(H5) For every ¢ € C*(R% C) the associated multiplication operator M,
maps D(I") into itself and the commutator

[0, M,] =TM, — M,I' defined on D([, M,]) = D(T)

acts as a multiplication operator induced by some matrix-valued
function ¢, € L>(2; L(CY)) with entries

(@) SIVe()]  (2€Q,1<i,j<N)

for an implicit constant independent of ¢.

(H6) For every open ball B centered in 2, and for all u € D(I") and
v € D(I'™*) with compact support in B N € it holds

‘/Fu
Q

(H7) There exist £y, B2 € (0, 1] such that the pseudo fractional powers of
IT satisfy

SB[ S BB
Q

Jallpewsy,, S IO 2uls and ol S 1020
for all u € R(I'™*) N D(H2) and all v € R(T) N D(HZ).

The additional hypotheses (H4) - (H7) also obey the symmetries from
Lemma 4.1.1:

Lemma 4.1.10. If the triple of operators {I', By, By} satisfies any of (H4)
- (HT7), then the triples {I'*, By, B1} , {I'*, Bs, B}, and {T", By, B3} satisfy
the same hypothesis and up to permutation the implicit constants are the
same.

Proof. All claims are obvious except for (H5) under the replacement of
[ by I'*. Here, take ¢ € C®(R% C) and note that for u € D(T") and
v € D(I'*) the identity

(Pu | pv)o = (TMgu [ v)y — ([T, Malu [ v)y = (u | Mo — cgv)y

holds. Hence, ¢ D(I'*) C D(I'*) and [I'*, M,,] acts as the multiplication
operator induced by —cz. ]
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4.2 Proof of Theorem 4.1.11

The ultimate goal in this chapter is to establish the following I1g-type
theorem on quadratic estimates for perturbed Dirac type operators. The
importance of the additional information on the implicit constants will
only become clear later on in Chapter 6.

Theorem 4.1.11. Suppose Q and V satisfy Assumption 4.0.1 and let
k € N. In the Hilbert space H = L2(QQ)™ consider a triple of operators
{I', By, By} satisfying hypotheses (H1) - (H7). Then the perturbed Dirac
type operator Ilp is bisectorial of some angle w € (0,%) and satisfies
quadratic estimates

|1+ Pl =l (u € ROL).

The angle w and the implicit constants above depend on By and By only
through the constants quantified in (H2).

Corollary 4.1.12. Suppose the setup of Theorem 4.1.11. Then for every
0 < ¢ < w the operator I1g has a bounded H*(S,)-calculus on R(Ilg) with
a bound that depends on By and By only through the constants quantified
in (H2)

Proof. This a a direct consequence of Corollary 3.4.14, taking into ac-
count that implicit constants in the resolvent bounds for Iz depend only
on the constants quantified in (H2), see the paragraph below Proposi-
tion 4.1.9. O

Corollary 4.1.13. In the setup of Theorem 4.1.11 the domains D(I1p),
D([I1g]), and D(/11%) coincide and their graph norms are equivalent.

Proof. The equality [[Ig] = 4/II% is due to the composition rule, Theo-
rem 3.2.20 and the rest follows from the abstract Kato square root prob-
lem, Proposition 3.3.15. O

4.2 Proof of Theorem 4.1.11

Throughout we assume that I', By, and By are operators in ‘H satisfying
(H1) - (H7). We put N = km so that H = L2(2)". We shall stick to the
notions introduced in Section 4.1 but simply write || - || instead of || - ||3 as
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4 Perturbed Dirac type operators on Ahlfors regular sets

long as no misunderstandings are expected. We shall repeatedly use the
discussed properties of the operators introduced in Section 4.1 without
further referencing. In order to get the correct dependence of implicit
constants, we make the following

Agreement 4.2.1. Throughout the proof, the symbols < and ~ are
reserved for estimates invoking implicit constants that depend on By and

By only through the constants quantified in (H2).

~) N?

Recall from the paragraph below Proposition 4.1.9 that this temporal
redefinition of symbols does not effect the estimates from Section 4.1. The
story of proof of Theorem 4.1.11 is told in six subsections.

4.2.1 Reduction to finite time

Thanks to Proposition 4.1.9 it suffices to prove the one-sided estimate
> aBp, 2 oo
(4.4) /0 10F Peull” — < [lull (ueR())

and the three analogous estimates obtained by replacing {I", By, By} with
{T*, By, B}, {I'*, B5, By}, and {I', By, B3}. In fact, thanks to Lem-
mas 4.1.1 and 4.1.10 it suffices to establish (4.4) only. We can immediately
show that the integral over ¢ > 1 is tame.

Lemma 4.2.2 (Reduction to finite time). It holds
> aBp, 2 oo
[ IeEPuP Sl (e R(D)).

Proof. Let u =Tw € R(I'). By nilpotence of I and I'* we check

Pu = (14 211 7'T(1 4 2117 (1 + *11%) !

(4.5) =T(1 4 I1*) 'w =TPw (t € R\ {0}).

Hence, the second part of (H7) applies to v = Pyu. In combination with
Lemma 4.1.8 and the continuous inclusion [H,V*]s, C H + V¥ = H this
leads to

/1 H@BPt H2 — </ ‘PtuH[HV’C]B N/ t2H2 52/2PuH2
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4.2 Proof of Theorem 4.1.11

The unperturbed counterpart of Proposition 4.1.4 gives R(I') C R(II)
and so quadratic estimates with f = (22)%/2(1 + 2)~! for the self-adjoint
operator II allows to bound the right-hand side by a multiple of |Jul|?, see
Example 3.4.15. O

4.2.2 Dyadic decomposition

To proceed further, we introduce a slightly modified version of CHRIST’s
dyadic decomposition for doubling metric measure spaces [40, Thm. 11].
In fact, when aiming only at a truncated dyadic cube structure with a
common bound for the diameter of all dyadic cubes, then CHRIST’s argu-
ment literally applies to locally doubling metric measure spaces. This has
been previously noticed, e.g., by MORRIS [124]. Here, a metric measure
space X with metric p and positive Borel measure pu is doubling if there
is a constant C' > 0 such that

p({x € X :p(x,z0) <2r}) < Cu({z € X : p(x,x0) < r})

holds for each xq € X and every r > 0. It is locally doubling if the above
holds for all 5 € X and all r € (0,1]. Note Assumption 4.0.1(2) entails
that € equipped with the restricted Fuclidean metric and the restricted
Lebesgue measure is locally doubling.

Theorem 4.2.3 ([40, Thm.11], [124, Prop.4.2]). Let Assumption 4.0.1(§2)
hold. There exists a collection {Q% C Q : k € Ny, a € I} of open
sets, where Iy are countable index sets, and constants 6 € (0,1) and
ag, 1, C1, Cy > 0 such that:

(1) |2\ Uner, Q5| =0 for each k € Ny.

(2) Ifl > k, then for each o € Iy, and each 3 € I; either Qlﬁ C QF or
QENQE=10.

(3) If L < k, then for each o € Iy, there is a unique 5 € I; such that
k C Ql
a = B

(4) It holds diam(Q¥) < C16% for each k € Ny and each o € I.

(5) For each QF, k € Ny, a € I, there exists z¥ € Q such that
B(2¥ agd*) N Q C QF.
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4 Perturbed Dirac type operators on Ahlfors regular sets

(6) If k € Ng, a € Iy, and t > 0, then

{z € QF; d(x,Q\ QF) < t6*}] < Cot™|QE|.

By a slight abuse of notation we refer to the Q¥ as dyadic cubes. We
denote the family of all dyadic cubes by A and each family of fixed step
size 0% by Agr == {Q* : a € I}. Moreover, for k € Ny and t € (6¥+1, §*]
the family of dyadic cubes of step size t is A; := As. The sidelength of
Q € Ag is 1(Q) = "

Remark 4.2.4.

(i) Assumption 4.0.1(€2) in combination with (4) and (5) of Theorem
4.2.3 imply |Q| = 1(Q)? for all Q € A.

(ii) Since the dyadic cubes are open, for each ¢ € (0, 1] the family A, is
countable.

(iii) The first item of Theorem 4.2.3 implies that there exists a nullset
M C Q such that for each t € (0,1] and every x € Q\ 91 there exists
a unique cube @) € A, that contains x.

A substantial drawback of Theorem 4.2.3 is that part (6) gives an esti-
mate for the inner boundary strips of dyadic cubes only near their relative
boundary with respect to 2. This of course is a relict of the very con-
struction. An appropriate measure theoretic assumption on 02 allowing
to control the complete boundary strip is (d — 1)-Ahlfors regularity.

Lemma 4.2.5. Under Assumptions (€2) and (0€)) there exist constants
n,Co > 0 such that

{r € Q; (@, R\ Q) < t6*}] < Cut"[Q)|

for each k € Ny, Q € Agr, and t > 0.

Proof. Put n := min{1, 7}, where 7 is given by Theorem 4.2.3. If t > 1,
then the estimate in question holds with Cy = 1 since the set on the
left-hand side is a subset of ). If ¢t < 1 split

E:= {x € Q; d(z,R\ Q) < t5k}
C{re Qi d(\Q) <ti*}u{req@;da R\ Q) <ts*}.
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4.2 Proof of Theorem 4.1.11

Property (6) of the dyadic decomposition gives a bound for the measure
of the first set on the right-hand side. For the second set Lemma 1.2.31
applies with rq := C7 as in Theorem 4.2.3, ty := C%, and r and t replaced
by C,6* and C%? respectively. Altogether,

|B| S Cot” Q] + t3™.

The conclusion follows from Remark 4.2.4(i) and since ¢ < 1. O

4.2.3 Off-diagonal estimates

The boundedness assertions of Lemma 4.1.8 self-improve to off-diagonal
estimates. These will be a crucial instrument in the following. For the
sake of completeness we include a proof, closely following [30, Prop. 5.2].
Recall that given z € C we write (z) =1+ |z|.

Proposition 4.2.6 (Off-diagonal estimates). Let U, be either of the oper-
ators RP, PP, QB or ©F. Then for every M € Ny there exists a constant
Ay > 0 such that

HlFUt(leH < AM<d(E;, F>>—M‘|1Eu|y

holds for allw € H, allt € R\ {0}, and all bounded Borel sets E, F C ().

Proof. The claim for M = 0 is a consequence of the uniform boundedness
of {UPB}cr, see Lemma 4.1.8. In a first step we prove the claim for
U; = RP by induction on M and in a second step we deduce the claim for
the other possible choices by (more or less) algebraic manipulations.

Step 1: Proof for RtB

Assume the claim for M — 1. Fix u, E, and F as required and put
v:=1gu. If [t| > d(E, F), then we can take Ay, := 2™ . In the remaining
case 0 < [t| < d(E,F) it holds (d(F, F)/t) < 2d(E, F)/|t| and so it is

enough to prove

B t|
4. 1R <A ( | ) .
( 6) H FLy UH =AM 1(E, F) ||UH
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4 Perturbed Dirac type operators on Ahlfors regular sets

Define open sets
Fy:={z e R: d(x,F) <0d(E,F)}  (0<0<1).

Convolve 1p, , with a suitable kernel to obtain a smooth function ¢ with

range in [0,1], identically 1 on F, support in Fi s, and [|[Ve|le < RTEoNg)

with ¢4 depending only on the dimension d. Since ¢ is scalar-valued, M,
commutes with the multiplication operators By and Bs. So, by (H5) and
its counterpart for I'* the commutator relations

(4.7) 'y, MyJw = By[I'*, M,| Bow (w e D)

and

[M,, RP] = RP[1 +itllg, M,|RP = it RP[T + [y, M| R?
=itRP ([T, M) + Bi[I", M,]B,) Rf

follow. Observe also that supp(¢) C Fis C R*\ E and ¢ =1 on F imply
1rRPv| < IMyRPv| = |[M,, R’|lv|  (a.e. on Q).
Whence,

ILrRyvll < [I[My, BEJo]
< [ (10, MARE ] + | Bi[T", M| By Ry'v])).

Hypothesis (H5), its adjoint counterpart, and the inductive assumption

yield
< M1, rB
~ d(E, F) Fl/2nQ t
|t] ( |t )M‘l
< Ay :
= MG, F)\A(E, Fian Q) o]

This establishes (4.6) and thus completes the inductive step due to

d(E, FipNQ) > d(E, Fije) > -d(E, F).

N | —
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4.2 Proof of Theorem 4.1.11

Step 2: Proof for the other operators

Let M € N. The claims for PP and QP follow immediately, for these op-
erators are linear combinations of R? and R?,, see Lemma 4.1.8. Finally,
consider ©F. Fix u, E, and F as required and put v := 1zu as before.
Again only the case 0 < [t| < d(E, F) is of interest. With ¢ as above
write

1rOFv|| < |MpO7v]| < t|[Th, M| PPvl| + T M P o],

where due to (4.3) the second term on the right-hand side is under control
by

UMM, PE | < HIT, Mo PEol + T, M PR + [M,QP
Due to (4.7) and (H5) it follows

[1rOFv]| S I, My PPl + LT, My Be PP + | MpQp v

ol
~ d(E.F)

11F, r0 BP0l + 1115, ,QF vl
which yields the claim upon applying off-diagonal estimates with exponent
M — 1 for PP and exponent M for QF, respectively. O

The next lemma helps to control the sums that naturally crop up when
combining off-diagonal estimates with a dyadic decomposition of space.

Lemma 4.2.7. The following hold true for each M > d + 1.

(i) There exists cpr > 0 depending solely on M and Q2 such that

> <d<f’f>R>>M <ey  (zeRY te(0,1]).

ReAy t

(ii) Letl € Ny, t € (0,1], Q € A, and F C R? be such that d(Q, F) > It.
Then exist ¢;1,c12 > 0 depending solely on I, M, and §2 such that

RZ% <W>M <caatag (j)M (s >0).

If 1 > 0, then one can choose ¢;; = 0.
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Proof. To show the first statement fix z € R? and t € (0,1]. Fix k € Ny
such that 8" < t < §*. With C as in Theorem 4.2.3 put

Q1:=0Q,:=0 and Q,:=B(z,(n+1)C1F)NQ  (n€Ny).

If R € A, intersects an annulus Q,\ 2,1, n € N, then due to property (4)
of the dyadic decomposition

4.8)  d(z, R) > d(z, Qusr \ Quz) > (n — DO > (n — 15710t

Lemma 1.2.23 allows to extend Assumption (€2) to all z € Q and all radii
€ (0,a9), where ag > 0 is given by Theorem 4.2.3. Properties (4) and
(5) of the dyadic decomposition yield

#{Re A RN(Q\ Q) #£0) S
(4.9)
(n € No)

Now, rearrange the cubes in A; according to the first annulus that they
intersect to find

() g e

ReAy

thanks to M > d + 1.

The second claim is very similar. Choose an arbitrary x € Q and define
Q,, n > —2, as before. By (4.9) there are at most of order M
R € A, intersecting an annulus €, \ 2,1, n € Ny. If this happens7 then
by assumption on F', property (4) of the dyadic decomposition, and (4.8),

d(@Q RN F) > max {d(Q,R),d(Q, F)}
> max {d(a:, R) — diam(Q), d(Q, F)}
> max {(n —2)07Cht, lt}.

1 +(n—1)6C)™ = ¢y < 0
cad

cubes

Rearranging cubes as before leads to

> <W>_M < Qf lf(m 2)(1+ f)_M

ReA § @y n—o

> (n—2)5*1C'1t -M
+ o 5 oy (O2E

0 n=I+3
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4.2 Proof of Theorem 4.1.11

Since M > d + 1, the second sum is controlled by a generic multiple of
sMt=M and if [ > 0, then the simple estimate 1 + % > % shows that so is
the first one. |

A consequence of the preceding lemma is the following. Take w € C¥
and regard it as a constant function on €. Also fix s € (0,1]. If Q € A,
for some t € (0, 1], then Proposition 4.2.6 and the second part of Lemma
4.2.7 assure

—(d+2)
Y 110l rw)| < X <d(QS’R)> i 11 5w|| < .

ReA; ReA;

As the measure of each cube @ € A, is comparable to t?, each bounded
subset of € is covered up to a set of measure zero by finitely many
cubes Q € A,. Now, define OBw € L2 _(Q)V by setting it equal to
S rena, 1008 (1gw) on each Q@ € A;. This definition is independent of
the particular choice of t. Indeed, if 0 < t; < t3 < 1 and @y € Ay is a

subcube of Q)2 € A, then

1Q1 Z 1Q2@SB(]‘R2w>: Z Z 1Q1®sB(1R1w)

Ra€A:, Ra€A, R1€A
R1CR2

= Z 1@1 @sB(1R1w)

Ri€Ay

by properties (1), (2), and (3) of the dyadic decomposition.
These considerations give rise to the following definition.

Definition 4.2.8. Let 0 < ¢t < 1. The principal part of ©F is defined as
Y Q= L(CY),  yu(x) s w e (OFw) ().

Remark 4.2.9. If Q is bounded, then H contains the constant CV-valued
functions and the direct definition of ©Fw for ¢t € (0,1] and w € C¥
coincides with the one above.

Admittedly, the definition of the principal part is so involved that even
measurability is not completely obvious at first sight. To be on the safe
side, we prove the following.

181



4 Perturbed Dirac type operators on Ahlfors regular sets

Lemma 4.2.10. For each dyadic cube Q € A the map t — Ylg is a
measurable function on (0,1] with values in 1L2(Q; L(CV)).

Proof. Let w € CV. Since ©F is build from resolvents of Iz, the quantity
08 (1zw)|g depends continuously on ¢ € (0, 1] with respect to the norm of
L2(Q)Y for every dyadic cube R € A. Since pointwise limits of measurable
functions are measurable, ©Pw|q is measurable on (0, 1] with values in
L2(Q)N. Identifying £(CV) with CN*¥ and letting w run through the
standard basis of CV yields the claim. m

Next, we introduce the dyadic averaging operator.

Proposition 4.2.11. Let t € (0,1]. The dyadic averaging operator A,
defined for u € H as

Au(z) = ng) u(y)dy  (z € Q\ M),

where Q(x,t) is uniquely characterized by x € Q(x,t) € Ay, is a contrac-
tion on H.

Proof. Simply split © \ 9 into the dyadic cubes A; and apply Jensen’s
inequality to find

2

<Y Q) ]{2 [uf? = fJul?

Qe

= X [ 1wt = 32 11| o

Qe QEA:

as required. O

Lemma 4.2.12. Ift € (0,1], then the operator Ay : H — H acting
via (v Au)(z) = y(x)(Awu)(x) is bounded with operator norm uniformly
bounded in t. Moreover,

L Ine@)lEen dr $1 Qe )

with an implicit constant independent of t.
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4.2 Proof of Theorem 4.1.11

Proof. Let us begin with the second claim. Fix Q € Ay and let {e;}}1,
be the standard unit vectors in CV. Then

(o, as)

1/2

and Proposition 4.2.6, Remark 4.2.4(1), and Lemma 4.2.7 yield
N R (d+2)
<> x (MR g < jop
j=1 REA,

uniformly in ¢. Rearranging terms yields the claim. For the first claim use
the definition of the dyadic averaging operator to find

2
i = 3 Mgrdal? < X [ oo () ds

QEA: QEA:

<3 [P = ful?

QGAf

uniformly in ¢, the second to last step being due to Jensen’s inequality. []

4.2.4 Splitting the finite time integral

For v € R(I") integration over ¢ € (0, 1] on the left-hand side of (4.4) is
now split as

[ 1eppal S 5 [M 107 —va) Pl
(4.10) +Auwma—ww%;
2 dx dt

1
[ Ine@)les AP =

The idea behind this splitting is to compensate the non-integrable singu-

larity at t = 0 arising from the measure % as follows: In the first term

OB Pu is compared with its averages over dyadic cubes. Letting t — 0,

183



4 Perturbed Dirac type operators on Ahlfors regular sets

the difference is expected to vanish since the diameter of the cubes used
for the ‘discretization’ by averaging shrinks to zero. In the second term P,
is compared with the identity operator, which in view of Proposition 3.2.2
coincides with the strong limit of P; as ¢ — 0. Finally, the third and most
difficult term cries for a Carleson measure estimate.

Due to Lemma 4.2.2 it remains to bound each of the three terms on the
right-hand side by a generic multiple of ||ul|?>. This will be done in the
remaining subsections.

4.2.5 Principal part approximation

This subsection is concerned with estimating the first two terms on the
right-hand side of (4.10). As usual, ug := fgu is the mean value of an
integrable function u : S — C" over a set S C R? with Lebesgue measure
|S| > 0. The following weighted Poincaré inequality is the key instrument
to handle the first term in (4.10). For the proof we suggest to recall the
local Poincaré inequality from Lemma 2.3.6.

Proposition 4.2.13 (A weighted Poincaré inequality). For each exponent
M > 2d + 2 there exists Cyy > 0 such that

/Rd u(z) — uQ|2 <d($t,Q)>de
d($,Q)>2d+2M

<Cy /R 1V u(z)? <t

dx

holds for all t € (0,1], all Q € A, and all u € WH(RY).

Proof. Let t € (0,1] and @Q € A;. Fix some arbitrary xy € @, let T
be the affine transformation z — zo — ¢t 'z, and put S := T(Q). Upon
replacing u by uwo T~ it suffices to prove

[, Julw) = usf? {d(.$)~Mda

(4.11) R
S [ Vu(@) (d(z, 8))* 2 Mde
R

for arbitrary v € W'?(R?) and an implicit constant independent of S
and w.
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4.2 Proof of Theorem 4.1.11

Let C and 6 be as in Theorem 4.2.3. Due to property (4) of the dyadic
decomposition, S C B(0,C1671) and |S| ~ 1. Hence, for r > C16~! the
local Poincaré inequality from Lemma 2.3.6 applies with 2 = B(0,r) and
S as above, yielding

[ u(@) = sl oo (x) da S 122 /]R V(@) Las () da

with an implicit constant independent of v and r. Integration with respect
to r~M~1dr gives

[e.9]

2 —M-1
— 10, dr d
/Rd lu(z) — ug] g1 1BO. y()r r dx

S /Rd IVu(z)|? s MY g0 (2) dr da.
1

For fixed # € R? the inner integrands become non-zero precisely when r
gets larger than max{|z|,C;16~'} and it is straightforward to verify (draw
a sketch!) that

Ci6t
P (L, 8) < max{lel €6 S (14 GO+ G, S))
Thus, (4.11) follows from the previous estimate by a simple computation
of the inner integrals. ]

Proposition 4.2.14 (First term estimate). It holds
" oB o dt 2
| I©F =3 Pull? S S ull? (u € R(D)).

Proof. We first inspect the integrand ||(©F —~,A;)v||? for arbitrary ¢t < 1

and v € V*. Split © into dyadic cubes @ € A, and decompose v as

> Rrea, 1rv in order to find by the definitions of the principal part and the
dyadic averaging operator

2

(©F = 3Aul* = X | 3 1688 (Lev — Lavo)

QeA; " Re/,
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4 Perturbed Dirac type operators on Ahlfors regular sets

Off-diagonal estimates, cf. Proposition 4.2.6, yield

> (MY jato - wol}

ReA

2

<3

Qe

and by the Cauchy-Schwarz inequality and Lemma 4.2.7,

<> 3 (MBI g

QEA: REA:

IfQ,ReA;and x € R, then d(z,Q) < d(R, Q) + C16~'t by property (4)
of the dyadic decomposition. Consequently,

<Y Y [ ) ol (DY

QEA: REA

s /Q|v(;c)—vQ|2<W>_3d_4 dz.

Qe

Now, we use Assumption 4.0.1(V) coordinatewise in order to construct
a Sobolev extension Fv € WH2(RY)Y of v to which Proposition 4.2.13
applies coordinatewise. Switching sum and integral then leads to

< [v@E)@P X (MDY a g 2ol

QEA: t

the second step being due to Lemma 4.2.7 and boundedness of the exten-
sion operator.

On the other hand, Lemmas 4.1.8 and 4.2.12 bound [|©F — Az
uniformly in ¢ € (0,1]. Invoking (H7), complex interpolation with the
previous estimate yields

167 = %A)vl® < 22 vllfy vy, < I (ET2)% 0]

for all v € R(I') N D(I1?) and all ¢ € (0,1]. In particular, if u € R(T),
then due to (4.5) the previous estimate applies to v = P,u. Hence,

1 dt 1 dt 1 dt
| I©F =Pl S 5 [Pl T = [ el S
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4.2 Proof of Theorem 4.1.11

with a regularly decaying holomorphic function f = (22)%/2(1 4 22)71.
Recall that by the unperturbed counterpart of (4.3) it holds R(I") C R(II).
So, employing quadratic estimates for the self-adjoint operator Il as in

Example 3.4.15, the right-most integral can be controlled by a multiple
of ||ul?. O

Remark 4.2.15. In contrast to [29] we do not require a weighted Poincaré
inequality on  to handle the first term on the right-hand side of (4.10).
This is a key observation in order to dispense with smooth local coordinate
charts around 0 (2.

We head toward the second term in (4.10). The first ingredient is an
interpolation inequality for the unperturbed operators I', I'*, and II.

Lemma 4.2.16. If Y is either of the operators I', I'* or Il then withn > 0
given by Lemma 4.2.5,
1-n/2

|]ém2§;(é\uf)nm(]{gwu\?) +]é’“|2

holds for allt € (0,1], all Q € Ay, and all u € D(Y).

Proof. Fix t € (0,1], @ € Ay, and u € D(Y). Write the estimate in
question as

X <eyn2zin2 4y

If Y = 0 then (H5), which by Lemma 4.1.10 applies to any of the possible
choices of T, yields Z = 0. Also X < Z by Jensen’s inequality. Starting
from now, assume Y, Z > 0 and put 7 := Y/2Z71/2 > 0. In the case 7 > ¢
simply note

X < Z< g = nyn2zi-n2,

Now, assume 7 < t. Let Q, := {r € Q; d(z,R*\ Q) < r}, r > 0, be
the inner boundary strips of thickness r. Recall from Lemma 4.2.5 the
estimate

(4.12) Q] < Cor"l(Q)™"|Q| < Cor™t™71Q)| (r>0).
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4 Perturbed Dirac type operators on Ahlfors regular sets

Convolve 1¢\q, , by a suitable kernel to obtain ¢ € C(Q) with range in
[0,1], equal to 1 on @ \ @, and such that ||[Vy|, < £ for some ¢ > 0
depending solely on d. Owing to (H5) the commutator [T, M,] acts on
D(Y) as a multiplication operator with inducing function ¢, such that
lcollzieny S |Vl a.e. on Q. Expanding

Tu=(1—¢)Tu—[Y, MyJu+ YT(pu)

gives

2

2+3|/Q[T,M¢]u2+3|/QT(gpu)

2
|/ Tu §3|/(1—gp)’fu
Q Q
Now, use that 1 — ¢ and Vi vanish on @ \ @, to estimate the first two
terms on the right-hand side by means of Holder’s inequality. For the third
term use (H6), noting that by property (4) of the dyadic decomposition
(@ is contained in a ball B centered in {2 with measure comparable to |Q)|.
Altogether,

‘/Qru

Plugging in (4.12) for r = 7 and translating back into the language of X,
Y, and Z, this is

2
S1QA [ 11l +7721Q, [ JuP + 1@ [ Jul.
Q Q Q

QF X STt QP Z+ QP Y + QY
= 2(QF Y22 4 QY

from which the claim follows upon dividing by |Q|2 ]
Proposition 4.2.17 (Second term estimate). It holds
! o dt 2
| IheAd? =l S S ul? (e H),
Proof. Since A; is a dyadic averaging operator, A? = A;. Lemma 4.2.12
bounds ||v;A¢|| () uniformly in ¢ € (0,1] so that in fact it suffices to

establish

! Zdt 2
[ 1AdP = Dul? S Sl (e H).
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4.2 Proof of Theorem 4.1.11

This is certainly true for u € N(II) since then P,u = u holds for all ¢ € R.
Since IT is bisectorial, H = N (IT) & R(IT). Whence, it suffices to consider

u € R(II). On recalling Qs = sII(1 + s*I1?)~!, in this case the claim
is an instance of Schur’s estimate (Corollary 3.4.9 and Example 3.4.15)

applied to the self-adjoint operator II, once we have found a function
¢ € LY(0, 00; ) such that

(4.13) 1A, = 1)Qsllrsre S ¢ts™) (L€ (0,1], s > 0).

The proof of this estimate closely follows the lines of [29, Prop. 5]. Fix
t € (0,1] and s > 0. Direct algebraic manipulations with resolvents of II
reveal the identities

(1-P)Q.=-Q(1-P) and PBQ,= QP

Hence, by uniform boundedness of A;, P;, and ), with respect to the
parameters ¢t € (0,1] and s > 0, see Lemma 4.1.8 and Proposition 4.2.11,

”At(l - Pt)Qs||H—>’H 5 ||(1 - Pt)QsH'H—>H

4.14
(4.14) _ z||Qt(1 — P)lluon S

VIS S

We stick with this estimate if t < s. If s < t, then in the same manner

s
A1 — P)Qs||—m < ¥||AtQtPs||H—>H + | A Qs || 21—

S

< n + A Qs || 212

(4.15)

To bound ||A;Qs||1—%n, take u € H, split Q into dyadic cubes, and apply
Lemma 4.2.16 to find

2 2

4Gl = X 1l| 0l = 3% 101 f, 1P
QeA @ QeA, @
o N A
<o (fma)( floal) T 2ira
QEA:

Next, decompose v = ) gea, 1gu in order to bring into play the off-
diagonal estimates for P; and (), see Proposition 4.2.6:

n d(O. R)\ —(d+2) 2
<5 > {5 (NS ) e

QeA, \ Rea, o
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4 Perturbed Dirac type operators on Ahlfors regular sets

Recall s <t <1 and apply the Cauchy-Schwarz inequality to find

<Spaf+ S Y { s (@B (}

QeA; U ReA;

{ZA< ALY e,

By Lemma 4.2.7 and the uniform boundedness of P, the estimate can be
completed as

s"
S5 2 el + *HPUI|2< IIUH2 IIUIIQ-
ReAy

Plugging this back into (4.15) and comparing with (4.14) reveals

A1 = P)Qslln—n S C(ts_l)
with ¢ € L'(0, 00; 4¢) given by ((r) := min{r,7~' +r~"}. This establishes
our goal (4.13). O

4.2.6 Reduction to a Carleson measure estimate

After all it remains to estimate the last term in (4.10) appropriately, that
is to establish

@16) [ [ Iu@les Au@P CE S e Rm),

The proof follows the usual strategy of reducing the problem to a Carleson
measure estimate, which in turn is established by a 7'(b) procedure, see,

e.g., [18,29,30,32,124]. However, since only the last two references deal
with the case Q # R but under different underlying hypotheses, we give
full details for our setup.

Recall the notion of a (dyadic) Carleson measure.

Definition 4.2.18. The Carleson box R of () € A is the Borel set given
by Rg = Q x (0,1(Q)]. A positive Borel measure v on €2 x (0, 1] satisfying
the dyadic Carleson condition

v(Rg)
Q|

is called dyadic Carleson measure on 2 x (0, 1].

lv||lc := sup < 00
QEA
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4.2 Proof of Theorem 4.1.11

An elegant proof of the following dyadic version of Carleson’s theorem
can be found in MORRIS [124, Thm. 4.3].

Theorem 4.2.19. If v is a dyadic Carleson measure on 2 x (0, 1], then
I Aw@ vt S Ivllellul® (e H).
Qx(0,1]

So, (4.16) follows if H%(x)H%(CN) dzdl js a dyadic Carleson measure on
Q x (0,1]. We begin by fixing o > 0; its value to be chosen later. Also,
by compactness, we fix a finite set F in the boundary of the unit ball of
L(CY) such that the sets

I//

— UV

(417) K, := {u’ € L(CM)\ {0};

<) wen
[ lle@evy  lleemy

cover L(CV)\ {0}. By a standard argument using the John-Nierenberg

lemma, the following proposition will imply Carleson’s condition for the

measure ||%($)||%:(ch) dztdt

Proposition 4.2.20. There exist 3,3 > 0 such that for each Q € A and
for each v € L(CN) with ||v||gevy = 1, there is a collection {Qr}r € A
of pairwise disjoint subcubes of ) such that |Eg,| > B|Q|, where Eg, =
Q \ Ui, Qk, and such that

dx dt
<glQl,

(4.18) ez, @) 3er == <

’Yt(at)EKU
where E7) , := Rq \ Uy, Rg, -

Indeed, fix Q) € A and for the moment also fix v € F. Considering () as
a subcube of @ with [(()) := 0, we can without loss of generality assume
that all collections obtained from Proposition 4.2.20 are countably infinite.
Apply Proposition 4.2.20 to @) in order to find

RQJ/ = {(ﬂf,t) € RQ : ”yt(x) € K,,}
CE;,U U {(z,t) € Rg,, : m(x) € K, }.

a1 eEN
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4 Perturbed Dirac type operators on Ahlfors regular sets

The upshot is that Proposition 4.2.20 reapplies to each non-empty cube
Qa,, yielding Eg  and a collection {RQ., 0, fasen- Iterating this proce-
dure n times and using multiindex notation

Roy €U U Eo.,U U {(@,1) € R, i wulw) € Ko},

k=0 acNFk aeNntl

where the term for £ = 0 is understood as Ef),. Due to 8 > 0, the
generation of the selected subcubes increases each time applying Propo-
sition 4.2.20. Hence, it holds 1(Q,) < §""(Q) for each a € N"T!
and therefore (z,t) € R, can only happen for ¢ < §"™(Q). Hence,
R C UpZoUaenr E5, .- Monotone convergence and Proposition 4.2.20
yield

dz dt > dz dt
Jfineng ne@lizen == <2 52 [l oerg, (@)oo
€Nk

Ye(z)EKy e (z)EK

sZ > B1Qal

k=0 a.cNk

Proposition 4.2.20 also guarantees > cn | @] = |Q| — | Eo.| < (1—15)Q],
so that by induction

Z_: BB IQI = IQI'

Finally, summation over the finite set F verifies Carleson’s condition

dz dt dz dt
// [y (e ||c<cN <Z//xteRQ||% ||£(<CN)

vi(z)EKL

(#F)ﬁ’ Q.

4.2.7 The proof of Proposition 4.2.20

Our final task is to prove Proposition 4.2.20. We closely follow the treat-
ment in AXELSSON-KEITH-M°INTOSH [30, pp. 23-26]. For the proof keep
Q € A and v € L(CV) with ||v||zcv) = 1 fixed and put 7 := I(Q) for
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4.2 Proof of Theorem 4.1.11

brevity. Define the dilated cube 2Q = {z € R% d(x, Q) < I(Q)}. Since
the adjoint matrix v* € £(C"V) has norm 1, there are w,® € CV such that

(4.19) lw =10 =1 and w=rw.

We prepare for a T'(b)-type argument but similar to AUSCHER-ROSEN-
RULE [10, Sec. 3.6] we use 1logw as a test function rather than some
smoothened version of it. This leads to a simplification of the argument
compared to [29, Sec. 4.4].

In the subsequent estimates a constant is called admissible if it only
depends on dimensions, the domain {2, and the constants quantified in
Assumption (H2). For € > 0 we then put

f.e = (1= eTilRE ) 1yqw
= lyqw — e7il(1 + e7illp) Moqw = (1 + e7ilg) RE 1qw

and derive the following estimates.

Lemma 4.2.21. There exist admissible constants Ay, As, A3 > 0 such
that for all € > 0 it holds

dx

t
2
< Ag(Efn + 82).

. y dt A
75 <A@, [f 6P s P = < Sl

and ’][ e — W
,fa

Proof. Note [2Q| < (1 + C)¥U(Q)? < |Q| by property (4) of the dyadic
decomposition. Hence, (4.3) and Lemma 4.1.8 yield

ITRE Loqwl|| + [T RE Lgw|| S |TTpRE 1aqul|
(4.20) = (e7)7M[(1 = RE)1aqu|
< (em) QM

with admissible implicit constants. From this, the first estimate follows.
For the second estimate the same calculation as in (4.5) with I'}; in place
of I'* reveals

O7 f&. = PP (14 emilp)RE 1yqw = tPPT (1 + e7il ) RE 1yqw
= tPPTHRE 150w,

T
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since I'%; is nilpotent, see Lemma 4.1.3. On recalling I(Q)) = 7, integration
gives

dedt 7
J]. €8s @I == < [ HIPPTLRE Lagu? dt
Rq
</ £I0% RE Logw|? dt

and (4.20) yields the claim. For the third estimate apply Lemma 4.2.16
with T =T to find

s

Due to (4.20) and since 7 < 1, it follows

2
< (67;7) ()T 4 (eT)? < "+ €% O
-

From now on we keep € > 0 fixed as the solution of A3(7 + ¢?) = 1
with Az as in the preceding lemma. We shall simply write fg instead of
f6..- Owing to Lemma 4.2.21 and |w| = 1 we find

421)  2Re(w | ]éfg)—]]éf52+|w|2—‘]éfg—w

The following lemma is a straightforward adaption of [30, Lem. 5.11].

2 1

_2'

Lemma 4.2.22. There exist admissible constants 3, p > 0 and a collection
{Qr}r € A of mutually disjoint subcubes of Q) such that |Eq,| > B|Q),
where Eg,, = Q \ Uy Qk, and such that

(4.22) Re <w ‘ ][Ql fg) >p and ][/ |fol < ;

for all dyadic subcubes Q' € A of @ whose Carleson box satisfies Rgy
intersects B¢, := Rq \ Uy, Rg, -
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Proof. Let p > 0; its value to be chosen later. Put B as the (countable)
collection of all ‘bad’ subcubes Q' € A of () that fail at least one of the
inequalities in (4.22). Inductively construct {Q}r as the collection of
maximal cubes contained in B. As usual, a member of B is maximal if
it is not contained in a larger cube from this collection. By maximality
the cubes Q). are pairwise disjoint. Suppose a subcube )’ € A of @ fails
one of the inequalities in (4.22). Then it must be contained in a maximal
such cube Q. Hence, R is a subset of R, and as such cannot intersect
Ep .

It remains to adjust p in such a way that |Eg,| > §|Q| holds for some
admissible § > 0. To this end let B be the subset of those cubes in {Qy }«
that fail the first estimate in (4.22) and put By := {Q }x \ B1. This yields
the rough estimate

(4.23) ‘EQ,V

-[or (Us U8 = 01U -Us

Since each member of By fails the second inequality in (4.22), Holder’s
inequality and Lemma 4.2.21 yield

Usl= S i<y % [,

il <o f |14
Q'eBs
<plQI"* 5] < AwplQl.

On the other hand, (4.21) gives

flal<re (o | [ 13)
= > Re(w ’ /@fé)—{—Re(w ‘ /Q\UBlfs)’

Q'eBy

z\Q\UBI

(4.24)

so that due to the defining property of B;, Holder’s inequality, and Lem-
ma 4.2.21,

1/2 1/2
<p 3 1Q1+[QVUB| Il < sl + Al \UB| QM.

Q'eBy

Rearranging reveals (ﬁ — £)?1Q[ < [Q\UB| provided that p < 1

Choosing p even smaller so to achieve § := (- — £)> — Aip > 0, we

conclude |Eg,| > #|Q] from (4.23) and (4.24). O
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4 Perturbed Dirac type operators on Ahlfors regular sets

Let p, {Qk}r, Eq., and Ef, , be as provided by Lemma 4.2.22. We shall
prove the estimates in Proposition 4.2.20 for these choices. Eventually, we
fix the value of 0 > 0 determining the size of the ‘pizza slices’ K, see

(4.17), as 0 = %. For the next lemma recall that 91 is the exceptional

set of points x € 2 that for some generation ¢ > 0 are not contained in
any dyadic cube Q € A;.

Lemma 4.2.23. Suppose (v,t) € £, is such that x ¢ 9 and v(x) € K,.
Then

e(@) A f5 (@) 2 S () leen).

Proof. Due to x ¢ 91 there exists a unique @' € A, that contains z.
Hence (z,t) € R N EY,. Since by definition A, fg(x) = fo fg, the
previous lemma and the relations between v, w, and @, see (4.19), yield

V(Af5(2))] = Re (& | v(Aufg(@))) = Re (w | Afs(2)) > p
and furthermore — due to vy(x) € K, — also

Vel )
[[7e(2)|

as required. O

.2?

(Y
[\l et

(A ()] =

V(A S ()] = | At ()] H

[ (@)

Finally we complete the proof of Proposition 4.2.20 by establishing the
estimate (4.18). The crucial observation is that Lemma 4.2.23 allows to
reintroduce the dyadic averaging operator:

dx dt dx dt
Jfoorces, @ len == <2 [ @ ass@E

e (x)EKY
dx dt
< @B w2
s Jf, 1erssr =
dx dt
+ [ 10F — vl =5
RQ t

Lemma 4.2.21 bounds the first term on the right-hand side by A,e72|Q)|.
In order to handle the second one, put u := eril RZ 150w € R(T). Due to
J6 = Llagw — u it remains to show that

@25) [ 11(OF —wA)tagull? § + [ I10(0F —nAul?
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is under control by |@|. For the first term on the left-hand side note
Ailyw(z) = w for all x € Q \ DM and ¢t € (0,7) so that by definition of
the principal part

16(07 1agw — 1 Ailaqw) = 1g > O (1zlsqw) — 7 (1xw).
ReA,

Hence,

11007 120w — 1 ALlqw)]] < Y 11007 (1gnwaagw)]l-
ReA,

Proposition 4.2.6 bounds the right-hand side by
d(Q, BN (RT\ 2Q))\ 42
()

ReA-

11 gr(ra\20) @]

Since dyadic cubes of the same step size are comparable in measure, we
get for each R € A; that [[1gngagw| < IR|"* ~ |Q|"*. Now, the
latter sum is under control by the second part of Lemma 4.2.7 with [ = 1.
Altogether,

td+2

1/2
110(67 Lagw — 7uAiLagw) | S QI —5.

Going back to (4.25) this gives the right bound for the first term. The
second one is bounded by

1 dt
1020 = Pyl + 1(OF = 3 Paal® + APy — 1)l G

and these three terms have already been taken care of in Propositions 4.1.9,
4.2.14, and 4.2.17 by bounding them by a multiple of |lu||*>. However,
as u = eTilRE 150w, we find in view of (4.20) that [lul|* < |Q]. This
completes the proof of Proposition 4.2.20. O

4.3 The reduction theorem

Eventually we are in the position to prove the reduction theorem alluded
in the preface. This constitutes the first major step toward resolving the
Lions problem.
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4 Perturbed Dirac type operators on Ahlfors regular sets

Theorem 4.3.1. Let Assumptions 4.0.1 and 4.0.5 be satisfied and let
Ay be the weak Laplacian with form domain V. If for the same « as in
Assumption («) it holds

(E) D((l o Av>1/2+a/2) C H1+a,2(Q)m
with continuous inclusion, then A has the square root property
DWVA) =DW1+A) =V with |[((V1+ Aullz@m = |ully (ue V).

By a classical result of KAaTo [91, Thm. VI.2.23] the self-adjoint oper-
ator 1 — Ay has the square root property D(v/1 — Ay) =V C Wh2(Q)™,
Hence, the core of Theorem 4.3.1 is that the Kato square root problem
follows from an extrapolation problem for the Laplacian, or to put it sim-
ple:

If the square root property for the negative Laplacian
with form domain V extrapolates to fractional powers
with exponent slightly above %, then every elliptic dif-
ferential operator in divergence-form with form domain

V has the square root property.

Remark 4.3.2.

(i) The conditions (M¢), see Remark 4.0.4, and (E) are those imposed
by MCINTOSH in [118] in order to solve the Kato square root problem
if the coefficients of A are Holder continuous.

(ii) For the choice V = W5*(Q)™ we will establish (a) and (E) for all
sufficiently small values of a in Chapter 5.

Proof of Theorem 4.3.1. We shall put Theorem 4.3.1 down to Theo-
rem 4.1.11 by considering a triple of judiciously chosen operator matrices
on the Hilbert space

H = L2(Q)™ x LA(Q)™ x L3(Q)%™.

This idea is taken from [29] but as the underlying hypotheses slightly
differ, we shall give the full argument. Roughly speaking, Il and Ilg will
be chosen such that IT? and 1% are related to —Ay and A, respectively.
The perturbative structure of the I1g-theorem (quadratic estimates are for
free for the self-adjoint operator IT) will then translate to the perturbative
structure of the reduction theorem.
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4.3 The reduction theorem

Step 1: Choosing the auxiliary operators

The differential operator Au = — szzl 0;(pi j0ju) is realized by means

of the sesquilinear form a : V x ¥V — C. Let 4 : L2(Q)9m — L2(Q)dm
be the multiplication operator induced by (i ;)1<ij<a € L>(2; L(C?™))
and define the operator Vyu := Vu on D(Vy) := V, which owing to
Assumption (V) is closed. The operator triple under consideration is

0 00 100 00 0
''=|1 00|, Bi=10 0 0|, Ba:=10 1 0
Vv 0 0 000 00 4

defined on their natural domains. By these choices

0 1 (Vy)u
(4.26) Hg=TI'+BI"By=|1 0 0
Vy 0 0

and since by definition of the form method A = (Vy)*UVy, it follows

1+A 0 0
= 0 1 (Vy)u
0 Vy Vp(Vy)u

The corresponding unperturbed operators IT and II? are

4.27) M=|1 0 0 and IF=| 0 1 (V)
Vy 00 0 Vy Vy(Vy)*

On assuming that this triple satisfies (H1) - (H7), Corollary 4.1.13 reveals
that (/II1% and Il share the same domain and have equivalent graph
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4 Perturbed Dirac type operators on Ahlfors regular sets

norms. Since I1% is a block-diagonal sectorial operator matrix, both blocks
are sectorial as well. Starting from the block form of its resolvents, we
obtain by the very construction of the functional calculus for sectorial
operators that

1+A 0

\/@ = L (V)

Vy Vy(Vy) i

So, restricting to L2(2)™ x {0} x {0} and comparing with (4.26), we find
D(V1+A)=V with [ullz+[[V1+ Aulls = [lulls + [[Vulz  (uwe V).

To conclude, it suffices to note that firstly VA and V1 + A share the same
domain, and that secondly the L2norm on the left-hand side above can
be ignored as invertibility carries over from 1+ A to its square root. These
statements are proved in Propositions 3.2.22 and 3.2.21, respectively.

Step 2: Checking the hypotheses

It remains to check that the operators specified in the first step meet the
assumptions (H1) - (H7):

v (H1) This is clear from the very definition of I'.

v (H2) Only accretivity of By is a concern. Here, note that the Garding
inequality from Assumption 4.0.5 gives

Re(Bol'u | Tu)y = Re(uy | ur)2 + Re(UVyuy | Vyug)e
= [lur]lz + Re auy, u1)
> [lur|l3 + MV |3 = || Tull3,

for every u € R(I') with components u;, 1 < j < 3, according to the
definition of H.

v (Hg) Slrnply note that BQBl =0= BlBQ.

v (H4) This is satisfied by definition.
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4.3 The reduction theorem

v' (H5) The domain of I' is V x L2(Q)™ x L2(2)4™. Hence, invariance under
multiplication by ¢ € C°(R%; C) is guaranteed by Assumption ()
and for u € D(I") the commutator acts as

0 0 0
O Mou=| ouy | = | ou | = 0

V(puy) eVuy (u10;0)]

v (H6) Since integral over the gradient of a compactly supported function
vanishes, the estimate for I' is immediate from Hoélder’s inequality.
For the adjoint estimate assume u € D(I'*) has compact support in
BN for some ball B centered in €. Take ¢ € C2°(£2; R) identically
one on the support of u. Since (H5) holds for T', it also holds for
', see Lemma 4.1.10. Hence, supp [u C suppu by applying the
commutator estimate with every smooth function that vanishes on
the support of u. Denote by {e; }32? 4m the standard basis of C2m+dm,
Then e is contained in Wg?(Q)?m+4m C Y2+ by Assumption (V)
so that with respect to scalar products in C?m+dm,

(fira| o) =[] ee) = [ o [ )

Since by construction |I'(¢e;)| < 1 holds everywhere on supp(u), the
right-hand side is bounded in absolute value by |B|*?||u/|3 thanks
to Holder’s inequality. Taking absolute values and summing up over
J gives the required estimate.

v’ (H7) For the first part take 3; = 1. Since any u € R(I'*) N D(I1%) has
components u; € V and uy =0, ug = 0,

1/2
lullyaee = ([l + IVua]3) ™ = ITull = [Muflp = [VIPul|,

the last part being due to the solution of the abstract Kato square
root problem for self-adjoint operators, see Proposition 3.3.15, The-
orem 3.4.11, and Example 3.4.15.
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4 Perturbed Dirac type operators on Ahlfors regular sets

For the second part take 3 = « as in Assumption 4.0.1 and let

v = {0 w vvwr c R(I') N D(I1%)

be arbitrary. By Assumption («) and since the gradient operator
Vo HF2(Q)™ — H*2(Q)9™ is bounded,

||UH['H,V‘1+2}@ ~ Hw“HO"Q(Q)m + ||vaHa,2(Q)dm ,S ||wHH1+a,2(Q)m.

Since w € D((Vy)*Vy) = D(1 — Ay), Assumption (E) in Theo-
rem 4.3.1 gives

(4.28) [ollpeyars, S 11— AV>1/2+Q/2wHL2(Q)m>

where again Proposition 3.2.21 and the invertibility of 1—A,, allowed
to place a homogeneous graph norm on the right-hand side. From
the block structure in (4.27) we can infer

T

(1 o Av>1/2+a/2w — (H2>1/2+a/2u for w = [w 00 c D<H2>

and in addition ITu = v. Taking into account once more the solution
of the abstract Kato square root problem for II,

(1= Ap) V2 paqym = [[(I12)M2(11%)* 2ul| = [|TI(TT%)*2ul |
= ||(I%)*/* Il = | (1) 20|30,

which, plugged in on the right-hand side of (4.28), yields the required
estimate. 0
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CHAPTER b

Solution of Kato's conjecture for mixed boundary
conditions

In this chapter, which is the centerpiece of this thesis, we shall complete
the treatment of the Lions problem for mixed boundary conditions. This
will be done by establishing the extrapolation results for the negative
Laplacian required in Theorem 4.3.1. Our proof is based on a clever
interpolation argument going back to PRYDE [131]. The same idea has
been utilized by AXELSSSON, KEITH, and M°INTOSH [29].

For simplicity, we first consider a single elliptic differential operator in
divergence form —V - 4V with bounded complex coefficients on a domain
Q, subject to Dirichlet boundary conditions on some closed subset D of the
boundary 9 2 and natural boundary conditions on 9 Q\ D. We let A be the
maximal accretive realization of —V-uV on L?(Q) via a sesquilinear form.
The Kato square root problem for A amounts to identifying the domain
of AY? as the domain of the corresponding form, that is, the subspace
W5(Q) of the first-order Sobolev space W12(Q).

An extensive historical account on the Kato square root problem, in-
cluding a comparison to earlier square root type results, has been given
in the preface. Here, we only remark again that up to now the affirmative
answer to the Lions problem in case of merely bounded coefficients p was
known only on smooth domains and under the additional assumption that
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5 Solution of Kato’s conjecture for mixed boundary conditions

D and 0Q\ D are separated within 92 by a smooth interface. This is
due to the celebrated result of AXELSSSON, KEITH, and M°INTOSH [29],
which also allows to skip to global bi-Lipschitz images of such domains.

In this chapter we will solve the Lions problem directly on bounded
domains §2 beyond the Lipschitz class. More precisely, we can dispense
with the Lipschitz property of €2 in the following sense.

Assumption 5.0.1.
(i) The domain Q CR?, d > 2, is bounded and d-Ahlfors regular.

(ii) The Dirichlet part D C 0S) is closed and either empty or (d — 1)-
Ahlfors reqular.

(iii) The domain Q satisfies the Lipschitz condition around every bound-
ary point x € 0\ D.

Remark 5.0.2. Altogether, Assumption 5.0.1 is slightly more restrictive
than (©2) and (0) of Assumption 4.0.1 required in the previous chapter.
In fact, recall from Definition 2.2.17 that Assumption (iii) means that for
every x € €2\ D there exists an open neighborhood U, and a bi-Lipschitz
map @, from U, onto the unit cube (—1,1)¢ such that

q)x<x) = 07
(I):v(Q N UJ:) = (_1’ 1)d_1 X (_170)7
®,(00NU,) = (—1,1)"* x {0}.

As a bi-Lipschitz image of the (d—1)-set (—1,1)?! x {0}, each set 9 QNU,
is a (d—1)-set [147, Thm. 28.10]. So, by compactness and Assumption (ii)
we see that 0 € is the union of finitely many (d—1)-sets and thus a (d—1)-
set as well, see Lemma 1.2.24.

Assumption 5.0.1 will be a standing assumption for the whole chapter.
Concerning geometry, we note that in view of Proposition 1.2.30 it forces a
plumpness, or interior corkscrew condition on €2, which, roughly speaking,
excludes outward cusps also along the Dirichlet part. On the other hand,
this does not exclude a domain 2 that is sliced or touches its boundary
from two sides. A striking constellation that notably violates the Lipschitz
property is depicted in Figure 7 below. As special cases the pure Dirichlet
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Figure 7: The domain € C R? is obtained by smoothly deforming an acute
triangle such that one apex touches the opposed side from out-
side. Afterwards a closed line segment is removed from its inte-
rior. Around the points on this line segment, as well as around
the former apex, the Lipschitz condition for 0f2 is violated as €2
does not locally lie on one side of its boundary — but these parts
belong to the Dirichlet part D. Around 092\ D the boundary
of 2 is smooth and since D is a union of Lipschitz curves, it
satisfies the Ahlfors-David condition.

(D = 09) and the pure Neumann case (D = () are included. Let us
stress that in the former we can dispense with the Lipschitz property of
the domain completely.

Due to the generality of our geometric setting — in particular because
localization techniques are not feasible around the Dirichlet part of the
boundary — the adaption of PRYDE’s argument requires some prepara-
tions. These lead to new results that are interesting on their own ac-
count. We develop a suitable interpolation theory for a continuous scale
of fractional Sobolev spaces {H‘Z}Q(Q)}l /2<s<3/2 adapted to mixed bound-
ary conditions in Section 5.4, relying on two key ingredients. Firstly, in
Section 5.2 we construct a degree-independent extension operator, heav-
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5 Solution of Kato’s conjecture for mixed boundary conditions

ily resting on ROGERS’ universal extension operator for (g,d)-domains,
see Theorem 2.2.21, and recent results on fractional Hardy inequalities
[51,82,83,143]. Secondly, we prove a fractional Hardy type inequality
for Sobolev spaces with partially vanishing boundary trace in Section 5.3,
thereby extending Theorem 2.3.9 to spaces of fractional differentiability.

Finally, in Section 5.6 we present the solution of the Kato square root
problem for —V - 4V complemented with mixed boundary conditions. In
Section 5.6.1 we give an extension to coupled elliptic systems, where we
can even allow for a different Dirichlet part for each component.

5.1 A continuous scale of Sobolev spaces
related to mixed boundary conditions

We introduce a continuous scale of Sobolev spaces related to mixed bound-
ary conditions and establish some preliminary properties that will be
needed later on. Although these spaces are often considered from a Besov
point of view, we shall use the Bessel potential notation H*? to stress the
Hilbert space structure of the problems dealt with in this chapter. There
is no harm in doing so as in the Hilbert space case

H*2(RY) = By’ (RY) = F3*(R?) (52 0)

holds up to equivalent norms. To refresh the definition of these function
spaces, the reader may refer to Section 1.1, in particular to Theorem 1.1.6.
As usual, the analogs of these spaces on domains are defined via restriction,
see Section 1.1.2.

5.1.1 The spaces H}

For the Sobolev spaces with partially vanishing boundary traces we restrict
ourselves to spaces with differentiability order s € (%, %) The reason
behind this restriction is that — just by the methods that will be discussed
in this section — for larger values of s there will be a trace in an L2
sense also for some derivatives of the functions under investigation. These,
however, are nothing but a meaningless obstacle when it comes to weak
solutions of second-order divergence-form equations with mixed boundary

conditions.
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5.1 Continuous scale of Sobolev spaces for boundary conditions

Fractional Sobolev spaces on (d—1)-sets can be defined in a natural way
as long as s € (0,1). We follow the presentation in JONSSON-WALLIN [87]
but for consistency stick to the notation H*? rather than B3 ,.

Definition 5.1.1. Let F C R? be a (d — 1)-set and s € (0,1). The
fractional Sobolev space H*?(F) consists of those f € L*(F, Hy_1) that
satisfy

He2(F) 1=</F [f(@)]* dHa-1(2)

1/2
+ //x yer —df%rlys dHg1() de_1(y)> < 00.

le—y|<1 |‘T_

/]

Equipped with the norm || - |

Hs2(F) it becomes a Banach space.

The ultimate instrument for the treatment of Sobolev spaces with par-
tially vanishing boundary traces is the following extension-restriction re-
sult due to JONSSON and WALLIN [87]. We refer to Sections VII.1.1 and
VIL.2.1 in [87] for the first two assertions and to [75, Thm. 2.5] for the
third.

Proposition 5.1.2. Let F CR? be a (d — 1)-set and s € (3,3).
(i) For f € H¥*(R?) the limit

r—0 B(zo,r)

f(x) dx

exists for Hq_1-almost all xo € F'. The so-defined restriction opera-
tor R maps H>2(R?) boundedly onto H*~Y/22(F).

(ii) There is a bounded extension operator Ep : H*~V/22(F) — H%?(R?)
which forms a right inverse for Rp. By construction Er does not
depend on s.

(iii) The operator Er maps Lipschitz continuous functions on F' to Lip-
schitz continuous functions on RY.

Remark 5.1.3. The existence of the limit in (i) has of course already been
used to define the regular representative of f. In fact, by Corollary 1.2.33
we have Rpf = § almost everywhere on F' with respect to Hy—1. The
point here is that the assignment f — | gives rise to a bounded operator
between Banach spaces.
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5 Solution of Kato’s conjecture for mixed boundary conditions

An important remark concerning all results borrowed from JONSSON-
WALLIN [87] is the following.

Remark 5.1.4. All results in [87] are formulated for closed I-sets only.
However, if F' is an [-set, then so is its closure F' and moreover F'\ F
is an H;-nullset [87, Sec. VIIL.1.1]. Therefore, most results in [87] can
effortless be carried over to general [-sets. For instance, we have used this
fact already in our formulation of Proposition 5.1.2.

Now we come to the central definition of this section.

Definition 5.1.5. Let ' C R? be a (d — 1)-set, s € (3,3), and Rp as in
Proposition 5.1.2.

(i) Put
H3*(RY) = {f € H*?(RY); Rpf =0 Hg_1-a.e. on F},

which by continuity of Ry is a closed subspace of H*?(R%) and thus

complete under the inherited norm. It is convenient to also define
Hj?(RY) == H*2(RY).

(ii) If = C R? is a domain and F' C =, put
H*(2) = {fl=; f € HF (R}

and equip it with the usual quotient norm. Again, also define
Hj?(2) = H*2(2).

We collect first properties of the spaces H}’Q. A direct consequence of
Proposition 5.1.2 is that they are complemented in H*2.
Lemma 5.1.6. If F C R?is a (d—1)-set and s € (L, 2), then Hi*(RY) is a
complemented subspace of H*2(RY) with corresponding bounded projection
PF =1d —EFRF.

Proof. The right inverse property RpEr = Id on H*~/22(F), see Propo-
sition 5.1.2, immediately implies P2 = Pp. Moreover, f € H*?(R?) satis-
fies Prf = f if and only if EpRpf = 0 holds. Again by the right inverse
property the latter is equivalent to Rrf = 0, that is, to f € H?Q(Rd). H
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5.1 Continuous scale of Sobolev spaces for boundary conditions

The following lemma on multiplication operators will be needed later
on.

Lemma 5.1.7. Let Z C R? be a domain and let n : R — C be bounded
and twice differentiable with bounded derivatives up to order two.

(i) If s € [0,2], then the multiplication operator M, associated with 1 is
bounded on H*?(Z).

(ii) Assume that E C = is a (d — 1)-set and that F' C E is either empty
or a (d — 1)-set. If n vanishes on E\ F, then M, maps H}*(Z)
boundedly into H3(Z) for each s € (1, 2).

Proof. For the first claim let s € [0,2]. Since M, is bounded on L*(R?)
and on H*?(RY), its boundedness on H*?(R?) follows by complex inter-
polation, see Theorem 1.3.20. Boundedness on H*?(Z) then is immediate
from the definition of the quotient norm.

For the second claim let s € (3, 2), fix f € Hy “2(2), and let g € HZ*(R?)
be an extension of f. Passing to the limit » — 0, due to Proposition 5.1.2
the left-hand side of

£ oy M) d = L. 9@ = () de +nfa) £ g(w) do

B(zo,r)

converges to RpM,g(zo) for Ha_1-almost all zy € E and, as a consequence
of g € H¥*(R?), the second term on the right-hand side tends to zero for
Hy_1-almost all zg € F. Taking into account that 7 vanishes on E \ F' it
follows for Hy_1-almost all ¢ € E that

(5.1) R M,g(xo) = lim g(x)(n(x) —n(zo)) dz.

=0 JB(wo,r)

Now, note that Rg |g| (x¢) is defined for H,_j-almost all xy € E: Indeed,
let ¢ € (1,1) be smaller than s. Then of course g € H**(R?) and due
to t < 1 we can check |g| € H*?(R?) by the reverse triangle inequality.
If finally zy € E is such that the limit in (5.1) exists and Rg |g| (zo) is

defined, then
| R Myg(o)| < Ti {1 = 1(20) [|Loe (520.) ][B(xo,r) l9(x)] dz =0

by continuity of . This proves RpM, g = 0, hence M, g € H3? (R%). Since
g was an arbitrary H3*(R%)-extension of f, boundedness of the operator
M, : H?(Z) — H3(Z) follows from the first claim. O
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5 Solution of Kato’s conjecture for mixed boundary conditions

There is sort of an ambiguity in Definition 5.1.5 for the case s = 1,
which we dissolve by showing that H}f defined via restriction coincides
with W3” defined as the completion of C% in the first-order Sobolev norm.

Proposition 5.1.8.

(i) If F CRY ds a (d—1)-set, then HZ*(RY) = W% (R?) with equivalent
norms.

11 nder Assumption 5.0.1 it holds HE = ] with equivalent
ii) Under A jon 5.0.1 it holds H? (Q) = W5 (Q) with equival
norms.

Proof. As H'?(R?) = W1?(R?) with equivalent norms, the (k, p)-synthe-
sis in its version stated in Proposition 1.2.38 immediately gives the first
claim provided F'is closed. The general case now follows from the simple
observation that

CR(RY) = CE(RY, WE(RY) = WERY), and HP(RY) = HERY),

where the last equality is due to Remark 5.1.4. For the second claim we

note that according to Theorem 2.2.23 there exists a bounded extension
operator W;3*(Q) — W5*(R%). Thus, Lemma 1.1.13 gives

WEHQ) = {fla; f € WE (R}

with equivalent norms if the space on the right-hand is equipped with its
natural quotient norm. Invoking the first part, this latter space is precisely

H;3*(Q). O

Corollary 5.1.9. Let = C R? be a domain, F C = be either empty or a
(d —1)-set, and s € (3,1]. Then CF(Z) is dense in H3?(Z).

Proof. Obviously C(Z) is a subset of H*(Z). To prove density, fix
f € H%*(Z) and choose an extension g € H*(R%) of f. Let {gn}n be a
sequence from C*(R?) converging to g in H**(R?), see Theorem 1.1.6. If
F =0, then {g,|z}» C C¥(Z) converges to f in H%*(Z). So, for the rest of
the proof assume that F is a (d — 1)-set and let Pp : H%?(R%) — H3*(R%)
be the projection introduced in Lemma 5.1.6.

Then { Prg, }, converges to Prg = g in H*?(R%). Owing to Lemma 5.1.6
also { Prgn }n € Hp?(RY). By Proposition 5.1.8 for every n € N there exists
h,, € C3(R?) such that ||h,—Ppgy|lgmegsy < +. Since H*?(RY) C H'?(RY)
with continuous embedding, the sequence {h, |z}, converges to g|z = f in
H3?(2). O
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5.2 Universal extension operators for the
2
Hp, -scale

The following extension theorem is the main result of this section and lies
at the heart of the interpolation theory for the spaces H37(Q) built up
later on in Section 5.4.

Theorem 5.2.1. There are bounded extension operators E, Ey : 12(Q) —
L2(R%) with the following properties.

(i) The operator E restricts to a bounded operator H*2(Q) — H*2(R?) if
s € (0,3) and to a bounded operator H32(Q) — HP(RY) if s € (3, 9).

(ii) The operator Ey restricts to a bounded operator H>2(2) — H*2(R%)
if s € (0,3) and to a bounded operator H3(Q) — Hi(RY) provided
s€(3,1).

(iii) There is a bounded domain Qy C R? that contains Q and avoids D
such that if f € L*(Q) vanishes a.e. on a neighborhood of D, then

supp(Ex f) € Q.
Remark 5.2.2. The advantage of Ey over E is that for the former we

have control on the support of the extended functions. The full meaning
of the domain €24 will become clear only in Section 5.3.

Remark 5.2.3. A common mistake is to consider Theorem 5.2.1 as a
trivial consequence of Theorem 2.2.23 providing a universal extension op-
erator £ : WEP(Q) — W5P(RY) even for all k € Ny and all 1 < p < co.
In fact, this sort of reasoning would already require interpolation theory
for the spaces WHP(Q) with respect to the differentiability index %, which
is precisely one of the main results to be established in this chapter by
means of the extension operator provided by Theorem 5.2.1.

Corollary 5.2.4. The spaces H}3* (), 1<s<3 andH(Q),0<s< 1,
are reflezive.

Proof. Let 1 < s < 3. First, H%?(RY) is reflexive as a closed subspace of
the reflexive space H*2(R%). Since F : H3*(Q) — H3*(R?) is a bounded
right-inverse for the restriction operator R : Hj3*(RY) — H3*(Q), it im-
mediately follows that E is an isomorphism from H$(Q) onto the closed
subspace E(H3%(€2)) of H3’(R?). The argument in the case 0 < s < 1 is
similar. []
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5 Solution of Kato’s conjecture for mixed boundary conditions

We will develop the proof of Theorem 5.2.1 in Sections 5.2.1/5.2.2 below.
As in Section 2.2.2 the underlying strategy is:

Extend by zero over D and use bi-Lipschitz charts to extend over 9Q\ D.

This suggests to study the zero extension operator

T2 2/mpd . flz), ifze,

Eo: LA(Q) — LARY),  (Eof)(x) {O’ I
first. Recall from Remark 5.0.2 that 02 is a (d — 1)-set. While obviously
Ey is bounded from L?(Q) into L?(R%) as well as from Hz5 () into Hya(RY)
(for the latter use that C3(Q) is dense in Hja(€) by Proposition 5.1.8)
the question whether it acts boundedly between fractional Sobolev spaces
is much more involved. Roughly speaking, the problem stems from the
non-local norm of these spaces.

For a clear presentation of the proofs we introduce the following notion.

Definition 5.2.5. Let Z1,Z; C R? be domains and s > 0. An operator
T : L*(E;) — L?(Z,) is called H%*-bounded if it restricts to a bounded
operator from H*?(Z;) into H%?(=Z,).

5.2.1 H*2-boundedness of the zero extension operator

Our approach to H%2-boundedness of the zero extension operator bears
on an intrinsic connection with the fractional Hardy inequality. This idea
is taken from IHNATSYEVA-VAHAKANGAS [83].

Lemma 5.2.6. For each s € (0,1) the zero extension operator Ey satisfies

oo [Bof (@) = B I 4 4, < oo HOES (O]

lz—y|<1 ’.CL’ - y’d+28 lz—y|<1 |'T - y|d+23
‘f(m)‘Q 2
P B e H2(Q)).
+f o b ET)

Proof. Set M := {(z,y) € R‘xR%; |z — y| < 1} and note that if s € (0, 1)
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5.2 Universal extension operators for the H%Q—scale

and f € H**(Q) then

|Eof(x) — Eof ()|
//a: yeQ d+2s dz dy

lz—y|<1 ‘$ - y‘

:/Q/Q‘f’x __y’dgz’ 1y(z,y) de dy

1
2/ 2 —1 ,y) dy dx.
+ Q|f(x>| RO\Q |x_y|d+2s m(z,y) dy dz

Since for each z € 2 the ball B(x,dsq(z)) is contained in €2, the desired
estimate follows from

1

1
— 1y (z,y) dy < / —dy
/Rd\ﬂ o — g u(z:y) R4\B(z,doa()) |z — y| 7>
1
~ z€N). O
doa(2)® ( )

Up to technical details, Lemma 5.2.6 reduces H*2-boundedness of Ej
to the question whether the L?*(Q)-norm of |f|d;5 can be controlled in
terms of || f|lus2() or || f HH;@(QV respectively. Such an estimate is called
a fractional Hardy inequality. The subsequent propositions due to DYDA,
IHNATSYEVA, and VAHAKANGAS summarize the state of the art concern-
ing such inequalities in our geometric setting.

Proposition 5.2.7 ([83, Thm. 1.2]). Let 0 < s < ¢ and let = C R? be

a bounded domain whose boundary has Aikawa dimension strictly smaller
than d — 2s. Then

LI a0 s 1

(@) Hs2(E) (f € H?(2)).

Proposition 5.2.8 ([143, Thm. 2]). Let s > 0 and let = C R? be a
bounded k-plump domain whose boundary has lower Assouad dimension
dimys(0Z) > d —2s. Then

If(:v))! //W drdy  (f € C()).

doz(z)* = |z -y
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5 Solution of Kato’s conjecture for mixed boundary conditions

By Assumption 5.0.1 and the subsequent remarks, the domain 2 under
consideration is bounded, k-plump, and its boundary is a (d — 1)-set. As
we recall from Theorem 1.2.49, this implies

dimAS((“)Q) = dimA(ﬁ Q) =d— 1,

so that Proposition 5.2.7 and Proposition 5.2.8 apply to = = €2 provided
0<s< % and % < s < 1, respectively. Note that the right-hand side of
the inequality from Proposition 5.2.8 is dominated by the Hs’é(E)—norm.
Moreover, Proposition 5.2.8 extends to all f € Hj5(2) by density, taking
into account Corollary 5.1.9 and Fatou’s lemma. Let us summarize these
observations.

Corollary 5.2.9. I[f0 < s < %, then fractional Hardy inequality

If( )|’

don () de S [ flffee@  (f € H*(Q))

holds true and if% < s < 1, then similarly

f (@)

QWCL’ESHﬂ

12{35(9) (f € Hyo()

We state and prove the main result on zero extensions on fractional
Sobolev spaces.

Theorem 5.2.10. The zero extension operator Ey restricts to a bounded
operator H**(Q) — H*?*(RY) if s € [0,1) and to a bounded operator
H50(Q) = Hza(RY) if s € (3. 3).

Proof. The easy cases s = 0 and s = 1 have already been discussed. If
s € (0,3), then Lemma 5.2.6 and Corollary 5.2.9 yield

E —E 2
J[ e BT BO 4 4 < 1

lz—y|<1 |l‘ - y|

2Hsﬂ(Q) (f € H¥*(0)),

where we have again used that the first term on the right-hand side in
Lemma 5.2.6 is dominated by the H*?(Q2)-norm. Since Ej is L*-bounded
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5.2 Universal extension operators for the H%Q—scale

the conclusion follows. Likewise, if s € (%, 1), then it follows from Lem-
ma 5.2.6 and Corollary 5.2.9 that Ey maps Hig(€) boundedly into H*2(R%)
and it remains to check that in fact Eyf € H3g(RY) if f € H3o(€). This
is certainly true if f € C3%(Q) and thus follows for general f € H3a(Q)
by approximation, see Corollary 5.1.9.

Finally, let s € (1,3) and f € H33(Q) C Hya(Q). Write [-]y_1 for
the usual seminorm on H* %2(R?) with integration over z,y € R? with
|z — y| < 1. The assertion for s = 1 yields

1Eo ffs2maty = B0 llfi2 g +Z (Eof)e1s
( )

j=1
d

Sl + OBz

Note 0;(Eof) = Eo(0;f) for 1 < j < d, which is obvious if f € Cgg(£)
and then extends to general f € Héé(Q) by density. Since the derivation
operators d; are bounded from Hja(Q) into H~52(Q), the assertion for
s — 1 yields

10,(Eof)]s—12 = [Eo(8;f)]s-1.2 < || Eo(8; 1)
SN0 flle-r2@) S 1z

352

H571’2(Rd)

for each 1 < j < d. Altogether,

[ Eof|

To conclude, note that

me2wt) S |z

Eof € Ey(Hy5()) € Hya(RY)

by the claim for s = 1 implies Rgo(Fof) = 0, so that in fact Eyf is a
member of Hjg(R%). O

5.2.2 Proof of Theorem 5.2.1

The argument relying on a localization procedure similar to the one in
Proposition 2.2.6 is divided into five consecutive steps. In fact, the con-
struction of the extension operator is exactly the same and proving H*2-
boundedness is the major difficulty. For the sake of readability and further
reference we repeat the construction of the extension operator on the fly.
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5 Solution of Kato’s conjecture for mixed boundary conditions

Step 1: Local extension operators

Since 9Q \ D is compact we can, according to Assumption 5.0.1, fix an
open covering U7_; U; of 92 \ D with the following property: For every
1 < j < n there is a bi-Lipschitz map ®; from U; onto the open unit cube
(—1,1)¢ such that

®;(Q) = (-1, )% x (=1,0) and ®;(0QNU;) = (-1,1)"" x {0},

where €2, := QNU;. We can assume that none of the sets U; is superfluous,
that is, Q2 \ DNU; # 0 for all j. With this convention n = 0 in the case
D =01.

We recall from Lemma 2.2.20 that each domain €2 is an (e, §)-domain for
some values of €,6 > 0 and thus is a universal Sobolev extension domain
due to ROGER’s result, Theorem 2.2.21. If only a bounded extension
operator for first-order Sobolev spaces is needed, we can rely on an easy
reflection technique instead:

Transform §; to the lower half-cube, extend to the unit
cube by even reflection and transform back to Uj.

This procedure has the advantage of a control on the extended function
outside of 2 needed later on for the construction of Fy. A precise math-
ematical statement for this fact reads as follows.

Lemma 5.2.11 ([66, Lem. 3.4]). Let 1 < j <n and denote by

S L%((—1,1)% 1 x (=1,0)) = L*((—1,1)%),
(Gf)(x) = f(xla ceey g1, — SgH(Id)l’d)

the extension operator by even reflection. Then
E.;:L2(Q) = LAU)),  (Euif)(x) = &(f 0 2;7)(2)(x))

is a bounded extension operator that is also H“*(Q;) — H*(U;) bounded.
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5.2 Universal extension operators for the H%Q—scale

Step 2: Construction and H*2-boundedness of E

Fix universal extension operators E; : L*(Q;) — L2(R?), 1 < j < n,
according to ROGER’s theorem. Also fix a cut-off function n € C*(R?)
that is identically one in a neighborhood of 92\ D and has its support

in Uj_, Uj. Let n1,...,7m, be a smooth partition of unity on supp(n) sub-
ordinated to Uy,...,U,. Finally, take cut-off functions y; € C(Uj;),
1 < j <n, with x; identically one on supp(n;). With this notation put

(52) E:L*(Q)—L*RY), Ef=E(( +Zx] (i f),

where FEj is the zero extension operator. Note that E is indeed an ex-
tension operator since for f € L?*(2) the restriction of Ef to Q coincides
with

L= f+d xmnf=Q=n)f+d nmf=0-=n)f+nf=7f
=1 j=1

In the remainder of this step we prove that F restricts to a bounded op-
erator H3(Q) — H52(Rd) if s € (3,%). The question whether E in fact
maps H;(Q) into Hy (R%) is postponed until Step 5. Upon replacing the
symbol H%? by H*?2 for any (d — 1)-set F' occurring in the following, liter-
ally the same argument will show that E restricts to a bounded operator
H*2(Q) — H¥*(RY) if s € [0, ).

Let f € H3(Q). Throughout, implicit constants may depend on all
other parameters but on f.

Since 1 — i vanishes on 9\ D, the multiplication operator associated
with 1—7 maps H$y’(Q) boundedly into H3a(Q), cf. Lemma 5.1.7. Invoking
Theorem 5.2.10, we find

(5.3) [Eo((L = n)f) |2 Rd) S S =n)f] HEo () S ”fHH;?(Q)

Concerning the remaining terms in (5.2) note that for 1 < j < n Lem-
ma 5.1.7 yields

lninf ez, < llnjnfllaez@) S I 2@ < 120
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5 Solution of Kato’s conjecture for mixed boundary conditions

and

IG5 (minf) las2way S 1E;(nnf)]

since n;n and x; are smooth and compactly supported. Hence, the only
task is to prove H*?-boundedness of F;. To this end, note that by con-
struction Fj; is H*2-bounded if k = 0,2, so that

E; : [L2(Qj),H272(Qj)]s/2 — [LQ(Rd),H2’2(Rd)L/2 boundedly.

Hs:2(R4) 5

Theorem 1.3.20 and the subsequent remark assert that the left- and right-
hand side spaces above coincide with H*?(€2;) and H*?(R?), respectively,
up to equivalent norms.

Step 3: Construction and H*2-boundedness of E4

For the construction of Fy4 we rely on the same pattern as for £ but use
E,;, 1 < j < n, defined in Lemma 5.2.11, as local extension operators.
Since these operators only extend from €2; to U;, we introduce the respec-
tive zero extension operators Ey; : L?(U;) — L*(RY). With 7, n;, and x;
as in Step 2 we then put

(5.4)
Ex :LX(Q) = L2(RY),  Exf=Eo((1=n)f)+ Z_: Eo; (X Evi(ninf)).

In analogy with Step 2 we focus on s € (3, 1) and prove that Fy restricts
to a bounded operator Hi(Q) — H*2(R
(5.4) has already been taken care of in (5.

4). The zero extension term in
3) so that it suffices to consider
the terms containing F, ;.

For k = 0,1, Lemmas 5.1.7/5.2.11 yield that M, E, ;M,,, is bounded
from H*2(Q);) into H*?(U;). Here, as usual, M denotes the corresponding
multiplication operator. Since x; has compact support in U; it follows that
Ey My, E, ; M, , maps H*?(Q;) boundedly into H*?(R?). A similar inter-
polation argument as in Step 2 reveals [L?(£2;), HY*(Q;)]s = H**(€2;) if one
relies on the H*-boundedness of F; rather than on its H*?-boundedness.
Hence, by complex interpolation, Ey;M,, E, ; M, , maps H**(Q;) bound-
edly into H%2?(R%), that is,

1 B0 (X5 Evi(ninf))| wa@) < I fllusey  (f € HE' ().

Going back to (5.4), the boundedness of Ey : H(Q) — H¥2(R%) follows.

me2(ed) S |11
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5.2 Universal extension operators for the H%Q—scale

Step 4: E and E, map into spaces with vanishing trace on D

To conclude the proof of the first two items of Theorem 5.2.1 we have yet
to show that E and Ey in fact map H3*(Q) into H3*(RY) if s € (1, 2)
and s € (%, 1), respectively. Since the proofs are almost identical, we
concentrate on E. Also, only the case D # () is of interest. Recall from
(5.2) that E'f is given by

Ef =FEo((1—n +ZXJ (nnf),

where 7 is smooth and identically one in a neighborhood of 9Q \ D, the
functions x; and 7n; are smooth, and the local Sobolev extension opera-
tors E; : L*(Q;) — L?(R?) are chosen according to Theorem 2.2.21. As
this is the same construction as used in Section 2.2.2, Theorem 2.2.12 in
combination with Proposition 5.1.8 yields

(5:5)  CH(Q) C W (Q) = H'(Q) —— Wi (RY) = HF'(RY).

Now, let s € (1,2), f € H3(Q), and pick some ¢ € (3,1) not larger
than s. Use Corollary 5.1.9 to approximate f in H(Q) by a sequence
{fa}n C C%(Q). Step 2 infers that {Ef,}, converges to Ef in H"?(R?).
A consequence of (5.5) is RpEf, = 0 for each n € N and therefore
RpEf = 0 by continuity of Rp, see Proposition 5.1.2. This exactly means
that Ef does not only belongs to H*?(R?) as guaranteed by Step 2 but

even to Hy (RY).

Step 5: The support property of E,

In order to prove the third item of Theorem 5.2.1 let f € L?*(€2) be such
that there is an open set U O D with f =0 a.e. on QNU. Then (1 —n)f
has compact support in  and clearly so has Eq(1—n)f. If 1 < j < n, then
nn; has compact support in U;. Hence, E, ;(nn; f) has compact support in
U; \ D by construction of E, ;, see Lemma 5.2.11, and the same remains
true for Ey ;(x;jEx;(nm;f)). In a nutshell, Ey f has compact support in

Oy = QU O(Uj\D),

J=1
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5 Solution of Kato’s conjecture for mixed boundary conditions

see (5.4). Clearly €4 is open, contains (2, and avoids D. The sets U; \ D
are contained in bi-Lipschitz images of the open unit cube and therefore
are bounded. Hence, €24 is bounded and it remains to show that it is
connected. Since the union of connected sets with a common point is
again connected, it suffices to show that for 1 < j < n the set U; \ D is
connected and has non-empty intersection with €.

By construction U; intersects 0 Q2 \ D. Since Uj is open, it must intersect
both  and 9Q\ D. The latter implies that ®,;(U; \ D) C (—1,1)¢ does
not only contain the lower and upper open half of the unit cube but also
a point from their common frontier (—1,1)4~1 x {0}. From this it follows
that ®;(U; \ D) is (arcwise) connected and by continuity of ®;" the same
holds for U; \ D. O

5.3 Fractional Hardy inequalities for partially
vanishing trace

In this section we study fractional Hardy type inequalities where — in
contrast to the results presented in Section 5.2.1 — the functions vanish
only on the Dirichlet part D of 0€). So, we are concerned with estimates

of the form
|f ($)|2 2
< .
In the case s = 1 this inequality has exhaustively been investigated

in Chapter 2. In particular, we are encouraged by the results of Sec-
tion 2.1 not to try proving such estimates from scratch but rather use
suitable extension-restriction arguments to eventually boil down the claim
to known results in the case D = 0.

The following concept of fat sets turned out to be essential in the area
of (fractional) Hardy inequalities, see, e.g., [81,101,104].

Definition 5.3.1. Let 0 < 2s < d. The Riesz kernel of order s > 0 on
R? is given by I,(z) := |z|°"%. The (s,2)-Riesz capacity of a set E C R?
is defined by

Rso(E) := inf {||f‘|iz(Rd); f>0onR%and f*I,>1on E} .
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5.3 Fractional Hardy inequalities for partially vanishing trace

and a set F C R? is called (s,2)-uniformly fat if
Ro2(E N B(z,r)) 2 ri 2 (x e E, r>0).

Remark 5.3.2. The (s,2)-Riesz capacity is closely related to the (s, 2)-
Bessel capacity and in fact these quantities are comparable on families of
uniformly bounded subsets of R?. For proofs an further details the reader
may consult [2, Sec. 5.1].

The mere definition of (s, 2)-uniform fatness will have an inferior stand-
ing in this chapter as we have at hand the following two criteria.

Proposition 5.3.3 ([81, Prop. 3.11]). Let 0 < 2s < d. If an unbounded
Borel set is l-thick for some d —2s < | < d, then it is (s, 2)-uniformly fat.

Proposition 5.3.4 ([101, pp. 2197-2198]). Let 0 < | < d. If a domain
= C R? satisfies the inner boundary density condition

(5.6)  Hy (0ENB(r,2de=(2))) 2 doz(2)*  (z€5),

then its complement is [-thick.
On recalling Lemmas 1.2.23, we can record the following corollary.

Corollary 5.3.5. Fach bounded domain = C R¢ with [-thick boundary
has an (s,2)-uniformly fat complement for every d — [l < 2s < d.

As a preparatory step we show a fractional Hardy inequality for test
functions with compact support in a domain = C R? under considerably
weaker geometric assumptions than in Proposition 5.2.8. The price we
have to pay is a double integral over R? instead of = on the right-hand
side. The proof is by recombining ideas from [51] and [82].

Proposition 5.3.6. Let 0 < 25 < d and let = C R? be a bounded domain
with (s,2)-uniformly fat complement. Then

IO, < [/ \f’(x)—f(y)|2 d dy
R4 JRA Y

= daa(ﬂi) T — ’25+d

holds for every f € C°(RY) with compact support in =.
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5 Solution of Kato’s conjecture for mixed boundary conditions

Proof. Let W be a Whitney decomposition of =, that is, VV is a countable
family of closed dyadic cubes in R? with pairwise disjoint interiors such
that = = Ugeyy @ and such that

(5.7) diam(Q) < dist(Q,0Z=) < 4diam(Q) (QeW).

We refer to [138, Sec. VI.1] for this classical construction. Denote the
center of () € W by z¢ and its side length by [(Q)). Let Q* := = 40v/dQ be
the dilated cube having center ¢ and side length 1(Q*) = 40v/d - [(Q),
and set By := B(zq, c;'1(Q*)) with ¢4 > 0 a constant depending only on
d; its value to be specified later on.

Now, take f € C®(R?) with compact support in =. Splitting = into
Whitney cubes and employing (5.7) leads to

ﬁ7

where fp,. denotes the average of f over Bg.. The following average
estimates on Whitney cubes of a bounded domain with uniformly fat
complement are implicit in the proof of [51, Thm. 1.3], see the part below
[51, Eq. (4.4)].

Let 0 < 25 < d, let = C R? be a bounded domain with (s,2)-
uniformly fat complement, and let VW be a Whitney decomposition
of =. There exist constants cq > 0 and r € (1,2) such that

@) 2
B paEr do < QQ%dlam () <|Q||fBQ*|2+/Q|f—fBQ*

QU sge*+ [ 1 = I

r 2/1”
< ‘Q |2+28/d 4/r (/* /* d?“/2+7”|5 dz dy)

holds for each f € C*(Z) with compact support in = and every cube
Q €W, where Q* = 40v/dQ and B« depends on cq as before.

Henceforth fix ¢; and r as above. Next, introduce the auxiliary function

() = fy)l"

F(:E’ y) = |I' . y|d7”/2+1"s

(v,y € R
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5.3 Fractional Hardy inequalities for partially vanishing trace

and note that f € H*2(R?) entails F' € L?"(R? x R?). The combination
of the previous two estimates then reads

|f(@)|”
= dgz(x)? dz
2/r
< Z diam(Q)~ 25|Q ‘2+2s/d 4/r (/ / (z,y) dz dy)
QeWw

and since ) and QQ* are comparable in measure,

s swarer ([ ] e ara)

Qew

= > |QP (][ Fde dy)Qﬁ.

QeEW

Now, recall the Hardy-Littlewood maximal operator on Li (R? x R?) de-
fined by

(Mh)(z,y) ;= sup Al ((z,y) € R" x RY),
QeQ(x,y) YQ

where Q(xz,y) is the collection of closed cubes in R? x R? that contain
(z,9) € RY x R%. By means of M the ongoing estimate can be continued

2/r
v < / ][ F) dz d
Q%;V QXQ( Q" xQr Y

< 3 [ Taualey) (MF(,y)" do dy,
QeW

as follows:

If ()]
doz(x)>

2

As the Whitney cubes have pairwise disjoint interiors, > oe)y 1oxg < 1
holds a.e. on R? x R%. Monotone convergence and the boundedness of M
on L?/"(R? x RY), see Theorem 2.5.10, yield

< (MF(z,9))"" da dy
Rd x R4

< / F(:v,y)w’” dx dy.
R4 xR4

This completes the proof by definition of F'. ]
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5 Solution of Kato’s conjecture for mixed boundary conditions

To proceed further, let 24 be as in Theorem 5.2.1 and recall that this
is a bounded domain that contains 2 and avoids D. Let @ C R? be an
open cube that contains Q4 and define as in Lemma 2.1.2 the auxiliary
domain

(5.8) Qe :=J {U; U CQ\ D is a domain that contains Q}

Note that then (24 is a subdomain of 2,.

Lemma 5.3.7. The complement of Qe is (s,2)-uniformly fat for each
1 <2s<d.

Proof. As by assumption D is a (d — 1)-set, the same is true for 0€,
thanks to Lemma 2.1.4. This implies that 0€, is (d — 1)-thick, see
Lemma 1.2.25. So, Corollary 5.3.5 yields the claim. m

Now, we are in a position to prove a fractional Hardy inequality on
H' (9).
Theorem 5.3.8. If s € (3,1), then the following fractional Hardy type
inequality holds true:

(5.9) V@l 4, <5

Q dD(l’)QS

1%1;2(9) (f € HE' ().

Proof. Let s € (3,1) and fix f € CF(2). Let Ey be the extension

operator provided by Theorem 5.2.1. Since in any case D is a subset of

0§,

(5.10)

@ o H@F / |Exf(x)]”

o dp(z)? — Ja daq, (z)? ~ Ja. dagq, (x)*

Part (iii) of Theorem 5.2.1 asserts that the support of Eyf € Hi(RY)
is a subset of Q4 C €2,. Let n be a smooth function with support in €2,
that is identically one on supp(FEy f). By density choose {u,}, C C*(R?)
approximating Fy f in H¥?(R?). Lemma 5.1.7 guarantees that {nu,},
converges to nEy f = Ey f in H¥2(R?). After passing to a subsequence we
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5.3 Fractional Hardy inequalities for partially vanishing trace

can assume that {nu,}, converges pointwise a.e. on R?. Fatou’s lemma
and Proposition 5.3.6 applied with = = {2, then yield

|Ex f(2)]” o n(2)un ()]
LIRS AR A <1 f —_
/Q. daq, ()% dz < o 0. daq. (z)? d

2
it [ [ 0 W
n—oo Jrd JRd ’33 _ y’ S

As the rightmost term is under control by ||nu,| %S,Q(Rd), Theorem 5.2.1

gives

e
< lim inf {|nus, |

= [ E% f]
S /]

Hs,Q(Rd)

HS’Q(Rd)

H32(Q)

In combination with (5.10) this gives the claim of Theorem 5.3.8 in the
special case f € C¥(2).

To establish the claim for general f € H%*(Q), we use Corollary 5.1.9
to approximate f in H3*(Q) by a sequence {f,}, € C¥%(Q) and then
conclude by means of Fatou’s lemma as before. O

The proof presented above is the original approach published in a joint
article with HALLER-DINTELMANN and TOLKSDORF [54]. When prepar-
ing a talk on fractional Hardy inequalities, I tried to carry out that Propo-
sition 5.3.6, which of course is of interest on its own account, is in a sense
necessary to establish Theorem 5.3.8. By this I meant that after the ex-
tension procedure the geometry of {2, may be too bad as to appeal to pre-
viously established fractional Hardy inequalities such as Corollary 5.2.9.
After a fruitless search for counterexamples I noticed that besides the
thickness of the boundary, also the d-Ahlfors regularity is inherited from
Q to €,.

Lemma 5.3.9. Let Q C R? be a bounded domain and let Q C R? be an
open cube that contains 0. If Q is a d-set, then so is Q. defined in (5.8).

Proof. Let I(Q) be the sidelength of Q). Owing to Lemma 1.2.23 it suffices
to consider x € 2, and 0 < r < min{1,{(Q)}.
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5 Solution of Kato’s conjecture for mixed boundary conditions

First suppose that B(z, §) intersects Q. In this case there exists y € Q

such that B(y, 5) € B(z,r) and therefore
27 S 1By, 5) N Q| < |B(x,7) N QW] < |B(x,r)| S 1

as required, thanks to 2 C €, and d-Ahlfors regularity of the former set.

Now, suppose that B(z, ) is disjoint to Q. The set U := B(z, 5NQ
is the intersection of two open convex sets and thus a domain, which by
assumption is contained in () and avoids D. Since x is contained in both
domains U and §2,, the subset U U2, of @\ D is a domain that contains

(). By maximality of {2, this already implies
B(z,5)NQ=U <,
which in turn yields
Bz, 5) N Q| < [B(x,r) N Q] < [Ba,r)| <™.

Concerning the left-hand side note that in each pair of parallel sides of

the cube @) there is one whose distance to x € () exceeds @ > 5. This

determines at least one among the 2¢ orthants of a Cartesian coordinate
T

system centered in x with the property that the part of B(z, ) within

this orthant is entirely contained in (). It follows

1
B, 5) Q1> 5ulB(, ) 2 7"

~Y

and the proof is complete. O

By means of the preceding lemma we give an alternative proof for The-
orem 5.3.8. This argument is much more in the spirit of Section 2.1 as it
avoids the new fractional Hardy inequality Proposition 5.3.6 and simply
rests on Corollary 5.2.9 instead.

Alternative proof of Theorem 5.3.8. Choose () and 2, as before. By
Assumption 5.0.1 the Dirichlet part D is a (d — 1)-set and the domain €2
is a d-set. Owing to Lemmas 2.1.4 and 5.3.9 these properties are inherited
to 0Q € {D,D U JQ} and €., respectively. Hence, Assumption 5.0.1
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5.4 Interpolation theory

also holds with (9 ,, €,) in place of (D, ). In particular, Corollary 5.2.9
for this setup reads

lg(2)I’

5.11 dr <
(5.11) ey 4 <l

ilz’é. @) (0€ H35. (D).

Now, fix a smooth function 7 that is identically one on €2 and has support
in (). Due to Lemma 5.1.7 the induced multiplication operator satisfies

M, : H3(Q4) — Hja. ()  boundedly.
Hence, if E' is the extension operator provided by Theorem 5.2.1, then
M, o, E : Hi () — H33 ()

is a bounded extension operator, which we shall denote by E,. So, given
f e H3(Q) it holds

de< deé/ de

Q dD(SC)2S —Jo dag. (56)23 Qe daQ. (QZ>2S
S | Eef]

2

since in any case D is a subset of 92, and (5.11) applies with g = E,f. O

5.4 Interpolation theory

In Section 2.5 we have used a direct approach from real harmonic analysis
to set up interpolation theory for the spaces ng (Q) with respect to the
integrability parameter p. Now we fix p = 2 and consider the ambient
fractional Sobolev scale of space

Ho?(Q) and Hp?(Q) (0<sp<i<s <)

A complete picture of interpolation properties of these spaces is governed
by Theorem 5.4.1 below. Let us remark that there already exists a fully
developed interpolation theory with respect to the differentiability param-
eter s for Sobolev spaces that incorporate mixed boundary conditions, see,
e.g., [123] and [68]. However, at least to our knowledge, no results obtained
so far can cover our very general geometric assumptions on 2 and D, let
alone can dispense with coordinate charts around D.

227



5 Solution of Kato’s conjecture for mixed boundary conditions

Theorem 5.4.1. Let 0 € (0,1), so,s1 € (3,3), and sg := (1 —0)so + Os1.

Then the following hold up to equivalent norms.

() [0, 139, = (132Q), 132(9),, = T5(9).

H(Q), if6 > 1,

(i) [L2(Q),Hp(Q)], = (L*(Q).H5'(),, = {HM(Q) ifo < 1.

Remark 5.4.2. The reiteration theorems, Theorems 1.3.10 and 1.3.14 al-
lows to determine real and complex interpolation spaces between H-?((2)
and H2?(Q) for 0 < 59 < + < s1 < 3. As arule of thumb, the trace zero
condition on D is maintained under interpolation whenever it is defined,
that is, whenever the resulting Sobolev space has differentiability order

1

larger than 3

Compared to Section 2.5 the techniques of proof are quite different.
Instead of a qualitative analysis of the associated K-functional we make
use of abstract interpolation principles for complemented subspaces and
retraction/coretraction pairs. The reader can refer to Section 1.2 for this
theory.

For the rest of this section the numbers (i) and (ii) will refer to the
respective items of Theorem 5.4.1. For simplicity of exposition we shall
not distinguish between Banach spaces &; and X} that coincide as sets
and carry equivalent norms in this section and simply Xy = A} in this
situation.

5.4.1 Proof of (i)

If  <s<32and D # 0, then H3*(R?) is a complemented subspace of
H*?(R?) in virtue of the projection Pp introduced in Lemma 5.1.6. So,
owing to Corollary 1.3.6 on interpolation of complemented subspaces with

data
? = (HSDO’2(Rd)7 H%Q(Rd)) and Z = HSDO,Q(Rd>

and the usual rules for interpolation rules for Bessel potential spaces, parts
(iv) and (vii) of Theorem 1.3.20,

(5.12) (Hp*(RY),HZ?(RY), , =HE*(RY) = [HE*(RY), HY*(RY)] .
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5.4 Interpolation theory

For brevity write F(H$?(Q), H*(Q)) for any of the interpolation spaces
occurring in (i). The claim

F(HP™(2), Hp () = HE ().

then follows from the previous equality on applying Corollary 1.3.7 with
E the extension operator provided by Theorem 5.2.1 and R = Rq the
canonical restriction operator.

5.4.2 Proof of the first equality in (ii)

In virtue of Proposition 5.1.8 the space Hj3*(€) may equivalently be nor-
med by the Hilbertian W3?(Q)-norm. Due to

CX(Q) € W5'(Q) = Hp'(Q)

the continuous inclusion Hj3?(Q) C L2() is dense. Hence, the first equal-
ity in (ii) is a consequence of Proposition 1.3.16 to the effect that in this
situation (6, 2)-real and #-complex interpolation coincide.

5.4.3 Proof of the second equality in (ii)

The second equality in (ii) is significantly harder to prove than (i) because
the restriction operator Rp is not defined on L*(R?). Our proof relies on
a characterization of real interpolation spaces via traces of Banach space-
valued fractional Sobolev spaces on the real line. Let us recall some notions
and properties of these spaces first.

For X a Banach space, L?(R; X) is the usual Bochner-Lebesgue space
of X-valued square integrable functions on the real line. For s > 0 the re-
spective (fractional) Sobolev spaces H*?(R; X') are defined as in the scalar-
valued case, see Definition 1.1.1, upon replacing absolute values by norms
on X. If s € RT is not an integer and |s| denotes the integer part of s,
then

(5.13) (HE2(R; &), HEH2(R; ) = H**(R; X)

s—|s],2
by literally the same proof as in [107, Ex. 1.8]. If s > 3,

F € H**(R; X) has a continuous representative and this gives rise to a

then each
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5 Solution of Kato’s conjecture for mixed boundary conditions

continuous inclusion
(5.14) H*?(R; X) C BUC(R; X),

into the space of bounded uniformly continuous functions equipped with
supremum norm, see [122; Prop. 7.4], or [69, Thm. 5.2] for a more direct
proof that also applies in the X-valued setting. Note that in [69, 122]
the spaces H*?(R; X) for non-integer s are defined via (5.13). If s > 1,
we will, starting from now, identify the elements in H*?(R; X) with their
continuous representatives. In virtue of this identification F' € H**(R; X)
can be evaluated at each t € R in a meaningful way:.

The following characterization of real interpolation spaces due to GRIS-
VARD is of fundamental importance for our further considerations. It
gives a description of (6, 2)-real interpolation spaces via traces of L?-based
Sobolev spaces. This will enable us to study these interpolation spaces
using the tools from Section 5.1.

Theorem 5.4.3 ([70, Thm. 5.12]). Let the Banach space X, be densely
and continuously included into the Banach space Xy and let s > % Then

(% 21), 0 = 1o (0): fo € LR 20) NHP2(R; ) |

as coinciding sets.

The notation used in Theorem 5.4.3 stems from the fact that in the
following X, and X; will always be function spaces on R?. It is then
convenient to identify L*(R;x;) N H**(R; A,) with a function space on
R4, More precisely, if for f € C2(R¥*!) we put

fy : R — CX(RY), ¢ f(t,-),

where we think of R as identified with R x R?, then the following holds.

Lemma 5.4.4. If s > 0, then f — fy extends by density to a bounded
operator from H*2(R4L) into L2(R; H*>2(RY)) N H*?(R; L2(RY)). This ea-
tension is also denoted by f — fg in the following.
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5.4 Interpolation theory

Proof. Recall that C°(R*!) is dense in H*?(R**!) for each s > 0. If
s € Ny, then Fubini’s theorem yields

Hf®HiQ(R;HS’2(Rd)) + Hf®H%IS’2(R;L2(Rd)) = Hf“zHSv?(RdH) (f € CX(R™))

and the conclusion follows.
Now, assume s € R™ \ Ny and put k := |s| and 6 := s — k. By the
interpolation identities in Theorem 1.3.20,

(Hk:,2 (Rd-i-l)’ Hk+1,2 (Rd+1)) ”s — 52 (Rd-H)

(5-15) k,2 (mpd+-1 k+1,2 (mod+1
= [ R TR

Hence, (0, 2)-real and #-complex interpolation of the claims for k& and k+1
show that f — fy acts as a bounded operator from H*?(R%1) into both

(Hk’2 (R; L*(R%)), H*+12(R; L? (Rd») 0,2

and

[L*(R; H#(RY), L*(R; B2 (RY))]

To conclude, note that by (5.13) the left-hand space is H*?(R; L*(R?)),
whereas Theorem 1.3.22 reveals the right-hand space as L?(R; H*?(RY)),
taking into account (5.15) for function spaces on R¢. [

As a technical tool we need the following property of [-sets. To distin-
guish objects in R4 from their counterparts in R% we shall keep on using
bold letters for the former.

Lemma 5.4.5. Let 0 < | < d. If E C R? is an l-set and I C R is an
interval that is not reduced to a single point, then I X E is an (I + 1)-set
in R

Proof. First note that for (t,z) € I x E and r > 0 it holds

(t—r,t+r)x B(z,r) CB((t,z),2r) C (t —2r,t + 2r) x B(x,2r).
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5 Solution of Kato’s conjecture for mixed boundary conditions

It is a classical result that H;, 1 (U x V) >~ |U| - H;(V') holds with implicit
constants depending only on d, provided that U C R is Lebesgue mea-
surable and V' C R? has finite H;-measure, see, e.g., [60, Thm. 2.10.45)].
Thus, intersecting the inclusions above with I x E leads to

Hia((Ix B)NB((t,2),2r)) =o' ((t,2) € I x E, 2r < 1),

Upon a modification of implicit constants, this comparability extends to
0 <r<1by Lemma 1.2.23. O

Corollary 5.4.6. The infinite D cylinder Q1D := ({0} x Q) U (R x D)
is a d-set in R+,

Proof. If D # (), then Lemma 5.4.5 asserts that R x D is a d-set in
R4, Moreover, {0} x Q is a d-set in R¥! due to Assumption 5.0.1 and
Lemma 1.2.18. Hence, the conclusion follows from Lemma 1.2.24. O]

The next result shows that functions on {2 can be trivially extended to
Q1D without losing Sobolev regularity. Here, the fractional Hardy type
inequality from Section 5.3 comes into play.

Proposition 5.4.7. Let s € (1,1). For each f € H}'(Q) the function

‘ B f(z), ift=0,z€Q,
fr: Q1D = C, fT(t,x)—{Q feeD

is contained in H**(Q 1t D, Hg), where Hy denotes the d-dimensional
Hausdorff measure in R¥, and satisfies || fr||lus2@ip, 10 S |f lns2(0)-

A similar statement holds if s € (0, 3) and f € H**(Q).

Proof. First let s € (3,1). Since the outer measure E — Hq4({0} x E)
on R? is a translation invariant Borel measure that assigns finite measure
to the unit cube, the induced measure coincides up to a norming constant
cqg > 0 with the d-dimensional Lebesgue measure. For a proof of this
classical fact from elementary measure theory see, e.g., [33, Thm. 8.1].
Thus, f+ € L2(Q1D, H,) is a consequence of f € L2().

To compute the H**(Q 1+ D, H,)-norm of f;, we split integration over
(21D)x (21 D) according to the definition of f; and use Tonelli’s theorem
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5.4 Interpolation theory

to find

/AyemD £2x) - ‘];TJF(Q};)‘ dHa(x) dHa(y)

|x—y|<1 | -

(5.16) <cyg //xyeﬂ % dz dy

|lz—y|<1 |[L’ - y|

f 2
LERxD | ! d’JrZS dﬂd<x) d%d(y)

{0} % x—y|<1 |X - Y|

The first integral on the right-hand side is bounded by || |7 H32(0): In

order to handle the second one, fix y = (0,y) € {0} x Q. If the inner
domain of integration is non-empty, then there exists an ng € Ny such
that 2=+ < d(y,R x D) < 27", Splitting the domain of integration
into frame-like pieces

C,:=(RxD)n((B(y,2")\B(y,22"™))  (0<n <ny)

leads to

1 n d+2s
AERXD — y|d+2s dHa(x Z 2 NE2994,(C (Cn)

|x—y|<1 | n=0
< ZO 2(n+1)(d+28)2—dn’

n=0

where the second step follows since Q1 D is a d-set in R%T!. An explicit
computation gives

2d+25
225 — 1
<d(y,R x D)"* =d(y, D) *

i 2(n+1)(d+28) 27dn —
n=0

(228(n0+1) - 1)

with implicit constants depending only on d and s. Now, Theorem 5.3.8
allows to estimate

1)) f ()
/{o}xQ/"ERXD _y|d+2s dHa(x) dHa(y) S /d ()% dy < Hfﬂlzqif(n)

|x y|<1
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5 Solution of Kato’s conjecture for mixed boundary conditions

With a view on (5.16) this completes the proof in the case s > 3.

If s < %, the argument is literally the same except that we can simply
rest on Proposition 5.2.7 instead of Theorem 5.3.8, noting that of course
dp(y) > daa(y) holds for each y € Q. O

We have collected all tools that are necessary to establish the second
equality in (ii). The challenge is, as it turns out, to determine any inter-
polation space between L?*(2) and a Sobolev space incorporating mixed
boundary conditions in the first place. This is done in the subsequent
proposition. The actual proof can then be completed using reiteration
techniques.

Proposition 5.4.8. If s € (0,1) and 9 = ﬁ, then
H3(Q), ifs> 1

(LQ(Q)7H%"F1/2,2(Q>) _ D ( )’ Zfs 27

98,2 I_Is,Q(Q)7 ZfS < %

Proof. We prove both continuous inclusions separately.

C : For brevity put X := (L(€2), H3 /*(2))gs2. Let E be the extension
operator provided by Theorem 5.2.1. By (¢Js, 2)-real interpolation and the
interpolation rules provided by Theorem 1.3.20, E' is bounded from X into

(L2(Rd)7 H%+1/2,2(Rd>) C (L2(Rd)7 Hs+1/2,2(Rd)>

¥s,2

= H**(R).

¥s,2

(5.17)

To see that E in fact maps into Hj3*(R?) if D # () and s > 1, first note
that in this case s € (3,1). Hence, it is possible to find A € (3, 9s) and
v € (0,1) such that ¥s = (1 — )\ + . The reiteration theorem for real
interpolation, Theorem 1.3.10 yields

B(¥) C (AR, HY ™ (RY)
_ ((L2<Rd)’ H?l/?’z(]l%d))/\ . HE+1/2’2(R‘1))
= (yo,yl)

7,2
7,2

As in (5.17) it follows that )y is continuously included in HA*+1/2):2(R%),
Since the exponent A(s + %) is strictly larger than %, the restriction oper-
ator Rp is defined on both )} and )i, mapping them into the respective
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5.4 Interpolation theory

Sobolev spaces on D. However, by definition, )); is contained in the null
space of Rp. Since (v, 2)-real interpolation is exact of type -, see Theo-
rem 1.3.9, (Mo, V1),,2 and hence E(X) is contained in the null space of Rp
as well. Due to (5.17) this implies E(X) C H3*(R%).

From the considerations above we conclude that if s > %, then each
f € X belongs to H3*(Q) as the restriction of Ef € H3*(R%) and that,
since £ : X — H%’(R?) is bounded, this inclusion is continuous. Likewise,
if s < £, then X C H*?(Q) with continuous inclusion.

D : We concentrate on the case s > . Upon replacing H3*(Q) by

2
H*2(Q2) the proof in the case s < 3 is literally the same. The roadmap for

the somewhat involved argument reads as follows:

HISR—;%ZQ (RdJrl) Lem. 5.4.4 L2 (R, H8D+1/2,2 (Rd)) N Hs+1/2,2 (R’ L2 (Rd))

Eqtp Rq
H*?(Q1 D) L2 (R; Hy /%)) 0 HH/22 (R L2(Q))
Prop. 5.4.7 Thm. 5.4.3
H32(Q) (L2@), 1y (@), .

Figure 8: A flow diagram for the proof of the inclusion D.

To make this precise, first note that in view of Theorem 5.4.3 and the
bounded inverse theorem it suffices to construct for general f € H3*(Q) a
function fg, such that

(518)  fy € L2(R;H/2%(Q)) nH™22 (R L2 (Q)),  £5(0) = f.

For the construction let f; € H%*(Q 1 D, H,4) be given by Proposi-
tion 5.4.7. Apply Proposition 5.1.2 to the d-set Q1D C R to obtain
an extension g € H*™V/22(R4H1) of f.. In virtue of Lemma 5.4.4 this

extension is related to the the Banach space-valued function
gs € L2 (R, Hs+1/2,2(Rd)) N Hs+1/2,2 (R, LQ(Rd)) )

A closer inspection of gg making use of the exact definition of f; reveals
the following.
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5 Solution of Kato’s conjecture for mixed boundary conditions

(i) By definition of f; it holds g € H3 '/**(R4+) C HE? ,(R*1). Note
that this notation is meaningful for R x D is either empty or a
d-set in R4 thanks to Lemma 5.4.5. Corollary 5.1.9 provides a
sequence {g,}, of smooth, compactly supported functions whose
support avoids R x D that approximates g in H'2(R4™!). Owing to
Lemma 5.4.4 we can, after passing to a suitable subsequence, assume
for almost all £ € R that

lim gn(t,") = lim (gn)(t) = go(t)  (in H'*(RY)).

n—o0 n—oo

Since g,(t,-) € CH(RY) for all t € R by construction, this en-
tails that for a.e. + € R the function gg(t) € H*T/22(RY) satis-
fies Rp(ge(t)) = 0, so that it is contained in the closed subspace
HSDH/Z’Q(Rd). Here, Rp is the restriction operator to the (d—1)-set D,
cf. Proposition 5.1.2, and we have used its boundedness from H%?(R¢)
onto L2(D,Hy4_1). Summing up, it follows gg € L2 (]R; HS'D+1/2’2(Rd)).

(ii) Lemma 5.4.4 in combination with the embedding (5.14) reveals g (0)
as the L2(R9)-limit of {g,(0,)},. As {0} x Q is a d-set in R by
Assumption 5.0.1 and Lemma 1.2.18, Proposition 5.1.2 provides a
bounded restriction operator

Rioyxq : HP(R™) — L*({0} x Q, Hy)
and it also follows
L gnlgoy<o = lim. Riojxa(gn) = Rioyxa(8) = filioxo
as a limit in L2({0} x ©, H4). Identifying the two measure spaces
(Q, |-]) and ({0} x Q, H4) as in the proof of Proposition 5.4.7, we

conclude from the previous observations that gg(0) = f holds a.e.
on (.

Altogether,
go € L2 (RiHEHH(RY) N2 (RILARY), - go (O] = .

so that (5.18) holds for the choice fg(t) := gg(t)|o, t € R. O
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5.4 Interpolation theory

Now, the proof of the second equality in (ii) can easily be completed.
In the following all function spaces will be on €2, so for brevity we shall
write L? instead of L?(Q2) and so on. We have to show

(L2, Hp?) | =H3 and (L2,H}32)t2 =H? (0<t<l<s<]l).

)

Given s € (3,1) set ¥ := 525. Observe that s < ¥ < 1 so that there

exists a A € (0,1) such that ¥ = (1 — A\)Js + A. Using in sequence
the reiteration theorem for real interpolation, Theorem 1.3.10, as well as
Proposition 5.4.8 and Theorem 5.4.1(i), leads to

(L2 Hs+1/2 2)192 ((L2 Hs+1/2 2) ’HL<>»D+1/2,2)/\2

_ (H Hs+1/2 2)19872_ H1,2
= =Hp.

A2

Reapplication of the reiteration theorem and Proposition 5.4.8 yield the

desired equality
(LQ7 ng)&2 _ (Lz (L2 Hs+1/2 2)0,2)5 (Lg Hs+1/2 2)19572 _ H%Q.

Likewise for ¢ € (0, 3) set ¢ := TH and employ in sequence the reiteration

theorem, the identlty above for the choice s =t + 1 5, and Proposition 5.4.8

to find
(L2 H 2)t,2 - (LZ’ (Lz’ HBQ>t+1/2,2)79t,2 - (LQ’ Htglﬂ)ﬁm = H'2.

This completes the proof. Il

1

5.4.4 A remark on the critical case 6 = 5

As the trace operator Rp from Proposition 5.1.2 is only defined on H??(R?)

if @ > 1/2, there is no analogously defined space HE/Q’Q(Q). Still, of course,

there are (3,

and Hj?(Q) and the question arises if these spaces know about the trace-

2)-real and 3-complex interpolation spaces between L?()
zero condition on D in any reasonable sense. Below we characterize these
spaces by a suitable fractional Hardy type inequality.

Proposition 5.4.9. The following spaces coincide up to equivalent norms:

(L2(92), HE ()12 = [LX(Q), HF(Q))1/2 = HY22(Q) NLA(Q, 1225,
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5 Solution of Kato’s conjecture for mixed boundary conditions

Remark 5.4.10. By definition the rightmost space consists of all func-
tions f € HY/22(Q) that satisfy the fractional type Hardy inequality

/(@)
Q dD(Qf)
Proof of Proposition 5.4.9. For brevity put

X= (L(Q),HE (D)jpp and  Y:=HY22(Q)NLAQ, ;%;).

dx < 0.

First, recall from Theorem 5.4.1 that X = [L2(2), HBQ(Q)]UQ.

In order to prove X = Y, first let f € V. Then f; defined in Proposi-
tion 5.4.7 belongs to H/>2(Q1 D, H4). Indeed, in the proof of Proposi-
tion 5.4.7 the restriction s > % has only been used in the very last estimate
in order to guarantee that [, |f(2)|* dp(2)~2* dz is finite. For f € Y and
5= % this, however, follows by definition of ). Therefore f € X follows
literally as in part ‘D’ of the proof of Proposition 5.4.8.

The next step is to prove X C HY/22(Q) with continuous inclusion. To
this end, let £ be the extension operator provided by Theorem 5.2.1. By
Theorem 1.3.20,

(LQ(Rd), HLQ(Rd))l/Z,Q — Hl/Q’Q(Rd),

so that F maps X boundedly into H'/22(R9). Since the restriction from
H'Y/22(R9) onto H'/22(Q) is bounded, the claim follows.

It remains to prove X C L*(Q, dg”&)) with continuous inclusion. Here,
note that due to Corollary 2.4.8 there is a continuous inclusion

Hp (Q) CL(Q, 125).

Hence, the claim follows by (%, 2)-real interpolation of L2-spaces with a
change of measure, see Theorem 1.3.23. O

Remark 5.4.11. Unlike in the case s € (0, 3), the fractional Hardy in-
equality occurring above encapsulates some boundary behavior on D and
is not satisfied by every function f € HY?2(2), compare with Proposi-
tion 5.2.7. For example, let Q = B(0,1), D = 0B(0,1), and f = 1. Then
of course f € HY/22(Q) but

/Q |f(2) dp(2) ™" do =~ /01 r 11— )t dr = oo.

This also shows that the upper bound for the range of exponents in Propo-
sition 5.2.7 is sharp.
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5.5 Extrapolation theorem for the Laplacian

5.5 Extrapolation theorem for the fractional
powers of the Laplacian

We return to differential operators and establish optimal Sobolev regu-
larity for the domains of the fractional powers of the weak Laplacian on
L2(Q) with form domain V = Wp3*(Q). Let us recall that by this we
mean the maximal accretive operator —A,, associated with the bounded
symmetric sesquilinear form

VxV - C, (u,v)H/ﬂVU-VU.

For technical reasons it will be more convenient to work with 1—A,, which
is the invertible maximal accretive operator associated with the form

i:VxV—=C, j(u,v):/Qu-@—l—/QVwV@.

We shall frequently use without further reference that the domains of
corresponding fractional powers of —Ay, and 1 — Ay, coincide (Proposi-
tion 3.2.22). Moreover, domains of closed operators will always be consid-
ered as a Banach space with respect to the graph norm.

Proposition 5.5.1 ([107, Cor. 4.30]). If B is an invertible maximal accre-
tive operator on a Hilbert space, then for all a, f > 0 and for all 6 € [0, 1]
it holds

| D(B%),D(B?)] = D(BI-t7).

0

On recalling that by Proposition 5.1.8 and the square root property
for operators associated with bounded symmetric sesquilinear forms [91,
Thm. VI.2.23] it holds

HE*(Q) =V =D((1 — Ay)'/?)

up to equivalent norms, part (ii) of Theorem 5.4.1 translates into the
following result.
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5 Solution of Kato’s conjecture for mixed boundary conditions

Proposition 5.5.2. Let —Ay, be the weak Laplacian with form domain
V. Then up to equivalent norms

H2a72 Q ) ] c la 2 )
D((1 - Ay)") = { o i
H***(Q), ifael0,;).
By optimal Sobolev regularity for the fractional powers of —A,, we mean
that the formula from Proposition 5.5.2 extrapolates slightly above the
exponent a = %, that is,

D((1-Ay)") =Hp?(Q)  (a€(55+¢e))

for some 0 < ¢ < %. In order to prove so, we will use an interpola-
tion/extrapolation argument due to PRYDE [131]. All function spaces
occurring in the following will be on 2 and for brevity we will write again
L? instead of L?(£2) and so on. We begin with some interpolation estimates

for the sesquilinear form j.

Lemma 5.5.3. Ifa € [%, %), then
i(w, )| S llullpa-apysllvllgz2ee (w e D((1 = Ay)), veV).

Proof. By Proposition 3.2.21, D(1 — Ay) is a core for D((1 — Ay)®) and
since the latter is continuously included into D((1—Ay)'/2) = V, it suffices,
by approximation, to consider the special case u € D(1 — Ay). As with
1 — Ay also its fractional powers are self-adjoint, see Proposition 3.2.18,
it follows

)] = (= A | 0),u] = [( = Av)u | (1 m)o)

< [Jullpqa-ava lvllpa-aypy-

L2

for all v € V. This is the claim since D((1 — Ay)'=*) = H5>*? up to
equivalent norms, see Proposition 5.5.2. O

Lemma 5.5.4. If o € (3, 3], then

8.0 S Julhgpallolgne  (w € V.0 € BE™?)
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5.5 Extrapolation theorem for the Laplacian

Proof. Recall from Remark 5.0.2 that 0 is a (d — 1)-set. Hence, if the
pair (€2, D) satisfies Assumption 5.0.1, then so does (€2,0€2). Therefore,
Theorem 5.4.1 combined with the duality principle for complex interpola-
tion, Proposition 1.3.15, yields the interpolation identities

619) [, — i [0, 00] - 00

12«
Let 1 < j <d. By Corollary 5.1.9 the test function space C°(£2) is dense
in Hya. Given f € L2, the distributional derivative d;f can therefore be
canonically regarded as an element of (Hz3)*. In virtue of this identifica-
tion

0+ [L2HE], — (M), )], = [0 (Hy)']

Jo% 1—2«

is bounded. Taking into account (5.19), we conclude that 8; maps Hy;"?
boundedly into (H!'72%2)*. To establish the actual claim, simply note that
d; also maps H, **? boundedly into H'~2*2  where this time distributional
derivatives are identified with L2-functions rather than functionals. So, for
uweVand v e H3 % we conclude

d
i, 0)] < Nl ol + 3 1Byl rn-zeey-
7=1

aj’U||H172a,2
S Nullyze [0l 220

and the proof is complete. O

Our main result is now a surprisingly simple consequence of the interpo-
lation theory established in Section 5.4 and SNEIBERG’s stability theorem,
Theorem 1.3.24. In the proof we shall consider the interpolation couples

(X, X1) == (HF™* HY™) and (Mo, 1) == (&7, &p).

For completeness let us mention the following: By Theorem 5.4.1 the
complex interpolation spaces induced by the couple (X, X)) are, up to
equivalent norms,

(5.20) o, Xl}e —H®? (A el0,1], a=12).
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5 Solution of Kato’s conjecture for mixed boundary conditions

From Theorems 5.4.1(i) and 1.3.13 we can also infer that the smallest

space H4D/3’2 is dense in H2* for each o € [£, 2]. For these values of a the

373
anti dual spaces (H%Q’Q) can then be naturally embedded into (Hg?”Q)*

via restriction of functionals. In virtue of these embeddings (), Y1) is an

*

interpolation couple and due to reflexivity of Ay, see Corollary 5.2.4, and
duality for complex interpolation as in Proposition 1.3.15, the induced
interpolation spaces are

[yo,yl]e = (H},**?%)* 0 €l0,1], a = %)

Theorem 5.5.5. Let Assumptions 5.0.1 be satisfied and let Ay be the
weak Laplacian with form domain V. Then

D((—Ay)") =H**(Q)  (a€(0,7))

and there exists an ¢ € (0, 1) such that

D((-Ap)") =HE*(Q)  (a€ (5.5 +¢e).

Proof. The first part as well as the second part for a < % is due to
Proposition 5.5.2. The difficult part is the extension to larger values of «.

With &;,Y;, j = 0,1, as above, Lemma 5.5.4 can be reformulated as
asserting that the duality map u — j(u,-) extends by density from V to a

bounded operator
J: X — o,

which, owing to the symmetry of j, maps X} boundedly into ). Hence,
by Theorem 1.3.24 the set

I:= {a c (%, %)‘ J:HE? = (H5 %) is an isomorphism}

is open in (%, %) Since j is a bounded coercive sesquilinear form on V), the
very statement of the Lax-Milgram lemma is that a = % is a member of

I. As therefore the latter is non-empty, there also exists ¢ € (0, %) such
that [§ — 9,3 + 0] C I.

Now, let a € [3, 34¢0] and take u € D((1—Ay)*) C V. A reformulation
of Lemma 5.5.3 is that Ju = j(u, -) is a bounded conjugate-linear functional
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5.6 The solution of Kato’s conjecture

on Hfjm’z with norm not exceeding the graph norm of u. Due to a € [

it follows u € H%"* with bound

lullyzos < 190l 220 < llulloga-ayye-

This establishes D((1 — Ay)®) C H3"? with continuous inclusion.
In order to see that for « close enough to % we have in fact equality, first

recall from Proposition 5.5.2 that Hy"? = D((1—Ay)*) holds if a € (33

Now,
Id: D((1 - Ay)*) — HE?

is bounded provided « € (%,% + o] and an isomorphism provided that
a € (3, 3]. Since the domains of the fractional powers of 1—Ay, interpolate
according to Proposition 5.5.1, we can re-apply Theorem 1.3.24 to obtain
0 < & < &g such that Id : D((1 — Ay)*) — HX"? is an isomorphism for all
a € (3,3 +e). O

5.6 The solution of Kato’s conjecture for
mixed boundary conditions

A long story comes to an end: After all preliminary work being done in
this and the previous chapter, we eventually resolve the Kato square root
problem for mixed boundary conditions, thereby answering J. L. LIONS’
question from 1962 [105] to the affirmative. For simplicity we first consider
a single divergence-form operator

A%

on €2 subject to mixed boundary conditions on D, which we identify with
the maximal accretive operator in L?(§2) associated with the sesquilinear
form

a:VxV—=C, a(u,v):/Q/LVu-V@

as usual. As before, V = W5*(Q). For convenience we repeat the common
ellipticity assumption, Assumption 4.0.5.
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5 Solution of Kato’s conjecture for mixed boundary conditions

Assumption 5.6.1. It holds p € L>®(Q;C™?) and for some X\ > 0 the
Géarding inequality

Re a(u, u) > )\HVUH%Q(Q,Cd) (u S V)

is satisfied.

Theorem 5.6.2 (The solution of the Kato problem). Let Q C R? be a
domain with Dirichlet part D C 08 satisfying Assumption 5.0.1 and let
i satisfy Assumption 5.6.1. Let A be the maximal accretive operator on
L2(Q) associated with —N - u¥ on the form domain V = W5*(Q). Then
the domain of /A coincides with the form domain V and the homogenous
estimate

||\/ZU||L2(Q) =~ ||VU||L2(Q;<cd) (u e D(\/Z))

holds true.

Remark 5.6.3. In the case of a real coefficient matrix p € L°(Q; R¥*?),
Theorem 5.6.2 also implies the solution to the square root problem for
mixed boundary conditions on LP(2), 1 < p < 2, due to a result of
AUSCHER, BADR, HALLER-DINTELMANN, and REHBERG [16]: For every
1 < p < 2 the operator A is closable in LP(€2) and its closure A, is a
sectorial operator with D(\/ATD) = WH(Q).

For the proof we need one final lemma.

Lemma 5.6.4. Suppose the setup of Theorem 5.6.2. If D(v/A) =V with
the inhomogeneous estimate

IVIF Aullizo = fulliz@ + Vullgen  (ue DVA)),
then also
IVAulo = Vullizaes  (ue DVA).

Proof. Throughout the proof we abbreviate L?-norms by || - ||o. The
key observation is that our geometric framework allows for a Poincaré
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5.6 The solution of Kato’s conjecture

inequality on VNR(A). Since A is maximal accretive and hence sectorial
of angle 7, there is a topological kernel-range splitting

(5.21) L*(Q) = N(A) & R(A),

the closure taken in L?(€2), see Proposition 3.2.2. Abbreviate ) := R(A)
and equip it with the L?(Q)-norm. We also need the space X :=VNY
which is closed under the norm u — (fg, |u|” 4 |Vu|?)/? inherited from V.
Its meaning stems from the global Poincaré inequality

(5.22) [ulla S [[Vulz (v e X).

Indeed, by Proposition 2.3.4 a sufficient condition for this inequality is that
X embeds compactly into L?(€2) and does not contain non-zero constant
functions. Compactness of the embedding follows from Remark 1.1.14
since there is a bounded extension operator £ : V — WH2(R9) and con-
stant non-zero functions that belong to V also belong to the nullspace of
A and thus — by the kernel-range splitting — cannot be contained in X.

Now, define B as the injective part of A, that is, the maximal restriction
of A to an operator on ). For details, see Example 3.2.16. Then B is
maximal accretive on the Hilbert space ) and its domain is given by
D(B) =D(A)NY C X. By ellipticity of a,

1Aullaflull > [(Au | u)s| = [a(u, w)| = A[Vull; (v € D(A)).

This implies that firstly N'(A) only contains constant functions and sec-
ondly that due to (5.22) every w € D(B) satisfies the a priori estimate
||Bwl||2 2 ||w|]2- Hence, B is injective with closed range and the kernel-
range decomposition for maximal accretive operators entails that B is in-
vertible. By Proposition 3.2.21 invertibility is inherited to /B, which coin-
cide with the maximal restriction of v/A to ) and has domain D(\/Z) ny,

see again Example 3.2.16. Consequently,

IVAw]s = [lw]ly + |[VAwlz (v e D(VB)).

Now, taking into account the assumptions and that D(v/A) = D(y/1 + A)
holds up to equivalent norms, D(v/B) = VN Y = X follows with equiva-
lences

(5.23) IVAw]ly = Jwlls + [Vwlls = [Vwls  (w € D(VB)).
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5 Solution of Kato’s conjecture for mixed boundary conditions

Here, the second part is due to the Poincaré estimate (5.22).

In order to prove the required homogeneous estimate ||v/Aully ~ [|Vul|,
for u € V, split u = v + w according to (5.21) where ad hoc v € N (A)
and w € Y. We already know Vv = 0 and VAv = 0is a consequence
of Proposition 3.2.21(iii). Moreover, w belongs to D(vB) = X =V NY
since both u and v belong to V. Hence, (5.23) applies and

VA2 = [IVAw]s = [Vw]ls = [Voll2

follows. O

Proof of Theorem 5.6.2. Of course we appeal to Theorem 4.3.1. Since
the ellipticity assumption on p is the same as in Assumption 4.0.5, this
result yields the square root property

(5.24) D(VA) =V with [[VI+ Aullzi) = [ulls + [[Vull5

for all u € D(v/A) for the following price:
() The domain (2 is a d-set.

(0€) The boundary 02 is a (d — 1)-set.

(V) The form domain V is a closed subspace of W'2(Q) that contains
Wé’Z(Q) and is stable under multiplication by smooth functions.
Moreover, there is a bounded extension operator E : V — WH2(R?),

() For some a € (0, 1) the complex interpolation space [L?(Q; C™), V],
coincides with the Bessel potential space H*?(Q2; C™) up to equiva-
lent norms.

(E) For the same a as above D((—Ay)/?T2/2) C H'**(Q) holds with
continuous inclusion.

Now, Assumption 5.0.1 takes care of (2) and (9 2), see also Remark 5.0.2.
Since here V is the closure of C¥(2) in Wh2(Q2), the first part of (V) is
obvious, whereas the second one follows from Theorem 2.2.23. Moreover,
() is even satisfied for all o € (0, 3) owing to to Theorem 5.4.1(ii) and in
Theorem 5.5.5 we have established the crucial assumption (E) for a suffi-
ciently small. It remains to upgrade the inhomogeneous estimate (5.24) to
the at first sight stronger homogeneous estimate required in the theorem,
but this is precisely the statement of Lemma 5.6.4. O
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5.6 The solution of Kato’s conjecture

For a later use we record one of the intermediate results in the proofs
of Theorem 5.6.2 and Lemma 5.6.4 as a separated result.

Corollary 5.6.5. In the setup of Theorem 5.6.2 the restriction of A to
R(A) is an invertible mazimal accretive operator.

5.6.1 An extension to elliptic systems

In this section we sketch how to extend Theorem 5.6.2 to coupled systems
of elliptic operators on €2 of the form

d m
(Au) = =3 > 0i(uifoyur)
ij=1k=1
d m L
(Au)y = = > Oilpiy Oyuy)
ij=1k=1

with coefficients ,uﬁ? € L*>(Q2) and mixed boundary conditions with possi-
bly different Dirichlet parts Dy for each component wug. As for geometry,
we assume that each pair (2, Dy) satisfies Assumption 5.0.1.

Assumption 5.6.6.
(i) The domain Q C R?, d > 2, is bounded and a d-set.

(ii) The Dirichlet parts Dy, 1 < k < m, are closed subsets of O and
each of them is either empty or a (d — 1)-set.

(iii) The domain  satisfies the Lipschitz condition around every point
in the closure of 0Q\ Ny D = Up, 0Q\ Dy.

To define an appropriate form domain for A, first take Vi, 1 < k < m,

as the closure of C% (Q2) under the norm [ug|v, = (fo lurl” + |Vur|*)"/?

and then put

V=TTV =TI Wi (9).
k=1 k=1
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5 Solution of Kato’s conjecture for mixed boundary conditions

We identify A with the maximal accretive operator in L2(2)™ associated
with the elliptic sesquilinear form

d m
a:VxV-C, a(uv)= Z Z/ui’];ajuk-aivﬁ
o M

ij=11k=1
and make the following assumption.

Assumption 5.6.7. There exists some X > 0, such that the Gdrding
inequality holds:

Rea(u,u) > A [[Vug |2 (ueV).
k=1

Here, and throughout, we write ug, 1 < k < m, for the component func-
tions of u € L?(Q)™. This setup for elliptic systems has been previously
studied, e.g., in [75]. For a survey on regularity results for elliptic systems
with rough coefficients, see, e.g., [114].

For 1 < k < m let Ay, be the weak Laplacian with form domain V.
For the choice ,ué’f; = 0;,;01 %, where ¢ is Kronecker’s delta, the sesquilinear
form a becomes

VXV C, (u,v)»—)Z/ﬂVUk-VlTk
k=1

and it can easily be checked that the associated operator is the negative
componentwise Laplacian

—Ay = diag(—Ay,,...,—Ay,) on D(-Ay)= H D(—Ay,).
k=1

The subsequent theorem solves the Kato square root problem for the
general coupled elliptic system A. The proof relies again on Theorem 4.3.1,
which we had directly proved for systems. The key observation is the
following decoupling property:

It suffices to work with the diagonal system —Ay instead of
the general coupled system A. However, all required prop-
erties of the system —Avy can be obtained from the previous
sections by coordinatewise considerations.
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5.6 The solution of Kato’s conjecture

Theorem 5.6.8 (The solution of the Kato problem for systems). Under
Assumptions 5.6.6 and 5.6.7 the domain of VA coincides with the form
domain V and

VAU 2@ym 2 [[(Vur) s |2 ym (u € D(VA)).

Proof. The argument literally follows the proof of Theorem 5.6.2. First
of all, Theorem 4.3.1 gives D(v/A) = V along with the inhomogeneous
estimate

(5.25) V14 Aullez@pm = [[(un)ilillLz@m + [[(Vur)i |2 @

for all u € D(v/A) provided we can take care of the following:

(V) The form domain V is a closed subspace of W2?(Q)™ that con-
tains Wy(€)™ and is stable under multiplication by smooth scalar
functions. Moreover, there exists a bounded extension operator

E:V — WL(RI)™,

() For some o € (0,1) the complex interpolation space [L2(2)™, V],
coincides with the Bessel potential space H*?(Q)™ up to equivalent
norms.

(E’) For the same « as above D((—Ay)Y/2t%/2) C H'**2(Q)™ with con-
tinuous inclusion.

Note that we have not listed the assumptions (£2) and (9 €2) which have
already been discussed in the proof of Theorem 5.6.2. Therein, we have
also checked that for each 1 < k < m the space V), is stable under multi-
plication by smooth scalar-valued functions and that it admits a bounded
extension operator Ej : Vi, — WL2(R?). Thus, (V) follows. To estab-
lish (o) and (E’) first note that if Re(a) > 0, then the Balakrishnan
Representation, Proposition 3.2.25, readily yields

(_AV)a = diag((_A\h)av SRR (—Avm)a)

on

D((~A)*) = [T D(~20,)°).

k=1
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5 Solution of Kato’s conjecture for mixed boundary conditions

Thanks to Theorem 5.5.5 each —A,, satisfies («) and (E) from the proof
of Theorem 5.6.2 not only for a single a but for all & in some open interval
with lower endpoint 0. Hence, («) and (E) are met simultaneously by all
—Ay,, 1 <k <m,if a >0 is sufficiently small. This immediately verifies
(E’) and since the complex interpolation functor commutes with Cartesian
products as discussed in Corollary 1.3.8, also (a’) holds.

Finally, the required homogeneous estimate can be deduced from (5.25)
by the same arguments as in the proof of Lemma 5.6.4. Note that the
proof of Proposition 2.3.4 carries over to C™-valued spaces word by word
under the assumption that the respective subspace does not contain any
non-zero constant function. This modification is of course necessary, since
the space of constant functions in this case is m-dimensional. O

Remark 5.6.9. There does not seem to be a direct way to extend The-
orem 5.6.2 to coupled systems. In fact, without knowing that the claim
can be reduced to a decoupled diagonal system —Ay, the former results
are rather surprising.
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CHAPTER 6

Mixed boundary value problems on cylindrical domains

In this final chapter we present an application of our resolution of Kato’s
conjecture for elliptic systems, Theorem 5.6.8, to classical elliptic bound-
ary value problems. Thereby, we also return to the original motivations
of KATO [92] and L1oNs [105] having led to the formulation of the Kato
square root problem in the first place, compare with the preface. For his-
torical reasons we prefer to change notation is this chapter and write L and

a; j " instead of A and ,ulk for the elliptic operators and their coefficients,
respectively.

We consider elliptic m x m-systems of second-order equations
d m
(ES) (Lu)( Z Z ; x)0ju(t,x)) =0 (l=1,...,m)

posed on a cylindrical domain Rt x  with a bounded base 2 C R?. Here,
and throughout, we write (¢, z) € R+ where we think of ¢ € R as the dis-
tinguished perpendicular direction and € R? as the tangential direction.
We will assume that the coefficient tensor A(t,z) = (aé:?)éfj&:::::?(zﬁ, x) is
bounded on R™ x Q and independent of the perpendicular variable, that

is, A(t,z) = A(z). The equations are complemented with mixed Dirich-
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6 Mixed boundary value problems on cylindrical domains

let/Neumann conditions

u=0 (on R* x D)
(BC)
v AV, u=0 (on R* x (0Q\ D))
on the lateral boundary, see Figure 9 for illustration. Here, v denotes the
formal outer unit normal vector to the boundary of RT x Q. Geometric
assumptions on {2 and the Dirichlet part D are as in Chapter 5. In partic-
ular, the pure Dirichlet case D = 9 and the pure Neumann case D = ()
are not excluded. Finally, on the bottom of the cylinder we prescribe one
of the following inhomogeneous boundary conditions given some data ¢:

(Dir-A)  The Dirichlet condition u(0,-) = ¢ € L*(Q)™,
(Neu-A) The Neumann condition (AV;,u),(0,) = ¢ € L*(Q)™,

(Reg-A)  The Dirichlet regularity condition V,u(0,-) = ¢ € L*(Q)%™.

Here, we already utilized the notation f = [f1, fj]T € C™xC%™ for vectors
in Euclidean space of dimension n := (1 4+ d)m. Given f € C", we call
f1 € C™ the scalar part and f € C™ the tangential part of f. Also, we
shall frequently identify

L2(Rl+d) ~ LZ(R; LZ(Rd))
WH (R = L2(R; WH(R?)) 0 WH(R; L*(RY))

as in Section 5.4.3 without further mentioning and write f; = f(t,-) for
f c 1.2 (Rlﬂi).

Modern theory of such and other boundary value problems for second-
order elliptic differential operators dates back to the groundbreaking re-
sult of DAHLBERG [45], who was first to solve the Dirichlet problem for
Au = 0 on a Lipschitz domain = with boundary data ¢ € L2(0Z, Hq_1)
in 1979, and since then was exhaustively promoted by KENIG and collab-
orators. A first coherent theory for the Neumann and regularity problems
for real and symmetric equations on the upper halfspace, that is, when
m = 1, A(t,r) € RO+Ix0+d) and O = R? was introduced by KENIG
and PIPHER in 1993 [94]. For this type of equations results are rather
complete by now. For example, HOFMANN, KENIG, MAYBORODA, and
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Figure 9: The cylinder R x Q C R3 is built from a non-Lipschitzian base
Q0 C R? (the heart) that satisfies the standing geometric as-
sumptions in this chapter. The lateral boundary splits into a
Dirichlet part RT x D (highlighted by bold lines) and its com-
plement carrying homogeneous Neumann boundary conditions.
On the bottom of our heart ({0} x Q) one of the inhomogeneous
boundary conditions (Dir-A), (Neu-A), or (Reg-A) is imposed.

P1PHER showed in 2012 that the Dirichlet problem on the upper halfs-
pace can be solved with data ¢ € LP(R?) for all real and non-symmetric
equations with coefficients independent of the perpendicular variable, pro-
vided p is sufficiently large [79]. In the symmetric case this was known for
p > 2 — ¢ since the famous work of JERISON and KENIG [85].

All of these results heavily build on real-variable techniques, such as
maximum principles and harmonic measures, which for equations with
complex coefficients (let alone coupled systems of such) are not available
anymore.

A completely different and efficient approach has been proposed and
developed to full strength in a series of papers by AUSCHER, AXELSSON,
and MCINTOSH [12, 14, 15], who revisited the idea that the second-order
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6 Mixed boundary value problems on cylindrical domains

system for u is related to a first-order system for the conormal gradient f of
u, a vector formed of the conormal derivative and the tangential gradient
at each interior point, see Definition 6.1.13. The first-order system for f
then has the form of an ‘evolution equation’

(FO) Of,+DBf,i=0  (t>0)

for D a first-order self-adjoint operator acting on the tangential variables
and B a bounded accretive multiplication operator. It is tempting to study
this system using semigroup methods. However, since DB will not be
sectorial but only bisectorial, the underlying evolution for f will be forward
on one part of L?(2)" (on which —DB is a semigroup generator) and
backward on another part (on which DB is a semigroup generator). Hence,
L2(©2)" has to be split into spectral subspaces, the Hardy spaces associated
with DB, compare with Section 3.3.4. On the positive spectral space Hig
the first-order system can be solved by the formula f, = e PBr* t > 0,
where h™ € H)5, but even more is true:

Under suitable regularity conditions on the solution w to the second-
order equation, every corresponding conormal gradient f is given by such,
or an akin, semigroup formula. For the Dirichlet problem, regularity is ex-
pressed by a Lusin area bound and for the Neumann- and regularity prob-
lems a modified non-tangential maximal function in the spirit of KENIG
and PIPHER’s seminal work [94] is used. Hence, this new approach pro-
duces representation formulas in the optimal classes of solutions as well as
a priori inequalities, which are new even for real equations, prior to any
solvability issues.

Having at hand the a priori semigroup formulas, well-posedness of the
three boundary value problems (Dir-A), (Neu-A), and (Reg-A) within
the natural classes of solutions translates to the question whether every
boundary value ¢ occurs as a trace of a semigroup orbit. We will come
back to this issue in more detail in Section 6.4.

On Q = R? the a priori representations have been obtained over the
last decade in a series of papers by AUSCHER, AXELSSON, HOFMANN,
MCINTOSH, and collaborators, see [12-15,20] and references therein. Let
us remark that the proof of the boundedness of the spectral projections
onto the Hardy spaces Hip heavily stems on the technology used to solve
the Kato square root problem on R"™ in [18,19].
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The case of a cylinder base with non-empty boundary bears new chal-
lenges of mostly geometric nature arising from the lateral boundary con-
ditions. These have — at least to our knowledge — not been addressed
before. We start out in Section 6.1 by proving equivalence of the first-
and second-order systems on the level of suitable L (RT x Q)-weak so-
lutions. Stemming on our [Ig-theorem, Theorem 4.1.11, we will prove in
Section 6.1.2 that the ‘infinitesimal generator’ DB occurring in (FO) sat-
isfies quadratic estimates. Then, by means of the bounded H*-calculus,
the spectral Hardy space decomposition follows from Theorem 3.3.20.

In Section 6.2 we present a careful analysis of the so-obtained semigroup
solutions to the first-order system. In particular, we will identify them as
elements of the natural solution spaces for the three boundary value prob-
lems. As the proofs of the a priori representation theorems of AUSCHER
and AXELSSON [12] on the upper halfspace are purely functional calculit-
ical, they are not affected by the presence of 2 and D and apply without
any difficulties in our case as well, once the quadratic estimates for DB
are established.

Finally, in Section 6.4 we prove well-posedness of (Dir-A), (Neu-A), and
(Reg-A) if A is either Hermitean, of block form, or sufficiently close to one
of these classes in the L*°-topology.

Let us remark that the restriction to ¢-independent coefficients is only
for simplicity of exposition. In fact, in [12], see in particular the roadmap
[12, Sec. 3], AUSCHER and AXELSSON give an abstract argument that al-
lows to transfer all results, such as representation and traces for solutions,
to coefficients A(x) + E(t,z) if E is small in a particular norm. Details
for our geometric setup will be carried out in the forthcoming paper [17].

Energy solutions to the Neumann problem

Perhaps the most classical approach to elliptic boundary value problems
is by the Lax-Milgram lemma. Intended as an appetizer for the rest of
the chapter, let us illustrate this approach by means of the Neumann
problem (Neu-A) with a non-empty lateral Dirichlet part R* x D. These
restrictions will reduce technicalities to a minimum but still allow to dis-
cuss and compare the so-obtained solutions with the much more involved
DB-approach we shall pursue in the rest of the chapter. Of course, the
Dirichlet and Dirichlet regularity problem can be treated similarly, see,
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6 Mixed boundary value problems on cylindrical domains

e.g., AUSCHER-MCINTOSH-MOURGOGLOU [20] for the case Q = RY. We
use the shorthand notation Lu = —div;; AV, u. The respective Neu-
mann problem is the set of equations

—div,; AV, u=0 (in RT x Q)
(6.1) u=0 (onR" x D)
v AV, u=0 (on RT x (0Q\ D))
(AVizu)r =¢  (on {0} x ),

where ¢ is a given function on {0} x €, its regularity to be specified
below. Note that on the base of RT x Q the unit vector in ¢-direction
is the inward pointing unit normal, so that the inhomogeneous boundary
condition really is of Neumann type. We seek to construct weak solutions
in the Energy space

£ =LA R WE(Q)™) N WHARF; L2 (Q)™).

We make the following geometry and ellipticity assumption.
Assumption 6.0.1.

(i) The set Q CR?, d > 2, is a domain and D C 9 is non-empty and
closed.

(i) }(l)ideQ(Q)m the Poincaré inequality ||ullr2@ym < || vf”uHW}:f(Q)m
olds.

(iii) For some A > 0 the Garding inequality

Re/OOO/QAvt,xu-vt,xuz )\/OOO/Q\Vt,xu\Q (u€ &)

is satisfied.

Remark 6.0.2. Assumption 6.0.1(ii) is to guarantee that £ can equiva-
lently be normed by the homogeneous norm || Vi, -|| 2@+.1.2(0)n)-

In order to derive a variational formulation of (6.1), suppose that u € £
solves the set of equations in a formal sense and let v € £ be arbitrary.
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Splitting tangential and perpendicular derivatives yields

/ / dives AVipu v
_/ / div,(A V, ;) v+// —0(AV,pu)1

Next, we formally integrate by parts taking into account the lateral bound-
ary conditions. In addition we use that L?-functions vanish at oo — at
least in the sense that they can be approximated in L? by functions with
bounded support — in order to dispense with anti-derivatives at t = oo.
This leads to the symmetrization

oz/w/(Avw Vv—i-// (AVi.u), - 97

—/AV“; w)y - v

—/ /Avmu va—/go Ul¢=o0-

In order to make sense of the restriction 7|;—g we recall the trace charac-
terization of real interpolation spaces [107, Prop. 1.13]: Every element of
& admits a representative in the space C([0,00),7 ), where

T = (L))", W5AH(Q)™)

1/2,2

is the trace space of the energy space £, and an equivalent norm on 7 may
be defined by

(6.2) vol- = inf {Hvug; v e & and v(0) = UO} (v € T).

These considerations lead to the classical concept of variational solutions
(also called energy solutions) to elliptic boundary value problems.

Definition 6.0.3. Let ¢ € T*. An energy solution to the Neumann
problem (6.1) is a function u € £ satisfying

/ooo /g AViu- Vi, T =p0(0)  (vel).
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6 Mixed boundary value problems on cylindrical domains

Remark 6.0.4. Due to the dense embeddings W;3*(Q)™ C T C L2(Q)™
see Theorem 1.3.9, every function ¢ € L*(Q2)™ induces a unique bounded
conjugate-linear functional 7 2 v — [,¢ -7 on T, but more general
boundary data can be allowed in Definition 6.0.3.

Proposition 6.0.5. For each ¢ € T* there exists a unique energy solution
u of the Neumann problem (6.1) and the a priori estimate ||ul|s <
is satisfied.

Proof. This is just the Lax-Milgram lemma applied in the Hilbert space
£. Indeed, owing to Assumption 6.0.1 the sesquilinear form

a:ExE, (u,v)H/w/AVt,xu-Vt,xU
0 Q

is coercive on £ and by continuity of the trace map & — T a bounded
conjugate-linear functional ® € £* is defined by ®(u) = ¢ (u(0)). O

The fact that the coefficient tensor A is independent of the perpendic-
ular variable ¢ reflects in the elliptic equation —div;, AV, ,u = 0 since
if u is a solution in the distributional sense say, then so are the shifted
functions u(s + -,-) for s > 0. Recalling that by Proposition 6.0.5 the
associated Neumann problem (6.1) is well-posed in the class of energy so-
lutions, we expect that solutions obey a semigroup flow, compare with,
e.g., [7, Ch. 3]. In order to carry out details, let us start with the en-
ergy solution u with boundary data ¢ € T* determined by the variational
equation

/OOO/QAVMU Vi, =9((0)  (ved).

The formal interpretation ¢ = (A 'V, u) | |—o motivates to define a trace
(AV,,u) 1= by means of the conjugate-linear functional

T—C, vy / / z) Vigu(t,x) - Vi v(t,x) de dt,

where on the right-hand side v € £ is any extension of vy. Since u is an
energy solution, this definition is independent of the choice of v. Guided
by the shift-invariance of the elliptic equation we then define the trace of
(AV,, u), toslices t = s, s > 0, as the respective trace for the shifted
solution u(s + -, -) to t = 0.
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Definition 6.0.6. Let ¢ € T* and let u be the corresponding energy
solution of (6.1). For each s > 0 define (AV,,u), |—s as the conjugate-
linear functional

T—-C, wvgr— /OO/ A(x) Vigu(s +t,x) - Vigo(t,x) de dt,
0o Jo

where on the right-hand side v € £ is any extension of vy.

Remark 6.0.7. In order to see that the definition of (AV,, u), |—s is
indeed independent of the particular extension of vy € T, let v, v € &
be two of them. Then (v¥ — v®)(0) = 0 so that this function can be
extended to L2(R; W5*(Q)™) N W12(R; L2(Q)™) by zero. Denoting this
extension by w, it follows

/OO/ A(x) Vigu(s +t,2) - Vig (v —0@)(¢, z) do dt
o Jo

= /OOO /Q A(x) Vizu(t,x) - Vigw(t — s, z) de dt = p(w(—s)) = ¢(0) = 0.

We note that the so-defined traces are bounded conjugate-linear func-
tionals on T.

Lemma 6.0.8. If ¢ € T* and if u is the corresponding energy solution of
(6.1), then

[(AVy0u) 1|

<
Sl

T (8 > 0)

Proof. Let vy € T. If v € £ is any extension of vy, then by means of the
Cauchy-Schwarz inequality

(AV5eu) Lli=s(v0)| < [ A]lsolullelv]le-

As [lulle S llgl
over v. O

7+ by Proposition 6.0.5, the claim follows from minimizing

For each s > 0 we have obtained a bounded linear operator
T(S) : T* — T*v 2 — (A vt,xu)J_’t:sa

where u € £ is the energy solution to (6.1) with data ¢. The family
{T'(s) }s>0 is uniformly bounded in £(7*). Below we show that this family
is in fact a strongly continuous semigroup that governs the semigroup flow
of (AV;,u))|=s as it has been proposed by shift-invariance of the elliptic
equation under consideration.
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6 Mixed boundary value problems on cylindrical domains

Proposition 6.0.9. The family {T'(s)}s>0 is a uniformly bounded, strong-
ly continuous semigroup on T*. Moreover, if ¢ € T* and if u is the
associated energy solution, then

(AVi,u) | |i=s = T(s)e (s >0).

Proof. Let ¢ € T* and let u € £ be the associated energy solution. By
definition T'(s)¢ acts on vyT via

(T'(s)e | vo) T*T—/ / x) Vigu(s +t,) - Viv(t,x) do dt,

where on the right-hand side v € £ is any extension of vg. Thus, T'(0)p = ¢
by definition of w.

In order to prove strong continuity, first let vy € 7 with norm ||vg||7 =1
be arbitrary and let v € £ be an extension with norm |[v||¢ < 2. Here, T
is normed by (6.2). By the most direct estimate

=T

oo 1/2
< 2||A||oo(/0 /Q | Vigu(s +t,7) — Vizu(t,z)|* do dt> :

’<T(S)90—so

where the right-hand side vanishes in the limit s — 0 by continuity of
translation in L?(R'*4). As the right-hand side is also independent of vy,
this implies T'(s)¢ — ¢ in T* as s — 0.

Finally, for the semigroup law let r,s > 0 and let w be the energy
solution associated with T'(s)g, that is, the unique function w € £ such
that

/ /A ) Vizw(t,x) - Vizo(t,z) de dt
:/ /A 2) Vigu(s +t,x) - Vi,o(t, ) do dt (veé).
o Jo

Uniqueness of energy solutions yields w(t, x) = u(s+t, x) for almost every
t >0, x € Q. Hence, the action of T'(r)T'(s)¢ on an arbitrary vy € T is
prescribed by

(T(r)T(s)p | vo)yr=7 = /OOO /Q A(x) Vigu(r+s+t,x) - Vigu(t,x) de de,

which is the same as (T'(r + s)¢ | vo) 7+ 7 O
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6.1 Reformulation as a first-order system

Remark 6.0.10. The reader is strongly warned not to overrate the state-
ment of Proposition 6.0.9. In fact, given ¢ € T, the quantity (A V;,u)|L
can directly be obtained as an L?(R™, L%(Q))-function by differentiating
u € &£ but Proposition 6.0.9 relies on a more obscure slice-wise definition
on each level t = s. Hence, the semigroup constructed in Proposition 6.0.9
can only rightfully be called a semigroup representation for (A V;,u)|, if
the latter L2-function coincides with the semigroup orbit starting at ¢
within some common superordinate function space. For the moment, re-
solving this ambiguity lies beyond our scope and we will come back to it
in Section 6.5.

6.1 Reformulation as a first-order system

We prepare for a first-order approach to the elliptic system (ES) in the
spirit of AUSCHER-AXELSSON-MCINTOSH [12, 14, 15]. Forgetting about
boundary conditions at the cylinder base for a while, we rigorously es-
tablish the equivalence of the second-order elliptic system to a first-order
system

O, f(x) + DBfi(z) =0  (t>0)

of Cauchy-Riemann type on the level of suitable LZ (R* x Q)-solutions.
We make the same geometric restrictions on {2 and the Dirichlet part D as
in our resolution of Kato’s conjecture for mixed boundary conditions. For
convenience, we repeat here Assumption 5.0.1 from the previous chapter.
We also recall from Remark 5.0.2 that these assumptions are stronger than

what is needed for the harmonic analysis presented in Chapter 4.
Assumption 6.1.1.
(i) The domain Q C R?, d > 2, is bounded and d-Ahlfors regular.

(ii) The Dirichlet part D C 0S) is closed and either empty or (d — 1)-
Ahlfors regular.

(iii) The domain Q satisfies the Lipschitz condition around every bound-
ary point x € 0\ D.

The next definition comprises the basic spaces and operators to be used
in the following.
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6 Mixed boundary value problems on cylindrical domains

Definition 6.1.2. Let V := W% (Q)™ and denote by Vi, the distributional
gradient operator L2(Q)™ — 12(2)% with domain D(Vy) := V. Let
divy 1= (— Vy)*, define the self-adjoint operator

D.— 0 din

-Vy 0

on L?(2)", and denote by H := R(D) the closure of its range.
Remark 6.1.3.

(i) Integration by parts reveals C°(Q)9™ as a subset of D((— Vy)*) on
which (= Vy)* acts as the distributional divergence operator. This
justifies the more suggestive notation divy,. However, note carefully
that under our very general assumptions on €2 we do not know an
explicit description of D(divy) as a space of distributions.

(ii) If D # (), then a coordinatewise application of Theorem 2.3.9 yields
the global Poincaré inequality |lull2 < ||Vull2 on V, showing that V),
is an injective operator with closed range. Similarly, if D = (), then
llu—ugq|l2 < |[|[Vull2 on V thanks to Proposition 2.3.4, so that Vy, has
closed range and nullspace containing only the constants. So, since

R(Vy") = N(Vy)+, the Hilbert space H is more explicitly given by
(6.3) H=N(W)" xR(—W),

where NV (Vy)* coincides with L2(Q)™ provided D # () and otherwise
with the space of L?(£2)™-functions with zero average on .

As before we use the shorthand notation Lu = —div;; AV, ;u but we
impose a slightly stronger ellipticity condition.

Assumption 6.1.4. The coefficient tensor

At z) = A(z) = (2P ()22 m e Lo £(CHHD™))

/[:7.].

is bounded and measurable, t-independent, and accretive on the space
L2(Q)™ x R(— V) in the sense that there exists some X\ > 0 such that

Re [ A@)f() f@)de > A [ [f@)f do (f € L3Q)"™ x R(= W)).
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6.1 Reformulation as a first-order system

Remark 6.1.5. Assumption 6.1.4 is weaker than pointwise uniform ac-
cretivity of A and stronger than the Garding inequality

Re /oo/ A(x) Vigu(t,x) - Vigu(t,z) do dt
0o Jo
> A/Oo/ |V, oult, )| de dt
o Ja

for u € L2RT; V) N WH2(RT; L%(Q)™) as in Assumption 6.0.1. In fact,
given such w, this follows by taking f = V,,u; for fixed ¢ > 0 in As-
sumption 6.1.4 and integrating over t. For further information on related

(6.4)

ellipticity concepts the reader can refer to [15, Sec. 2].

The decomposition C* = C% x C¥ induces a block decomposition

AL A
A= T e e cem x cimy).

Al Ay

Choosing v = [1gw,0]" in Assumption 6.1.4 for any measurable £ C Q
and any w € C™ yields

/ Re(ALL(:U)w~E—/\|w|2) dz >0
E
and thus
Re(A, | (z)w - @) > X |w|? (a.e. z € Q),

that is, A, | is pointwise uniformly accretive. The exceptional set can be
chosen independently of w as it suffices to consider vectors with entries in
the countable dense set Q+1iQ. We record this observation in a separated
corollary.

Corollary 6.1.6. Under Assumption 6.1.4 the matriz A, | is pointwise
uniformly accretive. In particular, A, | (x) is invertible for a.e. x € Q) and

ATl e Le(Q; £(Cm)).
We define the following matrix-valued functions in L>*(Q; £L(C")):

Id 0 5 AL Ay 7! AT —ATIAY

. 5 . 3

AHJ_ A”H 0 Id 0 Id
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6 Mixed boundary value problems on cylindrical domains

The multiplication operator associated with AZ_I will be of particular
interest.

Definition 6.1.7. The bounded multiplication operator on L%(2)" asso-
ciated with AA™" is denoted by B.

Lemma 6.1.8. If A > 0 is as in Assumption 6.1.4, then

Re(B | Mrzay = A2 e 1 R (f € 2O x R(= V).

Proof. The purely algebraic proof follows the lines of [12, Prop. 4.1]. As
A is invertible in L°(Q; £(C™)) and acts as the identity on the parallel
components, it induces an automorphism of L*(Q2)™ x R(— Vj,). Hence,
it suffices to consider elements f = Ag, where g € L2(2)™ x R(—Vy). A
straightforward calculation gives

(Ag) L

9

g1

(7 | 7)= (@371 | 1) = (a0 | A0)= (]

and thus
Re(Bf | f) =Re(Ag | g) > Algll* = AA"£I1* > MA 2] £1I,

where all unlabeled scalar products and norms are in L2(2)". O

6.1.1 L2 -solutions to the elliptic system

loc

We start out by introducing a notion of L _-weak solutions allowing to

study the elliptic system (ES) with lateral boundary conditions (BC) with-
out imposing any sort of boundary conditions on the cylinder base.

Definition 6.1.9.

(i) If D # 0, then u € L2 (R*; V)NW2(RT; L2(Q)™) is called weak so-

lution to the elliptic system (ES) complemented with lateral bound-
ary conditions (BC) if

(65) /0 (AVigur | Vig vz dt =0 (v € CZ(RT;V)).
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6.1 Reformulation as a first-order system

(i)

If D =, then it is additionally required that u satisfies the no-flux
condition

lim [ (AV,,u(t,x)), de =0.
Q

t—o00

Remark 6.1.10.

(1)

As in the formal derivation of the notion of energy solutions, the
Dirichlet condition on R* x D is hidden in the space L% (R*;V)

and the Neumann condition on RT x (9 \ D) is encoded by a
formal integration by parts.

The no-flux condition is a common condition to rule out linear
growth of solutions at spatial infinity, see, e.g., [1]. It is plausible
to interpret this specialty of the pure Neumann case as a substitute
for the ‘Dirichlet boundary condition at spatial infinity’, which is
present in all other cases when the Dirichlet part Rt x D reaches
up to infinity.

Remark 6.1.11. If u is a weak solution in the sense of Definition 6.1.9,
then (6.5) extends to all v in the closure of C2°(R*; V) within the Fréchet
space L2 _(RT; V) N W 2(RT; L2(Q)™). This applies, for instance, to all

loc

v in the latter space with compact support in R, as can be seen by

convolution with smooth mollifying kernels.

In fact, the flux [,(A(z) Vi, u(t,z)),. dz in the pure Neumann case is
independent of ¢:

Lemma 6.1.12. Suppose D = (. Ifu € L2 (R*;V) N W22 (RT; L2(Q)™)

loc

satisfies (6.5), then there is a constant ¢ € C™ such that

[ (A@) Vet o)) de = (t>0)

In particular, ¢ = 0 if u is a weak solution.

Proof. Let y € C™. For every n € CX(R™;R) the choice v(z) = n(t)y,
t >0, z € (), is admissible in (6.5) and

[T A A Twm) | oy de =0

follows. Hence, ((AVizu)1 | ¥)r2@m is independent of ¢. Letting y run
through the standard orthonormal basis of C™ yields the claim. ]
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6 Mixed boundary value problems on cylindrical domains

Definition 6.1.13. For u € L} (R*; Wh2(Q)™) N W22(R+; L2(Q)™) the

loc
conormal gradient is defined as

_ AV, u
Vau:=AV,,u= (A Vo) € L (R L2 (Q)™).
V. u

The main discovery of AUSCHER, AXELSSON, and MCINTOSH [15] was
that an elliptic system (ES) becomes particularly easy when solving for
the conormal gradient V4 u instead of the potential w itself. In fact, by a
formal computation div;, A V; ,u = 0 implies

(A Vt,;v U)L 8t(A Vt,aj U)L — d1V$(A Vtﬂ; U)”
t = p—

Vx u Vx (9tu Vx atu

0 div, oy

_ — A ,
-V, 0 Ve u
that is,
0 div,| _ 0 div,
O Vaiu=— BAV,u=— BV, u.
-V, 0 -V, O

This computation suggests to study the first-order system of Cauchy-
Riemann type

(FO) O ft +DBf, =0 (t>0),

where the formal first-order differential operator has been replaced by its
realization D from Definition 6.1.2.

Definition 6.1.14. A weak solution to (FO) is a function f € L2 (RT; H)
such that

(6.6) /0 (fy | Ouge)izqay dt = /0 (Bf, | Dgo)rz(ay dt

holds for all g € C®*(R*; D(D)).
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6.1 Reformulation as a first-order system

Remark 6.1.15. If D = (), then the tangential component of H is the
space of average-free L?(Q2)™-functions and thus takes care of the no-flux
condition.

Below, we rigorously prove the equivalence of the elliptic second-order
system (ES) and the first-order system (FO) through their respective no-
tions of weak solutions. This result is well-known in the case Q = R?, see
[12, Prop. 4.1], but we stress that due to the lateral boundary conditions
the argument for a bounded cylinder base €2 is more involved and cannot
go through on a purely distributional level.

Proposition 6.1.16. If D is non-empty, then there is a one-to-one cor-
respondence between weak solutions u to (ES) with lateral boundary con-
ditions (BC) and weak solutions f to (FO) given by

f:VAu.

If D is empty, then this correspondence becomes one-to-one if u is consid-
(R L2(Q)™).

ered modulo constants in L2 .

Proof. The proof is subdivided into three steps. In order to increase
readability, all L? inner products are abbreviated by (- | -).

Step 1: Weak solutions are mapped to weak solutions

Assume that u is a weak solution to the elliptic system and put
(6.7) f=VaiuecLi (RYLAH Q)™ x R(—W)).

If D is non-empty, then H = L2(Q)™ x R(— V) showing that f is H-
valued. Thanks to the no-flux condition on w and Lemma 6.1.12 the
same is true if D is empty. To see that f satisfies (6.6), fix an arbitrary
g € CX(RT;D(D)). Then g, is allowed as test function in Definition 6.1.9
and (6.5) rewrites as

/OOO ((ft)J_ ’ 3t(9t)¢) dt = /OOO ((Bft)” ‘ (Dgt)”> dt.
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6 Mixed boundary value problems on cylindrical domains

For the tangential part note g € CX(R*; D((— Vy)*)), so that

/OOO (G | @gen) dt:_/oo<_vvut | Oy at

== [ (w | 0= (a)y) .

Integration by parts, taking into account that g has compact support in
the t-direction, leads to

/ tUt W) (gt)”) dt
_/ (Bfi). Dgt)L) dt.

Adding the previous two identities yields (6.6).

Step 2: The correspondence is onto

Assume f € L (R*;H) is a weak solution to the first-order system. Then,
by definition,

f” € LIOC(R+; R<_ VV))

We first consider the case D # (). In virtue of the Poincaré inequality, V),
is an isomorphism from V onto R(Vy), see Remark 6.1.3. Hence, there
exists a potential u € L (R*; V) such that V,u = f. We claim

(6.8) ue W2(RY; L2(Q)™)  with  du = (Bf)..

Indeed, since R((— Vy)*) is dense in L*(Q2)™ by injectivity of — Vy, it
suffices to prove

([T wdme) at | (~%y) = (= [T B dt | - w)y)

for each n € CX(R™;R) and each y € D((— Vy)*). Pulling the scalar
product inside the integral and taking adjoints, the left-hand side becomes

I (=% | anty) ar

== [7 (o | o) a.
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6.1 Reformulation as a first-order system

Since n(t)y € C(RT; D((—W)*)), we can use g(t) = [0,n(t)y]" as test
function in (6.6) to obtain

= _/000 (ft ) atgt) dt
:—/OOO (Bf, | Da.) dt
—— [T (B | ne)(= W) a

which coincides with the right-hand side of the identity in question. This
establishes (6.8). Summing up, u has the regularity required for a weak
solution to the second-order system and its conormal gradient is given by

Viu=4 (B —AA =7

Ji

In order to see that u is a weak solution, let v € C°(R*;V). Then
g:=[v,0]T € C*(R";D(D)) is allowed as test function in (6.6), which in
turn becomes

0 = /OOO ((ft)L ’ 8,52}75) + ((Bft)H ’ vat) dt

= /OOO (Avmu ‘ va) dt.

Now, consider the slightly more involved case D = (). Denote by V, C V
the subspace of functions with zero average on 2. Poincaré’s inequality
on Vp as discussed in Remark 6.1.3 allows again to construct a potential
u € L (R*;V,) such that V, @ = f|. Then the argument succeeding (6.8)

loc

at least yields that for every n € C*(R*;R) the L?-valued integral
| wdm® + (B () at

—
is contained in R((—Vy)*)” = N (Vy) and hence is a constant function
on 2. The value of the constant is determined as the average integral over
Q. Since u; € V), for almost every ¢t > 0, this average equals

/OOO n(t) (]{Z(Bfth dx) dt,
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6 Mixed boundary value problems on cylindrical domains

so that altogether

/OOO u,Opn(t) dt + /OOO(Bft)ln(t) dt = /OOO 7;(75)(]€2(]3th)L dx) dt

for every n € C(R*;R). This means 0;u = (Bf;), — ﬁ Jo(Bfr)L dz in
the sense of Wi2(Rt;L2(Q)™). In order to correct the right-hand side,

loc
define a function taking its values in the constants by

C e WARSY), O = /Ot ]é(st)L dz ds.

loc

Then
w:=1+C €L (R V) nW2(RY; LAH(Q)™)

satisfies Qyu = (Bf). and V,u = V,u = f|. As in the case of non-empty
Dirichlet part this implies V4 u = f and that u satisfies (6.5). Finally, the
no-flux condition is satisfied since (Vau), = f1 € H,.

Step 3: The correspondence is one-one

If u is a weak solution such that Vou = AV, ,u = 0 in L} _(RT; L3()),
then V,,u = 0 by invertibility of A. Thus, u is constant on the domain
R* x Q. If in addition D is non-empty, then the global Poincaré inequality

on V only allows the choice u = 0. O]

6.1.2 Quadratic estimates for the infinitesimal generator

Proposition 6.1.16 manifests the equivalence of the second-order elliptic
system to a first-order system 0,f; + DBf; = 0, with D a self-adjoint
first-order differential operator and B a bounded multiplication operator
that is accretive on H = R(D). Operators of this type have been closely
investigated over the last decades, at least in the case that D is injective,
see [5,43] and references therein. Also the following proposition is well-
known in case that D is injective [5, Thm. H| but in the non-injective case
a complete proof is hardly found. We take this opportunity and finalize

the sketch of proof given in [15, Prop. 3.3].
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6.1 Reformulation as a first-order system

Proposition 6.1.17. Let D be a self-adjoint operator in a Hilbert space
K and let B € L(K) be accretive on R(D), that is, assume there exists
k > 0 such that Re(Bu | u) > &||ul|? for allu € R(D). Then the following
hold true:

(i) DB has range R(DB) = R(D) and null space N(DB) = B~! (D)
such that

K = N(DB) & R(DB)

topologically but in general non-orthogonally. Similarly, BD has
range R(BD) = BR(D), null space N (BD) = N(D), and induces a
topological splitting

K = N(BD) @ R(BD).

(ii) The operators DB and BD are bisectorial of angle

w:= sup |arg(Bu|u)| € (0,%).
0#ueR(D)

Implicit constants above depend only on k and K > 0 chosen such that

|Bu|| < K||u|| holds for all u € K.

Proof. Throughout the proof we allow the symbols < and ~ to swallow
only constants that depend solely on x and K.

(i) As a self-adjoint operator, D is densely defined and induces an or-

thogonal splitting £ = N(D) & R(D). Since also B* is accretive
on R(D), the composite operator B*D is closed and densely defined
and so is its adjoint (B*D)* = DB, see, e.g., [73, Prop. A.4.2]. More-
over, ||Bul|| ~ ||ul| ~ ||B*u|| for u € R(D) by accretivity of B. So, if

u € D(B*D) and v € N (D), then

IB*Dul|* < [[Duf|* < [(BDu | Du)
= [(Du | B"Du + v)| < [|Duf[|[B"Du + ||

and thus ||B*Dul| < [|[B*Du + v||. By the triangle inequality

IB*Dul| + vl < 2[[B*Dul[ + |B*Du + v < [[B"Du + v,
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6 Mixed boundary value problems on cylindrical domains

showing that /(D) @ R(B*D) is a topological decomposition in K.
Moreover,

(N(D)® R(B'D)) € N(D)*NR(BD)"

— R(D)NN(DB) = {0},

since if v € R(D) N N(DB), then Bu € N(D) is orthogonal to u,
which by accretivity of B can only happen for u = 0. This establishes
K =N (D) ® R(B*D) topologically.

All other claims can now easily be proved: By accretivity of B* it
holds R(B*D) = B*R(D) and interchanging the roles of B and B*
yields

(6.9) K = N'(D) & R(BD) = N(D) @ BR(D)

topologically. The inclusion R(DB) C R(D) is clear. For the
converse let © = Dwv and note that in virtue of the latter split-
ting v can be chosen in BR(D), so that in fact v € R(DB). Fi-
nally, the orthogonal complements of the spaces on the right-hand
side of £ = N(D) & R(B*D) form the topological decomposition
K = R(DB) ® N(DB) and N (BD) = N (D) is immediate by accre-
tivity of B.

Let v € D(DB) and split it as u = v + w, where v € N(DB) and

w € R(D) N D(DB). Since D is self-adjoint, (Bw | DBw) € R and
thus for every A € C the identity

Im (X(Bw | w)) = Im(Bw | Aw) = Im(Bw | Aw — DBw)

holds. Let now ¢ € (w, %) and A € C\ S,. Then A(Bw | w) belongs
to C\ Sy, a set on which the imaginary part is comparable to the

absolute value by multiplicative constants depending only on ¢ and
w. Thus,

ABw | w)] < ¢o| Im(A(Bw | w))| < [[Bw]|[|Mw — DBuw]|
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6.1 Reformulation as a first-order system

for a constant cs depending only on ¢ and w. As B is bounded
and accretive on R(D), [[Aw]| S ¢s||[Aw — DBw|| and thanks to the
topological splitting X = N (DB) @ R(DB) the a priori estimate

(610)  \[Jlull S colldu—DBu|  (u€D(DB), AeC\S,)

follows. In a similar manner split v € D(B*D) as u = v + B*w,
where v € N(B*D) and w € R(D) N D(B*DB*), and use

A B w|)? < | Im(B*w | Mw)| = | Im(B*w | Aw — DB*w)
< ||B*w||||]AB*w — B*DB*u||

to discover
(6.11) A [Jull S cslldu — B*Dul| (ue D(B*D), A € C\ Sy).

Since DB is the adjoint of B*D, the estimates (6.10) and (6.11) yield
C\ S, C p(DB) N p(B*D) along with the required resolvent bounds.
Upon interchanging B with B*, the same is true for DB* and BD. [

Remark 6.1.18. Since B* satisfies the same accretivity condition on
R(D) as B, Proposition 6.1.17 holds with B* in place of B.

Corollary 6.1.19. Suppose the setup of Proposition 6.1.17. The Hilbert
space adjoint of DB|® in R(D) is given by PB*D|W, where P is the

orthogonal projection in K onto R(D). Moreover, ||PB*Dul| ~ ||Du|| for
all u € D(D) N R(D).

Proof. If u € D(PB*D|zp;) and v € D(DB|zg;), then by a direct cal-

culation
(u | DBv) = (B*Du | v) = (B*Du | Pv) = (PB*Du | v),

so that the adjoint of DB|W extends PB*D|W. Equality follows pro-
vided these operators share a common resolvent element. To this end,
note that by Lemma 3.2.14 the restriction DB|z gy is bisectorial on R(D).
Moreover, PB*D|zm; = (PB*|zmy) (Dlzmy) is a factorization into a self-

adjoint and a bounded accretive operator on R(D). So, PB*Dlzmy is
bisectorial by Proposition 6.1.17. Finally, the equivalence of norms fol-
lows by accretivity of PB*|W. O
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6 Mixed boundary value problems on cylindrical domains

The abstract Hilbert space results above in particular entail that the
special DB operator introduced in Section 6.1.1 is bisectorial. For the
accretivity condition, see Lemma 6.1.8. A deep theorem that will pave
the way for all further results in this chapter is that this operator satis-
fies quadratic estimates on the closure of its range. The proof requires the
whole technology we have developed in order to solve the Kato square root
problem for mixed boundary conditions. This is a somewhat typical phe-
nomenon in the field of boundary value problems for elliptic systems with
t-independent coefficients as was first observed by KENIG [93, Rem. 2.5.6]
in 1994.

Theorem 6.1.20. Let Assumption 6.1.1 be satisfied. Let B be a multipli-
cation operator induced by a L>(Q2; L(C™))-function and suppose that B
is accretive on R(D), that is,

Re(Bu | w)r2pn 2 [[ullfzpn (v € R(D)).
If T'=DB or T = BD, then there are quadratic estimates

dt
+ =lulltz@y  (weR(T)).

|+ 2T gy,

The implicit constants in the quadratic estimates can be chosen uniformly
for B in a bounded subset of L>(S2; L(C")) whose members satisfy a uni-
form lower bound in the accretivity condition.

For the proof we need the following fractional Poincaré inequality.

Lemma 6.1.21. If Ay is the weak Laplacian on L2(Q)™ with form domain
V and a € (0,1), then

[ulliz@m S I(=Av)ullz@m (v e D(Ay) NR(Ay)).

Proof. Corollary 5.6.5 assures that B := _AV|W is an invertible sec-

torial operator on R(Ay). Due to Proposition 3.2.21(iii) invertibility is
inherited to B¢, so that

[ulle@m S (1B ulliz@m  (u € D(BY)).

It suffices to remark that by general properties of restricted functional
calculi the operator B® is the restriction of (—Ay)® to R(Ay) with domain
D((—Ay)*) NR(Ay), see Example 3.2.16 for details. O
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6.1 Reformulation as a first-order system

Remark 6.1.22. If a = %, then Lemma 6.1.21 is indeed a Poincaré in-
equality of type ||ulls < ||Vulle. This is a consequence of the resolution of
the Kato problem for —A,, see Theorem 5.6.8, and justifies the nomen-
clature ‘fractional Poincaré inequality’ for the general case o € (0, 1).

Proof of Theorem 6.1.20. We will appeal to the IIz-Theorem, Theo-
rem 4.1.11, on the Hilbert space L2(Q)"@L?(Q)" ~ L2(Q)?(+4)_ Thereon,
consider the operator matrices

B 0
I'.= , By = , and Bj:=
0 0

on their natural domains. For these choices

0 BDB| (BD)2 0

HB ::F—i—BlF*Bg: s QB: ,
D 0 0 (DB)2
and thus
0 tBDB(1 + t*(DB)?)~!
tlp(1 + 1) = ( (DB))
D(1+ 152(BD)2)’1 0

We claim that both quadratic estimates required in the theorem follow

from quadratic estimates of IIp on R(Ilp): In fact, this is a direct con-
sequence of the equivalence ||[BDul|| ~ ||Dul| for all v € D(D) and the
identities

R(BD) = BR(D) = BR(DB) = R(BDB) and R(DB) = R(D)

provided by Proposition 6.1.17. So, to complete the proof we have to
check that the hypotheses (H1) - (H7) in Theorem 4.1.11 are satisfied. In
the following all function spaces will be on 2. We omit the dependence
on 2 as well as the dimension of the respective co-domain, which will be
clear from the context.

Clearly I' is nilpotent and By By = 0 = By B; holds. Since B is bounded
on L? and accretive on R(D), the operator matrices By and By are bounded
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6 Mixed boundary value problems on cylindrical domains

on L2 x L? and accretive on R(I'*) and R(T'), respectively. This takes care
of (H1) - (H3). Together with the addendum in Theorem 4.1.11 we also
obtain the required uniformity of the implicit constants with respect to
B. Hypothesis (H4) holds by definition of B. Next, (H5) and (H6) for
[' and I'* are first seen to be equivalent to analogous claims obtained by
replacing these operators by D and then by — V), and divy,. The required
estimates for — V), however, have already been checked in the proof of
Theorem 4.3.1 and the ones for the adjoint operator divy, are for free
thanks to Lemma 4.1.10. The only hypothesis that has to be treated
more carefully is (H7). Since

0 0 ) D2 0
I'= and II° =
D 0 0 D?

it is equivalent to the following:

There is a € (0,1] such that [jul/gzyiia, S (D)2 24|

(%) . 2
or all u € R(D) N D(D?).
The difficulty is that this is a homogenous estimate with a fractional power
of a pure first-order differential operator on the right-hand side. Inevitably,
we have to factor out constants if the Dirichlet part of 92 is empty.

We choose a € (0,¢), where £ € (0,1) is as in Theorem 5.5.5, and fix
u € R(D) N D(D?). Since

0 div; —A 0
D= VI and D?2= v

- VV 0 0 (- VV) din

it follows u; € D(Ay)NR(divy) and u = —Vyv, for some v, € D(Ay).
We claim that without restrictions both u; and v, can be chosen in
R(Ay). In fact, the solution of the Kato problem, Theorem 5.6.8, for
the self-adjoint operator —Ay entails that — V), and v/—A, share the
same nullspace. Since the nullspace of fractional powers is independent of

their positive exponent by Proposition 3.2.21,

R(divy) = N(=W)T = N({/=Ay)t = N(=Ap)t = R(AY)
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6.1 Reformulation as a first-order system

showing u; € R(Ay). Similarly, V), and —A) share the same nullspace.

So, due to the orthogonal decomposition L? = N (—Ay) & R(—Ay) we

can assume v € R(Ay) without altering uj = —Vyv,.
Now, within the functional calculus for the self-adjoint operator D,

(DQ)a/Qu _ (D2)a/2 UL
_—VVUL

u
— (D2)a/2 1 + (D2)a/2D
L 0 - L O -

u
_ (D2)a/2 L1 + D(DZ)a/Z

0 0

(—Av)a/%u
—Vy(=Ay)* %0,

The solution of the Kato problem for —A,, entails

1(D?)*2ull3 2 [1(=Av)*Pur |5 + [[(=Ap) V220, |3,

Since both u; and v, are elements of D(Ay) N R(Ay), we can infer the
crucial estimate

1D 2ull3 = flurll3 + 1(=Av)*2url3 + [[ocll + [I(=Av) /#2013
from Lemma 6.1.21. On the other hand, Theorem 5.5.5 yields

lullize yrea, = lcllfae + gl
= lJurfiez + IVovL e

< ||UJ_||%{a,2 + ||UJ_||%{1+Q,2.

The previous two estimates reduce our goal (%) to the question whether
D((—Ay)*/?) C H*? and D((—Ay)Y/2+/2) C H**?2 hold with continuous
embeddings — which is answered in the affirmative by Theorem 5.5.5. [
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6 Mixed boundary value problems on cylindrical domains

The check-up of (H5) in the proof above entails a localization property
that we record for a later use.

Corollary 6.1.23. Let p € C(R%R) and let M, be the associated mul-
tiplication operator on L2(Q)". Then M, D(D) C D(D) and the commu-

tator [D, M,] acts on D(D) as a multiplication operator induced by some
cp, € L>(Q; L(C™)) satisfying

o)l S IVelz)|  (a.e.z€Q).

Bisectorial operators that satisfy quadratic estimates on the closure of
their range have been discussed in greatest generality in Section 3.3.4 and
Section 3.4. Let us recall from Corollary 3.4.14 that for each f € H*(S,),

w < 1 < 7, the operator f(DB) on H = R(DB) is bounded with norm
estimate

(6.12) [fDOB)l[r—m S I f Lo,

where the implicit constant depends only on ¢ and the implicit constants
in Theorem 6.1.20. Hence, the H*(S,)-calculus enjoys again a uniformity
property in B. Similar operators can of course be defined for BD on the
Hilbert space BH. We also give a name to the injective part of DB, that
is, its restriction to R(DB) = H and its restriction to the Hardy spaces
Hip.

Definition 6.1.24. The restriction of DB to H is denoted by A and the
restrictions of DB to HEg are denoted by A*.

We close this section with a result on holomorphic dependence of the
H*-calculus for DB with respect to the multiplicative perturbation B.
Knowing the uniformity property in Theorem 6.1.20, the argument follows
a standard pattern relying on Vitali’s theorem from complex analysis. For
convenience, we include the full argument.

Proposition 6.1.25. Let U C C be a domain and let B : U — L(L*(Q)")
be a holomorphic function. Assume that each operator B,, z € U, is
induced by an L>(Q; L(C™))-function and that there exists K, > 0 such
that

RG(BZU | U)LQ(Q)n > HHUHQ and ||Bz||Loo(Q;£(Cn)) < K
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6.1 Reformulation as a first-order system

for all z € U and all u € R(D). Then for each arctan(£) < < 2 and
each f € H*(Sy) a holomorphic function is given by

(z— f(DB,)) : U = L(H).

Proof. For brevity we simply write L? instead of L*(Q)". Recall from
Proposition 6.1.17 that for each z € U the operators DB, and B;D are bi-
sectorial of angle ¢ := arctan(%) and that the respective resolvent bounds
on C\ Sy can be obtained uniformly in z. Also note that taking adjoints
is an isometry on £(L?), so that B* : U — £(L?) is holomorphic as well.

First, let A € C\ S,. Holomorphic dependence of (A —B:D)~! € L(L?)
on z follows straightforwardly using the resolvent identity

(A~ B3,D)" — (A~ BLD)" = (A~ B:D) }(B, - B:)D(A - B, D)

valid for zp,2z; € U on difference quotients. For this we have crucially
employed that the domain of BiD is independent of z. Taking adjoints,
holomorphy of (A — DB,)™! follows. Next, assume f € H$°(S,) in which
case f(DB,) € £(L?) is defined via a contour integral over 9S, for some
v € (¢,¢). Continuous dependence of f(DB.) on z is immediate by
dominated convergence but as for each closed triangle A C U the theorems
of Fubini and Cauchy yield

[ ] soe-pBytaxaz= [ [ o0 - DBy azar=o

holomorphic dependence can be inferred from Morera’s theorem.

Finally, let f € H*>(Sy). By equivalence of weak and strong holo-
morphy [7, Prop. A.3] it suffices to prove holomorphic dependence of
f(DB,)u € H on z for each fixed u € ‘H. To this end, let {f,}, C HF(Sy)
be a bounded sequence that converges pointwise to f. For instance,
frn = (22(1 + 2%)72)Y/"f does the job. By what we have shown before,
{f.(DB,)u}, is a sequence of bounded H-valued holomorphic functions on
U, and in fact, it is uniformly bounded due to the uniformity of the esti-
mate (6.12) with respect to B. The convergence lemma, Proposition 3.3.5,
gives pointwise convergence

fo(DB,)u =% f(DB,)u (z € U),

and so the claim follows from Vitali’s theorem, Theorem 3.3.1. O
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6 Mixed boundary value problems on cylindrical domains

6.2 Semigroup solutions to the first-order
system

Having reformulated the elliptic system (ES) with lateral boundary con-
ditions (BC) as the first-order system

O fi + DBf; =0 (t>0)

for the conormal gradient f = V4 u, it is tempting to solve this equation
by a semigroup formula f; = e *PBf,. However, the evolution for DB is
forward in time on one part of H and backward in time on the other one
since DB is not sectorial but only bisectorial. Therefore, we have to con-
sider its restriction to the Hardy space Hjs, which becomes a sectorial
semigroup generator. We recommend to recall the spectral decomposi-
tion of a bisectorial operator into sectorial operators on associated Hardy
spaces from Section 3.3.4.

Proposition 6.2.1. Given h* € Hjsy, the semigroup orbit f, = e 'IPBIpt,
t > 0, is a weak solution to the first-order system (FO) with additional
reqularity

f € CO([Oa Oo)vH]—SB) N Coo(()a OO7H$B)

and estimates

- dt 1/2
sup || fellzyn = |27 |2 = (/ 140, fol[ 22y ) :
t>0 0 t

Proof. The restriction of {e PBl},5y to H;p is the bounded holomor-
phic semigroup generated by the sectorial operator DB’HSB’ see Theo-
rem 3.2.28. Hence, 0;f; = —DBJ; on R" in the classical sense. For any
g € C*(R*T;D(D)) integration by parts reveals

/OOO (ft ‘ atgt)m((z)n dt = — /OOO (DBft ‘ gt)LQ(Q)n dt

- /OOO (Bft ’ Dgt)m(n)n dt,

that is, f is a weak solution to the first-order system in the sense of
Definition 6.1.14. The additional regularity and the asymptotics follow

280



6.2 Semigroup solutions to the first-order system

from abstract semigroup theory, see Proposition 3.2.26. The first of the
estimates is by boundedness of the semigroup {e7PBl},54 and the second
one is by quadratic estimates for DB with regularly decaying holomorphic
function [z]e”), see Theorem 6.1.20 and Corollary 3.4.8. O

Remark 6.2.2. Since {e*PBl},5; is a holomorphic semigroup, the same
argument as above proves that for every o > 0 and every ht € Hiy a
solution to the first-order system is given by

f; = [DB]2e DBl (t>0).

Such a solution still has asymptotics lim; .o, f; = 0 in Hj,z but in general
does not have an L?limit at ¢ = 0 — so, at first sight, it may seem to
useless. However, if u is a weak solution to the second-order system that
satisfies a Dirichlet condition (Dir-A) on {0} x €, which is a boundary
condition for the potential u itself, then V4 u should be a weak solution
to the first-order system without a trace at ¢t = 0 in the L2-sense.

In this section we present a careful analysis of the semigroup solutions
to the first-order system and prove that they are contained in the natural
solution spaces for the Dirichlet, Neumann, and regularity problems.

6.2.1 Off-diagonal decay

As a technical tool to be utilized in the following, we establish L? off-
diagonal decay of arbitrary order for the resolvents of DB and p < 2
sufficiently close to 2. We begin with the case p = 2.

Proposition 6.2.3 (L? off-diagonal estimates). Let T'= DB or T' = BD.
Then for every M € Ny there exists a constant Ay > 0 such that

d(E, F)

S

-M
H].F(l + iST)il].EUJHLQ(Q)n S AM< > H].EU”LQ(Q)n

holds for all u € L2(Q)", all s > 0, and all Borel sets E, F C Q.

Proof. The proof stems on the localization property from Corollary 6.1.23
and is almost identical to the one of Proposition 4.2.6. So, we only outline
the differences and concentrate on the case T" = DB. The other case
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6 Mixed boundary value problems on cylindrical domains

is similar. We adopt notation from Proposition 4.2.6 by abbreviating
R, = (1 +isDB)~! for s > 0.

Proceeding by induction on M as in the proof of Proposition 4.2.6, it
suffices to consider the case 0 < |s| < d(F, F') and to establish an estimate

M
(6.13) 1rRyLpulls < AM<d(£|m> Lol

under the assumption of the claim for M — 1. As in the proof of Propo-
sition 4.2.6 define a bounded open superset Fy/, of F' with the property
d(E, Fijs) > Ld(E,F) and construct a smooth function ¢ with range
in [0, 1], identically 1 on F, support in Fiy, and ||[Vpl|le < i with
cq depending only on d. Since ¢ is scalar-valued, M, commutes with
the multiplication operator B. Taking into account Corollary 6.1.23, the
commutator relations

IDB, M,] = [D, M,|B on D(DB) and [M,,R,] = isR,[D, M,|BR,
follow. Then, due to supp(p) C Fip CR?\ E and p =1 on F,
11rR1pull2 < |l@R1pulls = [[[My, R|1pullz < [s] [|[D, Mp|BR:1gull2,

the last step utilizing the bisectoriality of DB. Hence, Corollary 6.1.23
and the inductive assumption yield

s
d(E, F)

Ay |s] ( E )Ml
< 15uls.
= A(E,F) \d(E, F1,NQ) ILeulls

|1pR1pulls S

117, ynoRs1rulle

Since d(E, Fi2) > 5 d(E, F), this implies (6.13). O

1

2
To proceed further, we need the following, highly non-trivial interpo-

lation result. In fact, its proof requires the whole adapted Calderén-

Zygmund technology developed in Section 2.5.

Lemma 6.2.4. Let 0 < s < 1. For 1 < p < oo let X2(f2) be the Banach

1
space W52 (Q)™ with norm (H ALr@ym + 15V Hip(mdm> " Let0 <6 < 1,
let 1 < po,p1 < 00, and

1 1—-6 0

Do Do Y4
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Then

XI(Q), X2H(Q)], = X2(Q) and  [XP(Q)", XPH(Q)7], = X2(Q)°

up to equivalent norms and the equivalence constants are independent of s.

Proof. The norm on X?(Q) is equivalent to the W;(€2)™-norm but of
course the equivalence constants do depend on s. In order to see that the
equivalence constants in the interpolation result are independent of s, let
T : LP(Q)™ — LP(s7'Q)™ be the coordinate transform Tu(z) = u(sz).
Then T maps X2(2) onto W | (s71Q)™ almost isometrically:

(6.14) ITullyrs, orap =5 Plullee  (we X2Q)).

Since complex interpolation is exact and interchanges with Cartesian prod-
ucts, this implies

= sl

||TU|| [Wl,po (s-1Q) whPl (5,19)} [XPO(Q) XP1(Q)
S_lD s S—lD 0 S ) S

0

for u € [XP0(Q2),XP1(Q)]p, see Theorem 1.3.13 and Corollary 1.3.8. The
invaluable merit of Theorem 2.5.17 on interpolation identities that are in-
variant on large scales is that the norm on the left-hand side is comparable
to the Wif{’D(sle)m—norm uniformly in 0 < s < 1. So, a final application
of (6.14) leads to

_ <d/pe ~
||U|x§€(sz) S ||T“||wif{’D(s1Q)m_Hu”[xgom),x’s’l(ﬂ)h

for all u € W5 (Q)™ uniformly in s. Since the spaces X?(€2) share the
common dense set C¥(Q2)™
reflexive spaces WP(Q)™, the second of the identities in question follows
from the first and Proposition 1.3.15. O]

and are reflexive as closed subspaces of the

Next, we use SneTberg’s stability theorem to extend resolvents of DB to
bounded operators on I” for p < 2 sufficiently close to 2.

Proposition 6.2.5. There is py € (1,2) such that if p € (po,2), then
{(1 + isDB) '}gcs<1 extends to a uniformly bounded family of bounded
operators on LP(2)".
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Proof. Given 0 < s < 1 and f € L*Q)", define g € L?(Q)" by g :=

A 1(1 +isDB)"!f. On recalling B = AA " it follows f = Ag +isDAg,
that is,

fol |(Ag)| (= W) (Ag)y
= +1s
Ji 9| -Wai
Now, insert the second equation g, = f| +isVy g, into the first one,

take L2-inner products against v € V), and separate the terms containing
g, from those containing f, so to reveal g, € V as a solution of the
divergence-form problem

v
[ . dz
2 |isV,g. is Vv
(6.15) :
0 v
= / fa — A . dz (veV).
@ |0 T is Vv

Due to their intrinsic scaling with respect to s, the natural spaces to
study such problems in an LP-setting are the spaces X?(Q2), 1 < p < oo,
introduced in Lemma 6.2.4. In view of Holder’s inequality, for each p an
operator

/

T, XP(Q) = XU (Q),  (Tou)(v) == /Q A - do

S

can be defined. Then

||TP||X§(Q)HX’S’,(Q)* < 1Al (1<p<oo)

and

[Tz

@ > AMullxze)y (v e X3Q)

thanks to Assumption 6.1.4. In order to extrapolate the latter a priori
bound to the LP-scale, we aim to apply Sneiberg’s theorem.
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Fix 1 < p. <2 < py < oo. For p in the range between p_ and
P+, Lemma 6.2.4 allows to replace X?(€2)-norms by the norms of the cor-
responding interpolation space between X?-(€2) and XP+(€2), each time
collecting a constant that depends on the respective value of p but not
on s. In this manner, the quantitative version of énefberg’s theorem,
Theorem 1.3.25, yields — independently of s — an interval I C (p_,p,)
containing 2 with the property that for each p € I the lower bound

A
1Tpullgy @) = oz llullxee  (u € X))

is satisfied for a constant ¢, depending not on s. Let py denote the lower
endpoint of I. Since € is bounded, V = X?(Q) C X2(Q) for all p € (po, 2).
So, if p € (po, 2), then due to the explicit representation for 7,¢, in (6.15),

) 1/p
< cTA” Togillgr g < (\|le\ oy T AN AillEs @ dm) :

Since g = A ‘(1 + isDB)~f by definition,

11+ isDB) " f Iy < llgllts
= HgJ-HLP(Q)m +[Lfy +is Wy gLHip(Q)dm

p(Q)dm

with implicit constants independent of s. O

Remark 6.2.6. The idea of proving L”-boundedness of resolvents of DB
by solving an auxiliary divergence-form problem by means of Snefberg’s
theorem is taken from AUSCHER-AXELSSON [12; Lem. 10.3]. The aux-
iliary problem from the proof of Proposition 6.2.5 already occurred as a
motivating example in Section 2.5.

Complex interpolation of the assertions of Proposition 6.2.3 and 6.2.5
employing the Riesz-Thorin convexity theorem (that is, Theorem 1.3.23
for wg = wy = 1) yields L? off-diagonal estimates for the resolvents of DB.
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6 Mixed boundary value problems on cylindrical domains

Corollary 6.2.7 (L? off-diagonal estimates). Let p € (po,2), where py is
as in Proposition 6.2.5. For every M € Ny and there exists a constant
Ay > 0 such that

d(B, F)

-M
||1F<1 + iSDB>_11EU||Lp(Q)n S AM< > ||1Eu||Lp(Q)n

holds for all u € L*(Q)", all 0 < s < 1, and all Borel sets E, F C .

6.2.2 The non-tangential maximal function

Since the seminal work of KENIG and PIPHER [94] it became manifest that
the natural spaces to study well-posedness of the Neumann and Regularity
problem for elliptic equations are that of functions with LP-bounded aver-
aged non-tangential maximal function. Naturally, we are led to the ques-
tions whether the semigroup solutions to the first-order system fit into this
framework, that is, whether they are ‘reasonable’ solutions from the point
of view of classical PDE theory. In this section we use a modified non-
tangential maximal function N. defined on truncated cylinders (rather
than cones) as it also appeared in the work of AUSCHER-AXELSSON [12].

Definition 6.2.8. Let ¢y > 1 and ¢; > 0 be fixed throughout this chapter.
For t > 0 and x € () the set

W(t,z) = (cy't, cot) x (B(x,c1t) N Q)

is called Whitney ball around (¢, x). For r > 1 the enlarged region rW (¢, x)
is defined analogously upon replacing ¢y and ¢; with r¢g and rcq, respec-
tively.

Definition 6.2.9. The non-tangential maximal function ]\V/:kf of a function
f el (Rt x Q)" is defined by

loc

1/2
Nof@=sw(ff 1yl was) @eo.

t>0

Remark 6.2.10. The particular choices of ¢ > 1 and ¢; > 0 used to
define NV, will not be of further importance in this chapter.
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6.2 Semigroup solutions to the first-order system

We can directly establish lower L?-estimates for the non-tangential max-
imal function.

Lemma 6.2.11. It holds
— 1 r2t .
IV (P2 @) 2 Stli%?t/t I follfeye ds  (F € LE(RT x Q)").

Proof. Put ty := ¢ ' diam(f2) and consider the case t > t; first. Then for
every x € €,

1 cot 9 _1 cot 9
S as =< [T o )y ds
< (co — V) [N (f) ()

and integration over x yields

1 cot "
;/t | fs||3 ds < (CO—CEI)HN*(JC)H%‘

In order to raise the upper limit for integration to 2t, simply add the
respective estimates for t = ¢, ct, . .., cl't, where N € N is minimal subject
to ¢ > 2.

Now consider the case 0 < t < ty. Pull the supremum over £ > 0 outside
the integral and bound it from below by a supremum over 0 < ¢t < ¢, to
obtain

. 1 cot 9
(Pl > — ) dy ds da,
NP> = sup t1+d/g/c /B(z,clt)ﬂQ’f(S y)I" dy ds du

0<t<to ot

where implicitly d-Ahlfors regularity of €2 has been used. By Tonelli’s
theorem

cot
//O / ’f<3>y)‘2 dy ds dx
Q Jeg't JB(z,eit)nQ
cot ) ) o 2
— /,1 / / |f(s, )" 1pw.anno(z) de dy ds ~ ¢ /71 I1£s112 ds
cy tJQ2JQ s
for all 0 < t < to and thus

— 1 cot 9 1 cot 9
N2 2 5 [ Il ds = 5 [ 1A ds.
o't tJt

As before, the upper limit for integration can be raised to 2t without any
difficulty. O
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6 Mixed boundary value problems on cylindrical domains

Remark 6.2.12.

(i) The only assumption on €2 used in the proof of Lemma 6.2.11 is that
it is a bounded d-set.

(ii) A function for which the right-hand side supremum is finite, is usu-
ally said to satisfy a square Dini bound.

Corollary 6.2.13. The non-tangential mazimal function of semigroup
solutions is bounded from below by

N (e PEIR) [l20) 2 (1|2 (h € L2(Q)").

Proof. With f, = e 'PBla, ¢ > 0, the claim follows from Lemma 6.2.11
and

1 2t

A 2 10— B2
i = [ 1] ds = [hl
which is due to strong continuity of the [DB]-semigroup. O

Upper estimates for the non-tangential maximal function of semigroup
solutions are much more involved. Following a technique previously uti-
lized by AUSCHER, AXELSSON, and HOFMANN [13], we approach such
estimates via reverse Holder type estimates for solutions of the second-
order system and off-diagonal estimates.

Reverse Holder estimates

For background material on the classical reverse Holder inequalities for
elliptic partial differential equations the reader may refer to GIAQUINTA’s
book [64]. In the case of mixed boundary value problems such estimates
have more recently been studied, e.g., by BROWN and OTT [128] but —
at least to our knowledge — none of the existing results comprises our
geometric setup beyond Lipschitz domains.

We begin with a variant of the classical Caccioppoli inequality.

Lemma 6.2.14 (Caccioppoli inequality). Let u be a weak solution to the
elliptic system (ES) with lateral boundary conditions (BC) and let t > 0
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6.2 Semigroup solutions to the first-order system

and x € Q. Moreover, let z € C™ be arbitrary if B(x,2c1t) N D = () and
otherwise let z = 0. Then the estimate

// 1tV pul? gc// lu— z|?
W (t,x) 2W(t,x)

holds for a constant ¢ > 0 depending only on A, d, co, and c;.

Proof. For brevity put W := W(t,r) and V := (c;'t,cot) x B(z,cit).
Similarly, let 2V correspond to 2W. Let n be a smooth function with
range in [0, 1], identically 1 on V, support in 2V, and [|V7|, < ¢ for a
constant depending only on d, ¢y, and ¢;. Note that the restrictions on z
are to guarantee that n(u — z) and n?(u — z) are allowed as test function
in Definition 6.1.9, see also Remarks 6.1.5, as well as in the accretivity
estimate (6.4). Compute

2 2 2 B 9
//ZW” | Vi ul —//R+ Qn | Vol — 2)]
2 2
= [ 1 Funfu = )P+ | FonPlu— =
and apply (6.4) to find
1 —_—
2 2 = B . —
(6.16) //ZW” | Ve ul SARe//RWQAVt,x(n(u 2)) - Vi (n(u — 2))
+ | Vt,xnﬂu - Z|2-

If ©:C™ x C*d — C™+4) denotes the multiplication z ® y = (7,yx ),
then by the product rule

AVia(n(u—2)) = A(u—2) © Vign + 1AV u
and
N Via(n(u — 2)) = Via(n*(u — 2)) = n(u — 2) ® Viun.

These identities inserted back on the right-hand side of (6.16) and the
fact that the integral over AV, u -V, .(n*(u — 2)) cancels as u is a weak
solution, results in a bound by

//]R+ o A =2 Vienl| Vea(n(u — 2)]

//R+ n(u — z) |Vm77||AVmu|+|Vm77| |u—z|2
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6 Mixed boundary value problems on cylindrical domains

Finally, invoking the L**-bounds for A, n, and V,,,

1 1
2 2 2
//2 77 ‘ 2 u‘ ~ 9 t77|u ZH 12 U” tQ‘u Z‘

follows. At this stage the proof can be completed by absorbing 1| V; , u|
from the right-hand side into the left-hand side by means of Young’s in-
equality and noting that 7 is identically 1 on V. [

The notion of weak solutions to (ES) — an elliptic system posed on a
domain in R'*? — is built somewhat from the perspective of evolution
equations by separating the variables ¢ € R and z € R?. On the level of
function spaces, this amounts to identifying

L*(Rx Q) and L*R;L*Q)) via  u—ug, ug(t) =ult,-).

Since Whitney balls are really objects in R'*9, it is necessary to express
the regularity of weak solutions to the second-order system in terms of a
function space on R'*?. This is the purpose of the next lemma and the
subsequent remark.

Lemma 6.2.15. Let 1 < p < oco. The map u — ug extends from
Cep(R x Q) by density to an isometric isomorphism

Wg2p(R x Q) = W'P(R; LP(Q)) N LP(R; WP (Q)).

We stress that the approximation property required for the space in
dimension 1+ d is much stronger at first sight than the one implicit in the
vector-valued space. The main idea of the proof is that Hardy’s inequality
provides an encoding for mixed boundary conditions that is compatible
with Fubini’s theorem.

Proof of Lemma 6.2.15. We abbreviate WH?(R; L?(Q)) = WhP(LP(Q))
and so on. If u € C¥, (R x ), then ug € C°(CH(2)) and by Fubini’s
theorem

||u||WH1§‘5D(]R><Q) = |Jug ||w1,p(Lp(Q))mLp(w1E;P(Q))~
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6.2 Semigroup solutions to the first-order system

As C, (R x Q) is dense in Wg” (R x Q) by definition, u — ug provides
an isometry

Wzlp(R x Q) = WHP(LP(Q) N LY (W' (2))

and it remains to prove that its range is dense.

So, fix f € WhP(LP(Q)) N LP(WP(Q)). For the density result we are
after, it is no restriction to assume that f has compact support in R.
By means of a bounded extension operator £ : Wi(Q) — WP (R?),
constructed for instance in Theorem 2.2.23, we obtain an extension

Ef e W(LP(RY) NLP(WH(RT), (Ef)(t) = E(f(t)).
Again
(6.17) u i ug : WHP (R — WHP(LP(RY)) N LP(WHP(RY))

is an isometry but the upshot is that on the whole space R? we have at
hand convolution by smooth kernels. Hence, {ug; u € C°(R'*4)} is dense
in the right-hand space, that is, (6.17) provides an isometric isomorphism
in virtue of which Ef = gg for some g € W'P(R!*9). Restricting again
to €,

f=hg, where h= Rp.g€ W (R x Q).

Note that h has bounded support in R* x by assumption on f and it
remains to prove h € Wg? (R x Q). To this end consider an auxiliary
finite cylinder of the form = = (—2t¢, 2to) x Q with Dirichlet part

F = ({[t| <to} x D) U ({to < [t] < 2to} x 9Q) U ({]t] = 2to} x Q),
where to > 0 is chosen large enough to guarantee supph C (—tg,ty) x Q

and d((t,z), F') = d(x, D) for all (¢, x) € supp h. This allows to bring into
play the Hardy inequality on W5P(2), Theorem 2.3.9, as follows:
Ji(

//: do di = /_O;/Q dD(a;:))

5/_0:0/Q|Vft(a:)| dz dt < oc.

P
dx dt

h(t,x)
dF(t, JZ)

(6.18)
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6 Mixed boundary value problems on cylindrical domains

Recall from Remark 5.0.2 that 9 is a (d — 1)-set in R, just as is D.
Lemmas 5.4.5 and 1.2.24 yield that F is a d-set in R'*¢. Moreover, =
satisfies the Lipschitz condition around every (¢, z) contained in 0Z \ F' =
(=T,T) x 92\ D in virtue of the bi-Lipschitz map

(_T7 T) X UI — (_17 1)1+d7 (57y) = (%7(I)w(y))7

where U, and ®, are provided by the Lipschitz condition of €2 around .
Thus, the pair (Z, F) fits the assumptions of Corollary 2.4.8 and therefore
(6.18) implies h € WP(Z). Since [—tg, o] x D is a subset of F and as h
has support in (—tg, o) x Q, this already implies h € Wg? (R x Q). [

Remark 6.2.16. If u € W 2(RT; L2(Q)™) N L2 .(R*; V), for instance if u
is a weak solution to (ES), then Lemma 6.2.15 applies at least restrictively.
In fact, for all n € C(R™) it applies coordinatewise to nu showing that
u can be approximated by C2 (R x Q)-functions in the W2(Rt x Q)-

topology.

Now, we are in position to provide a reverse Holder inequality for weak
solutions to the second-order system.

Theorem 6.2.17 (Reverse Holder inequality). Let 2, < p < 2. There
exist to > 0 and r > 1 such that for all 0 < t < tg, all x € 2, and all weak
solutions u of (ES) it holds

1/2 1/p
(6.19) (ﬁ[ |Vmu|2> < (ﬁ[ |Vt,xu|p> .
W (t,x) rW(t,z)

Proof. As is typical for this sort of inequalities, the proof relies on lo-
calization and local Caccioppoli-Poincaré estimates. The rough idea is
understood best from Step 1 below. First, let us fix some notation:

(i) For t > 0 and = € Q abbreviate V(¢,7) := (c;'t, cot) x B(z,cit).
Consequently, W (t,z) = V(¢t,z) N (RT x ). Since  is a d-set,

V(t,z)| =t ~ |[W(t,z)| (reQ,0<t<ty),

where ¢y > 0 is arbitrary, see Lemma 1.2.23. We shall frequently use
this fact without further mentioning.
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6.2 Semigroup solutions to the first-order system

(ii) According to Assumption 6.1.1 let Uy,..., Uy be a covering of the
compact set 92\ D by open sets provided by the Lipschitz condition
around 0Q\ D, let ®; : U; — (—1,1)? be the corresponding bi-
Lipschitz mappings, and let L be the supremum of the Lipschitz

constants of CID;-'E.

(ili) Let  be half the distance of 9Q\ D to R\ UL, U; and define an
open set

Up = {x eR% d(x,D) < k < d(z,0Q\ D)}

Then 2, Up, Ui, ..., Uy is an open covering of (.

(iv) Let ¢ be the minimum of the continuous function

1

N
7<de\Q + de\U + Z de\Uj)
N +2 S

attained on the compact set Q and note that p > 0 owing to (ii).
Such p is usually called Lebesgue number of the covering of Q under
consideration.

We put ¢y := %. The crucial feature of this choice is that for each x € Q2
and each 0 < t < ¢ the ball B(z,6¢it) is entirely contained in either
Q, Up, or one of Uy,...,Uy. In the following we treat these three cases
separately.

Step 1: The case B(x,2cit) C Q

As a warmup example assume that even the smaller ball B(z,2¢t) is
contained in Q. Then W (t,z) = V(t,x) and 2W (t,z) = 2V (t,z) are
subsets of Ry x €. Since B(zx,2c¢;t) does not intersect D, Caccioppoli’s
inequality, Lemma 6.2.14, applies with z = uow ) yielding

1 1
6.20 —// v 2<—// _ NG
( ) tit+d W(t,z) ’ b U‘ ~ tltd 2W (t,z) |u wawe, )l

In virtue of an affine mapping, 2W (¢, z) can be transformed into the ref-
erence domain Z := ((2¢y) 7%, 2¢g) x B(0,2¢y). If v corresponds to u under
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6 Mixed boundary value problems on cylindrical domains

this transformation, then by the local Poincaré inequality, Lemma 2.3.6,

1 2 2
— U —u o = v — Uz
tltd //ZW(t,x) | 2w (1) //5 | |
2/p
< (JL19or)
1 // |t v |p 2/]7
= | = U .
1+ owwy "

Combining the previous two estimates gives the requested reverse Holder
estimate (6.19) for r = 2.

Step 2: The non-Dirichlet case B(z, 6c:t) C U;

We turn to the case B(z,6¢;t) C U; for some 1 < j < N. In this step we
additionally assume that B(x,2c;t) does not intersect D, so that again we
have at hand (6.20). Via a bi-Lipschitz change of coordinates to the unit
cube and even reflection, u can be extended from 2W (¢, z) to 2V (¢, x), see
Lemma 5.2.11 for details. For abuse of notation we keep on denoting this
extension by u. Now, starting out with (6.20), an affine transformation
from 2V (¢, z) onto the reference domain = — under which u corresponds
to a function v and 2W (¢, z) corresponds to an open set S C = — gives

1 1
— tVul? < — // — NG
tltd //W(t,x) [#Veaul” 5 titd J Jow (t,2) [u = 2w

S &
— U—u .
=t Jav(ta) W)

://: v — vgl?.

Since |S| = 747 [2W (¢, z)| ~ 1, Lemma 2.3.6 yields

1 2/p
1757 [y 1 Vit 3 (//= | Vw“‘p)
1 2/p
N AVARTICE
<t1+d //2V(t,z) £V )
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6.2 Semigroup solutions to the first-order system

The bi-Lipschitz changes of coordinates increase distances by a factor of
at most L, so

(6.21) // | Vigul? < L // | Vi ul”
2V (t,z)\2W (t,z) 2L2W (t,x)

and the requested reverse Holder estimate follows for the choice r» = 2L

Step 3: The Dirichlet case B(x,6cit) C U;

Again we consider the case B(x,6¢1t) C U; for some 1 < j < N but this
time we assume that B(z,2¢,t) intersects D, which in turn forces z = 0 in
Caccioppoli’s inequality. We adopt notation from the previous step. As a
substitute for the local Poincaré inequality we claim

(6.22) [ s (JLrwr)

where 22 = ((4c)™', 4¢o) x B(0,4c;) corresponds to 4V (¢, z) under the
usual affine transformation. Once (6.22) is established, the argument runs
through as in the previous step and results in the requested reverse Holder
estimate for r = 4L%.

In order to prove (6.22) we appeal to the Poincaré inequality for func-
tions with partially vanishing traces as stated in Corollary 2.3.3. Clearly
2= satisfies the Lipschitz condition around every of its boundary points
and thus is a W!P-extension domain, see Section 2.2.4. By assumption
there exists y € B(z,2¢it) N D. Hence, 4V (t,z) contains a sufficiently
large Dirichlet part

(6.23) Dy = [(2¢c9) 7, 2cot] x (B(y, cit) N D).

By Remark 6.2.16 there is a sequence {u;}; € Cg , p(R'™) converging
to u in the WH2(4W (¢, z))-topology. Since extension by reflection and
affine transformations are continuous with respect to the relevant W12-
topologies, {u;}; corresponds to a sequence {v;}; converging to v in the
W12(2E)-topology. As each v; vanishes in a neighborhood of the image of
Dy under the affine transformation, call it Ey say, it follows v € W}Ei (22).
Hence, Corollary 2.3.3 yields

/
(oot 5 s fL1wet)”

(1]
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6 Mixed boundary value problems on cylindrical domains

and in order to deduce (6.22) we only have to bound the d-dimensional
Hausdorff content of Ey C Rt uniformly from below. For this, first note
that [0, 2coto] X D is a d-thick set R'™¢ due to Lemmas 1.2.26 and 5.4.5.
Thus, HP(Dy ) ~ t'*¢ and under the usual affine map from 4V (¢, x) onto
2E this translates to HJ®(Eyx) ~ 1.

Step 4: The pure Dirichlet case B(xz,6¢c:t) C Up

Finally we assume B(x,6cit) C Up. In view of Step 1 we may addi-
tionally assume that B(z,2c;t) is not entirely contained in €. Hence,
B(x,2c¢1t) contains a boundary point y € 0 and in fact y € D by def-
inition of Up. Therefore (6.23) holds. As before we can approximate u
in the WH?(4W (¢, z))-topology by a sequence {u;}jen € CF, , p(R').
Concerning Sobolev extension to 4V (¢, z), Lipschitz coordinate charts are
not available anymore but due to B(z,4c¢;t) C Up we may simply extend
w and all u; by zero. The exact same reasoning as in Step 3 then leads to
the Poincaré inequality

Jlle = ( /L Vt,va’)Q/p,

where v corresponds to the zero extension Equ of u under the affine trans-
formation from 4V (¢, x) onto 2=. So, starting out with Caccioppoli’s in-
equality for z = 0, the arguments we have seen several times before yield

1 1
o 5t [,
titd //W(t,x)| vl 5 ti+d JJow (t,2) [
1
< Eyul?
- tltd /AV(t,x) B
— [ 1P
. 2/p
<(JL1wer)
2=

1 2/p
=== tVizul? .
<t1+d /[LV(t,a:) £V vl )

This is the requested reverse Holder estimate for r» = 4 since by construc-
tion V, ,u vanishes almost everywhere on 4V (¢, z) \ 4W (t, x). O
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6.2 Semigroup solutions to the first-order system

As a corollary, a reverse Holder estimate for the DB-semigroup reveals
itself.

Corollary 6.2.18. Let 2, < p < 2. There exist tg > 0 and r > 1 such
that for all 0 <t < ty, all x € Q, and all h* € Hy it holds

1/2 l/p
( HE et g gy ds> < ( H e ) ay ds) .
W (t,z) rW(t,z)

Proof. Put f, = e *PBIpt s> 0. Then f is a weak solution to the first-
order system according to Proposition 6.2.1. Thanks to Proposition 6.1.16

it is representable as f = AV, ,u for u a weak solution to (ES). As A is
invertible in L>°(Q2; £L(C™)), the claim follows from Theorem 6.2.17. [

Non-tangential estimates and Fatou type results

After a short and rather technical interlude on reverse Holder inequali-
ties we return to the non-tangential maximal function. The first of the
following two lemmas provides an L2-bound for the non-tangential max-
imal functions of functions ((¢tDB), ¢ > 0, where ( is regularly decay-
ing at 0 and oo. Since we secretly aim at same result for the choice
¢ =e ™ = (e — ) 4+ = we need the second lemma to take care
of the correction term.

Lemma 6.2.19. Let T = DB or T = BD and let ( € H3*(Sy), w < < 7,
be non-degenerate. Moreover, letr > 1. Then for each h € L2(2)"™ it holds

T)h(y)]” dy ds dz S ||h][F20)
Josme ff o JCETIR dy ds do < [l

0<t<1

and for almost every x € ) there is pointwise convergence

lim 1C(sT)h(y)]> dy ds = 0.

t—0 rW(t,z)

Proof. If h € N(T), then ((sT)h = 0 for every s > 0, see Example 3.2.16.
So, for the rest of the proof we may assume h € R(T'). Since (2 is d-Ahlfors
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regular,

Hre, KETIRGE dy ds

rcot dS
< M l? dy ——
~ /rco) 1t /B(z cirt)N ) (y)| y tl+d
rcot ds
S Wsteertoras) KT dy <25
(reco)

uniformly for all 0 < ¢ < 1 and all z € Q). For a later purpose we introduce
an arbitrary 0 < ¢y < 1. Integration of the previous estimate with respect
to x gives

/qup ]6[ IC(sT)h(y)]> dy ds da

0<t<tq t,x)

620 <[ ™ [ Loemarmomn(® KETRE dy - ds

<[ ficrnor w

Theorem 6.1.20 automatically implies quadratic estimates for all non-
degenerate regularly decaying holomorphic functions, see Corollary 3.4.8.
In particular,

ds
| LGP dy S Il < oo

So, the first claim follows on choosing ¢y = 1 in (6.24) and the almost
everywhere convergence follows on letting ty — 0. O]

Lemma 6.2.20. If p € (po,2) with py as in Proposition 6.2.5 and r > 1,
then for each h € L2(Q)" it holds

2/p
[osw (iR ) dyds) de S [,
Q 0<t<(reg)—t W (t,x)

Proof. Very similar to the proof of Lemma 6.2.19 it all starts with a
rough estimate

]6[ (1 +isDB) " h(y)? dy ds
W (t,z)

rcot . ds
S| thcnrmana()[(L+1sDB) h(y)P dy <7

(rco)~1t

298



6.2 Semigroup solutions to the first-order system

uniformly for all 0 < ¢t < 1 and all z € Q. If0<t§%,then0<s§1
in the domain of integration and so

sup ][][ |(1+isDB)~*h(y)|? dy ds
W(t,z)

0<t<(rcg)~1

1 S
S sup = [ 1pcenzana(y)|(1 +1sDB) ™ h(y)[? dy.
0<s<1 §7 JQ

(6.25)

For the moment fix 0 < s < 1 and x € €. In order to control the integral
on the right-hand side of (6.25) put By := B(z,2*coeir?s), k > 0, and
split R? into annuli Cy := By and Cj, := By \ Br_1, k > 1. Corollary 6.2.7
yields for some M € N to be specified below,

115, (1 +isDB) ™" flloiyr < D 116, (1 +isDB) "¢, f e
k>0

A(Cy, Cp)\ M

k>0
< (|1, fllLe(o)
+ 31+ @2 = Dr¥coe) ™M1, flluo@ye-

k>1

The Hardy-Littlewood maximal operator provides the bounds
115, fllur@ S 2% M1 fP) ()7 (k> 0).

We specialize to a fixed M > d/p in order to make the sum over k con-
vergent and discover

115,(1 +isDB) " fllunay S s7PM([1af|")(2)'.

This estimate inserted back on the right-hand side of (6.25) leads to

sup (1 +iDB) Ry dy ds S M(Laf)(2) (w € Q)
rW(t,z)

0<t<(rcg)~1

Thanks to % > 1, the maximal operator is bounded on L*?(R%) by The-
orem 2.5.10. Therefore the claim follows on integrating the %—th power of
the last estimate with respect to x € Q. O
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Finally, we can confirm that semigroup solutions to the first-order sys-
tem have an L?-bounded non-tangential maximal function.

Theorem 6.2.21. It holds
[N (e B |20y = 2T |2y (W™ € Hip).

Proof. The lower estimate for NV, is due to Lemma 6.2.13. For the upper
bound we shall combine the previous two lemmas with the reverse Holder
inequality for semigroup solutions.

For brevity we put f, = e ‘PBIpt ¢ > 0. Next, let us fix p < 2
sufficiently large so that both Corollary 6.2.18 and Lemma 6.2.20 apply
and let 0 < tp < 1 and r > 1 be such that Corollary 6.2.18 applies. We

1

may assume to < - We split the non-tangential maximal function as

R0 < e (0 10°)
e (fhy )" eeo

and estimate both suprema separately in L*(€2).
For the first one put ¢ = e~ 3/ — (1 +i2)~'. Then

(6.26)

C(tDB)h" = f, — (1 +itDB)'h"

and in view of Corollary 6.2.18 we obtain the pointwise bound

1/p
+ p
sup (ff, DB () dy ds)

0<t<tg

1/p
+ sup (ﬁ{w(m)y(HiSDB)lhwy)yP dy ds)

0<t<to

for all x € Q. Concerning the L*(Q2)-norms of these terms with respect
to x, Jensen’s inequality and Lemma 6.2.19 bound the the first one by a
generic multiple of ||h*]]; and Lemma 6.2.20 provides the same estimate
for the second supremum.

We tend to the second supremum on the right-hand side of (6.26). Since
Q) is a d-set, there is a uniform lower bound for the measure of all sets
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6.2 Semigroup solutions to the first-order system

B(z,c1t) N Q, where z € Q and ¢t > ;. Hence, the second supremum in
(6.26) is uniformly controlled on € by

1 cot 1/2 1 cot 1/2
sup (4 [0 [ 1R dyds ) =sup (5 [ e B3 ds)
t>to t calt Q t>to tJett

0

S AT,

the last step following from the fact that {e_t[DB]}tZO is a bounded semi-
group on L2(Q)™. Since € is bounded, the required L?*-bound follows. [

Since the weak (1, 1)-bound for the maximal operator M can be used to
prove Lebesgue’s differentiation theorem from classical measure theory [67,
Sec. 2.1.3], we may ask whether the L2-bound for the non-tangential
maximal function J\N/’*(e*Z[DB]hﬂ implies almost everywhere convergence
of Whitney averages

li —PBIpF(y) dy ds = hT
B e © (y) dy ds = h™(z)

toward the data ht € Hfz. The next theorem provides the affirmative
answer even for general h € L2(Q)".

Theorem 6.2.22. Let T = DB or T = BD. For every h € L2(Q)" there
is almost everywhere convergence

lim le=*Th(y) — h(x)]* dy ds =0 (a.e. z € Q),

t—0 W (t,x)

and in particular

lim e*Uh(y) dy ds = h(x) (a.e. x € Q).

t—0 W (t,x)
For the proof of Theorem 6.2.22 we need one more auxiliary estimate.

Lemma 6.2.23 (Local coercivity estimate). There exists a constant ¢ > 0
such that for every x € Q, every r > 0 such that B(z,2r) C Q, and every
u € D(D) it holds

1
/ IDuf? < c</ BDuf? + — |u|2).
B(z,r) B(z,2r) e JB(z,2r)
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6 Mixed boundary value problems on cylindrical domains

Proof. Let n be a smooth function with range in [0, 1], identically 1 on
B(x,r), support in B(z,2r), and |V,n| < % for a constant cq depending
only on d. Corollary 6.1.23 together with the accretivity of the multipli-
cation operator B on R(D), see Lemma 6.1.8, yields

2 JolWF < 3 [ 0

< [ 1in.Dlul* + D)l

< [ 1Dl + A2 AL [BD ()

< /Q [, Dlul” + A" 4|5, [nBDul” + A~2|[A]%, B[y, DJul*
with a commutator bound |[n, D](y)| < “41p2,(y) for a.e. y € 2. Since
B is induced by an L*°-function, the conclusion follows. m

Proof of Theorem 6.2.22. Throughout the proof we keep a represen-
tative for h fixed. For resolvents of T" we use the shorthand notation
RT := (1 +isT)~!. The argument is subdivided into four consecutive
steps.

Step 1: Preliminaries for the case T' = BD

Given z € 2, choose t, € (0,1] small enough to guarantee B(z,t,) C €.
Let 1 be a smooth function with range in [0, 1] and support in € that is
identically 1 on B(x,t;). As 1, : y — h(z)n(y) is C"-valued and smooth
with compact support in €, it belongs to D(D) = D(BD) according to
Remark 6.1.3. If t < =, then 7, = h(z) on B(x,cit) and so

T, le R = bl dy as
is bounded from above by
.ﬁ%mﬂwﬂﬂ—RﬂmwF+N¥W—wa@W

+ \RST%(Z/) - 77:10(3/)‘2 dy ds.

We shall prove that each of these three terms vanishes in the limit ¢ — 0

(6.27)

for almost every x € €. For the first term this is just the assertion of
Lemma 6.2.19 applied with ¢ = e™#¥l — (1 +1i2)7!. The other two terms
require a closer inspection.
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6.2 Semigroup solutions to the first-order system

Step 2: Second term estimate

In the following estimates we may assume ¢t < 1. Let By, = B(z,2"cit),
k > 0, and split R? into annuli Cy := By and C}, := By \ By_1, k > 1. By
means of Proposition 6.2.3 on L? off-diagonal decay for the resolvents of
T we can infer an estimate

(C, C -1
1L B (h = 1) o <z(1+ k °>) 1o (h = m)llec)

k>0

for all s > 0, so that in the range s € [cy't, cot], in which s is comparable
to ¢,

115,RY (h — 1) |l120)
S 271, (h = na) |2

k>0
dk—k 1/2 dk—k 2 1/2
< () (el )
£>0 k>0

Integrating the square of this estimate with respect to s € [cg't, cot] gives

ﬁw IR (h =)0 dy ds
ds

S [0St [ oh(y) — )P dy
0 tE>0 Ck

and since the integrand on the right-hand side is independent of s, even-

tually

Ty, JEE =) )y s
o SHILY ]{Bkﬂﬂh) 1:(0)* dy.

k>0
We break the sum over k at ko characterized by 27%0~1 < \/t < 2750 and
use the Hardy-Littlewood maximal operator to control the integrals on
the large balls with £ > ky. In this manner, we see that the right-hand
side of (6.28) is bounded by

ko—1

3= 2L ah(y) — o) dy + > 2 M((1ah = 1. )(a).

k=ko
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6 Mixed boundary value problems on cylindrical domains

For the first sum we note that all occurring balls are of radius less than
2kocyt < e1v/t. Hence, for ¢iv/t < t,, which will happen in the limit for
t anyway, we have 7, = 1gh(z) on each ball. For the second sum we
utilize the global estimate |n,| < |h(z)| and that >332, 27% < 4+/% holds.
Altogether, the right-hand side of (6.28) is controlled by

(6.29)  sup [10h(y) — Lah(@)|* + VIM(|1ah]*)(z) + VE|R(2)|*,

r<e1v/t /B(@7)

provided ¢ > 0 is sufficiently small.

In the limit ¢ — 0 the first term in (6.29) vanishes for every Lebesgue
point of 1oh € L2(R%)", that is, for almost every x € . The middle
term vanishes provided M (|1qh|*)(x) is finite, which by the weak (1,1)-
type estimate in Theorem 2.5.10 again applies for almost every x € (2.
Finally, the third term vanishes for every x € (2 as t — 0. Note carefully
that in the end the exceptional sets for x did not depend on ¢, and 7,
(and thus not on x itself) although they had been involved in some of the
calculations.

Step 3: Third term estimate

The crucial observation for the third term in (6.27) is that n, € C°(2)™ is
constant on B(x,t,) and therefore we can actually compute in the classical
sense

divy (1,
Tna(y) = BD)w) = B | I oy e ).

We refer to Remark 6.1.3 for this matter of fact. In particular, if t < 2%'1,
then

—Clt > tx

-1
cnt < s<cpt).
s — 2cot (0 < s <)

1 la
B d (B(ZL‘, at), supp(Tnx)) >

On writing (R — 1)n, = —isRI'Tn,, the L? off-diagonal estimates for R
with M = d — 1 yield

115Gy (RE — Dnalliz@ye S st Tnallz)e (o't < 5 < cot)
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6.2 Semigroup solutions to the first-order system

with implicit constants depending also on ¢,. However, integrating the
square of the previous estimate with respect to s, as before, reveals

Ty, Ve = nl? dy ds < 7P T e
which in the limit ¢ — 0 tends to 0 for every x € Q) anyway.

Step 4: The case T' = DB

Similar to the case T" = BD we can bound the average integrals over
W (t,z) by the sum

P, e = RGP (B~ Dh(w)]

+[h(y) — h(@)[* dy ds.

(6.30)

Two of the three terms are easy to handle: Lemma 6.2.19 takes care of
the first term vanishing in the limit ¢ — 0 for almost every z € Q. The

third term, which is independent of the perpendicular variable s, can be
bounded by

H by @) dyds = £ |h(y) — h(z) dy
W (t,z) B(z,c1t)NQ

S [1oh(y) — Loh(z)|" dy

~ B(z,c1t)

for t < 1. So, in the limit ¢ — 0 it vanishes for every Lebesgue point x of
1gh € L2(R%)™. It remains to consider the middle term in (6.30). Here,
we cannot perform a localization argument as we did for BD since now D
is applied after B. However, a direct calculation lets us discover

RP® — 1 = —isDBRP® = —isDREPB (s > 0)
so that it suffices to prove almost everywhere convergence

(6.31) lim | isDREPBA(y)? dy ds =0 (a.e. x € Q).

t—0 W (t,x

To this end, let x € €2 be given and let ¢, and n be as in Step 1.
We abbreviate h := Bh and, as before, we associate with it a smooth
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6 Mixed boundary value problems on cylindrical domains

function 7, : y — h(z)n(y). Then 7, = h, on B(x,t,) and Dj, = 0
almost everywhere on B(z,t,) as in Step 3. Now, if ¢ < 2%, then the local
coercivity estimate from Lemma 6.2.23 applies on the ball B(x, ¢;t) with
u = isRSBD?L — is7),, as follows:

cot

/ lisDREP,|? dy ds
B(z,c1t)

-1
¢yt

cot ~ ~
< / " / isBDREPR|? + |REPH — 7, |2 dy ds
¢ B(z,2c1t)

—1
ot

cot ~ ~ —~
:/ /( = REPRP 4 |REPR = ] dy ds
c, B(x,2c1t

o't
Adding and subtracting RPP7j, — 7, in both terms on the right-hand
side, we can infer that the Whitney average ffyy ;. [IsDREP7,.[> dy ds
is bounded from above by

7% |REP(h — 1) |* + | R2PR, — | dy ds
W(t,z)
+ £ ah(y) - ah(@) dy,
B(z,2c1t)

where W (¢, z) := 2W (¢, ). The upshot is that — upon replacing all ‘hat-
ted’ variables by their ‘unhatted’ counterparts — almost everywhere conver-
gence of the first two terms in the limit ¢ — 0 is precisely the statement of
Steps 2 and 3, whereas the third term vanishes for every Lebesgue point x
of 1gh. Thereby, we have established (6.31) and the proof is complete. [

Remark 6.2.24. The organization of the proof of Theorem 6.2.22 is in-
spired by an argument of AUSCHER and STAHLHUT [23, Sec. 9.1]. How-
ever, our setup bears the significant difficulty that D is not defined on
constant functions on €2 — at least when the Dirichlet part D is non-empty.
Surprisingly, the additional localization argument involving 7, provides a
slick way out.

6.3 The Auscher-Axelsson representation
theorems

In their seminal work [12] AUSCHER and AXELSSON have developed a
strategy to prove the following:
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6.3 The Auscher-Axelsson representation theorems

In the case Q) = RY every weak solution to the first-order system
satisfying appropriate bounds is in fact a semigroup solution.

These results become particularly interesting as they provide representa-
tion formulas for weak solutions, existence of limits at ¢ = 0 and ¢ = oo,

and holomorphy in the perpendicular variable, prior to solving any of
the boundary value problems (Dir-A), (Neu-A), and (Reg-A) in the first
place. The main goal in this section is to adapt their theory to our setup
of elliptic systems on R* x Q and to prove similar representation theorems.

6.3.1 A Duhamel formula for the first-order system

The difficult part toward adapting the AUSCHER-AXELSSON representa-
tion theorems is to prove the following Duhamel formula for our notion of
weak solutions to the first-order system (FO).

Lemma 6.3.1. If f is a weak solution to (FO) in the sense of Defini-
tion 6.1.14, then

[ o) I ds =0 = [T oy (s)e T IPPEG, f, ds

for all t > 0 and all Lipschitz functions ny : RT™ — R such that n, is
compactly supported in (0,t) and n_ is compactly supported in (t,00).

Proof of Lemma 6.3.1. By density it suffices to consider smooth func-
tions n4 sharing the respective support properties. We concentrate on the
identity on (0,t). The (¢, 00)-integral formula is established in exactly the
same way. The complete proof is carried out in the Hilbert space H.

Dualizing against fixed elements from H and switching inner products
and integral signs, it in fact suffices to prove

t
|| (0 (s)e”=IPH P .

h)ds=0  (heH)

or, equivalently, by taking adjoints in H, using stability of the functional
calculus under restrictions, and recalling the notion A = DB|y,

63 [ (o | () (e INPEY ) ds =0 (he ),
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6 Mixed boundary value problems on cylindrical domains

This suggests to use g, := 1 (s)(e" A PiL)*h as a test function in (6.6).
This choice is admissible since by stability of the functional calculus under
restrictions and adjoints

(0,00) = H, s (e NP3 h = (1cre F)(A)R

is an orbit of the holomorphic semigroup generated by A*|1(C L (A*)H on
1c+(A*)H and as such, it is holomorphic with values in D(A*) C D(D),
see Corollary 6.1.19. Due to

(fs(e (=)W Pt vy = A% (e~ 0=IM Pty (0 <5< b),

for this special choice of g equation (6.6) becomes
t
[ (1 | o)) ds
0
t
- /0 (f
t
_ / (Bf.
0

If u € H and v € D(D), then (Bu | Dv) = (u | PB*Dv) for P € L(L*(2)")
the orthogonal projection onto H. Now, f is H-valued and A* = PB*D|y
holds by Corollary 6.1.19, so that the right-hand side above cancels with
the second term on the left-hand side and the result is (6.32). O

+ s)A*(e_(t_S)[A]PSB)*h) ds

N (s)D(e”INPEL)h) ds.

Remark 6.3.2. Taking limits n* — 1(o4) and 7~ — 1), in which the
derivatives approach certain differences of Dirac d-distributions, formally
transforms the Duhamel formulas into

Pigfi — e PBIPSL fo = 0= — Py fi (t>0),

that is, f; = e PBlfy with f, € Hf;z. The formal limiting process can
be performed rigorously whenever f admits a square Dini bound as in
Lemma 6.2.11 or a certain square function estimate. This is the statement
of the proofs of Theorem 8.2 and Theorem 9.2 in [12]. In fact, once
the Duhamel formula is established, the argument given by AUSCHER-
AXELSSON [12] is purely on the level of semigroup theory and functional
calculus (even the notation is the same) and we may freely cite it for our
setup throughout.
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6.3 The Auscher-Axelsson representation theorems

6.3.2 The Neumann and regularity problems

For the Neumann and regularity problems (Neu-A) and (Reg-A) it is nat-
ural to aim for a characterization of the conormal gradient V4 u rather
than the potential u itself. In view of Proposition 6.1.16 this amounts to
characterizing weak solutions to the first-order system.

Theorem 6.3.3 (First representation theorem for (FO)). A function
f e L (R H) is a weak solution to (FO) satisfying the non-tangential
mazimal bound

| IN(F) @) da < oo
if and only if there exists h* € Hiy such that f, = e 'PBInT for almost

every t > 0. Moreover, the following hold true:

(i) There are estimates

1A ez = sup || felluzyn = IV (F)llexco)

50 dt 1/2
~Y 2 _

(ii) A trace on {0} x Q is attained in the L*(Q)"-sense limy_o f; = h*
as well as in the sense of almost everywhere convergence of Whitney
averages

lim | \fs(y) —hT(@))Pdyds =0  (a.e z€Q).

t—0 W (t,x

(iii) A posteriori, f has reqularity C([0, 00); L2(£2)")NC>((0, 00); L2(Q)™)

and asymptotics lim;_, f; = 0 in the L*(Q)"-sense.

Proof. Asoutlined in Remark 6.3.2, necessity follows from [12, Thm. 8.2].
In this argument the non-tangential maximal function is only used to dom-
inate the square Dini norm in the sense of Lemma 6.2.11. The sufficiency
as well as (i) and (iii) follow from Proposition 6.2.1 and Theorem 6.2.21.
Finally, (ii) is proved in Theorem 6.2.22. O
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6 Mixed boundary value problems on cylindrical domains

6.3.3 The Dirichlet problem

For the Dirichlet problem we have to find a representation for the potential
u itself. Such will drop off from our second representation theorem.

Theorem 6.3.4 (Second representation thm. for (FO)). Let 0 < a < 1.
A function f € L3 (RT;H) is a weak solution to (FO) with estimates

loc
S dt
| ey T < oo

if and only if there exists ht € Hjyy such that f, = [DB]*e PBInt+ for
almost every t > 0. In this case

o dt
PR g g e

Proof. Necessity follows from [12, Thm. 8.2]. Note that therein only
the case a = 1 is considered. However, this restriction is only used to
obtain a square function representation for elements in R([A]*), which up
to the obvious modification is true for general 0 < o < 1, see also [134].
Sufficiency follows from Remark 6.2.2 and quadratic estimates for DB with
the regularly decaying holomorphic function [z]*eFl. O]

Restricting to the special case &« = 1 in Theorem 6.3.4 yields a repre-
sentation formula for the potential u itself under the assumption of Lusin
area bounds. A second extremely interesting case is o = % but this has to
wait until Section 6.5.

Corollary 6.3.5. A function u € W, 2 (RT;L2(Q)™) N L2 (R*;V) is a

loc loc
weak solution to (ES) with Lusin area bound

/OO/ [t Vizu(t,z)? dacﬁ < 00
0 Jo t

if and only if there exists ht € Mg and a constant ¢ € C™, which in
the case D # () is zero, such that u, = ¢ — (Be UPBInT) | for almost every
t > 0. Moreover, the following hold true:

(i) There are estimates

[(BR™) L][L2@ym S sup | — cl|r2@ym
>

o dt 1/2
< (71wl §) = 1807 R
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6.3 The Auscher-Axelsson representation theorems

(ii) A trace on {0} x Q is attained in the L*(Q)™-sense lim;_ou; =
c— (Bh') L as well as in the sense of almost everywhere convergence
of Whitney averages

lim lus(y) — (¢ — (BRY) L (2))]* dy ds = 0 (a.e. x € Q).

t—0 W (t,x)

(iii) A posteriori, u € C([0, 00); L2(2)™)NC>((0, 00); L2(Q)™) with limit
limy_o0 us = ¢ in the L2(2)™-sense.

Proof. Combining Proposition 6.1.16 and Theorem 6.3.4 we find that u is
a weak solution to (ES) with Lusin area bound if and only if its conormal
gradient satisfies V4 u = DBe IPBIa* for some h*™ € Hfg. In this case

dt

(6.33) /O (AR —

‘ Hh+||L2(Q)n ~ HBh+HL2(Q)n,

where thanks to invertibility of A in L>°(Q; £(C")) we may freely replace
VA with vt,x-
In order to recover the potentials u from their conormal gradients, first

let h* € Hip and put u, ;= —(Be *PBIp+), | ¢+ > 0. The straightforward
computation

_ _ | (BDBe HPBIp*) |
VAU = Avmu =A
_VV(Beft[DB] h+)L
(6.34) :

(A" 'DBe tPBIpt) |
(DBeft[DB] th)”

= DBe IPPIp*

Il
|

confirms that u is a weak solution with Lusin area bound. Conversely, let
u be any such solution. Then V,u = DBe 'PBIp+ for some ht € Hijp.
Let v; = —(Be PBIp+), ¢+ > 0. By the same calculation as before,
Vaiv = Vau. Thus, v — u is a constant function in L2(R* x Q)™ and if
D # (), then the Poincaré inequality on V yields v = u.

Finally, the additional properties (i) - (iii) follow from (6.33) and the
boundedness of the [DB]-semigroup. O
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6 Mixed boundary value problems on cylindrical domains

Remark 6.3.6. Suppose D = (). For functions u satisfying (6.5), the
Lusin area bound implies

/ (Vau | wae 2t dt < oo (w € LAQ)),
0

which, in view of Lemma 6.1.12 already implies the no-flux condition.

6.4 Well-posedness

Eventually, in this section we come back to the three boundary value
problems for the second-order elliptic system with mixed homogeneous
Dirichlet/Neumann conditions on the lateral boundary, that is, we study

(ES) Lu(t,x) =0 (in R* x Q)
u=0 (on R* x D)

(BC) v-AV,,u=0 (on RT x (0Q\ D))

subject to one of the following inhomogeneous conditions on the cylinder
base

(Dir-A) u(0,-) = p € L2(Q)™
(Neu-A) (Vau)1(0,) = p € LX(Q)"
(Reg-A) V,u(0,-) = ¢ € L2(Q)%™,

We aim for well-posedness of these problems within the following natu-
ral classes of solutions. Here, natural is also meant with respect to the
method.

Definition 6.4.1 (Well-posedness for non-empty lateral Dirichlet part).
Consider the elliptic system (ES) complemented with lateral boundary
conditions (BC) and assume that the lateral Dirichlet part D is non-empty.

(i) The boundary value problem (Dir-A) is well-posed provided for every
¢ € L%(Q2)™ there exists a unique weak solution u to (ES) with Lusin
area bound

00 dt
|7 [ 1t Viautt o) de 5 < o,
0 JO t
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(iii)

such that lim; ,ou; = ¢ in the L?(Q)™-sense and/or in the sense of
almost everywhere convergence on €2 of Whitney averages.

The boundary value problem (Neu-A) is well-posed provided for
every ¢ € L2(Q2)™ there exists a unique weak solution u to (ES)
with non-tangential maximal bound

| WAV u)(@) do < oo,

such that lim; ,o(V4u(t,-))1 = ¢ in the L2(2)™-sense and/or in the
sense of almost everywhere convergence on €2 of Whitney averages.

The boundary value problem (Reg-A) is well-posed provided for ev-
ery ¢ € V, V there exists a unique weak solution u to (ES) with non-
tangential maximal bound as in (ii), such that lim; o Vo u(t,-) = ¢
in the L2(Q)%"-sense and/or in the sense of almost everywhere con-
vergence on () of Whitney averages.

Similar to the equivalence theorem for the first- and second-order sys-

tems, Proposition 6.1.16, the pure lateral Neumann case D = () requires

special attention.

Definition 6.4.2 (Well-posedness for empty lateral Dirichlet part). Con-
sider the elliptic system (ES) complemented with lateral boundary condi-
tions (BC) and assume that the lateral Dirichlet part D is empty.

(i)

The boundary value problem (Dir-A) is well-posed provided for every
¢ € L2(Q)™ there exists a unique weak solution u to (ES) with Lusin
area bound

/OO/ [t Vizu(t,z)?* dz d < 00,
0 Jo t

such that lim; ,ou; = ¢ in the L*(Q)™-sense and/or in the sense of
almost everywhere convergence on €2 of Whitney averages.

The boundary value problem (Neu-A) is well-posed provided for
every ¢ € L%(Q)™ with [,¢ = 0 there exists a weak solution u
to (ES) unique up to constants with non-tangential maximal bound

| IN(Voau) (@) do < oo,
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6 Mixed boundary value problems on cylindrical domains

(i)

such that lim; ,o(Va u(t,-))1 = ¢ in the L?(2)™-sense and/or in the
sense of almost everywhere convergence on €2 of Whitney averages.

The boundary value problem (Reg-A) is well-posed provided for ev-
ery ¢ € V,V there exists a weak solution u to (ES) unique up to
constants with non-tangential maximal bound as in (ii), such that
lim; ,o Vyu(t,-) = ¢ in the L?(Q)%-sense and/or in the sense of
almost everywhere convergence on €2 of Whitney averages.

Remark 6.4.3.

(i)

In view of Theorem 6.2.22 and the representation theorems from
Section 6.3, the notions of L2 and Whitney average convergence
toward the boundary data are a priori equivalent. The former is
most natural from the semigroup point of view, whereas the latter
is more in the spirit of classical PDE theory.

If u is a weak solution to (ES) complemented with lateral boundary
conditions (BC), then u; € V for almost every t > 0. Hence, if
V,u; has a trace ¢ at t = 0 in the L%-sense, then automatically

v € R(Vy) = V.V, see Remark 6.1.3. This shows that ¢ € V,V is
a natural compatibility condition for data for the regularity problem.

Similarly, if D = () and u is a weak solution to (ES), then the flux
satisfies [o(Vau(t,z)), doz = 0 and thus [, ¢ = 0 is again a natural
compatibility condition.

The ingenious insight of AUSCHER, AXELSSON, and M°INTOSH in [15]
is that — in virtue of a priori semigroup representations for weak solu-
tions — well-posedness of boundary value problems translates to abstract
Hilbert space results on bounded projections. This point of view is made

precise in the following lemma. For a clearer arrangement we introduce

the orthogonal projections

N-f = R N*f =

0 Ji

and the reflection N := N* — N~ in L*(Q)".

Lemma 6.4.4.
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(iii)

The problems (Neu-A) and (Reg-A) are well-posed if and only if
N™:Hig > NH, and NT:Hiz— NTH

are isomorphisms, respectively.

If D # 0, then (Dir-A) is well-posed if and only if
N~ :BHiz — N H
is an isomorphism.
If D=0, then (Dir-A) is well-posed if and only if
N~ :BHpz @ {[c,0]"; c € C™} — LA(Q)™

is an isomorphism.

Proof. (i) These are direct consequences of Proposition 6.1.16 and

(i)

(iii)

Theorem 6.3.3.

The map under consideration is well-defined since N=H = L*(Q)™.
In view of the a priori representation given in Corollary 6.3.5, the
Dirichlet problem is well-posed provided N~ : BH{z — N~H is an
isomorphism.

Conversely, assume (Dir-A) is well-posed. Again by Corollary 6.3.5
the map N~ : BHz — N~H is onto. Suppose N"Bh™ = 0 for
some h™ € Hig. We have to deduce that the full vector Bh™ is
zero. Define u, = —Be 'PBIat ¢ > 0. Corollary 6.3.5 reveals u
as a solution of the Dirichlet problem with Lusin area bound and
data —N"Bh" = 0. By well-posedness, u; = 0. Now, (6.34) yields
u; € N(D) and the direct decomposition N (D) & BH from Proposi-
tion 6.1.17 forces u; = 0 for all ¢ > 0. By strong continuity Bht =0
follows.

First suppose that N~ : BH{p @ {[c,0]T; c € C"} — L*(Q)™ is an
isomorphism. Given g € L*(Q)™, there are h™ € Hfiz and c € C™
such that N~ (=Bh* + [c,0]T) = g. So, u; := (—Be 'PBIp+), +
¢, t > 0, is a solution with data ¢ according to Corollary 6.3.5.
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6 Mixed boundary value problems on cylindrical domains

Suppose u is a solution with data 0. Again by Corollary 6.3.5 there
are h™ € Hiz and ¢ € C™ such that v, = ¢ — (Be °BIat) | and
therefore N~ (=Bh™ + [c,0]") = 0. This forces —Bh™ + [¢,0]" =0
by assumption and thanks to the direct decomposition N (D) & BH
and the accretivity of B we obtain ht = 0 and ¢ = 0. Hence u = 0
and we have proved that (Dir-A) is well-posed.

Conversely, assume that (Dir-A) is well-posed. Corollary 6.3.5 yields
that N~ : BHip @ {[c,0]"; ¢ € C™} — L*(Q)™ is onto. Now,
suppose N~ (=Bh*t + [¢,0]") = 0 for appropriate h™ and c. As in
(i), define u;, = —Be PBIp+ ¢ > 0. Corollary 6.3.5 reveals u; + ¢
as a solution of the Dirichlet problem with Lusin area bound and
data 0. By well-posedness, (u;), = —c for all ¢ > 0. Now, (6.34)
yields u; € N(D) and again the direct decomposition N'(D) & BH
forces u; = 0 for all ¢ > 0. By strong continuity Bht = 0 follows
and hence 0 = N~ [c,0]" = ¢ as well. Altogether, we have proved
that the map under consideration is an isomorphism.

]

6.4.1 Small perturbations

In this section we establish stability of well-posedness under small pertur-
bations of the coefficient tensor A with respect to the L>-topology.

Definition 6.4.5. A closed operator T in a Hilbert space K is called semi
Fredholm if it has closed range and if at least one of N(T') and K/ R(T)
is finite dimensional. In this case i :== dim N (7T") — dim(KC/ R(T)) is called
index of T'.

The following lemma is partly implicit in [15, Sec. 4].

Lemma 6.4.6. Let 6 > 0. Let P;,, —6 <t < d be bounded projections on
a Hilbert space K that depend continuously on t in the L(IC)-topology. Let
S K — J be a bounded operator into a Hilbert space J. If S : PBbK — T
is an tsomorphism, then there exists 0 < e < ¢, such that S : PIC — J is
an isomorphism when |t| < €. If all maps S : B,K — J are semi-Fredholm
with respective Fredholm indices iy, then iy, = iy for all t € [—0,0].

Proof. For the first claim consider the operators SP; : Py)kC — J between
fixed spaces. Since F, is a projection, we have invertibility for ¢ = 0 and
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6.4 Well-posedness

hence, by continuous dependence, also if |¢| is sufficiently small. So, the
claim follows provided that P, : PpK — P, is invertible. Indeed, if |¢|
is sufficiently small, then bounded operators P,K — P/ can be defined
by (Id =Py (Py — P)) ' Py and Py(Id —P(P; — Py)) ™!, respectively, via a
convergent Neumann series. Due to

(Id—Py(Py — P,))Py = PoP.Py, and P,Py= P,(Id—P,(P, — F))

these turn out to be left- and right inverses for P, : P — PK.
For the second claim note in the chain

P s px 2. g

the latter map is semi-Fredholm with index 7; by assumption and the
former is an isomorphism provided ¢ is sufficiently close to 0 as we have
seen above. For such t the map SP, : FbK — J between fixed spaces then
is semi-Fredholm with index 0 + ¢; = i; and by continuous dependence of
the index in fact i; = g, see, e.g., [50, Sec. .3]. The same argument applies
to any Py, to € [—9,d], in place of Py and the conclusion follows. n

The following is our first stability result.

Proposition 6.4.7. The sets
{A : A satisfies Assumption 6.1.4 and (BVP-A) is well-posed}

are open in L>(2; L(C™)), where (BVP-A) can stand for either (Neu-A)
or (Reg-A).

Proof. If A satisfies Assumption 6.1.4 with respective constant A > 0 and
M € L*>®(Q; £(C")) is any matrix, then for z € C in a sufficiently small
neighborhood U of z = 1, the matrices A, := (1—2)M+zA, z € U, satisfy
Assumption 6.1.4 with respective constant % As usual, let B, = &Aiz_l.
Then Proposition 6.1.25 and Lemma 6.1.8 yield holomorphy of

U—L(H), z— Pig..

In view of the characterizations for well-posedness given in Lemma 6.4.4,
openness of the sets of well-posedness for (Neu-A) and (Reg-A) follows
from Lemma 6.4.6. 0
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The inhomogeneity of considering N~ on BHj, for the Dirichlet prob-
lem can be circumvented by a so-called Dirichlet-reqularity duality to the
effect that (Dir-A) is well-posed if and only if the regularity problem (Reg-
A*) for the adjoint matrix A* is well-posed. This principle is well-known
in the setting Q = R? see, e.g., [13,15]. As the adaption to our framework
bears some subtle difficulties, we include a simple and completely abstract
proof building on the following two lemmas.

Lemma 6.4.8. Let P be the orthogonal projection in L2(Q)™ onto H.
There are similarities of operators

DBlgpg = R (BDgmn) R and BDgagp; = S~ (PBDlzpg)S.

R(DB

The isomorphisms R,S™' : R(DB) — R(BD) are given by R = Blzmsy
and S = Plggpy. Moreover, S~1 s the restriction to R(DB) of the pro-
jection Q onto R(BD) along the splitting L*(Q)" = N (D) & R(BD).

Proof. Once it is shown that R and S are isomorphisms, the similarity
relations are routine calculations.

For R, recall from Proposition 6.1.17 that R(DB) = H = R(D) and
R(BD) = BH. By accretivity of B the equivalence ||Bul| ~ ||u|| holds for
every u € R(DB). Hence, R = Blzzpgy has closed range and provides an
isomorphism from R(DB) onto its range BH = R(BD). For S, recall the
topological splitting L2 = V(D) @& R(BD) from Proposition 6.1.17. Now,
a direct calculation reveals Q|m and P|m as inverses to each other:
If x € R(DB) = H, then z — Qz € N(D), so P(zx — Qz) = 0, showing
r = Pr = PQux. Conversely, if z € R(BD), then © — Pz € N(D), so
r=Qr=QPux. O

Lemma 6.4.9. Assume that N* and E* are two pairs of complemen-
tary bounded projections on a Hilbert space K, i.e., (N*)? = N* and
NT + N~ =1d, and similarly for E*. Then the adjoint operators (N*)*
and (E*)* are also two pairs of complementary projections on K and the
restricted projection N : EYIKC — NVK is an isomorphism if and only if
the restricted adjoint projection (N~)* : (E7)*K — (N~)*K is an isomor-
phism.
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6.4 Well-posedness

Proof. The proof follows the lines of [13, p. 37]. Clearly (N*)* and (E*)*
are pairs of complementary projections on K as well. We first claim

Nt :ETK — NTK is an isomorphism

6.35
(6.35) = (E7)*:(N")'K — (E")*K is an isomorphism.

To see this, first let (ET)*(N*1)*z = 0 for some x € K. Since N* is
a projection, (NT)*xz | NTETy) = 0 for all y € K. By assumption
this orthogonality remains valid if £ is canceled on the right-hand side.
Hence, ((NT)*)2z = (NT)*z = 0, showing that the map under considera-
tion is one-to-one. To see that it is onto, let T" be the bounded inverse of
Nt :ETK — NtK. Given z € (E)*K define y € K via

(Wl2)=(|TN"2)  (z€K).

Then by a direct calculation (ET)*(N*1)*y = x.
Interchanging £+ with NT gives
E7:N"K — E K isan isomorphism
= (N7)":(F7)'K— (N7)*K is an isomorphism.

and thus, in order to prove the first implication of the lemma, it suffices
to show

Nt :ETK — NTK is an isomorphism

(6.36) N N .
= FE :N K— E K isan isomorphism.

To this end, let x € ETK and y € N~K. First note
[zl = INTz]| = [INT(z + )]l < llz+yll,

which yields the a priori estimate ||z]| + ||y|| ~ ||z + y||. On choosing
r = —E™y, in particular |E~y|| 2 ||ly|| holds. Hence, E~ : N-K — E-K
is one-to-one with closed range. In order to prove that it is onto, let
x € E~K be given and use the assumption to choose y € ETK such that
Nty = NTx. Then,

E-N (z—y)=E (x—y)—E N (z—y)=E (x—y)=E z=u.

Altogether, this proves (6.36). The reverse implication is obtained by
replacing N* and E* with (NT)* and (ET)*, respectively. O
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Proposition 6.4.10 (Dirichlet duality). Suppose A € L>(; L(C™)) sat-
isfies Assumption 6.1.4. Then (Dir-A) is well-posed if and only if (Reg-A*)
s well-posed.

Proof. Recall that the Hardy spaces associated with DB are defined as
Hiy = PasH with complementary bounded projections Pa; = 1¢+(DB)
and that on H the function A* satisfies the same accretivity condition as
A. Moreover, replacing A with A* amounts to replacing B = Az_l with
B* = NB*N and DB with DB* = —NDB*N, respectively. Here, we
write N = Nt — N~ as before.

Step 1: Rephrasing well-posedness of the Dirichlet problem

We begin with establishing a more useful representation for the space
BP3sH closely connected with well-posedness of the Dirichlet problem.
The similarity relations from Lemma 6.4.8 are inherited to the functional
calculus, see Proposition 3.2.10 for details. So, adopting the notation from
Lemma 6.4.8, it follows Pay = R™'S '1c+(PBD|y)SR. Here, SR is an
automorphism of H and BR~! = Id on BH. Hence,

(6.37) BPisH = S '1c+ (PBD|y)H.
By Corollary 6.1.19 with the roles of B and B* interchanged,

PBD|y = (DB'[3)" = (~NDB*NJy)"
= —N(DB*[3)"N|3 = =N "1 (DB*|3)" Ny,
where all adjoints are taken within /. Taking into account the identity
1c+(2) = 1c-(—=2), z € C, this relation carries over to 1c+(PBD|y) =

N~11¢- (DB*)*N|y as before. So, from (6.37) we obtain the representa-
tion

(6.38) BPiH = ST'N (P ) H-

Step 2: The claim for non-empty lateral Dirichlet part

First, we consider the case D # (). By Lemma 6.4.4 and (6.38), well-
posedness of (Dir-A) is equivalent to N~ : STIN (P g4 )*H — N~ H being
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an isomorphism. From Lemma 6.4.8 recall that S~! agrees with the pro-
jection @ onto BH which annihilates N (D). Since the first map in the
chain

(6.39) (Popa) M 25 S-IN(PS ) H Y NN

is an isomorphism, well-posedness of the Dirichlet problem is equivalent
to the composite map being an isomorphism. From the identity

N S'Nh=N"Nh—- N (1-Q)Nh

(6.40) = -N"h-N(1-QNh (heH

and the fact that N~ N(D) = {0} by injectivity of V), we see that the
composite map in (6.39) acts as N~ : (Pygs)*H — N~H. Hence, well-
posedness of the Dirichlet problem is equivalent to this map being an

isomorphism. Lemmas 6.4.9 and 6.4.4 yield equivalence to well-posedness
of (Reg-A*).

Step 3: The claim for empty lateral Dirichlet part

Finally, we consider the case D = (). First assume that (Reg-A*) is well-
posed. In view of Lemmas 6.4.9 and 6.4.4 and (6.38) we have at hand that
N~ : (Pyg«)*H — N~H is an isomorphism and have to show that so is

(6.41) N~ STIN(Pogs ) H @ {[c,0]T; c € C™} — L2(Q)™.

Suppose h € (P )*H and ¢ € C™ satisfy N~ (S™'Nh+[c,0]") = 0. By
(6.40),

~N"h—=N"(1-Q)Nh+c=0,

where the first term has zero average on {2 and the second and third
terms are constant on 2. This forces N"h = 0 and N~ (1 — Q)Nh = c.
By assumption h = 0 and therefore ¢ = 0, proving that the map in
question is one-to-one. As for ontoness, let g € L?(Q2)™ be given and
define go := f, 9. By assumption there exists h € (Pyg«)*H such that
—N~h =g — gq. Putting ¢ = go + N~ (1 — Q)Nh, it follows once again
from (6.40) that

N (ST'Nh+[c,0]")==N"h—N(1-Q)Nh+c=g—ga+ga=y.
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This proves that the map in (6.41) is an isomorphism.

Conversely, we assume that (6.41) provides an isomorphism. In order
to prove that N~ : (Pygs)*H — N~ H is an isomorphism as well, first let
h € (Pogs)*H satisfy N"h = 0. With ¢ := =N~ (1 — Q)Nh we obtain
from (6.40) that N~S™*Nh = N=([c,0]"), whence ST'Nh = [¢,0]". The
topological decomposition N (D) & BH yields ST'Nh = 0 and therefore
h = 0. Also, given g € N~H, by assumption there exist h € (Pyga) H
and ¢ € C™ such that

g=N"(S'Nh+[c,0]")=-N"h—N"(1-Q)Nh+ec

Since g and —N~h have zero average on 2 and as the other two terms
are constant, g = —N~h follows. Altogether, N~ : (Pygs)*H — N~ H is
an isomorphism and well-posedness of (Reg-A*) follows again from Lem-
mas 6.4.9 and 6.4.4. O

Remark 6.4.11. In a nutshell, Step 3 of the proof of Proposition 6.4.10
amounts to modding out constants on both sides of (6.41). This is a result
very similar to [22, Lem. 17.7].

In combination with Proposition 6.4.7 we obtain stability of well-posed-
ness for the Dirichlet problem.

Corollary 6.4.12. The set
{A : A satisfies Assumption 6.1.4 and (Dir-A) is well-posed}

is open in L>(Q; L(C™)).

6.4.2 Well-posedness for block and Hermitean matrices

We prove well-posedness of the three boundary value problems (Dir-A),
(Neu-A), and (Reg-A) for two special classes of matrices. Let us remark
that the isomorphism property required in Lemma 6.4.4 is in general a
hard problem and to date even on the whole space 2 = R? it has only
been solved for the classes of block and Hermitean matrices [15] and —
with some restrictions — for block-triangular matrices [20]. The proofs of
the following two results mainly follow the lines of [15, Sec. 4].
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Proposition 6.4.13. If A € L*(Q; L(C")) satisfies Assumption 6.1.4
and is of block-form

AJ_J_ 0
0 Ay

then each of the problems (Dir-A), (Neu-A), and (Reg-A) is well-posed.

Proof. Thanks to Proposition 6.4.10 and since A +— A* preserves block
structure, it suffices to consider (Neu-A) and (Reg-A). Since B is a block
matrix as well, N"'BN = B. Just as in the proof of Proposition 6.4.10
this similarity translates to

Nsgn(DB) = Nsgn(—N 'DBN) = sgn(—DB)N = —sgn(DB)N.

This allows us to construct inverses of the Neumann map N~ : Hip —
N~H and the regularity map N* : Hiiz — NTH as 2P35 : N"H — Hig
and 2P : NTH — Hpyg, respectively. For instance, in order to check
N~ (2P3u) = u for u € N~H, we calculate

N~ (2Piu) = N~ (1 + sgn(DB))u
=u+ N~ sgn(DB)u

1
=u-+ 5(1 — N)sgn(DB)u

1
=u+ 5(— sgn(DB)Nu — N sgn(DB)u) = u.

Hence, well-posedness follows from Lemma 6.4.4. O

Proposition 6.4.14. If A € L>®(Q; L(C")) satisfies Assumption 6.1.4
and is Hermitean, that is A = A*, then each of the problems (Dir-A),
(Neu-A), and (Reg-A) is well-posed.

Proof. Again it suffices to consider the Neumann and the regularity prob-
lem. Let h* € Hig and put f, = e !PBIp* ¢ > 0. Then 0,f, = —DB,
and f has limits lim;_ ,o f; = A" and lim; , f; = 0 in the L2(2)"-sense.

Consequently,
(Nn* | BAY) :—/Oooat(th | Bf,) dt

:/0 (NDBf, | Bf,)+ (N, | BDBY,) dt.
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The condition A* = A translates to B = NB*N and NDB = —DB*N,
compare with the proof of Proposition 6.4.10, and so (Nh™ | BhT) = 0.
This implies the crucial Rellich identity

(NThT | Nt*Bh') = (N"hT | N"BRT)  (ht € Hpp).
Now, for h™ € Hp the short calculation

IR*1* < [(h* | BRF)| = [(NTh* | NTBRF)| + [(N~A* | N"BAY))
< 2|(N*RT | N*BhT)|
S IN=RF]|R*]

reveals that the Neumann and regularity operators N* : Hiy — N*H
are injective with closed range. In particular, they are semi-Fredholm and
it remains to prove that their index is 0. To this end, note that the same
argument applies to the operators N : "HBBt — N*H, 0 <t <1, where
B; is associated with the Hermitean matrix A; = (1 —t) Id +tA. By con-
tinuous dependence of the Hardy projections on ¢ (Proposition 6.1.25) and
Lemma 6.4.6, the index of these operators is independent of ¢t. However,
Ap = Id is a block matrix and so it follows from well-posedness for block
matrices that all indices are 0. [

We summarize the results concerning well-posedness in the following
theorem.

Theorem 6.4.15. Let A satisfy Assumption 6.1.4. Fach of the problems
(Dir-A), (Neu-A), and (Reg-A) is well-posed if the coefficient matriz A is
either of block form or is Hermitean. Moreover, well-posedness is stable
under small perturbations of A in the sense that the sets

{A : A satisfies Assumption 6.1.4 and (BVP-A) is well-posed}

are open in L>°(§2; L(C™)), where (BVP-A) can stand for any of the three
boundary value problems considered in this chapter.
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6.5 Variational solutions revisited

In the final part we come full circle and revisit the energy solution v € £
of the Neumann problem

—divi; AV, u=0 (in RT x Q)
u=20 (on RT x D)
v-AVi,,u=0  (on R x (0Q\ D))
(AViu), =¢  (on {0} x Q).

As in the introduction we assume that the lateral Dirichlet part D is
non-empty. To be on the safe side, let us remark that Assumption 6.0.1
in the introduction was weaker than our standing Assumption 6.1.4. In
Proposition 6.0.9 we had constructed a continuous semigroup flow

(Vau)Lli=s =T(s)p  (s20)

in the space 7* but we were unable to show that the semigroup orbit
T(s)p is a representative for (V4u), € L*R™;L*(2)™), compare with
Remark 6.0.10. The purpose of this section is to resolve this ambiguity.
In order to comprehend the general idea, consider the conormal gradient
f := V4 u, which by Proposition 6.1.16 is a weak solution to the first-order
system. Since A is invertible in L>({2; £L(C")), there is a global bound

| IVt Ry 5 S [ Vil dt < Jlulle < oc.

Hence, Theorem 6.3.4 yields some h™ € Hilg such that within the space
L2(R*; L%(Q)") the representation

(6.42) Vau(t,z) = /[DB]e PBIL* (1) (t>0,2€Q)

for the full conormal gradient holds and we have to link this representation
to the previous one obtained in C([0,00); 7*). To do so, we will construct
a ‘universe’ in which (6.42) can be written as a proper semigroup formula
Vau = e PBL /[DB]A* even if A is not in the domain of /[DB].
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6.5.1 Interlude on extrapolation spaces

Consider the injective bisectorial operator A := DB|y and its unperturbed
counterpart Ag := D|z. Then [A] and [Aq] are injective sectorial operators
on H, see Section 3.3.4. Semigroup theory provides an abstract construc-
tion of a so-called first extrapolation space H_; associated with [A] such
that there is a hierarchy of Banach spaces

D([A]) AR([A]) H Hoa

and an isometric isomorphism 7" : ‘H — H_; that commutes with [A].
In this way [A] extends to a closed operator [A]_; = T[A]T™! in H_,
and similarly, the functional calculus for [A] extends to the functional
calculus for [A]_;. Since the part of [A]_; in H coincides with [A], we do
not distinguish between operators in H and their counterparts in H_;.
For instance, within H_; the representation (6.42) rewrites as the proper
semigroup formula

Vaiu, = /[DBle IPBIpt = ¢~PBL /[DBIAT (> 0)

where the right-hand side is the orbit of a bounded strongly continuous
holomorphic semigroup on H_;. The reader may refer to the textbooks
of HAASE [73, Sec. 6.3] or ENGEL-NAGEL [56, Sec. I1.5] and the work of
AUSCHER, M°INTOSH, and NAHMOD [21] for further background on this
theory. Within H_; the homogeneous range

Hpp = {completion of R([A]) with norm ||u||H]3]13 = ||[A]- ||H}
can be defined and again there is consistency Hpp NVH = R([A]). It turns
out that Hpp coincides with the similarly defined space Hp'.

Lemma 6.5.1. Up to equivalent norms, both Hpg and Hp' coincide with
the completion of the vector space R(No) with norm ||Ag' - ||y in H_1.

Proof. Since A and Ay have a bounded H*-calculus, D([A]) = D(A) and
similarly for Ay, see Proposition 3.3.15. Moreover, [A] and A share the
same range since

[A}:A(PSB_PD_B) and A:[A](PS_B_PJSB)‘
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Hence, it suffices to show that the homogeneous ranges of the bisectorial
operators A and Ag coincide up to equivalent norms.

Proposition 6.1.17 yields R(DB) = R(D) as well as topological ker-
nel/range decompositions that entails R(A) = R(Ag). Given u € R(Ay),
let v € D(Ag) be its unique pre-image. Let @ be the projection onto
R(BD) = BH along the splitting L*(Q)" = AN(D) @ R(BD). Then
Qv = Bw for some w € H and consequently Aw = DBw = Dv = u. As

the restriction of ) to H is an isomorphism onto BH, see Lemma 6.4.8, it
follows

[ullyy = llwll = | Bwll = [[Qul = [Joll = llulls;:

and the proof is complete. O

Suppose v € Hp' and let {v,}, be a sequence in D(Ay) such that
{Agv, }» approximates v in the Hp'-topology. Passing to the limit n — oo
on both side of

Up, 0
A(ﬂ)n = AO ( )J— + AO

0 (Un)ll

yields a decomposition v = u + w with HuHH51 + Hw”%gl < H’U”HBI. In
view of these considerations we may write u = v; and w = v and call
them perpendicular and parallel parts of v. The next lemma characterizes
the perpendicular part of Hp' as the dual space of V realized via the chain
of dense embeddings

YV CLA(Q)™ = (L*(Q)™)* C V*.

Lemma 6.5.2. There is equivalence of norms ||[v, 0]T||H51 ~ [|vg ||y~ for

all v € R(Ao). In particular, (Hp')L = V* up to equivalent norms.

Proof. First, we prove the norm equivalence for v € R(Ag). By definition
of Ag = D|3, the perpendicular part has a representation v; = divy u for
some u € H| = R(Vy). In view of the Poincaré inequality on V we may
equivalently norm V by the homogeneous norm || Vj, -||2. Hence,

loslve =" sup  |(diwufwl|="sup [(u]=Ww)|=ul,

we wey
I Vv wll2=1 | Vv wll2=1
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where the last step is due to the Cauchy-Schwarz inequality and the fact
that u itself is of the form — V), w for some w € V. The conclusion follows
since [0,u]" € D(Ag) satisfies Ao[0,u]" = D[0,u]" = [v,,0]".

In order to conclude (Hp'), = V*, we only have to check that R(Ag) .
is dense in both of these spaces. By construction it is dense in (Hp'),.
Above we have also seen R(Ag), = R(—Ay). The operator —Ay, is sec-
torial in L2(2)™ and injective due to the global Poincaré inequality on V.
So, R(—Ay) is dense in L?(Q)™ and hence in V*, see Proposition 3.2.2. [

Now, we are able to place the space 7 of the Lax-Milgram semigroup
within the new context of extrapolation spaces.

Proposition 6.5.3. The dual T* of the trace space T coincides with the
perpendicular component of (H, Hgllg)l/g,g up to equivalent norms.

Proof. Thanks to Lemma 6.5.1 we may replace Hpp with Hp' without
changing the interpolation space under consideration. Since H, = L2(Q)™
and (Hp')L = V* by Lemma 6.5.2, interpolation for complemented sub-
spaces and duality for the real interpolation method yield

*

((%’%5113)1/2,2)L - ((L2(Q>m)*’v*)1/2,2 - (LQ(Q)m’V)l/Z? =7

see Corollary 1.3.6 and Proposition 1.3.12. Here, we had identified L?(Q)™
with its dual so to make it compatible with V*. O

We close this interlude on extrapolation spaces with the following main
theorem of homogeneous interpolation. For a proof see [21, Prop. 5.1] or
[73, Prop. 6.4.1/5].

Proposition 6.5.4 (Homogeneous interpolation). Let T be an injective
sectorial operator in a Hilbert space KC and suppose that T satisfies quadra-
tic estimates. Let 0 < 6 < 1, let K_1 be the first extrapolation space asso-
ciated with T, and let IC7' be its homogeneous range. Then the extension
of T to K_y provides an isomorphism from K onto the real interpolation

space (K, K7')p2.
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6.5 Variational solutions revisited

6.5.2 Identification of the Lax-Milgram semigroup

We come back to the semigroup representation of V4 u € L2(RT; L?(Q2)")
via the DB semigroup, see (6.42). Combining Propositions 6.5.3 and 6.5.4
it follows that in the equality of L?(R™; L?(Q)™)-functions

(Vi) = (y/[DBle 'PEIR*), (¢ > 0)

the right-hand is smooth when viewed as 7 *-valued function. Below, we
prove that this right-hand side is the orbit T'(s)¢ of the Lax-Milgram
semigroup, which then in turn must be a representative of (V4 ), in the
sense of L2(RT; L2(Q)™).

Theorem 6.5.5. For each s > 0 it holds T(s)p = (,/[DB]e™*PBIa*) | as
an equality in T*, where T(s) is the Laz-Milgram semigroup constructed
in Proposition 6.0.9.

Proof. Fix s > 0 and vy € 7. Let v € £ be an extension of vy and put
fs = /[DBJe*[PBIa* for brevity. Due to

AV, u Vau
AV, (AVigu) _ (Vau)o _ Ji

(AViu)) (BVau) (Bf))

the claim (T'(s) | vo)7=7 = ((fs)L | vo)7+ 7 rewrites as

/OOO (fits)L ‘ &’Ut) 2 +((Bft+s>|| ‘ Vvvt)LQ(Q)dm dt
<fs Vlt= 0>

It suffices to establish this equality for v € C*(R*;V) with bounded
support since a general v € £ can be approximated within £ by convolution
with smooth kernels and multiplication by suitable cutoff functions. If v
is of that quality, then the first term on the left-hand side equals

/0 <ft+s ‘ 3tU> T

(6.43)
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6 Mixed boundary value problems on cylindrical domains

Since fi1s is a smooth 7 *-valued function of s, integration by parts is
justified without any doubt and the left-hand side of (6.43) becomes

<(fs)L ’ U|to>—/ooo<(DBft+s)L ‘ Ut>7.*77_

+ ((Bft-‘rs)H ’ Wy Ut)LQ(Q)m dt.

Introducing g; = [v;, 0]+ € D(D), t > 0, this is the same as

Dgt> L2(0)n dt.

<(fs>L ‘ U|t:0> - /000 (DBft+s gt)LQ(Q)n - (Bft+s

By self-adjointness of D the right-most terms cancel and the result is just
the right-hand side of (6.43). O

Remark 6.5.6. Theorem 6.5.5 is a perfect synthesis of the classical Lax-
Milgram approach to elliptic boundary value problems and the recent
DB formalism. In fact, the former yields well-posedness almost for free
but in order to obtain a meaningful interpretation for the Lax-Milgram
semigroup even on the highly non-smooth domain Rt x €, much more
elaborated techniques need to be applied.

Remark 6.5.7. As Theorem 6.5.5 gives a rather explicit description of
the Lax-Milgram semigroup associated with (6.1), it is natural to ask for
a description of the underlying space T* as well. In fact, we have already
proved

_ 171/2 m 2 dz \m
T = H2(Q)" N 130, 1)

in Proposition 5.4.9.

Remark 6.5.8. Let ¢ € T*. The Neumann-to-Regularity operator NtR
maps the normal gradient (V u), |—o = ¢ of the associated energy solu-
tion u € & to the tangential gradient V, u|i—o. In view of Theorem 6.5.5

this map is characterized by the condition [¢, NtR(0)]" € /[DB]Hpg.
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