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Let
» Q C RY bdd. ‘rough’ domain,
» D C 0f2 closed,
» ApuU ~ 22,5:1 —({9@(3@7585U),
» dy 5 € L°(Q).

Realize Ap on [2(Q) via form method

d
aD(u, V) Z /Qaaﬁé)gu . &ﬁ,

9 a,B=1
(dom(ap) :=HL(Q) = {ulq:ue CF(RY)}

(

H'(Q)

Assume Garding Inequality
A >0 R(ap(u, u)) > M|Vullfoq) (U € Hp()).
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» —Ap ~ analytic contraction semigroup on L?(Q).
» HL(Q) C dom(Ap) € HL(Q) N H4() in general.
» dom(y/Ap) = dom(ap) = H)(Q) if Ap self-adjoint.

The Kato Square Root Problem
Does dom(y/Ap) = dom(ap) = H)(Q) always hold? J
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Minimal smoothness assumptions
» Existence of a bounded extension operator H'(Q) — H'(RY),
» d-set property:
B(x,r)NnQ|~r? (xeQ,re(0,n)).
» No assumptions on D.
» Includes all bounded Lipschitz domains.
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geometry « operator theory
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Let

» 2 bounded Lipschitz domain,
» Da(d—1)-set:
HI"YB(x,r)n D) ~r?~'  (xeD,re(0,n)).

Introduce
> HL(Q) = {u c HH(Q):ulp=0 HI - a.e.} (Jo] < 3).
> {H%(Q)}%<9<% complex interpolation scale.
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(#)  dom((-Ap) ) — HLF(Q) for small o € (0, 1).
Lemma

One gets (#) if HL*(Q) — dom ((—Ap) ") holds for o € (0, }).

Observations
» Reduces extrapolation result to interpolation result.
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From Extrapolation to Interpolation

Goal
(#)  dom((-Ap) ) — HLF(Q) for small o € (0, 1).

Lemma

One gets (&) if H)~*(Q) — dom ((— Ap) 2" ") holds for o € (0, 1).

Observations
» Reduces extrapolation result to interpolation result.

> dom ((—~Ap)'z") = [L?, dom(yv/=4p)], . = [L2 H], = H.
» Main ingredient for interpolation result: Fractional Hardy Inequality

u(x)[?

O diStD(X)Q(-]_a) ~ HUHH1 a(Q)

(ue HY(Q)).
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Summary
1+

» For a > 0 small: dom ((—Ap) 2 ) = Hy ().
» Extrapolate Kato property for —Ap = Kato property for Ap.
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Theorem

Let Q C RY bounded Lipschitz domain and D a (d — 1)-set. Then
dom(+/Ap) = H)(Q)

and moreover,

H3(Q) ae(3,1]

dOm((AD)%) — {HQ(Q) a € (0, %) |
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Thank you for your attention!




