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Setup
L := - a-1 divx (dy . ) with max. domain in EUR4 ,
where :

• de LT (IR? Un (A)
Re ( dix) S - J ) > ✗ 151

' (unif . ellipticity)

•
a c-CURIE) , Re ahiZX > 0

Fact : L sectoriel in EUR4 of some angle we :

Il ✗ H - H
-

111
«→«
EI

"
s

"

Connection to BV Ps in loin)✗ IR
"
: u(tn) := e-

t
"

f- (x)

Solves u lo ,x)= C- (x) and

atiu + divxdoxu = alu
- alu = 0



The F. C. question

Recall [= - a-
1
divx(dy .) and fix w> wh .

For which p e ( ntfs , o) is Ho /Sw) - calculus bounded
on a-
1 HP (IRN)

,
i. e .

Il a-1f (L) all
Hp→ Hp

± 11f /la
,Sw

for all f. c- H? (Sw) ?

Same question for it11PUR") in place a-IHPIIRY .

RemarK1 : 1f p> 1 ,
then a-

1 HP = a-1 LP = LP and it1M=vit :P

Renart 2 :Many earlier contributions (Hofmann - Mayboroda
-

McIntosh
,
Blanck- Kunstmann

, Frey- Portal-MCI,.
mostly for a=1 and /or when pz1 .



Perturbede Dirac Operators

Let :

B:--[÷ !] , D: = [% ×] .

Short Computation :
a-
1-divx]BD = [da, °

(BDP = [%
"""" °

] = :[! 0m]
-doxàtdivx

Fact : BD is bisectoriel infini)
""

,
hence (BDP

is sectoriel .
- (dy) L @☐×)

-1



BD= [Ça
,

à "] (BDP = [%
"""" ° ] = :[! £]-dviàttdivx

Functional calculus vs Kato Problem

TFAE : ( i) H-_ cale . for BD on Lt

(ii)
" (BDP "

Iiii) Hoo- cale . for L on [ and IN 112

tir) Ho - cale . for L on L' and
'

Dll")=Ù1R

(Kato Problem)



Adapted Hardy- Sobolev Spaces

For FE Ewe ( loin)✗ IRM set ( conica square fct .)

E
SIF) (x) :-X /Flt ,g) l' dtdy

sain)? %
lx- y / <t

Let Y c- H? (Sw) have sufficiently good Decay in O and O .

Defn : The L- adapted pre -Hardy space IHSIPL
consists of those UE E for which

Hull
µ

:= Il SLESYLELIUIYY Il < •

Facts : • µ = E (McIntosh's thm .)

• Ht !! = Às'Pn[ (Hom .
Bessel potential spaces)

→
•
• L has bdd . HE Calc . on IHSLP



Identification of adapted Hardy spaces

Strategy : solve the F. C. problemes by proving that
abstract and Concrete Spaces coincide :

Itt = a-44%14
,
Hy?:P = À"Pnlt

Hierarchy of adapted spaces gives immediate access
to many other results (Riesz transform HP

,
identification

of BD - adapted Spaces , . . .) :

1ff QP
BD

= µ + 1ff01P
n

'Œil '

✓I him

HP"
,

+ ftp.P
BD

= 1ff11 P
u

u
BD -dix a-

1
divx

IHQP
,

+ ÎHOIP
BD

= 1ff01
À

n



An identification theorem

YILI := {peine ,
n) : (a-41-ith-1atsobdd.in HP}

DEI : P ± (L) are the endpoints of I (L)

Rem :p_ (L) <
2h

n-12 /
Px (L)>

2n

n-2
•

Thm : Letp c- (
n

n+1
,
°) .
Then

ftp.P-a-1LHP#--+pp+
Rem : Solves the F. C. question except for the

end points of I (L) :

Ht = a-1 (HPNL}⇒ H? cale . bdd . on a-IHP ⇒ pe] (L)


