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Elliptic mixed BVP

—divixAX)VixU=0 (RT x Q)

U=0 (R xD)
0,,U=0 (RT xN)
O,U=9 ({0} xQ)
Assumptions
» QCRY DC o closed

» A € L pointwise elliptic
» V = closure of C*(RY\ D)
in H'(Q)
» Poincaré |Vul||> ~ ||u|lg1 on V
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» £ =12(V)NH'(L?) energy space with norm ||V - |2
> Vi = [L2, V], its trace space

Formal computation

0= / / din,XAVt7xu : V
0 Q
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» £ =L%(V)NH'(L?) energy space with norm ||V;y - |2
> Vi = [L2, V]% its trace space

Formal computation

0= / / din’XAVt’XU : V
0 Q
= / / 8t(AVt,XU)J_ V—‘r—/ / vx(Avt,xU)H .V
QJ0O 0 Q

:—/ /Avt,XU'Vt,xV‘F/g'V‘t:O
0 JQ Q
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» £ =L%(V)NH'(L?) energy space with norm ||V; - ||
> Ve = L2 V], its trace space

Formal computation

O:/ /dthxAvl")(U’V
// 8[' AVtxu) V—l—/ /VX AVtxu)H V
/ /AVtXU Vth+/Q Vo

= a(U V) = ¢g(V|t o)




Lax-Milgram approach
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» £ =L%(V)NH'(L?) energy space with norm ||V; - ||
> Ve = L2 V], its trace space

Formal computation

O:/ /dthxsz")(U’V
// 8[' AVtxu) V—l—/ /VX AVtxu)H V
/ /AVtXU Vth+/Q Vo

= a(U V) = ¢g(V|t o)

Lemma
For each g € V{ , there exists a unique weak solution U € £. J
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(AV1xU) |10, Vo) = — /0 AUV (Ved)

Re-interpretation

(Avt,XU)J_’t:O ~ Vi — / / A(X)Vz‘ij(O + t, X) ) Vt)x \/(Z"7 X) dX dt
0 Q

where V € £ is any extension of v € Vy 5.
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(AV1xU) |10, Vo) = — /0 AUV (Ved)

Re-interpretation

(AV(xU) L 1os ~ V 5 — / / A(X)VexU(s + 1, X) - Ve x V(T X) dx dt
0 JQ
where V € £ is any extension of v € Vy 5.

Obtain

» Natural semigroup flow (AV;xU) | |t=s = T(S)((AV¢xU) L |t=0)
» T a Cyp-smg. on V1/2

» |s semigroup orbit a representative for (AV;,U), € L?(L?)?



Refined setup

Assumptions

» Q C RY bounded, D C 99 closed
» A € L™ pointwise elliptic
» QQ1s a d-set, i.e.

B(x,r)nQ~r" (xeQ,r<1)

» Disa (d—1)-set, i.e.

Mo 1(B(x,)ND)=r'""  (xeD,r<1) =

» Lipschitz charts around N.




Second order equation

—divixA(X)VixU=0  (RF
U=0 (RT
0,,U=0 (R

x Q)
x D)
x N)

Weak solutions
> U S Lloc V) M Hloc(Lz)

//AVtXU Vtx :O

forall V e C(V)




Second order equation

_divi AV U=0  (RY x Q)
U=0 (R" xD)
0,,U=0 (R xN)

Weak solutions
> U S Lloc V) M Hloc(Lz)

//AVtXU Vtx :O

forall V e C(V)

A formal computation

o 0

[o] - [divt,XA(x)vt,XU] ) [af(AthU)l T dive(AViU),
Or(VixU) — Vx(VexU)L




Second order equation Weak solutions

2
_din,xA(X)Vt’XU —0 (R"’ X Q) » Uce Lloc V) M Hloc(L )

U=0 (R' x D) //AVtXU VexV =0

0,,U=0 (RT x N)
forall V e CZ(V)

A formal computation

[O] _ [din’XA(X)Vt,XU] _ [8t(AthxU)_L _|—d1VX(AVt7Xu)|]
O O at(vl‘,xU)H — VX(VI‘,XU)J_

leads to the first order equation

0 0 divy (AvtxU)L]
— O,F BF. for F = ’
[0] e [—Vx 0 ] ’ [ (VixU))

-~

=:D
where B transfers A from the ||-part to the | -part

J/




The first order formalism
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Rigorously

— Vy 0
> Study 1st order equation 9;F + DBF = 0 through weak solutions
F €12 _(R(DB)) defined by

» D= [ 0 (=Vv) ] , where Vy :V — (L?)

loc

[ fFoc- [ [prpe  @eczwy

Proposition

Weak solutions to 2nd order equation and 1st order equation are in
one-to-one correspondence

U~ [(AVixU). ViU
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The DB-theorem
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Theorem (E., Haller-Dintelmann, Tolksdorf '13)

Let B € L*>° be accretive on H := R(D) in the sense
(BDu | Du) > ||lul|? (UueH).

Then DB is bi-sectorial on L?, has range R(DB) = L? @& R(Vy) and
satisfies quadratic estimates

> _ dit
| IDB( -+ BB Ul G P (e )
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Theorem (E., Haller-Dintelmann, Tolksdorf '13)

Let B € L*>° be accretive on H := R(D) in the sense
(BDu | Du) > ||lul|? (UueH).

Then DB is bi-sectorial on L?, has range R(DB) = L? @& R(Vy) and
satisfies quadratic estimates
- 2 ov—1, 2 4l 2
i |tDB(1 + t<(DB)<) ™ "u|| - = |ul| (UueH).




Semigroup solutions
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OF +DBF =0, F eL?(L?)

Note
» 10+ (DB) : H — H ™ projection
» DB sectorial on spectral subspace H*

&7 Solve by F(t) = e !IPBIF,, where Fy € HT.
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OF +DBF =0,  F e L?(L?)

Note
» 10+ (DB) : H — H ™ projection
» DB sectorial on spectral subspace H*

& Solve by F(t) = eIPBIF,, where Fy € H+? Not quite!

> _ dit
| 1ViDBle IR ol

0



Semigroup solutions

OF +DBF =0,  F eL?(L?)

Note
» 10+ (DB) : H — H ™ projection
» DB sectorial on spectral subspace H*

&7 Solve by F(t) = e~IPBIF, where Fo € Ht? Not quite!

> _ dit
| 1V/iDBle YR o

0

Theorem
The weak solutions F € 12(L?) are precisely the functions

{\/ﬁe_'[DB] Fo: Fo € 7—[+}.
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OF +DBF =0,  F eL?(L?)

Note
» 10+ (DB) : H — H ™ projection
» DB sectorial on spectral subspace H*

&7 Solve by F(t) = e~IPBIF, where Fo € Ht? Not quite!

> _ dit
| 1V/iDBle YR o

0

Theorem
The weak solutions F € 12(L?) are precisely the functions

{@e“m] Fo: Fo € ’H+}.




First extrapolation space for DB

H™' = (R(DB), [(DB)~"-||) = (R(D),|D~" - )

Then
» Functional calculus extrapolates to H
» +/[DB] extends to isomorphism H — [H,H—qu —.qy—1/2

» In 112 we have

/[DBJe~{IPBIFy = ¢~!IPBl, /IDB]F, (Fo € HT)
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First extrapolation space for DB

H™' = (R(DB), [(DB)~"-||) = (R(D),|D~" - )

Then
» Functional calculus extrapolates to H
» +/[DB] extends to isomorphism H — [H,H—qu —.qy—1/2

» In 112 we have

V/[DBle {IPBIFy = ¢~UPBl /IDB]Fy,  (Fp € HT)
Let v e R(D),

» Write v=D |0 U]T

= (—Vy)*u with U e H” - R(Vy)

Iv]
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wey wey
[V w]2=1 [Vwll2=1



First extrapolation space for DB

H™' = (R(DB), [(DB)~"-||) = (R(D),|D~" - )

Then
» Functional calculus extrapolates to H
» +/[DB] extends to isomorphism H — [H,H—qu —.qy—1/2

» In 112 we have

V/[DBle {IPBIFy = ¢~UPBl /IDB]Fy,  (Fp € HT)
Let v e R(D),

» Write v=D |0 U]T = (=Vy)'u with ueH = R(Vy).
Vi = sup |((=Vv)u | w),|= sup |(u | Vyw),|=]ul2
wey wey
IV w]lz=1 IV w]lz=1

— H ' =V*and Hf/z = Vi, the space of Lax-Milgram semigroup



Back to the Lax-Milgram semigroup
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Let U € £ be the weak solution obtained by Lax-Milgram
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Let U € £ be the weak solution obtained by Lax-Milgram

o [(Avt,x U).

- ] c L2(L?) weak solution of 1st order equation
X



Back to the Lax-Milgram semigroup
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Let U € £ be the weak solution obtained by Lax-Milgram
(Avt,x U)L

o [ Ly
@ Semigroup representation in H~1/2:

JFy e HT [(AVVZL;XLLJJ)L] = e *PBl, /IDB] Fy

] c L?(L?) weak solution of 1st order equation
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© Reconstruction of the Lax-Milgram flow
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Let U € £ be the weak solution obtained by Lax-Milgram
(Avt,x U)L

o [ Ly
@ Semigroup representation in H~1/2:

JFy e HT [(AVVZL;XLL/)L] = e *PBl, /IDB] Fy

] c L?(L?) weak solution of 1st order equation

© Reconstruction of the Lax-Milgram flow

(Avt,XU)L = (6_.[DB]\/ [DB]FO)J_ ; (AVT,XU)J_‘Z‘ZO — T(C)(AVt,xU)J_‘t:@

Corollary

There is a Neumann-to-Dirichlet map V¢ /o ”HF/ ° given by

OppUlt=0 — U — F — (F))(0) — VxUlt=o




Thank you for your attention!



