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1 Introduction

From the theory of ordinary differential equations we are familiar with equations of the
form

Y () + y(t) = sin().

In contrast to an ordinary differential equation, the terms in a partial differential equa-
tion may contain terms that depend on derivatives with respect to several variables, for
example

Uz (2, Y) + uyy(z,y) = cos(zy).

We will see that the theory of PDEs is much more complicated than the theory of
ODEs. The strength of the theory for ODEs rests in big part on the availability of
the fundamental theorem of calculus, which allows the reformulation of a differential
equation as an integral equation:

{y'a) = f(t,y(t))

y(to) = Yo = yt) =y +/t0 f(s,y(s))ds.

In the case of PDEs this approach breaks down and there is no idea how to circumvent
this.

Example 1.1 (Modelisation of the heat equation). Let Q C R? be filled with some
material and u: R x © — R be the function that maps (¢,z) to the temperature at
x € Q at time ¢ > 0. Furthermore, ug(x) denotes the initial temperature.

The physical description of a heat flow in such a material depends on material param-
eters such as the density p, the specific heat capacity ¢, and the heat conductivity k. For
our model, we will assume that all of these parameters are constant. This is not realistic
in general but simplifies our model and gives good approximations in cases where these
quantities do not depend too much on the temperature.

Consider the energy balance in some ball B C ). By conservation of energy, the
temporal change of thermal energy is the sum of the heat flux F(¢,x) through 0B and
the gain/loss by sources/sinks. We observe for the thermal energy F in B that

E:/p-c-u(t,x)dx.
B

Thus we get for its temporal change

%/Bp-c-u(t,w)dx——/aBF(t,x)-u(a:)da(x)+/3q(t,x>dx,
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where ¢ models the gain/loss of heat in B and v denotes the outer unit normal vector
to the boundary of B.
As an explanation for the minus sign in front of the boundary integral note:

F -v > 0: loss of heat
F-v <0: gain of heat

In order to continue, we have to know in which way F' depends on u. The easiest

model is Fourier’s Law, i.e. F' = —k - V,u(t,z). Inserting this simplifies our equation to
d
— [ prc-u(t,r)dr = / k- Vou(z,t) - v(z)do(x) —|—/ q(t,z) dx.
dt Jp OB B

By Gaufl Theorem this equals
= / kdiv, Vou(t, z)dz + / q(t, z) dx,
B B

so we obtain 5
/ (p ce-—u(t,x) — k Ay u(t,x) — q(t, x)) dz =0
B ot

for all balls B C 2. Thus,

pcau(t,x) — kA u(t,z) = q(t, ), (t,x) € (0,00) x £,
which we call the inhomogeneous heat or diffusion equation. In the case f = 0, it is
called the homogeneous heat /diffusion equation.

In mathematics, constants are often assumed to be 1' and we drop the units, which
yields the condensed usual formulation of the heat equation:
0

au—Au:f.

We now establish the general notion of a PDE.
Notation 1.2. For k € N and u € C*(IR?), we use the notation

D*u(z) = (D* u())jaj=n
for the vector of all derivatives up to order k.
Definition 1.3. Let QO C R? open and k € IN. Then

a) a PDE of order k is given by
F(DFu(x), D" u(x),. .., Vu(z), u(z),z) =0, (%)

where F: R x R x ... x R x R x  — R is a given function and u: Q —» R
is unknown.

LAt least if the exact value of a constant does not play a decisive role.



b) w is a classical solution of (x), if all derivatives of u appearing in (x) exist, are
continuous and () is fulfilled.

Definition 1.4. Let Q C R? and k£ € N. Then (x) is called

a) linear, if it is of the form

Z ao(2) D" u(z) = f(x), x € (),

| <k

with a., f: @ — R given. If f = 0, we call this a homogeneous linear differential
equation, otherwise an inhomogeneous linear differential equation.

b) semi-linear, if it is of the form

Z ao(2) D u(z) + G(D* " u(z),. .., Vu(z),u(x),z) =0, x €,

la|=k
i.e. the highest order term is linear.

¢) quasi-linear, if it is of the form

Z ao(DF (), ..., Vu(z), u(z), ) D* u(x)

la|=k
+ G(DF (), ..., Vu(z), u(z), z)
=0, x €,

i.e., the highest order terms enter linearly.
d) non-linear, else.

Definition 1.5 (Classification of quasi-linear PDE of order 2). Consider
d
ij=1

with a;;, f: R? x R x Q — R. Then the coefficients form a function-valued matrix A :=
(aij)gjzl- Assuming that the involved functions are twice continuously differentiable,
this matrix can be chosen to be symmetric due to Schwarz’ theorem. Then the PDE
(A) and the coefficient matrix A are called

a) elliptic, if all eigenvalues of A are non-zero and of the same sign on all of RY x R x 2.

b) parabolic, if exactly one eigenvalue of A is zero, while all other eigenvalues are
non-zero with same sign.

¢) hyperbolic, if all eigenvalues are non-zero, and exactly one of opposite sign than
all the other.
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Example 1.6. a) Heat equation:

u(t,x) — Au(t,z) =0
is a linear parabolic equation, since its coefficient matrix is

0
~1
A(p,u, (t,x)) =

Poisson equation:
—Au(z) = f(z)

with coefficient matrix

—1 0
A(pﬂ%x) = )

which is a linear elliptic equation.

Wave equation:
uy(t,x) — Au(t,z) =0

The wave equation looks very similar to the heat equation but in fact behaves very
differently, as we will see in Chapter 3. The corresponding coefficient matrix is

1 0 0

0 -1 0
A(p, U, (t’ x)) =

0 0 -1

and thus it is linear and hyperbolic.

Reaction-diffusion equation:

This equation is used to describe substances that mix and enter chemical reactions
with each other. The dependence of f on u can intuitively be understood as the
idea that the speed of reaction depends on the concentration of substances.

These are of semi-linear parabolic type.



e) Minimal surface equation:

—div L =f
L+ [|[Vul?

This equation is typically found in the study of minimal surfaces and can be used
to describe the shape and behaviour of e.g. soap films.

It is quasi-linear and elliptic.

Remark. Hyperbolic PDEs behave quite differently than elliptic or parabolic PDEs, so
in fact most experts in the topic of PDEs are specialised in either hyperbolic PDEs or
the other types.

Remark 1.7. We consider the heat equation uy;—Au = f on (0, c0) x 2. For uniqueness of
solutions we obviously need additional knowledge about the described system. Typically
this information is given in the shape of:

a) Initial conditions: The status of the system is given at some starting time. Usually
this time will be taken as 0 which yields the initial condition u(0, x) = uo(x).

b) Boundary conditions: There is a huge variety of sensible boundary conditions.
Here are some of the most commonly used:

e Perfect insulation: Although it is physically not possible, we often assume that
the boundary is perfectly insulated, i.e. no heat can enter or leave through
the boundary. In other words, for all ¢ > 0 and for all x € 92 we have

0= F(t,z)v(z) Fourier —kVu(t,z) - v(z).

This leads to the Neumann boundary condition

ou

—(t =0.

2t )

e Often we want to fix a prescribed value at the boundary 0€2. Mathematically
we can write this as follows: for all times £ > 0 and all z € 92 we have

u(t’ l‘) = g(tv x),

where the function g is given data. We call this the Dirichlet boundary
condition.

e Non-perfect insulation: This condition describes a mixture of the upper two.
Here, the heat flux over the boundary is proportional to the difference of the
temperature on the inside and on the outside. We get

F(t,:)?) ) V(:L‘) = V(t’ l‘) '(u(t’ l‘) - g(t’ :L‘))

given coefficient given boundary
condition
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This leads to the so-called Robin boundary condition

ou ~(t, x)

(u(t,z) —g(t,z)) = 0.

In this lecture we will look at several special cases of mainly elliptic PDEs on more or
less general domains and try to find conditions under which we can guarantee existence
and/or uniqueness of solutions. In detail, we will look at

e the heat equation and wave equation on R¢ and will derive explicit solutions.

e the Poisson equation on general ) C R,

Here classical solutions seem to be out of reach. In fact, the theory of PDEs was
arduous while mathematicians chased after classical solutions. This led to relaxing
the requirements on solutions, i.e. to develop a definition of “solutions” that need
not be differentiable in the classical sense. For this, we will examine weak solutions,
i.e. PDEs in the L%-setting.

There are several reasons to work in LP-spaces instead of spaces of continuous
functions. The most important ones are that the norm is differentiable and not
only continuous and that LP-spaces are reflexive while C¥-spaces are not. Last but
not least for p = 2 we have the rich Hilbert space structure, that we will heavily
exploit.

e regularity of weak solutions.
Once we have weak solutions, we want to know how regular they are and under
which conditions they are in fact classical solutions.

e [P-theory of weak solutions.

Initially, weak solutions are defined in an L-setting. In this final part of the course
we want to transfer the concept to p different from 2.



2 The heat equation on R

We will start our analysis of PDEs with one example of a parabolic linear equation: the
heat equation. Our goal for this chapter is to explicitly solve the heat equation on the
whole space R?. At first we will take a look at the equation itself to derive the so-called
fundamental solution. This fundamental solution will allow us to solve the heat equation
if the adequate data in form of initial values is provided. As we have seen in the previous
chapter, the homogeneous heat equation is given by

u(t,x) — Au(t,x) =0, (t,r) € (0,00) x R (HE)

We cannot help but have certain expectations for the behaviour of an equation called
the heat equation. Indeed, we will see expected behaviour but also some completely
unexpected properties of its solutions.

While calculating a possible solution, we will often not make sure that our mathemat-
ical operations are guaranteed to be allowed in a strict mathematical sense. However,
these dark magic derivations will give us an idea for a solution, which in turn can be
shown to solve the equation. Our goal will be to reduce the general problem to an ODE,
since we know how to solve those.

Lemma 2.1 (Parabolic scaling). Let u be a classical solution of (HE). Then for all
A € R the function

w(t, ) = u(\’t, \x)

1s a classical solution as well.

This natural scaling, namely |z| ~ /%, is an innate property of the heat equation that
somehow reflects that we have one derivative in time and two in space. It also shows that
solutions of the heat equation cannot be unique and that initial values are mandatory
to obtain uniqueness.

Proof. We show that w solves (HE) and look at

d
Ew(t, ) — Aw(t,z) = )\2%0\2@ A1) — A2 Au(N\t, Ax)
= 2 (uy (N, M) — Au(N*t, \x)) = 0. O

- J

~~
=0
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Next we will focus on finding radially symmetric solutions, i.e. solutions of the form
u(t,|z|).! This might seem a bit ambitious, but since our space is somehow homogeneous
and radially symmetric, it seems quite plausible for such a solution to exist. Once again,
our intuition leads us here: given a distribution of heat in a homogeneous space, it seems
natural to assume that it spreads equally in all directions, i.e. admits radial symmetry.
Our approach will be to use the previously shown scaling invariance, combining it with
our aim of finding a radially symmetric solution, which yields the following approach of
a so-called “self-similar” solution:

u(t, |z)) = Xu(\t, \%|z]), A € R.

Here, we give ourselves some freedom by inserting parameters a and [ to find a self-
similar solution for suitably chosen parameters, i.e. it basically looks the same everywhere

modulo scaling. Setting \ := 7 e conclude

u(t,|z]) = t7u(1,t77 |z|) = t™v(y)

||

for y := 5. The advantage of this is, that the resulting function v: R — R will give rise
to an ordinary differential equation.

In the following calculations we will use our freedom to choose suitable a and f.
For all x € R?\ {0} and for all ¢ > 0 and j € {1,...,d} the derivatives of u can be

represented as

_ o, x]

x? 1 /1 x2
Up.o (L, ]2]) =t [V (y) - —L= +V'(y) - = <_ _ _J>] .

This might look awful for now, but luckily the terms get a lot nicer once we actually
sum up the spatial derivatives of order two for the Laplacian. Before that we still need
to compute one more derivative:

.
wlt ) = —at™ " oy) — B ) -

We now insert these derivatives into (HE). Notice that ijl x3 = |z|*. This leads to

“1-a o e I— 1 1 d-1
0=—at™ " 0(y) = B (y) - oy — 0 (W) 5 VW) 5 ’
o ] 1 1 d—1
= -t <Oév(y) + V() G T (Y) - gy H () 5 T
——
=y

e (tl—%'%y) s o)+ (@ - )2 av<y>) |

IThis is a bit of an abuse of notation, since u was assumed to have d + 1 variables, while this new u
only has 2. Nonetheless, it should be clear what is meant here.



We observe that in the last step there are no instances of x left. We set f = % and get

0=1v"(y) + %yv’(’y) +(d - 1)# +au(y)

for 4 > 0 which finally is an ODE. Multiplying with y?~! does the trick

1 1 - -
0=v"(y) 5"+ Jy"/(y) + (d = Dy (y) + avly)y™.

Magically, we find both terms of the derivative of y?~1v/(y) in this equation. Choosing

4 we rewrite this as:

O./ZQ,

0= (""" ) + (),

so we obtain

1
Y (y) + §ydv(y) = const.

If v is rapidly decreasing, the constant must be 0. Then

_ 1
y* () = —5y"o(w),
or simpler

v'(y) = —%yv(y)-

»

y

This ODE can be solved quite easily. The solution is v(y) = ce™ 1, so
z 2
u(t,|z]) =t (@) — .t i i
t2

Finally, we have found a solution: It is the Gaussian kernel for the normal distribution.
This specific solution can be used to determine general solutions of the heat equation,
which explains the following name.

Definition 2.2. The fundamental solution of (HE) is

O(t,x) = e ar .

It is called the heat kernel or Gaussian kernel.



2 The heat equation on R?

Remark. This is just one solution of the heat equation. From the point of physical
application it might not be special but, as we will see in Theorem 2.4, it allows us to
derive solutions for arbitrary initial values via convolution with the initial data.

Let us collect some important properties of the heat kernel.
Proposition 2.3.  a) The function ® is smooth, i.e. ® € C*((0,00) x R?).
b) For all e > 0 it holds that
lim ®(¢t,z) =0
t—0+
uniformly on R*\ B.(0).?
C) hmt_>0+ q)(t, O) = OQ.
d) 0, — A® =0 on (0,00) x RY, i.e. the Gaussian kernel actually is a solution.
e) Jpa®(t,x)dx =1 for allt > 0.
Proof.  a) This follows immediately.
b) For |z| > ¢ it holds that

e7L€|2 < 1 ==
(4t)2 T (4mt)e

O, z)] =

which tends to 0, as t does.

c¢) Obvious.
d) This can be proven by a simple calculation.

e) Let us calculate

Theorem 2.4. Let ug € BC(RY)?. Then for

ult,z) = {(‘I)(t, Yauo)(), (tx) € (0.00) x RY.
) . uo(:r;), = Rd, t = 07

2Here and lateron B,.(z¢) denotes the open ball with radius 7 and midpoint .
3The space of bounded continuous functions. It is a Banach space if equipped with the supremum
norm.

10



we have u € C*((0,00) x RY) N C([0,00) x RY) and u solves

u(t,z) = Au(t,z), t>0,2€ R4,
u(0,x) = ug(x), z € R

This problem is usually called the Cauchy problem for the heat equation.

Proof. 1% step: We want to show u € C*((0,00) x RY) and compute its derivatives by
interchanging the order of differentiation and integration. To see that this is okay,
first notice that ® € C>((0,00) x RY) and is integrable by Proposition 2.3 a) and
d). What we are missing now is a uniform bound for its derivatives of arbitrary
order.

Let 6 € (0,1). By induction over |a| we can show that for all a € IN¢™* we find
c(6, ) > 0 such that for all (t,z) € [§,1/6] x R the derivatives of order |a| are
bounded by

8la|?

D ®(t, 2)| < (6, ) - (L+[a[")e™ o7 = U(x),

where m depends on |a|. This implies
[DH (= -Juo| < W(x = -)[|uolloo

and the left-hand side is integrable on R

Thus, by differentiation of parameter integrals we obtain u € C*°((5,1/6) x R?)
with
D*ult,a) = [ D0t~ yluoly) dy = (D B(t.) * w) ()
R

for all t € (6,1/9) and all x € R?. Since § was arbitrary, the claim follows.

274 step: Next we show that u solves (HE):

d
ur = Au= (2t ) *xuo)(x) — A[(P(L, ) * o) (2)]

(@i, ) % uo)(x) — (AP)(t, ) * uo) ()
= ((Dr = A®Q)(1,) * uo)(x)
—_———

=0

1st_st
Prop. 2.3(c)
= 0.

3'4 step: Lastly, it remains to show that u attains the initial conditions continuously,
i.e. for all 2o € R? we have u(t,z) — ug(xg) for (t,z) — (0, z0).

Let € > 0 and z, € R?. Since v is continuous, we obtain existence of a § > 0 such
that for all z € Bs(xg) we have

luo () — o (o)| < g

11



2 The heat equation on R?

Hence, for all ¢ > 0 and for all x € B 5 (zg) we have

uttoa) = walan)| = | [ 0. = pua(s) s~ ) [ @(t.0 )

=1

_ /Rd D(t, x —y)(uo(y) — uo(z0)) dy’

< / O(t,x —y) |uo(y) — uo(xo)| dy+/ ... dy
R4\ Bjs (o) Bs(wo)

= dy—i—i/ O(t,x —y)dy.
2 Rd

1
<92 _— -
—”%Wumwaéwm@e

-~

=1

Moreover, we compute

ly — 20| < |y — x| + |2 — 20

xEB%(xo)
< _ Z
< ly—af+3

y¢Bs (o) Yy — T
< ly—=x|+ %

This estimate allows us to estimate |y — x| from below by ‘%‘ < |y — z|. Using

this, we obtain

€ 1 ly—=zgl?
fult, =) — wo(zo)] < & + ol d/ Tt gy
2 (47t)2 SR\ Bs(x0)

€ 1 LT
Sl [ e
2 (4m)2 Jri\B s (0)
NG

TV
—0 for t—0

where we substituted z = #=Z2¢. This implies u(t, ) — ugp(zo) for (¢, ) — (0, ).
[

Remark. a) For t — 0, the function ®(t,-) approximates the Dirac §-Distribution dy.

It is an approximation of unity and even a mollifier.

b) If uy € BC(R?) satisfies ug > 0 and ug # 0, then the solution u stays positive for
all times ¢ > 0. We have

u@w%—A;@&x—ywdwdy>0

12
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6 -4 -2 > 4 6
Figure 2.1: The fundamental solution of the heat equation for various parameters ¢

for all x € RY, so the heat equation is positivity preserving. But it has the even
stronger property of being positivity improving. Even for an initial value with
compact support, v will nonetheless immediately* be strictly larger than 0 at any
point z € R%.

In other words: Our model for heat flows has infinite propagation speed. Once
again, we are reminded, that our mathematical model does not reflect reality; it
is but an approximation, that is simple enough to allow for a rich mathematical
investigation and sufficiently accurate on small scales. On large scales, however,
more sophisticated tools are required.

¢) For an initial value uy € BC(RY) N L'(R?), we find that

Ju(t, ‘)||L°<>(1Rd) = €8SSUPg;cRd

(4mt)z Jre 27
1
< ot ol
- HUOHLI(Rd)
(4mt)s

which tends to 0, as t — oo.

d) Finite speed of propagation is fulfilled for the porous medium equation which is
given by
up = AW™) (= mu™ ' Au+m(m — 1u"? |Vu|2)

for some m > 1. It is a quasilinear, degenerate parabolic equation. Here the m
describes the conductivity of the material.

4This means for any ¢ > 0.

13



2 The heat equation on R?

e) In Theorem 2.4 we have seen an effect that is typical for linear, parabolic equations.
It states that a solution is smooth for all times ¢ > 0. This means that even if we
start with a rough initial value, a smoothing effect immediately takes place. We
can observe this, for example, if we put a snowball into water. It is this feature
that limits parabolic equations to the description of only non-reversible processes.

14



3 The wave equation on R

As it happens so often, mathematical theories arise as the attempt of capturing and
describing real world systems, problems and their solutions. This is especially true for
partial differential equations, which are frequently used to describe physical systems be-
cause they depend on the exertion of fundamental forces, which necessitate a description
of acceleration or growth, mathematically represented as derivatives. One of the most
prominent examples presents itself as the wave equation, which is given by

u(t,x) — Au(t,z) =0, (t,r) € (0,00) x R~ (WE)

We will mainly focus on the wave equation in the cases of dimensions 1 (R and R, ),
2 and 3, for which we will derive explicit solutions in this chapter. This, however, is
not as big a restriction as it seems, as the qualitative behaviour of the wave equation
depends mainly on the parity of the underlying space dimension.

3.1 The wave equation on R

In one dimension the wave equation is given by

(t,z) € (0,00) X R,

Ugp — Ugy = 0,
{u(o,x) = uo(z), w(0,2) = uy1(v), = €R, (WE)

with sufficiently smooth initial data ug, u;: R — R. We first observe that we can
factorise the involved derivatives according to

8_2_8_2 (t )7 24_2 2_2 (t )
oz o022) " T o Tor ) \or T o)\

(.

—o(t,r)
which holds for all (t,z) € (0,00) x R. Then the so-defined function v satisfies
vy 4 vy = 0. (3.1)
This is a special case of the (one-dimensional) Transport Equation

{wt(t,x) +bw,(t,x) = f(t,2), (t,z)€ (0,00) x R, (TE)

ZU(O,QT) = ’LU()(ZL'), LS R7

15



3 The wave equation on R?

for b € R, f € C%((0,00) x R)! and wy € C}(R).

For future needs we solve this equation in its full generality, for which the following
observation will come in handy: Let w be a solution of the transport equation (TE).
Then it holds that

%w(s,x —b(t —3s)) =wi(s,z —b(t —s)) +wy(s,z —b(t —s))-b
= f(s,z —b(t —s)).

Using the fundamental theorem of calculus we get

w(t,z) —w(0,z — bt) = /0 diw(s,x —b(t—s))ds

:/Otf(s,x—b(t—s))ds.

Thus, we obtain

w(t,x) = wo(x — bt) +/0 f(s,z —b(t —s))ds. (%)

Indeed, this formula already states the correct and unique solution. We gather and
prove this result and the desired regularity properties in the following Lemma.

Lemma 3.1. The transport equation (TE) has a unique solution w € C*((0,00) x R) N
C([0,00) x R) given by (x).

Proof. The uniqueness of the solution follows directly from our above calculation. So it
remains to check the claimed regularity and that the function given in (%) is a solution
indeed.

Regularity: By assumption, wy is a C! function on R. Since f € C%((0,00) x R)
the integral is in C!((0,00) x R) as well. Moreover, for t — 0+, we conclude
w(t, ) — wo(x). This shows the claimed regularity.

Solution: Let us now check that the function acquired through the above formula ac-
tually is a solution. We calculate (remember the trick from Analysis II how to
differentiate parameter integrals with the variable appearing in the limits and the
integrand!)

dw(t, z) + boyw(t, ) = —bwy(x — bt) + f(t,z) + /Ot Orf(s,x —b(t—s))(—b)ds

+b (w{)(x —bt) + /Ot O:f(s,x —b(t—9)) ds)
= f(t, ),

'Here, C%! denotes the space of all functions that are continuous in the first and continuously differ-
entiable in the second argument

16



3.1 The wave equation on R

which shows that we have indeed found a solution. O

0.5 1

> 4 6 8 10 12
Figure 3.1: Visualisation of a solution to the transport equation for f = 0.

The above helps us in our endeavour of solving the wave equation by allowing us
to subdivide the task into two simpler problems: Firstly, we need to solve the arised
transport equation v; + v, = 0 for v and secondly, v and u are connected via another
transport equation, as by definition w; — uy = v.2

By Lemma 3.1 for b =1 and f = 0 we get that

v(t,x) =v(0,2 —t) =vo(x —t) for (t,z) € (0,00) x R.
To deal with (WE;), we observe that
UO('T - t) = U<t7x) = ut(t7x) - u:E(t?‘r)a

which is the aforementioned second transport equation, to which we apply Lemma 3.1
with b = —1 and f(¢,x) = vo(x — t) to calculate

u(t, z) = ug(x +1t) —i—/o vo(z + 1(t — s) — s) ds.

Setting 0 := x +t — 2s we conclude

r—1 1

:u0($~|—t)+/ v(0,0)(—=)do

T+t 2

T+t
=uo(x +1) + % /_t (ut(0,0) — uy(0,0)) do

T+t 1 z+t
:u0($+t)+§/ ul(a)da—i/ ug(o) do

—t

1 1 1 T+t
IUO(I+t)—§U0($+t)+§uO<£C—t)+§/ ul(a)da.
T—t

2This is why we considered the more general transport equation, as we need it with arbitrary right-hand
sides and coefficient —1.
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3 The wave equation on R?

05+

10 -5 5 10
Figure 3.2: Visualisation of the wave equation for u; =0

This leads to the final solution

x+t
u(t,z) = 1uo(:v +1t) + luo(yc —t)+ 1/ uy(s) ds. (3.2)
2 2 2 Joy

Interestingly, this solution still reflects the fact that it was obtained by solving a
transport equation: The first and second term describe a motion of initial data to the
left and to the right, respectively. The integral includes initial data for the velocity. If
we start with no starting velocity, we see that the initial data propagates symmetrically

in both directions, cf. Figure 3.2

Theorem 3.2 (Formula of d’Alembert). Let ug € C*(R) and u; € C*(R). Then u given
by (3.2) is C%([0,00) x R) and is the unique solution to (WE).

Proof. The uniqueness and the regularity follow immediately from the formula since
up € C*(R) and u; € C'(R) but we integrate it once. Additionally one can calculate
that u solves the equation. O

In contrast to the heat equation, we can observe by d’Alembert’s formula that the
solution of the wave equation only has a finite speed of propagation. This is since the
amplitude of the wave in a point x at time ¢ depends only on the initial values in the
points x + t and x — t and the speed of the wave between those two points. Therefore,
the value of u(t, z) only depends on the wave before in the interval (z — ¢,z +t).

Remark 3.3. a) For f,g € C*(R) let y(t,x) = f(x +t) + g(x —t). Then y solves
Y1t = Yoo SINCE
ytt(t7x) = f”([E + t) + g”(ZL‘ - t) = yaca:(ta £L‘)

The contribution of f and g can be interpreted as some masses going left and right,
respectively.

18



3.2 The wave equation on R,

b) For uy € CK(R) and u; € C*1(R) our solution u will be k-times continuously
differentiable on [0,00) x R but higher order derivatives do not exist in general.
This means that we have no universal smoothing effect like in the case of the heat
equation. We refer to this as propagation of singularities.

c¢) Notice that the formula even makes sense for more general initial conditions. Es-
pecially ones that are not differentiable.

Remark. Parabolic PDEs model irreversible processes, hyperbolic PDEs model reversible
processes. The latter is linked to the propagation of singularities: If it would be possible
to smooth a singularity away, the reversed process would have to create them.

3.2 The wave equation on R,

The interpretation of a wave equation that has a bound in the spatial variables is that
of a wave hitting a wall in one direction. To reflect this, we equip the equation with a
boundary condition that forces the solution to describe the wave’s behaviour around the
point of impact accordingly. One way of formulating the equation is as follows:

g (t, ) — Uy (£, ) = 0, (t,z) € (0,00)?
u(t,0) =0, t € (0,00) (WE; 4)
u(0,z) = ug(x), u(0,x) = uy(z), z € (0,00).

Here, we equipped the equation with the Dirichlet boundary condition, i.e. we force the
values to be 0 at the boundary. A fruitful technique for solving this is to extend the
initial condition to the whole space R via an odd extension and derive a new equation
on R which we can already solve with the d’Alembert formula.

/\1
~1 os W 1

—92 1

Figure 3.3: Visualisation of an odd extension
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3 The wave equation on R?

Notation 3.4. For f € C(]0,00)), we set

Ry f(z), x>0
—f(=z), x<0.

Lemma 3.5. Let k € N, f € C*([0,00)). Then we have the equivalence

f e CF((—=o0,00)) < f™(0) =0 for all even m < k.

Proof. Let m < k. Since f € C*R \ {0}), we only look at its derivatives in 0. We
compute

Fe(0+) = f0(0),
F(0-) = =(=1)"f"(0)
= (=1)™*f(0).
Hence, f(™ is continuous in 0 if and only if f0™(0) = 0 for all even m. O

Theorem 3.6. Let uy € C?([0,00)) and u; € C'([0,00)), such that ue(0) = 0, ug(0) =0
and u,(0) = 0.7 Define

u(t,x) = %(uo($+t)+u0($—t))+%f;_zﬁ1(s)ds forxz>t>0 "
5 (uo(z +1) —uo(—x+1) + 5 [*  ua(s)ds, fort>x>0.

Then u € C*(]0,00) x [0,00)) and it solves (WE; ) with initial values ug and u.
Proof. By Lemma 3.5 and the compatibility conditions, we immediately see that 1y €

C%(R) and u; € C*(R). Moreover, we obtain by d’Alembert’s formula that

t+x
u*(t,x) = l(110(117 +1t)+ap(z —1t)) + l/t uy(s)ds, (t,x) €[0,00) x R

2 2/,
is the unique solution of
U’It - u;$ =0
w(0,2) = to(x)
up(0,2) = tn(x)

and u* € C?([0,00) x R).

Define u = u*[jp00)x(0,00) € C*([0,00) X (0,00)). Then uy — uy, = 0 for (t,z) €
(0,00) x (0,00). The function u obeys the Dirichlet conditions, because @y and @, are
odd, so for all t > 0 it holds

u(t,0) = u*(t,0) = %[ﬂo(t) + ap(—t)] + % /t Uy (s)ds = 0.

3These so called compatibility conditions make sense, as they force the initial conditions to also respect
the restrictions on the boundary.
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3.3 The wave equation in R3

To show the validity of the initial condition, first notice that for all x > 0 we have

w(0,2) = u*(0,2) — %[110(56) ()] + 0 = dip () = uo(x).

In addition, for all £ > 0 we obtain
. L, ) . _
w(t, ) = uj(t,z) = §[u0(x +1t) —tg(x —1t)] + é[ul(x + 1)+ Uy (z —1)].

This implies that for £ \, 0 we have

w(0,) = () — ()] + 3 lin(x) + i) ()] = () = s ().

The correctness of the formula (x) follows from a direct calculation. O

3.3 The wave equation in R*

The next case of the wave equation we will tackle is the case of three spatial dimensions.
In this case it has the form

(WE3)

uy — Au =0, (t,z) € (0,00) x R?,
U(O,.’L‘) = u0($),ut(0,l’> = ul(w)a LS Rg

with ug and u; given for the initial conditions.

The key tool to compute the solution in a point x at a time ¢ is evaluating the mean
value on spheres around the point. As we will see, this reduces the problem to the case
of the wave equation on R, which we just so happen to have solved previously.

Lemma 3.7. Let u € C%*((0,00) x R3) be a solution for the three-dimensional wave
equation (WE3). For all x € R® we set

1

Vet = BB s

u(t,y)dS(y), t>0,r>0

the spherical mean of w.
Then U(x,t,r) =1 -U(z,t,r) solves (WE, ;) for the initial conditions
1

" 10B.@)] Jon, )
1

"B @) Jon,

Proof. Exercise. O]

uo(y) dS(y)

ﬁo(f% T) =

u(y) dS(y).

ﬂl(xﬂﬂ) =
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3 The wave equation on R?

Theorem 3.8 (Kirchhoff’s formula). Let ug € C3(R3) and u; € C*(R3). Then (WE3)
has a unique solution u € C?([0,00) x R?) given by

1
7 tu +u + Vuy - (y—x)) dS(y), 15>0,1:6R37
w(t 2) = L BB Jypy P2 T 000) + Vo (y = 2)) dS()
uo(l’)a tIO,SL’ c R3.
Proof. Write down U(x,t,r) by d’Alembert’s formula and use u(z,t) = lim,~ g f](r;t,r).
O

Remark. This result has an easy visualisation: Basically the formula says that in every
point x, only the values on the boundary of the ball with radius ¢ have an impact on
the value in x at time t. If we think of the expansion of sound waves, this is natural.
At time ¢ we are only able to hear what happened at time 0 in a point p, if the distance
between p and x is exactly ¢.4

3.4 The wave equation in R?

In this section we will use the solution for the three-dimensional wave equation to solve
the two-dimensional wave equation. The method we use is called Hadamard’s method
of descent.

Let u € C?([0,00) x R?) be a solution for the two-dimensional wave equation. Then
U(t, 1, xe, x3) = u(t, 1, x2) solves (WE3) together with the initial conditions

Uo(71, T, T3) = Uo(71, T2)
U (71, T2, 73) = ur (71, T2).
Now we can use Kirchhoft’s formula setting x3 = 0 to derive Poisson’s formula.

Theorem 3.9 (Poisson’s formula). Let ug € C*(R?) and uy; € C*(R?). Then the wave
equation in two dimensions has a unique solution u € C%([0,00) x R?) given by

1 1 tuo(y) + t*ur(y) + tVuo(y) - (y — x)

ult, ) = { 21B(@)] Jo, ) (2 — |z —y[*)2
uo(), t=0,z € R%

dy, t>0,2 € R?

Remark 3.10. We see a huge difference to the formula in the three-dimensional case: In
contrast to the boundaries of the balls in Kirchhoff’s formula in Theorem 3.8, the whole
disc influences our result. Using the same example as before implies the following: In
every point z we are able to hear something that happened in point p if it happened
before t = |z — p|, not only at t = |z — p|. So, in particular, if we hear something at
some point, we will be able to hear it forever. We are lucky to live in an odd-dimensional
world, because we humans rely on our ability to pinpoint the location of an object based
on hearing its sound.

4Here, we implicitly assume normalised propagation speed.

22



3.4 The wave equation in R?

We note that similar formulae exist in higher dimensions, based on the dimension’s
parity.
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4 Maximum principle for harmonic
functions

Up to now we have looked at the heat equation as a typical example for parabolic PDEs
and at the wave equation as an example for hyperbolic PDEs. From now on until the
end of the lecture we will focus on elliptic ones. As a prototypical example, we look at
the Laplace equation

—~Au=0in Q C R? (LE)
and the Poisson equation (for given f)
—Au=fin QCR% (PE)

We notice an important difference to the equations we have discussed before: Through-
out the whole chapter we will consider equations on arbitrary open and connected do-
mains  C R?, instead of the whole space.

Definition 4.1. A function u € C%(Q) is called
a) harmonic, if —Awu =0 in ;
b) subharmonic, if — Awu <0 in
¢) superharmonic, if —Awu > 0 in Q.

Remark 4.2. Note that u € C?*(Q) is harmonic if and only if it is subharmonic and
superharmonic.

The following result from Integration Theory will be useful in the sequel:

Lemma 4.3 (Polar coordinates). Let g € RY, R > 0 and f € C! (BR(:UO)). Then we
have

R
= S
/B Sty / /a o S s
R
:/ rdl/ f(xo +1rz)dS(z)dr,
0 9B1(0)

where S denotes the surface measure.

Theorem 4.4 (Mean value formula). Let u € C*(Q2). Then the following statements are
equivalent:
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4 Maximum principle for harmonic functions

a) u is harmonic / subharmonic /

b) We have
1

u(a:){s}m [, uwasw)

for all x € Q and for all R > 0 such that Br(x) C ), Here w, denotes the volume
of the d-dimensional unit ball.

1 1
ul(x u(y) d
”{S}wdm/w (4)dy

for all x € Q and for all R > 0 such that Bg(z) C Q.

Proof. @) = b): Let Bgr(x) C Q, r € (0, R] and define

1 1
= u(y)dS :—/ u(r +1rz)dS(2).
)= g [, #0880 = [ e r)ase)

Then ¢ € C'((0, R]) and

c) We have

o(r

1
"(r — Vulz +7rz) - 2dS(2).
2 (r) /881(0) (2 +72) - 2dS(2)

- dwd

Setting y := x + rz this is

1 Yy—x
= — ds
dwdrdfl /aBr(x) VU(y) (y)’

r
——
=v(y)

where v is the unit normal vector. We further get by the Gaufl Theorem

1 p—
. di dy< > 30.
Jiogr 1 /BT(@M y{—}

Au(y)
Furthermore,
) ) 1
lim () = lim =~ | RCERSEED
u() /
= 7 1dS(z
SOB0) Jon
= u(z).

IA I

So, u(z) = <p(0){ }QO(R) which implies b).
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b) = c): Let Bgr(x) C Q. For all r € (0, R] the hypothesis b) implies

1
};d /a - u(y) dS(y)

IA

dru(z)

Integrating this expression gives

Ru(x) = /OR dr u(z) dr{z}

Lemma 4.3

1 R
— [ s
Wd Jo JoB.(z)

1

— u(y) dy.

Hence, c) follows.

c¢) = a): We use a proof by contradiction. Assume that there is some u € C*(Q2) and

some x( € ) with
4
— Awu(zg)g > 0.

In the case of harmonic u we assume w.l.o.g. that — Awu(zg) > 0. The case of
— Awu(zg) < 0 can be treated analogously. By continuity of A wu, there is some

>
R > 0 with Br(zy) C Q and —Au(x){>}0 for all x € Bg(zo). For ¢ as above

this yields

1 <
"ry= ———— A .
0= g [ u(y)dy{<}o

This implies

We get

Rlu(z) = /0 * ) dr{i}wid /0 ’ /8 o ) aSG) ar

Here, Lemma 4.3 gives us
1
= — u(y) dy,
Wd JBg (o)

which is a contradiction to c). []
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4 Maximum principle for harmonic functions

Theorem 4.5 (Strong maximum principle, version 1). Let u € C*().
a) If u is subharmonic and u(x) = sup,cq u(y) for some x € Q, then u is constant.
b) If u is superharmonic and u(x) = inf,cqu(y) for some x € Q, then u is constant.

In particular, if u is harmonic and attains either a maximum or a minimum in $), then
u 1s constant.

Proof.  a) Let u be subharmonic and x € Q a point where u attains its maximum
u(z) = S = sup,cq u(y) < oo and define M = {y € Q: u(y) = S}.
Since x € M we know that M # ().

M closed in Q: Since S is closed, M = v~ !({S}) and w is continuous, we conclude
that M is closed.

M open in Q: Let z € M and r > 0 such that B,(z) C Q. Then

Thm. 4.4 ]
S=ulz) < — u(y) dy
(.dde Br(z)v
<S

1
<S- y / dy = S.
Wl Br(2)

This means that all the inequalities are in fact equalities. This gives us that w is
constantly s on a ball around the point z, i.e. B,(2) C M.

() is connected and we have shown that M is open, closed and non-empty, so
M =Q,ie u(y) =5 forall y € Q.

b) Analogously. O

Corollary 4.6 (V\@ak maximum principle, comparison principle). Let 2 be bounded and
u, v € C*Q)NC(Q). The we have

a) If u is subharmonic, then
sup u(y) = sup u(y).

a’) If u is superharmonic, then

inf u(y) = inf u(y).
Infuly) = f u(y)

b) If —Au< —Av inQ and u < v on 0, then u <wv on Q.

Proof. a, a’) Let u be subharmonic. Since u € C(Q), there exists zy € 2 such that u
attains its maximum in zo, i.e. u(zg) = max,qu(x). If g € 0L, we are done.
Otherwise the claim follows using Theorem 4.5. In the case of superharmonic w,
the proof can be done analogously.
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b) By assumption, it holds —A(u —v) < 0in Q and u — v < 0 on 9. Hence, part
a) implies u — v < 0 on . O

Corollary 4.7 (Uniqueness of the Dirichlet problem). For every f € C(Q) and every
g € C(09Q) the Dirichlet problem for the Poisson equation

—Au = finQ
u =g on 0f)

has at most one solution.

Proof. Let u,v € C%(2) N C(Q) be solutions of the problem above. Then — Au = f <
f=—AvinQand u=yg < g = v on J and likewise for u and v switched. Hence
Corollary 4.6 yields v < v and likewise v < u on ). Together we have u =v on Q. [

We have seen that if there exists a solution for the Dirichlet problem, the solution is
unique. The obvious next question to ask is if a solution to this problem exists, or what
conditions guarantee existence. Before we turn to this question though, we will tackle
the question of uniqueness for solutions to the inhomogeneous Neumann problem. In
order to write this down, we have to suppose from now on that 02 is smooth enough to
define a normal vector.

The inhomogeneous Poisson equation with Neumann boundary condition is given by

—Au =f, inQ
inh NL
@ =g, on 0f2. (in )
ov

Assuming the problem is solvable, is the solution unique? Let us assume that both u
and v solve (inh NL). Then by linearity of the Laplacian and the normal derivative, we
obtain

—Alu—v)=—Aut+Av=f—-—f=0
and
Ou—v) Ou Ov

o o ow 990

Hence, (inh NL) has a unique solution if the homogeneous Neumann problem

—Au =0, in
hom NL
8_u =0, on 09 (hom NL)
v

has only 0 as a solution. Obviously though, (hom NL) is at least solved by all constant
functions, so a solution to (inh NL) can at best be unique up to constants. Indeed,
Hopf’s Lemma will allow us to show that (hom NL) does not possess any other solutions
aside from the constant functions.

Theorem 4.8 (Hopf’s lemma, strong maximum principle, version 2). Let u € C*(Q) N

C(§2) be subharmonic and let xo € 0 such that
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4 Maximum principle for harmonic functions

V(o)

a) Vu € CHQ,RY) has a continuous extension to xg, i.e. the limit

Vu(zg) := lim Vu(z)

Q3Sz—x0

Fig&g%sél.l: [lustration of the set A as defined in the proof of Hopf’s lemma 4.8

b) u(xg) > u(z) for all z € Q,

c) there exists y € 2 and r > 0 such that B,(y) C Q and xo € 0B, (y). (“interior ball
condition”).

Then we have Vu(xg) - v(zg) > 0, where v(xg) is the unit outer normal vector of B, (y)
at xg.

Remark. The third requirement arises from a geometrical view. It assures that there is

enough space inside € close to .
The result of the theorem means that the angle between Vu(zg) and v(xg) is smaller
than 7. This means that Vu(z) has to point outwards of .

Proof of Theorem 4.8. Proving that Vu(xg) - v(z9) > 0 is quite easy. Observe

u(zog — hv(xg)) — u(wo)

Vu(xg) - v(zo) = lim

It remains to prove that Vu(zo) - v(zg) # 0.
Consider A == B,(y) \ Bz (y), cf. Figure 4.1. We claim that there exists a function

h € C?(A) such that
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(i) h=00n0B,(y) and h > 0 in A.
(i) —Ah<0in A
(iii) Vh(zo) - v(zo) <O0.

To show this, we define h(z) = e—olr=" — = for some a > 0 which we will choose
later. Then h € C?(A) and the following properties hold:

2

(i) For all z € A we obtain |z — y| < r. This gives us h(z) > e " —e " = (. In

-
addition, for all z € 9B, (y) we have |x —y| =r, so h(z) = 0.

(ii) We compute

d
= 2ae~ " 3™ (2a(z; — y,)? — 1)
i=1

= 2qe el (2alz — y|? — d).
——

2

N3

Now our definition of A implies
2 T2
Ah(z) > 2ae™ Yl (2042 — d) >0,
if we choose o > 3—‘21.

(iii) We observe that

Vh(xg) - v(zo) = —2qe w0yl (xo —y) - v(zg) < 0.

.

-~

>0

This is true since o — y equals (up to renorming) the outer unit normal vector
v(xo).

We have u(z) < u(xo) for all z € A. Since B:(y) C A is compact, there exists ¢ > 0
such that
g(x) == u(x) —u(rg) +eh(z) <0

for all x € 9Bz (y). On 9B, (y), the function h vanishes, so for x € 9B, (y) we also have

g(x) = u(x) — u(zo) + eh(z) = u(z) — u(xy) <0,
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4 Maximum principle for harmonic functions

since u is continuous on Q. Using A = 9Bz (y) UIB,(y), we obtain this inequality for
all x € 0A. Since u is subharmonic, we have

(41)
—Ag(z) = —Au(z) —u(xg) + eh(z)) = —Au—ecAh < 0in A.
So, g is subharmonic, too. Corollary 4.6 gives us ¢ < 0 in A. Furthermore we have
g(xo) = u(xg) — u(xg) + eh(xg) = eh(xg) =0

by (i) and since xy € 9B, (y). Therefore, g attains its maximum in the point z, and
hence

Vg(xg) - v(zo) = (Vu(zo) + eVh(xg)) - v(xg) > 0.
Ultimately this yields

Vulzo) - v(ze) > —eVh(zo) - vlg) = 0. 0

Corollary 4.9. Let Q) be bounded such that it admits a normal vector and satisfies the
interior ball condition in every x € 9. If u € C*(2) N CHQ) solves (hom NL), then u
15 constant.

Proof. Assume that u is not constant. Since 0f) is compact, there exists xg € 02 such
that u(zo) = sup,cgq u(y). By the strong maximum principle in Theorem 4.5 we obtain
u(z) < u(zg) for all z € Q. Using Theorem 4.8, this leads to

0
6—3(950)

Hence, u does not fulfill the Neumann boundary condition, so u is no solution for
(hom NL). O

= Vu(zg) - v(zg) > 0.

The maximum principle not only holds for the Laplace operator, but for a wide variety
of elliptic differential operators that we introduce now.

Definition 4.10. Let a;;,b;,c € L™(2) N C(Q) for 4, j € {1,...,d} such that
A(w) = (a;(2))i;=1 € R

is symmetric and uniformly positive definite, i.e. there exists some ay > 0 such that for

all ¢ € R% and all z € Q

(€, A(x)€) = ETA(2)E > ap €] (ellipticity condition)
is satisfied. Then

Z x)0;0;u(x Z bj(x)0ju(z) + c(x)u(z)

is called elliptic differential operator of second order.
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Remark 4.11.  a) A(x) =1,b=0,c= 0 yields the (negative) Laplace operator.

b) Constant coefficients: Let a;; be constants b = 0, ¢ = 0. Furthermore, let @ € R%*¢
be invertible, y == Qx and v(y) = u(Q'y). Then

d d

Z aij@@ju(x) = Z dzjazaj(x)v(y)

t,j=1 ,j=1

for (ZLU)W = A = QAQT
A is positive definite, so there exists an orthogonal matrix S € R4 such that
SAST = D = diag(\,...,\q) where \,...,\; are the eigenvalues of A. Set
Q= D™2S. Then

A=QAQT =D :SASTD 2 =D :DD"2 =].

This shows that in this case we can use our theory we have developed for the
Laplace operator.

Theorem 4.12 (Weak maximum p_rinciple). Let Q be bounded, L be an elliptic differ-
ential operator and u € C*(Q) N C(Q). Then

a) If c =0 and Lu <0 in €, then supgu = supyg U.
a’) If c =0 and Lu > 0 in Q, then infgu = infyq u.

b) If ¢ >0 and Lu < 0 in Q, then supgu < supg ut, where u™ := max{u,0} is the
positive part of u.

b)) If ¢ > 0 and Lu > 0 in ), then infgu > infsqu™, where u~ = min{u, 0} is the
negative part of u.!

Proof. Exercise. O]

Corollary 4.13. Let Q2 be bounded, L an elliptic differential operator with ¢ > 0. Then
it holds

a) Uniqueness: For f € C(Q),g € C(0N), there exists at most one solution u €
C2(Q)NC(Q) to

{L“ =/ nd (Ell PDE)

u =g on N

b) Comparison principle: If v,w € C*(Q)N C(Q) fulfill Lv < Lw on  and v < w on
092, then v < w on €.

IThis notation is dangerous, in contrast to the integration theory course u~ is a negative function.
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4 Maximum principle for harmonic functions

¢) Sandwich Lemma: Let f € C(2),g9 € C(0Q) and u,v,w € C2(Q) N C(Q) such that

Lv < f<Lwinf)
v <g<wondfd

and u a solution to (Ell PDE), then v <u < w on Q.

Remark 4.14. The condition ¢ > 0 in Theorem 4.12 cannot be omitted. To see this,
consider for some A > 0 the equation

—Au—>du =0inQ
u =0 on Jf2
where Q = (0,1) x (0,1) € R? So, we have c(x) = —\ < 0. Take k,l € Ny, but not
| =k =0, and set u(zy,15) = sin(kmz,) - sin(lzrzy) where (21, 25) € Q, cf. Figure 4.2.
Then u € C*(Q) N C(Q) and it is easy to compute that u is a solution to the equation
above for A\r; = (k* + [*)7%. But we know that there is also the zero solution which
means that we do not have uniqueness and hence the maximum principle cannot hold.

Figure 4.2: Visualisation of u
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5 L2-Theory: Introduction and
Motivation

For this chapter, let Q C R¢ be an open, connected and bounded set and f € C(€Q).
Consider the Poisson equation

(PE)

—Au =finQ
v =0 on 0.

This equation also has roots in physics. It arises from minimizing the energy functional

1
E(u) = —/ IV ul” dx—/fudx.
2 Ja Q
Theorem 5.1 (Dirichlet principle). Let Q have smooth boundary and define
Vi={veC*(Q)NCHQ)!: v=0o0n 0N}
Then u € V solves (PE), if and only if E(u) = min{E(v): v € V'}.

In order to prove this theorem, we need the following fundamental lemma of calculus
of variations:

Proposition 5.2 (Fundamental lemma of calculus of variations). For u € Ly (Q) we
have the following equivalence:

/ u(z)p(z)de =0 for all p € C°(2) <= u =0 a.e. on .
Q

Proof. *“<«<=": Clear.

“=": Let u € L;,.(Q2) such that for all ¢ € C=(f2) it holds that
/ u(z)p(z)dz = 0.
Q
For K C Q compact, we define

flz) = {sign(u(m)) ifreK

0 ifr ¢ K.

ou
INo, this is not a mistake. The term —— appears later in the proof after using Green’s formula.
v

Therefore, we need u to be differentiable on 0f2.
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5 L?-Theory: Introduction and Motivation
Then u(x) f(z) = |u(z)| for almost every € K. Let (1).).>0 be a standard mollifier
and . :==n. % f. Then
e ¢. € CX(RY)
e supp(f) C K € €, so supp(p.) C Q for € small enough

e o1 =¥ fin LY(Q), so there exists a subsequence (gpi> with ¢ 1 o f
n 7lk nk
a.e. in €.
We aim for

= u =0 a.e. on K.

For “?” we only have to show that ¢ 1 is bounded independently of k, since ¢ 1
n "k

has compact support for every n, € IN and u € L;, (). If we have shown this, we
can apply the dominated convergence theorem to obtain “7”.

oo @] < [ s @10
<Ml [ ny =)y
—~— JRd

Nk
<1

<1

Using this argument for the compact subsets
. 1
K, ={z € Q: dist(z,00) > —, || <n}
n

of Q proves the assertion since |J,, K, = 2 and countable unions of null sets are
null sets. ]

Remark. Note that the proof of this Proposition does need neither the boundedness nor
the connectivity of €2, so the fundamental lemma of calculus of variations remains true
for 2 an arbitrary open subset of R¢.
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Proof of Theorem 5.1. * = ": Let u € V solve (PE). Then for all v € V and for all
t € R we have

E(u+tv)—%/ﬂ(VU%—tVz})(VU—l—tV?})dx—/qudx—t/gfvdx

1 t?
—E(u)—i——Zt/Vqudx—l——/ Vol da:—t/fvdx
2 Ja 2 Jo Q
—_——
>0

u)—i—t/Vqudx—t/fvdx
Q Q

Now we integrate by parts using Green’s formula and get

2E(u)+t/9(—Au)vdx+t/a v —dS—t/fvdx

Q:

:E(u)%—t/g(—Au—f)vdx

=0
= E(u).
Thus, for all w € V' we obtain
E(w)=E(u+ 1(w— > E(u),
(w) = E(u+ 1(w VU)) > E(u)
€

SO w minimizes F in V.

“«—": Let u € V with E(u) = minyey E(v). Then for all ¢ € R and all v € C°(Q)
we have that v + tv € V and as before we calculate

e(t) =E(u+tv) = E(u)+t (/Q(—Au)v dx —/vadx) +§/QWU‘2 dz.

By assumption, €¢/(0) = 0, so for all v € C°(£2) we have

/Q(—Au—f)vdx: e'(0) = 0.

Thus, Proposition 5.2 implies — Au — f = 0, so u solves (PE). O

Remark. Question: Is there always some u € V' such that F(u) = inf,cy E(v)?

This question was negatively answered by Weierstrafl in 1869. The problem in modern
language is the following: One can show that every minimizing sequence for E. i.e.
(v,) € V such that E(v,) — inf,ey E(v) for n — oo, is a Cauchy sequence with respect
to ||vlly = [[Vvl[12(q) but (V. ][|]l}) is not complete.

With today’s insights it seems appropriate to look for a complete space Z O V. But
at the end of the nineteenth century, notions as completions were not known, so the
problem was formulated differently by Courant and Hilbert around 1900:
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5 L?-Theory: Introduction and Motivation

If w € V solves (PE), then for all v € V', we have

[auvde= [ foas

Applying Green’s formula we obtain

/Vqudx—/ —dS /fvda:
Q o9

Hence, if u is a solution for (PE), then u has to fulfill
/Vu-Vvdx:/f-vdxforallveV. (5.1)
Q Q

This is the so called “weak formulation” of our problem and we will now reformulate
this in an abstract functional analytic language. For this we would like to consider a
space like

H=H(Q) = {ucL*Q): Vu e L*) and u = 0 on 9N},

but of course, 0f) is a null set, so we cannot express the condition © = 0 on 0 in this
way. In addition, we have to define what Vu means.

Ignoring these problems for the moment we note that for a given function f, the map
Hav— fQ fvdx on the right hand side of our weak formulation is a linear form F' on
H. In the same way we can interpret the left hand side H x H 3 (u,v) = [, VuVuv dx as
a bilinear form a on H. So the weak formulation may be rephrased as: Given a bilinear
form a: HxH — R and a linear form F': H — R, find some v € H with

a(u,v) = F(v) for all v € H. (V)

This is called a variational equation.

We see that to fill in the gaps in the above plan we will need both integration theory
(L?,H,...) and functional analysis ((bi)linear forms,...). The following tools to solve
this sort of problems should be known from the course on functional analysis.

Definition 5.3. Let H be a real (complex) Hilbert space with scalar product (-, -) and
let a: H x H— R (C) be a bilinear (sesquilinear) form. Then a is called

a) continuous, if there exists C' > 0 with |a(u,v)| < C||ul| - ||v|| g for all u,v € H.
b) coercive, if there exists ag > 0 such that Re(a(u, u)) > aq ||lul|3 for all u € H.

Theorem 5.4 (Lax-Milgram). Let H be a Hilbert space, let a: H x H — R (C) be a
continuous and coercive bilinear (sesquilinear) form with constants C' and o from Defi-
nition 5.3 and let F' be a continuous linear form on H. Then the variational problem (V)
has a unique solution w € H and it holds ||ull, < + ~||F'l| g~ In particular the solution

operator S : H — H, F — w is linear and bounded wzth S| <+
Furthermore, there is a unique A € L(H) such that a(u,v) = (u Av) forallu,v € H,
A is invertible, ||Al| < C and |A7Y]| < o=

38



6 Sobolev spaces

Consider the space
H=Hj(Q) = {uecl?Q): Vuec L*Q) and u = 0 on 9Q}
of the previous chapter. We still have various problems to solve, i.e.

e What does Vu mean for an L? function u, or more general, what does differentia-
bility mean for a function u € L*(2) (or even for u € L(Q))?

e Since 0f) is a null set, how can we assign boundary values to u € H?

In this chapter, we will deal with the problem of differentiability. Clearly, a new concept
of differentiability is needed, so-called weak derivatives. This will lead to Sobolev spaces,
which are the right function spaces to work with in this context.

Let © C R? be open. In order to define weak derivatives, recall (5.1) from the previous
chapter.

Definition 6.1. Let u € L () and a € N¢ a multi-index. We say that u has an a'®

loc

weak derivative if there is some v € L, (€2) such that for all ¢ € C>(Q2) we have
/ u(x) DY (x) dz = (—1)l / v(x)p(x) de.
Q Q

In this case, we define D% u := v.

Proposition 6.2 (Uniqueness weak derivative and comparability with classical ones).
Let u € L, () and o € N2 be a multi-index.

a) If D% u exists, it is uniquely determined almost everywhere in €.
b) If u € CloN(Q), then D*u exists and is equal to the classical derivative.

Proof. a) Let v,w € L (Q) be o™ weak derivatives of u. Then we know for all
p € CX(Q):

Jw=we =17 [(@=uwp*y=o

Q

By Proposition 5.2 this implies v —w = 0 almost everywhere in €2, so v = w almost
everywhere in ).
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6 Sobolev spaces
b) If u € Clol then for all ¢ € C>°(Q2) it holds
/ u(x) DY (z) do = (—1) / D% u(x)p(x) dx
Q

Q

by integration by parts. Thus, the classical derivative satisfies the definition for
the weak derivative. By part a), the classical derivative and the weak derivative
coincide. [

Example. Having introduced the concept of weak derivatives we are now able to dif-
ferentiate functions like |x| in a weak sense. Since |z| is differentiable on R\ {0}, the
weak derivative has to coincide with sign(x) on R\ {0}. Since {0} is a null set, we can
extend it by an arbitrary value in 0, for example by 0 to obtain (|z|)" = sign(x). This
satisfies the condition for weak derivatives, since

[ sien@lpte)do = = [ o/ (a) da

for all ¢ € C(R).
Having seen weak derivatives we can define the so-called Sobolev spaces.
Definition 6.3. Let £ € IN and p € [1,00]. Then we define the Sobolev spaces
a) We set

WHP(Q) == {u € LP(Q): D*u exists and D*u € LP(Q) for all |a| < k}

and equip it with the norm

1

fullesy = (32 ID%ulluey )" for p € [1,50)

la|<k
respectively

[[ellymooo ) = ﬁl‘g D | (g -

For p = 2 we define H*(Q2) :== W*?(Q).
b) WEP(Q) = ¢ () W@ For p = 2 we define HE(2) == WE2(Q).
¢) WiP(Q) = Ny eg WH(V). For p = 2 we again denote:

loc

HE (Q) = WE2(Q).

loc

We say that (u,) € WP(9) converges to u € WEP(Q) if u,, — u in WFP(V) for
all Ve Q.

Remark 6.4.  a) As for LP-functions, functions in W*?((2) are equivalence classes. f €
WFHP(Q) continuous means that f has a continuous representative.
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b) We have u € WEP(Q) if and only if there exists a sequence (u,) C C°(£2) such
that u, — u in W*P(Q).

Theorem 6.5. Let k € N and p € [1,00]. Then (Wk’p(Q), H'Hwk,p(Q)> and
(WE(), lweoa) ) are

a) Banach spaces.

b) separable, if p < 0.

c) reflexive, if 1 < p < oo.

d) Hilbert spaces, if p = 2 with the scalar product

(U, V) () = Z (D% u, D% v)y2(q) -

la|<k

Proof.  a) We leave it to the reader to verify that W*?(Q) is a normed vector space for
every p € [1,00]. To show the completeness of W*?(Q) consider a Cauchy sequence
(tn)n in WPP(Q). Then for all |a| < k and for all n,m € IN we calculate

1
||Da Uy — Da umHLP(Q) S <Z HD'B Up — DB umHi”(Q)) p
18I<k

[ — UmHW’%P(Q) :

Hence, for all |o| < k, the sequence (D u,),en is a Cauchy sequence in LP(Q).
Since LP(Q) is complete, for all || < k there exists a function u, € LP(£2) such
that D* u,, — uq in LP(Q). Set u = u(,.. 0y € L(2). Then for all |a| < k and for
all ¢ € C°(§2) we obtain

/Qu(x) DYp(z)dzr = lim [ w,(z)D* p(x)dx

n—oo Q

= lim (—1)'0‘/QDo‘un(x)go(x) dz

n—oo

= (1) [ lim D", (2)(o) do

= () [ wafa)ple) de

Hence, D*u = u, € LP(Q) for all |a| < k. Thus, u € W*?(Q) and

1
= tlhgrogey = (3 D" 0 = talley) " =0

la|<k

for n — oo since D* u,, — u, in LP(Q2).
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6 Sobolev spaces

b),c),d) The idea is to identify the Sobolev space W*?(Q) as a closed subspace of some
space that behaves like LP(€2), since this space satisfies the claims b), ¢) and d).
Notice that, due to WE?(2) being a closed subspace of W*P(Q), the same argument
yields the claim for this space.

In order to execute this plan, consider the mapping W*?(Q) 5 u ~ (D U)|o<k €
LP(Q)Y, where N is the number of multiindices with length less or equal to k. This

mapping is continuous and hence W*?(Q) is a closed subspace of L?(Q)" for some
N € N. O

Proposition 6.6 (Product rule). Let p,q,r € [1,00] with 1/p+1/q=1/r, f € W"P(Q)
and g € WH(Q). Then fg € W' (Q) and 0;(fg) = 0,f - g+ f - 0;g.

Remark. As usual, iterating the product rule gives the usual Leibniz rule for higher
derivatives.

Proposition 6.7 (Chain rule). Let D C R? open and ® : D — Q a C-diffeomorphism
such that D® and D®~' are bounded functions.” If p € [1,00] and f € W"?(Q), then
fo®e W (D) and

Theorem 6.8 (Poincaré inequality). Let 2 be bounded, p € [1,00) and r = diam(f).
Then

HUHLP(Q) <r ||vu||LP(Q)
for all w € WyP(Q).

Proof. W.lo.g. let Q C [0,7]%. Let u € C*(Q) and @ its extension by 0 to R?. Then
@ € C*(R%) and for all z € it holds

u(r) = u(x)
1
=u(0,x9,...,2q) —I—/ ou(t, zy, ..., xq)dt.
;6 0
Thus,
x1 p
()P < (/ it o, - 74)] dt)
0

r p
< (/ 1-|ala<t,x2,...,xd>|dt)
0

'This assures 9;(f o ®) € W"?(D). The problem in this case is integrability, which can now be shown
via Holder’s inequality.
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By Holder’s inequality we obtain for the Hélder conjugate ¢ of p (i.e.

[(/ 1th> </ |81utx2,...,xd)]pdt>;

—ré’/ |0yt o, . . ., zq)|P dt.
0

IN

This implies

/ a(xz)|? dxlg/ ré’/ |0vii(t, 2, . .., 2g)|P dt day
0

This yields the desired estimate by integration over the whole cube, which, once again,
uses the fact that the support of @ is compactly contained in 2.

[ullr 0y :/ / (2| dzy ... dag
/ / / |81Utl’2,..,7[)§‘d)|p dtdl’gd[)’}d

r? H81u||Lp ([0,r]%)

I I/\

IA
<
S
<
£
h—
’E
’5
3

Finally, for all u € C2*(€2) we obtain
||u||LP(Q) <r: HVUHLP(Q)

For u € WyP(Q) take (u,) € C2°(Q) with u, — u in W"?(Q). Then

”UHLP(Q) 7}1_{20 Hun“LP(Q) = nh_{go”” ||vun||LP(Q) r HVUHLP(Q) 0
Remark 6.9. a) e There are no conditions on 0f2.

e The boundedness condition is not necessary in this shape. All the proof
required was the existence of one coordinate in which the domain is bounded.
Typical examples include strips, tubes,. ..

e In the case of = R% the theorem fails.

e It is not valid in W"?(Q), even for bounded Q. To see this, consider u = 1.
This implies W57 (€2) € WP(Q) for bounded €.
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6 Sobolev spaces

b) On W,P(Q), we can define a norm by lullwi» ) = IVull s This norm is
equivalent to

=

lullwroey = (Illpey + IVl @) )
N——

STHV“Hip(Q)

Example 6.10. Consider the form a: H3(Q) x H}(©2) — R defined by
a(u,v) = / VuVudz.
Q

Then we obtain the following;:

e It holds

cs
< |Vullpaq) - IVoll2)

la(u,v)| = ‘/ VuVu
0

1
2

1
2 2 2 2 2
< (lullfae + IVulta@) - (10l + 1V 0l 2
= ||u||H1(Q) : ||U||H1(Q)>
SO a 1s continuous.

e Rea(u,u) = [, |Vl dz = |Hu|H12{(1)(Q) > oy HUH?{%)(Q) , SO a is coercive.

In particular we can apply Lax-Milgram and obtain for every f € L*(2) a unique
u € Hy(Q) with a(u,v) = [, fvdz for all v € Hy(€2).

The above gives a weak solution for every bounded open set, no matter how abstruse
it is. Often these solutions will not be differentiable or even not continuous in a classical
sense. This will present itself to us as the problem of regularity.

Another issue is fulfillment of boundary conditions. In what sense does such a solution
actually attain the required boundary values? To tackle this issue, we will approximate
our Sobolev functions by smooth functions that allow us to talk about values on the
boundary and then pass to limits.
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7 Approximation of Sobolev functions

Working in Sobolev spaces and with weak derivatives can get quite difficult. Hence, we
would like to approximate Sobolev functions by some “nicer” functions, which makes the
proofs in the following chapters work. The usual tool we are trying to use is convolution
with mollifiers. As before, let Q2 C R be an open set. For a first result, we start with a
inner approximation i.e. an approximation if we stay away from the boundary 0f).

Theorem 7.1. Let k € N,1 < p < oo, u € WH(Q), @ € LP(RY) the extension of u by
zero and (1:)e=o be a mollifier. Furthermore, set Q. .= {x € Q: dist(x,00Q) > €}.

ne is a C* function and for all |a| < k it holds

a) For alle > 0 the function u. = U x*
= (D% ), for all x € Q..

that D* u.(z) = (n. * D) (:1:)_

b) u. — u ase — 0 in WHP(Q).

loc

Proof.  a) From integration theory we know that u. € C*°(R?) and D* u.(z) = (D n.*
@)(z) for all z € R For z € Q. and y € Q) consider ®,(y) = n.(z — y). Since
supp(®,) C B.(x) C Q, it holds @, € C(2). Hence,

D u, (z) = / D% 1. (z — y)u(y) dy

= () [ D e~ y)uty) dy
Q ——
:CIDI(y)
= / ne(z — y) D u(y) dy
Q
= (D" u).(x).
b) For V' &  there is g9 > 0 such that for 0 < € < gy it holds that V' C Q. C Q.
Hence, for all |a| < k, we find that
D%u.(z) = (D*u). — D%u
in LP(V'). This implies that
|u — ue|’€vk,p(v) = Z ID*u — (D* U)EHIEP(V) — 0 ase 0. L
lal<k

Remark. For u € WHP(Q) there exists a sequence (u,) € W*P(Q) N C>(Q) such that
u, — u in W*P(Q). We will prove this statement later in this chapter in the Meyers
and Serrin Theorem 7.3.

45



7 Approximation of Sobolev functions

Lemma 7.2 (Partition of unity). Let (U;);ew be a locally finite covering of 2, i.e.
o U; €2 forall j € IN.
o (1= Uje]N Uj.
e For all compact sets K C Q, the set {j € N: U; N K # 0} is finite.
Then there is a partition of unity, i.e. ¢; € C(?) for j € IN such that
o supp(y;) C U; forall j € IN;
o 0<p; <1 foralljeN;
e > Cipj=1inQ

Proof. 1°* step: There exist V; € U;, j € N, such that for all m € IN it holds

02)o(u)

We prove this claim by induction over m. The case m = 1 is trivial. For the
induction step suppose that the claim holds for some m € IN. Since U, is open,
we conclude that 90U, NU,, = () and by the induction hypothesis the collection

{1, s Vine1, Uns1, Upo, - . .} is an open covering of OU,,. By the compactness
of 0U,, there exists r > 0 with

Z, = {x € R*: dist(x,0U,,) <r} C (U VJ> U (U Uj> .

Set Vi, = Up \ Z_% Then V,, is open, V,, € €2 and

= (W)U - (U )= (9 7))

which finishes the induction and proves the claim.

2" step (Construction of ;) Choose Ej;, j € N, such that V; € E; € U, for all j € N
and set

£ = %min{dist(an, V;),dist(0F;,0U;)} > 0
and @; == (Xg;)e;- Then for all j € IN we obtain
o ¢; € C(Q) with supp(p;) € Uj,
e 0<¢; <1,
e 0 =1onV,,

46



° Zje]N@j > (0 in Q.

Now, set }
Y = - jeN
;i —, .
ZjelN ©j
Then
o p; € C(Q?) with supp(p;) C Uj
[ ] 0 S 90] S 1,
> ien Pi .
.Z]E]N(p]:ﬁzllng D

Using this partition of unity we can prove a theorem of Meyers and Serrin that states
that we can approximate Sobolev functions by C* functions.

Theorem 7.3 (Meyers and Serrin). Let k € N and 1 < p < co. Then C®(Q) N WHP(Q)
is dense in W*P(Q).

Proof. For j € IN set
1
U; = {x € Q: dist(z,00) > - and |z| < j}.
J

Then
o ()= U;)il Uj>
e For all j € IN it holds U_'J CUjs.

Hence, the sets defined by Vi = Us,V; = Ujq \ ﬁ for j > 2 form a locally finite
covering. Let ¢;, j € N, be the corresponding partition of unity.

Now, let Z; == Us, Z; = Uj5 \ U; for j > 2. Then V; € Z; € Q for all j € N. In
addition, let ¢ > 0 and v € W"P(Q). Our aim is to find v, € C=(Q) N W*?(Q) such that

[t = el k() < e
For all 7 € IN we have
o pjue W (Q),
e supp(p;u) S V.
Let (7e)e>0 be a mollifier and for all j € IN let ¢; > 0 such that
o uj =, *x (pju) € CZ(Z;).

~—

an * (iju) - onuHWk,p(Q) = ||77€j * ((pju) - SpjuHWk,p(Zj) < 2% (*

Now v, == ). u; satisfies

jEN
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7 Approximation of Sobolev functions

o v. € C®(Q).

e For all V & 2 it holds

Zuj—Zgoju

jEN JEN

|ve — UHwkvP(v) =

WhP(V)

< Z “uj - iju”wk,p(v)
jeN

< Z luy — iju”wkap(zj)
JeEN

(*<) €

<23
JeEN

= E.

With this, we obtain by the monotone convergence theorem

3=

lo- = ullgrniey = | 3 / D*(v. — u)f? de

Il
5
i\
g
Q
4
™
|
S
=
o
=

la|<k Ui
= lim [ve = ullwro,) < e —~

Definition 7.4. Let  C R? be a domain. We say that ) satisfies the segment condition
if for all z € OS2 there exists a neighbourhood U, C R? of x and y, € R?\ {0} such that
for all z € QN U, and for all ¢ € (0,1) it holds z + ty, € Q.

Remark. The segment condition may look a little cryptic. What we try to avoid is that
(2 is located on both sides of the boundary, like in the example given in Figure 7.1.

Figure 7.1: €2 does not fulfill the segment condition

We will give the next theorem without proof.
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Theorem 7.5. Let Q C R? be a domain satisfying the segment condition. Furthermore,
let k€ N and 1 < p < oo. Then the set

{¢la: ¢ € C(RY)}
is dense in W*P(Q).

Corollary 7.6. For all k € N and all 1 < p < oo, the space C°(R?) is dense in
WRP(RY) and we have WEP(R?) = WEP(RY).

Proof. This is an immediate consequence of Theorem 7.5. O
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8 Extensions and Traces

Let Q C R? be a bounded domain and u € W*?(2). The first aim of this chapter is
to find an extension @ € W*?(IR%) such that @ = u on . We will see that this is only
possible if the boundary 0 is nice enough.

Definition 8.1. Let m € IN;,. We say that €2 is of class C™, if for all xy € 092 (upon

relabeling and reorienting coordinate axes), there exists an open neighbourhood U of

7o, an open set O C R*! and a € C™(O, R) such that (with y = (y1,...,v4) = (v, v4))

NVNU ={(v,a(y)):y €Oand QNU ={y € U: y € O and y; > a(y')}.

Notation. We denote 02 € C™ if 9€) is of class C™.

Remark 8.2. a) For Q bounded we only need finitely many (U,O,a) to achieve a
covering of 0f2.

b) If 0N is of class C™ for m > 1, then Q satisfies the segment condition'. We will
use this later when proving the trace theorem.

¢) Choosing U and O properly we can always have that there are §, 5 > 0 such that
O={y eR"": |y <6},
U={y R |ys—a(y)| < B,y € O} and
QNU = {y e R": (aly) <wa < aly’) + B,y € O}.

Notation 8.3. We denote

R? = {z € R*: 24 > 0}, Q, =QNRY,
R% = {r € R?: 24 < 0}, Q- =QNR?,
R = {x € R*: 4 = 0}, Qo = QNRE.

Reminder. A function ¢: U — V' is called C™-diffeomorphism if ¢ is bijective, ¢ €
C™(U,RY), o=t € C™(V,R%) and det(D ¢) # 0 in U.

Lemma 8.4. Let Q be bounded, m € N, 00 € C™ and xy € 0Q with (U,O,a) as in
Definition 8.1. Consider ¢(z) = (2',xq4 — a(2')) for v = (2/,24) € U and Y(y) =
(¥, ya +aly) fory € V= ¢(U). Then

o ¢ € C™(U,RY) and v € C™(V,R%) are both injective.

n fact, every regularity for 9Q which guarantees the existence of a normal vector is sufficient here.
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8 Extensions and Traces

o ¢l =1
e det(D¢) = det(Dv) = 1.
o o: U —V is a C™-diffeomorphism.
e 0(2NU) =V, and p(OQNTU) = V.
Proof. The proof is straightforward. m

Proposition 8.5. Let Q,V C R? be bounded domains, m € N, 1 < p < oo and
¢: V. — Q be a C"-diffeomorphism. Then

Ty: WTP(Q) = WTP(V), (Tyu)(y) = (uo ¢)(y)

s linear, bijective with T¢>_1 = Ty and both Ty and T¢>_1 are bounded, i.e. there are
1,9 > 0 such that for all w € W™P(Q) and for all v e W™P(V') it holds

||T¢u||wm,p(v) < ||U||Wm,p(Q) )

HT¢71UHWm,p(Q) < ¢ HUHWY’W(V) :

In the following proof and in general from now on we will freely use the concept of
“generic constants”, i.e. the letter “C” stands for a finite, non-negative value that may
change from occurrence to occurrence but is always independent from any object that
is all-quantified in the respective situation.

Proof. We only prove the case m = 1, the rest follows by induction.
T,, Ty~ ! linear: is clear.

T, bounded: Let u € W"*(Q) N C>(Q). Then

1Tl t/ﬂmmdw—/ﬁu DI de

o(x) _

4 [ lu)l” - |det(D o) ()] dy
gCAW@P@
= CHUHZL)}’(Q)'

Since

d d
0;Tyu = (uo @) = Z (Oguo @) - 0 = ZTab(ak“) + 0Pk,
k=1 k=1
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we obtain

IS8

105 T/l

Z (Oku) - 00y,

k=1

LP(V)

d
Z 1T (Oru) - J'QkaLP(V)
k=1

< 19,9l Z 1T Oku)llLo vy -

k=1

As before we conclude

d
<O l0wullpy
k=1

Putting everything together yields

d
1 Tsulliyrnery = 1Toulltrr) + Z 105 TulLo v

V4
< C lullfy +0<Z 10kl oy )

and by the equivalence of norms in R? we can further estimate by

d p
<C (IIUIIip(g) +> ||8kUII€p(m>

k=1

= C oo

The same holds for T-1, as it is the same sort of composition with a diffeomor-
phism. For general u € W'?(€) the assertion follows by a density argument and
Theorem 7.3.

Inverse Furthermore, for all u € W'?(Q2) and for all v € W"(V):

T¢71T¢u = T¢—1(U e} ¢) =Uuo gb (e} ¢_1 =
and analogously TyTy-1v = v. [

Theorem 8.6 (Sobolev extension theorem). Let m € IN, 1 < p < oo, Q bounded with
00 € C™ and = C R? be a domain with Q € =. Then there exists a linear operator
E: TP(Q) — LP(RY) with the following properties:

o For all u € LP(QY) it holds, that Eu = u in §.
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8 Extensions and Traces

Un

Pn

g
A
P

Pn (O (

&
g
~—

\ 6.

O ()

Figure 8.1: Flattening the boundary

o £: WFP(Q) — WHP(RY) for all 1 < k < m.

o Forallk €{0,1,...,m} and for all u € W*P(Q) it holds
[Ewywrrgay < C llullywrr gy -

e For allu e 1P(Q): supp(Fu) C =.

Remark.  a) The assumption 092 € C™ can be weakened, i.e. a Lipschitz boundary is
sufficient.

b) A characterisation for boundaries 99 such that a function u € W*?(Q) has an
extension operator is still unknown.

Before starting the proof, we give a brief idea of our strategy: We consider a covering
(U,) of Q with a corresponding partition of unity and start with the special case that u
is smooth and the geometry of U, is flat (i.e. looks like the third picture in Figure 8.1).
In this case, we can extend our function by zero to the upper half plane and then do a
reflection to the lower half plane. For the general case, we transform U, to the special
case with flat boundary, use the extension there and transform back. This is illustrated
in Figure 8.1. As a final step, we use our density results of the previous chapter to obtain
an extension for u € W*?(Q).

Proof. 1°* step (The flat situation): We assume smooth u and flat geometry, i.e. for
zo € 02 and some r > 0 and B = B, () it holds that

QNB =B, and 002N B = By
Let u € C™(B4 U By) and supp(u) C By(z), for some s < r. This means u = 0

near 0B N R4, so extend by zero to ]R_i.2 Now, we want to extend from ]R_i to R¢
by a higher order reflection:

2This extension will again be denoted by w, as per the much loved abuse of notation.
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The system of linear equations

m—41

> (=i)k =1, k=0,1,...,m

j=1
has a unique solution (the determinant is of Vandermonde type).
Using these Ay, ..., A\p11, we define

u(z), xg >0,

E = mtl
u(e) > Au(a, —jzg), x4 <0,
=1

and for o € N? with 1 < |a| <m

3 u(z), x4 >0,
Ea = mtl . .
u() Yo (=) Nu(a’, —jxq), x4 <O.
i=1

Then for x4 # 0, D* Fu = E, D%u and the same equation holds for z, = 0:

lim D*(Eu)(2', 24) = lim E.(D%u)(2', z
iy D (Bu) (s 2a) = Ty B ),
m+41
= lim —7)%N\; DY u(a’, —jx
“/0;:1( 7)%x; D*u(a’, —jza)

“ﬁff%eﬁ%M)Uwuun

j=1

© pa u(2’,0)

= lim D* u(2’
Jim D% u(2’, z4)

N E oI /
= IIJ%D Eu(z', xq).

Finally, for all || < m we obtain with the substitution z = (2/, —jz)

m+1
|D7 Bu < ID o) + || D)% D u(z)
LP(R4) + = Lo ()
m+1
s@+§y%wuﬂmwwmw)
i~
< <1 + ZjadH P‘j’) D% ullpp (s, ) -
j=1
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8 Extensions and Traces

All in all, so far we have proven that Eu € C"(R%), the support of Eu is indeed
contained in B and

“Eu\\wk,p(ﬂd) < Cllullygrns.

forall k=0,1,...,m.

214 step (Patching together 99)): Since 90 € C™ is compact, there exist x, € 09,
ne{l,...,N}, U, = B,, (z,) and a, € C"(R%!) such that for an appropriate
change of coordinate system described by a C*-diffeomorphism 6,, the following
identities hold:

QNU,={x € U,: 0,(x)g > a,(0,(x))}
NU, ={x€Uy,: 0,(2)g = a,(0n(x)")}.

Consider again as in Lemma 8.4

oY) = (V' ya — an(y')), y € 0,(Uy)
O () =W vatan(y)), v € on(0n(Un)) = V.

N
and choose Uy € €2, such that Q C |J U,.

n=0

Then Uy, Uy, ...,Uy is a locally finite cover of €.
Let ¢, € C*(U,) for n =0,1,..., N be a corresponding partition of unity.

3'! step (Localizing smooth u): Let u € C™(Q) and n € {1,...,N}. Then p,u €
C™(U, N Q) with supp(¢,u) € U,.

Thus, v, =Ty, 1Ty, -1 (pru) = (pau)ob, top, t € C™(V, ;) with supp(v,) € V,
and supp(v,) € Viy U Voo,

Now, we can apply the 1°* step to v,, which yields Ev, € C™(R4Y) N WHP(R?) for
k=1,...,m and supp(Ev,) C V.

Set u,, = Ty, Ty, (Fv,) € WEP(R?). Then in QN U, it holds

Up = Tp, T, (E Ty, 1Ty, -1 (0nw)) = Ty, Ty, T, 1Ty, 1 (0ntt) = ppu.

inVp o+

Thus, Proposition 8.5 and the results of the first step imply

||unHwk,p(Rd) S C HEN‘Td)nfngnfl (QOHU)H

S O ||T¢n71T9n71 (gpnu)

Wk'p(]Rd)

||Wk’p(Vn,+)
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<C “QSHUHWIW(SMU”)

<C ||u||W’“vP(QﬂUn) :

4" step (Definition of £): Let ¢ € C°(R?) with supp(¢) € = and ¢ = 1 in Q. For
u e C™(Q) set

where 1y = g - u. We have

e Fu € W"(R?) and supp(Eu) C =.

N
o IBulygroma < C | E0l tn

WkP(R4) < ¢ HuHWkP(Q)

e In Q it holds Fu = - Zq]lj:() Uy = Zflv:o Opll = U.

5% step (Extension to u € W"?((2)): The mapping
E: (C™S), Il wray) = WEP(R)

is linear and bounded and C™(Q) is dense in W*?(Q2), so E has a unique linear
bounded extension to £: W*?(Q) — WP (R?). O

The following theorem answers the question how to assign boundary values to a
Sobolev function.

Theorem 8.7 (Trace Theorem). Let 1 < p < oo, let Q be bounded with boundary of
class O € C! and equip OQ) with the surface measure. Then there exists a linear and

bounded operator
Tr: W'P(Q) — LP(09)

such that Tr(u) = ulgq for all u € WHP(Q) N C(Q). This operator is called the trace
operator.

Proof. We only give a sketch of the proof.

15" step: The first step is to deal with the situation of a flat boundary, as we did in the
proof of Theorem 8.6. Let xy € 9 and B = B,(z9) C R? with QN B = B, and
90N B = By. In addition, let v € C'(By U By) with suppu C By(xg), for some
s € (0,7). Then for B' := {2’ € R': (2/,0) € By} it holds

/ WP dS = [ Ju(, o) da.
o0ONB B’
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8 Extensions and Traces

For o’ € B’ let y(z') > 0 such that (2/,y(2")) € 0B. This yields
y(@) P
< / / 1-|0qu(z’,t)| dt | da’
' \Jo

and using Holder’s inequality, we get

p

y(z')
— / Oqu(x’, t) dt + u(z',y(2")) | da’
° =0

2
P

@) O\ [ )
< / / 17 dt / a1 dt | do’
/ 0 0

» [y
_ / y(2')¥ / Oqu(a’, )| dt da’
ALY 4 0

<r

7“;’/ |Oqu(x) | da
By

IN

2"d step: In the second step, we do a localisation. For u € C'(Q2) we consider the

functions ¢,u. Then T}, -1(p,u) satisfies the assumptions of the first step and
putting all the emerging Gram’s determinants into a constant, yields

/ lonul’ dS < C/ }T¢;1(<pnu)(m',0)|p da’.
ONU, By
By step 1 we obtain

< C|Ts, -1 (pnu)
< Cllullyn

By) S ¢ ||90nu||€v1,p(gm(]n)

||W1p
@)

This leads to the estimate

Z P

N

< Z lentllis@ane,) < Cllullwisg)
LP(09) n=1

[ellr o0

3'd step: Since Tr: (Cl( )o |l lwre Q)> — LP(09) is a bounded linear operator and
C1(Q) is dense in W"?(Q) with respect to the [[[lw1.» (y-norm by Theorem 7.5, Tr

extends to a bounded linear operator on W' ((2). O
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Remark. In fact for u € W' () one even gets that Tr(u) € Wk%’p(aQ), whatever that
is. This means that, as a rule of thumb, considering the boundary values of a function,
one loses }D of smoothness.

Corollary 8.8. Let k € IN, Q be bounded with 0 € C¥;1 < p < 0o and u € WHP(Q).
Then
we WiP(Q) < Tr(D%u) =0 for all |o < k—1.

In particular, Wé’p(Q) ={u e lep(Q): Tr(u) = 0}.

Proof. We only show the implication from left to right. The second one is provable, but
it is a little tricky and we want to save time.

For k = 1 we consider u € WyP(2). Then there exists a sequence (u,), C C() such
that u, — u in W"?(Q). Hence, for all n € IN it holds Tr(u,) = 0 and

||Tr(u)||LP(6Q) = [|Tr(u) - Tr(un)”LP(aQ) = [|Tr(u — un)”LP(aQ) < Cllu— Un”wl»P(Q) — 0

as n — o0o. Therefore, ||Tr(u)||;» =0, so Tr(u) = 0 almost everywhere on 0f2.
LP(0Q)

For general k, let u € WiP(Q) and set (u,) € C°(Q) such that u, — u in W*P(Q).
Let |a| <k —1.

Then D*u,, — D*u in WHP(2). Since derivatives of C°-functions are again C°, this
C (¢}

yields that D*u € W?(Q).

Employing the case of k = 1 now yields that Tr(D*u) = 0 a.e. on 0S. O
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9 The Rellich Theorem

For the regularity of the solutions we get via the Lax-Milgram Lemma we only know
that they are in H'. Often this is not satisfactory, for instance if the geometric setup
is smooth, we would expect classical solutions. Hence, if we have a weak solution, we
want to show additional regularity of the solution such that the weak solution is in fact
continuous or even a classical solution. In the context of Sobolev spaces, this can be
achieved via embeddings.

Definition 9.1. Let XY be Banach spaces with X C Y.

a) X is continuously embedded into Y, denoted as X — Y if there exists some C' > 0
with [Ju|ly < Cully for all u € X.

b) A set F C Y is called precompact in Y if every sequence (f,), C F has a (in Y)
convergent subsequence.

¢) X is compactly embedded into Y, denoted as X < Y if X is continuously em-
bedded into Y and all bounded F C X are precompact in Y.

Notation. Let D C R? be measurable and 1 < p < co. For f € LP(D) we denote
e its extension to the whole space by zero by f € LP(RY).

e for some h € R? the translation by h with (7,f)(z) = f(z 4+ h), = € R%

Our aim is to show that Wy”(Omega) is compactly embedded into LP(Q) and that
the same is true for W'?(Omega) if the boundary of Q is of class C'. In order to do
this, we will need the following campctness criterion for LP-spaces that we state without
proof. It is in the spirit of the Arzela-Ascoli Theorem and it can indeed be proved with
the help of this result.

Proposition 9.2 (Kolmogorov-Riesz-Fréchet). Let Q C R? be bounded and measurable
and 1 < p < oco. Then F C LP(Q) is precompact if and only if

) —0.
LP(Q)

a) F is bounded and

b) limy o (Supfe]-' HThf —f
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9 The Rellich Theorem

Theorem 9.3 (Rellich’s theorem). Let  C RY be a bounded domain and 1 < p < co.
Then

a) WiP(Q) < LP(Q).

b) If 0Q € C', then WP (Q) < LP(Q).

Proof. Let ¢ € C*(R?) and h € R%. Then for all x € R? we have
Thp(z) — @(x)]| = ez + h) — p(z)]

/01 %[gp(erth)] dt'

1
/ Vo(z +th) - hdt‘
0
1
< / V(x4 th)| - |h] dt
0
which implies

“7h§0 @Hiﬂ Q) — ’7h90 @’p da
()
Q
1

S/QUO 1. [Vl +th)| - A dt)pdx
< |h|P/Q [(/Ollp/dt)pl,-(/01|Vg0(x+th)|p dt>;]pdx

1
§|h|p// V(e + th) dt de
QJO
1
:\h|p// \V(x + th)|” dedt
0 R4
1
i [ [ 19w dya
0 R4

_ / Vo)l dy
]Rd
< B IV -

(b) Let u € W'"?(2). Our goal is to use the Kolmogorov-Riesz-Fréchet compactness
criterion. Hence we want to show that 9.2(b) holds for all bounded F C W'?((Q).

The Extension Theorem 8.6 and the fact that Wi*(R?) = WP(R%) imply: For
u € WH(Q) there is a sequence (¢,), C C°(R?) with ¢, — E(u) in W"?(R9).
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Thus, by the continuity of the translation we obtain

l7nts = ll gy = i [T — @alliagey

IN

Tim [A] - [[VeonllLoga)
R - IV EW)lppga)
< Al - [1E(w) lwr ggay

< Clhl - ullwie) -

If F C W'?(Q) is bounded, then
e F is also bounded in LP(Q),

e for all u € F by the above it holds

s — 1l ooy < C - |B- M =30
|| HL(Q) 5

where M = sup,e 7 ||t w1ir (o) -
Hence, part b) in Proposition 9.2 is fulfilled and F is precompact in L”(2).

a) To prove the first assertion we just repeat the same proof but without the need of
J
the Extension Theorem. O]

As a corollary, we can prove an analogon to the Poincaré inequality (cf. Theorem 6.8)
for another subspace of W"*(Q). Again we somehow have to avoid the constant func-
tions.

Corollary 9.4 (Poincaré-Friedrichs inequality). Let Q C R¢ be a bounded domain with
00 € Ct and 1 < p < oo. Then there exists some C > 0 such that for all u € W'P((Q)

it holds )
/\u|pdx§C’~(/|Vu|pdx+/udx).
Q Q Q

Remark. The Poincaré-Friedrichs inequality is especially powerful for v € W?(Q) with
fQ u = 0. In this case, the result is the Poincaré inequality.

Proof. Assume for a contradiction that the inequality is false. Then there exists a
sequence of functions u, € W"*(Q) such that
p
/ U, dz )
Q

/|un|p de >n- (/ |Vu,|’ dz +
" 0
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9 The Rellich Theorem

Un

and ||upllypo) =1 for all n € N (if not use Tanls instead). This implies
/ |Vu, " dz +
Q
1

/undx
Q
50 [|unllwrirq) = <||unH€p(Q) + ||VUn||Z£,P(Q)>p < (1+3)r < 27 for all n € N. Hence,

by Theorem 9.3, there exists a subsequence u,, such that u,, — wu in LP(2) and a
subsubsequence u,, which converges almost everywhere to some u € L”((2). Therefore
it holds

P
< — for all n € NN,
n

o lullirq) =l [ftn, [lu(g) = 1

/udx
Q

e Since

= lim
l—o00

1\»
/unkl dz| < lim (—) =0,
Q =00 nkl
/ udx = 0.
Q

o [V, |l1p@) < (n—lk); — 0 for k — o0. Let ¢ € C°(§2). Then it holds

/Quﬁjwda: = JLTO/(ZUnkajwd$ = _]}L%O/Qajunksﬁdx-

we obtain

-

Since

Holder koo
/Qajunkcpdx S/Q|3yunk¢| dz < HvunkHLP(Q) ||90||LP’(Q) — 07

we obtain —limg_,e [, jtn,pdz = 0 = [,0- pdz, so u is weakly differentiable
and the weak gradient Vu equals 0. Thus, u is constant.

The properties fQudx = 0 and u constant together imply that v = 0 and this is a
contradiction to [|ul[;pq) = 1. O

Corollary 9.5. Let Q C R? be a bounded domain, 9 € C',1 < p < oo and

L2(Q) = {u € 17(Q): /Qudx _ 0} |

Then on WHP(Q) N LE(Q) the map luly, = [IVullpqy is a norm on WP(Q) N LE(Q)
that is equivalent to ||-||y1.r(q)-

Remark. In the literature, also Corollary 9.5 is often referred to as the Poincaré-Friedrich
inequality.
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Proof. For all u € WHP(Q) N LE(Q) it holds

July, = VUl
< Jlullwreg)

= (el + [V ullfs)

3=

=

Cor.9.4 » p »

S e IVullg + /Qudx IVl
=0

=C HVUHLP(Q)

=Cul,, -
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10 Weak solutions to elliptic boundary
value problems

Let 2 C R? be a domain.
Definition 10.1. Let A € L™(Q, R%9),b,c € L®(Q2,R?) and e € L*(). Then

a) we call

d

Lu = — Z 0; [ak0ku] (z) — Z 0;(bju) + Z ckOpu + eu

k=1 j=1 k=1
= —div(A - Vu) —div(bu) + ¢- Vu + eu

differential operator of 2" order in divergence form.

b) L is called uniformly strongly elliptic, if there exists o > 0 such that for almost
all z € Q and for all £ € R? it holds

d
(A@)€.€) = D an&ige > an €.

jk=1

This is called Ellipticity condition.

¢) We can generalise the definition of uniform strong ellipticity to the complex valued
case, i.e. A € L>®°(Q, C¥?) and b, c € L>(Q, C%). Here we have to require that for
all £ € C? it holds

d
Re ((A(7)¢,§)) = Re <Z ajkﬁjf_k) > ap €)%

Remark 10.2. a) On H'(Q) x H'(Q), the operator L corresponds to a sesquilinear
form. Formally, this means

/Luz_}dx:/—div(A-Vu)~17dm—/div(bu)-17dx+/c-Vu~17d$+/eu17d:c
Q Q Q 0 Q

:/<AVu,Vv> dx—i—/(bu,Vv) dx+/c-Vu-T)dx+/eu@dx
Q Q Q Q

= a(u,v).
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10 Weak solutions to elliptic boundary value problems

This is a well-defined sequilinear form on H*(Q) x H'(€2).

b) If A,b € C!, then L can be rewritten as differential operator of 2"¢ order in non-
divergence form (see Definition 4.10). The advantage of the non-divergence form
is that the maximum principle 4.12 holds, whereas the advantage of the divergence
form is that we can use the form methods from Chapter 5.

c¢) In the real case, we can look at the symmetrised version of A by forming %(A(a:) +
AT(z)). This is uniformly positive definite almost everywhere in €.

Remark. We give a motivation why this approach is important. All around us, we
see examples where we cannot suppose the coefficient functions to be continuous. For
example, consider a table like in room 234 in the Mathebau. It consists of a wooden plate
but metal legs. Wood and metal have in general quite different heat conductivities, so
the heat conductivity function is not continuous but has a jump at the interface. Thus,
in non-divergence form we cannot even write down the heat equation for such a table.

In Definition 10.1, we do not require the coefficient functions to be continuous any-
more, SO we can apply it to problems like this.

Definition 10.3. a) For K = R we define
H Q) == (Hy(Q)) = {F: Hj(Q) — R linear and bounded}
together with the norm ||F||y-1 oy = sup{|F(v)| : v € Hy(9), 0]l = 1}-
b) For K = C we define
H(Q) == {F: H}(Q) — C| F is antilinear and bounded},
where antilinear means that a function F' satisfies
F(Ou+ ) = AF(u) + iF (v)

for all A\, up € C and all u,v € H(l). As norm we choose the same norm as in the first
part.

Example 10.4. a) L*(Q) — H *(Q) : Let f € L*(Q2). Then for all v € H}(Q),

F(v) = Ff(v) = /Qfﬂd:c

is a bounded (anti-)linear functional. Indeed by the Cauchy-Schwarz inequality

< HfHLQ(Q) : HUHLQ(Q) < HfHL?(Q) ) HUHHI(Q)

F()| = '/Qf-@dx

which implies || F|[g-1q) < [[flp2q)-

68



b) Let f € L*(Q2). Then 0;f defined by
0:1)(v) = — / fOvde, e HAQ)

is in H™*(Q). This is the so-called “distributional derivative” of f. Note that in
general, 0;f is not a function, we will come back to this in Chapter 15. Indeed,

0,f(v) = ‘— | s

< 1 flle2o) 1950l < Iflliz) - 101l o)

which implies [|0; f -1 < | flli2() -

Notation. For F € H™'(Q) and v € H}(Q) it is common to write (F,v) instead of F(v).
In general, this is not really a scalar product, but it behaves like one in most senses. To
stress that it is not a scalar product, one can also write (F,v)-1 HL-

Definition 10.5 (Weak formulation of the Dirichlet problem). Let 2 be a bounded
domain, d > 2, L a uniformly strongly elliptic differential operator in divergence form,
a the corresponding sesquilinear form and F' € H™(€Q).

a) u € Hy(f) is called a weak solution to the Dirichlet problem for L

Lu =FinQ
u =0 on 0f)

if u solves a(u,v) = F(v) for all v € H}(Q).

b) Let » € H'(Q). Then v € H'(Q) is called weak solution to the inhomogeneous
Dirichlet problem for L
{Lu =FinQ

u = @ on 0f)
if u— € Hy(Q) and a(u — ¢, v) = F(v) — a(p,v) is fulfilled for all v € Hj(Q).

Remark 10.6. The boundary values u = 0 are understood in the trace sense and are
incorporated into the space of test functions Hg(€2).

Theorem 10.7 (Garding’s inequality). With the notation from above there exists
1 2
30 i= o (1Bl + lelhomiy) + IRele)-lhmga) 2 0,
such that for all u € H*(Q) it holds
2 Qo | 12
Re(a(u, ) + o lullfa0) > 5 ol

where as before |ul, 5 = ||Vul|;2 (-

69



10 Weak solutions to elliptic boundary value problems

Proof. Let u € H'(Q). We will try to estimate the real part of the sesquilinear form:

e We obtain

Re (/Q <AVu,Vu)) :/Q(<AVU,VU>)dx

Elliptici

ty,
> / a |Vul® dz = ag |uﬁ2
Q

e Now, we rather crudely estimate the real part against the absolute value and use
Young’s inequality to make the first order term arbitrarily small. This is a common
trick to absorb the first order term into the second order term. We obtain

Re {/u(b,Vu) dx+/c-Vu-uda:+/euudx]

0 0 0
/u(b,Vu) d:c+/c-Vu-udx +/[Re(e)]\u|2 dx
0 Q

Q

2_

1
> = (0l = Nullz e [[Vallpz + llellpe lfullpz [Vl
9

— l|(Re(e))- [l [full;

Young 52
E (ol + el (S 1o

1
et sl ) = NEele)- ol
Altogether, this yields
2 e 1 2
Re(a(u, u)) Zao [ulyy = ([Blloc + llelloo) { 5 luliz + 5 llulles
— (Re(e)) -l - [lull?
52 2
= (@0 = S ([bllee + lleflee) | uliy

— | C100) + el + Re(e))- |l

a
Choosing &2 := 0 we can estimate this further by

bl + llellpe

Qo | 12 2
Z? |U’1,2 — Ao [lullg: - [

Remark. Compared to the amount of work one has to put in to develop a theory of
classical solutions, the involved calculations have been comparatively simple. Basically,
the nice property of coercivity for the high-order terms allows us to deal with the noise
invoked by the terms of orders one and zero.

Notice that we have completely dropped the assumptions on the border of 2: The set
could be the Koch snowflake for all we care.
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2
Corollary 10.8. a) Forall\ > )y == 5+ <||b||Loo(Q) + ||c||LOO(Q)> +[[Re(e) -y 0) =

2a0
0 the sesquilinear form ax(u,v) = a(u,v) + A (u, v);2q) is coercive and continuous

in H5(Q).
b) If b=c =0 and Re(e) > 0, then a is itself coercive.
Proof. a): For all u,v € Hj(Q2) we have that

lax(u,v)| < +

/Q (AVu, Vo) da /Q w (b, Vo) da

/C-Vu-vda: /euvdx /uvdx
Q Q Q

< | Al [Vl [Vollie + 10l e flulli 1Vl
F el IVulliz [vlle + llellp llullee ol + A Tullee vl
< C-lully 0]l -

+ + + ||

Hence, the form ay is continuous. Moreover, for all u € Hj(2) and for all A > A
we have

Re(ay(u,u)) = Re(a(u,u)) + ARe(u, u)
G5,r>ding %
- 2
Qo | 12 Qo 2 Qo 2
> o |U|1,2 -1 [Vullg: + o [Vullte

Poincaré

[ulip = Ao llullg> + Al

%) 2 Qo 2
> IVl + O Jlulls

> Clullz: -
b): is clear. O
We can now use Corollary 10.8 and the Lax-Milgram lemma 5.4 to prove the following

result:

Theorem 10.9 (Existence of weak solutions to inhomogeneous problem). Imposing the
above assumptions on domain, coefficients, ..., we have that for all f € H™(Q), for all
o € HY(Q) and for all X € {; € C: Re(u) > \o} the inhomogeneous Dirichlet problem

{Lu+ Au = fin Q2 (IDP)

u = on Jf2
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10 Weak solutions to elliptic boundary value problems

has a unique weak solution in H'(Q). Furthermore, the solution depends continuously
on the data, i.e. there exists C' > 0 independent of u, f, o, A such that

[ullgr < CUF -+ T+ [AD T ll)-

Proof. The weak formulation of (IDP) is

ak(u - ¥ U) = aJ(u -, U) + A(u - 9070) = <f7 U> - CL((,OJ)) - >‘<907/UZ

T )

for all v € H{(2). We can interpret the right hand side as the application of some linear
form F' to v. Since

(70| < Ul 0l + € el ol + 1A e ol
< O (I s + Nellgs + AT llge) ol

this linear form is continuous with

17],.o. < 1l + Clilan + 71 e

Let A € C with Re(A) > A\g. Then by Corollary 10.8

Relax(u,u)] = Re(a(u,u) + Ao(u, u)) + Re((A — Ao)(u, u))
o o
> €2 g+ (Re A= do) [l = O fulf
—_——

>0

i.e. ay is continuous and coercive in H(€2). The Lax-Milgram Theorem now gives the
claim with )
e =l <C|F]| -

This yields
Jllir < e = ellgn + Il
<c||f| , + llellp

S C (Sl + Clielar + A HIelle) + el
< C (I fllgr + E+[AD e ll) - O

Remark. If b = ¢ = 0 and e > 0, we can choose \g = 0 to solve the inhomogeneous
Dirichlet problem.

Now, we focus on the homogeneous case. For f € H'(Q) and A € C consider

(DP,)

Lyu=Lu+Xu = finQ
u =0 on JN.
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By Theorem 10.9 for all A € C with Re(\) > )¢ there is a unique weak solution
u € Hy(2) for all f € H1(Q).
Proposition 10.10. Let
L [HNe) S H©)
A f —u

be the solution operator for (DP,). For Re(\) > \o, the operator L)' is linear and
continuous and its restriction L;llHé(Q) s compact.

Proof. Linearity: Let f,g € H '(Q) and a, 8 € C. We want to show that oL, f+BL"g
is a solution to (DP)) with right hand side af + 3g. For all v € Hy(£2) we obtain

a)\(aL)_\lf + ﬁL;\lg,v) = oza,\(L)_\lf, v) + Bax(Lglg, v)
= a(f,v) + B{g,v) = (af + Bg,v)

which shows that aL;'f + Ly 'g is the weak solution to (DP,) with right-hand
side af + Bg. Uniqueness yields oL, f + 8Ly g = Ly (af + Bg).

Continuity: We have

1 Thm. 10.9
1L f i = Nl < C 1 Fllgs -

Compactness: Fix a ball B C R? with Q € B. Then

tend b, Rellic estrlc i clusion Lt
B S HEB] S LB L@ S Q) 2 Hy(©@),
S0 L;1|H(1)(Q) is compact. O
Theorem 10.11 (Existence Theorem for weak solutions, homogeneous case, extended
version). There is (at most) a sequence (M) C {p € C : Re(p) < Ao} with limg o0 [Ae| —

oo such that for all A € C\ {\: k € N} and for all f € H'(Q), (DPy) has a unique
weak solution u € Hy(Q) and Ly*: H1(Q) — Hy(Y) is linear and continuous.

Proof. By Proposition 10.10, the operator L/(Ol: Hy () — H(Q) is compact. From
functional analysis we know that the eigenvalues of a compact operator form a (null-
)sequence py, € C\ {0} of eigenvalues of finite multiplicity and with finite-dimensional
eigenspaces of L;OI and (u) can only accumulate at 0.

The formal idea is the following: Rewrite Ly = (L + ) ! to obtain for A # )¢ that

= u+(A— A@L u= la f
1

> Y

- 1
)\—)\QU+LAOUZ LAof'
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10 Weak solutions to elliptic boundary value problems

In essence, we have succesfully reduced our problem of solving a PDE to an eigenvalue
problem for a bounded linear operator. Hence,

u = L o Lt
A=A ) A=A
1

whenever To—x 18 not one of the py.

Now we want to justify these formal calculations. For all g,h € H}(€), since L;\O1 is
the solution operator, we have

a)\o (L;()lga h) = <97 h> - (97 h) (*)

Thus, v is a weak solution of (DPy) with right-hand side f € H™*(Q) if and only if for
all v € Hj(Q) it holds that

(f,v)y = ax(u,v) = a(u,v) + A(u, v)
= ay, (u,v) + (A — Xo)(u, v)

®) ax, (U, v) + (A — Xg)ay, (L/(Olu, v)

= ay, (u+ (A= X)Ly u,v)
which is the case if and only if onlf =u+(A— )\O)L)_\Olu, since the form a,, is coercive.
Dividing by (A — \g) yields the final formula

1
A—Xo

_ 1 _
L)\Olf = )\_—/\O’U, + L/\Olu.

We wrap the proof up by using this formula: For k£ € IN set A\, == A\g — “ik Let
A€ C\{\: ke N}. Then >\+>\0 # i since
1 1 1

Ao — A i M

So Ly — v is invertible on Hy(€2) and we have that

Ao—A
1\
= (L} - Lt
B (Ao /\0—/\) N !

is the unique solution of (DP}).

Furthermore,
-1
1 1
L—l — L—l . L—l
A )\—)\0< Ao )\0—)\> N
—_——— v
eL(H, 1)) SLH™ )
is linear and continuous as operator from H™'(Q) to H5(Q2). O
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This proof relies heavily on the fact that L;()l is a compact operator. Luckily, the
solution operator behaves well enough, so that the right-hand side f € H™'(Q) gets
mapped to a function in Hy(€2).

However, explicitly calculating the exceptional points remains difficult. In the follow-
ing remark we make use of the fact that the eigenvalues have finite multiplicities and
finite-dimensional eigenspaces.

Remark 10.12. Looking at the exceptional points A, we notice that up to some point
for all A # A\g our calculations go through as well, i.e. we have Lu + Au = f if and only
if

1
Ao — A

(n— L;OI)u = ,uL;Olf, where p =

This means that Lu + \u = f is uniquely solvable if and only if ﬁ £ 1y, i.e. if and
only if A is none of the \;. Furthermore, for all k£ the numbers — ) are eigenvalues of L
with finite dimensional eigenspaces.!

Definition 10.13. Let a: Hj(Q) x Hj(©2) — C be a sesquilinear form. Then the nu-
merical range of a is given by

numg(a) = {a(u,u): u € Hy(), [ullp2@) = 1}

Remark 10.14. The set numg(a) is convex in C, but it is neither open nor closed in
general.

Proposition 10.15. The set of negative exceptional points {—\.: k € N} is contained
in the closure of the numerical range, 1i.e.

{=Ax: k € N} C numg(a).

Proof. Let A ¢ numg(a). Then dist (A, numg(a)) > 0. Let u € Hy(Q2) \ {0} and w =

Tull2(@)’ Then

|ax(u, u)| = la(u, u) — Au, u)l
2
= a(”“”}}(ﬂ) w, ||UHL2(Q) w) — A HUHLQ(Q)
2
= [lull (g lalw, w) =A|
——
€numg(a)
> dist(A, numo(a)l HuHiz(Q) .

~
>0

1Usually, we can only say that \; is a spectral element, here, however, we know that o(L) consists of
eigenvalues only.
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10 Weak solutions to elliptic boundary value problems

At a first glance, this might look like a coercivity estimate, but estimating the L*norm
by the H'-norm is the wrong direction. However, the estimate yields injectivity, as we
will see:

If u solves the homogeneous problem

Lu—MAu =0, in
u =0, on 0f2,

then v € H{(Q) and for all v € H}(£2) we have

a_x(u,v) = (0,v) =0
— 0= Ja_x(u,u)| > dist(\, numg(a)) [|ul|72 g,
- HUHi?(Q) =0
= u=020.

By Remark 10.12 we obtain that L_, is invertible, i.e. (DP,) is uniquely solvable for
all f € H'(Q). Hence, A cannot be one of the —\. O
Corollary 10.16. For all —)\ € C\ numg(a) and for all f € H'(Q) there is a unique
weak solution u € HY(Q) to (DPy). Moreover, there is a constant C' > 0 independent of
u, A and f such that

o) [[ullip < C- (1 f 10

b) For all f € L2(Q) it holds that ||ull 2q) < = fll 20

— dist(A,numg(a))

Proof.  a) Follows by Theorem 10.11 and Proposition 10.15
b) The proof of Proposition 10.15 gives
ullf2(q) dist (A, numg(a)) < |a_x(u, w)] = [{f,u)| = |(f, )] < [ flli2g@) luliz@) - O

Example 10.17. For L = — A, ie. A = I,b = ¢ = 0,e = 0 we can estimate the

2The explicit knowledge of how the constant depends on A might not look very useful or interesting
at first. However, in the theory of parabolic equations strong results are available in cases in which
the corresponding elliptic equation is solvable and information about precisely this relationship is
available.
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numerical range rather easily:

numo(a) = {a(u, u): u € HY(Q), |lul 20y = 1}

(IVu,Vu) do: u € H}(Q), ulli2@) = 1}

K
{/ Vul* do:u € Hy(Q): [ull 2 = 1}

(0, 00)

N

SO
—Au—Xu =f, in
u =0, on 0N

is uniquely solvable in the weak sense for all A € C\ [0, 00). By Garding’s inequality 10.7,
we get this result even for all A € C\ (0, 00) since Ay = 0.

7






11 Neumann and natural boundary
condition

In the classical case, the Neumann problem was given by

—Au =f, in
0
8_7; =0, on 0f).

However, by now we are dealing with arbitrary bounded domains €2, so we have com-
pletely dropped the smoothness requirements on 0f) that previously guaranteed the
existence of a normal vector in every point, hence we must find other means of express-
ing the desired behaviour on the boundary. But even if we assume the existence of a
normal vector, the above condition is a pointwise condition on an L*-function, which is
not meaningful, as the function does not have a trace in general. We will see that we can
consider the operators on the whole space (H*(Q))" and will obtain a natural boundary
condition for free.

Definition 11.1. Let Q € R? be a bounded domain,
Lu=—div(A-Vu)+c-Vu+eu

be an elliptic operator! with A,c,e € L™ and f € (H'(Q))" an antilinear functional
on H'(2).2 Define a: H'(Q2) x H(Q) — C as before. Then we call u € H'(Q) a weak
solution to the Neumann problem

{ Lu = f, in Q (NP)

v-AVu =0, on 0,

if for all v € H'(2) it holds that a(u,v) = (f, )ty gt - Furthermore, v - AVu is called
the conormal derivative of w.

Remark 11.2.  a) The PDE is only a formal writing. In general, only the variational
problem can be expressed in a meaningful way:.

'We require b = 0 for simplicity.
2Note that this is not the space H ~1(Q).
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11 Neumann and natural boundary condition

0
b) For the Laplace case, i.e. A=1,v- AVu = 2% is the normal derivative.

ov

Lemma 11.3. Let A € C'(Q,C™%), c € C(Q,C%), e € C(Q,C), f € C(Q) and 092 € C".
If u € C*Q) N CYRQ) is a weak solution to (NP), then u solves (NP) in the classical

sense.

Proof. Since €2 is bounded, we have C'(Q) C H'(Q2) and for f € C(Q)
w / fw e (HY(Q)).
Q

Let w € C*(Q) and denote by v the outer unit normal to Q. Then by integrating by
parts we obtain

/qu_) dz = (f, w) gy m = a(u, w)
= / (AVu,Vw) dz + /(c - Vuw + euw) dx
Q Q

= —/div(AVu)wdaH—/ (AVu, V)wd5+/(c-Vu - + euw) dz
Q o) Q

:/Lu.wdx—i—/ (AVu,v)wdsS.
Q a0

Hence, for all w € C°(2), we obtain

/fwda::/Lu-wdx
Q Q

and we conclude for all w € C(£2) that

/Q(Lu — flwdx = 0.

By the fundamental theorem of calculus of variations 5.2, this implies Lu = f in
L?*(Q). Since Lu and f are continuous, this also means Lu = f. Then

/ (AVu,v)wdS =0
B

for all w € CY(Q), so v- AVu = 0 on 09. O

Remark 11.4.  a) Inthissense one “solves” the Neumann problem even if the conormal
derivative is not defined.
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b) A greater class of test functions (i.e. H'(2) instead of H}(Q)) gives the boundary
condition for free. For this reason this boundary condition is called “natural”
boundary condition.

¢) For ¢ =0,e = 0 the problem above simplifies to

{ Lu = —div(AVu) = f, in Q (1)

v-AVu =0, on 0f.

This problem cannot have a unique solution, since if u is a solution, then also u+C'
where C' € C is a constant is a solution. In other words: A = 0 is an eigenvalue
with eigenfunction 1 of L. There is also another way to see this. This time we
start by looking at the right hand side. w is a weak solution to (1) if and only if

a(u,v) = / (AVu, Vo) dz = (f,v)
Q
for all v € H'(Q2). Choosing v = 1 this yields
(f,1) =a(u,1) = / (AVu, V1) dz =0,

Q

the so called “compatibility condition”. For f € L*((2), this means [, f-1dz =0,
i.e. f has to be orthogonal to the constant 1-function, otherwise a solution cannot
exist. We introduce the notation

La(Q) = {f € L*(Q): /Qfdx = 0}.

Definition 11.5. Let a: H'(Q2)xH'(€2) — C be a sesquilinear form. Then the numerical
range of a is defined by num(a) := {a(u,u): v € H'(Q), [ullp2@ = 1}

Theorem 11.6. Let 02 € C' Then it holds:

a) There is (at most) a sequence (Ar) C num(a) N{Re(pn) < Ao} such that all =)y are
eigenvalues of L with finite-dimensional eigenspaces with |\g| — 0o as k — oo,
such that for all A € C\ {\y: k € N} the operator

L+ X=Ly: H(Q) = (H(Q)), u+ ax(u,-)

(In a formal sense this coincides with (Lyu,-).) is a continuous linear and invert-
ible operator with compact inverse, so in particular for all f € (H(Q))" and for all
A€ C\ {\: ke N} DC\num(a) there is a unique weak solution u € H'(Q) to

{Lu +Au = fin () (NP))

v-AVu =0 on 0.
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11 Neumann and natural boundary condition

b) For all f € L*(Q) and for all A € C\ num(a), the solution v € H*(Q) to (NP,)

satisfies
1

< . .
||u||L2(Q) = dist()\,num(a)) ||f||L2(Q)

c) If c=0,e =0, then A\ =0 is an eigenvalue of Ly = L and (NPy) has a solution
u € HY(Q) if and only if f € {F € (H'(Q))': F(1) = 0}. In this case, u is unique
if we require u € H'(2) N L3 ().

Proof. Most of the arguments needed in this proof are very similar to the procedure to
find a solution of the Dirichlet problem, so we won’t do all the details again. The main
idea is the following:

By Gardings inequality 10.7, Re(ay, (u, u)) > % |u|$2 — |Vul|?2 (Q). Thus,
Re(ag e (s 1)) = axg (u,u) + € [Jull 2,
Qo 2 2
> > IVullf20) + € llullt2@
. (Co 2
2mm(§3%HmeW

Hence, ay,1 is coercive, so Lax-Milgram implies that Ly, : (H'(Q)) — H'() is linear

and continuous. The restriction of L}, ; to H'(2) is compact since H'(Q) <+ L*(2) by
Rellich®. For parts a) and b), the rest of the proof is as before.
For part c) note that ¢ = 0,e = 0 implies Ay = 0, so

O 2 2
Re(a(u, u)) = o |uli; 2 Clullip g -

By the Poincaré-Friedrichs inequality on H'(Q2) NL3(Q2). Hence, a is coercive on H' ()N
L3(Q). O

3Note that 09 was required to be C'.
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12 Difference quotients of Sobolev
functions

We know already that convergence of difference quotients yields differentiability. Thus,
one can hope that convergence of difference quotients in L'(Q) gives weak differentia-
bility. This is actually true and we will show it in this chapter. Let 2 C R open and
{e;: 7€ {l,...,d}} denote the standard basis of R?.

Notation 12.1. Let u € LL.(Q), 7 € {1,...,d},z € Q and h € R\ {0} such that
x + he; € 2. Then we define the difference quotient in direction e; of u by

u(x + he;) — u(x)

J —
Su(x) = -

Lemma 12.2. Let u,v € Li(Q) such that u-v € Li. (Q). Then
a) &) (uw)(z) = [u(x)] - v(x) + u(x + he;)div(x) for v € Q.

b) If Ve Q and supp(v) C V, then for all h € R\ {0} which satisfy the conditions
|h| < & dist(supp(v), V) and |h| < 5 dist(V,0Q) it holds that

/Vu(éiv) dr — —/v((s{hu) “vda.

Proof.  a) We have

5i(uv)(x) _ u(x + hej)v(x + he}i) — u(x + he;)v(z) N u(r + hej)v(z) — u(z)v(x)

= u(z + he;)dlv(z) + Flu(z)v(z).

b) Set V :i=V + he;. Then V C Q and supp(v) € V N V. Hence, we obtain

/uﬂvdx—/ux x—l—hej) v(@ )dx

v

/ux x+hej)dx_/wdx
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12 Difference quotients of Sobolev functions

CL
Q@

y:xihj u(y — he] u(z)v(z
v v h

u(z)o(z)
:/V u(y — he] dy /Vu:c)hv

_/ u(x—he]) (m) u(e)o(e)

= —/(5jhv)(x)u(x) dz. O
v

Remark. For Q = R%V =R all h € R\ {0} are possible, provided v - v € L*(R%).

Lemma 12.3. Let p € [1,00), u € W'(Q),V € Q and 0 < |h| < dist(V, 0). Then
Su e LP(V) and ‘
H(S{LUHLP(V) < ||VU||LP(Q)

forallj €{1,...,d}.

Proof. Let u € C1(Q) N W'?(Q). Then for z € V we obtain

|(5] | u(z + he;) —u(z)|”
B h
h p
:W / 8ju(x1,...,xj_1,xj+tej,xj+1,...,xd)dt
p

|h|p / 11 Q;u(x + tey)| dt

Using Holder’s inequality we can further estimate by
1 A ak
< W 17 dt /0 |0ju(z + tej)|” dt’
h
\h|p 1k |0ju(z + te)|” dt‘ :
0
so we obtain smce E_p=
/ |07 u(z)|” do < —/ / 0u(z + tej)|P dt da
v Al Sy Jio
thml—/ / |0ju(z + te;)|” dx dt
il Jom v ’
SHquil)(Q)

|h| o] IV ullfr ) = VUl g -

Now, the claim for general v € W"*(Q) follows by density. O
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Reminder 12.4 (Banach-Alaoglu). Let X be a separable Banach space and (z,) C X’
bounded. Then (z;,) has a weak-*-convergent subsequence (7, ), i.e. there is 2’ € X'

such that x;, () — 2(x) for all z € X. Furthermore, it holds

Theorem 12.5. Let p € (1,00],u € LP(Q). Suppose there evists K > 0 such that for
all h € R\ {0} and all V € Q with |h| < $dist(V,09) we have §u € LP(V) and

H(Sf;u”Lp(v) < K. Then the weak derivative d;u exists, Oyu € LP(Q) and [|0jul| 5oy < K.

Proof. Let V€ Q and 0 < hy < 1dist(V,09). Then the set {dju: 0 < |h| < ho} is
bounded in LP(V) = (L”(V)) for £ + L = 1. Therefore, Reminder 12.4 implies that

p ,
there exists (h,) € (—ho,ho) and v; € LP(V) such that h, — 0 and &, u = v; for

n — co. In particular, for all ¢ € C°(V) C L¥ (V) we have

/ vjpdr = lim ((ﬁlnu) pdx
%

n—oo 4

Lem. 12.2 . ]
== lim [ wd’, edx
n—oo i, ™

= —/ udjp dz.
v

This means that the weak derivative 0;u exists, 0;u = v; € LP(V) and
||@j“||LP(V) = ||UjHLp(V) < 1i,{gijgf HaiznuHLP(V) < K.
Since V' & (2 was arbitrary, take

1
V., = {m € Q: dist(z,0Q) > e lz| < m},

with u = lim,, o u-Xy,,. By Fatou’s lemma, we get 0;u € LP(€2) and ||8ju|\Lp(Q) <K. O
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13 Regularity theorems

By definition weak solutions are not better than H' in regularity. It is a natural question,
whether the solution is somehow better, if the data of the problem (right hand side,
boundary of the domain, coefficients) is nicer. We will first address interior regularity,
i.e. we keep away from the boundary of the domain.

Theorem 13.1 (Interior regularity). Let Q C R? be open, V € Q and L be a uniformly
elliptic differential operator as before. Suppose A,b,c,e € L®(Q) and A, b € C¥L(V)!,
In addition, let w € H(QY) (or u € HY(Q) for the Neumann problem) be a weak solution
to the Dirichlet (or Neumann) problem Lu = f in Q for f € H™Y(Q) (f € (H'(Q))).
Let in addition f € L*(V)). Then for any W € V, it holds u € H*(W) and there exists
a constant C > 0 independent of u and f such that

lulliery < € (I llzw) + ey )

Proof. We will only prove the Dirichlet case and split the proof into five parts.

Step 1: Preparations. Let a: H{(Q2) x Hi(©2) — C be the associated form to L. Con-
sider the principal part

a*(u,v) = / (AVu,Vu) do
Q
of a. Choose n € CX(V) with0<n<landn=1on W V. Let j € {1,...,d}
and 0 < |h| < 3min{dist(supp(n),dV),dist(V,09)}. For x € V set v(z) =
— [67,,(n*6u)] (). Then it holds:

e supp(v) € V.

e Applying the Leibniz rule leads to horrible computations showing that v €
H' (V).

Together, this yields v € Hj(V), so it can be extended by 0 to an H(£2) function,
which we will again denote by v. Note that this is a feasible test function for the
form a.

li.e. the space of Lipschitz-continuous functions.
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13 Regularity theorems

Step 2: Estimating the principal part. For u,v as above we have
a*(u,v) —/{)(AVU,V@ dz
= — /V (AVu,V (8", (n*6lu))) d
=— /v (AVu, 6];,1V(772(5iu)> dz

Lem. 12.2(

= 7‘[/ (8] (AV W), *V (5}u) + 2nVndju) da

e 2'2(% <AV((5£U),7]2V(5flu)> dz + /V <AV((5fLu), 2nVnsju) dz
+ /v (BT A)Vu(- + hey), >V (S]u) + 2nVnélu)) da

= /V (AndiVu,ndVu) dr + /V (And]Vu,2Vnslu) dz

+ / (B A)Vu(- + hey), (*V (Slu) + 2nVnslu)) da.
1%
By coercivity and continuity of a, we estimate

Re(a™(u,v)) = /VOZO ‘775flvu}2 dz — 2[[ Al v HWS{LVUHL?(V) IVl Lo vy ||(5Z,UHL2(

supp(n))
- ||A||co,1(v) ||VU||L2(V) : <||77||L°°(v) Hn : 5?;VUHL2(V)
2l 10l ) 15702 oy )

Lem. 12.3 . .
a0 189, = € - 85wl 190, = C IVl

Youn, . .
> a0 [0V 4|}z, — 110352y, = CE) 1Vl

> 5 11815 ulli2, = C IV ullzge).

Step 3: Estimating the rest. We have

(f,v) = a(u,v) = a*(u,v) +/

Q

(bu, Vv) d:v+/c-Vu-vd$—l—/euvd:v.
0 0

Hence,

a*(u,v):/f@dx—/@u,Vv) dx—/c~Vu-17dx—/euT)dx.
v v v v
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Moreover, we obtain

< (M llzqry + lelimn 190020 + Nelloeqry ez

3 LR GRIAn] s

/(f—c-Vu—eu)vdx
v

Lem. 12.3

< C <HfHL2(V) + HUHHl(V)) HV<7725iu)HL2(V)
Since
IV 0?8 u) [ 20y < 1PV (G| 20y + 2[[1 V5]
< |1V ()|, 2y +2H%UM9
Lem 12.3

1 (G0) | 2y + C IVl

< Il @) ey + € (1l + )

huHLQ(SUPM)

||V77||L°<>(V)

(suppn)

we can once again apply Young’s inequality to see
< (I + Nl ) 199 @)y

2
+ (1l + Nelhor) )

. 2
< e[V &) 2y + €@ (1 hzw + lulln)
2

Q) ; 2
< § ||77V(5ilu)”L2(v) +C <||f||L2(V) + ||UHH1(V)> :

/V(f—c~Vu—eu)17dx

Analogously we can estimate

(7)) i 2
[Xm%vu>¢4fggwwvommugw)+cum@%m

Step 4: u € H*(W). For all j € {1,...,d} and for all h # 0 small enough it holds

S80Iz = 5 1152070 [z
Part 2

< Re(a"(u,v)) + C | Vulltzq,
_ 2
= Re (/V(f —c-Vu—eu)vdr — /V (bu, Vv) daz) + C | Vullrzy,

Part 3 ao

2 @) |2y + € (1112 + Il ) + C lulling,

<% an ) 2y + C (1 By + il

89



13 Regularity theorems

Hence, we obtain
Qg i 2
Z 5270|240y < C (IF 220wy + Nullip ) -
4 (W) ( )

Thus, u € H*(W) by Theorem 12.5 with

4 2 2
Iolbeary < ) o€ (1) + k)
<O (Ifhaqy + el -

Step 5: Replace [|ul|y1(y,y by [lul[2y). Let W @ Wy € V and if necessary modify 7 to
have n|w, = 1. As in the previous part, we have

[ellzny < € (I1F 2wy + el ) ) -
) ( (Wo)

Then take v = n?u € Hj() as test function to obtain

a(u,?u) = (f,n*u) = / fn*uda.
v
Similarly to step 2 it holds
Re(a (u,n*w)) = 5 [0V ulfagy) = Cllulfag)
and as before we can estimate

Qo 2 Qo 2 2 2
SVl < Z ImVulfag, + € (112w, + Tl )

which yields
||VU||L2(WO) = ||77VU||L2(W0) < ||77VU||L2(V)
<€ (11 + )
<O (Iflhawy + iz - =

Theorem 13.2 (Global regularity). Let Q C R? be a bounded domain with 0Q €
CH12 A b e CP(Q), ¢, e € L=(Q) with right-hand side f € L*(€2).

If u € Hy(Q) is a weak solution to Lu = f, i.e. a(u,v) = [, [T for allv € Hy(Q), then
u € H*(Q) and

lullyziey < € (I hzay + Nl -

%i.e. the space of continuously differentiable functions where the derivative is Lipschitz continuous.
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If furthermore the solution is unique and L is continuously invertible then we even get

ullgzio) < C Nl fllvz@) -
An analogous result holds for weak solutions u € H'(Q), i.e. a(u,v) = fﬂ fo for all
v e HY(Q).
Corollary 13.3. If in addition to the assumptions in Theorem 13.2 we assume A,b €

CkL(Q), c,e € CFH11(Q), f € HY(Q) and 0Q € CFY for some k € N, then u € HFP2(Q)
and

lllysszay < C (1 ey + lelhzey)
(or ||u||Hk+2(Q) <C ||f||H’“(Q))‘

Remark 13.4.  a) If the assumptions of Corollary 13.3 hold for all k£ € IN, then

ue [ HY Q).

keN

However, what does it mean for a function to have arbitrarily many weak deriva-
tives? We will see this in the next chapter.

b) If u € H?() is a solution to Lu = f, then for all v € C®(), integrating by parts
gives us

—/div(AVu)@dx—/div(bu)@dx—i—/C~Vu17dx+/eu27dx:/fﬂdx.
Q Q Q Q Q

By the fundamental theorem of calculus of variation we obtain
Lu = —div(AVu) — div(bu) + ¢- Vu+eu = f

in LQ(Q). Hence, we can really apply L to the solution v and u solves the equation.
This is called a strong solution.
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14 Sobolev embeddings

Definition 14.1. Let © C R¢ be open and « € (0,1]. Then

a) f:Q — R is called Holder-continuous with exponent «, if the seminorm

|f(x) = f(y)]
0 = Ssu =
[f] . s yeI?Z |l‘ - y|
TH£Y
is finite.
b) we define

e the Holder space

C™(Q) == {f: Q = R: [f]ax < oo for all compact sets K C Q}.

e the Holder space
CHQ)={f: Q= R: f€C) and [f]aq = [flag < 0o}
with the norm
[fllco.a@ = 1fllo + [flae:
e For k € IN we define
Che(@) = {f € CH@): V18] = k: DF [ € CO2@)}
together with the norm

[fllora@ = Ifllcr@ + Z [D” flago
1Bl=k

=2 D7 fllo+ DD flag

18I<k |Bl=k

Remark 14.2.  a) The space C%*(Q) is the space of all Lipschitz-continuous functions
on §).
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14 Sobolev embeddings

b) One can show that for all & € IN and for all a € (0,1], the space CF%(Q) is a
Banach space with respect to the C**-norm.

Our goal in this section will be to somehow extract information about classical deriva-
tives from knowledge on weak derivatives. In particular we are looking for embeddings
WHEP(Q) s C™(Q)

for suitable choices of k, p, m and «. This means estimating the C"*-norm of a function
u against its W*?(Q)-norm to get a continuous embedding. Such an embedding allows
us to trade weak regularity for classical regularity.

Additionally, we are looking for embeddings of the kind
WHP(Q) < LI(Q)

for suitable k, p and ¢, i.e. [[ul[;qq) < C - [[ulyrr(q)- This will give us the possibility to
trade weak regularity in exchange for higher integrability.

Definition 14.3. For p € [1,d) we define the Sobolev conjugated index to p by

.. dp

P ':d—p'

Example. For p = 2 we have the following pairs of Sobolev conjugated indices:

d |
2*

2 3 4
0064%

We notice that the indices converge to p as the dimension approaches infinity and that

we always have p* > p. We calculate 1% =92 _1_ 1 GQimilar to the Holder condition
11

dp P d
1 1 1 1
=+ = =1 we therefore have = — = = =.
P + 2 p p* d

Theorem 14.4 (Gagliardo-Nirenberg-Sobolev inequality). Let p € [1,d). Then there
exists C > 0 such that

[ullLr gay < C - [[Vllo(ga (*)
for all u € CH(RY). Moreover, W"P(R%) — LP (R?%) and (x) holds for all u € W P(R%).

Proof. Step 1: p = 1. In this case, we have p* = d;fl.

Let u € C}(RY). Since supp(u) is compact, for x € R¢ and j € {1,...,d} we obtain

Tj
U(l’) :/ 8jU(fE1,---,l‘j—laijwj-f—lv'"axd)dyj'
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Thus,

x;
lu(z)] S/ [Oju(zs - 1, Yy, T, -+ -5 Ta)| dy;

—00

o
S/ (Vu(zy, .. w51, Y5, T, - - -5 2a)| dy;.

[e.e]

Hence,

d oo 1

d—1
< H (/ IV'LL(.Z'M sy L1, Y5 Ly, - - - ,.Td)’ dyj) :

Integrating this expression leads to

d 1
S 4 o8] 00 =1
/ ‘U(.T)’d_l dr; < / | | (/ \Vu(xl,...,:l:j,l,yj,xj+1,...,1:d)| dy]) dz;.

If we look closely we notice that the first factor in the product does not depend
on the integration variable x1. Hence it can be pulled in front of the integral:

1
e d—1
= (/ ’vu(ylwx%"'axd)‘ dyl)
1

0o d 00 d—1
/ H(/ |Vu(x1,...,J:j_1,yj,xj+1,...,xd)]dyj) dx;.

This expression can be estimated by using the following generalised version of
Holder’s inequality for more than two factors:

m m 1
/‘flfz'---‘fm\SHkaHka, when Z_:l'

Here, we choose p, = ﬁ and m = d — 1 and obtain

00 e 0 ﬁ
@ an < ([ 9utnnn o)l an )
1

d o] o] d—1
H(/ / \Vu(zy, ...,y ..., 2q4)] dyjdx1> .

7j=2
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14 Sobolev embeddings

Now let us integrate with respect to the second variable x5 to get in the same way

[ it anan < [ [( | wulan)”
d 00 o0 ﬁ
H (/ / |Vu| day dyj) ] dz,
j=2 —00 J —0c0
= (/ / V| day dy2) / </ |Vul dy1>
d 1
(/ / |Vu| dzy dyj) ] dz,
j=
< < / |Vu| dzy dyg) (/ / |Vu| dyy dx2>
d 1
(/ / / |Vu| dzy dasy dy]) )
[terating yields

)7 / u(@)| 7 da
e
S H (/ / |vu| d.Z‘l dxj—l dy] dxj—&—l--‘ dl’d)
]:1 —00 —00

_d
= (/ |Vu(x)| dx)d :
R4
= |u|”. Then v € C}(R?)

Step 2: 1 <p <d. Let u € C*(RY). For v > 1 consider v :=
and by part 1 it holds

([, dx)d? < [ 19 Qu) as
/ v lu|" 7 V| de

p—1

Holder p %
(/ |u| ) ( |Vul? dw)
]Rd

) =7 -4 To satisfy this

M

Our goal is to choose v in such a way that (y — 1 y
1 — (d_l) d __ d o«
equation we define v = pdfp > 1. Then 5 = pr = p* and
p pd—p—d+p p _pd—d p  dp
(7_1). — . — . = —p
p—1 d—p p—1 d—p p—1 d—p
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Hence,

p*(d—1) oy d T
d — d—1
ol = ([, (7 o)

pr=t
<y llll e (gay IV elloma)

p( )_p*p =~ — (y—1) =1 this means

Since g ’

[l ey < Y IIVUllppgay -

Step 3: Density argument. Let v € W"(R?) and (u,) C C*®(R?) such that u, — u
in W'P(R?) (which is WyP(R%) by Corollary 7.6). By switching to a subsequence,
we can also assume that u, — u almost everywhere in R¢, so

1
_ : p* "
ol = ([ i fun (o )
atou . . . .
< liminf {juy | ey < Hminf oy [[Va,|| .

= ’YHVUHLP(M)-

In the last step note that because of what we have seen in Step 2, the expression
actually converges, not just the limes inferior. O]

We note, that our proof relied heavily on the fact that we assumed the full space R? as
domain. There is no hope of simply adjusting it a bit to rectify this limitation. Luckily,
in combination with our results on continuous extension operators, it can still be used
in quite general contexts, as we can extend W*?-functions on bounded domains given a
sufficiently smooth boundary and then apply the estimate to the extension.

Theorem 14.5 (Sobolev embedding for p < d). Let Q C R be a bounded domain,
p € [1,d) and q € [1,p*]. Then

a) There exists C' > 0 such that for all u € WyP(Q) it holds [ull o) < ClIVUllpeq)-
In particular Wy (Q) < L4(Q) is a continuous embedding.

b) If 0Q € C', then WP (Q) — L4(Q).!

I Actually, we only require a continuous extension operator, which is guaranteed by the condition on
the boundary.
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14 Sobolev embeddings

Proof.  a) Let u € Wi*(Q) and (u,) C C(Q) with u, — u in W"P(Q) and u,, — u
almost everywhere in 2. We can extend u,, by 0 to @, € C°(R¢). By Theorem 14.4,
for all n,m € IN we obtain

”an - &mHLP*(Rd) S C ”V&n - vamHLp(Rd) 5
S0 (1 )nen is a Cauchy sequence in LP" (R?). Let v € L”" (R?) be its limit.

By convergence almost everywhere we get u = v € L” (Q) and u,, — u in L? (Q).
Furthermore,

||U||Lp*(9) = 7}520 ||un||LP*(Q) = T}ggo HanHLP*(]Rd)
<C- nh_{go HvanHLp(Rd) =C- 7}1_{20 ||vun||LP(Q) =C- HVUHLP(Q) )

where we have used the Gagliardo-Nirenberg-Sobolev inequality to obtain the in-
equality.

The domain € is bounded, so for ¢ € [1, p*) we have an embedding L?" (Q) «— L4(Q)
which implies
[ullLoq) < Cllullir @) < ClIVulleg) -

b) By assumption, the boundary 9 is of class C!, so we have a continuous extension
operator E: W'?(Q) — W'(R9). Let u € W'?(2). Then Eu € W'?(R%) and by
Theorem 14.4, W'?(R%) — L¥"(R¢). This gives

ullir ) < 1Eu]lpp ra)

Thm. 14.4
< CIV(EU)|ipma
< Cl|Eullywrrgay
<C HUHWLP(Q) 5

where the last step uses the continuity of E. For general ¢ € [1,p*], we can do the
same proof as above. ]

As p — d, the Sobolev conjugate p* = dd%’p — 00, so we could hope that WH*(Q) <

L*(Q) is a continuous embedding. However, this fails as the following example shows:

Example 14.6. Let d > 2, Q = B;(0) and consider

w-n(u5)

Then v € WH4(Q), but u ¢ L>(Q).
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Proposition 14.7 (Sobolev embedding for p = d). Let Q C R? be a bounded domain,
q € [1,00). Then

a) WyH(Q) — LY(Q) and there exists C' > 0 such that for all u € Wy*(Q) we have

[ullie@y < CIVullpeq, -

b) If 90 € C', then WH(Q) — L(Q).

c) Ifd=1 and Q = (a,b) C R, then
WH((a,b)) = C([a, b]) = L*((a,b)).

Proof. We only prove part a). The proof of b) can be done analogously and part c)
remains as exercise.

Let ¢ € [1,00) and choose p € (1,d) with p* > ¢. Since L(Q) «— LP(Q), we have for
all u € Wy(Q):

Thm. 14.5
[l = ClVulleg < CliVullpag - O

As it turns out, the regularity improves, the bigger p becomes. One might hope that
once p overtakes the space dimension, we are blessed by continuity. Indeed, this hope is
justified, as the next theorem shows.

d
Theorem 14.8 (Morrey’s inequality). Let p > d and define o == 1 — — or a =1 if

D
p = co. Then there is a constant C > 0 such that for all u € W'?(R%) N C*(RY) we can
estimate the Holder norm

||U||co,a(]Rd) <C ”uHleP(]Rd) :
Proof. The case p = co: Let u € CLRY)NW"*(R?). Then by the mean value theorem
for all z,y € R? it holds
u(z) = u(y)] <[[Vullpege) - [ =yl

which implies that the Holder-part of the C%!-norm can be estimated accordingly:

u(@) — u(y)]
[ull o ray = lltllyeray + sup
o = lmm) I8 =y
Ty

< Nl oo ray + 1IVUll o0 (ra)

S 2 Huuwl,oo(]Rd) 9
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14 Sobolev embeddings

where, in the last step, we made use of the fact, that the 1-norm and the co-norm
on R? are equivalent, which is just a more eloquent way of saying that we can
estimate the sum of two positive numbers by two times their maximum.

An integral estimate: We want to show that there is a constant C' > 0 such that for
all u € CYH(RY), for all z € R? and for all r > 0 it holds?

1 Vu(y
m@wwwﬂwso/’-L_Q%@. )
RS B.(2) |2 =y

Let u € C*(RY),z € R and r > 0. For w € B,(0) and s € (0,7) we have

S

iu(x + tw) dt‘
0

u(e -+ sw) —uf@) = | [

_ /OSVu(x+tw)-wdt'

lw|=1

|Vu(x + tw)| dt.
0

This implies

/ lu(z + sw) — u(z)| dS(w /tdl/ Wl £ t0)] gy ar
9B, (0) 8B1(0 t
:/ - 1/ |\Vu(z + tw)| A4S (w) at
0B.(0) | + tw — x|
y= zﬂy 4= 1/ [Vu(y d‘l df( )dt
oBi(@) |y — x|t
/ / Vulo)l _dS(y) dt
OBt(z |y—x|
IVU( )|
Bo(x) |7 — Y|
s/ IVU(yd)_I1d
B () |2 — Y|

2There is no immediately obvious reason for why this estimate will prove to be helpful. However,
we want to estimate Holder-preimages, which correspond to the integrand of the left-hand side.
Additionally, because we are in the case of p < oo, our norm involves integration as well.
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This yields

/m(x) u(z) — u(y)| dy = /r st /dBl u(z + sw) — u(z)| dS(w) ds
/ / |lv_“y| dy ds

Ly \Vu( )
:a””/ iy
Bo(a) |7 — ¥

Dividing by the volume of the ball on the left hand side yields

1 Vu
ute) )l ay< 0 [ V0L
B ()] J5, ) B(2) |2 — Y|

Estimating the L™-norm: We want to show |[ul[; e gy < C'[[ullyy1(ga). Since

d—l_1 1<1 I p—-1
d d p_ P

-1
we obtain u < d, so for all z € R? it holds
p —

/ |z —y
Bi(z)

where we made use of the fact, that the integrand is rotationally symmetric to
rewrite the integral over the ball as an integral over the unit interval. Since d —
1—(d— 1) : >d—1—d= —1, this integral is finite, so

_(d-1)p
/ 2=y dy = C(dp) < 0
Bi(z)

Hence, for all z € R it holds that

1
lu(z)| = Bl o x)l u(x)| dy
1
< ey (L, et avs [ utoran)
(*S) C M dy + ’B ( )‘ 1,—1 ||u”Lp(Rd)
Bi@) |y — x|

=

Holder 7(d71)p/ _1
<OVl ([ Ll 4y ) B
1(z

< C-C(d,p) [[Vullppgay + C llullsga)
< Clullyrpgay -
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14 Sobolev embeddings

Estimating the Holder seminorm: We claim

f(@) = f(y)]
x—y,f’ < OVl gy -

[U]gra == sup
z,y€R4, x#y ’l’ -

Let z,y € R with z # y, r == |[x —y| > 0 and W = B,(z) N B,.(y). Then we
estimate

1
lu(z) —u(y)| = W /W lu(z) — u(y)| dz
1
< T U 0~ 05 [ ) =t )

1
r(@)| Br(z)

1 |u(2) — u(y)| dz
1B ()| J, ) Y
/ M dz + M dz]

d—1 d—1
H(2) |7 — 2] |z =y

lu(z) —u(z)| dz

&

(%)
<C

1
7

(/ Vu(z) dz)p (/ |z — | dz) ’

B, (z) B, (z)

+ (/ IVu(z)? dz) ’ (/ |z — y| ¥ dz) ’ ]
Br(y) Br(y)

< C||Vully g - C </O g~ (d=1)p' a1 ds)

_d
< C IVl a7 77

IN

C

=

e

Dividing by P = |z — y|1_g on both sides yields

[u(z) — u(y)]
(U)o me = [U]l_%’Rd = sup ——————— < C HVUHLP(IRd)' o
%ZJG]Rd@#y |:L‘ - y| P

Theorem 14.9 (Sobolev embeddings, p > d). Let Q@ C R? be a bounded domain,
p € (d, 00| and define « :=1— — or a:=1 for p=o00. Then it holds
p

a) WHP(R?) — CO«(R9).

b) Wé’p(Q) — C**(Q) and HUHCM(Q) <C Hvu”LP(Q)'
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c) If 00 € CL, then WHP(Q) — C%(Q).

Proof.  a) Let u € W"(R?) and (up)new € CHRY) N W'P(RY) with u, — u in

)

W'P(RY) and almost everywhere on R?. We want to show that this sequence does
not only converge in W?(R?), but also with regard to the C%®-norm.

For all m,n € N we have

orrey
| tn — “chO’a(Rd) < Cllup — um”wlvP(Rd) )

so (u,) is a Cauchy sequence in C%*(R%). Let v € C%*(RY) be its limit. Since
u, — u almost everywhere in R, we get v = u almost everywhere in R¢ and

. Morrey )
HUHCO@(IRUZ) = nh—{go HUano,a(Rd) < Cnh_{{jo Hunwa(Rd) =C HunLP(Rd)-

We have a norm estimate on the whole space. To get the desired result for arbitrary
bounded domains €2, we once again make use of our knowledge about extension
operators.

Let u € WyP(Q) and (u,) € C2°(Q) with u,, — u in W'(Q).

Extend u, by 0 to @, € C®°(R?). By the first part this yields @, — v in C%*(R¢)
and in W"?(R?). Then u = v in € and

Morrey Poincaré
||U||co,a(ﬁ) = ||U||coﬁa(Rd) <C HUHWLP(]Rd) =C ||u||W1vP(Q) <C ||VUHLP(Q)-

where we have made explicit use of the fact, that we can estimate the norm of u
by the norm of its gradient, as they are equivalent by the Poincaré inequality.

We use the extension operator again to obtain

(a)
[ullco.c@) < 1E@llcowmey < CIEW)yromey < Cllullwin - =

As it turns out, the hard part was proving the desired properties in the case of the
whole space. Then our toolbox enabled us to transfer the results to the case of bounded
domains.

Remark. Often, it is easier to find solutions in the Hilbert space case, i.e. p = 2. For the
theory of Sobolev embeddings, this is not the best case, since we already saw that we
obtain better results for increasing p. Thus, we want to find methods to deduce solutions
for p > 2 from the p = 2-solution. This will be an important topic later in this course.
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14 Sobolev embeddings

Another thing to note is, that if p is larger than d only by a small amount, « is still
very small, so we only get limited regularity in terms of continuity. The larger p, the
more continuity we can expect.

Until now we have seen that there are strong links between weak differentiability and
integrability. However, we are interested in the connection between weak differentiability
and classical differentiability. So far we have only considered one weak derivative,

Theorem 14.10 (Embeddings for W*?(Q)). Let Q C R be a bounded domain with
9 C CY. Furthermore, let p,q € [1,00],k € N and | € Ny with k > [.

a) ]fk‘—;—i<landk;—%2l—§, then

WEP(Q) — Whi(Q).

b) Ifk—gzl and q € [1,00), then

WEP(Q) — Whi(Q).

c) If%e]N andl:k—g—l, then
WHEP(Q) s Ch(Q)

for all a € (0,1). ]f%qf]Nandl:k— VJ — 1, then

p

WEP(Q) — Ch(Q)
for a € (0,1 — (% — L%J)} )

Proof. Let m € N,r € [1,d). Then u € W™"(Q) implies D’ v € W'(Q) for all |8] <
m—1. Hence, Theorem 14.5 implies D’ u € L(Q) for all s € [1,7*] and for all |3] < m—1.
In addition, by the equivalence of norms, we get

[ullyn-1ey C > D u

|B|I<m—1

L#(Q)

The continuity of the Sobolev embedding in Theorem 14.5 allows us to estimate the
norms of the weak derivatives:

HUHWW*LS(Q) <C Z HDﬁunlﬂ‘(Q <C HUHWW'(Q)'
[8]<m—1
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[terating this and using the various Sobolev Embeddings from Theorems 14.5, 14.9

and 14.10 yields the claims.

Remark 14.11. We want to take a look at several useful special cases:

d=1:

d=2: HY(Q) — LYQ) for all ¢ € [1,00) and
WH(Q) = C**(Q)
forp>2and a=1-— ]%. In addition we have
H?(Q) — C%%(Q)

for all g € (0,1) and
H?(Q) — Wh(Q)

for all ¢ € [1, 00).

d=3:
HY(Q) — LY(Q)
for all ¢ € [1,6] and
H2(Q) — C%2(Q).

]

The next theorem completes what we already know about compactness of Sobolev
embeddings. The philosophy is that whenever you have a Sobolev embedding and you
are not in the limiting case, the embedding is compact if you give up another ¢ in
smoothness. We assume the boundary of € to be of class C!, which actually is not the

most general case.

Theorem 14.12 (Rellich-Kondrachov). Let Q@ C R? be bounded with Q) € C'. Let

p,q € [1,00],k € N,l € No, k > L.

a) ]fl—§<k—;—f<l, then
WHEP(Q) < WhH(Q).

b) ]fk—g>l+ozf0rsomea€(0,1), then

WEP(Q) «s Che ()2

3The reason behind this is, that for compact €, the Hélder spaces are nested compactly, i.e. CH® <

CYB if B < a.
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14 Sobolev embeddings

Remark 14.13.  a) Let u € H} _(Q) be a solution to Lu = f in Q with Dirichlet or
Neumann boundary condition. If d = 2 then u € C**(Q) for all a € (0,1) and if
u € H?(Q2), then u € Co(Q).

In the case of d = 3, u € C%2, and if u € H2(12), then u € C%2().

b) If the coefficients of L are all C* functions, Jf2 is nice and f € C*, then u €

= (Q).

An example for such a problem is — Au = Au with © = 0 on 92. If 90 is smooth

enough, then u € C>(£2).
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15 Tempered distributions

In this chapter, we once again weaken the concept of differentiability. Therefore, we
introduce a more general concept of functions, so-called distributions, which are linear
functionals on a certain space of test functions. We will look at the precise definition
throughout this chapter. In our case, this space will be the Schwartz space S(R%), so as
a reminder we define this space first.

Reminder 15.1.  a) A function ¢ € C®(RY) is called rapidly decreasing, if for all
multi-indices «, 8 € IN¢, the Schwartz seminorms

Pas(p) = sup |2*D’p(x)]
zeR4

are finite.

b) We define the Schwartz space
S(RY) := {p € C(R%): ¢ rapidly decreasing}.
Lemma 15.2. Let ¢ € C®°(R%). Then o € S(RY) if and only if for all j € Ny it holds

dj(p) = sup [|(1+ ) Dl| , < cc.

lal=j

Proof. “=": For all a € N¢ with |a| = j it holds
|1+ YD, = sup (1 + [2*)? |D%p()]
z€R

< |Polynomial in x| - |D%p(x)| < oc.

“<«—=": We have

Pas() = sup [2°DPp(x)] < sup |z - |DPp(x)].
zeR4 zeR4

If we choose j large enough, we can achieve

< sup (1-+ ] [DPe(o)]. =
z€R4
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15 Tempered distributions

Definition 15.3. Let (p,) € S(R?) and ¢ € S(RY). Then (¢,) converges to ¢ in
S(RY), if pas(on — ) — 0 for all a, B € N¢ as n — oco.

Remark 15.4.  a) Lemma 15.2 implies that convergence in S(R?) is equivalent to the
condition d;(y, —¢) — 0 for all j € IN; as n — oo.

b) The family {d;: j € INo} generates a topology corresponding to this convergence
which is metrisable with metric

o0

e 270 — o)
vy = ; T+ d,( = 9)

for ¢, 1 € S(R?). Additionally, seen in this way the space (S(R?), d) is a complete
metric space. It ia s so-called Fréchet space.

c) If ¢, — ¢ in S(R?), then it holds
e D%, — D% uniformly in R? for all a € INZ.

e D%, — D% in LP(R?) for all @ € INZ and for all 1 < p < oo.

Example 15.5. Let ¢ € S(R?) and (h,) € R? such that h, — 0. Define a sequence
on(z) = @(x + hy). Then for all j € N, for all z € R? and for all a € Ng with |a| = j
it holds

(1+[2]*Y D™ (p(x + hn) — ()] = (1 + [2]*) |D*(x + hy) — Dp(2))|
mean value thm

< (1+ [z) VDY ()] | hnl
< C'|hy| — 0, (n — 00).

Hence, ¢, — ¢ in S(R?).

Before we define tempered distributions, we want to give a brief motivation for the
definition. The idea is that every f € L*(R%) can be considered to be a linear form on
BUC(R%)* via

BUC(RY) — K
Tf =
© = fpafo.

Note that T is continuous since [T()| = | [a feo| < [ £l gy |#]lo- This means that

L'(RY) — (BUC(R%)).? As mentioned earlier, distributions are elements of the dual
space D' for D “sufficiently small” and compatible with ¢ — [, fe.

IThis is the space of bounded and uniformly continuous functions on R%.
2This space also contains elements which are no functions.
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Definition 15.6. a) Consider
S'(RY) := {T: S(R?Y) — C: T linear and continuous}
Then T € 8'(R?) is called tempered distribution.
b) Let (T,) C S'(R?) be a sequence of tempered distributions and 7' € §’(R?). Then
T,, converges to T in S&’(RY) if
(Tn, p) = Tulp) = Tlp) = (T, )
for all ¢ € S(RY).
Lemma 15.7. Let T: S(R?) — C be linear. Then the following statements are equiva-

lent:

a) T is a tempered distribution.

:
b) There exist C > 0 and k € Ny such that [{T, ¢)| < C’Zdj(w).
=0

¢) There exist C > 0 and k,m € Ny such that |(T, )| < C Z Pas(©).

lal <k
|B|<m

Proof. Exercise.

Example 15.8. a) Let f: R? — C be measurable and such that (1 + |-|)~7f
L'(RY) for some j € Ny (we call such an f slowly increasing). Then Ty () :
Jpa fo, €S8 (R%), is a tempered distribution, since

I m O

I . |
(o< [ ot (P16l < Cdite)
—_———

€Ll (R4)

€L (R4)

b) In particular, part a) implies L7(R?) C S'(R9) for all 1 < p < oo. However, note
that we identify f € LP(RY) with the corresponding distribution 7y € S'(RY).
Note also that f +— T} is injective.

c) For all z € R? we have that
5 S(RY) — C
N p ()

is in S'(RY), since [{d,,0)| = |p(x)] < |l¢ll, = do(p). For the special case of
x = 0, the distribution Jy is called (Dirac) delta distribution.
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15 Tempered distributions

d) Define
1 ) 1
<p.v. -, gp> = lim o(z) - —dx
x

e—0 ‘£B|>E X
for ¢ € S(R). This is the so-called principle value distribution. One can show
that it is a tempered distribution.

Definition 15.9. a) Let T € S'(RY),v € S(R?) and p be a polynomial. Then we
define

(p-T,p) = (T,p- )

for o € S(RY). It is easy to see that 1 - T and p- T are well-defined and tempered
distributions.

b) Let T € S'(RY) and j € {1,...,d}. Then the j-th partial distributional derivative
of T is given by
(O0;T, ) == — (T, 0;)
for o € S(R?). This is again a tempered distribution.

Remark 15.10.  a) We can easily extend the above definition to general derivatives.

For a € INZ we have
(DT, ) = (=1)*(T, D) .

b) The definition of distributional derivatives is motivated by integration by parts.
Keep in mind that distributions shall be a generalisation of functions. Consider
f € S(RY). Then f € LP(RY) for 1 < p < oo, so we can define the tempered
distribution T as in Example 15.8. Now we can use integration by parts to see

o0 = | os@playde == [ ool ds

for ¢ € §. Hence, if we want to define a distributional derivative, it should match
the above calculation.

c) If we have f € W"P(R?), then obviously T; € S'(RY) and 9;Ty = Tp,, so the
distributional derivative coincides with the weak derivative.

Example 15.11. Earlier in this course when we introduced weak derivatives, we have
already seen as an example that f(z) = |z|,z € R, is weakly differentiable with weak
derivative f’(z) = sign(z). However, we also mentioned that f is not twice weakly
differentiable. Since sign(x) is slowly increasing, we have Ty = Tyg, € S'(RY). Thus,
we can compute the distributional derivative for T} as

(DTp, ) = — (sign, ') = / o () di — / T Y(@)da

—00

= ¢(0) + ¢(0) = 2¢(0) = (200, ) -
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Roughly speaking, this implies “f” = 24,”.
Definition 15.12. a) Let g € C(R?) and x € RY. Then
Tg(y) =gz —y), yeR
is called the translation of g by .

b) For T € §'(RY) and ¢ € S(R?) we define the convolution by
(T )(x) = (T, Top) z € R
Remark.  a) Note that the convolution of a tempered distribution and a function is

again a function.

b) If T € S'(RY) is of the form T} for some f such that this expression is mean-
ingful, the distributional convolution coincides with the convolution known from
integration theory as

(Ty * ) (x) = (T}, Fag) = Lﬂwnwwdy:/°ﬂw¢@—yww=<fwmwy
Rd Rd

Theorem 15.13. For all T € §'(R?) and for all o € S(R?) we have T x p € C°(RY)
and it holds
0;(T * ) = (9;T) xp = T x (0j0).

Proof. Step 1: T x ¢ is continuous: Let 2, h € RY. Then

Fornp(y) = @ +h —y) "V p(r —y) = Foply)  in S(RY).

Compare this step to Example 15.5 for more detail. Hence,

(T % @) (x + h) = (T, Fupng) 5 (T, 7op) = (T * ¢)(x).

Step 2: 0;(T * ¢) is continuous with 0;(T * ¢) = T * (9;¢): Let h € R\ {0} and de-
note by e; the j-th unit vector. Then, as above,

- (Ferre, e — 79) (4) = (0l + he; —y) — ol — )

" 0j0(r —y) = Tdje(y)  in S(RY).

Hence,

T+ )(@) = lim 3 (T, Fsney) = (T 72)

. 1 N
= flzli% <T7 E (Tx—i-hejgp - Tx§0)>

= (T, 720;0) = T  (050)(x)
and since 9;p € S(RY), we get that 9;(T * ) is continuous by step 1.
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15 Tempered distributions
Step 3: 0,(T * ¢) = (0,T) * p: We have
[0; (Tz)] (y) = (B(p(x =) (y) = =(O50) (& — y) = —T=(0j0). (x)
Thus, Step 2 implies

0;(T + ) () = (T + (00))(x) = (T’ 7.0, )

2 (T,0; (a0)) = (0;T, 7o0) = ((0,T) x 0) (). -

Example 15.14. For f € S(RY) it holds

—
=

(00 * f)(x) = (b0, Taf) = (7f) (0) = f(z = 0) = f(x).

Thus, we see that convoluting with dy does nothing, or dy is the neutral element with
respect to convolution.

In the next step, we want to define the Fourier transform for tempered distributions.

Since for f,g € S(R?) we have
/ fo=| 1.
R4 R4

the following definition is natural.

Definition 15.15. Let T € S'(R?). Then the Fourier transform 7' = FT is defined by
(Too) = (T.0), @ eSEY.

Theorem 15.16. The Fourier transform F: 8'(RY) — S'(RY) is a continuous isomor-
phism and its inverse F ' is given by

(T,p) =(F'T,¢) =(T,¢), TeSR), peSR)
Furthermore, for ¢ € S(RY) it holds ’_Z/E =Ty,
Proof. Linearity is straightforward, so we show that Teds (RY) for an arbitrary tem-
pered distribution T'. Let (¢,) C S(R?) and ¢ € S(R?) be such that (¢,) coverges to ¢

in S(RY). Then by the continuity of the Fourier transform in S(R?) the sequence ()
converges to ¢ in S(R?). This implies

<T, %> = (T, ¢p) — (T, ) = <T 90>

for n — oo and this means 7' € S'(R%).
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In order to show that the Fourier transform is contiunuous, let (7},) € S’(R¢) with
T, — T in 8'(R%) be given. Then for all p € S(R?) we have

Jim (Tu0) = Jim (T g) = (T.9) = (T.).

Thus (7},) converges to T' in S'(R%).

The invertibility of the Fourier transform is also inherited from the Schwartz space,
since for all T' € §'(R?) and all p € S(R?) it holds

(FFIT, @) = (F'T, Fp) = (I, F ' Fp) = (T, ¢),
so FF~is the identity on &'(R?). Analogously one shows F~1F = id.

Finally, let 1 € S(R?) be given. Then for all ¢ € S(R?)

<ﬁ7<ﬁ> = (Ty, $) Z/]quﬂ@:/n{d%”: <T¢’90>’

soﬁ:ng. OJ

Example 15.17. Consider once more the delta distribution dy. Then we calculate for
every ¢ € S(RY)

(boog) = (0p) =200 = [ e pla)da = [ pl)do = (Lg)

This implies 30 =1.

The usual formulae for manipulating Fourier transforms all can be transferred to
tempered distributions. We collect the most important ones in the following lemma.
The proof remains as an exercise.

Lemma 15.18. For all T € S'(R?) and all ¢ € S(R?) it holds
o) Too=T ¢ andT o=Tx¢.
b) 9T = (2ni)°T.

¢) 9°T = F((—2niz)°T).
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16 Marcinkiewicz Interpolation
Theorem

In this chapter we prove a theorem that allows to transfer continuity properties of
operators from one L? space to another. This is a special case of so called ’interpolation’
results. For all this chapter let (X, %, 1) and (Y, S, v) be o-finite measure spaces.

Definition 16.1. Let T: D(T) — L°(Y) a mapping with D(T") a subspace of L°(X)
and let 1 < p,q < o0.

a) The map T is called sublinear, if for all admissible f,g it holds [T(f + g)| <
T/ +1Tgl

b) We say that T is of strong type (p,q), if L?(X) C D(T') and there is C' > 0 such
that HTf”Lq(Y) <C HfHLp(X) for all f € LP(X).

c) If ¢ < oo, we say that T is of weak type (p, q), if LP(X) C D(T) and there is some
C > 0 such that for all f € LP(X) and all A > 0, it holds

v({y €Y 1 |Tf(y) > A}) < (%) -

Finally, T is called of weak type (p, o), if it is of strong type (p, 00).

Note that for linear operators being of strong type just means continuity.

We show that being of weak type is indeed the weaker notion.

Lemma 16.2. Let 1 < p,q < oo and let T be as in the above definition. If T is of strong
type (p,q) then T is of weak type (p,q) with the same constant.

Proof. In the case ¢ = oo there is nothing to prove. For all the other cases let f € LP(X)
and A > 0. Then by Tchebychev’s inequality and since T is of strong type, we get

! Clf )\
v({y €V T > M) < 5 ITf sy < (M) '
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16 Marcinkiewicz Interpolation Theorem

Before we can formulate the main theorem of this chapter, we need one more small
notation. For a measurable function f : X — K and some \ > 0 we set

fo=Fgpen and f= Ly
to the effect that f = f\ + f*.

Theorem 16.3 (Interpolation Theorem of Marcinkiewicz). Let D(T) be a subspace of
L°(X) such that for all f € D(T) also the function fy is in D(T) and let T : D(T) —
LY(Y) be sublinear. If for 1 < py < p1 < oo the map T is of weak type (po, po) with
constant Cy and of weak type (p1,p1) with constant Cy, then T is of strong type (p,p)
for all p € (po,p1) and the following estimates hold:

p pr \YP -y mirer
1T fllirvy <2 (p ’ + , p> Co" 0" " | fll(xy s in the case pr < o0
o -
and
p P p | m
1T F iy < 2 =0 Co" Oy " N fllurxy  for pr = 0.

For the proof of this theorem it is good to rememeber the following identity from
integration theory: For all 1 < p < oo and all f € LP(X)

T / Tl € X < |f(@)] > AP¥tdn, (16.1)

Proof. We first treat the case of p; < oc.

Let f € D(T)NLP(X) and A > 0. We introduce some constant v > 0 to be chosen
suitably later. By the hypotheses on D(T') also f\ and f* are in this space and we get
by the sublinearity of T’

Tfl =T+ )< |THI+ITF.
This implies that

{yeY : |Tf(y)| >29A} C{y e Y |THW)|+ T ()| > 297}
ClyeY : |ThHy)| >N u{yeY [T (y)| > A}

Since T is of weak type (po, po) and (p1, p1), we conclude

v({y e Y ITf(y)| > 29A}) Sv({y €Y [TH®)] > A} +v({y € Y [T (y)] > A}

< (CO Hf)\HLPo(X)>pO + (Cl ”f)\HLPl(X))p1 ‘
YA YA

116



Using (16.1) three times, we use this to estimate the p-norm of T'f:
27 T flIEr vy

= 2_7310/00o v({yeY : |Tf(y)| > 7} dr

T=27\

="p7" /OOOI/({y €Y |Tf(y)] > 29A}) N HdA

00 CO f)\ ) Po 50 C ) p1
S]Wp/ ” HL 0(X) /\p_ld)\+p7p/ 1A lleer x V=N
0 YA 0 YA

= Gy ™ / £ 10 ey X770 AA+ CF P / £l ey AP
= C ppoy" " / / u({x e X: |f>‘(x)| > 7—})7—190—1 drAP—Po—1 Q)
0 0
st [ [ ne e X n@] > st
0 0
— Cgoryp*poj 4 Cflfypfm Il

We estimate [ and I separately. For I[ we first note, that f) is always smaller than
A, so we can replace the upper limit in the inner integral by A. Furthermore it holds
[fxl < [f], so we find

{zeX: i@ >7tC{ze X |fx)] >}
This yields

00 A
= ppl/ / p({r € X |f(@)] > rH) X te=tdr da
0 0

We apply the Tonelli Theorem and obtain, noting that p < p; by hypotheses,

—n [ [ nlfe e X 1@ > i s
0 T

1 A=0c0
= ppl/ ,u({az € X :|f(x)] > T})Tplfl_)\pfpl dr
0 pP— D1 A=T
_ bPhn > _ =1 e
= / p({z € X« |f(@)] > 7})r" "t P dr.
P1—DPJo

Relying once more on (16.1), we find

y4!
= P exy-

We turn to the estimate of 1. It holds

{zeX:|f(x)>71}, ifr>A

{a:GX:|f>\(£E)|>T}:{{x€X:’f($)|>)\}, if 7 <A
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16 Marcinkiewicz Interpolation Theorem

Thus
0o A
I :ppo/o |:/0 ,u({x c X : |f(x)| > )\})Tpo—l dr
b [ ulte e x 1) > )rtar] et
A

Calculating the inner integral in the first part and applying Tonelli in the second we find

* 1
:Ppo/ — TP
o Do

Since py < p we may calculate the inner integral in the second part and get

:p/ooou({x €X :|f(x)] > AP "dA

T=\

O,u({m € X : f(z) > A} AP~ ldA

T=

+ppo/ / APt A ({o € X« [ f(2)] > 7}) 7~ dr.
0 0

* 1
+ppo/ Tp_po,u({x € X :|f(x)] > T})Tpo_ldT
o P—DPo

Po P—Po+ Do p
=1+ b 2P0 T B0 e _ b
( p_po) e = = 2 Wi = = 1

Putting everything together, we conclude that

_ — D1
ITflIEr oy <2 (0507p P—— + 7' plm) 111 (x) -

1
Now, choose 7 in such a way that C{°~+P770 = CT'~P~P1 ie. v = (CY'/C{°)ri—r0. Then
the content of the parantheses in the above constant transforms to

( L ) oI Py
P—=Po P1—P

and we find that T is of strong type (p,p) with the asserted constant.
We turn towards the case of p; = cc.

Let f € D(T) and A > 0 be given and set v := 1/(2C}). Then since T is of strong
type (o0, 00) by hypotheses,

A
||Tf7>\||L°°(Y) <y ||f7/\||L°°(X) < OI’Y/\ = E
This means that |T'f,5| < A/2 almost everywhere and thus

v({ye Y ITF@)| > A)) < v({y €V [Tfaly)] + [T w)] > A})
<ul(fye Y [T > M2}) +r({y €V [T > A/2))
=v({yeY : [T y)| > \/2}).
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We use this to estimate the LP-norm of T'f in the following way:

Tl =0 [ v({y €Y 5 ] > AN

< p/ooo v({y €Y : [T y)| > A/2}) A1 dA

Now the weak (pg, po)-estimate enters to the effect that

po

< (Gl )
gp/ AP
0

A
2

= [ g ¥

=M®%WW/ L AP,

Looking into the proof in the case p; < oo, we find that this is exactly
— (200)170,}/170—13].
Since p; is not used in the earlier estimate of I, we can just copy this and obtain

< (2Cp)P ”p HfH

Finally, putting in v = 1/(2C}) we end up with
- p
= (20,)P°(2C, )P—Po fpp
2o 2L 7

and taking the pth root, this is

1
)
Il < 267 6 (2) Wl s

This theorem can be applied to the following sublinear map, that we will need in the
next chapter.

Definition 16.4. a) If Q C R?is a cube, we will write £(Q) for its sidelength.

b) We consider the grid of unit cubes
Dy = {Q C R?: Q closed cube, £(Q) = 1 and all vertices of Q are in Z%}
and for all k € Z we set Dy, = {28Q : Q € Dy}. Then

D = UDk

is the set of all dyadic cubes in RY.
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16 Marcinkiewicz Interpolation Theorem

c¢) Forz € Riweset D(x) == {Q € D: x € Q°}. Then the (dyadic) Hardy-Littlewood
maximal function or (dyadic) Hardy-Littlewood maximal operator M is defined by

— 1 d
vl LU

for all f € L, (RY).
Remark 16.5. The dyadic cubes have the following important property: If Q1,Qs € D

are such that Q{ N Q35 # 0, then Q1 C @y or Q2 C @y, i.e. if two such cubes have
non-disjoint interior, than they are contained one in another.

We collect some properties of the dyadic maximal operator.

Theorem 16.6. a) M is sublinear and Mf is mesurable for every f € L*(RY).
b) For every f € LY(R?) it holds | f| < Mf almost everywhere.
c) M is of weak type (1,1).

d) M is of strong type (p,p) for all 1 < p < oco.

Proof.  a) Sublinearity is straightforward and measurability of M f follows, once we
show that (Mf)~!((a,o0)) is open for every a € R. In order to do so, let = €
(Mf)*((a,0)). Then Mf(z) > a, which means that there is some dyadic cube Q

with z € @° such that
1
— [ |f] > a.
@ 1

Since x is in the interior of (), there is some ball B around x that is completely
contained in ) and for all y € B we consequently have

1
Mf(y) > W/Q\f\ >,

so B C (Mf)((a,00)).

b) In order to prove this, recall the Lebesgue Differentiation Theorem: Let f €
L'(R%), € R? and (Q,) be a sequence of cubes such that z € Q,, for all n € N

and (e @n = {x}. Then

. 1
f(z) = T}ggom o f(y)dy
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almost everywhere in R¢. Using this, we get

. 1
) = Jim |5 i )y
< lim Su 50) / |f(y)] dy

= lim (M f)(x)
= (Mf)(z)

almost everywhere in R
c¢) Exercise

d) One finds that M is of strong type (0o, 00) just by estimating for every f € L*(RR%)
and all z € R?

IMf(z)| = sup |f| ||f||L°° (R4) ||f||L°°(]Rd :
QeD )\d

QeD(x) >\d

So, the claim follows from the Marcinkiewicz Interpolation Theorem. n
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17 The Calderon-Zygmund
Decomposition

We introduce an important class of linear operators, that are given by convolution with
a so called kernel. These appear frequently as solution operators to PDEs.

Definition 17.1.  a) A linear operator T: S(RY) — &'(R?) is called a convolution
operator, if there is some K € Ly (R?\ {0}) such that for all f,¢ € S with
supp(f) Nsupp(p) = 0 it holds

Tr0) = [ K-l dey).
RIxR4
In this case K 1is called convolution kernel of T

b) A convolution kernel K satisfies the Hérmander condition, if

sup / |K(z—y) — K(z)|dz = Cy < o0.
yERN{0} J |z[>2]y|

c) If T is a convolution operator with a kernel K that satisfies the Hérmander con-
dition, and if 7" may be continuously extended to a bounded linear operator on
L*(R%) such that

Tf(x)= [ K(x—y)f(y)dy

R4
for all f € L*(RY), then T is called a Calderén-Zygmund operator.

The goal of this chapter will be to prove the following theorem.

Theorem 17.2. Every Calderon-Zygmund operator T can be continuously extended to
a bounded operator on LP(R?) for all 1 < p < oo and for all f € LP(R?) it holds

0y 222
CCQ+CH702P f P ) prgza

||Tf||LP(Rd) S ( L )ﬁ Lé H ||L (R4) -
C(Cr2 +Cn) 7 Cl |l flipmay,  #fp>2

Here Oy denotes the boundedness constant of T on L*(R%) and C' is independent of T .
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17 The Calderon-Zygmund Decomposition

The outline of the proof is as follows: A Calderén-Zygmund operator is of strong type
(2,2), so it is also of weak type (2,2). The main work will be to prove that it is of
weak type (1,1). Then the Marcinkiewicz Interpolation Theorem gives the claim for all
p € (1,2]. For p bigger than two, one observes that the adjoint of a Calderén-Zygmund
operator is again of the same class. Then the claim follows from a duality argument.

For the proof, that every Calderén-Zygmund operator is of weak type (1,1), we will
introduce a powerful machinery. Recall the notation concerning dyadic cubes from the
preceding chapter.

Lemma 17.3 (Whitney decomposition). Let F ; RY be open. Then there is a selection
(Qj)jen of dyadic cubes with the following properties:

a) They have pairwise disjoint interiors, i.e. Q5 N Qy = 0 for all j # k,

b) Ujen @; = £ and

¢) For all j € N it holds vV/d((Q;) < dist(Q;, E°) < 4V/dl(Q;).

Proof. For every x € F, the distance of x to E° is strictly positive, so, setting
By = {z € E:2Vd2" < dist(z, E°) < 4Vd2"}

for every k € Z, we get E = J,cp, Ex- As a first candidate for our Whitney decomposi-
tion we consider

Q = U{QeDk:QﬂEk#@}.

keZ
Then Q fulfills already b) and c), as we will show now.

In order to show that Q satisfies c), let Q € Q. Then, by the construction of Q,
there is some k € 7Z with () € D, and there exists an x € @ N Ey. This implies
2v/d2kF < dist(z, E°) < 4v/d2% and £(Q) = 2", so we find

Vdl(Q) = Vd2k = 22k — Va2k < dist(z, E°) — Vdi(Q)

< dist(Q, E°) + dist(z, 0Q) — Vd((Q) < dist(Q, E) + diam(Q) — diam(Q)
= dist(Q, E°)
< dist(z, E°) < 4Vd2" = 4Vd0(Q).

We show that the cubes of Q have property b). We just saw that dist(Q, E°) > v/d{(Q) >
0 for all Q € 9, so every cube in Q is contained in F, which implies UQE 0@ CF.

For the converse inclusion let x € E and choose k € Z such that x € Ej. Since the

cubes in Dy, cover all of R, there is some @Q, € D), with x € Q,. Now, Q, is a cube in
Dy with x € Q, N Ey, so Q, € Q and this implies £ C UQGQ Q.
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The only problem about Q is, that its cubes do not have pairwise disjoint interiors.
There are too many cubes in Q, but it will turn out that all of these superfluous cubes
are not needed to accomplish b), so we will throw them out now.

For this, we first prove, that for every @ € Q there is some maximal @ € Q with
Q C Q. Let @ € Q. Pick some point z € Q°. Then z € E and for all ), € Q with
Q C Q. it holds ‘ ‘

00, < dist(Q, E°) < dist(z, F )
Vd Vd

This means that all cubes in Q that contain @ are bounded in size. So, for our cube @,
we can choose () to be a cube with maximal size in @ that contains Q).

Finally, we can define our Whitney decomposition as any enumeration (@););en of the

set {Q : Q € Q}. Then for this choice of cubes ¢) is still satisfied, while a) is now forced
by Remark 16.5: If Qy N Q5 # () for some j,k € IN, then one of these cubes is contained
in the other. So, either j = k or the inclusion is strict. And the latter case would be in
contradiction to the maximality of the cubes (Q;);en-

It remains to assure that we have not discarded too many cubes, that is b) is still
valid. For this, let € E. Then by our considerations above, there is some cube Q € Q
containing x. This means that x is also in the corresponding cube @), and so it is
contained in a Whitney cube. O

Theorem 17.4 (Calderén-Zygmund decomposition). Let f € L'(R?) and A > 0. Then
there exist at most countably many cubes QQ; € D, j € N, with pairwise disjoint interiors

and there are functions g,b € L*(R?) with f = g+ b, such that the following assertions
hold for some C' > 0 that is independent of f and A

0) g € L(RY) with lg] =y < ON

b) Nlgllimay < 1fllpr ray

¢) b=73_icnbj with supp(b;) C Q; for all j € N,

d) [pabj =0 forall j €N,

e) 11611 ey < 2fQj |f| for all j € N, and

f) Y ien Ma(@;) < % 1l (ray-

Remark 17.5. The parameter A in this theorem is often refered to as the height of the
Calderéon-Zygmund decomposition. Furthermore, the function g is often called the good
function and b the bad function, whence the notation. The idea is that ¢ contains
the nice, bounded parts of f, while b contains the singularities. The payoff of the
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17 The Calderon-Zygmund Decomposition

decomposition is that there is a good control on the support of the bad function. This
then helps in the estimates as we will see.

Proof of Theorem 17.4. Let f € L*(R%) and A > 0. Invoking the Hardy-Littlewood
maximal function, we consider the set Ey := {x € RY: Mf(z) > A}. Since the maximal
operator is of weak type (1,1) by Threorem 16.6, this set has finite measure:

M(ER) = Al € R [MF(@)| > A)) < S 1 sy < o0

In particular F) is not the whole space. Furthermore, E\ = (Mf)™}((\,00)) and we
have already shown in the proof of Theorem 16.6 that this set is open. According to
Lemma 17.3 we can therefore take (Q;);enw C D as the Whitney decomposition of Ej.

We can immediately infer f) thanks to

C
Z (@) = Aa(Ey) < B\ 1Nl ey -
JeEN
For every j € IN we set

1

i jEN

Note that b is well defined, since the ocurring sum is locally finite. This definition
immediately estblishes c), as well as f = g+ b.

In a next step d) follows from

L | s )= L -5 o=

and e) is also easy:

Aa(Q;)
(@) Jo

|f|+

HijLl(]Rd) -

f—
Qj

/\d(le) /

We turn to the proof of b). If z € Q5 for some j € IN, then z is in no other Whitney
cube, so

|f| =2 [ |f].
Qj

g(x) = f(r) = b(x) = f(x) = by(a) = f(2) = f(2) + ﬁ /Q - Ad<1Qa'> o
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On the other hand, if z € EY, then z is in no Whitney cube, and we simply have
g(x) = f(x). Since, the boundaries of all Whitney cubes together form a null set, we
have

ol = f, 1ol+ [ 1o = zﬂ:v/ o+ 1= Z/O S
<3 [ 1 [ = [ 1= Wb
which is b).

It remains to prove a). Let z € E) and choose j € IN such that z € ();. By the
properties of the Whitney cubes it holds dist(Q);, Ef) < 4\/E€(Qj). This means that
5\/6_162]-, i.e. the cube with the same midpoint as ); but sidelength 5\/36(62]-), intersects
E5. Now, choose dy € IN with 2do—1 < 51/d < 29 Then also the even larger cube 2d0Qj
intersects EYf, so we can pick some z from this intersection. Since 2%(Q) is a dyadic cube
that contains z, we find

1

92)1 = 30

2ddo
/ fl < Al 2d0Q]) / ’f’ < 2N f(2) < CA,

Qj ‘ B )\d
where the last inequality is true, since z € Ef.

For x € Ef, it holds Mf(z) < X and g(z) = f(x), so we find with the help of
Theorem 16.6 b) for almost all z € E

lg(x)| = [f(2)] < Mf(z) <A O

We have now collected all the necessary tools to attack the main task in taming
Calderon-Zygmund operators.

Lemma 17.6. Every Calderon-Zygmund operator T is of weak type (1,1).

Proof. We will show that there is some constant C' > 0 independent of 1" such that for
all f € L'(RY) NL*(RY) and all A > 0 the estimate

C
Aa({z € R : |Tf(x)| > A < X(OLQ +Ch) ||f||L1(1Rd) (17.1)
is valid. For given f € L'(R%) N L*(R%), A > 0 and some 7 > 0 to be chosen later, we
apply the Calderén-Zygmund decomposition at height v\, i.e. we decompose f =g+ b
with functions g,b € L'(R?) such that the properties a) to f) of the Calderén-Zygmund
decomposition hold with A replaced by yA. Property a) tells us that g € L'(R4)NL>(RY),
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17 The Calderon-Zygmund Decomposition

so by the interpolation inequality we even have g € LQ(Rd). Then also for b there is no
other choice as to ly in LQ(]Rd). This means, that we can apply T to these two functions
and T'f =Tqg+ Tb.

In the same manner as in the proof of the Marcinkiewicz interpolation Theorem we
split up the set we wish to control:

{z € R*: |Tf(x)] > A} C {x € R*: |Tg(x)| + |Tb(z)| > A}
C{z e R: |Tg(z)] > N2} U{z € RY: |Th(z)| > \/2}.

This means that

M({z € R |Tf(z)| > A})
<N({z e RY: [Tg(zx)| > A/2}) + Na({x € R : |Th(z)| > N/2}) = [ + 1]

and we will estimate both addends I and I seperately.

As one would guess, the easy part is the one involving the good function, so we start
with the estimate of I. Here it suffices to apply the Tchebychev inequality and the
boundedness of 7" on L*(R%) together with some properties of the good function. In
detail it holds

2

ccCy,
I:Ad({xeRMTg( >| >A/2}> T ey < T ol

002 CC2,n b) CC2,y
T R E PG S

Let’s turn to the estimate of the bad function. As before, we denote the kernel of T' by K.
For every j € IN we denote the midpoint of the cube ); by x;. For all z € ]Rd\Z\/_Q], we
have = ¢ supp(b;) and thus, using property d) of the Calderén-Zygmund decomposition

Th(o) = [ K= dy= Ko=) [ by

= [ (=) = K= 2)by(0) .

This implies with Tonelli’s Theorem and the support properties of b;

[ imnelae= [
RN2VdQ; RI\2VdQ,
<[ [ K-y - K- )| delbyo)]dy
R4 Rd\QfQJ

-1/ — ) — K (e = )| deip, ()] dy.
Rd\QfQJ

(K(r - y) - Kz — 2;))b,(y) dy\ da
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Centering the inner integral around the origin, i.e. substituting 2’ = « — z;, this may be

rewritten as
/ / K(a' = (y — z;)) — K (2)| da’[b;(y)| dy.
Rd\Q\[QJ _x]

Ify € Q; and 2’ € (R*\ 2V/dQ;) — x5, then [2'| > Vdl(Q;) and |y — x| < §V/d(Q;), s0
|| > V/dl(Q;) > 2|y — x;|. This implies

/ /l /|22ly— \} K@’ = (y =) = K(')| do’[b; (y) | dy

and we are exactly in the situation of the Hormander condition. This results in
<Cu [ 10)1dy = Curlls s < 2 [ 191
Qj Qj

where the last estimate stems on e).

We split up the estimate of I1 into the part inside the cubes 2\/3Qj, 7 € N, and
outside of these and apply the Tchebychev inequality to the second part:

1T =X({z € R?: |Th(z)| > )/2})

Ad (U 2\/c_le> + A ({x e R\ | J2vdQ; : |Tb(z)| > )\/2})

jEN jeN
C
A | 2vdQ; +—/ Tb|.
jEN A SR, e 2va0;

Since
e,
A <U 2\/c_le> < Z M(2VdQ;) < 2%d%? ZM(Q;‘) < Y 11l (may
jEN jEN jEN v

and since by the above calculations

i< [ =3 [ ITh|
/Rd\UjeIN 2\/EQJ R4 \U jeN Q\TQJ keZ]N Z Rd\U jEN 2\[Qj

keN
< [ 0 <2003 [ 11200 s
kel Y RI\2VAQy keN

we find

C /1
s+ (; +OH) 1l ray -

Altogether, we found until now

Ml € RY 75 > 3) < 5 (Gt 2+ Ca ) Il

U

Setting v = CL’J yields the estimate in (17.1).
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17 The Calderon-Zygmund Decomposition

Having done the main work, we can now harvest.

Proof of Theorem 17.2. Let T be a Calderén-Zygmund operator. Then by definition 7’
is of strong type (2,2) with constant C}2 and T is of weak type (1,1) by Lemma 17.6,
where the constant is given by C(Ciz+Cg), cf. (17.1). The Marcinkiewicz interpolation
result thus yields that 7" is of strong type (p,p) for all p € (1, 2] with constant

1 _ _
9 ( p + h ) P O(?O(l_ppl—pz?o)cl%l pﬁ—pgo
P—Po P1—P

2\ 2(p—1
=2(hyegy) (@ e el

2p—2
P

2-p
Since T' is a linear operator, this is already the claim for this range of p’s.

Let p > 2 and consider the adjoint 7% of T in L*(R¢). This is also a Calderén-Zygmund
operator with the same constants Cy and Cj» (exercise!), so it is bounded in L (R%)

9/ Zp,,—2
with constant C(Cp2 + Cy) 4 C;.” . This means that T'=T"* = (T™)" is bounded in
LP(RY) with the same constant. Since 2;—;”/ = 1%2 and 22 ;72 = %, the claim follows. [
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18 Fourier multipliers

In the whole space R? the Fourier transform is a powerful tool to solve PDEs. If one looks
for instance at the resolvent problem for the Laplace operator Au — Au = f on R, then
applying the Fourier transfrom yields the algebraic equation \u(¢) + |£]20(€) = f(€),

which leads to the formula ]
u(§) = Tm?f €3]

for 4. Applying the inverse Fourier transform, we formally get a representation of the

solution w as .
o1
u=F (—/\+|.|2}"f).

In this chapter we want to give calculations like this a precise meaning. We investigate
operators of the form T'f = F~Y(mFf) for given functions m. The main goal will be to
know for which functions m the corresponding operator is continuous on L?(RR¢), as this
will be the key to an LP-theory of elliptic problems like the one discussed above. Note
that these operators are closely related to convolution operators, as by the usual rules
for the Fourier transform it holds

Tf=F ' '(mFf)=(F ' 'm)«(F'Ff)=K=x*f, where K :=F 'm.

So, one aim of this chapter will be to give criteria for the multiplier m such that the
corresponding operator T gets a Calderén-Zygmund operator in order to apply our
results of the preceding section.

Let m € L>®(RY). Then for every f € S(R?), we have mFf € L*(R%), so this
function is in particular in S'(R%) and we can perform the inverse Fourier transform,
yielding some element of S'(R?). This justifies the following definition.

Definition 18.1. Let m € L*(R?). Then T : S(RY) — S'(R?) given by T'f :=
FXmf), f € S(RY), is called Fourier multiplier and the function m is called sym-
bol of the Fourier multiplier.

As usual the easy case is p = 2. Just by the Plancherel Thereom, every Fourier
multiplier can be extended to a bounded operator in L?(R¢): For all f € S(RY) it holds

- i

L2(RY)

=

< [l may 72| gy W Fll 2 ety -

L2(R%) L2(R%)
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18 Fourier multipliers

For the other p’s, the exendability question is much more involved. One obvious strategy
is to link the Fourier multipliers to the Calderén-Zygmund operators, what we will do
Now.

Theorem 18.2 (Hormander-Mikhlin multiplier Theorem). Let d, := [4] + 1 and let
m € L®°(RY) be d, times continuously differentiable on R%\ {0}. If

851;18 £l Dom(€)| =: M, < 0o for all o € N& with || < d., (18.1)

then the Fourier multiplier given by m, v.e. Tf = F‘lmf, f € S(RY), is a Calderén-
Zygmund operator. In particular it can be continuously extended to LP(RY) for all 1 <
p < co. Finally, there is some constant C independent of m, such that for all f € LP(R%)
it holds

1T fllergay < CM [ fllpme) »

where M = sup)y<q, Ma-

Proof. We already saw that T’ can be extended to a bounded operator on L*(R?). In
order to have a Calderén-Zygmund operator it remains to show, that W = F~'m ¢
S'(R%) on R4\ {0} is given by an integral kernel K that satsfies the Hsrmander condition.

First step: Getting started. Take some 7y € C°(R) with 1 > 0, supp(no) C [3, 2]
and 7o = 1 on [3,%]. For all ¢t € R\ {0} there is some j € Z with 2 < 277¢ < ¥ s0
> ez M(277t) > 0. Set
mo(I€]) a
n) = —. (R 0
& S mizeD o
and 7(0) = 0. Then n € C*(R?), its support is contained in the annulus {£ € R*: § <
|€] <2} and for all £ € R?\ {0} we have
mll27€) 24
n(27%¢) =
keZZ k:eZZ Z]ez 770 2 J|2 k§| keZZ Zjez 770 2 (G+k) |€|>
—k —k

- keZ D ez 770(2_6‘&) B > ez 770(2_€|f|)

Using this magic function 7, for every j € Z we define new functions m; as m;(§) :=
m(&n(277¢), ¢ € RY, and corresponding distributions K; := ;. As 1 has compact
support away from the origin, m; is in C%(R?) and has compact support. In particular
m; is in L'(R?), so K; is even a bounded function for all j € Z.

We claim that Z;V:_N K; for N — oo converges to m in S'(R?). Indeed for all
¢ € S(R?) we have
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By (18.2) the integrand converges pointwise almost everywhere to m¢ and since ¢ is
a Schwartz function and the other functions are bounded, the Lebesgue Theorem gives
convergence of the integral to (m, @) = (m, ¢) for N — oo.

Second step: A useful estimate. We show that there is some constant C' > 0,
such that

sup [ Ky (@)](1+ 2lal) /4 ds < CM,
IRd

JEZ

where M is as defined in the theorem.

Using the Cauchy-Schwarz inequality, we find for all j € Z

[ @I+ 2al) e = [ 1)1+ Dl (14 2] b
R4 R

A 1/2 ‘ 1/2
S(/ |Kj<x>|2<1+2f|x|>2d*df> </ (””'x')l/Z_Zd*dm) |
R4 R4

Since 1 —2d, =3 —2[4] —2<1-2(¢-1)-2=—-1—d < —d, the second integral is

finite and satisfies
/ (1427 |[) /> da = / (14 Jy[)! /272279 dy = C277°.
IRd ]Rd

In order to estimate the first integral we first note that

dy
(1+ 22 =) (dg)zﬂ'wk <C DY @)y =C ) 2.

k=0 Iv|<d. [vI<dx
Putting this together yields
1/2
| @I+ 2l < o2 | [ @ (3 2P ) e

[y|<dx

= C2792 ||z Z 2K ()27

[y|<dx

L2(R4)
< C27 N " |z Kj()a || 2y
"Y‘Sd*

Using properties of the Fourier transform and the Plancherel Theorem, we rewrite this
last norm:

| = Kj(2)2" || 2gay = llz = 27my(2)]] 2 gay = HF*I(D”mj)”Lz(]Rd)
= HDva’HL?(Rd) .
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18 Fourier multipliers

The next task is to estimate this remaining norm and to link it to the hypotheses on m.
In order to do so, we plug in the definition of m; and apply the Leibniz rule:

[ 1Dl ac= [ (o)) ag

/]Rd ay

< /}R d (Z (Z) |D“m<f)\|D”‘“n<2‘j£>!2—f”'2f'“')2 dg.

a<ly

dg

«

2 (7) Dem{€) D1y (27g)2 7 h e 2

Next, we substitute 7 = 277¢.
2
— / > (7) |D*m(277)|| D7 (r) |22l ) 234 dr,
R4 o<y (6]
Investing the support properties of  and the hypotheses on m, we get

2
, 7y i 1olol [l s inloslal
= 2]d/§7|§2 (Z (a> Mo|2'7] HD7 77”L°°(]Rd) 2792 ) dr

2 a<ly

2
< C’M22jd/ Z (V) 7|7 lel2=i ) dr
3<in<2 \ oy \@

2

Finally |7|7lel < (1/2)7lel = 2lel < 21l < 29« can be put into the constant, together with
the remaining binomial coefficients and the volume of the annulus. This leaves us with

< O M22id9=2ill

Putting everything together we have proved

| I+ 2lal) e < 022 37 2D

[yI<dx

< C9—id/2 Z 21l proid/29=ihl — o' M

[yI<dx

for every j € Z.

Third step: The same procedure again. Doing analogous calculations for the
partial derivatives of K, one finds

supZ_j/ }VKj(.iE)’(l—l—Qj\x])l/A‘da: < CM.
Rd

jEZ
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The only point, where one has to pay attention, is when applying the Plancherel The-
orem. There one has for the k’th partial derivative 0y K;(x)x” = Oymn;(z)z”, which via
Plancherel leads to the norm of D7 (&;m;(€)) = DY (m(€)&m(277€)). For the rest of the
argument, the & is then grouped together with the function 7 and when performing the
substitution that introduces 7, the additional factor 277 pops up.

Fourth step: Definition of the kernel K. We show that for almost all z € R?\ {0}
the series >, K;(x) is absolutely convergent. For all z € R?, it holds

|Kj(@)] = i ()] = [F~H (m(©)n(277€)) [ =

/R Em(En(27¢) dg'
< |Im] oo mey /Rd\”@_jf)\df: [[72]] oo (e /}Rd In(7)|2/" dr

= C2||ml| poe () -
So, for j — —oo the sequence (| K;(x)|) is majorised by a geometric series, which means

that >, K;(w) is absolutely convergent.

We now deal with the positive summation indices j. For this, we note that thanks to
the estimate in the second step we have for every § > 0

(14 275)1/4 /
jo|>8
This means that for all 6 > 0

1

7>0 7>0 $|>5

K ()| de < / K (2)](1+ 27 |)* d < CM.

@28

since the last sum converges for every ¢ > 0. This implies that 3, [Kj| is in L' (R4 \
B;s(0)) for every § > 0. Being in L' means in particular that the function is almost
everywhere finite. Shrinking ¢ to zero, this entrails that ., [K}| is almost everywhere
finite. Altogether we have proved that ., K;(x) is abolsutely convergent almost

everywhere in R%. This allows us to define K : = > jez K and from the results of the

first step we know that K = 7 in S'(R?). Additionally, we get K € L (R?\{0}) by the
above calculation. However, note that for the negative indices, the series >, |/K;(z)|

was finite for every x € R?, so it is in L°(R¢) which implies that it is even in L. (R%).
loc

Fifth step: K satisfies the Hérmander condition. For all y € R4\ {0} we
estimate

/||>2 ||K(x—y) — K(z)|dz = /|>2| | Z(Kj(x—y) — K;(z))| dz
Ki(x —y) — Kj(zv)| dx.
Sjezz/xwy’ iz = = K@)
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18 Fourier multipliers

We choose J € Z with the property 27/ < |y| < 277/*1 and we split the sum over j into
the parts with 7 > J and j < J, respectively.

For the large indices we use a brute force triangular inequality:

Z/II>2I ||Kj(9€ —y) — Kj(x)| dz < Z/ (IK;(x — )| + |K;(2)]) da

i>J >0 7 1z=2ly]
=S ([ il [ ()dn).
J>J || >2]y| [z]>2]y|

As |z| > 2|y|, for the difference x — y, we still have |x — y| > |y|, so we can enlarge both
integrals to get

<Z/ i(2)] dz.

=7 Il

In view of the estimate in the second step we calculate

|K;(2)](1 + 29|2[)1/*
=2 / A dz
Z 21>y (14 27|2[)1/4

< 221+2+Iyl)1/4/|. VI 2 s
<OMZ +21|y] i
<CMZ +2]2J1/4

:CMZO—(1+1 =CM,

2k>1/4

independently of y.

For the indices 7 < J, we base our calculations on the estimate in the third step. In
order to do so, we let appear a gradient of K; by writing the difference as an integral:

Kj(z —y) — K;(z)| dz = /
; /mzzm' ’ ’ Z 2] >21y]
/ / - VKj(z — ty)| dt da.
2121y

/0 %(K (z —ty)) dt| dz
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We use that |y| < 277! and (1 4 27|z — ty|)'/* > 1, we forget about the restriction on
x and, finally, we apply the estimate from the third step:

1
§/ Z/ 2_J+1‘VK]-(:E—ty)’(1—|—2j|x—ty|)1/4dxdt
0 i< J R4

1
<CM / Z 2= J+197 4t = CMZ okt — M.
0

J<J k<0
Altogether this proves the Hormander condition for K with Cy = C'M.
Sixth step: The norm estimate. We now know that 7" is a Calderén-Zygmund

operator with L? norm bound Cp» = M and its constant C'y in the Hérmander condition
is also given by M. So, by Theorem 17.2 its L” norm bound for 1 < p < 2 is given by

2p—2 2—p+2p—2

C(Cra+Cp) T Cr =CoM) T MT =M™ =M

with a constant C' that is independent of the multiplier m.

For p > 2 we get the same:

C(Cpz + C)'7 C? = CM™5 = CM. O

Example 18.3. We consider again the symbol that was already mentionned in the
beginning of this chapter. For A € C with Re(\) > 0 we set m,(§) := rlmz, £ e R We
show that this symbol and some of its close relatives fulfil the Mikhlin condition (18.1)
and thus give rise to Fourier multipliers that are bounded on all L? spaces.

We first note that Re(A+ |£]?) = Re(\) + [£]? and that both contributions on the right
hand side are positive. Thus

A+ 1P = V(Re(A) + []?)? + Im(2)2

can be estimated from below by |\|, as well as by |£|2.
Let a € {0,1,2}. We have for all |{] < \/|\|, using the estimate from below by ||,

. e VINT 1
€% ma(€)] = T ST

Using the estimate from below by |£]? and oberving that 2—a > 0, we find for [£] > /||

)| = €l 1
P Ima(©) = [ e e = S

Consequently, this estimate is true for every & € R
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18 Fourier multipliers

In order to verify the Mikhlin condition (18.1) we have to estimate arbitrary derivatives
of my. In doing so, we will use the following calculation. Let ¢ € {1,2,...,d}. Then

- 1 B —2&; B 9
) =0 (53 ) = (o e = 2em©” (18.3)

Having this at hand, we can prove the following claim.

Claim: Let a € IN¢ be a multiindex with |a| < 2. For all 3 € IN¢ the function
DP(£*my(€)) is a linear combination of terms of the form

@mx(@TH
with a multiindex v € IN¢ and r € Ny such that 2r — |y| = || — |a].

We do an induction over the length of the multiindex 5. For || = 0 everything is
fine with v = o and r = 0. So let 5 € IN§ be some multiindex, let £ € {1,2,...,d} be
given and consider § = 8 + e;, where e, is the ¢th unit vector. Then |3| = | ﬁ |+ 1 and

by the induction hypotheses D?(£%m(€)) = 8,D%(£€m(€)) is a linear combination of
terms of the form

0 (€M ma (€)™
We use the product rule to rewrite this as

Oe(€ma(€)™) = Be(€)mA(E)™ + &7 (r + L)ma(£)"demar(€)

If v, = 0 the first summand vanishes, so in this case, we do not have to care about it. If
v¢ > 0 we continue with the help of (18.3):

= &7 my ()" = 2(r + 1)E7mA(€)"Ema(€)”
— ,ny—egmA(g)r—l-l o 2(7, + 1)5’7+ezm)\(§)7'+2

This is again a linear combination of terms that fulfil the claim for 8, since for the first
2r — |y —ef =2r — 7|+ 1= 8] = a| + 1= |B] —|af
and for the second
20 +1) = [y +ed =2r +2 =y = 1= |8+ 1 = |o| =[] - |al.

With this claim proved, we can now show that for every a € IN¢ with |a| < 2 the function
£2my (€) satisfies the Mikhlin condition. For every multiindex 5 € IN¢ the claim tells us
that |¢[1P|D?(¢*ma(€))| is a linear combination of terms of the form |¢[I°l[&7m, (€)™ |
with 2r — |y| = || — |a|. Each of these terms may be estimated by

€19 €ma(e) | < I€l Pl ma (@)1 = ¢ ¥ (©)]

= [P mA ()] ma(€)] = (1P Ima(©)])" 1€ [ma(€)]
1 1

S S

where in the last step we used the estimate obtained in the beginning of this example.

<1

la”
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We show an application of this example to some function spaces.

Definition 18.4. Let s > 0 and p € (1, 00) and consider the polynomial p(§) := 1+ |¢]?,
¢ € RY. The space

H*"(R?) := {f € LP(R) : F ' (p**f) € LP(R?)}
is called Bessel potential space of order s. The corresponding norm is

Lp (]Rd)

/]

Hep(RA) = H‘/’.'*1<p8/2f)

It is not too difficult to show, that the so defined Bessel potential spaces are Banach
spaces. We will use our knowledge from the foregoing example to show a relationship to
the Sobolev spaces.

Proposition 18.5. H*P(RY) = W2P(R?) with equivalent norms.

Proof. For the Bessel potential space we are in the special case s = 2, so the exponent
of p is just 1.

“D" Let f € WHP(R?). Then (1 —A)f € LP(R?) and since
p(&)F(€) = (1+ 1) F(€) = F(1 = A)F)(©),

we have

Fpf)=(1-A)f € L"(RY)

and

1 lieaen, = ||F 7 (0F)

= [|(1 = A) fll1pma)

LP(Rd) -

d
< W lymey + S 1 gy < C 1 oy -

J=1

“C” Let f € H**(RY) and a € IN¢ with |a] < 2. Then with the notation of the
foregoing example

LP(R4)

p(&)f

1D° Fllusqusy = | 776

&
‘F p(&)

LP (Rd)

LP (]Rd)

= |FremiFF wf)
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18 Fourier multipliers

Since f is in the Bessel potential space of order 2 the function F~(p f ) is in L (R?).
Furthermore, £*m;(§) fulfills the Mikhlin condition, so the corresponding Fourier
multiplier is a bounded operator on L”(R?). This implies

10 sy < C[F @), g = O 1 lieoimy-

p (Rd

Consequently, f € W?2P(R?) and the W?2?(R?)-norm can be controlled by the
H%*?(R?)-norm. O

Remark 18.6.  a) This is only a special case of a more general result. In fact for all
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k € IN it holds H*?(R?) = WkP(R?). For even k this can be shown more or less
like above, considering the symbol £*m; (£ )k/2 that turns out to satisfy the Mikhlin
condition for all |a] < k. For odd k the prove is more involved, mainly because
then (1 + |¢|?)*/2 is not a polynomial.

For © C R? one defines the corresponding Bessel potential space by restriction as
() = {flo € H(RY)
with the quotient norm

/]

This also is a Banach space and as long as there is a continuous extension operator
from WH*P(Q) to W*P(RY) the equality H*?(Q) = WHP(Q) remains valid. In
general this is false!




19 Elliptic boundary value problems in
LP(€2)

Let Q C R be open and bounded with a C2-boundary. On  we want to solve a second-
order elliptic problem in non-divergence form with Dirichlet boundary conditions, where
the coefficients are bounded measurable functions and the coefficients of the leading
order part are uniformly continuous up to the boundary. That is, we consider coefficient
functions a € C(Q,R™9), b € L=(2, R?) and ¢ € L=(Q, R) such that a is symmetric
and fulfills the following ellipticity condition: There exists some xy, > 0, called the
ellipticity constant, such that

ra(x)é > kol€]* for all ¢ € R and all z € Q.

With these coefficients we define the formal differential operator

Lu(x) == Z ajx(7)0;0ku(x) + Z bj(x)0ju(x) + c(x)u(x)

jk=1
and for a given f € LP(Q) we aim at solutions u € W?P(2) of
A — Lu= f, in Q,
u=0, on 0N

for suitable values of \.

We start with easier problems and consider first the case Q = R¢ (no boundary
condition), b = 0, ¢ = 0 and a constant. So for the time being let a = (a;x)jx € R™? be

a positive definite matrix. Then we define the unbounded operator (A, ge, D(A, ga)) in
LP(R%) with D(A,gra) = W?P(R?) and

A, pau(z) = Au(zx) = Z ajx0;0pu(x)

jk=1
for u € D(A, ga).

Proposition 19.1. For all f € I7(R?) and all X € C with Re(\) > 0 there is a unique
u € W2P(RY) such that \u — A, gau = f and for all B € N with |8] < 2 it holds
C
1D%ull gy < i Ml
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19 Elliptic boundary value problems in LP(£2)

where the constant C' depends on the matrix a only via its norm and the ellipticity
constant.

Remark 19.2. The norm estimate in the above proposition means that for large ||

C

Al
¢
VIAl

<C.

IN

HR()V ApJRd) ||£(Lp(Rd))

|R(X, A ga

IN

) HE(LP(Rd),Wl’p(Rd))

||R()\, Apra) Hc(LP(Rd),WQvP(Rd))

This is a typical behaviour for nice elliptic operators of second order.

Proof of Proposition 19.1. We do this proof only for A = A, i.e. for a being the identity
matrix. If u € W??(R?) solves (A — A)u = f, then by applying the Fourier transform
one finds M + | - |*4 = f or equivalently

= s =

Ut=——-—=f=m

AR

with the notation m, from Example 18.3. This leads us to set u = Fﬁl(m,\f). If we
can show that for this u we have u € W2?(R%), then u € D(A, r4) and

M= Apgau= (A= D) F Hmaf) = FHA+[-P)ymaf) = F 1 f = f,

so we have indeed found a solution. Uniqueness follows by the above considerations and
the injectivity of the Fourier transform.

In Example 18.3 we have seen that m, fulfills the Mikhlin condition, so the corre-
sponding Fourier multiplier is continuous on LP(R%). Hence, since f is in L?(R%), we
know that u € LP(R¢) as well. Even more is true, since for all multiindices 8 € IN¢ with
|B] < 2 the same example shows that

Du = DPF (myf) = iPIF1(Pmyf) € LP(RY),

we know that u € W?2P(R?) and, finally, the corresponding norm estimates in this
example yield

1
1_1al ||f||Lp(]Rd)‘ 0
2

Al

HDﬂuHLP(]Rd) < ”Jr_lgﬁm/\]:”L(LP(Rd)) HfHL”(le) =

To include general positive definite matrices a one has to adapt the estimates in
Example 18.3. This can be done along the same lines, but it is definitly more tedious.
Doing these estimates one finds that the appearing constant C' in the proposition depends
on the matrix a only via its norm and the ellipticity constant.
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In a next step we include the lower order terms and small deviations from constant
matrices in the highest order terms by a perturbation argument. Let (a;i);x € R be
some positive definite matrix and define A as above. Then we split up our differential
operator L in the following way:

d d
Lu(z) = Z ajx(x)0;0ku(x) + Z bj(x)0ju(z) + c(x)u(x)
Jk=1 j=1
d d d
= Z ajr0;0pu(z) + Z (ak(z) — ajr)0;0Ku(x) + Z bi(z)0;u(x) + c(x)u(x)

= Au(z) + Bu(z).

Corresponding to this splitting we consider the corresponding unbounded differential
operators L,ga, A, e and B,re on LP(R?) with D(A, re) = D(B,re) = D(L,ga) =
W2P(R?). For these we have the following result.

Proposition 19.3. There exists some € > 0 and some A\g > 0 such that the following
holds: If a € L>(R*, R™?) satisfies || — k|l poogay < € forall jk =1,....d and
A € C satsifies Re(\) > o, then for every f € LP(R?) the equation

()\ — prRd)U, = ()\ — Ap,IRd — prRd)U = f
has a unique solution u € W*P(R®) with

C
HDﬁuHLP(]Rd) < W—_@ 1/ llrp (ra)

for all multiindices f € N with |8| < 2.

Proof. Let A € C with Re(A) > 0 be given. We want to find a continuous inverse of
A — A, ga — B, ga. It is easily shown that A — A, ga — B, ga is a continuous linear map
from W#P(R?) to LP(R?). Furthermore, from Proposition 19.1 we know that A — A, g

is continuously invertible in L?(R¢) with

DN = Ay ) ™| 1 gy < |A|i|§| (19.1)
for all | 3| < 2. This yields for all u € W2P(R?)
(A=A, Rra — By ra)u = (I — B, ra(A — Ap,Rd)’l)()\ — A, ra)u.
If we can guarantee that
1Bt X = Apret) ™| oy < 1/2 (19.2)
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19 Elliptic boundary value problems in LP(£2)

the Neumann series gives us that I — B, ga(A — A, ga) " is invertible in L?(R?) with the
norm of the inverse bounded by 2 and this means that

(A=A, pi — Bypa) ' = (A= Ay pa) (T = Bypa(A — A, pa) ™) 7

as a continuous inverse in LP(R%). Furthermore, for u := (A — A, ga — B, ga) "' f we then
get for every |3| < 2 the norm estimate

1D%ull o gay = (|07 (A = Aprt = Boga) ™ ] o
-1

>~ HD'B A_Ap]Rd N (I—BpJRd()\—ApJRd)_l) f

' HE(LP(Rd)) H Lp(]Rd)

’)\|1 \/3| ”f”LP (R4)

where we used (19.1) in the last step. So u € W?P(R?) and we have found our unique
solution with the correct norm estimate.

Consequently, it remains to prove (19.2). In doing so, we will find £ and \g. For all
f € LP(R?) it holds by the definition of B, g, the triangle inequality and the hypotheses
on the coefficients

HBP»Rd<>\ B ARRd)_lf”Lp(]Rd)

d d
< > i = )30k = Apra) ™ Fll o gy + D 180505 = Apma) ™ | e

g k=1 j=1
+ [le(r - Apled)_lfHLP(]Rd)

d d
~¢ Z Hajak()‘ - Ap,]Rd>71fHLp(1Rd) + Z HijLOO(Rd) Haj()‘ - Ap,Rd)ilfHLp(Rd)
k=1

=1
+ HC||L°°(]Rd) H()‘ - ApJRd)ilfHLP(le) :

Investing again (19.1) we find

C C
1 llee gmay -

1 Nl ooy + o
VALY

Now choosing, € small enough and )y big enough we can indeed force the desired estimate

by

< Cellfllpgey + —=

—_

5 I llLe gay

[\

And this finishes the proof. m
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We now start to introduce some boundary values, but we still keep the geometry
rather simple by considering the half space case @ = RY = {x € R? : z; > 0}. Then
00 = {r € R?: 24 = 0}, so we have a flat boundary and are in a good situation for
a reflection argument. On 02 we impose Dirichlet boundary conditions, so we consider
the problem

_ .
{ A — Lu=f, in IRJr,d
u=0, on JRY,
where L is the same formal differential operator as before. Again we start with constant
coefficients and set b = 0 and ¢ = 0. So, let (ajx)jx € R™? be a positive definite matrix
and consider A, ga to be the operator in L?(R4) with D(Ap,]Ri) = W2P(RE)NWyP(RY)
and

d
Ay rau = Au = Z ajr0;0ku (19.3)

]7k:1

for u € D(Ap,]Ri)'

Proposition 19.4. Let A € C with Re(\) > 0. Then for all f € LP(R%) the problem

_ _ . Rd
{/\u Au= f, in RY, (19.4)

u=0, ondR4,

has a unique solution u € D(Ap,]Ri) and for all multiindices § € IN& with |3] < 2 we
have

C
7 1l

1D%ul] ey < v

Proof. We have seen in the proof of Proposition 19.1 that (A — A, ga)”" is given by a
symbol satsfying the Mikhlin condition, so this is a Calderén-Zygmund operator with a
locally integrable integral kernel. From this we infer, that for every f € C(R%) also
(A — A, ra)" f is a smooth function on R%.

Now let f € C°(R%) be given and define f as the odd extension of f to R¢ by

. f@' ), for z4 > 0
f(@',zq) = 0, for zg =0,
—f(2!, —zq), for zq>0.

Since the support of f is away from the boundary also the extension f is smooth and has
a compact support, so f € CZ’(]Rd). So, by the reasoning above and Proposition 19.1,
the funtion @ == (A— A, ga) ' f is in C*(RY) NW2P(R?) and using the unique solvability
of the whole space problem, one finds that @ is an odd function as well. This entrails
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19 Elliptic boundary value problems in LP(£2)

a(2',0) = 0 for all 2’ € R so u == Ulga is in W2P(RE) N W, P(RY) = D(A,g¢) and
it solves (19.4). Finally for |3| < 2 it holds
7

The rest is a density argument: We have shown that D*(\ — Ay re )=t maps C*(R%) to

LP(R%) with the right norm estimate, so we can extend theses operators continuously
to all of LP(R%) with the same estimates. O

2C

B _
IP UM

C
B~
) S |D UHLP(Rd) < wl_@

u”Lp(IRi HfHLp(]Ri) :

The next step is to repeat the reasoning in the proof of Proposition 19.3 to also
incorporate lower order terms and small deviations from the constant coefficients in
the highest order into the results for the half space. This proof is done by a purely
functional analytic reasoning, mainly based on the Neumann series, so it carries over
without difficulties. We will therefore not repeat the proof, but just state the result.
For this we define the L”(R ) realization Ly, ge of our formal differential operator L by

D(Lyga) = Wr(RL) N W (RY) and L,gau = Lu for u € D(L,ga).
Proposition 19.5. There exists € > 0 and g > 0 such that the following holds: If
a € L®(RY, R™Y) satisfies | _O‘Jk”LOO(Ri) < e foraljk=1,...,d and A € C

satisfies Re(\) > Ao, then for every f € LP(RL) the equation (A — Lp,]Ri)u = f has a
unique solution u € D(LpJRi) with

C
HDﬁuHLP(Ri) < |)\|1,@ ”f“L”(lRi)

for all multiindices 3 € N with |8 < 2.

From now on let 2 C R? be a bounded open set with a C%-boundary. We recall
that the definition of a C2-boundary means that for every xzy, € 9f, there is an open
neighbourhood U of x4 such that in a suitable coordninate system centered at xo the
boundary of Q can be represented as the graph of a C2-function h. This leads to a C%-
diffeomeorphism ® that locally around xq flattens the boundary and brings us locally to
a half space situation, cf. Lemma 8.4 and Figure 8.1.

In the local coordinate system around z( this diffeomeorphism was given by ®(x) =
(x',xq — h(2")), to the effect that
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By picking the local coordinate system appropriately, one can adjust that Vh(zy) = 0,
so without loss of generality in the sequel we can always assume that Jg(xo) equals the
identity matrix.

For this localised situation we prove a little lemma.

Lemma 19.6. Let a = (aj;)r € R¥™? be a positive definite matriz, let A again be as
in (19.3) and let ® : U — V be a C*-diffeomorphism as above. Assume in addition that
for some € > 0 it holds HJ%&Jq, — aHLm(U) < e. Then there is a differential operator A

given by
d

d
Ai(y) = Y an(®)0;060(y) + D _bi(w)9io(y),  y € RY,

such that Av = [A(vo ® V)] o ® for all v € W?P(Q NU) and for the coefficients it holds
a € L>(R4, R™?) with ||a — | oo (ra paxay < € and b € L (R%, R9*9).

Proof. Set ¥ :=vo ®~!. Then

Av(x) = Ao @)(x) = > a;xd;On(D(®(x)) = Z ad; [(VO(®(x)) - 9P(x)]
=) apd; > 0 (2(x))0hDe()
7,k=1 /=1

I
P
&
G
~
o
&
8
N’
NQJ
3
SH
=
©
&
+
[]=
[]=
o
o
=
&
Sy
KA
=0
&
SH
=
iy
&

d
= e (®(2)) 00D (B () + Y be(D(2)) 0, (D())
m, =1 =1
Setting
sy [ B@ AR @ ), e
7 yeRN\V,
and
b(y) = (Zj’kzl ajkajak@[@rl(g)))ezl ..... vl
0, y e RT\V,
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19 Elliptic boundary value problems in LP(£2)

by the above calculation we indeed have Av = (15117) o ®. Furthermore, we also find
a € L®(RL, R™?) with
| — a’|Lm(Rd,RdXd) < ||(J<I> © (I)_1>T04(J<1> © @_1) - OCHL"O(V’]Rdxd)

<e. O

= HJgan, - O‘||U><>(U,1Rcixd) =

Now we are ready to formulate the main result.

Theorem 19.7. Let Q2 C R? be open and bounded with a C?-boundary and let a €
C(Q, R¥™9) be symmetric and elliptic, b € L®(2, R?) and c € L=°(Q). Then there exists
a Xo > 0 such that for all A € C with Re(\) > Ay and every f € LP(2) the problem

{ Au— Lu=f, 1in €, (19.5)

u=0, on 0,

has a unique solution u € W?P(Q) N W, (Q) and

C
HDBUHLP(Q) < |/\|1_@ 1 llr o)

for every multiindexr 3 € NI with |3] < 2.

Proof. For every x, € ) we “freeze the coefficients” and consider the operators

> ajilw0)0;0ku(x).

jk=1

Agou(x)

These are of purely second order with constant elliptic coefficient matrix, as the operators
A in all our previous considerations. Since a is bouneded on €2 and elliptic, all of these
matrices have a uniform norm bound and a uniform ellipticity constant.

Thus, by Proposition 19.1 for all o € € and all Re(\) > 0 the operator (A —
(Ayy)pra) " is bounded from LP(RY) to W2P(R?) and for all f € LP(R?) and |B] < 2
the estimate

_ C
HDB()‘ - (Awo)p,Rd) lfHLp(]Rd) < Wj ||f||Lp(]Rd) (196)

is valid with a constant C' that is independent of z.
Let € > 0. We will choose a suitable value for this number later. For the moment we

note that thanks to the unifoim continuity of @ on the compact set  there exists some
de > 0 such that for all 7o € Q and all z € B;_(x0) it holds |a(z) — a(z¢)| < €.
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First step: Localisation. Let 2, € 9Q. We choose an open neighbourhood U C R¢

of xy that allows for a C2-diffeomorphism ® that locally flattens the boundary and

satisfies Jp(z9) = I. Since Jg is still continuously differentiable, there exists some 0. ., €

(0,0.) such that | T4 a(zo) Jo — a(xo)HLOO(B6 , < € and, at the same time the matrix
.

Jo(x)"a(xo)Jo(x) stays elliptic with ellipticity constant /2 for all z € Bs, , (20).

Now, {Bés,xg(%) : xo € 082} is an open covering of the compact set 9. So, there
are ri,...,T, € 0 such that already the balls U, == Bs, (xg), £ =1,...,n, form an

open covering of 9Q2. Setting 0. = minjy_, d. ,, we note that d. < 5. and 0. < d¢ , for all
(=1,....,n.

We have now a suitable localisation of the boundary of €2, so let us deal with the rest
of this set. For this we cover Q\ U, with a locally finite collection of balls Uy := Bs_(yy),
{=n+1,n+2,...,n+ N, such that U, C Q for all such ¢.

Finally we take a quadratic partition of unity ¢,, £ = 1,...,n + N, subordinated to
our localisation, i.e. we choose functions ¢, € C°(R%) such that

e supp(ge) CUpfor 0 =1,....,n+ N,
L4 Oggofgla
o N2 =10n Q.

(To construct such a partition, one starts with a “usual” partition of unity (¢r)s=1,. nt+n
and sets = (311 ¥7)7Y2)

Second step: Local approximative solutions. Let g € L”(Q2) be given. and also
denote by g € LP(R?) its extension by zero.

For the balls in the interior of €2, i.e. for { =n+1,...,n+ N we set

Up = ()\ - (Ayz)p,]Rd)il(gpﬂg)'

Then u, € W*P(R?) and for all |3] < 2 we have thanks to (19.6)

C
1Dy < = 1Pl

For our boundary balls, for every z,, { = 1,...,n, we consider the operator A,, and
associate the corresponding operator AW given by Lemma 19.6. By our choice of o, 4,
we have assured, that the hypotheses of this Lemma are fulfilled with our . So, taking
¢ small enough, the operators flxe all satisfy the assumptions of Proposition 19.5. Thus
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19 Elliptic boundary value problems in LP(£2)

for Ao big enough and all A € C with Re(\) > )¢ the operator A — (Axé)pJRi is invertible
in L?(R%) and for all f € L?(R%) it holds

D7 (A= (Aa)me) ™!

|5| ||f||Lp

vy = w

Denoting the C2-diffeomorphism associated to U, by ®,, we now set
~ -1 _
ue = [(A = (Ae)pme)  ((0eg) 0 @7 1)] 0 ¢ = Spag.
Then for ¢ =1,...,n
B — B
1D el oy = 107 (5029|100

- HDﬁH(A — (As)pre) " ((0g) 0 @71)] 0 (]

LP(Uy)
5 -1 -
< || D[~ (Aepme) " (0 0 2|
+
< ©eg) o ®?
el (P RL P
< ol = —— ol
= g e T P e

Third Step: Global approximative solution. Let g € LP(Q) be given. Using the
functions uy, £ =1...,n+ N, constructed in the preceding step, we set
n+N

Vg = E Prlly.
/=1

Then it holds
n+N

(A= L)vy = v, — L Z Oty
=1
n+N n+N

= Z Oplly — Z oLy 4+ (L(ppug) — WLW)

—1
+
Z @e(A = L)ug + [L, pelug),
/=1

where [L, ;] is a common shorthand writing for the commutator [L,peu = L(pou) —
w¢Lu. We introduce our constant coefficient operators A,, and A,, and get

= (peld = Au e + e As, — L)ug + [L, pelue)
(=1
N

+ 3 (el = Ay e + 0o Ay, — Lyug + [L, oelug).

l=n+1
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By definition of u,, we immediately get (A — Ay, )us = pgg for £ = n+1,...,N. For
¢ =1,...,n, the operator A,, was carefully chosen to provide us with

(A — Ag,)ug = Augo CIDZ_1 od, — [Aml(w ) @Zl)] od,
= [(A = A (w0 ;1)] 0 @,

=[O0 = A)) (A = (Ap)pme) " ((9g) 0 @71)] 0 By
= ¥¢eg.

So, we can continue our calculation to obtain

n n+N
(A= Lyvg = Y (079 + e(Ax, — L)ue + (L, olue) + > (079 + 0e(Ay, — L)ug + [L, peluy)
1=1 {=n+1
n n+N
=g+ Z(W(Am — L)ug + [L, elue) + Z (¢e(Ay, — LY)ug + [L, @cue)
=1 l=n+1
=g+ Thg

Summing up, we did not solve Av — Lv = g, but we have produced some error T)¢g and
our aim in the next step will be to correct for this. Before doing so, we want to make sure
that, even if our function is not the searched solution, it at least has the right boundary
behaviour, i.e. that v, = 0 on Jf2.

No point of the boundary of €2 lies in one of the interior balls U, for { = n+1,...,n+N,
so on the boundary of €2 we have

n+N N n
vy = Z ety = Z oty = Z oo (A= (Aa)pme) " ((peg) 0 @71)] 0 @

By the definition of (A,, ), e, it holds (A — (A,), ke ) " ((peg) 0 ®;Y) € D((Ay,)ppa) =
W2P(RL) N Wy P(RY), so it vanishes on 9RL. This means in turn that the function
ug = [(A— (/le)pﬂi)*l((wg) o ®,")] o @y vanishes on @1 (V NRL) = U NN and we
get

n
Vglon = Z petelon = 0.
=1

Fourth step: Estimate of 7). Our aim is to invert I +T) in LP(2). So, in view of the
Neumann series, we have to show that the norm of T\ can be made smaller than 1. The
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19 Elliptic boundary value problems in LP(£2)

operator T consists of four terms:

Thg=> @Az, — L)Srsg + Z , e} Saeg
=1

n+N n+N
+ 3 il Ay, = L) = (Ay)pra) (2e9) + Y [Lood (A= (Ay)pra)  (e9)
{=n+1 f=n+1
n+N n+N
ZIZJFZHH Z I, + Z IV,
f=n—+1 {=n+1

Before starting to estimate the four terms, we take a closer look at the commutator. For
every ¢ € C®(RY) and all w € W?P(Q) we have

d d
(L, plw = Z [a10;01(pw) — pa;,0;0w] Z [0;0;(pw) — @b;O;w] + cpw — pew

gk

&
N

Ak [ajakgow + @goakw + akgoajw + goc‘?jakw — @a]ak’LU]

k=1
d
+ ) b;[ 050w + 0w — O]
j=1
d d
=Y aj[0;0pw + 0jp0kw + Oppdjw] + > bidjpw
7,k=1 j=1
d d d d
=3 anloiwtnw + dp] + (30D andsdne + bidse )
J=1 k=1 7j=1 k=1
d d d d
= (Z aji + ar)Ohp ) O + (30D ajednp + bidj
j=1 k=1 j=1 k=1
d
j=1
with some coefficients l;j, 7 =1,...,d, and ¢ that are bounded and measurable on (2 with

a compact support that is contained in the support of . The important point here is,
that the commutator of the second order differential operator L with the multiplication
by ¢ is only a first order differential operator.

Having this at hand, we can now estimate the four terms of 7. For the first one

we use that on the support of ¢y, so in one of our localisation charts, the second order
coefficients of L only deviate very little from the constant coefficients of A,,. In detail
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we find for every f =1,...,n

1ellipey = lee(Au, = £)Sneqll o = llee(As, = D)Sreall o

d d
Z e — ;i) 0;0k(Sxeg) — Z ©eb;00(Sxeg) — ©ecSreg

7,k=1 Jj=1

LP(U)
d d
<Y gk = gl ) 10506 (Sne9) 1y + D 105lle ) 10552 e o)
Jik=1 j=1

+ el 1579l Lo o,

Note that by our choice of the balls Uy, the difference o, — aj; stays smaller than € on
this set. Relying on the estimates on Sy, in the second step, we continue

< C(Z e leegllie @, + \/W leedlliewy + 5 W l0edller )

jk=1

For the second term we use our knowledge on the commutator [L, ¢]. We get with the
coefficients of the commutator defined above

I L[l p ) = L, el Sxedllre o + ESxeg

LP(©)

Using the support properties of b and ¢ and the estimates for S \¢ established in Step 2,
we continue

(59|, 0+ 1650w
d

<X
j=1

bl 10,50 sy + lellie o 1S3ellipon)

Lee(Uy)

1
(Z angnm iy Il

By analogous calculations as for the first and second term, the third and fourth term

153



19 Elliptic boundary value problems in LP(£2)

allow for similar estimates by

-1
Il ) = HW(AW —L)(A = (Ay)pra)  (#e9)
d
< Z loji — a’jk”L‘”(Ug)
g k=1

d
+ 3 Wil
j=1

el || 4 = (Au)pe) ™ (920)

LP(9)

(A= (Ay)pmra) " (#09)

LP (]Rd)

8j (>‘ - (Ayé)p,]Rd) _1(9089)

Lp (]Rd)

LP (]Rd)

< C(Z € HWQHLP(M \/W loeglle (Rd) T w HWQHL"(W )

J,k=1
d

= (X eleeglliowy + m el + 57 Il )

jk=1

and

9; (A — (Ay)pme) " (29)

il |
aii (Ue)

+ €l o0 (1)

Vil < 3 -

‘(A — (Ay)pre) " (19) -

(Z LA + 157 Bertlhon)

Putting everything together we found for every g € LP(Q)

n+N

1
ITalhsier < C(c+ MQZHWHW <ot — NI +757) lalhoe

Note that n+ N may depend on the choice of €. However, the covering where the ¢; have
their support can be estimated by Lebesgue’s covering number which is only dependent
on d.

Fifth step: Exakt solution. Let ¢ > 0 so small and \y > 0 so large that all arguments
up to now go through and, additionally, we have C'(e + 1/4/|\| + 1/|A|]) < 1/2 for all
Re(A > Xg in the end of the fourth step. Then by the Neumann series I + T) is an
invertible operator in L”(€2) with norm bounded by 2.

Now, let f € LP(Q) and some A € C with Re(\) > A\ be given. We set g == (I+T))"' f
and define v, as in the third step. Then g € L”(Q) with [|gll»q) < 2| f|l1rq) and by
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the results of the third step we have

()\ — L)Ug =g + T)\g = (I + T)\)<[ + T/\)_lf = f
Furthermore v, is zero on d€2. So, u = vy = v(;41,)-17 indeed solves our elliptic boundary
value problem (19.5). Finally, for every |5 < 2 we estimte

n+N

D%, = HD >

n+N

< Z HDﬂ(WW) ||LP(U5) .
=1

LP(Q)

All derivatives of ¢, up to order 2 and for all £ can be bounded in L*-norm by some
uniform constant, so we can estimate this by the Leibniz rule as

n+N

<0y Y Dl

=1 ~<p
and, investing the estimates obtained in the second step, this yields

n+N

< CZ Z ‘1 Iw\ ”SOEQHLP(UZ

= 1'y<5

Since we talk about large |\|, the worst exponent of |A| is the one for the biggest value
of ||, which is |S|. This finally produces

=i N N

+
1 1
Z T leetllirwy < O 19l < O If @

and we are done. O
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C™m-diffeomorphism, 51
antilinear, 68
Boundary conditions, 5

Cauchy problem, 11
classical solution, 3
coercive, 38

compactly embedded, 61
compatibility conditions, 20
conormal derivative, 79
continuous, 38
continuously embedded, 61
converges, 40

differential operator of 2" order in di-
vergence form, 67

diffusion equation, 2

Dirichlet boundary condition, 5

Dirichlet problem for the Poisson equa-
tion, 29

elliptic, 3

elliptic differential operator, 32
Ellipticity condition, 67
ellipticity condition, 32

fundamental solution, 9

Gaussian kernel, 9
generic constants, 52

Hadamard’s method of descent, 22
harmonic, 25

Heat equation, 4

heat kernel, 9

homogeneous heat/diffusion equation, 2
homogeneous linear differential equation,

3
hyperbolic, 3

inhomogeneous heat, 2

inhomogeneous linear differential equa-
tion, 3

Initial conditions, 5

interior ball condition, 30

Laplace equation, 25
linear, 3

Minimal surface equation, 5

Neumann boundary condition, 5
Neumann problem

weak solution to the, 79
non-linear, 3
numerical range, 75, 81

of class C™, 51

parabolic, 3

PDE of order k, 2

Poisson equation, 4, 25

porous medium equation, 13
positivity improving, 13
positivity preserving, 13
propagation of singularities, 19

quasi-linear, 3

Reaction-diffusion equation, 4
Robin boundary condition, 6

segment condition, 48
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semi-linear, 3
Sobolev spaces, 40
spherical mean, 21
subharmonic, 25
superharmonic, 25

trace operator, 57
Transport Equation, 15

uniformly strongly elliptic, 67
variational equation, 38

Wave equation, 4
weak derivative, 39
weak solution, 69

158



	Introduction
	The heat equation on Rd
	The wave equation on Rd
	The wave equation on R
	The wave equation on R+
	The wave equation in R3
	The wave equation in R2

	Maximum principle for harmonic functions
	L2-Theory: Introduction and Motivation
	Sobolev spaces
	Approximation of Sobolev functions
	Extensions and Traces
	The Rellich Theorem
	Weak solutions to elliptic boundary value problems
	Neumann and natural boundary condition
	Difference quotients of Sobolev functions
	Regularity theorems
	Sobolev embeddings
	Tempered distributions
	Marcinkiewicz Interpolation Theorem
	The Calderón-Zygmund Decomposition
	Fourier multipliers
	Elliptic boundary value problems in Lp
	Index

