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6. Exercise sheet

Exercise 1:

Let A → B → C be morphisms of rings.

1. Show that there exists an exact sequence of C-modules

C ⊗B ΩB/A → ΩC/A → ΩC/B → 0.

2. Assume that B → C is surjective with kernel I := ker(B → C). Prove that there exists an
exact sequence of C-modules

C ⊗B I ∼= I/I2
α−→ C ⊗B ΩB/A → ΩC/A → 0,

where α(g) := 1⊗ dg for g ∈ I.

Exercise 2:

Let A → B be a morphism of rings. Compute the Kähler differentials ΩB/A for

1. B = A[X]/(f(X)) with f(X) ∈ A[X] a polynomial.

2. B = Z[i], A = Z.

3. B = k[x, y]/(y2 − x3 − x), and A = k a field not of characteristic 2.

4. B = A[x, y]/(xy).

Exercise 3:

Let k be an algebraically closed field of characteristic ̸= 2, 3. For a, b ∈ k with 4a3 + 27b2 ∈ k×

consider the elliptic curve

E := V (ZY 2 −X3 − aXZ2 − bZ3) ⊂ P2
k.

Let y = Y
Z and x = X

Z inside the function field K(E). Let ω := dx
2y ∈ ΩK(E)/k.

1. Show that ω extends to a section of H0(E,ΩE/k).

2. Show that ΩE/k = ωOE , i.e., that ΩE/k is free of rank 1 generated by the global section ω.


