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5. Exercise sheet

Exercise 1:

Let k be a field. Let C = V+(f) and D = V+(g) be two curves in P2
k defined by homogeneous

polynomials f and g of positive degrees e and d, respectively. Consider their intersection Z :=
C ∩D = V+(f, g). Show the equality

dimk Γ(Z,OZ) = e · d,

in the following steps:

(1) Show dimk H
0(Z,OZ) = dimk H

1(P2
k, IZ)+ 1, where IZ = (̃f, g) is the ideal sheaf defining Z.

(2) Show dimk H
1(P2

k, IZ) = e · d− 1.

Hint for (2): Use the exact sequence 0 → OP2
k
(−d− e) → OP2

k
(−e)⊕OP2

k
(−d) → IZ → 0.

Exercise 2:

Let k be a field. Consider the following exact sequence of sheaves on Pn
k :

0 −→ OPn
k
(−1)

(x0,...,xn)−→ On+1
Pn
k

−→ E −→ 0

Show the following statements:

(1) The OPn
k
-module E is a vector bundle of rank n.

(2) Assume n ≥ 2. Then E is not a direct sum of line bundles on Pn
k .

Hint for (2): Use the fact that every line bundle on Pn
k is isomorphic to a twist OPn

k
(m) for some

m ∈ Z.


