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1. Exercise sheet

Exercise 1:

Let m,n ≥ 0 be integers, and let f : An
Z → Am

Z be a morphism of schemes. Denote by x1, . . . , xn

the coordinates on An
Z, and by y1, . . . , ym the coordinates on Am

Z .

Show that there exist unique polynomials f1, . . . , fm ∈ Z[X1, . . . , Xn] such that for any scheme T ,
the morphism f is, via the Yoneda lemma, given by the map

Γ(T,OT )
n = An

Z(T ) → Am
Z (T ) = Γ(T,OT )

m,

sending (x1, . . . , xn) 7→ (f1(x1, . . . , xn), . . . , fm(x1, . . . , xn)).

Exercise 2:

i) Let n > 0 be an integer. Let F : Schop → Sets be the assignment given by

F (X) = {s ∈ OX(X) | sn = 0}.

Show that F naturally has the structure of a functor, and that F is representable by an affine
scheme.

ii) Show that the functor F : Schop → Sets defined by

F (X) = {s ∈ OX(X) | ∃n > 0 such that sn = 0}

is not representable.

Exercise 3:

Let k be a field, A a k-algebra, and X = SpecA the associated affine scheme.

i) Assume A = k× k. Describe all OX -modules, all quasi-coherent sheaves on X, and all coherent
sheaves on X.

ii) Give an example of an algebra A and an OX -module that is not quasi-coherent.

Hint for (ii): Let A be of Krull dimension ≥ 1, choose an OX,x-module Mx for each point x ∈ X,
and consider the sheaf U 7→

∏
x∈U Mx.

Exercise 4:

Let X be a ringed space, and let F and G be OX -modules.

i) Show that the presheaf on X defined by

U 7→ HomOX |U (F|U ,G|U )

is a sheaf and has the structure of an OX -module. This is denoted HomOX
(F ,G).

ii) Assume additionally that X is a scheme, and that F and G are quasi-coherent. Show that
HomOX

(F ,G) is quasi-coherent whenever F is of finite presentation.


