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The transformation behaviour of the vector valued theta function of a positive-
definite even lattice under the metaplectic group Mp,(Z) is described by the
Weil representation. We show that the invariants of this representation are
induced from 5 fundamental invariants.

Introduction

Discriminant forms

The Weil representation
Discriminant forms of prime level
Some 2-adic exercises

Induction

The main theorem

Applications

0O Uik Wi

1 Introduction

In [W] Weil constructed a representation of the metaplectic group Mp,,,, which
plays a prominent role in the theory of automorphic forms, called the Weil
representation. In the special case of Mp,(Z) it describes the transformation
behaviour of the vector valued theta function of a positive-definite even lattice.
For many applications it is important to have an explicit description of the
invariants of the Weil representation of Mp,(Z). For example the space of Jacobi
forms of lattice index L and singular weight is naturally isomorphic to the space
of invariants C[L'/L]MP2(%) (cf. [Sk2]). If the corresponding discriminant form
possesses self-dual isotropic subgroups the invariants have been described by
Skoruppa (cf. [Sk2], [Bi] and [NRS]). They are generated by the characteristic
functions of these groups. In the present paper we give a complete description of
the invariants for arbitrary discriminant forms. We show that they are induced
from 5 fundamental invariants.

We describe our results in more detail. A discriminant form is a finite abelian
group D with a non-degenerate quadratic form q : D — Q/Z. The level of D
is the smallest positive integer N such that Nq(y) € Z for all v € D. The
square class of D is square if |D| is a square and non-square otherwise. Every
discriminant form can be realised as the dual quotient L’/L of an even lattice
L. The signature of L is unique modulo 8. We can even assume that L is



positive-definite. The vector valued theta function of L is defined as

B(r) = 6y(7)e"

yeD

with 0,(7) = > c 1z ¢*’/?. The Poisson summation formula implies that
0 transforms as a vector valued modular form of weight rk(L)/2 under the
metaplectic cover Mp,(Z) of SLy(Z). The corresponding representation pp of
Mp,(Z) on the group algebra C[D] is called the Weil representation of Mp,(Z).
The non-trivial element in the kernel of the covering map Mp,(Z) — SLo(Z) acts
as (—1)%82(P) 5o that C[D]MP2(%) is trivial if D has odd signature. Hence we can
restrict to the case that the signature of D is even when we study the subspace
of invariants. Then the Weil representation pp descends to a representation of
SLo(Z).

Now let D be a discriminant form of even signature and level N. Then the
Weil representation of SLa(Z) factors through the finite group SLo(Z)/T'(N) =
SLo(Z/NZ). Hence we can project onto the subspace of invariants by averaging.
We define the map

invp : C[D] — C[D]

by

1
nvp(e) = —— - pp(M)e”
| SL2(Z)/T(N)| MeSL;Z)/F(N)

It maps onto the subspace of invariants C[D]SL2(Z). We decompose this expres-
sion into a sum over the cusps of T'(NV)

invp(e?) = Z invp(e?)s.

sED(N)\P

Using the explicit formulas for the Weil representation given in [S2] we can
determine the contributions invp(e?), explicitly (see Theorem 3.1).
Let N > 3. Then

N | De|
|SLy(Z)/T(N)| /|D]
Y eldau(p —ay))e(b(u,7)){e" + e(sign(D)/4)e " }

pe(ay+De*)NI

invp(e’), = £(M)

where M = (‘Cl g) is any matriz in SLo(Z) such that Moo = s. An analogous
formula holds for N = 2.

From this result we can derive a simple dimension formula for the subspace
of invariants (see Theorem 3.2).

We compute the formulas for the projection and the dimension explicitly for
discriminant forms of prime level (see Section 4).

Let H be an isotropic subgroup of D. Then H*/H is a discriminant form of
the same signature as D and of order |H+/H| = |D|/|H|?. There is an isotropic
lift 9. C[H+/H] — C[D] which commutes with the corresponding Weil rep-
resentations (see Section 6). In particular 12 maps invariants to invariants.
We will use these maps to construct all invariants from certain fundamental
invariants.



Let N = Hp\NPV” be the prime decomposition of N. Then D decomposes
into the orthogonal sum of p-adic discriminant forms

D =P Dy

pIN
with Dy = {y € D|p“»y = 0}. We can also factorise SLo(Z/NZ) as

SLy(Z/NZ) = [ [ SLa(Z/p™ Z) .

p|N

Then
C[D]SLQ(Z/NZ) ~ ® (C[Dp”p ]SLQ(Z/p"PZ)
p|N

so that in order to describe the invariants of the Weil representation of SLy(Z)
it suffices to consider p-adic discriminant forms.

For this purpose we define 5 fundamental discriminant forms Dp>* of square
class z and signature s. Using the above formula for the projection we show
that their subspace of invariants is 1-dimensional and we determine a generator
i®. We list them in the following tables. For odd p they are given by

Dp* | square class Signature‘ ipy°
0 square 0 mod 8 el

p~4 square 4mod8 | (p—1)e” =3 cpe?

€3 _ Y ot
P non-square | 0 mod 2 27€M+ e ZWGM, e

and for p = 2 by

Dy square class signature ip°
0 square 0 mod 8 el
25" square 4 mod 8 el — >en €
2,724 12 square t=2mod4d |3 €= €
21145852 | non-square | 1+t =0 mod 2 Do+ € =D e €7

Here we wrote M for the set of isotropic elements whose order is equal to the
level of DJ»* and remark that M has a canonical decomposition M = M TUM~
in the indicated cases. Our main result is the following (see Theorem 7.9):

Let D be a discriminant form of even signature s, square class x and level
p! where p is a prime. Then the invariants of the Weil representation on C[D]
are generated by the invariants 15 (i;’s) where H is an isotropic subgroup of D
such that H+/H is isomorphic to the discriminant form Dp.

The idea of the proof is to show that for each v € D, invp(e?) is a linear
combination of isotropic lifts of invariants for suitable isotropic subgroups unless
D is the fundamental discriminant form Dj**. Then by induction invp (e7) is
a linear combination of compositions of isotropic lifts of invariants of the form
i®. The statement now follows from the transitivity of the isotropic lift.

We remark that Skoruppa’s result corresponds to the case that D}® is trivial.



As an application of our main result we show (see Theorem 8.2):

Let L be a positive-definite even lattice of even rank n, level p' and square
class x. Let L be the set of overlattices M of L such that M'/M is isomorphic
to Dp". Then the space Jy 0.1 of Jacobi forms of lattice index L and weight
n/2 is generated by the functions

Z 11719]\/[’7

yEM' /M

where M € L, 3y V€7 =ip" and

Uiy (T, 2) = Z e(ra?®/2 + (a, 2))

acy+M

is the Jacobi theta function of the coset v+ M.

The paper is organised as follows.

In Section 2 we recall some results about discriminant forms.

In Section 3 we recall the Weil representation of SLy(Z) and describe some
properties of the projection on the subspace of invariants. In particular we prove
the formula given above and a dimension formula.

Next we calculate the projection and the dimension explicitly for discrimi-
nant forms of prime level.

For our main theorem we need some additional results on 2-adic discriminant
forms which we prove in Section 5.

Then we recall some properties of the isotropic induction.

In Section 7 we define the fundamental invariants and prove our main theo-
rem.

Finally we describe two applications of our results. We determine the di-
mension of a space of weight-2 cusp forms for the Weil representation and give
generators of the space of Jacobi forms of lattice index L and singular weight.

We thank P. Bieker, M. Dittmann, T. Driscoll-Spittler, P. Kiefer and S.
Zemel for stimulating discussions and helpful comments.

Nils Scheithauer acknowledges support by the LOEWE research unit Uni-
formized Structures in Arithmetic and Geometry and by the DFG through
the CRC Geometry and Arithmetic of Uniformized Structures, project number
444845124.

2 Discriminant forms

In this section we recall some results on discriminant forms (cf. [AGM], [Bo2],
[CS], [N], [S2] and [Sk2]).

A discriminant form is a finite abelian group D with a quadratic form q :
D — Q/Z such that (8,7) = q(B+7v) —a(8) —a(y) mod 1 is a non-degenerate
symmetric bilinear form. The level of D is the smallest positive integer IV such
that N q(y) =0 mod 1 for all ¥ € D. The square class of D is square if |D] is
a square and non-square otherwise.

If L is an even lattice then L’/L is a discriminant form with the quadratic
form given by q(7) = 7?/2 mod 1. Conversely every discriminant form can be



obtained in this way. The corresponding lattice can be chosen to be positive-
definite. The signature sign(D) € Z/8Z of a discriminant form D is defined as
the signature modulo 8 of any even lattice with that discriminant form.

Every discriminant form decomposes into a sum of Jordan components and
every Jordan component can be written as a sum of indecomposable Jordan
components (usually not uniquely). The possible non-trivial Jordan components
are the following.

Let ¢ > 1 be a power of an odd prime p. The non-trivial p-adic Jordan
components of exponent g are ¢*™ for n > 1. The indecomposable components
are ¢!, generated by an element v with ¢y = 0, q(y) = a/q mod 1 where
a is an integer with (%‘1) = +1. These components all have level q. The
p-excess is given by p-excess(¢t”) = n(¢ — 1) + 4k mod 8 where k = 1, if
q is not a square and the exponent is —n, and k = 0 otherwise. We define
(@) = e~ p-excess(g+™)/8).

Let ¢ > 1 be a power of 2. The non-trivial even 2-adic Jordan components
of exponent ¢ are ¢¥2" = q%zn for n > 1. The indecomposable components are
q# generated by two elements v and ¢ with ¢y = ¢d = 0, (7,6) = 1/¢ mod 1
and q(v7) = q(6) = 0 mod 1 for ¢;;* and q(v) = q(6) = 1/¢ mod 1 for g¢j;>.
These components all have level g. The oddity is given by oddity(quIQ”) = 4k
mod 8 with £ = 1, if ¢ is not a square and the exponent is —2n, and k = 0
otherwise. We define 2(¢5:>") = e(oddity(g5>")/8).

Let ¢ > 1 be a power of 2. The non-trivial odd 2-adic Jordan components
of exponent ¢ are ¢ with n > 1 and t € Z/8Z. If n = 1, then & = + implies
t =41 mod 8 and + = — implies t = £3 mod 8. If n = 2, then + = + implies
t=0or £2 mod 8 and + = — implies t = 4 or +2 mod 8. For any n we have
t =n mod 2. The indecomposable components are ¢i-' where (L) = +1 (recall
that (%) = 41 if t = +£1 mod 8 and (%) = —1if t = +3 mod 8) generated
by an element v with ¢y = 0, q(y) = t/2¢ mod 1. These components all have
level 2g. The oddity is given by oddity(¢") = t + 4k mod 8 with k = 1, if
q is not a square and the exponent is —n, and k = 0 otherwise. We define
v2(g; ™) = e(oddity(q;")/8).

The sum of two Jordan components with the same prime power g is given by
multiplying the signs, adding the ranks and, if any components have a subscript
t, adding the subscripts ¢. Isomorphic discriminant forms can have different
2-adic symbols.

Let D be a discriminant form. Then

sign(D) + Zp—excess(D) = oddity(D) mod 8

p=>3

respectively
[ (D) = e(sign(D)/8).
We will also use

-1
e(oddity(D)/4) = (|D|> e(sign(D)/4).
Let ¢ be an integer. Then ¢ acts by multiplication on D and we have an
exact sequence 0 — D, = D — D°® — 0 where D, is the kernel and D¢ the
image of this map. Note that D¢ is the orthogonal complement of D..



The set D ={y € D|cq(a) + (a,y) =0 for all & € D.} is a coset of D°.
After a choice of Jordan decomposition there is a canonical coset representative
Z. € D with 2z, = 0. We can write v € D as 7 = x. + cu. Then q.(y) =
cq(p) + zep mod 1 is well defined.

We describe the number of elements of a given norm in p-elementary dis-
criminant forms. To simplify the notation we define for z € Q/Z

1 ifz=0 modl1,
o(x) = :
0 ifz#0 mod 1.

For odd primes we have (see Proposition 3.2 in [S1])

Proposition 2.1
Let p be an odd prime. Then the number N(p",j) of elements of norm j/p
mod 1 in the discriminant form p™ is given by

n/2
-1
e (2 im0 s een

(n—1)/2 .

-1 2

Pl e () <) <]> p=D/2ifn is odd.
p p p

In the level 2 case we have (see Proposition 3.1 in [S1])

N(p™,j) =

Proposition 2.2
The number of elements of norm j/2 mod 1 in 25} is given by

N5, j) =271 4 e(—1)720n=2/2,
Finally for the level 4 case

Proposition 2.3
The number of elements of norm j/4 mod 1 in 2{" is given by

t
2n2 4 e () 2(n=3)/2 ifj =0 mod 4,
9(n=3)/2 ifj=2 mod 4,

N(2(",j) =

1)(t=D/29(=3)/2jr 5 — 3 mod 4,

t
2
on—2 4 (;) (t 1)/29(n—=3)/2 if =1 mod 4,
(L
2

if n is odd and by

272 1 e(t/4) (“ 2(n=2)/2 ifj=0 mod 4,

272 _ e5(t/4) (’5_ 2(n=2)/2 ifj=2 mod 4,

N(2",j) =

[\

92 _ e5((t + 2)/4)

272 L e5((t+2)/4) <t> 2n=2/2 jfj =1 mod 4,

t—1
>2<”2>/2 ifj =3 mod 4,



if n is even.

Proof: As in the previous cases this can be proved by induction on n. O

3 The Weil representation

In this section we recall the Weil representation of SLy(Z). Then we describe the
projection on the subspace of invariants and derive a formula for the dimension
of the space of invariants.

Let D be a discriminant form with quadratic form q : D — Q/Z of even
signature. We define a scalar product on the group ring C[D] which is linear
in the first and antilinear in the second variable by (e7,e”) = §,5. There is a
unitary action pp of the group I' = SLy(Z) on C[D] defined by

pp(T)e” = e(—qa(y)) e’

_ e(sign(D)/8) 5
(8)e" = ——=— > e((v,8))e
D ] %% v

where S = ((1) Bl) and T = (1) are the standard generators of I'. This repre-
sentation is called Weil representation. (With this definition the theta function
of a positive-definite even lattice of even rank transforms under the dual Weil
representation. The definition here is dual to the one used in [Bol].)

The element Z = 5% = —1 acts as

pp(Z)e” = e(sign(D)/4)e™”

For a matrix M = (c d) € I" we have

pp(M)e? = ”D L3 el (3) el-H(3, ) el-bila()

BGDC*

with & = e(sign(D)/4) [1&,. The local factors &, can be expressed in terms of
the Jordan components of D (see Theorem 4.7 in [S2]).

Let N be a positive integer such that the level of D divides N. If ¢ = 0
mod N the above formula simplifies to

pp(M)e" = xp(a) e(=bd q(v)) e®

where
a

(@) = () elta = 1) oddity(D)/5)
is a quadratic Dirichlet character modulo N. In particular I'(N) acts trivially.

We denote the set of isotropic elements in D by I. Let v = Z,yeD vy€e7 be
an invariant of I. Then the T-invariance implies that v, = 0 if v ¢ I. Hence
dim C[D]' < |I|. We give an exact formula below.

Let P = QU {oc} be the set of cusps of I'. The group I'(N) has index
N3 [T~ - 1/p?) in T and

3 if N =2,
(N2/2) T, (1~ 1/p?) i N >3



classes of cusps. They are parametrised by the elements (a,c) of order N in
(Z/NZ)? if N =2 and by the pairs +(a, ¢) of elements of order N in (Z/NZ)?
if N > 3 (see Lemma 3.8.4 in [DS]). Let M = (2%) € I'. Then the cosets of
T(N)\I sending oo to a/c can be represented by MT" if N = 2 and by +MT™
if N > 3 where in both cases n ranges over a complete set of residues modulo
N.

Now we describe the projection on the subspace of invariants. We define the
map
invp : C[D] — C[D]
by
1
invp(e") = ————— op(M)e?
IT/T(N)] MeFZ/F(N)
It maps onto the subspace of invariants C[D]". Since I'(N) is normal in ' and
pp is unitary we have

(invp(v),w) = (v,invp(w))

for all v,w € C[D]. Let v =73 _puvse’ € C[D]'. Then (v,invp(e?)) = v,.
This implies invp(e?) = 0 if v ¢ I. Furthermore invp commutes with pp (M)
for all M €T

We can calculate invp(e?) as follows.

Theorem 3.1
Let D be a discriminant form of even signature and level dividing N and ~y € I.
Then
invp(e?) = Z invp(e?)s
sED(N)\P
with

invp(e’)s = -1 N D
> eldau(u—ay))e(d(p,7))e"

pE(ay+Dex)NI

if N =2 and

N | De|
IT/T(N) /D]
Y elddu(p —ay))e(b(u,7)){e" + e(sign(D)/4)e "}

pE(ay+De*)NI

invp(e’), = £(M)

if N > 3 where in both cases M = (‘cl 2) is any matrix in I" such that Moo = s.

Proof: We can write

invp(e?) = Z invp(e?)s

sED(N)\P



with

1
invp(e”)s = =——— pp(M~1)e?
e, 2 )
Moo=s

Suppose N > 3. Let s € P and M = (2%) € I such that Moo = s. Then

iIlVD(e’Y)s = |P/F E;NZ {pD MT )e"/ + PD(( MTn e'y}
. " “{e? + e(sign e 7
= [T ne;NZpD(T Jop (M) (e + e(sign(D)/4)e ™}

= -1 ! [Dc| e —avy))e
= €M) ) FM ;@;Dc* (dag(p — ay))e(d(p, 7))

Z pp (T~ ) {e" + e(sign(D)/4)e™*}

n€Z/NZ

=g o VP s

IT/T(N)] \/W pu€(ay+De*)NI e(qu(u —ay))e(b(p,7))
{e! + e(sign(D)/4)e "}

where we used the above formula for the Weil representation. For N = 2 we
just drop the second sum. O

The dimension of the subspace of invariants is given by the trace of invp,
ie.

AmCID]" = s Y (o (M)

MEeT/T(N)

1 1

SsET(N)\P MeI'(N)\I'
Moo=s

1

TR 2

s€T(N)\P MeT(N)\T' ~€D

oco=s

Using the explicit formula for the Weil representation or the previous theorem
we find

Theorem 3.2
Let D be a discriminant form of even signature and level dividing N. Then

dimC[D]" = > d,

sED(N)\P

with

= 7N |DC| el—a —
b= SO e . S o)
(1-d)yyeD*”



if N =2 and

_ N VD ol —aa (1 —
ds = €M) T, \/W{ ;GI (—aq.((1—d)y))

(1—d)yeD**

+e(sign(D)/4) Y e(—aq.((1+d)7)) }
el
(1+d)yeD®"
if N > 3 where in both cases M = (‘; Z) is any matrix in I' such that Moo = s.

We describe some properties of the invariants of pp and the projection invp.

Proposition 3.3
Let D be a discriminant form of even signature and level dividing N. Let
V=73 cpvse) € C[D]". Then

vy = XD(a)Vay

for all (a,N) =1 and v € D. If xp is non-trivial and H is a subgroup of D

then
Z vy = 0.

veH
Proof: Let M = (¢%) € To(N). Then
o= po(M)o = 3 vy pp(M)e" = xp(0) 3 067 = xp(a) 3 vane”
vel ~yel ~el

For the second statement note that H decomposes into orbits under the action
of (Z/NZ)* and

Y vey= D xpl@vy,=v, Y xpla)=0.

(a,N)=1 (a,N)=1 (a,N)=1
This proves the proposition. ([

Proposition 3.4
Let D be a discriminant form of even signature with non-trivial xp. Then

invp(e) =0.

Proof: We have (v,invp(e)) = vg = 0 for all v = > ep V€T € C[D]'. Hence
invp(e?) = 0. O

Proposition 3.5
Let D be a discriminant form of even signature and v € I+. Then invp(eY) =
invp(e).

10



Proof: Let v =735 vge? € C[D]F. Then the invariance of v under S implies

e(sign(D)/8) e(sign )/8)
Vo = 2 — Vg € 'Y ﬂ
v 2 N>

_ e(sign(D)/8) e — e(sign(D /8 o —
VO R TP Pl

It follows (v,invp(e?)) = vy, = vy = (v,invp(e?)). O

Proposition 3.6
Let D be a discriminant form of even signature with non-trivial xp and v € D
such that 2y € I'+. Then invp(e?) = 0.

Proof: Let v =735 vgeP € C[D]F. The invariance of v under S and Proposi-
tion 3.3 give

e(sign(D)/8) e(sign(D)/8)
= —— g B) —_— E )
Uy m 2 vge((y,p)) = m 2 vge((v,

e(sign(D)/8
B S

Bsel el
(B,7)=0 mod 1 (Byv)=1/2mod 1
e(sign(D)/8
- O S o3
| | Berl Bel

(Byv)=0 mod 1

e(sign(D)/8)
= —v 27 vg =0
A P PR

because 0 and v+ are subgroups of D. a

Proposition 3.7
Let D be a discriminant form of even signature and level dividing N. Suppose
(N,5) =1 and xp(5) = —1. Let v € D such that 4y € I*+. Then invp(e?) = 0.

Proof: For v =13, ,vge’ € C[D]" we have

. 3
Uy = ———F———" 51gn Ze J/4) Z V3.
7=0

Bel
(B,y)=j/4 mod 1

The sets {8 € I|(B8,7) = j/4 mod 1} are invariant under multiplication by 5.
On the other hand vsg = xp(5)vg = —vg for all § € D by Proposition 3.3. It

follows
2 Z vg = Z (Ug-i—’l){)g)zo.
Bel Bel
(B,7)=3/4 mod 1 (B,7)=3/4 mod 1
This implies the statement. (I

Note that the condition of the proposition is satisfied for example for 2-adic
discriminant forms D such that |D| is not a square.

11



4 Discriminant forms of prime level

In this section we calculate the projection on the subspace of invariants and the
dimension of this space explicitly for discriminant forms of prime level.
We start with the case that p is odd.

Theorem 4.1
Let p be an odd prime and D a discriminant form of type p*. Let v € I. Then

, N A AN 1 ; .
anD(e)—E ? p2—1W Z pe _Ze

pe(ytNI) el

+p21—1 Z e

a€(Z/pZ)*

if n is even and

(n+1)/2
. —1 2\ 1 1 p(1,7)
invp(e?) =e <> () 5 E ( et
_ (n—3)/2
p p)p°—1p TN
1 a
+ E — ) e*?
p?—1 (p)

a€(Z/pZ)*

if n is odd.

Proof: The cusps of I'(p) are represented by the pairs +(a, ¢) € (Z/pZ)?*\{(0,0)}.

If (¢,p) = 1 we can choose d € Z/pZ and define b = ¢~!(ad — 1) to obtain
a matrix (2Y) € SLy(Z/pZ). Let M, be any lift of (¢}) to I' (recall that the
projection SLo(Z) — SLo(Z/pZ) is surjective). Then

PR B
invp(e”)s = {(M )WW
> eldau(p —ay))e(b(p, ) {e* + e(sign(D) /4)e ™}
p€(ay+De)NI

Taking d = 0 mod p and using the explicit formula for £(M 1) given in [S2] we
obtain

invp(e”)s = e(sign(D)/8) (|‘DC|> LI

=1
Y e(=¢ ) {e" + elsign(D) /4)e "}
nel

If ¢ = 0 mod p we choose a matrix (¢ Y) € SLy(Z/pZ) and lift it to a matrix
M, in I'. Then

invp(e?)s = (|aD|> p217 1 {e* + e(sign(D)/4)e™ "}

12



Summing over all cups of I'(N) we get

invp(e?) = %e(sign(D)/S) Zﬁ Iﬁ Z{e“ + e(sign(D)/4)e™*}

pnel

> () etetwn

ce(Z/pZ)*

1 1 a
- ay - —ay
t3 21 E (|D|> {e®7 + e(sign(D)/4)e” "}
a€(z/pZ)*

If n is even then e(sign(D)/8) = 6(—71)"/2 (see the proof of Theorem 7.1 in
[S1]) and

c _Jp—1 if(g,7) =0 mod 1,
Z <|D> elelm ) = {1 otherwise

c€(Z/pL)*
so that
n/2
. -1 1 1
R G R I R v
P P p KE(yENI) nel
1 a
+ 21 Z e
a€(Z/pZ)*

If n is odd the statement follows from

. 2 1 if p=1 mod4,
D)/8) =¢| =
e(slgn( )/ ) € (p) { (_1)(n+1)/2(_i) if p=3 mod 4

and
c o,y 1 if p=1mod4,
> (p) e(c(uﬁ)):((p )>\/13{i £ p—3 mod4
c€(Z/pZ)* p
(see Theorem 1.2.4 in [BEW]). O
Note that for n = 1 or n = 2 and e(_?l) = —1 we have I = {0} and

invp(e?) =0 for all v € D.

The first formula in the theorem extends to discriminant forms of level 2.

Theorem 4.2
Let D be a discriminant form of type 257 with n even and v € I. Then

1 1 1
i N no_ I 2
invp(e )—632(n2)/2{ E 2e E e }+36 .

pe(yENI) pel

Next we calculate the dimensions of the subspace of invariants.

13



Theorem 4.3
Let p be an odd prime and D a discriminant form of type p". Then

n—1 _ -1 n/2
dim C[D]" = p7p2 — 1p +e () p(n=2/2 41

if n is even and
r_pvt-1
di D' = ———
im C[D] P
if n is odd.

Proof: This can be proved directly by using Theorem 3.2 or by means of Theorem
4.1. We describe the second approach for n even. For v € I we have

N e AL 1 .
(invp(e?),e”) =e ? Zﬁm(?* )
1 1 if v 0,
+ = .
pP—1|p—1 ify=0
so that
dim C[D]" =) " (invp(e?),e?)
yel
n/2
-1 1 1
() g e )
1
+ 21 {IN{0} + (» - 1)}
-1 n/2
P (2N ez
p*—1 p
by Proposition 2.1. O

We describe an example. If D is of type p? with € = (_71) the subspace of

invariants has dimension dim C[D]'" = 2. The discriminant form D is generated
by two isotropic elements 1,72 such that (y1,72) = 1/p mod 1. We have

1
: 0 0 ”w
1 €)= ——4E¢€ e
vp(e’) 5 1{ +> }

and

. 1 1
o) =y ¥ e gtes s el

P HE(Y1) Hel

This implies that C[D]" is generated by the elements
which is a special case of Skoruppa’s result.

et and

€ () € (ray €

As for odd primes we can prove

Theorem 4.4
Let D be a discriminant form of type 297 with n even. Then

=1 41
dimC[D]" = T a2,

14



The dimension formulas in Theorems 4.3 and 4.4 were also found by Zemel
using a slightly different approach (see Theorem 5.6 in [Z]).

Corollary 4.5
Let p be an odd prime and D a discriminant form of type p® with ¢ = +1.
Choose v € I\{0}. For j € Z/pZ define

M(vy); ={peI\{0}|(n,7) =j/p mod1}.

Let
Mmt= J Mouu U Un
je@/rn)’ je@/pt)"
X ()1 xo()=+1

with € = e(%) and analogously M(y)~. Then C[D]' is 1-dimensional and

spanned by
Z et — Z et .

HEM(y)*+ neM(v)~
If D is of type p—* where p is an odd prime or of type 21_14 then C[D]' is
1-dimensional and spanned by

pe’ — Ze“ .

pnel

Proof: In the first case C[D]" is spanned by invp(e?) for any v € I\{0} and in
the second case by invp(e). O

The decomposition I\{0} = M (y)" U M(y)~ is independent of the choice
of v € I\{0} and is equal to the decomposition I\{0} under the action of the
spinor kernel of SO(D). The size of M(y)* is (p? —1)/2.

5 Some 2-adic exercises

We study some 2-adic discriminant forms which will play an important role in
our main theorem.

Let D be a discriminant form of type 2§. Then D?* contains a single element
which we denote by x2. The signature of D is even if and only if n is even. In
this case the matrix Z = —1 € I" acts as pp(Z)e? = e(t/4)e” for all v € D so
that there are no non-trivial invariants if ¢t = 2 mod 4.

Proposition 5.1
Let D be a discriminant form of type 2{™ with n even and t =0 mod 4. Then

1 1 , 1 1
inVD(‘”):66”6”““(‘””46W{ 2 26“—26‘}

pE(yENI) pel

for v € I and
2n=3 41
dim C[D]" = % + e(—1)t/42n=0/2

15



The proof is similar to the proof of the next theorem. We therefore omit it.

We describe two examples. If D is of type 252 then C[D]" is 1-dimensional
and spanned by invp(e?) = invp(e®2) = (e® 4 ¢®2)/2. If D is of type 2;* = 24
then C[D]! is trivial.

Let D be a discriminant form of type 2;"4}}2. Then D has even signature if
and only if n is even.

Proposition 5.2
Let D be a discriminant form of type of type 2;”4}92 with n even. Then

invp(e’) = %{67 +e(t/4)e 7}

far X elasln— e+ elt/ et}

RE(y+D2*)NI

Fee(3/8) 5 g O el— (et + e(t/4)e )

for v € I and
dmC[DI = = T1{1 4 ce(3/8) - (1 + e(t/4)} + = e(t/4) |I|
im =1 €e R e 5 e 2

with

t—1
|I] = 272 4 €200 F2)/2 5(1/4) (2)

|Iy| = 2" + €2 +2/2 5(¢/4) <t_21) .

Proof: First note that e(sign(D)/8) = ~v2(D) = ee(t/8). The group I'(4) has
6 cusps s which can be represented by 1/4,1/2 and a/1 with a = 0,1,2,3.
Choosing matrices My as (19),(39) and (¢ ') we find

inVD(€7)1/4 = %{67 + e(t/4)e_’y}

and

. 1 _
invp(e7)1/2 = 21 Z e(ay(p —7)){e +e(t/4)e™"}.
ne(y+D?*)NI

We remark that in the last sum e(qy(p — 7)) = £1. For M, = (§ ') we have
§(M; ') = ee(3t/8) and ary + D' = D so that

S

v (€7)aj1 = ce(3/8) % 271/2 S (= (e + eft/4)e "}
pel

This implies the formula for invp(e?).

16



Next we calculate the dimension of the fixed point subspace. For v € I we
have

1
in eV 7€’Y = — 4+ —e(t/4
(invp(e)i/a,€) (t/4) 0 otherwise

1 1 if2y=0,
12 12

(invp(e?)y/2,€7) =0

(v (€)1, €7) = ce(3t/8) is 27%(1 4 e(t/4))

so that
dimC[D])" = Z(invD(e"*)7 e")
vyel
= L I{1+ €e(3/8) sy (1 +e(t/4))} + — e(t/4) | Lo
T 12 e gn/2\ T E 12°¢ 2
where Is = I N Dy. The cardinalities of I and I can be determined with

Proposition 2.3. O

Note that if £ = 2 mod 4 and 27y = 0 then invp(e”) = 0. This also follows
from the formula for the action of Z = (_01 o )

Now we consider the case that D is of type 2?‘24}92 with ¢t = 2 mod 4. Then
sign(D) =t mod 8. The orthogonal group O(D) acts transitively on I'\I2. Let
~v € I\Iy. For j € Z/4Z we define

M(v)j={p€I\l2|(p,v) =j/4 mod1}.

Then M(y)o = {+7}, M(y)2 = (v + D**) NI = {£a} for some element o € D
with qo(a — ) =0 mod 1 and qy(—a —7) = 1/2 mod 1 and |M(y),| = 4 for
j € (Z/AZ)*. Let

M(7)" = M(y); U {+a} U {+7}

with j € (Z/4Z)* such that ex4(j) = +1 where

o 1 if t=6 mod 8,
] -1 if t=2 modS8

and analogously M (vy)~.

Proposition 5.3
The subspace of invariants C[D]' is 1-dimensional. Let v € I\I. Then C[D]"

is spanned by
PO D DR

peM(y)+ HEM (v)~

Proof: By the previous proposition

dim C[D]" = = (|I| - |I|) = 1—12(16—4) 1.

1
12

17



For v € I\I> we have
invp(e’) = i{e'y —e 7}
12

bar X eyl e - et}

ne(v+D?*)NI
1 —p
FeB/8) 5 3 el (maer et}
neI\I
(ny)=%1/4

The sum is supported on I'\Is. We easily check that

. 1
1nvD(e'Y):12{ Z et — Z e"}.

HEM (v)* HEM (v)~

This proves the proposition. O

The decomposition I\Iy = M(vy)* U M ()~ is independent of the choice of
v € I\Iy. The size of M(y)T is4+1+1=6=12/2.

We remark that every discriminant form D of level 4, exponent 4, order 43
and signature ¢ = 2 mod 4 is isomorphic to 2?24}}2.

Next we consider a discriminant form D of type of type 2f14§ 8}}2 witht =1
mod 2 and € = (%) Then sign(D) =1+t mod 8. Recall that I, = I N Dy.

Proposition 5.4
We have |I| = 64 and |I4] = 16.

Proof: The partition function of 8}2 is given by

fs}f (z) = Z 289 =20 4 4(x 4 23 + 2° + 27) + 8(2 4 25) + 122*

+2
YE8

where we have chosen q(v) € [0,1). Multiplying this polynomial with the poly-
nomials f, 1 (z) =1+2? and f4e (x) = 14 22" +2* we can easily derive the first
statement. The second follows analogously. (I

Proposition 5.5
O(D) acts transitively on I\I,.

Proof: Let v € I\I4. Then there is an element 8 € D such that (v,8) = 1/8
mod 1. Define 4 = f—a7y where a = 8 q(8) mod 8. Then (v, y1) is a discriminant
form of type 8}}2. The orthogonal complement (v, u)* is a discriminant form
of type 2;24;%. Up to isomorphism there are exactly 4 such forms namely the
forms of type 21“4,2 with ¢4 odd and ¢4 = (%4) The signature of such a form is
1+t4 mod 8. Hence each element v in I\ I4 gives rise to a Jordan decomposition

2714¢ 812, This implies that all elements in T\, are conjugate under O(D). [

Proposition 5.6
Let v € I;. Then invp(e?) = 0.

18



Proof: We have 4y = 0 € I+ so that invp(e?) = 0 by Proposition 3.7. |

Proposition 5.7
For v € I we have

invp(e’) =
e(~sign(D)/8) &~ 3 e(—(1, )1~ e(~4(1,7)))

{e" + e(sign(D)/4)e "}
+ee(—t/8) 4i ™G > > eldalp—ay)) e (1))

a€Z/8Z pe€(ay+D2*)NI
a=1 mod 2

e + e(sign(D)/4)e ™)
s Y Y i an) ()

a€Z/8Z pe(ay+D**)NI
a=1 mod 4

{e" + e(sign(D)/4)e "}

1
b Y w@en

a€L/8Z
a=1 mod 2

Proof: The group I'(8) has 24 cusps.

There are 16 cusps s = a/c € Q, (a,c) = 1 with (¢,8) = 1. For such a
cusp we can choose a matrix My = (ﬁ Z) €I with d =0 mod 8. Then b = —c
mod 8 and £(M; 1) = (£) e(—csign(D)/8) so that

1

\[
Z c(p, 7)){e" + e(sign(D)/4)e™"}
nel

invp(e?)s = (%) e(—csign(D)/8)

There are 4 cusps s = a/c € Q, (a,c) = 1 with (¢,8) = 2. We can choose a
matrix M, = (¢Y) € I such that d = 1 mod 16. Then b = c(a — 1)/4 mod 8
and £(M; 1) = ee(—t/8). Tt follows

. "o 11
invp(e”)s = ee(—t/8) Wi
ST e(§anlp— ay) e(( (1, 7)) {et + e(sign(D)/4)e ™} .

p€(ay+D2*)NI

There are 2 cusps s = a/c € Q, (a,c¢) = 1 with (¢,8) = 4. We choose a

representative s = a/c with a = 1 mod 4. Then there is a matrix M, = (‘;‘ Z) S

I such that d = 1 mod 32. We find b = c¢(a — 1)/16 mod 8 and £(M; 1) =1 so
that

L
48
> el auln—am) el (n ) (" + elsign(D)/4)e ")

pne(ay+D4*)NI

NN

invp(e’)s =

19



Finally there are 2 cusps s = a/c € Q, (a,c) = 1 with (¢,8) = 8. We
choose a matrix M, = (2Y) € I'. Then a =d mod 8 and £(M; 1) = (%) e((1—
a) sign(D)/8) so that

invp ("), = () e(1 - ) sign(D)/5) % (" + e(sign(D)/4)e="} |

Putting the contributions of the cusps together we obtain the given formula.
O

Proposition 5.8
C[D)" is 1-dimensional.

Proof: We have
dim C[D]" = Z(invD(e"’),eV) = Z (invp(e?),e)
~yel yEI\I4
Z Z (invp(e7)s,e™).

yEI\I4 sET(N)\P

by Proposition 5.6. Clearly the cusps s = a/c with (¢,8) = 1 do not contribute
to the last sum. For v € I we have v ¢ ay + D?* because q(z2) = 1/4 mod 1
and similarly +v ¢ ay + D*" because q(x4) = 1/2 mod 1. Hence the only
contribution to the last sum comes from the cusp 1/8. It follows

dim C[D Z 1= |I| |I4]) =

761\14

48(64— 16) =

This proves the proposition. (|

Finally we show that the generator of C[D]' can be written analogously to
the cases p® and 2;%4},? (see Corollary 4.5 and Proposition 5.3).

We choose generators i1, tio, v1,v2 of D with 2u; = 4us = 8y = 8y, =0
such that u = auy + bus + ¢y1 + dye = (a, b, ¢, d) has norm

a? ot ced
=4 P ed .
a(p) it gty mo

Let v € I\I4. For j € Z /87 we define

M(v); ={ne I\ls|(p,y) =37/8 mod1}.

Then aM (7y); = M(7)q; for all @ € (Z/8Z)*. The sets M(7y); are easy to work
out explicitly. For example M (v)o = {jv|Jj € (Z/8Z)*}. We have

8 if j is odd,
|Mmm={4.‘.

if j is even.

By Proposition 5.5 we can assume that v = ~;.
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Proposition 5.9
Let v =~ = (0,0,1,0). Define

Mt= | MOu U edas,ja g}
JE(Z/8Z)" JE(Z/8Z)"
exp(j)=+1 xp(j)=+1

with
ol 1 if t=5o0r7 mod8,
] -1 if t=1 or 3 mod 8,

ag =(1,2,1,2) € M(7)2, a2 = (1,0,1,6) € M(vy)s and a = (0,2,1,4) € M(7)4
and analogously M(y)~. Then C[D]' is spanned by

N S

HEM ()t HEM (y)~

Proof: The subspace of invariants C[D]' is spanned by invp(e?). We write
invp(eY) = Euel cpet. Then ¢, = 0 for € I by Proposition 5.6.

Now we consider the individual sums in Proposition 5.7. The first sum
extends over ;¢ (z/57)- M(7);, the second over M(7y)2 U M(7)s, the third over
M (7)4 and the last sum over M (7)g.

For the first sum we find

D el ()1 = e(—4(m 7)) e + e(sign(D) /4)e ™}

HEI\I4
=2 > > {e(—i/8) + e(sign(D)/4)e(j/8) }e"
JE(Z/8Z)* peM(v);
) 1 if t =3 mod 4,
=2v2 > xp() D et Q. )
) —i if t=1 mod 4
JE(Z/8L)* HEM (7);
so that
(—sign(D)/8) == —= 3 e(—(u1))(1 = e(—4(1,7))
e(—sign R e(—(u, — e(—4(u,
g 18 2\/5 & 22004 22504

{e" + e(sign(D)/4)e "}

=€£ > oxnl) > e

JE(Z/82)* HEM(v);
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We calculate the second sum as

cet/8) Y elasln—an) e ()
a€Z/8% peE(ay+D2*)NI

a=1 mod 2
{e" + e(sign(D)/4)e™ "'}
=ce(-t/8) Y > Aella—1)/8)e(az(u —ay))+

HEM(v)2 a€(Z/8EL)"
e(sign(D)/4)e(3(a — 1)/8)e(da(—p — ay)) e
+ee(—t/8) > > {e(Bla—1)/8)e(q(p — ay))+

HEM (v)e a€(Z/8Z)*
e(sign(D)/4)e((a — 1)/8)e(dy(—p — ay))}e*
=4\/§{ Y X ()63‘“+ > xnl em}
JE(Z/8L)* €(z/8Z)*

with o = (1,2,1,2) and as = (1,0,1,6).
Finally we consider the third sum. Let o = (0,2,1,4) so that M(v)s =
{ja|j € (Z/8Z)*}. We easily see that

> > e(aq(i— 7)) e(72 (1, 7))
a€Z/8Z pe(ay+D**)N(I\14)
a=1 mod 4

{e" + e(sign(D)/4)e "}
=2 Z xp(j)er™.

JE(Z/8Z)*

Putting these contributions together we get

. 1
1nVD(e'Y):48{ Z et — Z e“}.

HEM ()T HEM ()~

This proves the proposition. ([

Note that the decomposition I\I; = M(y)" U M(y)~ is independent of
the choice of v because C[D]' is 1-dimensional. The sets M(y)* have size
2-8+2-4=24=148/2.

We remark that every discriminant form D of level 8, exponent 8, order 83

and even signature 1 + ¢ mod 8 is isomorphic to 2?145 8}}2 with € = (%)

6 Induction

In this section we recall some properties of the isotropic induction.

Let D be a discriminant form of even signature and H an isotropic subgroup
of D. Then H*/H is a discriminant form of the same signature as D and of
order |[H+/H| = |D|/|H|?. There is an isotropic lift

ti: CIH*/H] — C[D]
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defined by
TIEI (67+H) — Z et

peH

for v € H* and an isotropic descend
Vi C[D] — ClH~/H]

defined by
et ify e HE,

0 otherwise

1B (@) = {

(see [Br], section 5.1, [S3], section 4 and [S4], section 2). The following result is
easy to prove.

Proposition 6.1

Let D be a discriminant form of even signature and H an isotropic subgroup of
D. Then the maps 15 and |5 are adjoint with respect to the inner products
on C[H*/H] and C[D] and commute with the Weil representations py . /g and
pp. In particular they map invariants to invariants. They also commute with
the maps invy .y and invp.

The isotropic lift is transitive.

Proposition 6.2

Let D be a discriminant form of even signature and H C K isotropic subgroups
of D. Then H C K C K+ C H* and K/H is an isotropic subgroup of H+/H
with orthogonal complement K+ /H. Moreover

£
thootii = 1R

7 The main theorem

In this section we prove the main result of this paper. We define fundamental
invariants and show that each invariant is induced from these invariants.

As explained in the introduction we can restrict to p-adic discriminant forms.
Let D be a discriminant form of level p* where p is a prime and even signature.
For v € D we define

a(p,y) = |[{H C v* is an isotropic subgroup of D with |H| = p}|.

First we give a sufficient condition for an element ¢ € C[D] to be a linear
combination of isotropic lifts (cf. also [Wr], Lemma 120 and Lemma 121).

Proposition 7.1
Let v € D. Suppose that v+ contains an isotropic subgroup H isomorphic to
(Z/pZ)?. Then €Y can be written as a linear combination of isotropic lifts.

23



Proof: The group H has p? — 1 elements of order p and therefore has p + 1 =
(p?> —1)/(p — 1) subgroups of order p. We denote them by Hy, Hy,..., H,. The
inclusions H; C H C {y)* imply (y) C H+ C HJl Define

v = i ng (eerHj) — zp: Z VT = peY + Z vt
j=1

j=1 peH, weH\Hy
and
w =15 ( Z €7+N+Ho) — Z Z eVHtB Z et
peH\{0} weH1\{0} BEHy nEH\Ho
Then e¥ = (v — w)/p. O

Proposition 7.2
Let v € I\{0}. Then v+ contains an isotropic subgroup isomorphic to (Z/pZ)?
if and only if a(p,7y) > 1.

Proof: Let v be of order n. Then (n/p)y generates an isotropic subgroup of
order p in yt. Since a(p,y) > 1, there is another isotropic subgroup of order
p in . Both groups together generate an isotropic subgroup isomorphic to
(Z/pZ)?* in y+. O

Now we have to distinguish between even and odd primes. The following
result is well-known and easy to prove.

Proposition 7.3

Let D be a discriminant form of level p' where p is an odd prime. Suppose D
contains no non-trivial isotropic elements. Then D is isomorphic to one of the
following discriminant forms:

-1
0, pTt, p? with e = — () .
p

Proposition 7.4

Let D be a discriminant form of level p! where p is an odd prime. Let v € I
be of order p. If a(p,y) = 1 then invp(eY) = invp(e®) or D is of type p? with
€= (%), pi?’ orp_4.

Proof: First we consider the case v ¢ DP. We show that ()1 /() contains
no non-trivial isotropic elements. Suppose p + (y) € (y)*/(y) with u ¢ (v)
is isotropic. Then u € (y)* is isotropic and a(p,7) = 1 implies (n/p)u € (v)
where n is the order of y. Since v ¢ DP we conclude p € (7). It follows that
(V)1 /(7) is of type 0, p*! or p? with e = 7(%). If (7)1 /() = 0 then |D| = p?

—1

so that D is isomorphic to ¢*! with ¢ = p? or to p with € = (7) The first

case contradicts v ¢ DP. Hence D is isomorphic to p2. If (y)*/(y) = p*! then
|D| = p? and D must be of type p*3. For (y)*/(7) = p*2 we find D = p~*.
Now let v € DP. We choose a Jordan decomposition of D and write D =
A ® B where A denotes the sum over the irreducible components of exponent p
and B # 0 the sum over the remaining components. Then v € BP. Recall that
BP is the orthogonal complement of B,. Since B, is isotropic and a(p,vy) =1
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we can conclude B, = (7), i.e. By is cyclic. This implies that B is cyclic. Let
B = ¢*!. Then v = (¢q/p)B for some generator 3 of B. An isotropic element in
D is of the form p + mp with p € A and p|m. Since

(s +mpB) = (¢/p)m(B,8) =0 mod 1
this implies v € I+. Hence invp(e?) = invp(e”) by Proposition 3.5. O

We leave the proof of the next result to the reader.

Proposition 7.5

Let D be a discriminant form of level 2. Suppose that D contains no non-trivial
isotropic elements. Then D is isomorphic to one of the following discriminant
forms:

0, 2% 2i,
252 with t = 2 mod 4,

t
29 withe [ - | = -1
i with € (2> ,

4Fft 24 E
We remark that we do not assume in the proposition that D has even signature.

Proposition 7.6
Let D be a discriminant form of level 2! such that xp is trivial. Let v € I be of
order 2. If a(2,7) = 1 then invp(e?) = invp(e”) or D is of type 2};% or 2;*.

Proof: Note that the condition on x p implies that | D] is a square and sign(D) =
0 mod 4.

First we consider the case v ¢ D?. The discriminant form (y)*/(y) has
the same signature and square class as D and contains no non-trivial isotropic
elements. Hence (y)*/(y) is isomorphic to 0 or 2%, If (7)*/(y) = 0 then
|D| = 2% and D contains a non-trivial isotropic element of order 2. This implies
D = 2§% or D = 202, In the latter case C[D]" is spanned by invp(e?) =
invp(e®) (cf. Proposition 5.1). If (y)*/(y) = 2, then D has order 16 and
signature 4 mod 8. The discriminant forms of order 16 and signature 4 mod 8
are

-2 9+4 o9—4
4,7, 207, 2.

In the first case the isotropic elements are multiples of 2. In the case 2* the
space C[D]" is trivial so that invp(e?) = invp(e) = 0 (cf. Proposition 5.1).
Next we assume that v € D?. We choose a Jordan decomposition of D and
write D = A @& B where A denotes the sum over the irreducible components of
exponent 2 and B # 0 the sum over the remaining components. Then vy € B2.
The group B? is the orthogonal complement of By, but in general By is not
isotropic. If Bs is isotropic we can argue exactly as in the proof of the previous
proposition. Suppose B, is not isotropic. Since the only non-trivial isotropic
element in Bs is v, the discriminant form B is of type 4?2 or élsilqtil with 8|q.
In the latter case we can choose a generator S of qtjEl such that v = (¢/2)p.
Then « € I+ so that invp(e?) = invp(e®) by Proposition 3.5. Suppose B is of
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type 4?2. We choose orthogonal generators 1, 82 of B. Then v = 281 + 202
and any isotropic element in D is of the form p+ mq /51 +mofs with 4 € A and
2|(my + mz). Now

(v, o+ ma1B1 +maBa) = 2mi(B1, 1) + 2m2(B2, B2) =0 mod 1,
implies v € I+ so that again invp(e?) = invp(e) by Proposition 3.5. O

Proposition 7.7

Let D be a discriminant form of level 2! and even signature such that xp is
non-trivial and |D| is a square. Let v € I be of order 4. If a(2,7) = 1 then
invp(e?) = 0 or D is of type 2,243 with t = 2 mod 4.

Proof: Since xp is non-trivial and | D] is a square we have sign(D) = 2 mod 4.

First we consider the case v ¢ D?. The discriminant form (y)*/(y) has
the same signature and square class as D and contains no non-trivial isotropic
elements. Hence it is isomorphic to 22 with ¢ = 2 mod 4. Tt follows that D has
order 64. The discriminant forms of order 64 and signature 2 mod 4 containing
elements of order 4 are

+1lgo+l +1qpEl +2
23 32t ’ 43 16t ) 8t )

+3q+1 +2 ,4+2 +2 ,+2
2s 8t ’ 2s 4t ’ 21] 4t ’

+2 ,4£2
23 4H

with appropriate s, ¢t and signs. For the discriminant forms of type 2}132#,
4F116E" and 82 the isotropic elements of order 4 are multiples of 2. For the
discriminant forms of type 2;‘538tﬂ, 2;'524?2 and 2?124,?2 any isotropic element
w of order 4 satisfies 2u € I+ so that invp(e”) = 0 by Proposition 3.6. Finally
2?}24?;2 = 2?24;2 for some ¢ with ¢ =2 mod 4.

Now suppose v € D2. As above we choose a Jordan decomposition of D and
write D = A ® B where A denotes the sum over the irreducible components
of exponent dividing 4 and B # 0 the sum over the remaining components.
Then + is orthogonal to By. Since Bj is isotropic and a(2,7) = 1 we have
By = (2v). Hence B is cyclic. We can choose a generator 3 of B = qtjEl such
that v = 2a + (¢/4)8 for some « € A. An isotropic element in D is of the form
w~+mp with p € A and 2|m. Now

(2v,n+mpB) = (¢/2)m(B,5) =0 mod 1
so that 2y € It. Hence invp(e”) = 0 by Proposition 3.6. O

Proposition 7.8
Let D be a discriminant form of level 2 and even signature such that |D| is not
a square. Let v € I be of order 8. If a(2,v) = 1 then invp(e?) = 0 or D is of

type 2745 837 witht =1 mod 2 and e = (£).

Proof: As before we consider first the case that v ¢ D?. The discriminant
form ()1 /(v) has the same signature and square class as D and contains no
non-trivial isotropic elements. Hence (y)/(7) is of type 25145, It follows
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that D has order 512. The discriminant forms of order 512 and even signature
containing elements of order 8 are

+ +
256, 4F128Ft ) 8Fleat!t, 2F364F!

+ +
16513251 oF24 13981 o2 1391 o2+ 6:EL
286, 25 416, 28 416 2016,

+1,41qE2 o+l tlqE2 ,+3qE]l otd,+lqkl
2 A8, 2 A8y, 478, 274 8,

+4 1 +1g+1
21[ 43 8t

with appropriate s, ¢t and signs. In the discriminant forms 2;“256;tl and
4?1128,?1 the isotropic elements of order 8 are multiples of 2 contradicting our
assumption on . The discriminant forms

8¥le4; !, 167132, 27785116,
22816 2F 14216 25516,

£3qtl oF4,E1qtl oFd, +lqkl
43 8t 727" 43 8t 72[[ 43 8t

contain no isotropic elements of order 8 so D cannot be isomorphic to any of
them. If D is of type

+ + + +
2E364;F ) 024 F132:F 224 F 1307

2142165 oty F1gE2

then any isotropic element g of order 8 in D satisfies 4y € I+ so that invp(e#) =
0 by Proposition 3.7. Finally 2;“43518?12 = 21"14§8}~}2 for some ¢t with ¢t = 1
mod 2 and € = (%)

Now suppose v € D?. Again we choose a Jordan decomposition of D and
write D = A & B where A denotes the sum over the irreducible components of
exponent dividing 8 and B # 0 the sum over the remaining components. Then
~ is orthogonal to Bs. Since B is isotropic we have By = (4v). Hence B is
cyclic. We choose a generator 8 of B 2 ¢! such that v = 2a+ (¢/8)8 for some
a € A. An isotropic element in D is of the form pu+ mg with u € A and 2|m.
Since

(47, +mB) = (¢/2)m(B,8) =0 mod 1

this implies 4y € I*. Hence invp(e”) = 0 by Proposition 3.7. O

The above discriminant forms, with the exception of p®® and 2}}2, play an
important role in our main result. We summarise some of their properties. First
let p be an odd prime.

D | square class | signature ‘ invariant
0 square 0 mod 8 e?
p4 square 4 mod 8 (p—1)e — Z'yeM e’
3
pe non-square | 0 mod 2 ZveMJf e’ — Z’yEM‘ eV
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The case p = 2 is more complicated.

D square class signature invariant
0 square 0 mod 8 el
25" square 4 mod 8 ed — >en €
2,724 12 square t=2mod4d |3 €= €
21145852 | non-square | 1+t =0 mod 2 Do+ € =D e €7

In all these cases C[D]' is 1-dimensional. We wrote M for the set of isotropic
elements whose order is equal to the level of D. In the indicated cases M has
a canonical decomposition M = M+ U M~. We denote the above discriminant
forms as Dj® where z is the square class and s the signature of D and the
generator of the subspace of invariants as u;*.

Theorem 7.9

Let D be a discriminant form of even signature s, square class « and level p
where p is a prime. Then the invariants of the Weil representation on C[D] are
generated by the invariants 15 (ig>*) where H is an isotropic subgroup of D
such that H*/H is isomorphic to the discriminant form Dg-=.

Proof: Recall that the invariants invp(e?), v € I generate C[D]'. Let v € I.
We show that at least one of the following possibilities holds:

i) D is a fundamental discriminant form,

ii) invp(e?) is induced from smaller discriminant forms of the same signature
and square class as D, i.e. invp(e?) is a linear combination of lifts of
invariants for suitable isotropic subgroups of D,

iii) invp(e?) = 0.

Then by induction and by the transitivity of the isotropic lift invp(e?) is a linear
combination of isotropic lifts of elements i;'*. Another consequence is that the
invariants of the fundamental discriminant forms are not induced from smaller
discriminant forms.

We assume that D is non-trivial. Let v € I. We can also assume that -~ is
non-trivial because

e(sign(D)/8)
S)el = = e

so that

invp(e”) = invp(pp(8)e?) = LDV §y 0 emy

V |D| 'YEI
We define m = p if p is odd and

2 if |D| is a square and sign(D) = 0 mod 4,
m = ¢ 4 if |D|is a square and sign(D) = 2 mod 4,

8 if |D| is a non-square
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for p = 2.
First we consider the case that v ¢ D,,. Let n be the order of v and
H = (v),. Then for all v = ZBED vgeP € C[D]F we have

(0,17 (Vg () = (v, invp (1] (7)) = Y (v, invp (7))

pneH
= E : Uyt = E , Vay = § Xp(a)vy = pvy = p(v,invp(e?))
peH a€Z/nZ a€Z/nZ
a=1mod n/p a=1mod n/p

because m|7 so that

1
invp(e?) = 5 Tg (ianL/H(e'H'H)).

Next we consider the case v € D,,\{0}. If ¢” is a linear combination of
isotropic lifts for suitable isotropic subgroups then the same holds for invp(e?)
because isotropic induction and inv commute. We assume that e” is not a linear
combination of isotropic lifts. Then a(p,vy) = 1 by Propositions 7.1 and 7.2.

Suppose xp is trivial. Then m = p and invp(e?) = invp(e®) or D is of
type p? with € = (’71) or p~* if p is odd or of type 25, or 2;* if p = 2 (see
Propositions 7.4 and 7.6). We go through the possible cases. If invp(e?) =
invp(e”) define H = (7). Then for all v =37, vge? € C[D]' we have

(] (v (@) = vp=ve+ D vay=vo+(p— 1o,
BeH a€(Z/pZ)*

= (v,invp(e?)) + (p — 1)(v,invp(e?)) = p(v,invp(e?))

by Proposition 3.3 so that invp(e?) = % 1B (inVHJ_/H(€O+H)). If D is of type
p®? with € = (%) then C[D]' is generated by the characteristic functions of
the 2 maximal isotropic subgroups (see the example after Theorem 4.3). The
same analysis holds for D of type 2}}2. The cases p~* and 254 correspond to
fundamental discriminant forms.

Finally we assume that yp is non-trivial.

If m = p is odd then invp(e?) = invp(e’) = 0 or D is of type p™ (see
Propositions 3.4 and 7.4).

Suppose m = 4. Then sign(D) = 2 mod 4. If 2y = 0 then v, = xp(3)vs, =
—vy =0forallv=73 5 p vge? € C[D]" which implies invp(e?) = 0. If v has
order 4 then invp(e?) = 0 or D is of type 2;%4};> (see Proposition 7.7).

The case m = 8 is analogous and uses Proposition 7.8. (Il

The theorem extends Theorem 4.11 in [M] to p = 2.

Corollary 7.10

For a given square class x and even signature s the fundamental discriminant
form Dj® is the smallest p-adic discriminant form possessing a non-trivial in-
variant.

8 Applications

We describe two applications of our results.
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A dimension formula for cusp forms of weight 2

Let D be a discriminant form of level p where p is a prime. We give an explicit
formula for the dimension of the space S3(D) of cusp forms of weight 2 for the
WEeil representation pp.

Let p be a finite-dimensional representation of SLy(Z) with finite image.
Then the dimension of the space of modular forms for p of weight at least 2
can be determined by means of the Selberg trace formula or the Riemann-Roch
theorem (see e.g. [Sk1], [Bo2] and [F]). In weight 2 there is a contribution
coming from the invariants of p. We will follow Freitag’s approach [F].

Let D be a discriminant form of prime level. We assume that D is of type
p™ with n even. The argument for odd n is similar. Then sign(D) = 0 mod 4
so that Z acts as pp(Z)e? = e~7. The space V C C[D] spanned by the elements
e’ 4+ e~ 7, v € D is invariant under pp. Let p be the restriction of pp to V and
d = dim(V). For a complex d x d-matrix M of finite order with eigenvalues

e(z;), 0 < z; <1 define
d
a(M) = Zml )
i=1

in particular

d_ (M) if M2 =1

(1) — 4 4 ’
T d_ 1Re(tr(M—l)) + ilm(tr(M—l)) if M3 =1
3 3 3V3 ’

Then the dimension of S2(D) is given by

dim 5,(D) = &+ d — a(e(1/2)p(5)) ~ a((e(1/3)p(ST)) ") ~ a(p(T))
- [{y € D/{1}[a(7) = 0 mod 1}| + dim C[D]"

(see Theorem 6.1 in [F]). We can evaluate this expression using Theorem 4.3.

Theorem 8.1
Let D be a discriminant form of prime level p and type p"* with n even. Then
dim Se(D) =0 if p < 3 and

n n— n/2 ne1
. ph+5 pt! -1 P=5 - P —p
dim SQ(D) = o1 — 1 — € (p Tp( 2)/2 + p2 —

ifp > 3.

Proof: The first statement follows from dim S3(I'(2)) = dim S2(I'(3)) = 0. Sup-
pose p > 3. Clearly

Proposition 2.1 implies

{ve D/} ar) =0 mod 1) = MELO =Ly
A A A Pl 22
2 p 2
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and

a(p(T)) = jg {y € D/{=1} | a(7) = j/p mod 1}]
j=0
LIRS e
=3 25 (»",3/p)
o _ n/2
_bp . 1 (pn—l e (;) p(n—z)/z) _

Since e(1/2)p(S) has order 2 we can apply the above formula to calculate
a(e(1/2)p(S)). For the trace of e(1/2)p(S) we find

1

e1/20(8) = ] SO 4,67 +7)
=LA S e e e
— <)) 3 eza) (-2}
— VD (g (D) )5
=1

where we used Theorem 3.9 in [S2] to evaluate the last sum. Hence

a(e(1/2)p(S)) = g N tr(e(l/j)p(S)) _ pn;Lg |

Similarly we find
- p"+3
a((e(1/3)p(sT)) ) = 2
Finally dim C[D]' is given in Theorem 4.3. Putting all the contributions to-
gether we obtain the desired formula for the dimension of Sy (D). g

Jacobi forms of singular weight

The space of Jacobi forms Jj ; of lattice index L and singular weight k =
rk(L)/2 is naturally isomorphic to the space of invariants C[L’/L]MP2(%). This
allows us to write down a generating set for this space.

Jacobi forms of lattice index are natural generalizations of Jacobi forms in
one variable [EZ]. They were introduced by Gritsenko [G]. Classical examples
are Jacobi theta functions. We recall the definition of Jacobi forms of lattice
index and describe some of their properties (cf. e.g. [Sk2], [GSZ]).

The metaplectic group Mp,(R) is the unique connected double cover of the
group SLo(R). Its elements can be written as pairs (M,w(7)) where M =
(‘; 3) € SLy(R) and w is a holomorphic function on the upper half plane H
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such that w(7)? = ¢ +d. Then the product of two elements in Mp,(R) is given
by

(Ml,wl(r)) (MQ,LUQ(T)) = (MlMQ,OJl(MQT)LUQ(T)) .
The inverse image of SLy(Z) in Mp,(R) is denoted by Mp,(Z).

Let L be a positive-definite even lattice of rank n. Then Mp,(Z) acts from
the right on the pairs (A\,u) € L x L. The corresponding semidirect product
Jr = Mpy(Z) x (L x L) is the Jacobi group of lattice index L. Recall that the
product of two elements in Jp, is given by

((My,w1(7)), (A1, 1)) (M2, w2(7)), (A2, h2))
= ((My Mz, w1 (Ma7)wa (7)), (A1, 1) Ma + (A2, pi2)) -
We identify Mp,(Z) with the subgroup Mp,(Z) x (0 x 0) and write [, u] for the
element (1, (A, pn)) € Jr.

Now let k € %Z. We define an action of the Jacobi group Jy, on the functions
¢:Hx(L®zC)— C by

z _ —c2%/2
s (M, w) (T, 2) ¢<MT, CT+d)°"(T> zk6<CT+d>
Ole[\ p](7,2) = ¢ (T, 2+ AT+ p) e (TA%/24 (N, 2)),

where M = (‘; Z) € SLy(Z), A\, € L. A Jacobi form of weight k and index L
is a holomorphic function ¢ : H x (L ®z C) — C which is invariant under the
action of .J;, and possesses a Fourier expansion of the form

o) = S clma)e(mr + (a,2)).
meZ,acl’
m>a?/2

We denote the space of Jacobi forms of weight £ and lattice index L by Ji . A
Jacobi form ¢ € J; 1 has a unique theta expansion

P(z,7) = Z Uy (2,7) f5(7)

YEL'/L

where

Uy (7,2) = Z e(ra?/2 + (a, 2))

aey+L

is the Jacobi theta function of the coset v+ L and f(7) = 3> cp//p fo(7) is a
modular form for the Weil representation of L'/L (holomorphic on H and at
the cusp). We obtain a map

Jr,p = My_p2(L' /L)

which is actually an isomorphism. This implies that Jj ; is trivial for £ <
n/2. The weight k = n/2 is called singular weight. In this case we have an
isomorphism

CIL'JLPMP2® 25 T o 1

Z vyel — Z Uy Uy

~yeL'/L yeL'/L
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(cf. also Theorem 5 in [Sk2]). Hence J, 5 1 is trivial for odd n. For even n
we can generate J,, o 1, by relatively few functions. Applying Theorem 7.9 we
obtain:

Theorem 8.2

Let L be a positive-definite even lattice of rank n and level N. Suppose n is even.
For p|N we denote the square class and the signature of the p-adic component
of L' /L by x,, resp. s,. Let L be the set of all overlattices M D L such that the
p-adic component of M'/M is isomorphic to D,”*" for all p|N. Then

Jnj2,L = Z C( Z UvﬁM,v)

MeL yeM' /M

where 30 ar ve€” € C[M'/M]S“2(?) js the invariant corresponding to the
Tp,Sp

product [ ], ip

Proof: For M € L wehave L C M C M’ C L' and M/L is an isotropic subgroup
of L'/L. Let v =73 cppnrvy€" € C[M'/M]S"2(Z) Then

tr @ = 3wt =3 v Y eath

~EM' /M ~eEM'/M — BEM/L
so that
L L
(TM;L Z Uy Z VL v+
~eEM'/M — BEM/L
- Z v, Z Z e(ra?/2 + (a, 2))
~eEM'/M — BEM/L acvy+B+L
_ 2
= Z Usy Z e(ra” /2 + (a, 2))
~EM'/M — a€y+M
S i
YEM/M
= om(v)
because

v+ |J B+L)=7+M.
BeEM/L

Hence the diagram
C[L//L]8>®) _%r . Jnjar

[ |

C[M'/M]SR2E) 2205 ],

commutes. But then the assertion follows from Theorem 7.9. O
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