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Abstract. We prove a dimension formula for the weight-1 subspace of a ver-
tex operator algebra V orb(g) obtained by orbifolding a strongly rational, holo-
morphic vertex operator algebra V of central charge 24 with a finite-order
automorphism g. Based on an upper bound derived from this formula we
introduce the notion of a generalised deep hole in Aut(V ).

Then we show that the orbifold construction defines a bijection between the
generalised deep holes of the Leech lattice vertex operator algebra VΛ with non-
trivial fixed-point Lie subalgebra and the strongly rational, holomorphic vertex
operator algebras of central charge 24 with non-vanishing weight-1 space. This
provides a uniform construction of these vertex operator algebras and naturally
generalises the correspondence between the deep holes of the Leech lattice Λ
and the 23 Niemeier lattices with non-vanishing root system found by Conway,
Parker, Sloane and Borcherds.
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1. Introduction

In 1968 Niemeier classified the positive-definite, even, unimodular lattices of
rank 24 [Nie68, Nie73]. He showed that up to isomorphism there are exactly 24
such lattices and that the isomorphism class is uniquely determined by the root
system. The Leech lattice Λ is the unique lattice in this genus without roots.
There are several proofs of this result. Niemeier applied Kneser’s neighbourhood
method. Venkov found a proof based on harmonic theta series [Ven80]. It can
also be derived from Conway, Parker and Sloane’s classification of deep holes of the
Leech lattice [CPS82, Bor85] and from the Smith-Minkowski-Siegel mass formula
[CS82a, CS99]. Finally, it also follows from the classification of certain automorphic
representations of O24 [CL19].

Conway, Parker and Sloane found a nice construction of the Niemeier lattices
starting from the Leech lattice [CPS82, CS82b]. They showed that up to equivalence
there are exactly 23 deep holes in the Leech lattice Λ, i.e. points in Λ ⊗Z R which
have maximal distance to the Leech lattice, and that they are in bijection with the
Niemeier lattices different from the Leech lattice. The construction is as follows.
Let d be a deep hole corresponding to the Niemeier lattice N . Then the Z-module
in Λ⊗Z R generated by {x ∈ Λ | (x, d) ∈ Z} and d is isomorphic to N .

aRutgers University, Piscataway, NJ, United States of America.
bResearch Institute for Mathematical Sciences, Kyoto University, Kyoto, Japan.
cTechnische Universität Darmstadt, Darmstadt, Germany.

1



2 SVEN MÖLLER AND NILS R. SCHEITHAUER

The classification of strongly rational, holomorphic vertex operator algebras of
central charge 24 bears similarities to the classification of positive-definite, even,
unimodular lattices of rank 24. The weight-1 subspace V1 of a strongly rational,
holomorphic vertex operator algebra V of central charge 24 is a reductive Lie alge-
bra. In 1993 Schellekens [Sch93] (see also [EMS20a]) showed that there are at most
71 possibilities for this Lie algebra using the theory of Jacobi forms. He conjectured
that all potential Lie algebras are realised and that the V1-structure fixes the vertex
operator algebra up to isomorphism. By the work of many authors over the past
three decades the following result is now proved.
Theorem. Up to isomorphism there are exactly 70 strongly rational, holomorphic
vertex operator algebras V of central charge 24 with V1 6= {0}. Such a vertex
operator algebra is uniquely determined by its V1-structure.

The proof is based on a case-by-case analysis and uses a variety of methods.
One of the main results of this paper is a uniform proof of the existence part which
generalises Conway and Sloane’s construction of the Niemeier lattices from the
Leech lattice.

One method to construct vertex operator algebras is the orbifold construction
[EMS20a]. Let V be a strongly rational, holomorphic vertex operator algebra and g
an automorphism of V of finite order n and type 0. Then the fixed-point subalgebra
V g is a strongly rational vertex operator algebra. It has exactly n2 non-isomorphic
irreducible modules, which can be realised as the eigenspaces of g acting on the
twisted modules V (gi) of V . If the twisted modules V (gi) have positive conformal
weight for i 6= 0 mod n, then the sum V orb(g) := ⊕i∈Z/nZV (gi)g is a strongly
rational, holomorphic vertex operator algebra. There is also an inverse orbifold
construction, i.e. an automorphism h of V orb(g) such that (V orb(g))orb(h) ∼= V .

We can use the deep holes of the Leech lattice to construct the vertex operator
algebras corresponding to the Niemeier lattices.
Theorem (Proposition 6.2). Let d ∈ Λ⊗Z R be a deep hole in the Leech lattice Λ
corresponding to the Niemeier lattice N . Then g = e2πid0 is an automorphism of the
vertex operator algebra VΛ associated with Λ of order equal to the Coxeter number
of N and type 0. The corresponding orbifold construction V orb(g)

Λ is isomorphic to
the vertex operator algebra VN associated with N .

We shall see that the other elements on Schellekens’ list can be constructed in a
similar way.

Modular forms for the Weil representation of SL2(Z) play an important role in
many areas of mathematics. The simplest examples are theta series. Let L be a
positive-definite, even lattice of even rank 2k and D = L′/L its discriminant form.
Then θ(τ) =

∑
γ∈D θγ(τ)eγ with θγ(τ) =

∑
α∈γ+L q

(α,α)/2 is a modular form of
weight k for the Weil representation of D.

Another example comes from orbifold theory. Under the same conditions as
above the n2 characters of the irreducible modules of V g combine to a modular form
of weight 0 for the Weil representation of the hyperbolic lattice II1,1(n). Pairing this
form with a certain Eisenstein series of weight 2 for the dual Weil representation
we obtain:
Theorem (Theorem 5.3 and Corollary 5.7). Let V be a strongly rational, holo-
morphic vertex operator algebra of central charge 24 and g an automorphism of V
of finite order n > 1 and type 0. We assume that the twisted modules V (gi) have
positive conformal weight for i 6= 0 mod n. Then

dim(V orb(g)
1 ) = 24 +

∑
m|n

cn(m) dim(V g
m

1 )−R(g)
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where the cn(m) are defined by
∑
m|n cn(m)(t,m) = n/t for all t | n and the rest

term R(g) is non-negative. In particular

dim(V orb(g)
1 ) ≤ 24 +

∑
m|n

cn(m) dim(V g
m

1 ).

The rest term R(g) is given explicitly. It depends on the dimensions of the weight
spaces of the irreducible V g-modules of weight less than 1.

The dimension formula was first proved by Montague for n = 2, 3 [Mon94],
then generalised to n = 5, 7, 13 [Möl16] and finally to all n > 1 such that Γ0(n)
has genus 0 in [EMS20b]. The previous proofs all used explicit expansions of the
corresponding Hauptmoduln. We show here that the dimension formula is an ob-
struction coming from the Eisenstein space. Pairing the character of V g with other
modular forms for the dual Weil representation we can obtain further restrictions.

The above upper bound is our motivation for the following definition. Let V be
a strongly rational, holomorphic vertex operator algebra of central charge 24 and g
an automorphism of V of finite order n > 1. Suppose g has type 0 and V g satisfies
the positivity condition. Then g is called a generalised deep hole of V if

(1) the upper bound in the dimension formula is attained, i.e. dim(V orb(g)
1 ) =

24 +
∑
m|n cn(m) dim(V g

m

1 ),
(2) rk(V orb(g)

1 ) is minimal, i.e. rk(V orb(g)
1 ) = rk(V g1 ).

By convention, we also call the identity a generalised deep hole.
We show that if d ∈ Λ ⊗Z R is a deep hole of the Leech lattice, then g = e2πid0

is a generalised deep hole of the vertex operator algebra VΛ.
The existence of generalised deep holes is restricted by Deligne’s bound on the

Fourier coefficients of cusp forms. Pairing the character of V g with a certain cusp
form we obtain:
Theorem (Theorem 5.10). In the above situation suppose that the order of g is a
prime p such that Γ0(p) has positive genus. Then R(g) ≥ 24. In particular, g is
not a generalised deep hole.

Using inverse orbifolding and an averaged version of Kac’s very strange formula
[Kac90] we show (recall that algebraic conjugacy means conjugacy of cyclic sub-
groups):

Theorem (Theorem 6.6). The cyclic orbifold construction g 7→ V
orb(g)
Λ defines

a bijection between the algebraic conjugacy classes of generalised deep holes g in
Aut(VΛ) with rk((V gΛ )1) > 0 and the isomorphism classes of strongly rational, holo-
morphic vertex operator algebras V of central charge 24 with V1 6= {0}.

Then, we give a uniform construction of the 70 non-trivial Lie structures on
Schellekens’ list:
Theorem (Theorem 6.7). Let g be one of the 70 non-zero Lie algebras on Schelle-
kens’ list (Table 1 in [Sch93]). Then there exists a generalised deep hole g ∈ Aut(VΛ)
such that (V orb(g)

Λ )1 ∼= g.
We explicitly give a generalised deep hole for each case. In order to determine the

V1-structure of the corresponding orbifold construction we use Schellekens’ classifi-
cation of the possible V1-structures and Kac’s theory of finite-order automorphisms
of simple Lie algebras [Kac90].

Our results generalise the holy construction of the Niemeier lattices with non-
trivial root system by Conway, Parker, Sloane and Borcherds.
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We remark that another uniform construction of the vertex operator algebras on
Schellekens’ list with non-trivial V1 was given by Höhn (see [Höh17] and [Lam20])
using a different approach based on commuting pairs.

The classification of the strongly rational, holomorphic vertex operator algebras
of central charge 24 with non-trivial V1 described above and Theorem 6.6 yield the
classification of the generalised deep holes of VΛ with rk((V gΛ )1) > 0. We observe:
Theorem (Theorem 6.10). Under the natural projection Aut(VΛ) → O(Λ) the 70
algebraic conjugacy classes of generalised deep holes g with rk((V gΛ )1) > 0 map to
the 11 algebraic conjugacy classes in O(Λ) with cycle shapes 124, 1828, 1636, 212,
142244, 1454, 12223262, 1373, 12214182, 2363 and 22102.

More precisely, we exactly recover the decomposition of the genus of the Moon-
shine module described by Höhn in [Höh17] (see Table 1).

Finally, we give a full classification of the generalised deep holes of the Leech
lattice vertex operator algebra VΛ, including those with rk((V gΛ )1) = 0, based on
Carnahan’s constructions of the Moonshine module [Car18] (see Theorem 6.9).

Outline. In Section 2 we review finite-order automorphisms of simple Lie algebras
and prove an averaged version of Kac’s very strange formula.

In Section 3 we recall some results on lattice vertex operator algebras, automor-
phisms of the vertex operator algebra VΛ associated with the Leech lattice and the
cyclic orbifold construction.

In Section 4 we review modular forms of weight 2 for Γ0(n) and vector-valued
modular forms for the Weil representation. Then we construct a certain Eisenstein
series of weight 2 for the dual Weil representation of II1,1(n).

In Section 5 we derive a formula for the dimension of the weight-1 space of the
cyclic orbifold construction by pairing the character of V g with the Eisenstein series
of the preceding section and show that the dimension is bounded from above. We
introduce the notion of extremal automorphisms, for which the upper bound is
attained.

In Section 6 we define generalised deep holes, certain extremal automorphisms,
and prove a bijection between the strongly rational, holomorphic vertex operator
algebras of central charge 24 with non-vanishing weight-1 space and the generalised
deep holes of VΛ with non-vanishing fixed-point Lie subalgebra. Then we describe
70 generalised deep holes realising all non-zero Lie algebras on Schellekens’ list.

Notation. Throughout this text we use the notation e(x) := e2πix and Zn :=
Z/nZ for n ∈ Z>0. The variable τ is always from the complex upper half-plane
H = {z ∈ C | Im(z) > 0} and q = e(τ) = e2πiτ . The Dedekind eta function
is defined as η(τ) = q1/24∏∞

n=1(1 − qn). We set Γ := SL2(Z), and we denote by
σ = σ1 the usual sum-of-divisors function extended to the positive rational numbers
by σ(r) = 0 if r /∈ Z>0.
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2. Lie Algebras

In this section we review the theory of finite-order automorphisms of finite-
dimensional, simple Lie algebras and the very strange formula [Kac90]. Then we
prove an averaged version of the very strange formula.

The Lie algebras in this paper are algebras over C.

2.1. Finite-Order Automorphisms of Simple Lie Algebras. The finite-order
automorphisms of simple Lie algebras were classified in [Kac90], Chapter 8. Since
we shall only need inner automorphisms, we restrict to this case.

Let g be a finite-dimensional, simple Lie algebra of type Xl. Fix a Cartan
subalgebra h with corresponding root system Φ ⊆ h∗ and a set of simple roots
{α1, . . . , αl} ⊆ Φ. The height of a root α =

∑l
i=1miαi ∈ Φ is defined as ht(α) =∑l

i=1mi. There is a unique root θ ∈ Φ of maximal height. We normalise the
non-degenerate, symmetric, invariant bilinear form (·, ·) on g such that (θ, θ) = 2.
The Weyl vector ρ of g is the half sum of the positive roots ρ = (1/2)

∑
α∈Φ+ α

(or the sum of the fundamental weights). The relation θ =
∑l
i=1 aiαi defines the

Kac labels (or marks) a1, . . . , al, complemented with a0 = 1. The untwisted affine
Dynkin diagram X

(1)
l associated with Xl has l + 1 nodes labelled by the indices

0, . . . , l (see Table Aff 1 in [Kac90]).
By Theorem 8.6 in [Kac90] the conjugacy classes of inner automorphisms of

g of order n ∈ Z>0 are in bijection with the sequences s = (s0, . . . , sl) of non-
negative, coprime integers satisfying

∑l
i=0 aisi = n, modulo automorphisms of the

affine Dynkin diagram X
(1)
l . The conjugacy class associated with a sequence s is

represented by the inner automorphism σs uniquely specified by the relations

σs(xi) = e(si/n)xi

for i = 1, . . . , l where xi spans the 1-dimensional root space gαi corresponding to
the simple root αi.

The automorphism σs is characterised by the vector λs ∈ h∗ defined by (αi, λs) =
si/n for all simple roots αi. Identifying the Cartan subalgebra h with its dual h∗
via (·, ·) we can write σs = e2πi ad(λs).

2.2. Very Strange Formula. The very strange formula, which generalises the
strange formula of Freudenthal–de Vries, relates the dimensions of the eigenspaces
of a finite-order automorphism of a simple Lie algebra to the distance of the corre-
sponding vector to the Weyl vector. Here, we only state it for inner automorphisms.

Let g be a finite-dimensional, simple Lie algebra with dual Coxeter number h∨.
Given an automorphism σ of g of order n, we define

B(σ) := dim(g)
24 − 1

4n2

n−1∑
j=1

j(n− j) dim(g(j))

where g(j) is the eigenspace g(j) = {x ∈ g |σx = e(j/n)x}. We note that B(σ) can
be written as

B(σ) = 1
4

n−1∑
j=0

B2(j/n) dim(g(j))

where B2(x) = x2 − x+ 1/6 is the second Bernoulli polynomial. In both formulae
we may replace the (exact) order n of σ by any multiple of it.
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Proposition 2.1 (Very Strange Formula, formula (12.3.6) in [Kac90]). Let g be a
finite-dimensional, simple Lie algebra and σ an inner automorphism of g of order n
corresponding to the sequence s = (s0, . . . , sl). Then

h∨

2

∣∣∣λs − ρ

h∨

∣∣∣2 = dim(g)
24 − 1

4n2

n−1∑
j=1

j(n− j) dim(g(j)).

The squared norm on the left-hand side is formed with respect to the bilinear
form on h∗ induced by (·, ·).

We define the automorphism σρ/h∨ = e2πi ad(ρ/h∨), whose conjugacy class is
characterised by λs = ρ/h∨. The following corollary is immediate:

Corollary 2.2. Let g be a finite-dimensional, simple Lie algebra. Then B(σ) ≥ 0
for all finite-order, inner automorphisms σ of g, and equality is attained if and only
if σ is conjugate to σρ/h∨ .

The automorphism σρ/h∨ has order n = lh∨ where l ∈ {1, 2, 3} denotes the lacing
number of g, is regular, i.e. the fixed-point Lie subalgebra is abelian, and rational,
i.e. σρ/h∨ is conjugate to σiρ/h∨ for all i ∈ Z∗n. In particular, σρ/h∨ is quasirational,
i.e. the dimensions of the eigenspaces g(j) only depend on (j, n).

If g is simply-laced, then σρ/h∨ is the up to conjugacy unique minimal-order
regular automorphism of g and s = (1, . . . , 1) (see Exercise 8.11 in [Kac90]).

Finally, we note that if an automorphism σ of g is conjugate to σρ/h∨ , then it
must already be conjugate to σρ/h∨ under an inner automorphism of g because the
sequence s characterising σρ/h∨ is invariant under the diagram automorphisms of
the untwisted affine Dynkin diagram of g.

2.3. Averaged Very Strange Formula. In the following we prove an averaged
version of Kac’s very strange formula. Remarkably, the coefficients of the eigen-
spaces that will appear in this formula are identical to those in the dimension
formula in Theorem 5.3.

Given an automorphism σ of g of order n (or dividing n), we define

A(σ) := 1
φ(n)

∑
i∈Z∗n

B(σi).

Clearly, A(σ) = B(σ) if σ is quasirational. This is the case that was studied in
[ELMS21]. Here, we do not make this assumption.

The definition of A(σ) and Corollary 2.2 imply:

Proposition 2.3. Let g be a finite-dimensional, simple Lie algebra. Then A(σ) ≥ 0
for all finite-order, inner automorphisms σ of g, and equality is attained if and only
if σ is conjugate to σρ/h∨ .

Proof. Let σ be an inner automorphism of g of order n. Then B(σi) ≥ 0 for all
i ∈ Z∗n implies A(σ) ≥ 0. If A(σ) = 0, then B(σ) = 0 so that σ is conjugate to
σρ/h∨ . Conversely, if σ is conjugate to σρ/h∨ , then so is σi for all i ∈ Z∗n by the
rationality of σρ/h∨ . Hence, B(σi) = 0 for all i ∈ Z∗n, and therefore A(σ) = 0. �

We now compute the coefficients of the eigenspace dimensions dim(g(j)) in A(σ).
Because of the averaging these coefficients only depend on (j, n). Equivalently, we
may rewrite A(σ) as a linear combination of the fixed-point dimensions dim(gσm)
for m | n.

Let n ∈ Z>0. We define the constants cn(m) ∈ Q for m | n by the linear system
of equations ∑

m|n

cn(m)(t,m) = n/t
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for all t | n. An explicit formula will be given in Section 5.2.

Theorem 2.4 (Averaged Very Strange Formula). Let g be a finite-dimensional,
simple Lie algebra and σ an inner automorphism of g of order n. Then

1
φ(n)

∑
i∈Z∗n

h∨

2

∣∣∣λs[i] − ρ

h∨

∣∣∣2 = 1
24n

∑
m|n

cn(m) dim(gσ
m

)

where s[i] is the sequence characterising σi.

Again, we may replace the order n in the above formula by any multiple of it.

Proof. We assume that n > 1. By the very strange formula (see Proposition 2.1)
and the definition of A(σ), the left-hand side equals

A(σ) = 1
φ(n)

∑
i∈Z∗n

1
4

n−1∑
j=0

B2(j/n) dim(g(ij))

=
n−1∑
j=0

(
1

φ(n/(j, n))

n−1∑
i=0

(i,n)=(j,n)

1
4B2(i/n)

)
dim(g(j)).

Let k > 1. Then
k∑
i=1

(i,k)=1

1 = φ(k),
k∑
i=1

(i,k)=1

i = 1
2kφ(k),

k∑
i=1

(i,k)=1

i2 = 1
3φ(k)(k2 + 1

2λ(k))

with
λ(k) :=

∏
p|k

p prime

(−p).

(For the third sum see, e.g., [PS71], Abschnitt VIII, Aufgabe 27.) Hence, summing
B2(i/n) = (i/n)2 − i/n+ 1/6 over i yields

1
φ(n/(j, n))

n−1∑
i=0

(i,n)=(j,n)

1
4B2(i/n) = 1

24
λ(n/(j, n))
(n/(j, n))2 .

Noting that
n−1∑
j=0

(j,n)=d

dim(g(j)) =
∑

m|(n/d)

µ(n/dm) dim(gσ
m

)

for all d | n with the Möbius function µ we obtain

A(σ) =
∑
m|n

( ∑
d|(n/m)

λ(n/d)µ(n/dm)
24(n/d)2

)
dim(gσ

m

).

Finally we show that∑
m|n

( ∑
d|(n/m)

λ(n/d)µ(n/dm)
(n/d)2

)
(t,m) = 1

t

for all t | n using the multiplicativity of the left-hand side in n, which implies that∑
d|(n/m)

λ(n/d)µ(n/dm)
(n/d)2 = 1

n
cn(m).

Now the assertion follows. �
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3. Vertex Operator Algebras

In this section we recall some results about lattice vertex operator algebras and
their automorphism groups and describe the cyclic orbifold construction developed
in [EMS20a, Möl16].

The vertex operator algebras in this paper are defined over C.

3.1. Lattice Vertex Operator Algebras. To keep the exposition self-contained
we recall a few well-known facts about lattice vertex operator algebras [Bor86,
FLM88].

For a positive-definite, even lattice L with bilinear form (·, ·) : L × L → Z the
associated vertex operator algebra of central charge c = rk(L) is given by

VL = M(1)⊗ C[L]ε
whereM(1) is the Heisenberg vertex operator algebra associated with LC = L⊗ZC
and C[L]ε is the twisted group algebra, i.e. the algebra with basis {eα |α ∈ L} and
products eαeβ = ε(α, β)eα+β for all α, β ∈ L where ε : L×L→ {±1} is a 2-cocycle
satisfying ε(α, β)/ε(β, α) = (−1)(α,β). Note that ε defines a central extension L̂ of
L by 1→ {±1} → {±1} ×ε L→ L→ 0 and C[L]ε = C[L̂]/J where J is the kernel
of the linear homomorphism C[L̂]→ C[L] defined by e(±1,α) 7→ ±eα.

Let ν ∈ O(L), the orthogonal group of the lattice L, and let η : L→ {±1} be a
function. Then the map φη(ν) acting on C[L]ε as φη(ν)(eα) = η(α)eνα for α ∈ L
defines an automorphism of C[L]ε if and only if

η(α)η(β)
η(α+ β) = ε(α, β)

ε(να, νβ)
for all α, β ∈ L. In this case φη(ν) is called a lift of ν. Since the lifts can be
identified with the automorphisms of L̂ which preserve the norm in L, we denote
the group of lifts by O(L̂). In contrast to O(L) the group O(L̂) acts naturally on
the vertex operator algebra VL = M(1)⊗ C[L]ε.

There is a short exact sequence

1→ Hom(L, {±1})→ O(L̂)→ O(L)→ 1

with the surjection O(L̂)→ O(L) given by φη(ν) 7→ ν. The image of Hom(L, {±1})
in O(L̂) are exactly the lifts of the identity in O(L).

If the restriction of η to the fixed-point sublattice Lν is trivial, we call φη(ν)
a standard lift of ν. It is always possible to choose η in this way (see [Lep85],
Section 5).

Let φη(ν) be a standard lift of ν and suppose that ν has order m. If m is odd or
if m is even and (α, νm/2α) is even for all α ∈ L, then the order of φη(ν) is also m.
Otherwise the order of φη(ν) is 2m, in which case we say ν exhibits order doubling.

For any vertex operator algebra V of CFT-type K := 〈ev0 | v ∈ V1〉 is a subgroup
of Aut(V ), called the inner automorphism group of V . By [DN99], Theorem 2.1,
the automorphism group of VL can be written as

Aut(VL) = O(L̂) ·K.

Here, K is normal in Aut(VL), Hom(L, {±1}) is a subgroup of K ∩ O(L̂) and
Aut(VL)/K is isomorphic to a quotient of O(L).

All standard lifts of a given lattice automorphism ν ∈ O(L) are conjugate in
Aut(VL), in fact under elements of K (see [EMS20a], Proposition 7.1).

Choosing a section O(L)→ O(L̂), ν 7→ φη(ν), we can write every automorphism
of VL as φη(ν)σ for some ν ∈ O(L), σ ∈ K because any two lifts of ν only differ by
a homomorphism L→ {±1}, which can be absorbed into σ.
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We also recall some results about the twisted modules of lattice vertex operator
algebras. The irreducible φη(ν)-twisted modules of a lattice vertex operator algebra
VL for standard lifts φη(ν) are described in [DL96, BK04]. Together with the results
in Section 5 of [Li96] this allows us to describe the irreducible g-twisted VL-modules
for all finite-order automorphisms g ∈ Aut(VL) (cf. [HM20]).

By construction, (VL)1 is a reductive Lie algebra, and the subspace h := {h(−1)⊗
e0 |h ∈ LC} ∼= LC is a Cartan subalgebra of (VL)1. Now, let g = φη(ν)σh where
φη(ν) is some lift of ν ∈ O(L) and σh = e2πih0 for some h ∈ LC. Note that g has
finite order if and only if h ∈ L ⊗Z Q. Suppose ν has order m. In Lemma 8.3 of
[EMS20b] (see also Lemma 3.4 in [LS19]) it is shown that φη(ν)σh is conjugate to
φη(ν)σπν(h) where πν = 1

m

∑m−1
i=0 νi is the projection of LC onto the elements of LC

fixed by ν. Hence we may assume that h ∈ πν(LC). Then σh and φη(ν) commute,
and we can apply the results in [Li96] to g = φη(ν)σh.

We shall be interested in the case that L is unimodular. Then VL is holomorphic
and there is a unique g-twisted VL-module VL(g) for each g ∈ Aut(VL) of finite
order. Let g = φη(ν)σh where ν ∈ O(L) has order m, φη(ν) is a standard lift of ν,
σh = e2πih0 and h ∈ πν(Λ ⊗Z Q). Suppose that ν has cycle shape

∏
t|m t

bt , i.e. ν
has characteristic polynomial

∏
t|m(xt − 1)bt as automorphism of LC. Note that∑

t|m tbt = rk(L) = c. Then the conformal weight of VL(g) is given by

ρ(VL(g)) = 1
24
∑
t|m

bt

(
t− 1

t

)
+ min
α∈−h+πν(L)

(α, α)
2 ≥ 0.

The number
ρν := 1

24
∑
t|m

bt

(
t− 1

t

)
is called the vacuum anomaly of VL(g). It is positive for ν 6= id.

3.2. Automorphisms of the Leech Lattice Vertex Operator Algebra. We
now specialise the exposition to the Leech lattice.

The Leech lattice Λ is the up to isomorphism unique positive-definite, even,
unimodular lattice of rank 24 without roots, i.e. vectors of squared norm 2. The
automorphism group O(Λ) of the Leech lattice is Conway’s group Co0. Because
(VΛ)1 = h = {h(−1)⊗ e0 |h ∈ ΛC}, the inner automorphism group is given by

K = {σh |h ∈ ΛC}
with σh = e2πih0 and is abelian. Moreover, Aut(VΛ)/K ∼= O(Λ), i.e. there is a short
exact sequence

1→ K → Aut(VΛ)→ O(Λ)→ 1,
because K ∩O(Λ̂) = Hom(Λ, {±1}) in the special case of the Leech lattice. Hence,
every automorphism of VΛ is of the form

φη(ν)σh
for a lift φη(ν) of some ν ∈ O(Λ) and some h ∈ ΛC. The surjective homomorphism
Aut(VΛ)→ O(Λ) in the short exact sequence is given by φη(ν)σh 7→ ν.

Recall that it suffices to take the lift φη(ν) from a fixed section. Moreover, since
σh = id if and only if h ∈ Λ′ = Λ, we can take h ∈ ΛC/Λ.

In the following we describe the conjugacy classes of Aut(VΛ). As mentioned
above, the automorphism φη(ν)σh is conjugate to φη(ν)σπν(h) for any h ∈ ΛC, and
φη(ν) and σπν(h) commute.

Fix a section ϕ : O(L)→ O(L̂), and for ν ∈ O(Λ) denote by ην : Λ→ {±1} the
corresponding function characterising the action of ϕ(ν) on C[Λ]ε.
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Lemma 3.1. Any automorphism in Aut(VΛ) is conjugate to an automorphism of
the form ϕ(ν)σh where

(1) ν is in a fixed set N of representatives for the conjugacy classes in O(Λ),
(2) h is in a fixed set Hν of representatives for the orbits of the action of

CO(Λ)(ν) on πν(ΛC)/πν(Λ).
Proof. Let g ∈ Aut(VΛ). We have already argued that g is conjugate to ϕ(ν)σh for
some ν ∈ O(Λ) and h ∈ πν(ΛC)/πν(Λ). Now suppose that µ = τ−1ντ for some
τ, µ ∈ O(Λ). Let φη(τ) be any lift of τ . Then ϕ(µ)−1φη(τ)−1ϕ(ν)σhφη(τ) acts
as µ−1τ−1ντ = id on (VΛ)1 ∼= ΛC. By Lemma 2.5 in [DN99] this implies that
ϕ(µ)−1φη(τ)−1ϕ(ν)σhφη(τ) = σh′ for some h′ ∈ ΛC, i.e. ϕ(ν)σh is conjugate to
ϕ(µ)σh′ . As explained above we may even assume that h′ ∈ πµ(ΛC)/πµ(Λ). This
proves item (1).

To see item (2) we consider ϕ(ν)σh with h ∈ πν(ΛC) and let h′ ∈ πν(ΛC) with
h′+πν(Λ) = τh+πν(Λ) for some τ ∈ CO(Λ)(ν) and prove that ϕ(ν)σh and ϕ(ν)σh′
are conjugate. Indeed, (ϕ(ν)σh′)−1ϕ(τ)ϕ(ν)σhϕ(τ)−1 acts as identity on (VΛ)1 ∼=
ΛC and on eα ∈ C[Λ]ε as

σ−h′ϕ(ν)−1ϕ(τ)ϕ(ν)σhϕ(τ)−1eα

= e−2πi(h′,ν−1τντ−1α)ητ (ντ−1α)ην(τ−1α)e2πi(h,τ−1α)

ην(ν−1τντ−1α)ητ (τ−1α) eν
−1τντ−1α

= e2πi(τh−h′,α) ητ (ντ−1α)ην(τ−1α)
ην(α)ητ (τ−1α) eα

=: λ(α)eα.
The map λ : Λ → C∗ is a homomorphism that is trivial on Λν . This means that
(ϕ(ν)σh′)−1ϕ(τ)ϕ(ν)σhϕ(τ)−1 = σf for some f ∈ ΛC with (f, α) ∈ Z for all α ∈ Λν .
We just showed that ϕ(ν)σh and ϕ(ν)σh′+f are conjugate. The latter is conjugate
to ϕ(ν)σh′+πν(f), but πν(f) ∈ (Λν)′ and (Λν)′ = πν(Λ) because Λ is unimodular.
This proves the claim. �

The above lemma provides the surjective map (ν, h) 7→ ϕ(ν)σh from the set
Q := {(ν, h) | ν ∈ N,h ∈ Hν} onto the conjugacy classes of Aut(VΛ). We shall now
prove that this map is in fact a bijection.
Proposition 3.2. The map (ν, h) 7→ ϕ(ν)σh is a bijection from the set Q to the
conjugacy classes of Aut(VΛ).
Proof. We saw in Lemma 3.1 that this map is surjective. To see the injectivity let
(ν, h) and (µ, f) be in the set Q and assume that the corresponding automorphisms
ϕ(ν)σh and ϕ(µ)σf are conjugate in Aut(VΛ). We need to show that (ν, h) = (µ, f).

Applying the surjection Aut(VΛ) → O(Λ) immediately yields that ν and µ are
conjugate and hence ν = µ.

Now assume ϕ(ν)σh and ϕ(ν)σf are conjugate under some automorphism ϕ(τ)σs.
Then τ ∈ CO(Λ)(ν) and (ϕ(ν)σf )−1(ϕ(τ)σs)−1ϕ(ν)σhϕ(τ)σs = id. The latter acts
on eα ∈ C[Λ]ε by multiplication with

ητ (α)ην(τα)
ητ (να)ην(α)e2πi(s−ν−1s+τ−1h−f,α) = 1

for all α ∈ Λ. Since ν and τ commute and ην is trivial on Λν , this implies that
e2πi(τ−1h−f,α) = 1 for all α ∈ Λν . Hence τ−1h − f ∈ (Λν)′ = πν(Λ). This means
that h + πν(Λ) and f + πν(Λ) are in the same orbit under the action of CO(Λ)(ν)
and hence identical. �

Recall that the automorphism ϕ(ν)σh in Aut(VΛ) has finite order if and only if
h is in πν(Λ⊗Z Q).
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3.3. Orbifold Construction. In [EMS20a] (see also [Möl16]) we develop a cyclic
orbifold theory for holomorphic vertex operator algebras. Below we give a short
summary.

A vertex operator algebra V is called strongly rational if it is rational (as defined,
e.g., in [DLM97]), C2-cofinite (or lisse), self-contragredient (or self-dual) and of
CFT-type. Then V is also simple. Moreover, a rational vertex operator algebra V
is said to be holomorphic if V itself is the only irreducible V -module. Note that
the central charge c of a strongly rational, holomorphic vertex operator algebra V
is necessarily a non-negative multiple of 8, a simple consequence of Zhu’s modular
invariance result [Zhu96]. Examples of strongly rational vertex operator algebras
are the lattice vertex operator algebras discussed above.

Let V be a strongly rational, holomorphic vertex operator algebra and G = 〈g〉
a finite, cyclic group of automorphisms of V of order n.

By [DLM00], for each i ∈ Zn, there is an irreducible gi-twisted V -module V (gi),
which is unique up to isomorphism. The uniqueness of V (gi) implies that there is
a representation φi : G→ AutC(V (gi)) of G on the vector space V (gi) such that

φi(g)YV (gi)(v, x)φi(g)−1 = YV (gi)(gv, x)

for all v ∈ V . This representation is unique up to an n-th root of unity. Let W (i,j)

denote the eigenspace of φi(g) in V (gi) corresponding to the eigenvalue e(j/n). On
V (g0) = V we choose φ0(g) = g.

The fixed-point vertex operator subalgebra V g = W (0,0) is strongly rational by
[DM97, Miy15, CM16, McR21] and has exactly n2 irreducible modules, namely
the W (i,j), i, j ∈ Zn [MT04, DRX17]. We further show that the conformal weight
ρ(V (g)) of V (g) is in (1/n2)Z, and we define the type t ∈ Zn of g by t = n2ρ(V (g))
mod n.

Assume for simplicity that g has type t = 0, i.e. that ρ(V (g)) ∈ (1/n)Z. We may
choose the representations φi such that the conformal weights satisfy

ρ(W (i,j)) = ij

n
mod 1

and V g has fusion rules

W (i,j) �W (l,k) ∼= W (i+l,j+k)

for all i, j, k, l ∈ Zn [EMS20a], i.e. the fusion algebra of V g is the group ring C[D]
where D is the discriminant form with group structure Zn×Zn and quadratic form
defined by the conformal weights modulo 1. This is the discriminant form of the
hyperbolic lattice II1,1(n), i.e. the lattice with Gram matrix ( 0 n

n 0 ). In particular,
all V g-modules are simple currents.

In essence, the results in [EMS20a] show that for a strongly rational, holomor-
phic vertex operator algebra V and cyclic G ∼= Zn the module category of V G is
the twisted group double Dω(G) where the 3-cocycle [ω] ∈ H3(G,C∗) ∼= Zn is de-
termined by the type t ∈ Zn. This proves a conjecture by Dijkgraaf, Vafa, Verlinde
and Verlinde [DVVV89] who stated it for arbitrary finite G.

If 24 | c, then the characters of the irreducible V g-modules

chW (i,j)(τ) = tr |W (i,j)qL0−c/24,

i, j ∈ Zn, form a vector-valued modular form of weight 0 for the Weil representation
ρD of Γ = SL2(Z) on C[D]. SinceD has level n, the individual characters chW (i,j)(τ)
are modular forms for the congruence subgroup Γ(n). Moreover, chW (0,0)(τ) =
chV g (τ) is modular for Γ0(n). Similar results hold if 24 - c or if t 6= 0. We shall
explain these notions in more detail in Section 4.
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In general, we say that a simple vertex operator algebra V satisfies the positivity
condition if ρ(W ) > 0 for any irreducible V -module W 6∼= V and ρ(V ) = 0.

Now, if V g satisfies the positivity condition, then the direct sum of V g-modules

V orb(g) :=
⊕
i∈Zn

W (i,0)

carries the structure of a strongly rational, holomorphic vertex operator algebra of
the same central charge as V and is called the orbifold construction of V associated
with g [EMS20a]. The vertex operator algebra structure of V orb(g) as extension of
V g is unique up to isomorphism. It depends only up to algebraic conjugacy on g, i.e.
if 〈g〉 and 〈h〉 for some h ∈ Aut(V ) are conjugate in Aut(V ), then V orb(g) ∼= V orb(h).
Note that the sum

⊕
j∈ZnW

(0,j) is just the old vertex operator algebra V .

There is also an inverse (or reverse) orbifold construction. Given a vertex oper-
ator algebra V orb(g) obtained by the orbifold construction, we define an automor-
phism ζ of V orb(g) of order n via ζv := e(i/n)v for v ∈W (i,0), and the unique irre-
ducible ζj-twisted V orb(g)-module is given by V orb(g)(ζj) =

⊕
i∈ZnW

(i,j), j ∈ Zn
(see [Möl16], Theorem 4.9.6). Then

(V orb(g))orb(ζ) =
⊕
j∈Zn

W (0,j) = V,

i.e. orbifolding with ζ is inverse to orbifolding with g.
If two elements g, h ∈ Aut(V ) of type 0 and satisfying the positivity condition are

(algebraically) conjugate, the inverse-orbifold automorphisms corresponding to g
and h are (algebraically) conjugate under some isomorphism ϕ : V orb(g) → V orb(h).

3.4. Orbifold Characters. We recall a formula for the character of the orbifold
construction from [GK19], which we shall use in the proof of Theorem 6.7.

We continue in the setting of the previous section, i.e. we let V be a strongly
rational, holomorphic vertex operator algebra and g an automorphism of V of
order n such that V g satisfies the positivity condition. Suppose that g has type 0
and 24 | c. Then the character

chV orb(g)(τ) = tr |V orb(g)qL0−c/24

is a modular form for Γ = SL2(Z) of weight 0, holomorphic on H with a possible
pole at the cusp ∞. For k | n define

Dk(τ) =
∑
j∈Zn

(j,n)=k

T (0, j)(τ)

with T (0, j)(τ) = tr |V gjqL0−c/24. Then Dk is a modular form for Γ0(n/k) and

chV orb(g)(τ) = 1
n

∑
k|n

∑
M∈Γ0(n/k)\Γ

Dk|M (τ)

where Dk|M (τ) = Dk(Mτ) (this notation is explained in Section 4).

Now, we specialise to the case where V = VL is the lattice vertex operator algebra
associated with a positive-definite, even, unimodular lattice L such that 24 | rk(L).
Let g = φη(ν)σh where φη(ν) is a standard lift of ν ∈ O(L) and h ∈ LC. The eta
product associated with ν is defined as

ην(τ) =
∏
t|m

η(tτ)bt
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if ν has order m and cycle shape
∏
t|m t

bt . Define

wk : Lν
k

→ C∗, α 7→ e2πik(πν(h),πν(α))

{
(−1)〈α,νk/2α〉 if m, k ∈ 2Z,
1 else.

Then wk is a homomorphism and the kernel Mk,d of wdk is a finite-index sublattice
of Lνk . A slight generalisation of the argument given in [GK19] shows that

Dk(τ) = 1
ηνk(τ)

∑
d|n/k

n

kd
µ(d)θMk,d

(τ)

where θMk,d
is the theta series of Mk,d. (Note that there is a typo in Theorem 3.9

of [GK19] and its proof.)

4. Modular Forms

In this section we describe some results on modular forms of weight 2. In partic-
ular, we construct an Eisenstein series of weight 2 for the dual Weil representation
of II1,1(n).

4.1. Modular Forms of Weight 2 for Γ0(n). We construct a special Eisenstein
series of weight 2 for Γ0(n) and recall the Deligne bound. For background on
modular forms we refer to [DS05, Miy06].

The group Γ = SL2(Z) acts on the upper half-plane H by Möbius transforma-
tions. Given a positive integer n the subgroup Γ0(n) =

{(
a b
c d

)
∈ Γ

∣∣ c = 0 mod n
}

has index ψ(n) in Γ where ψ(n) = n
∏
p|n(1+1/p) denotes the Dedekind ψ-function.

The quotient X0(n) = Γ0(n)\H∗ where H∗ = H ∪ P is the upper half-plane
complemented by the cusps P = Q∪{∞} is a compact Riemann surface. The class
of a/c ∈ Q with (a, c) = 1 in Γ0(n)\P is characterised by the invariants (c, n), a
divisor of n, and ac/(c, n) ∈ Z∗(c,n/(c,n)).

It follows that Γ0(n) has ε =
∑
c|n φ((c, n/c)) classes of cusps. The cusp a/c ∈ Q

with (a, c) = 1 has width ta/c := n/(c2, n). Note that
∑
s∈Γ0(n)\P ts = ψ(n). A

complete system of representatives for the cusps Γ0(n)\P is given by the rational
numbers a/c where c ranges over the positive divisors of n and a over a complete
set of representatives of Z∗(c,n/c) such that (a, c) = 1.

We denote byMk(Γ0(n)) the space of holomorphic modular forms for Γ0(n) of
weight k ∈ Z>0 and trivial character. These are holomorphic functions on H which
are invariant under modular transformations, i.e. f |M = f for all M ∈ Γ0(n) where
f |M (τ) := (cτ + d)−kf(Mτ) for M =

(
a b
c d

)
∈ SL2(R), and which are holomorphic

at the cusps.
Let f ∈ Mk(Γ0(n)) and s ∈ Γ0(n)\P a cusp represented by a/c with (a, c) = 1.

Choose Ms =
(
a b
c d

)
∈ Γ. Then Ms∞ = s. The Fourier expansion of f |Ms is called

an expansion of f at s. It is an expansion in integral powers of q1/ts = e(τ/ts). In
general, it depends on the choice ofMs. However, its coefficients at integral powers
of q do not.

We now specialise to weight 2. The Eisenstein series

E2(τ) = 1− 24
∞∑
m=1

σ(m)qm

transforms under M =
(
a b
c d

)
∈ Γ as

E2|M (τ) = E2(τ) + 12
2πi

c

cτ + d
.
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For k ∈ Z>0 we define Fk := 1√
k

( k 0
0 1 ) and

E
(k)
2 (τ) := E2(kτ) = 1

k
E2|Fk(τ).

We describe the transformation behaviour of E(k)
2 under Γ:

Proposition 4.1. Let M =
(
a b
c d

)
∈ Γ and k ∈ Z>0. Define

u = (k, c) > 0, w = k

(k, c) > 0

and choose v ∈ Z such that

v =
(

c

(k, c)

)−1
d mod k

(k, c)

where (c/(k, c))−1 denotes the inverse of c/(k, c) modulo k/(k, c). Then

E
(k)
2 |M (τ) = 1

w2E2

(
uτ + v

w

)
+ 12

2πi
c

k(cτ + d) .

Proof. Let N := 1√
uw

( u v
0 w ). Then

FkMN−1 =
(
aw bu− av
c/u (du− cv)/k

)
∈ Γ

and

E
(k)
2 |M (τ) = 1

k
E2|FkM (τ) = 1

k
E2|FkMN−1N (τ)

= 1
k

u

w

(
E2(Nτ) + 12

2πi
c

u(cτ + d)/w

)
= 1
w2E2(Nτ) + 12

2πi
c

k(cτ + d) . �

The Fourier expansion of the function E2((uτ + v)/w) in the proposition is

E2

(
uτ + v

w

)
= 1− 24

∞∑
m=1

σ(m)e(mv/w)qmu/w,

which is an expansion in powers of qk/(c2,k) because u/w = u/(u,w)
w/(u,w) = u/(u,w)

k/(c2,k) .
The space of modular forms of weight 2 for Γ0(n) decomposes as

M2(Γ0(n)) = S2(Γ0(n))⊕ E2(Γ0(n))

where S2(Γ0(n)) denotes the space of cusp forms and E2(Γ0(n)) the Eisenstein
space, the orthogonal complement of S2(Γ0(n)) with respect to the Petersson inner
product. The dimensions of the spaces are given by

dim(S2(Γ0(n))) = g(X0(n)),
dim(E2(Γ0(n))) = ε− 1

where g(X0(n)) is the genus of the modular curve X0(n) = Γ0(n)\H∗ and ε the
number of cusps of Γ0(n). An explicit basis of E2(Γ0(n)) is given, for example, in
[DS05], Theorem 4.6.2.

Let n > 1 and k | n, k > 1. Then

fk(τ) := E2(τ)− kE(k)
2 (τ) = E2(τ)− kE2(kτ)
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is in E2(Γ0(n)). If n is square-free, the functions fk already form a basis of E2(Γ0(n)).
The expansion of E(k)

2 (τ) at a cusp s = a/c is given by

E
(k)
2 |Ms(τ) = (k, c)2

k2

(
1− 24

∞∑
m=1

σ(m)e(mv/w)qm(k,c)2/k

)
+ . . .

where we omitted the non-modular term, which cancels out in fk. This is an
expansion in q1/ts where ts = n/(c2, n) is the width of the cusp s since k/(c2, k) | ts.
It follows that the constant term of fk at the cusp s = a/c is

[fk|Ms ](0) = 1− (k, c)2

k
.

We construct an Eisenstein series with certain constant terms at the cusps:

Proposition 4.2. Suppose n > 1. Then there is a unique f ∈ E2(Γ0(n)) satisfying
[f |Ms

](0) = 1
for all cusps s 6=∞. This function can be written as

f(τ) = 1
φ(n)

∑
k|n
k>1

kµ(n/k)fk(τ) = 1
φ(n)

∑
k|n
k>1

kµ(n/k) (E2(τ)− kE2(kτ))

and the constant coefficient of the Fourier expansion of f at ∞ is given by
[f ](0) = 1− ψ(n).

Proof. Let S be the set of cusps of Γ0(n) without ∞. Then E2(Γ0(n)) has a basis
consisting of Eisenstein series gs, s ∈ S, which are 1 at s and vanish at the other
cusps in S. This implies the first statement. Now let

f(τ) = 1
φ(n)

∑
k|n
k>1

kµ(n/k)fk(τ)

and s = a/c with (c, n) < n. Then

[f |Ms ](0) = 1
φ(n)

∑
k|n
k>1

kµ(n/k)[fk|Ms](0) = 1
φ(n)

∑
k|n
k>1

kµ(n/k)
(

1− (k, c)2

k

)

= 1
φ(n)

∑
k|n

kµ(n/k)− 1
φ(n)

∑
k|n

µ(n/k)(k, c)2

= 1− 0 = 1.
This proves the second statement. The third follows from the residue theorem. �

The Eisenstein series f in the previous proposition can also be written as

f(τ) = E2(τ)− 1
φ(n)

∑
k|n

k2µ(n/k)E2(kτ)

and its Fourier expansion at a cusp s = a/c is

f |Ms
(τ) = 1− 24

∞∑
m=1

σ(m)qm

− 1
φ(n)

∑
k|n

µ(n/k)(k, c)2

(
1− 24

∞∑
m=1

σ(m)e(mv/w)qm(k,c)2/k

)

with Ms =
(
a b
c d

)
∈ Γ and v, w as in Proposition 4.1.
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We now consider certain cusp forms. Let p be a prime and Wp := 1√
p

( 0 −1
p 0

)
.

Then the Fricke involution
Wp : S2(Γ0(p))→ S2(Γ0(p)), f 7→ f |Wp

is diagonalisable with eigenvalues ±1. The corresponding eigenspace decomposition
S2(Γ0(p)) = S2(Γ0(p))+ ⊕ S2(Γ0(p))−

is orthogonal with respect to the Petersson inner product. Let Γ0(p)+ := Γ0(p) ∪
WpΓ0(p) and X0(p)+ := Γ0(p)+\H∗.

Proposition 4.3. Let p be a prime such that X0(p) has genus g(X0(p)) > 0. Then
S−2 (Γ0(p)) is non-trivial.

Proof. By a classical result of Fricke (see [Fri11], p. 366)

g(X0(p)+) = 1
2(g(X0(p)) + 1)− εph(p)

for all primes p ≥ 5 where h(p) denotes the class number of Q(
√
−p) and

εp =


1
4 if p = 1, 5 mod 8,
1
2 if p = 7 mod 8,
1 if p = 3 mod 8.

Hence
dim(S2(Γ0(p))−) = dim(S2(Γ0(p)))− dim(S2(Γ0(p))+)

= g(X0(p))− g(X0(p)+)

= 1
2(g(X0(p))− 1) + εph(p) > 0

if g(X0(p)) > 0. �

The space S2(Γ0(p))− has a basis consisting of simultaneous eigenforms for all
Hecke operators Tm, m ∈ Z>0 (see [AL70] and Theorem 9.27 in [Kna92]).

We state Deligne’s bound on the growth of the coefficients of cusp forms:

Theorem 4.4. Let p be a prime such that g(X0(p)) > 0. Let f ∈ S2(Γ0(p))− be a
normalised eigenform, i.e. f(τ) =

∑∞
m=1 a(m)qm with a(1) = 1 and Tmf = a(m)f

for all m ∈ Z>0. Then
(1) a(pk) = 1 for all k ∈ Z>0,
(2) a(2), . . . , a(p− 1) ∈ R,
(3) |a(m)| ≤ σ0(m)

√
m for all m ∈ Z>0.

Proof. By Theorem 9.27 in [Kna92], a(p) = 1 and a(pk) = a(p)k = 1 for all k ∈ Z>0.
Since the Hecke operators Tm for (m, p) = 1 are self-adjoint with respect to the
Petersson inner product, the coefficients a(2), . . . , a(p − 1) are real (see Theorem
9.18 in [Kna92]). Finally the L-function of f is of the form

L(f, s) = 1
1− a(p)p−s

∏
t prime
t 6=p

1
1− a(t)t−s + t1−2s .

Deligne has shown (see [Del74], Théorème 8.2) that the reciprocal roots of the
polynomial 1− a(t)X + tX2 have absolute value

√
t, i.e. that

1− a(t)X − tX2 = (1− αtX)(1− ᾱtX)

with |αt| =
√
t. Writing (1− a(t)t−s + t1−2s)−1 = (1− αtt−s)−1(1− ᾱtt−s)−1 and

expanding each factor in a geometric series we find that the coefficient of t−ms is
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given by αmt + αm−1
t ᾱt + . . .+ ᾱmt . This means that if the positive integer m with

(m, p) = 1 has prime factorisation m = te11 . . . terr , then

a(m) =
r∏
j=1

(αejtj + α
ej−1
tj ᾱtj + . . .+ ᾱ

ej
tj ),

implying

|a(m)| ≤
r∏
j=1

(ej + 1)tej/2j = σ0(m)
√
m.

The general case follows from the multiplicativity of the a(m) and the first state-
ment. �

4.2. Modular Forms for the Weil Representation. In this section we recall
some properties of modular forms for the Weil representation of Γ from [Sch09].

Let D be a discriminant form with quadratic form q : D → Q/Z and associated
bilinear form (·, ·) : D ×D → Q/Z (see, e.g., [Nik80, CS99]). The level of D is the
smallest positive integer n such that nq(γ) = 0 mod 1 for all γ ∈ D.

Let c be an integer. Then c acts by multiplication on D and there is an exact
sequence 0→ Dc → D → Dc → 0 where Dc is the kernel and Dc the image of this
map. The group Dc is the orthogonal complement of Dc.

Let Dc∗ be the set of elements α ∈ D satisfying cq(γ) + (α, γ) = 0 mod 1 for all
γ ∈ Dc. Then Dc∗ is a coset of Dc. Once we have chosen a Jordan decomposition
of D, there is a canonical coset representative xc of Dc∗ satisfying 2xc = 0. Write
α ∈ Dc∗ as α = xc+ cγ. Then qc(α) := cq(γ) + (xc, γ) mod 1 is independent of the
choice of γ. This gives a well-defined map qc : Dc∗ → Q/Z.

If D has no odd 2-adic Jordan components, then xc = 0 so that Dc = Dc∗ and
qc(γ) = cq(µ) mod 1 for γ = cµ ∈ Dc.

Suppose D has even signature. We define a scalar product (·, ·) on the group ring
C[D] which is linear in the first and antilinear in the second variable by (eγ , eβ) :=
δγ,β . Then there is a unitary action ρD of the group Γ on C[D] satisfying

ρD(T )eγ = e(q(γ))eγ ,

ρD(S)eγ = e(sign(D)/8)√
|D|

∑
β∈D

e(−(γ, β))eβ

where S =
( 0 −1

1 0
)
and T = ( 1 1

0 1 ) are the standard generators of Γ. The represen-
tation ρD is called the Weil representation of Γ on C[D]. It commutes with O(D).
We also consider the dual Weil representation ρ̄D, the complex conjugate of ρD.

Suppose that the level of D divides n. We define a quadratic Dirichlet character
χD : Γ0(n)→ {±1} by

χD(M) :=
(
a

|D|

)
e
(
(a− 1) oddity(D)/8

)
for M =

(
a b
c d

)
∈ Γ0(n). Then M ∈ Γ0(n) acts in Weil representation ρD as

ρD(M)eγ = χD(M)e(bdq(γ))edγ .
A general formula for M ∈ Γ is given in [Sch09], Theorem 4.7.

Let
F (τ) =

∑
γ∈D

Fγ(τ)eγ

be a holomorphic function on the upper half-planeH with values in C[D] and k ∈ Z.
Then F is a modular form for ρD of weight k if

F (Mτ) = (cτ + d)kρD(M)F (τ)
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for allM =
(
a b
c d

)
in Γ and F is meromorphic at the cusp∞. We call F holomorphic

if it is also holomorphic at ∞.
Classical examples of modular forms transforming under the Weil representation

are theta series. Let L be a positive-definite, even lattice of even rank 2k with
bilinear form (·, ·) : L × L → Z and let D = L′/L be the associated discriminant
form. Define

θ =
∑
γ∈D

θγe
γ with θγ(τ) :=

∑
α∈γ+L

q(α,α)/2

for all γ ∈ D. Then θ is a modular form for the Weil representation ρD of weight k
which is holomorphic at ∞.

Another example arises from orbifold theory (see Section 3.3). Let V be a
strongly rational, holomorphic vertex operator algebra of central charge c and g
an automorphism of V of finite order n and type 0 such that V g satisfies the
positivity condition. Suppose 24 | c. Then the irreducible V g-modules are given by
W γ , γ ∈ D, with conformal weights ρ(W γ) = q(γ) mod 1 where the discriminant
form D = Zn × Zn has quadratic form q((i, j)) = ij/n mod 1. Note that D has
order n2 and level n. The vector-valued character ChV g : H → C[D] defined by

ChV g (τ) =
∑
γ∈D

chWγ (τ)eγ with chWγ (τ) = tr |Wγ qL0−c/24

is a modular form of weight 0 for the Weil representation ρD of Γ, holomorphic on
H with a possible pole at the cusp ∞.

Let D be a discriminant form of even signature and n a positive integer such
that the level of D divides n. Let F =

∑
γ∈D Fγe

γ be a modular form for ρD.
Then the formula for ρD shows that F0 is a modular form for Γ0(n) of character
χD. Conversely:

Proposition 4.5. Let D be a discriminant form of even signature and level divid-
ing n. Let f be a scalar-valued modular form for Γ0(n) of weight k and character
χD. Then

F =
∑

M∈Γ0(n)\Γ

f |MρD(M−1)e0

is a modular form for ρD of weight k which is invariant under O(D).

This is Theorem 6.2 in [Sch06] in the special case of trivial support. An explicit
description of the components of the lift F is given in [Sch09], Theorem 5.7 (and for
n square-free in [Sch06], Theorem 6.5). An analogous statement holds if we replace
ρD by the dual Weil representation ρ̄D.

The dimension formulae proved in this text are instances of the following pairing
argument:

Proposition 4.6. Let D be a discriminant form of even signature and G a modular
form for ρD of weight 2 − k, k ∈ Z. Let F be a modular form for ρ̄D of weight k.
Then the constant coefficient of (G, F̄ ) =

∑
γ∈D GγFγ vanishes.

Proof. The unitarity of ρD with respect to (·, ·) implies that (G, F̄ ) is a scalar-valued
modular form for Γ of weight 2 which is holomorphic on H and meromorphic at
∞. Hence (G, F̄ )dτ defines a 1-form on the Riemann sphere with a pole at ∞. By
the residue theorem its residue has to vanish. Since dτ = 1

2πi
dq
q , the constant term

in the Fourier expansion of (G, F̄ ) must be 0. �
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4.3. Vector-Valued Eisenstein Series. In this section we construct an Eisen-
stein series F for the dual Weil representation of II1,1(n) by lifting the Eisenstein
series f ∈ E2(Γ0(n)) from Proposition 4.2 and calculate some of its Fourier coeffi-
cients. Pairing F with the character of V g will give the first dimension formula.

Let n be a positive integer. Consider the discriminant form D = (Zn × Zn, q)
with quadratic form q((i, j)) = ij/n mod 1. This is the discriminant form of the
hyperbolic lattice II1,1(n) and of the fusion algebra of the orbifold vertex operator
algebra V g described above. We note that the character χD is trivial because D
has no odd 2-adic components and its order is n2.

Let f be a modular form for Γ0(n) of weight 2 with trivial character. Then
Proposition 4.5 allows us to lift f to a vector-valued modular form F for the dual
Weil representation ρ̄D. We describe the components of F . The expansion of f at
a cusp s ∈ Γ0(n)\P is an expansion in q1/ts where ts denotes the width of s. We
decompose

f |Ms
(τ) = gts,0(τ) + . . .+ gts,ts−1(τ)

with gts,j |T = e(j/ts)gts,j for j ∈ Zts . In general, the terms in this decomposition
depend on the choice of Ms but gts,0 does not. The special case of Theorem 5.7 in
[Sch09] for trivial support applied to D = (Zn × Zn, q) gives:

Proposition 4.7. Let f ∈ M2(Γ0(n)) and F be the lift (from Proposition 4.5)
of f to a vector-valued modular form for the dual Weil representation ρ̄D where
D = (Zn × Zn, q). Then

Fγ(τ) =
∑

s∈Γ0(n)\P

δγ∈Dc
1

((c, n), n/(c, n))e(dqc(γ))gts,jγ (τ)

for all γ ∈ D where Ms =
(
a b
c d

)
∈ Γ is such that Ms∞ = s and jγ ∈ {0, . . . , ts−1}

such that jγ/ts = −q(γ) mod 1.

Recall that since D has no odd 2-adic components, qc(γ) = cq(µ) mod 1 for any
µ ∈ D such that γ = cµ.

For the remainder of this section, let F =
∑
γ∈D Fγe

γ be the lift of the Eisenstein
series f ∈ E2(Γ0(n)) from Proposition 4.2 to a modular form for ρ̄D. We calculate
the lowest-order Fourier coefficients of the components Fγ and [F0](1).

For k ∈ Z>0 and m ∈ Zk we define the Ramanujan sum

Ck(m) :=
∑
a∈Z∗

k

e(am/k) =
∑

c|(k,m)

cµ(k/c).

Proposition 4.8. Let γ ∈ D with q(γ) = 0 mod 1. Then the constant term in the
Fourier expansion of Fγ is

[Fγ ](0) = −δγ,0ψ(n) +
∑
c|n

δγ∈Dc
1

(c, n/c)C(c,n/c)((c, n/c)qc(γ)).

Proof. Let γ ∈ D with q(γ) = 0 mod 1. Then Proposition 4.7 implies that

[Fγ ](0) =
∑

s∈Γ0(n)\P

δγ∈Dc
1

((c, n), n/(c, n))e(dqc(γ))[gts,0](0)

=
∑

s∈Γ0(n)\P

δγ∈Dc
1

((c, n), n/(c, n))e(dqc(γ))[f |Ms ](0)

=
∑

s∈Γ0(n)\P

δγ∈Dc
1

((c, n), n/(c, n))e(dqc(γ))− δγ,0ψ(n)
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where for each cusp s ∈ Γ0(n)\P we have chosen a matrix Ms =
(
a b
c d

)
∈ Γ such

that Ms∞ = s. The sum can be partially carried out to remove the complex factor
e(dqc(γ)). Indeed, choosing the system of representatives for the cusps described
in Section 4.1 we obtain

[Fγ ](0) =
∑
c|n

δγ∈Dc
1

(c, n/c)
∑

a∈Z∗(c,n/c)

e(dqc(γ))− δγ,0ψ(n)

=
∑
c|n

δγ∈Dc
1

(c, n/c)
∑

a∈Z∗(c,n/c)

e(aqc(γ))− δγ,0ψ(n)

since qc(γ) = 0 mod 1/c and ad = 1 mod c. Note that (c, n/c)qc(γ) = 0 mod 1 if
γ ∈ Dc and q(γ) = 0 mod 1. Hence

[Fγ ](0) =
∑
c|n

δγ∈Dc
1

(c, n/c)
∑

a∈Z∗(c,n/c)

e

(
a(c, n/c)qc(γ)

(c, n/c)

)
− δγ,0ψ(n)

=
∑
c|n

δγ∈Dc
1

(c, n/c)C(c,n/c)((c, n/c)qc(γ))− δγ,0ψ(n). �

For c | n we define the isotropic subgroup Hc of D by

Hc := {(ci, nj/c) | i, j ∈ Zn} ∼= Zn/c × Zc.

Then we can rewrite the Fourier coefficients [Fγ ](0) for isotropic γ ∈ D as follows:

Proposition 4.9. Let γ ∈ D with q(γ) = 0 mod 1. Then

[Fγ ](0) = −δγ,0ψ(n) +
∑
c|n

δγ∈Hc
φ((c, n/c))

(c, n/c) .

Recall that we extended the sum-of-divisors function σ to the positive rational
numbers by σ(r) = 0 if r /∈ Z>0.

Proposition 4.10. The coefficient at q in the Fourier expansion of F0 is given by

[F0](1) = 24− 24
∑
c|n

φ((c, n/c))
(c, n/c) .

Proof. Proposition 4.7 implies that

F0(τ) =
∑

s∈Γ0(n)\P

1
((c, n), n/(c, n))gts,0(τ).

From the Fourier expansion of f at s calculated above we obtain

[gts,0](1) = [f |Ms ](1)

= −24 + 24
φ(n)

∑
k|n

µ(n/k)(k, c)2σ

(
k

(k, c)2

)
e

(
v

(k, c)

)
with v ∈ Z such that v = (c/(k, c))−1d mod k/(k, c) and the inverse taken modulo
k/(k, c) (see Proposition 4.1). It suffices to show that∑

s∈Γ0(n)\P

1
((c, n), n/(c, n))

∑
k|n

µ(n/k)(k, c)2σ

(
k

(k, c)2

)
e

(
v

(k, c)

)
= φ(n).
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As in the proof of Proposition 4.8, we partially carry out the sum over the cusps
to remove the complex factors. Since (c/(k, c))−1/(k, c) = 0 mod 1/c and ad = 1
mod c, we obtain∑

c|n

1
(c, n/c)

∑
k|n

µ(n/k)(k, c)2σ

(
k

(k, c)2

) ∑
a∈Z∗(c,n/c)

e

(
d(c/(k, c))−1

(k, c)

)

=
∑
c|n

1
(c, n/c)

∑
k|n

µ(n/k)(k, c)2σ

(
k

(k, c)2

) ∑
a∈Z∗(c,n/c)

e

(
a(c/(k, c))−1

(k, c)

)
.

Now c | n, k | n, n/k square-free and (k, c)2 | k imply (k, c) = (c, n/c). Then the
last sum becomes∑

a∈Z∗(c,n/c)

e

(
a(c/(k, c))−1

(c, n/c)

)
=

∑
a∈Z∗(c,n/c)

e

(
a

(c, n/c)

)
= C(c,n/c)(1) = µ((c, n/c))

because (c, n/c) and (c/(k, c))−1 are coprime. Overall, the expression of interest
simplifies to ∑

c|n

1
(c, n/c)

∑
k|n

µ(n/k)(k, c)2σ

(
k

(k, c)2

)
µ((c, n/c)),

which is multiplicative in n, as is φ(n). We verify that both expressions coincide
for prime powers, which concludes the proof. �

For γ ∈ D with q(γ) 6= 0 mod 1 we introduce rγ ∈ (0, 1) such that rγ = −q(γ)
mod 1.

Proposition 4.11. Let γ ∈ D with q(γ) 6= 0 mod 1. Then

[Fγ ](rγ) = 24
φ(n)

∑
c|n

δγ∈Dc
1

(c, n/c)
∑
k|n

µ(n/k)(k, c)2×

× σ
(
rγ

k

(k, c)2

)
C(c,n/c)

(
(c, n/c)

(
qc(γ) + rγ

(c/(k, c))−1

(k, c)

))
where the inverse is taken modulo k/(k, c).

Proof. By Proposition 4.7

[Fγ ](rγ) =
∑

s∈Γ0(n)\P

δγ∈Dc
1

((c, n), n/(c, n))e(dqc(γ))[f |Ms
](rγ)

with Ms =
(
a b
c d

)
∈ Γ such that Ms∞ = s. The formula for the Fourier expansion

of f at s gives

[f |Ms
](rγ) = 24

φ(n)
∑
k|n

µ(n/k)(k, c)2σ

(
rγ

k

(k, c)2

)
e

(
rγ

v

(k, c)

)
where v = d(c/(k, c))−1 with inverse taken modulo k/(k, c). Hence,

[Fγ ](rγ) = 24
φ(n)

∑
s∈Γ0(n)\P

δγ∈Dc
1

((c, n), n/(c, n))
∑
k|n

µ(n/k)(k, c)2×

× σ
(
rγ

k

(k, c)2

)
e

(
d

(
qc(γ) + rγ

(c/(k, c))−1

(k, c)

))
.
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Again, we take the standard representatives of the cusps and note that qc(γ) +
rγ(c/(k, c))−1/(k, c) = 0 mod 1/c and ad = 1 mod c. Then

[Fγ ](rγ) = 24
φ(n)

∑
c|n

δγ∈Dc
1

(c, n/c)
∑
k|n

µ(n/k)(k, c)2×

× σ
(
rγ

k

(k, c)2

) ∑
a∈Z∗(c,n/c)

e(ayn,γ(c, k)/(c, n/c))

with

yn,γ(c, k) := (c, n/c)
(
qc(γ) + rγ

(c/(k, c))−1

(k, c)

)
for c | n, k | n, γ ∈ Dc and rγk/(k, c)2 ∈ Z. One can show that yn,γ(c, k) = 0
mod 1. Hence, ∑

a∈Z∗(c,n/c)

e(ayn,γ(c, k)/(c, n/c)) = C(c,n/c)(yn,γ(c, k)),

which implies the assertion. �

We shall see in Proposition 5.4 that the coefficients [Fγ ](rγ) are positive.

5. Dimension Formulae

In this section we prove a formula for the dimension dim(V orb(g)
1 ) of the weight-1

space of the orbifold construction in central charge 24, depending on the dimensions
of the fixed-point Lie subalgebras dim(V g

m

1 ), m | n, where n is the order of g, and
terms of lower L0-weight.

This generalises previous results for n = 2, 3 in [Mon94] (see also [LS19]), for
n = 5, 7, 13 in [Möl16] and for all n > 1 such that the modular curve X0(n) has
genus 0 in [EMS20b]. However, our approach is fundamentally different.

5.1. First Dimension Formula. The first dimension formula will be proved using
the pairing argument described in Proposition 4.6.

Let V be a strongly rational, holomorphic vertex operator algebra V of central
charge 24 and g ∈ Aut(V ) of finite order n and type 0. Suppose that the fixed-
point subalgebra V g satisfies the positivity condition. Then V g has fusion algebra
C[D] with discriminant form D = (Zn × Zn, q) where q((i, j)) = ij/n mod 1. In
particular, the irreducible V g-modules are given by W γ , γ ∈ D, with conformal
weights ρ(W γ) = q(γ) mod 1 (see Section 3.3). The character

ChV g (τ) =
∑
γ∈D

chWγ (τ)eγ

is a vector-valued modular form of weight 0 for the Weil representation ρD of Γ,
holomorphic onH and with a pole at the cusp∞ (see Section 4.2). The lowest-order
terms in the Fourier expansion of ChV g are

chWγ (τ) =


q−1 + dim(V g1 ) +O(q) if γ = 0,
dim(W γ

1 ) +O(q) if γ 6= 0 and q(γ) = 0 mod 1,
dim(W γ

1−rγ )q−rγ +O(q1−rγ ) if γ 6= 0 and q(γ) 6= 0 mod 1

becauseW 0 = W (0,0) = V g is of CFT type and V g satisfies the positivity condition.
Recall that rγ ∈ (0, 1) is chosen such that rγ = −q(γ) mod 1.

Pairing ChV g with a holomorphic vector-valued modular form F of weight 2 for
the dual Weil representation ρ̄D (see Proposition 4.6) we obtain:
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Proposition 5.1. Let V be a strongly rational, holomorphic vertex operator algebra
of central charge 24 and g ∈ Aut(V ) of finite order n and type 0 such that V g
satisfies the positivity condition. Suppose F is a holomorphic modular form of
weight 2 for the dual Weil representation ρ̄D. Then

[F0](1) +
∑
γ∈D

q(γ)=0 mod 1

[Fγ ](0) dim(W γ
1 ) +

∑
γ∈D

q(γ)6=0 mod 1

[Fγ ](rγ) dim(W γ
1−rγ ) = 0.

We emphasise that any modular form F 6= 0 imposes a restriction on the char-
acter ChV g . Our first dimension formula is obtained by choosing for F the lift of
the Eisenstein series from Proposition 4.2,

f(τ) = E2(τ)− 1
φ(n)

∑
k|n

k2µ(n/k)E2(kτ).

Theorem 5.2 (First Dimension Formula). Let V be a strongly rational, holomor-
phic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of finite order
n > 1 and type 0 such that V g satisfies the positivity condition. Then

ψ(n) dim(V g1 )−
∑
c|n

φ((c, n/c))
(c, n/c) dim(V orb(gc)

1 ) = 24− 24
∑
c|n

φ((c, n/c))
(c, n/c) + R̃(g)

with rest term
R̃(g) =

∑
γ∈D

q(γ)6=0 mod 1

d̃n(γ) dim(W γ
1−rγ )

where d̃n(γ) equals the expression [Fγ ](rγ) from Proposition 4.11.

Proof. Let F be the lift of f . Proposition 4.9 and V orb(gc) =
⊕

γ∈HcW
γ imply∑

γ∈D
q(γ)=0 mod 1

[Fγ ](0) dim(W γ
1 ) =

∑
c|n

φ((c, n/c))
(c, n/c) dim(V orb(gc)

1 )− ψ(n) dim(V g1 ).

Finally, Proposition 5.1 together with Proposition 4.10 gives

ψ(n) dim(V g1 )−
∑
c|n

φ((c, n/c))
(c, n/c) dim(V orb(gc)

1 ) = 24− 24
∑
c|n

φ((c, n/c))
(c, n/c) + R̃(g)

with R̃(g) as stated. �

The formula extends to n = 1 if we define R̃(g) = 0 in this case.
The rest term R̃(g) contains exactly the terms involving the dimensions of the

weight spaces of the irreducible V g-modules of weight less than 1. We shall show
that R̃(g) ≥ 0 (see Proposition 5.4).

Specialising to n = 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 16, 18, 25, i.e. those n > 1 for
which the modular curve X0(n) has genus 0, the result becomes Theorem 3.1 in
[EMS20b], which was proved using expansions of Hauptmoduln.

In the case that the order of g is a prime p such that X0(p) has positive genus we
shall see that R̃(g) ≥ 24. This follows from pairing ChV g with the lift of a Hecke
eigenform in S2(Γ0(n))−.

5.2. Second Dimension Formula. Linearly combining the dimension formula in
Theorem 5.2 applied to the powers gn/m of g with m | n we obtain the second
dimension formula, a closed formula for dim(V orb(g)

1 ). This will be the main result
of this section.
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We introduce the arithmetic function λ by

λ(n) :=
∏
p|n

p prime

(−p)

for n ∈ Z>0 and define

ξn(m) := λ(n/m)
n/m

φ((m,n/m))
(m,n/m) ,

cn(m) := ξn(n/m)ψ(n/m) = λ(m)
m

φ((m,n/m))
(m,n/m) ψ(n/m)

for n ∈ Z>0 and m | n (see also Section 2.3). Note that for a given n ∈ Z>0, the
numbers ξn(m) and cn(m) for m | n can be equivalently specified by the systems
of linear equations ∑

t|m|n

ξn(m)φ((t,m/t))
(t,m/t) = δt,n

(so that in particular
∑
m|n ξn(m) = δ1,n) and∑

m|n

cn(m)(t,m) = n/t

for all t | n.
Taking the linear combination of the dimension formulae in Theorem 5.2 for

gn/m with coefficients ξn(m) for m | n yields:

Theorem 5.3 (Second Dimension Formula). Let V be a strongly rational, holo-
morphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n > 1
and type 0 such that V g satisfies the positivity condition. Then

dim(V orb(g)
1 ) = 24 +

∑
m|n

cn(m) dim(V g
m

1 )−R(g)

with rest term
R(g) =

∑
m|n

ξn(n/m)R̃(gm) =
∑
γ∈D

q(γ)6=0 mod 1

dn(γ) dim(W γ
1−rγ )

where for γ = (i, j) ∈ D such that q(γ) 6= 0 mod 1

dn(γ) =
∑

m|(i,n)

ξn(n/m)d̃n/m(i/m, j).

Proof. The dimension formula in Theorem 5.2 applied to gn/m of order m for m | n
reads

ψ(m) dim(V g
n/m

1 )−
∑
c|m

φ((c,m/c))
(c,m/c) dim(V orb(gnc/m)

1 )

= 24− 24
∑
c|m

φ((c,m/c))
(c,m/c) + R̃(gn/m).

Summing this equation over m | n with coefficients ξn(m) yields∑
m|n

cn(n/m) dim(V g
n/m

1 )−
∑
m|n

ξn(m)
∑
c|m

φ((c,m/c))
(c,m/c) dim(V orb(gnc/m)

1 )

= 24δ1,n − 24
∑
m|n

ξn(m)
∑
c|m

φ((c,m/c))
(c,m/c) +R(g).
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Replacing c by m/c and swapping the order of the two summations we obtain∑
m|n

ξn(m)
∑
c|m

φ((c,m/c))
(c,m/c) dim(V orb(gnc/m)

1 )

=
∑
m|n

ξn(m)
∑
c|m

φ((c,m/c))
(c,m/c) dim(V orb(gn/c)

1 )

=
∑
c|n

dim(V orb(gn/c)
1 )

∑
c|m|n

ξn(m)φ((c,m/c))
(c,m/c)

=
∑
c|n

dim(V orb(gn/c)
1 )δc,n = dim(V orb(g)

1 ).

Similarly, ∑
m|n

ξn(m)
∑
c|m

φ((c,m/c))
(c,m/c) = 1.

This proves

dim(V orb(g)
1 ) = 24− 24δ1,n +

∑
m|n

cn(m) dim(V g
m

1 )−R(g).

Recall that
R̃(g) =

∑
i,j∈Zn

ij 6=0 mod n

d̃n(i, j) dimg(i, j)

with dimg(i, j) := dim(W (i,j)
1−r(i,j)). To compute R̃(gm) for m | n we note that

dimgm(i, j) =
∑
l∈Zm

dimg(im, j + ln/m).

Hence

R(g) =
∑
m|n

ξn(n/m)R̃(gm) =
∑
m|n

ξn(n/m)
∑

i,j∈Zn/m
ij 6=0 mod n/m

d̃n/m(i, j) dimgm(i, j)

=
∑
m|n

ξn(n/m)
∑

i,j∈Zn/m
ij 6=0 mod n/m

d̃n/m(i, j)
∑
l∈Zm

dimg(im, j + ln/m),

which may be rewritten as

R(g) =
∑
i,j∈Zn

ij 6=0 mod n

( ∑
m|(i,n)

ξn(n/m)d̃n/m(i/m, j)
)

dimg(i, j)

=
∑
i,j∈Zn

ij 6=0 mod n

dn(i, j) dimg(i, j)

with
dn(i, j) :=

∑
m|(i,n)

ξn(n/m)d̃n/m(i/m, j)

for all i, j ∈ Zn with ij 6= 0 mod n. This proves the theorem. �

Again, the rest term R(g) contains exactly the terms involving the dimensions
of the weight spaces of the irreducible V g-modules of weight less than 1. We shall
prove in Proposition 5.5 that R(g) ≥ 0. The theorem generalises Corollary 4.3 in
[EMS20b].
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We remark that if the order of g is a prime p, then the first and second dimension
formulae both reduce to

dim(V1) + dim(V orb(g)
1 ) = 24 + (p+ 1) dim(V g1 )−R(g)

with rest term

R(g) = R̃(g) = 24
p− 1

p−1∑
k=1

σ(p− k)
∑
γ∈D

q(γ)=k/p mod 1

dim(W γ
k/p).

A similar formula was derived in [BM21] in the special case of p = 11, 17, 19, the
primes with g(X0(p)) = 1 using the theory of mock modular forms.

5.3. Dimension Bounds. In this section we show that the rest terms in Theo-
rem 5.2 and Theorem 5.3 are non-negative. This implies that there is an upper
bound for the dimension of the weight-1 subspace of the orbifold construction.
Based on this observation we define the notion of an extremal orbifold.

Proposition 5.4. In the rest term R̃(g) in Theorem 5.2 the coefficients d̃n(γ) for
all γ ∈ D with q(γ) 6= 0 mod 1 satisfy

d̃n(γ) = [Fγ ](rγ) ∈ 24
φ(n)Z>0.

This implies
R̃(g) ≥ 0.

Proof. Since the argument is tedious, we only sketch it. We write

d̃n(γ) = [Fγ ](rγ) = 24
φ(n)σ(rγ,[n])

∑
c|n

f̃n,γ(c)

with

f̃n,γ(c) := δγ∈Dc
1

(c, n/c)
∑
k|n

µ(n/k)(k, c)2σ

(
rγ,n

k

(k, c)2

)
C(c,n/c)(yn,γ(c, k))

where we factored the rational number rγ = rγ,nrγ,[n] such that rγ,n contains all
the prime divisors of n, i.e. rγ,n =

∏
p|n p

νp(rγ). Note that rγ,[n] ∈ Z>0 because
nrγ ∈ Z>0. Then the functions f̃n,γ are multiplicative after normalisation. Writing∑
c|n f̃n,γ(c) as a product over the primes dividing n we see that this sum is a

positive integer. �

For the rest term in Theorem 5.3 we show a similar statement. The results differ
slightly, insofar as the coefficients in the rest term R(g) are only non-negative rather
than positive.

We denote by in for i ∈ Zn the representative of i in {0, 1, . . . , n− 1}.

Proposition 5.5. In the rest term R(g) in Theorem 5.3 the coefficients dn(γ) for
all γ = (i, j) ∈ D with q(γ) 6= 0 mod 1 satisfy

dn(γ) ∈ 24
φ(n)Z≥0.

This implies
R(g) ≥ 0.

Moreover, dn(i, j) = 0 if and only if (i, j, n) - dinjn/ne.
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Proof. The proof is analogous to that of Proposition 5.4. Here we write

dn(γ) = 24
φ(n)σ(rγ,[n])

∑
c|n

fn,γ(c)

with

fn,γ(c) := δγ∈Dc
∑

m|(i,n)/c

λ(m)
m

φ((m,n/m))
(m,n/m)

φ(n)
φ(n/m)

1
(c, (n/m)/c)×

×
∑
k|n/m

µ((n/m)/k)(k, c)2σ

(
rγ,n

k

(k, c)2

)
×

× C(c,(n/m)/c)

(
(c, (n/m)/c)

(
qc(γ) + rγ

(c/(k, c))−1

(k, c)

))
where the inverse is taken modulo k/(k, c). Then fn,γ is multiplicative in c after
normalisation. Writing

∑
c|n fn,γ(c) as a product over the prime divisors of n we

can deduce the assertions. �

Note that, while the coefficients d̃n(i, j) in Theorem 5.2 are symmetric in i, j ∈
Zn, the dn(i, j) in general are not. However, the condition that dn(i, j) vanishes is
symmetric.

We now state two important corollaries of the above propositions.

Corollary 5.6 (First Dimension Bound). Let V be a strongly rational, holomorphic
vertex operator algebra of central charge 24 and g ∈ Aut(V ) of finite order n > 1
and type 0 such that V g satisfies the positivity condition. Then

ψ(n) dim(V g1 )−
∑
c|n

φ((c, n/c))
(c, n/c) dim(V orb(gc)

1 ) ≥ 24− 24
∑
c|n

φ((c, n/c))
(c, n/c) .

The next corollary provides an upper bound for the dimension of the weight-1
Lie algebra V orb(g)

1 purely in terms of the restriction of the automorphism g to the
Lie algebra V1.

Corollary 5.7 (Second Dimension Bound). Let V be a strongly rational, holomor-
phic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of finite order
n > 1 and type 0 such that V g satisfies the positivity condition. Then

dim(V orb(g)
1 ) ≤ 24 +

∑
m|n

cn(m) dim(V g
m

1 ).

We introduce the notion of extremal automorphisms that attain the upper bound
for dim(V orb(g)

1 ).

Definition 5.8 (Extremality). Let V be a strongly rational, holomorphic vertex
operator algebra of central charge 24 and g ∈ Aut(V ) of finite order n > 1. Suppose
that g has type 0 and that V g satisfies the positivity condition. Then g is called
extremal if

dim(V orb(g)
1 ) = 24 +

∑
m|n

cn(m) dim(V g
m

1 ),

i.e. if R(g) = 0. By convention, we also call the identity extremal.

It is in general not easy to identify extremal orbifolds besides explicitly com-
puting dim(V orb(g)

1 ), either via the rest term R(g) in the dimension formula or
directly (as explained in, e.g., Section 5.6 of [Möl16]). Both approaches are in gen-
eral computationally demanding. However, we can formulate some easily verifiable
necessary and sufficient conditions for extremality:
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Proposition 5.9. Let V be a strongly rational, holomorphic vertex operator algebra
of central charge 24 and g ∈ Aut(V ) of order n > 1 and type 0 such that V g satisfies
the positivity condition. Then:

(1) If the conformal weight ρ(V (gi)) ≥ 1 for all i ∈ Zn\{0}, then g is extremal.
(2) If g is extremal, then ρ(V (gi)) ≥ 1 for all i ∈ Zn with (i, n) = 1.
(3) If n is prime, then g is extremal if and only if ρ(V (gi)) ≥ 1 for all i ∈

Zn \ {0}.

Proof. Item (1) is immediate since the condition implies that dim(W γ
1−rγ ) = 0 for

all γ ∈ D with q(γ) 6= 0 mod 1.
Suppose that i ∈ Zn such that (i, n) = 1. Then Theorem 5.3 shows that for

all j ∈ Zn \ {0}, dn(i, j) = d̃n(i, j), which is positive by Proposition 5.4. Then,
R(g) can only vanish if dim(W (i,j)

1−r(i,j)) = 0 for all j ∈ Zn \ {0}, which implies that
ρ(V (gi)) ≥ 1. This proves item (2).

Item (3) follows from items (1) and (2). �

Extremal automorphism cannot exist for all orders n. This follows from the
existence of certain Hecke eigenforms and the Deligne bound.

Theorem 5.10. Let V be a strongly rational, holomorphic vertex operator algebra
of central charge 24 and g ∈ Aut(V ) of prime order p and type 0 such that V g
satisfies the positivity condition. If g(X0(p)) > 0, then R(g) ≥ 24 and hence g
cannot be extremal.

Proof. Let p be a prime such that g(X0(p)) > 0. Then by Proposition 4.3 the space
S2(Γ0(p))− of cusp forms of weight 2 on which the Fricke involution Wp acts as −1
is non-trivial. Recall that S2(Γ0(p))− has a basis consisting of Hecke eigenforms.
Let f ∈ S2(Γ0(p))− with f(τ) =

∑∞
m=1 a(m)qm be such an eigenform, normalised

so that a(1) = 1. Then Theorem 4.4 shows that a(2), . . . , a(p − 1) ∈ R, a(p) = 1
and |a(m)| ≤ σ0(m)

√
m for all m ∈ Z>0.

Since S = Wp
1√
p

( 1 0
0 p
)
, we obtain

f |S(τ) = 1
p
f |Wp

(τ/p) = −1
p
f(τ/p).

Then we decompose f(τ/p), which has a Fourier expansion in q1/p, as

f(τ/p) = g0(τ) + . . .+ gp−1(τ)

with gj |T = e(j/p)gj for j ∈ Zp.
Let F (τ) =

∑
γ∈D Fγ(τ)eγ be the lift (see Proposition 4.5) of f to a modular

form for the dual Weil representation ρ̄D. Then Proposition 4.7 yields

Fγ(τ) = δγ,0f(τ)− 1
p
gjγ (τ)

where jγ ∈ {0, . . . , p− 1} such that jγ/p = −q(γ) mod 1. We insert F into Propo-
sition 5.1. Clearly, since f is a cusp form, so is F , i.e. [Fγ ](0) vanishes for all γ ∈ D.
We compute

[F0](1) = [f ](1)− 1
p

[g0](1) = [f ](1)− 1
p

[f ](p) = a(1)− a(p)/p = 1− 1/p

and

[Fγ ](rγ) = −1
p

[gjγ ](rγ) = −1
p

[f ](jγ) = −1
p
a(jγ)
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for γ ∈ D with q(γ) 6= 0 mod 1. Recall that rγ ∈ (0, 1) such that rγ = −q(γ)
mod 1. Hence, by Proposition 5.1,

p− 1 =
∑
γ∈D

q(γ)=0 mod 1

a(jγ) dim(W γ
1−rγ ) =

p−1∑
k=1

a(p− k)dk

with
dk :=

∑
γ∈D

q(γ)=k/n mod 1

dim(W γ
k/n).

On the other hand, the rest term R(g) reduces to

R(g) = R̃(g) = 24
p− 1

p−1∑
k=1

σ(p− k)dk

since p is prime.
Finally, Deligne’s bound |a(m)| ≤ σ0(m)

√
m ≤ σ(m) for m ∈ Z>0 implies

p−1∑
k=1

σ(p− k)dk =
p−1∑
k=1

a(p− k)dk +
p−2∑
k=1

(σ(p− k)− a(p− k))dk

= p− 1 +
p−2∑
k=1

(σ(p− k)− a(p− k))dk

≥ p− 1,

proving the assertion. �

We remark that the theorem does not extend to the non-prime case. For example,
there are extremal orbifolds of order 14 (see Table 2).

Recall the inverse orbifold construction summarised at the end of Section 3.3.
We show that it preserves extremality:

Proposition 5.11. Let V be a strongly rational, holomorphic vertex operator al-
gebra of central charge 24 and g ∈ Aut(V ) of finite order n > 1 and type 0 such
that V g satisfies the positivity condition. Then g is extremal if and only if the
inverse-orbifold automorphism ζ ∈ Aut(V orb(g)) is extremal.

Proof. The rest term R(g) in Theorem 5.3 is given by

R(g) =
∑
i,j∈Zn

ij 6=0 mod n

dn(i, j) dim(W (i,j)
1−r(i,j)).

Let ζ ∈ Aut(V orb(g)) be the inverse-orbifold automorphism. By definition of ζ,
W (i,j) is the eigenspace of ζ acting on V orb(g)(ζj) with eigenvalue e(i/n). Hence,
the rest term in the corresponding dimension formula is given by

R(ζ) =
∑
i,j∈Zn

ij 6=0 mod n

dn(i, j) dim(W (j,i)
1−r(i,j)) =

∑
i,j∈Zn

ij 6=0 mod n

dn(j, i) dim(W (i,j)
1−r(i,j)),

noting that r(i,j) = r(j,i).
Since g is extremal if and only if dim(W (i,j)

1−r(i,j)) = 0 or dn(i, j) = 0 for all
i, j ∈ Zn with ij 6= 0 mod n, and similarly for ζ, the assertion follows from the fact
that dn(i, j) = 0 if and only if dn(j, i) = 0 for all i, j ∈ Zn with ij 6= 0 mod n (see
Proposition 5.5). �
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Finally, as consequence of the dimension bounds, we give another proof of a
result on Kneser neighbours of Niemeier lattices by Chenevier and Lannes [CL19].
For n ∈ Z>0, two positive-definite, even, unimodular lattices L1 and L2 are called
(Kneser) n-neighbours if their intersection K := L1 ∩ L2 satisfies L1/K ∼= Zn ∼=
L2/K. Equivalently, K is a positive-definite, even lattice satisfying K ′/K ∼= D,
the hyperbolic discriminant form with group structure Zn×Zn and quadratic form
q((i, j)) = ij/n mod 1, and L1 and L2 are unions of the cosets of K corresponding
to two trivially intersecting, maximal isotropic subgroups of D.

Let L be a positive-definite, even lattice. For d ∈ L ⊗Z Q we define the finite-
index sublattice Ld = {α ∈ L | (α, d) ∈ Z} and denote by Nr(L) the number of
lattice vectors α ∈ L of squared norm (α, α) = r. If L is also unimodular, then the
n-neighbours of L are exactly the lattices M of the form M = spanZ{Ld, d} with
d ∈ L⊗Z Q such that (d, d) ∈ 2Z and d+ L has order n in (L⊗Z Q)/L. Moreover,
N2(L) is the number of roots of L.

Corollary 5.12. Let L1 and L2 be Niemeier lattices. If n > 1 and L1 and L2 are
n-neighbours, then L2 = spanZ{Ld1, d} for some d ∈ L1 ⊗Z Q as above and

N2(L2) ≤ 24n+
∑
m|n

cn(m)N2(Lmd1 )

where the cn(m) are defined by
∑
m|n cn(m)(t,m) = n/t for all t | n.

Proof. Let V := VL1 be the strongly rational, holomorphic vertex operator algebra
of central charge 24 associated with the Niemeier lattice L1 and g := σd = e2πid0 the
inner automorphism of VL1 associated with d. Then g has order d and type 0 and it
is not difficult to see that V gm = VLmd1

and V orb(g) ∼= VL2 (more details of this con-
struction are given in Section 6.1). Finally, the assertion follows from Corollary 5.7
with the observation that dim((VL)1) = rk(L) + N2(L) for any positive-definite,
even lattice L. �

Since the Leech lattice Λ has no roots, N2(L) = 0 for all sublattices L of Λ.
Then the above corollary simplifies to:

Corollary 5.13. Let L be a Niemeier lattice. If n > 1 and L is an n-neighbour of
the Leech lattice Λ, then N2(L) ≤ 24n.

This is the statement of Proposition 3.4.1.1 in [CL19]. They even show that the
converse of the statement holds (cf. Theorem B in [CL19]).

Using Theorem 5.10 we can replace the term 24p by 24(p− 1) in both results if
n = p is a prime with g(X0(p)) > 0.

We remark that it is not necessary to use vertex operator algebras to prove
these results with the methods in this text. It suffices to consider the theta series
of the lattices involved divided by the modular discriminant ∆, which are modular
forms of weight 0 satisfying the assumptions of this section (and are precisely the
characters of the corresponding lattice vertex operator algebras).

6. Generalised Deep Holes

In this section we introduce the notion of generalised deep holes, certain extremal
automorphisms of holomorphic vertex operator algebras of central charge 24.

Then we show that there is a bijection

g 7→ V
orb(g)
Λ

between the generalised deep holes g of the Leech lattice vertex operator algebra VΛ
with rk((V gΛ )1) > 0 and the strongly rational, holomorphic vertex operator algebras
V of central charge 24 with V1 6= {0}. This naturally generalises Conway, Parker
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and Sloane’s and Borcherds’ correspondence between the Niemeier lattices and the
deep holes of the Leech lattice Λ.

We also prove a uniform construction of the 70 non-vanishing Lie algebras on
Schellekens’ list by explicitly giving a generalised deep hole of VΛ for each case.
Finally, we classify all generalised deep holes of VΛ up to algebraic conjugacy.

6.1. Deep Holes of the Leech Lattice. As a motivating example for the defini-
tion of a generalised deep hole we study the orbifold constructions associated with
the deep holes of the Leech lattice Λ.

Recall that up to isomorphism there are exactly 24 positive-definite, even, uni-
modular lattices of rank 24 and that the Leech lattice Λ is the unique one amongst
them without roots.

The weight-1 space of the Leech lattice vertex operator algebra VΛ is the abelian
Lie algebra (VΛ)1 ∼= ΛC. Hence, the dimension formula simplifies.

Corollary 6.1. Let g be an automorphism of VΛ of finite order n > 1 and type 0
such that V gΛ satisfies the positivity condition. Suppose that g projects to the auto-
morphism ν ∈ O(Λ) of cycle shape

∏
t|m t

bt . Then

dim((V orb(g)
Λ )1) = 24 + n

∑
t|m

bt
t
−R(g) = 24 + 24n(1− ρν)−R(g)

where ρν is the vacuum anomaly introduced in Section 3.1.

Proof. The automorphism νk has cycle shape
∏
t|m(t/(k, t))bt(k,t). Hence

dim((V g
k

Λ )1) = rk(Λν
k

) =
∑
t|m

bt(k, t)

so that the relevant term in Theorem 5.3 becomes∑
k|n

cn(k) dim((V g
k

Λ )1) =
∑
k|n

cn(k)
∑
t|m

bt(k, t) = n
∑
t|m

bt
t

= 24n(1− ρν).

This proves the assertion. �

The corollary shows that, given an automorphism ν ∈ O(Λ), the dimensions of
extremal orbifold constructions associated with automorphisms of VΛ projecting to
ν lie in 24 + (m

∑
t|m bt/t)Z>0. Note that for automorphisms of the Leech lattice

(1/24)
∑
t|m bt/t = 1− ρν has a denominator dividing m(12,m).

We now recall the bijection between the 23 classes of deep holes of the Leech
lattice Λ and the 23 Niemeier lattices other than the Leech lattice described in
[CPS82, CS82b].

A hole in a positive-definite lattice L is a point d ∈ L⊗ZR in which the distance
to the lattice L assumes a local maximum. If the distance is a global maximum, d
is called a deep hole. In [CPS82] the authors show that the covering radius of the
Leech lattice Λ is

√
2 and that there are exactly 23 orbits of deep holes in Λ⊗Z R

under the affine automorphism group O(Λ) n Λ. The authors observe that these
are in a natural bijection with the 23 isomorphism classes of Niemeier lattices other
than the Leech lattice itself.

In [CS82b], for each deep hole, a simultaneous construction of the Leech lattice
and of the corresponding Niemeier lattice is given. Let d ∈ Λ⊗Z R be a deep hole
of the Leech lattice. Let n be the order of d + Λ ∈ (Λ ⊗Z R)/Λ. We consider the
sublattice Λd := {α ∈ Λ | (α, d) ∈ Z} of Λ of index n. Then spanZ{Λd, d} contains
Λd as a sublattice of index n and is even, unimodular and in fact isomorphic to the
Niemeier lattice N corresponding to d. Note that n = h where h is the Coxeter
number of (any irreducible component of) the root system of N .
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The original proof of these results is based on a case-by-case analysis. Borcherds
found a conceptual proof in [Bor85] by embedding all lattices into II25,1, the unique
even, unimodular lattice of Lorentzian signature (25, 1).

We now study the orbifold constructions of the Leech lattice vertex operator
algebra VΛ corresponding to deep holes of the Leech lattice.

Proposition 6.2. Let d ∈ Λ⊗ZR be a deep hole of the Leech lattice Λ corresponding
to the Niemeier lattice N . Then g = σd = e2πid0 is an automorphism of VΛ of
order equal to the Coxeter number of N and type 0. The corresponding orbifold
construction V orb(g)

Λ is isomorphic to VN .

Proof. Let d ∈ Λ ⊗Z Q and consider the inner automorphism g = σd = e2πid0 ∈
Aut(VΛ). Then g is an automorphism of VΛ of order n, the smallest positive integer
such that nd ∈ Λ′ = Λ. The conformal weight (see Section 3.1) of the unique
irreducible g-twisted VΛ-module VΛ(g) is ρ(VΛ(g)) = minα∈−d+Λ(α, α)/2, which is
at most 1 because the covering radius of Λ is

√
2.

Assume that d is a deep hole of Λ, which is the case if and only if ρ(VΛ(g)) = 1.
Hence, g has type 0, and we may consider the orbifold construction V orb(g)

Λ . The
fixed-point vertex operator subalgebra V gΛ is the lattice vertex operator algebra
VΛd . Hence, rather than applying the general theory of cyclic orbifolds described
in Section 3.3 it suffices to make use of the representation theory of lattice vertex
operator algebras. The n2 irreducible VΛd -modules are given by Vα+Λd for α+Λd ∈
(Λd)′/Λd ∼= Z2

n. Note that (Λd)′ = spanZ{Λ, d}.
Now, Λ/Λd and spanZ{Λd, d}/Λd ∼= N/Λd form a pair of trivially intersecting,

maximal isotropic subgroups of (Λd)′/Λd. The sum of irreducible VΛd -modules
corresponding to the former gives back VΛ while the one corresponding to the
latter yields

V
orb(g)
Λ =

⊕
j∈Zn

Vjd+Λd
∼= VN . �

The proposition shows that we can replicate the deep-hole construction of the
23 Niemeier lattices other than the Leech lattice on the level of strongly rational,
holomorphic vertex operator algebras of central charge 24, simply by studying inner
automorphisms.

We collect some properties of these 23 orbifold constructions, which will serve
as defining properties of generalised deep holes.

Proposition 6.3. Let d be a deep hole of Λ and g = σd = e2πid0 the correspond-
ing inner automorphism of VΛ. Then g has type 0 and V gΛ satisfies the positivity
condition. Furthermore

(1) g is extremal,
(2) rk((V gΛ )1) = rk((V orb(g)

Λ )1) = 24.

Proof. It was already stated in Proposition 6.2 that g has type 0. By Corollary 6.1,
the upper bound from the dimension formula for orbifold constructions of VΛ with
inner automorphisms of order n is given by

dim((V orb(g)
Λ )1) ≤ 24 + 24n.

On the other hand, let N be the Niemeier lattice with V orb(g)
Λ

∼= VN . Then

dim((V orb(g)
Λ )1) = dim((VN )1) = 24 + 24h

because the number of roots of N is 24h, h being the Coxeter number of N . Since
n = h, the upper bound is attained and g is extremal.
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The automorphism g acts trivially on the 24-dimensional abelian Lie algebra
(VΛ)1 so that rk((V gΛ )1) = 24. Because (V orb(g)

Λ )1 ∼= (VN )1 is a semisimple Lie
algebra of rank 24, the assertion follows. �

Note that ρ(VΛ(g)) = 1 is necessary albeit in general not sufficient for g to
be extremal (see Proposition 5.9). For many but not all of the 23 deep holes,
ρ(VΛ(gi)) = 1 for all i ∈ Zn \ {0}, which also implies the extremality of g.

6.2. Definition of Generalised Deep Holes. We use the properties of the deep-
hole orbifold constructions listed in Proposition 6.3 to define generalised deep holes.
In order to obtain non-lattice cases on Schellekens’ list as orbifold constructions
associated with VΛ, we allow (V orb(g)

Λ )1 to have rank less than 24.

Definition 6.4 (Generalised Deep Hole). Let V be a strongly rational, holomorphic
vertex operator algebra of central charge 24 and g ∈ Aut(V ) of finite order n > 1.
Suppose g has type 0 and V g satisfies the positivity condition. Then g is called a
generalised deep hole of V if

(1) g is extremal, i.e. dim(V orb(g)
1 ) = 24 +

∑
m|n cn(m) dim(V g

m

1 ),
(2) rk(V orb(g)

1 ) = rk(V g1 ).

Note that the Lie algebras V g1 and V orb(g)
1 are reductive [DM04b]. By Lemma 8.1

in [Kac90] the centraliser in V orb(g)
1 of any choice of Cartan subalgebra of V g1 is a

Cartan subalgebra of V orb(g)
1 . The second condition is hence equivalent to requiring

that any Cartan subalgebra of V g1 also be a Cartan subalgebra of V orb(g)
1 . Since a

finite-order automorphism of a reductive Lie algebra is inner if and only if it fixes
a Cartan subalgebra pointwise (see the proof of Proposition 8.6 in [Kac90]), the
second condition can also be replaced by the condition that the inverse-orbifold
automorphism restricts to an inner automorphism on V orb(g)

1 .
If V = VΛ, the vertex operator algebra associated with the Leech lattice Λ, then

the rank condition is equivalent to demanding that (V gΛ )1, which as subalgebra of
(VΛ)1 is abelian, be a Cartan subalgebra of (V orb(g)

Λ )1.
Again, we also call the identity a generalised deep hole.

6.3. Uniform Construction of Schellekens’ List. In the following, we show
that there is a bijection between the strongly rational, holomorphic vertex operator
algebras of central charge 24 with non-trivial weight-1 subspace and the generalised
deep holes of the Leech lattice vertex operator algebra VΛ with non-trivial fixed-
point Lie subalgebra. This is a natural generalisation of the bijection between the
deep holes of the Leech lattice Λ and the 23 Niemeier lattices with non-trivial root
system proved in [CPS82, CS82b, Bor85].

Then we prove a uniform construction of the 70 non-zero Lie algebra structures
on Schellekens’ list by explicitly giving a generalised deep hole of VΛ for each case.

This is an improvement over the potpourri of constructions in [FLM88, DGM90,
Don93, DGM96, Lam11, LS12, LS15, Miy13, EMS20a, Möl16, SS16, LS16b, LS16a,
LL20]. We remark that other uniform constructions are given in [Höh17] (and
[Lam20]), as well as in [HM20].

First, we combine the dimension formula in Theorem 5.3 with the averaged very
strange formula in Theorem 2.4. This generalises Theorem 3.3 in [ELMS21] to
non-quasirational automorphisms.

Proposition 6.5. Let V be a strongly rational, holomorphic vertex operator algebra
of central charge 24 whose weight-1 Lie algebra V1 =

⊕r
i=1 gi is semisimple and g
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an inner automorphism of V of finite order n > 1 such that g is of type 0 and that
V g satisfies the positivity condition. Then

dim(V orb(g)
1 ) = 24 + 12n

φ(n)

r∑
i=1

∑
j∈Z∗n

h∨i

∣∣∣∣λs[j]
i

− ρi
h∨i

∣∣∣∣2 −R(g).

Here, R(g) ≥ 0 is as in Theorem 5.3, ρi is the Weyl vector and h∨i the dual Coxeter
number of gi and s[j]

i the sequence characterising gj |gi .

Proof. As inner automorphism, g restricts to each simple ideal of V1 so that the
relevant term in the dimension formula in Theorem 5.3 becomes∑

m|n

cn(m) dim(V g
m

1 ) =
r∑
i=1

∑
m|n

cn(m) dim(gg
m

i )

= 12n
φ(n)

r∑
i=1

∑
j∈Z∗n

h∨i

∣∣∣∣λs[j]
i

− ρi
h∨i

∣∣∣∣2
by Theorem 2.4, where n is in general a multiple of the order of g|V1 and g|gi . �

Note that the assumption that V1 is semisimple and g inner is merely made for
convenience and could be easily removed.

Theorem 6.6 (Holy Correspondence). The cyclic orbifold construction g 7→ V
orb(g)
Λ

defines a bijection between the algebraic conjugacy classes of generalised deep holes
g ∈ Aut(VΛ) with rk((V gΛ )1) > 0 and the isomorphism classes of strongly rational,
holomorphic vertex operator algebras V of central charge 24 with V1 6= {0}.

Proof. Let V be a strongly rational, holomorphic vertex operator algebra V of
central charge 24 with non-trivial weight-1 Lie algebra V1. Then V1 is either abelian
and of rank 24 or semisimple [DM04a]. In the first case V must be isomorphic to the
Leech lattice vertex operator algebra VΛ [DM04b]. Moreover, if g is a generalised
deep hole such that V orb(g)

Λ
∼= VΛ, then 24 = rk((V orb(g)

Λ )1) = rk((V gΛ )1) = rk(Λν)
where ν is the projection of g to O(Λ). Hence, ν is the identity and Corollary 6.1
implies that so is g. Therefore, in the following we assume that g := V1 is semisimple
and that g is non-trivial.

We sketch the proof of the surjectivity, which is given in [ELMS21]. We de-
compose g = g1 ⊕ . . . ⊕ gr into simple components gi. Then the vertex operator
subalgebra of V generated by V1 is isomorphic to the affine vertex operator algebra
Lĝ1(k1, 0)⊗ . . .⊗Lĝr (kr, 0) with levels ki ∈ Z>0 [DM06]. Schellekens’ lowest-order
trace identity [Sch93] (see also [DM04a, EMS20a]) states that h∨i /ki = (dim(V1)−
24)/24 for all i = 1, . . . , r where h∨i is the dual Coxeter number of gi. Let ρi de-
note the Weyl vector of gi. Define the inner automorphism σu = e2πiu0 ∈ Aut(V )
with u :=

∑r
i=1 ρi/h

∨
i . It restricts to the automorphism σi := σρi/h∨i introduced

in Section 2.2 on each gi. The order of σu is lcm({lih∨i }ri=1) with lacing numbers
li ∈ {1, 2, 3}. The fixed-point vertex operator subalgebra V σu satisfies the positiv-
ity condition and the lowest-order trace identity implies that σu has type 0. Hence,
the orbifold construction V orb(σu) exists. Inserting σu in Proposition 6.5 yields
dim(V orb(σu)

1 ) = 24 − R(σu) ≤ 24 since λ
s
[j]
i

= ρi
h∨
i

for all i = 1, . . . , r and j ∈ Z∗n,
each σju|gi being conjugate to σi by the rationality of σi. Again by the lowest-order
trace identity, V orb(σu)

1 cannot be semisimple (or else dim(V orb(σu)
1 ) > 24) so that

it is abelian of rank 24. Hence, V orb(σu) ∼= VΛ by [DM04b]. Since R(σu) = 0, σu is
extremal.

Finally, we consider the inverse-orbifold automorphism g ∈ Aut(VΛ) with respect
to σu ∈ Aut(V ). The properties of σu imply that g is a generalised deep hole and
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V ∼= V
orb(g)
Λ . Indeed, g is extremal by Proposition 5.11 and the rank condition is

satisfied because σu is inner. This proves the surjectivity.
We remark that we could have used the very strange formula rather than its

averaged version since σu|V1 is quasirational (see Theorem 3.3 in [ELMS21]).
Next we prove the injectivity. Let g ∈ Aut(VΛ) be a generalised deep hole of

order n > 1. Define V := V
orb(g)
Λ . Then the inverse-orbifold automorphism σ

corresponding to g is of type 0, inner and extremal by Proposition 5.11. As above
we decompose g = g1 ⊕ . . . ⊕ gr into simple ideals. Then, Proposition 6.5 implies
that

24 = dim((VΛ)1) = dim(V orb(σ)
1 ) = 24 + 12n

φ(n)

r∑
i=1

∑
j∈Z∗n

h∨i

∣∣∣∣λs[j]
i

− ρi
h∨i

∣∣∣∣2
where s[j]

i is the sequence characterising σj |gi . This equation can only be satisfied
if σ|V1 is conjugate to e2πi ad(u) with u =

∑r
i=1 ρi/h

∨
i . In fact, σ|V1 is conjugate to

e2πi ad(u) under an inner automorphism of V1 (see remark at the end of Section 2.2).
Since inner automorphisms of V1 can be extended to inner automorphisms of V , σ
is conjugate in Aut(V ) to σu = e2πiu0 . Hence, g is conjugate to the inverse-orbifold
automorphism of σu. The same is true for any other generalised deep hole h of VΛ
with V orb(h)

Λ
∼= V . This proves the injectivity of the map. �

As a consequence of the correspondence, it is possible to classify the strongly
rational, holomorphic vertex operator algebras of central charge 24 with non-trivial
weight-1 space by classifying the generalised deep holes g ∈ Aut(VΛ) satisfying
rk((V gΛ )1) > 0. This shall be addressed in a forthcoming publication [MS21] using
geometric properties of generalised deep holes. (In the next section, we proceed in
the opposite direction to obtain a classification of the generalised deep holes.)

The surjectivity of the map also follows (less conceptually) from Theorem 6.7
below together with Schellekens’ classification of the possible V1-structures of the
strongly rational, holomorphic vertex operator algebras of central charge 24 and
the uniqueness of such a vertex operator algebra for non-trivial V1.

We now give a uniform construction of the 70 semisimple Lie algebra structures
on Schellekens’ list. The proof uses Schellekens’ classification of the possible V1-
structures and Kac’s theory of finite-order automorphisms of simple Lie algebras
[Kac90].

Theorem 6.7 (Uniform Construction). Let g be one of the 70 non-zero Lie algebras
on Schellekens’ list (Table 1 in [Sch93]). Then the corresponding automorphism
g ∈ Aut(VΛ) listed in the appendix (Table 3 and Table 4) is a generalised deep hole
and satisfies (V orb(g)

Λ )1 ∼= g.

Some properties that only depend on the algebraic conjugacy class of the gener-
alised deep hole g are listed in Table 1 and Table 2.

Proof. In Table 3 and Table 4 of the appendix (see also Table 1 and Table 2)
we list representatives of 70 algebraic conjugacy classes of automorphisms g ∈
Aut(VΛ) with rk((V gΛ )1) > 0. In each case, we shall identify the weight-1 Lie
algebra (V orb(g)

Λ )1 of the corresponding orbifold construction as the one listed in
Table 2 and prove that g is a generalised deep hole. Since each of the 70 non-zero
Lie algebras on Schellekens’ list appears exactly once, this will prove the assertion.

First, we describe these 70 automorphisms. A complete system of representatives
of the conjugacy classes in Aut(VΛ) is given in Proposition 3.2. It is a special
property of the Leech lattice Λ that the algebraic conjugacy classes in O(Λ) ∼= Co0
are uniquely determined by their cycle shape. The 70 automorphisms project to
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Table 1. Summary of the generalised deep holes of the Leech
lattice vertex operator algebra VΛ and the corresponding orbifold
constructions.

[Höh17] Cycle shape n # Rk. Dim.
A 124 1, 2, . . . , 25, 30, 46 24 24 24 + 24n− 24δn,1
B 1828 2, 4, . . . , 18, 22, 30 17 16 24 + 12n
C 1636 3, 6, 9, 12, 18 6 12 24 + 8n
D 212 2, 6, 10, . . . , 22, 46 9 12 24 + 6n
E 142244 4, 8, 12, 16 5 10 24 + 6n
F 1454 5, 10 2 8 24 + (24/5)n
G 12223262 6, 12 2 8 24 + 4n
H 1373 7 1 6 24 + (24/7)n
I 12214182 8 1 6 24 + 3n
J 2363 6, 18 2 6 24 + 2n
K 22102 10 1 4 24 + (6/5)n
L 1−24224, 1−12312, . . . 2, 3, . . . , 70, 78 38 0 0

11 different cycle shapes in O(Λ) (listed in Table 1) with non-trivial fixed-point
sublattices. These are exactly the same conjugacy classes that appear in [Höh17],
Table 4. Once a conjugacy class in O(Λ) is specified, we choose suitable elements
h ∈ πν(ΛC)/πν(Λ) (listed in Table 4) and consider the automorphism g = φη(ν)σh
where φη(ν) is a standard lift of ν ∈ O(Λ). Up to conjugacy g does not depend on
the choice of the standard lift of ν.

We explain the entries of Table 2. Each block corresponds to a cycle shape of
ν and each row to a choice of h, determining the automorphism g of order n (up
to conjugacy). We list the (yet to be proved) Lie algebra structure of (V orb(g)

Λ )1
together with its dimension and rank, of which the latter only depends on ν. The
first column corresponds to the labelling in Table 1 in [Sch93] and the second one
to the labelling in Table 4 of [Höh17]. Then we list the conformal weights ρ(VΛ(gc))
of the unique irreducible gc-twisted VΛ-modules for c | n in ascending order. (Note
that for the 70 chosen automorphisms ρ(VΛ(gi)) only depends on (i, n).) The last
column will be explained below.

And now to the proof:
(1) First, we note that in all cases, ρ(VΛ(g)) = 1 so that g has type 0, which

implies that the corresponding cyclic orbifold construction V orb(g)
Λ exists and is a

strongly rational, holomorphic vertex operator algebra of central charge 24. More-
over rk((V orb(g)

Λ )1) ≥ rk((V gΛ )1) = rk(Λν) > 0 since ν has non-trivial fixed-point
sublattice Λν . Hence, the Lie algebra (V orb(g)

Λ )1 is one of the 70 non-zero (semisim-
ple or abelian) Lie algebras on Schellekens’ list.

(2) The 24 automorphisms with ν = id are exactly the inner automorphisms
g = σh corresponding to the 23 classes of deep holes h of the Leech lattice Λ and
the identity. We proved in Proposition 6.3 that they are generalised deep holes
and in Proposition 6.2 that the corresponding orbifold constructions realise the 24
Niemeier lattice vertex operator algebras, with weight-1 Lie algebras of rank 24.

(3) It remains to study the 46 classes of automorphisms g = φη(ν)σh with
non-trivial ν, i.e. with rk((V gΛ )1) = rk(Λν) < 24. We begin by proving that
rk((V orb(g)

Λ )1) = rk((V gΛ )1) or equivalently that the abelian Lie algebra (V gΛ )1 is
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Table 2. The 70 generalised deep holes of VΛ whose correspond-
ing orbifold constructions realise all non-zero Lie algebras on
Schellekens’ list (continued on next page).

No. No. (V orb(g)
Λ )1 Dim. n ρ(VΛ(gc)) (VΛ(g))1

Rk. 24, cycle shape 124

70 A1 D24,1 1128 46 1, 22/23, 1, 0 D̃24
69 A2 D16,1E8,1 744 30 1, 14/15, 1, 1, 1, 1, 1, 0 D̃16Ẽ8
68 A3 E3

8,1 744 30 1, 14/15, 9/10, 5/6, 1, 1, 1, 0 Ẽ3
8

67 A4 A24,1 624 25 1, 1, 0 Ã24
66 A5 D2

12,1 552 22 1, 10/11, 1, 0 D̃2
12

65 A6 A17,1E7,1 456 18 1, 1, 1, 1, 1, 0 Ã17Ẽ7
64 A7 D10,1E

2
7,1 456 18 1, 8/9, 1, 1, 1, 0 D̃10Ẽ

2
7

63 A8 A15,1D9,1 408 16 1, 1, 1, 1, 0 Ã15D̃9
61 A9 D3

8,1 360 14 1, 6/7, 1, 0 D̃3
8

60 A10 A2
12,1 336 13 1, 0 Ã2

12
59 A11 A11,1D7,1E6,1 312 12 1, 1, 1, 1, 1, 0 Ã11D̃7Ẽ6
58 A12 E4

6,1 312 12 1, 1, 3/4, 1, 1, 0 Ẽ4
6

55 A13 A2
9,1D6,1 264 10 1, 1, 1, 0 Ã2

9D̃6
54 A14 D4

6,1 264 10 1, 4/5, 1, 0 D̃4
6

51 A15 A3
8,1 240 9 1, 1, 0 Ã3

8
49 A16 A2

7,1D
2
5,1 216 8 1, 1, 1, 0 Ã2

7D̃
2
5

46 A17 A4
6,1 192 7 1, 0 Ã4

6
43 A18 A4

5,1D4,1 168 6 1, 1, 1, 0 Ã4
5D̃4

42 A19 D6
4,1 168 6 1, 2/3, 1, 0 D̃6

4
37 A20 A6

4,1 144 5 1, 0 Ã6
4

30 A21 A8
3,1 120 4 1, 1, 0 Ã8

3
24 A22 A12

2,1 96 3 1, 0 Ã12
2

15 A23 A24
1,1 72 2 1, 0 Ã24

1
1 A24 C24 24 1 0 ∅

Rk. 16, cycle shape 1828

62 B1 B8,1E8,2 384 30 1, 14/15, 1, 1, 1, 1, 1, 0 A1Ẽ8
56 B2 C10,1B6,1 288 22 1, 10/11, 1, 0 A1A9
52 B3 C8,1F

2
4,1 240 18 1, 8/9, 1, 1, 1, 0 A2

2A7
53 B4 B5,1E7,2F4,1 240 18 1, 8/9, 1, 1, 1, 0 A1A2Ẽ7
50 B5 A7,1D9,2 216 16 1, 1, 1, 1, 0 D̃9
47 B6 B2

4,1D8,2 192 14 1, 6/7, 1, 0 A2
1D̃8

48 B7 B4,1C
2
6,1 192 14 1, 6/7, 1, 0 A1A

2
5

44 B8 A5,1C5,1E6,2 168 12 1, 1, 1, 1, 1, 0 A4Ẽ6
40 B9 A4,1A9,2B3,1 144 10 1, 1, 1, 0 A1Ã9
39 B10 B2

3,1C4,1D6,2 144 10 1, 4/5, 1, 0 A2
1A3D̃6

38 B11 C4
4,1 144 10 1, 4/5, 1, 0 A4

3
33 B12 A3,1A7,2C

2
3,1 120 8 1, 1, 1, 0 A2

2Ã7
31 B13 A2

3,1D
2
5,2 120 8 1, 1, 1, 0 D̃2

5
26 B14 A2

2,1A
2
5,2B2,1 96 6 1, 1, 1, 0 A1Ã

2
5

25 B15 B4
2,1D

2
4,2 96 6 1, 2/3, 1, 0 A4

1D̃
2
4

16 B16 A4
1,1A

4
3,2 72 4 1, 1, 0 Ã4

3
5 B17 A16

1,2 48 2 1, 0 Ã16
1
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Table 2. (continued)

No. No. (V orb(g)
Λ )1 Dim. n ρ(VΛ(gc)) (VΛ(g))1

Rk. 12, cycle shape 1636

45 C1 A5,1E7,1 168 18 1, 1, 1, 1, 1, 0 Ẽ7

34 C2 A3,1D7,3G2,1 120 12 1, 1, 1, 1, 1, 0 A1D̃7

32 C3 E6,3G
3
2,1 120 12 1, 1, 3/4, 1, 1, 0 A3

1Ẽ6

27 C4 A2
2,1A8,3 96 9 1, 1, 0 Ã8

17 C5 A3
1,1A5,3D4,3 72 6 1, 1, 1, 0 Ã5D̃4

6 C6 A6
2,3 48 3 1, 0 Ã6

2

Rk. 12, cycle shape 212 (order doubling)
57 D1a B12,2 300 46 1, 22/23, 1, 0 A1

41 D1b B2
6,2 156 22 1, 10/11, 1, 0 A2

1
29 D1c B3

4,2 108 14 1, 6/7, 1, 0 A3
1

23 D1d B4
3,2 84 10 1, 4/5, 1, 0 A4

1
12 D1e B6

2,2 60 6 1, 2/3, 1, 0 A6
1

2 D1f A12
1,4 36 2 1, 0 Ã12

1
36 D2a A8,2F4,2 132 18 1, 1, 1, 1, 1, 0 A2

22 D2b A2
4,2C4,2 84 10 1, 1, 1, 0 A3

13 D2c A4
2,2D4,4 60 6 1, 1, 1, 0 D̃4

Rk. 10, cycle shape 142244

35 E1 A3,1C7,2 120 16 1, 1, 1, 1, 0 A6

28 E2 A2,1B2,1E6,4 96 12 1, 1, 1, 1, 1, 0 Ẽ6

18 E3 A3
1,1A7,4 72 8 1, 1, 1, 0 Ã7

19 E4 A2
1,1C3,2D5,4 72 8 1, 1, 1, 0 A2D̃5

7 E5 A1,2A
3
3,4 48 4 1, 1, 0 Ã3

3

Rk. 8, cycle shape 1454

20 F1 A2
1,1D6,5 72 10 1, 1, 1, 0 D̃6

9 F2 A2
4,5 48 5 1, 0 Ã2

4

Rk. 8, cycle shape 12223262

21 G1 A1,1C5,3G2,2 72 12 1, 1, 1, 1, 1, 0 A1A4

8 G2 A1,2A5,6B2,3 48 6 1, 1, 1, 0 A1Ã5

Rk. 6, cycle shape 1373

11 H1 A6,7 48 7 1, 0 Ã6

Rk. 6, cycle shape 12214182

10 I1 A1,2D5,8 48 8 1, 1, 1, 0 D̃5

Rk. 6, cycle shape 2363 (order doubling)
14 J1a A2,2F4,6 60 18 1, 1, 1, 1, 1, 0 A2

3 J1b A2,6D4,12 36 6 1, 1, 1, 0 D̃4

Rk. 4, cycle shape 22102 (order doubling)
4 K1 C4,10 36 10 1, 1, 1, 0 A3
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a Cartan subalgebra of (V orb(g)
Λ )1, which is one of the two properties of a gener-

alised deep hole and additionally determines the rank of the Lie algebra (V orb(g)
Λ )1.

(In particular, we may then assume that (V orb(g)
Λ )1 is semisimple as the only abelian

case on Schellekens’ list has rank 24.)
Indeed, by the inverse orbifold construction, (V orb(g)

Λ )1 is a Zn-graded Lie algebra
with 0-component (V gΛ )1. If the centraliser CW (i,0)

1
((V gΛ )1) ⊆ CVΛ(gi)1((V gΛ )1) = {0}

for all i ∈ Zn \ {0}, then Lemma 8.1 in [Kac90] implies that (V gΛ )1 is a Cartan
subalgebra of (V orb(g)

Λ )1. Now, by the definition of the twisted modules for lattice
vertex operator algebras (see Section 3.1), the centraliser condition for i = 1 follows
from h /∈ πν(Λ) and similarly for the other powers of g (essentially, the condition
becomes ih /∈ πν(Λ) but an extra term appears if φη(ν)i is not a standard lift of
νi). It is easy to check that all automorphisms g = φη(ν)σh satisfy this (in fact,
they were chosen this way), proving that rk((V orb(g)

Λ )1) = rk((V gΛ )1).
(4) In 31 of the remaining 46 cases, we observe that ρ(VΛ(gi)) ≥ 1 for all i ∈

Zn \ {0}, implying that g is extremal by Proposition 5.9. This shows that g is a
generalised deep hole. Moreover, the dimension formula in Theorem 5.3 then yields
the dimension of (V orb(g)

Λ )1 as the one listed in Table 2.
For 16 of these generalised deep holes g, the rank and dimension of the Lie

algebra (V orb(g)
Λ )1 uniquely determine it on Schellekens’ list. These are the cases 2,

3, 4, 5, 6, 7, 14, 16, 17, 27, 28, 35, 36, 44, 45 and 50.
(5) For the other 15 generalised deep holes g, namely those we claim to cor-

respond to cases 8, 9, 10, 11, 13, 18, 19, 20, 21, 22, 34, 26, 31, 33 and 40 on
Schellekens’ list, the Lie algebra (V orb(g)

Λ )1 is not uniquely determined by its rank
and dimension. Here, we need an additional argument.

The inverse orbifold automorphism ζ on V orb(g)
Λ restricts to an inner automor-

phism of order dividing n of the semisimple Lie algebra (V orb(g)
Λ )1. The theory of

finite-order automorphisms of simple Lie algebras was developed by Kac (see Sec-
tion 2.1 and [Kac90]). The said automorphism is regular, i.e. the fixed-point Lie
subalgebra (V gΛ )1 is abelian, and in fact a Cartan subalgebra of (V orb(g)

Λ )1.
Then, for a fixed i ∈ Zn with (i, n) = 1 we consider the adjoint action of (V gΛ )1

on (VΛ(gi))1 ⊆ (V orb(g)
Λ )1. This defines a subset of the root system of (V orb(g)

Λ )1.
Crucially, (VΛ(gi))1 = W

(i,0)
1 is the eigenspace of the automorphism ζi

−1 (where
i−1 denotes the inverse of i modulo n) restricted to (V orb(g)

Λ )1 with eigenvalue
e(1/n). By Proposition 8.1 c) in [Kac90] the roots of (VΛ(gi))1 are the simple roots
of a subdiagram of the (untwisted) affinisation of the Dynkin diagram associated
with the semisimple Lie algebra (V orb(g)

Λ )1. (More precisely, it is the subdiagram
consisting of those nodes in the affine Dynkin diagram for which the corresponding
entry of the sequence s = (s0, . . . , sl) characterising ζi−1 equals 1.)

For a given automorphism g = φη(ν)σh this Dynkin diagram associated with the
action of (V gΛ )1 on (VΛ(gi))1 can be easily determined using the definition of the
twisted modules for lattice vertex operator algebras. We list the result in the last
column of Table 2 and note that it is the same for all i ∈ Zn with (i, n) = 1.

Then, for each of the 15 generalised deep holes we check if this Dynkin diagram of
(VΛ(g))1 is compatible with the remaining potential Lie algebras for (V orb(g)

Λ )1. In
each case, this narrows down the list of possible Lie algebras on Schellekens’ list to
just one. For example, the generalised deep hole we list for case 40 on Schellekens’
list has an orbifold Lie algebra (V orb(g)

Λ )1 of rank 16 and dimension 144. This leaves
the cases 38, 39 and 40 on Schellekens’ list. However, of the affine diagrams C̃4

4 ,
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B̃2
3C̃4D̃6 and Ã4Ã9B̃3 only the latter contains A1Ã9 as a subdiagram, leaving only

case 40, i.e. A4A9B3, as weight-1 Lie algebra of V orb(g)
Λ .

(6) It remains to study the 15 = 46 − 31 automorphisms g of which we do not
know the dimension of (V orb(g)

Λ )1 a priori by using the dimension formula. (By
Corollary 5.7 we do however know that the dimensions listed in Table 2 must
be upper bounds.) For ten of these automorphisms, namely those we claim to
correspond to cases 25, 32, 38, 39, 47, 48, 52, 53, 56 and 62 on Schellekens’ list,
the argument we just described involving the Dynkin diagram of (VΛ(g))1 suffices
to reduce the list of possible Lie algebra structures of (V orb(g)

Λ )1 to just one case.
In particular, this determines the dimension of (V orb(g)

Λ )1 and gives an a posteriori
proof that these automorphisms are generalised deep holes.

For example, the automorphism we list for case 62 has an orbifold Lie algebra
(V orb(g)

Λ )1 of rank 16 and dimension bounded from above by 384, which is com-
patible with all 17 rank-16 Lie algebras on Schellekens’ list. However, the Dynkin
diagram associated with the action of (V gΛ )1 on (VΛ(g))1 is A1Ẽ8. Noting that the
diagram Ẽ8 is not a subdiagram of any other irreducible affine Dynkin diagram,
an inspection of the Lie algebras of rank 16 in Table 2 reveals that only case 62 on
Schellekens’ list is compatible. This Lie algebra B8E8 has dimension 384 so that g
is extremal and a generalised deep hole.

(7) We are left with the five automorphisms g of order 6, 10, 14, 22 and 46 that
we postulate to yield cases 12, 23, 29, 41 and 57, i.e. the Lie algebras B6

2 , B4
3 , B3

4 ,
B2

6 and B12, respectively, in the orbifold construction. These Lie algebras of rank
12 are too similar to be distinguished by the Dynkin diagram of (VΛ(g))1. We can
however show that none of the rank-12 Lie algebras on Schellekens’ list, except for
cases 2, 12, 23, 29, 41 and 57, are compatible with the Dynkin diagram of (VΛ(g))1

in each case. This means that the Lie algebra (V orb(g)
Λ )1 is uniquely determined

once we know its dimension.
This dimension can be determined using the formulae in Section 3.4. It is a

standard exercise to compute the q-expansions of the theta series of the lattices
Mk,d appearing in the functions Dk (for instance, this takes less than a second using
the function ThetaSeriesModularForm in Magma [BCP97]) to sufficiently high order
so as to identify them as modular forms. Let p = n/2, half the order of g. Then
we find

D1(τ) = (p− 1)T2p+p(τ),
D2(τ) = (p− 1)(Tp+(τ) + 24),
Dp(τ) = T2−(τ),
D2p(τ) = T1(τ) + 24 = j(τ)− 720

in terms of certain McKay-Thompson series (see [CN79]). We can also write these
functions as eta products. For example,

D1(τ) = (p− 1)
(

η(τ)η(pτ)
η(2τ)η(2pτ)

)24/(p+1)
+ 24(p− 1)

p+ 1 .

It is now easy to compute the expansions of the Dk in the different cusps (for
instance by using the well-known modular transformation properties of the eta
function). We obtain

ch
V

orb(g)
Λ

(τ) = j(τ)− 720 + 12p = q−1 + 24 + 12p+O(q)

for the character of V orb(g)
Λ . Hence, dim((V orb(g)

Λ )1) = 24 + 12p = 24 + 6n, which
together with the previous remarks uniquely determines the Lie algebra (V orb(g)

Λ )1



GENERALISED DEEP HOLES OF THE LEECH LATTICE VOA 41

for the five automorphisms g in question as cases 12, 23, 29, 41 and 57, respectively,
on Schellekens’ list and in particular shows that the automorphisms are extremal
and hence generalised deep holes. This completes the proof. �

6.4. Classification of Generalised Deep Holes. Finally, we give a complete
classification of the generalised deep holes of the Leech lattice vertex operator al-
gebra VΛ.

Theorem 6.6 and the classification of strongly rational, holomorphic vertex oper-
ator algebras of central charge 24 (see [DM04a, LS19, LS15, LL20, EMS20b, LS20,
KLL18], a uniform proof is given in [HM20]) yield a classification of the generalised
deep holes with rk((V gΛ )1) > 0. It remains to study those with rk((V gΛ )1) = 0.

Recall that the Moonshine module V \ is a strongly rational, holomorphic vertex
operator algebra V of central charge 24 with V1 = {0} and conjecturally the only
such vertex operator algebra up to isomorphism. There are 38 orbifold constructions
of the Moonshine module V \ from the Leech lattice vertex operator algebra VΛ
[Car18], including the original construction in [FLM88] of order 2.

In [Car18], based on ideas in [Tui92, Tui95], the author proves that for all fixed-
point free automorphisms ν ∈ O(Λ) with vacuum anomaly ρν > 1 (there are ex-
actly 40 such conjugacy classes that give type 0, 38 up to algebraic conjugacy)
the corresponding standard lift g = φη(ν) ∈ Aut(VΛ) (if a lattice automorphism
is fixed-point free, all its lifts are standard lifts and conjugate) defines an orbifold
construction that yields the Moonshine module V \. (By generalising the orbifold
construction to non-zero type, a total of 53 conjugacy classes, 51 up to algebraic
conjugacy, are considered; hence the title of the paper.) No order doubling occurs.
We list the 38 algebraic conjugacy classes in Table 5.

Proposition 6.8. Let g ∈ Aut(VΛ) be one of the 38 automorphisms in [Car18]
such that V orb(g)

Λ
∼= V \. Then g is a generalised deep hole.

Proof. All fixed-point free automorphisms ν ∈ O(Λ) with ρν > 1 satisfy (see Sec-
tion 3.1)

ρ(VΛ(g)) = ρν = 1 + 1/n
where n is the order of ν and of g = φη(ν). Then the dimension bound in the special
case of the Leech lattice vertex operator algebra VΛ (see Corollary 6.1) yields

dim((V orb(g)
Λ )1) ≤ 24 + 24n(1− ρν) = 0,

which implies that dim((V orb(g)
Λ )1) = 0 and that g is extremal. Since (V gΛ )1 is

a subspace of (V orb(g)
Λ )1, rk((V gΛ )1) = rk((V orb(g)

Λ )1) = 0. This shows that each
g = φη(ν) is a generalised deep hole with dim((V orb(g)

Λ )1) = 0 suggesting that
V

orb(g)
Λ

∼= V \, which would immediately follow if it were known that V \ is the unique
strongly rational, holomorphic vertex operator algebra V of central charge 24 with
V1 = {0}. The main work of [Car18] is to prove that indeed V orb(g)

Λ
∼= V \. �

We shall see that these 38 automorphisms of VΛ are in fact all the generalised
deep holes of VΛ with rk(V gΛ ) = 0 up to algebraic conjugacy.

Note that one can show in a case-by-case study that the orbifold constructions
associated with the exactly 42 conjugacy classes, 39 up to algebraic conjugacy, of
fixed-point free automorphisms ν ∈ O(Λ) with ρν ≤ 1 all yield the Leech lattice
vertex operator algebra VΛ again (see also Remark 7.5 in [Car18]).

Now we can prove:

Theorem 6.9 (Classification of Generalised Deep Holes). There are exactly 108
algebraic conjugacy classes of generalised deep holes g of the Leech lattice vertex
operator algebra VΛ (see Table 1), namely
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(1) 70 classes with rk((V gΛ )1) > 0, whose corresponding orbifold constructions
yield the 70 strongly rational, holomorphic vertex operator algebras V of
central charge 24 with V1 6= {0} (listed in Table 3 and Table 4 and sum-
marised in Table 2), and

(2) 38 classes with rk((V gΛ )1) = 0, whose corresponding orbifold constructions
all yield the Moonshine module V \ (listed in Table 5).

Proof. By Theorem 6.7 there are at least 70 algebraic conjugacy classes of gener-
alised deep holes g with rk((V gΛ )1) > 0. Schellekens’ classification and the unique-
ness of a strongly rational, holomorphic vertex operator algebra of central charge 24
with a given non-zero weight-1 space together with Theorem 6.6 imply that there
are exactly 70 classes.

We study the generalised deep holes g ∈ Aut(VΛ) with rk((V gΛ )1) = 0. As
explained above, the 38 automorphisms whose corresponding orbifold constructions
yield the Moonshine module V \ are generalised deep holes. Clearly, they must
satisfy rk((V gΛ )1) = 0. In fact, these are all the generalised deep holes of VΛ with
rk((V gΛ )1) = 0.

Indeed, suppose that g is an automorphism in Aut(VΛ) with rk((V gΛ )1) = 0, i.e.
g projects to a fixed-point free automorphism ν ∈ O(Λ). By Proposition 3.2 the
(algebraic) conjugacy classes of such automorphisms are in bijection to the (al-
gebraic) conjugacy classes of fixed-point free automorphisms ν ∈ O(Λ), of which
there are exactly 95 (90). Now suppose that g is a generalised deep hole. Then
rk((V orb(g)

Λ )1) = 0 and ρ(VΛ(g)) ≥ 1. We even have ρ(VΛ(g)) > 1 because
(VΛ(g))1 ⊆ (V orb(g)

Λ )1. As the automorphism is fixed-point free on Λ, the con-
formal weight is simply ρ(VΛ(g)) = ρν , which only depends on the cycle shape of ν.
There are exactly 53 (51) automorphisms in O(Λ) which are fixed-point free and
satisfy ρν > 1 up to (algebraic) conjugacy and of those 40 (38) have type 0. These
are exactly the 38 automorphisms listed in Table 5. �

Finally, we record the following observation (see also Table 1):

Theorem 6.10. Under the natural projection Aut(VΛ) → O(Λ) the 70 algebraic
conjugacy classes of generalised deep holes g with rk((V gΛ )1) > 0 map to the 11
algebraic conjugacy classes in O(Λ) with cycle shapes 124, 1828, 1636, 212, 142244,
1454, 12223262, 1373, 12214182, 2363 and 22102.

This shows that we recover the decomposition of the genus of the Moonshine
module described by Höhn in [Höh17]. There is probably an automorphic proof of
this result (cf. [Sch17]).

Appendix. List of Generalised Deep Holes

We give a complete list of the generalised deep holes of VΛ.
First, we describe the 70 generalised deep holes g = φη(ν)σh ∈ Aut(VΛ) from

Theorem 6.7 that give cyclic orbifold constructions of the 70 strongly rational,
holomorphic vertex operator algebras of central charge 24 with V1 6= {0}. Recall
that many of their properties are listed in Table 2.

We shall explain our notation. Let G24 ⊆ F24
2 be the extended binary Golay

code, a doubly-even, self-dual binary code in dimension 24. Let Ω := {1, 2, . . . , 24}
denote the coordinates of F24

2 (and of R24). The automorphism group of G24, i.e. the
group of permutations of Ω mapping G24 to itself, is the Mathieu group M24 ⊆ SΩ.
Following Curtis’ Miracle Octad Generator we shall arrange vectors in F24

2 (and in
R24) in (4×6)-arrays. For definiteness, let G24 be the binary code generated by the
standard basis (see, e.g., (5.35) in [Gri98]).
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Let R24 be equipped with the standard scalar product (·, ·) so that (ei, ej) = δi,j
for all i, j ∈ Ω. The Leech lattice Λ ⊆ R24 is a positive-definite, even, unimodular
lattice of rank 24. It can be constructed from G24 as the Z-span of

1√
2
x, x ∈ G24,

√
2(ei ± ej), i, j ∈ Ω, 1√

8
(−3, 1, . . . , 1)

where we consider the entries of x ∈ F24
2 as 0, 1 ∈ R. An explicit basis of Λ is

given, for example, in [CS99]. The automorphism group of the Leech lattice is the
Conway group Co0. M24 can be considered as a subgroup of Co0, acting on Λ by
permuting the coordinates.

In Table 3 (see also Table 1) we list representatives ν of the 11 algebraic conjugacy
classes of automorphisms in O(Λ) ∼= Co0 that the 70 generalised deep holes project
to. For all cycle shapes but 2363 these classes have representatives inM24, allowing
us to write them as permutations of the coordinates Ω of R24. We list particularly
nice representatives, partly taken from [Gri98], (5.38) and [CS99], Chapter 11. The
cycle shape 2363 may be realised as a signed permutation. In Table 3 arrows denote
permutations of the corresponding coordinates and a hollow node indicates a sign
change.

In Table 4, for each automorphism ν ∈ O(Λ) in Table 3 (separated by a horizontal
line), we list elements h ∈ ΛC such that g = φη(ν)σh ∈ Aut(VΛ) are generalised
deep holes, amounting to a total of 70 generalised deep holes. To improve legibility
the least common denominator of h is factored out and written under the vector.
The first 23 entries are representatives of the classes of deep holes of Λ as they are
given in [CPS82].

Finally, we list the 38 generalised deep holes of VΛ whose orbifolds give the
Moonshine module V \.
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Table 3. Representatives of 11 conjugacy classes in O(Λ).

A: 124 B: 1828 C: 1636

D: 212 E: 142244 F: 1454

G: 12223262 H: 1373 I: 12214182

J: 2363 K: 22102
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Table 4. Representatives of 70 orbits of the action of CO(Λ)(ν)
on πν(ΛC)/πν(Λ) with ν from Table 3 (continued on next page)

12 18 14 12 16 12
34 16 12 12 12 14
34 12 12 12 20 20
34 24 12 12 22 18

8 12 10 8 10 8
22 10 8 8 8 8
22 8 8 8 14 12
22 16 8 8 14 12

45 6 −15 6 15 6
1 2 8 7 10 7
4 2 8 10 10 10
1 −1 8 10 10 10

A1: 23
√

8 A2: 15
√

8 A3: 15
√

8
75 7 −25 9 25 11
3 1 13 17 13 17
5 1 13 15 23 13
5 3 11 15 15 15

6 8 6 6 8 6
16 8 6 6 6 6
16 6 6 6 10 10
16 12 6 6 10 8

27 2 −9 3 9 4
1 1 4 7 4 6
2 0 5 6 7 5
2 1 4 6 6 5

A4: 25
√

8 A5: 11
√

8 A6: 9
√

8
5 7 5 5 5 5

13 7 5 5 5 5
13 5 5 5 9 7
13 9 5 5 9 7

24 2 −8 3 8 3
1 1 4 7 4 5
1 0 4 6 5 5
2 1 4 4 5 5

4 6 4 4 4 4
10 4 4 4 4 4
10 4 4 4 6 6
10 8 4 4 6 6

A7: 9
√

8 A8: 8
√

8 A9: 7
√

8
39 3 −13 5 13 5
3 1 5 9 7 9
1 1 7 9 11 7
3 1 7 7 7 9

18 2 −6 2 6 3
1 0 3 4 3 5
1 0 3 4 4 4
1 1 3 3 4 3

18 3 −6 4 4 4
1 0 5 3 3 3
1 0 5 3 3 3
1 0 5 3 3 3

A10: 13
√

8 A11: 6
√

8 A12: 6
√

8
15 1 −5 2 5 2
1 0 3 3 3 3
1 0 2 4 3 3
1 1 2 3 3 4

3 3 3 3 3 3
7 3 3 3 3 3
7 3 3 3 5 5
7 3 3 3 5 5

27 3 −9 3 9 3
1 1 5 5 7 5
1 1 5 5 7 5
1 1 5 5 7 5

A13: 5
√

8 A14: 5
√

8 A15: 9
√

8
12 1 −4 2 4 2
1 0 3 3 3 3
1 0 2 2 2 2
1 0 2 2 2 2

21 1 −7 5 7 3
1 1 5 5 3 3
1 1 5 5 3 3
1 1 5 5 3 3

5 3 5 3 3 3
9 3 5 3 3 3
9 3 3 5 5 5
9 3 3 5 5 5

A16: 4
√

8 A17: 7
√

8 A18: 6
√

8
2 2 2 2 2 2
4 2 2 2 2 2
4 4 2 2 2 2
4 2 2 2 2 2

4 4 2 6 6 6
8 4 2 2 2 2
4 4 6 2 2 2
4 4 6 2 2 2

−1 1 2 0 2 0
1 1 0 0 0 0
1 1 0 0 0 0
1 1 0 0 0 0

A19: 3
√

8 A20: 5
√

8 A21: 1
√

8
10 0 2 0 2 0
0 2 0 2 0 2
0 2 0 2 0 2
0 2 0 2 0 2

4 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

A22: 3
√

8 A23: 1
√

8 A24: 1
√

8

801 −243 −1397 239 −677 247

−245 2047 −1397 239 −677 247

−849 2161 −1251 −1857 −633 −2035

3809 −157 −1251 −1857 −633 −2035

76 141 −389 137 −192 161
−146 699 −389 137 −192 161
−374 495 −565−305 74 −553

680 −343 −565−305 74 −553

104 −49 −212 69 −90 72
−68 385 −212 69 −90 72
−140 303 −205−258 −71 −329

566 −73 −205−258 −71 −329
B1: 30

√
8 B2: 11

√
8 B3: 9

√
8

185 −74 −236 53 −64 222
−39 244 −236 53 −64 222
−177 328 −171−248 −79 −255

505 24 −171−248 −79 −255

237 −162 −307 115 −115 162
−115 406 −307 115 −115 162
−209 486 −184−346 −162−409

745 −16 −184−346 −162−409

64 −39 −113 38 −44 58
−40 131 −113 38 −44 58
−84 165 −77 −102 −42 −128
216 −13 −77 −102 −42 −128

B4: 9
√

8 B5: 8
√

8 B6: 7
√

8
50 −51 −129 31 −47 20
−38 425 −129 31 −47 20
−44 159 −157−263 −71 −320
596 −77 −157−263 −71 −320

17 −2 −95 63 −61 −8
−63 150 −95 63 −61 −8
−89 154 −102 −52 −2 −125
133 −80 −102 −52 −2 −125

82 −63 −126 63 −66 20
−54 111 −126 63 −66 20
−92 227 −61 −102 −63 −131
222 −1 −61 −102 −63 −131

B7: 7
√

8 B8: 6
√

8 B9: 5
√

8
62 −55 −54 13 −12 40
−16 109 −54 13 −12 40
−20 85 −21 −104 −55 −105
224 11 −21 −104 −55 −105

0 −3 3 −1 −2 5
−2 −5 3 −1 −2 5

1 −2 1 5 1 2
−1 4 1 5 1 2

−23 111 −61 −13 −23 43
11 173 −61 −13 −23 43
−65 43 −171 −69 61 −119
141 −107 −171 −69 61 −119

B10: 5
√

8 B11: 5
√

8 B12: 8
√

8
1 3 −2 −1 −2 −1
−3 −1 −2 −1 −2 −1
−7 −1 −2 −3 0 1
−1 −3 −2 −3 0 1

10 −2 −27 6 −11 6
−3 61 −27 6 −11 6
−18 43 −34 −40 −4 −52

83 −18 −34 −40 −4 −52

11 −19 −15 13 −11 −5
−21 65 −15 13 −11 −5
−11 31 −21 −25 −7 −53

57 −37 −21 −25 −7 −53
B13: 4

√
8 B14: 3

√
8 B15: 6

√
8

−7 7 −21 11 −19 −21
−7 35 −21 11 −19 −21
−17 41 −31 −11 5 −29

31 −23 −31 −11 5 −29

−2 3 −1 0 −1 −3
1 4 −1 0 −1 −3
0 2 −3 −1 1 −2
3 −3 −3 −1 1 −2

B16: 4
√

8 B17: 1
√

8
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Table 4. (continued)

−10 4 −1 −5 −7 7
0 −2 −5 −1 −5 −3
0 −2 −5 −1 −5 −3
0 −2 −5 −1 −5 −3

245 −142 100 47 56 −34
−95 28 −66 15 38 0
−95 28 −66 15 38 0
−95 28 −66 15 38 0

191 −1 −77 −21 111 −9
3 51 −45 −17 −9 −1
3 51 −45 −17 −9 −1
3 51 −45 −17 −9 −1

C1: 9
√

8 C2: 6
√

8 C3: 12
√

8
−5 −113 171 57 −69 −31
−93 −37 −5 29 43 5
−93 −37 −5 29 43 5
−93 −37 −5 29 43 5

−5 −2 −13 4 2 −2
5 4 1 4 −2 0
5 4 1 4 −2 0
5 4 1 4 −2 0

−2 0 −4 2 0 0
2 0 0 2 0 0
2 0 0 2 0 0
2 0 0 2 0 0

C4: 9
√

8 C5: 3
√

8 C6: 3
√

8

−14 31 −60 −35 −51 14
−14 31 −60 −35 −51 14

9 9 −22 −22 14 14
48 48 −9 −9 55 55

14 8 −7 5 3 7
14 8 −7 5 3 7
19 19 8 8 2 2
17 17 14 14 16 16

−7 5 −22 −6 −11 3
−7 5 −22 −6 −11 3
−2 −2 −11 −11 4 4

6 6 −3 −3 14 14
D1a: 23

√
8 D1b: 11

√
8 D1c: 7

√
8

−1 6 −7 −12 −5 −4
−1 6 −7 −12 −5 −4
−1 −1 0 0 0 0

8 8 −3 −3 5 5

−2 2 −6 −10 −2 −2
−2 2 −6 −10 −2 −2

3 3 2 2 0 0
3 3 −6 −6 0 0

0 0 0 0 0 0
0 0 0 0 0 0
1 1 0 0 0 0
1 1 0 0 0 0

D1d: 5
√

8 D1e: 3
√

8 D1f: 1
√

8
3 11 −16 −16 −20 0
3 11 −16 −16 −20 0
9 9 −8 −8 1 1

21 21 0 0 21 21

−6 4 −22 4 −6 4
−6 4 −22 4 −6 4
−17 −17 −4 −4 6 6

1 1 −2 −2 20 20

−2 4 −2 −4 −4 −2
−2 4 −2 −4 −4 −2

1 1 0 0 0 0
3 3 −2 −2 2 2

D2a: 9
√

8 D2b: 5
√

8 D2c: 3
√

8

−93 103 −64 −24 273 −19
−93 103 95 95 −62 −62
−93 103 95 95 −62 −62
103 −93 78 78 −197−197

30 −22 71 117 −219 −17
30 −22 −21 −21 −59 −59
30 −22 −21 −21 −59 −59
−22 30 −53 −53 39 39

−31 35 −19 5 73 −11
−31 35 31 31 −35 −35
−31 35 31 31 −35 −35

35 −31 27 27 −69 −69
E1: 8

√
8 E2: 6

√
8 E3: 8

√
8

7 −7 5 −7 −22 −6
7 −7 −13 −13 12 12
7 −7 −13 −13 12 12
−7 7 −7 −7 20 20

−5 7 −1 −5 15 −1
−5 7 5 5 1 1
−5 7 5 5 1 1

7 −5 3 3 −9 −9
E4: 4

√
8 E5: 4

√
8

−3 −3 −3 −7 −1 −37
−3 −3 −3 13 −5 −9
−3 −3 −3 13 −5 −5
13 13 13 −3 −5 −5

1 −1 −1 3 19 13
1 −1 1 1 −1 1
1 1 −1 1 −1 −1
1 1 1 −1 −1 −1

F1: 10
√

8 F2: 5
√

8

36 46 −18 −18 15 15
36 14 −18 8 15 −7
14 36 −18 8 15 −7
14 −56 −18 −18 15 15

−2 4 1 1 0 0
−2 2 1 −1 0 −4

2 −2 1 −1 0 −4
2 4 1 1 0 0

G1: 6
√

8 G2: 3
√

8

−2 −2 −2 −2 14 14
−2 −2 −2 −2 14 14
−2 −2 −2 −2 14 14
−2 −2 −2 −10 14 −34

H1: 7
√

8

−6 −6 −6 0 3 9
−6 0 0 0 9 9
−6 0 0 0 −15 −15
−6 −6 −6 0 9 −9

I1: 4
√

8

10 0 50 0 124 0
0 −42 0 70 0 −14
0 −42 0 70 0 −14
0 −42 0 70 0 −14

4 0 −16 0 −10 0
0 0 0 −4 0 0
0 0 0 −4 0 0
0 0 0 −4 0 0

J1a: 9
√

8 J1b: 3
√

8

−2 −2 −2 6 6 6
6 6 6 −2 −2 −2
6 6 6 −2 −2 −2
6 −1 −1 7 7 −2

K1: 5
√

8
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Table 5. The 38 generalised deep holes of VΛ whose correspond-
ing orbifold constructions are isomorphic to V \ (and their class in
Co1 = O(Λ)/{±1} [CCN+85]).

n Cycle shape ρ(VΛ(g))− 1 Co1

2 1−24224 1/2 1A
3 1−12312 1/3 3A
4 1−848 1/4 4A
5 1−656 1/5 5A
6 1−6263−666 1/6 3B
6 1−42−43464 1/6 6A
6 1−5213−165 1/6 6D
7 1−474 1/7 7A
8 1−4224−284 1/8 8C
9 1−393 1/9 9A
10 1−4245−4104 1/10 5B
10 1−22−252102 1/10 10A
10 1−3215−1103 1/10 10E
12 1−424344−46−4124 1/12 12A
12 1−23−242122 1/12 12E
12 1−322314−16−2123 1/12 12K
13 1−2132 1/13 13A
14 1−3237−3143 1/14 7B
15 1−2325−2152 1/15 15B
16 1−2218−1162 1/16 16B
18 1−323326−29−3183 1/18 9C
18 1−12−191181 1/18 18A
18 1−221316−19−1182 1/18 18B
20 1−2224−25210−2202 1/20 20A
21 1−13−171211 1/21 21B
22 1−22211−2222 1/22 11A
24 1−22132416−18−212−1242 1/24 24B
28 1−1417−1281 1/28 28A
30 1−32333536−310−315−3303 1/30 15A
30 1−1213−15−16110115−1301 1/30 15D
30 1−22231516−110−115−2302 1/30 15E
33 1−13111−1331 1/33 33A
36 1−1214−19118−1361 1/36 36A
42 1−222326−27214−221−2422 1/42 21A
46 1−12123−1461 1/46 23A/B
60 1−131415112−115−120−1601 1/60 60A
70 1−121517110−114−135−1701 1/70 35A
78 1−121316−113126−139−1781 1/78 39A/B
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