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The theta function of a positive definite even lattice of even rank generates a
representation of SLy(Z) on the group algebra of the discriminant form of the
lattice. This representation goes back to Jacobi and is called Weil represen-
tation. We derive an explicit formula for the action in terms of the genus of
the lattice. This generalizes classical results of Schoeneberg and Weil. We use
the formula to calculate the lift from scalar valued modular forms on I'g(N) to
modular forms for the Weil representation. We also show that the elements of
the Mathieu group Moz correspond naturally to reflective automorphic products
of singular weight and we construct three generalized Kac-Moody superalgebras
representing supersymmetric superstrings in dimension 10, 6 and 4.
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1 Introduction

Let L be a positive definite even lattice of level NV and even rank 2k. Let D be
the discriminant form of L and
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the theta function of L. Then @ transforms under M = (‘; Z) € SLy(Z) as

with

O(M7) = (cr+ d)*pp (M) 0(7) .

The representation pp of SLy(Z) on the group algebra C[D] probably goes back
to Jacobi. Since it is a special case of Weil’s construction of representations of
symplectic groups [W] it is called the Weil representation of SLy(Z) correspond-
ing to D. (We remark that our definition of the Weil representation is dual to
the definition used in [B2] and [Br].) Explicit formulae for this representation
have only been known in the cases that N divides ¢ or c¢ is coprime to N. The
first result is due to Schoeneberg (cf. formula (16) in [S]) and the second due
to Weil (cf. formula (16) in [W]). In this paper we derive a general formula for
the Weil representation pp in terms of the genus of L (see Theorem 4.7).

Let D be a discriminant form of even signature and M = (‘g g) € SLy(Z).
Then
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and

for odd p and similarly for p = 2.

The proof of the theorem only uses the formulae for the action of the standard
generators S and T of SLy(Z) and the fact that T'(IV) acts trivial. The main steps
in the proof are the following. First we calculate the Gauss sums corresponding
to the Jordan components of discriminant forms. We apply these formulae to
derive the action of ST™ST™. Then we determine the action of T'o(N). In the
last step we decompose M = X ST™ST"™ with X € T'o(N) and derive the action
of M by means of the previous results.



Borcherds’ singular theta correspondence [B2] is a map from modular forms
for the Weil representation pp to automorphic forms on orthogonal groups.
Since these automorphic forms can be written as infinite products they are
called automorphic products. They have found various applications in geome-
try, arithmetic and in the theory of Lie algebras (see e.g. [AF], [B3], [Br] and
[S4]). For many problems it is important to have an explicit description of pp.
The above formula has been used for example in the classification of reflective
automorphic products and generalized Kac-Moody algebras in [S4].

We describe three applications of the formula for the Weil representation pp
in this paper.

Let f be a scalar valued modular form on I'g(V) of character xp and Sy an
isotropic subgroup of D. Then the map

fe > Y flupp(M e

MeTo(N)\I' v€So

sends f to a vector valued modular form F' for the Weil representation pp. We
use the above formula to calculate this lift explicitly (see Theorem 5.7).

The function F can be written as a sum Y Fs over the cusps of To(N) where
Fs is given by
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Fs:é-(Mil) |D|

Sonestl 0 S e(du?/2)
vESy/(SoNDe) wE(DC*ﬁDg’(‘))
Dsy,0,c(w) t g5, €
if Xxp(Tase) = 1 and similarly if xp(T,/.) = —1.

The classification result in [S4] shows that reflective automorphic products of
singular weight on lattices of squarefree level are very rare. A similar statement
probably holds for general lattices. Here we prove the following result (see
Theorem 7.9).

Let g be an element of order N in Mss. Then g corresponds naturally to
a symmetric reflective automorphic product U of singular weight on the lattice
AN &Iy @I 1(N). Let m||N. Then the Fourier expansion of U at the level
m cusp is given by
S det(w) ny (wp, 2))

weW

where W is a reflection group of A9 @ II1 1 and p is a primitive norm 0 vector
in Il 1. This is the denominator function of a generalized Kac-Moody algebra.

The classes of order 4 and 8 in M>3 give the first examples of generalized Kac-
Moody algebras whose denominator identities are automorphic forms of singular
weight on lattices of nonsquarefree level. We also describe the denominator
identities of these Lie algebras explicitly (cf. Theorems 7.6 and 7.8).

Finally we show that there are two superstrings in dimensions 6 and 4 gener-
alizing the classical supersymmetric superstring in 10 dimensions (see Theorem
81) Define lattices Kg = Eg, K4 = D4 and K2 = D2 = A1 D Al.
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The liftings 2f — F — W send 2f to a reflective automorphic product ¥ of
singular weight. Here the first map is the lift of scalar valued modular forms
to modular forms for the Weil representation of M with trivial support and the
second map is the singular theta correspondence. Let L = K, ® Il ;. Then the
level m expansion of ¥ is given by

(1 —e((a, Z)))[f](—ocz/Q)
ag+ (1 + e((a, 2))) V12
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where c(\) is the coefficient of ¢" in n(T)%>™ /n(27)™ if X is n times a primitive
norm 0 vector in L™ and O otherwise. This identity is the denominator identity
of a generalized Kac-Moody superalgebra whose simple roots are the norm 0
vectors in LT of multiplicity m as even and as odd root.

The identity describes a supersymmetric superstring moving in a hyperbolic
spacetime of dimension m + 2.

The paper is organized as follows.

In section 2 we describe some properties of discriminant forms.

In section 3 we calculate various Gauss sums associated to discriminant
forms.

In section 4 we derive a general formula for the Weil representation of SLy(Z)
on the group algebra of a discriminant form of even signature.

There is a natural lift from scalar valued modular forms on I'g(N) to modular
forms for the Weil representation. In section 5 we calculate this lift explicitly
using the formula for the Weil representation of the previous section.

In section 6 we describe some transformation properties of the eta function
that we will use in the following.

In section 7 we show that the elements of the Mathieu group Mas corre-
spond naturally to reflective automorphic products of singular weight and to
generalized Kac-Moody algebras.

In the last section we construct three supersymmetric generalized Kac-Moody
superalgebras describing superstrings moving on suitable target spaces of di-
mensions 10, 6 and 4. Their denominator identities are reflective automorphic
products of singular weight.

The author thanks R. Borcherds, E. Freitag, R. Schulze-Pillot and D. Zagier
for stimulating discussions and helpful comments.

2 Discriminant forms

In this section we describe some properties of discriminant forms. A good
reference is [N].



Let D be a finite abelian group with symmetric bilinear form (, ) : Dx D —
Q/Z. The bilinear form is nondegenerate if the map D — Hom(D, Q/Z) defined
by v — (v, ) is an isomorphism.

A discriminant form is a finite abelian group D with a quadratic form
D — Q/Z,~ ~ +2/2 such that (3,7) = (8 + 7)%/2 — 3?/2 — 4?/2 mod 1
is a nondegenerate symmetric bilinear form.

The level of a discriminant form D is the smallest positive integer N such
that Nv?/2 € Z for all vy € D.

If L is an even lattice then L'/L is a discriminant form with the quadratic
form given by v2/2 mod 1. Conversely every discriminant form can be obtained
in this way. We define the signature sign(D) € Z/8Z of a discriminant form as
the signature modulo 8 of any even lattice with that discriminant form.

Let D be a discriminant form and A a subgroup of D. We denote by AL the
orthogonal complement of A in D. Then the maps A — Hom(D/A*, Q/Z), v
(v, ) and D/A+ — Hom(A,Q/Z), v+ (v, ) are injective so that |D| = |A||A*|
and both maps are isomorphisms. Furthermore A1t = A. If B is another
subgroup of D it is easy to see that (A + B)t = At N B+ and (AN B)* =
At + BL

Every discriminant form decomposes into a sum of Jordan components (not
uniquely if p = 2) and every Jordan component can be written as a sum of inde-
composable Jordan components (usually not uniquely). The possible nontrivial
Jordan components are as follows (cf. [CS1], chapter 15 and [N]).

Let ¢ > 1 be a power of an odd prime p. The nontrivial p-adic Jordan
components of exponent ¢ are ¢*" for n > 1. The indecomposable components
are ¢*!, generated by an element v with ¢y = 0,v%/2 = a/q mod 1 where
a is an integer with (2?“) = #£1. These components all have level q. The
p-excess is given by p-excess(¢*") = n(q — 1) + 4k mod 8 where k = 1, if
q is not a square and the exponent is —n, and k& = 0 otherwise. We define
(a*") = e(—p-excess(g")/3).

Let ¢ > 1 be a power of 2. The nontrivial even 2-adic Jordan components
of exponent ¢ are ¢t2" = qliﬁ" for n > 1. The indecomposable components are
qﬁg generated by two elements v and ¢ with ¢y = ¢d = 0, (7,0) = 1/¢ mod 1
and 42/2 = 62/2 = 0 mod 1 for ¢};* and 4?/2 = 62/2 = 1/q mod 1 for ¢;;>.
These components all have level g. The oddity is given by oddity(qlif") = 4k
mod 8 with & = 1, if ¢ is not a square and the exponent is —n, and & = 0
otherwise. We define v2(¢5:>") = e(oddity(g5?)/8).

Let ¢ > 1 be a power of 2. The nontrivial odd 2-adic Jordan components of
exponent q are ¢ with n > 1 and ¢t € Z/8Z. If n = 1, then + = + implies
t =41 mod 8 and + = — implies ¢ = £3 mod 8. If n = 2, then + = + implies
t =0 or £2 mod 8 and + = — implies £ = 4 or &2 mod 8. For any n we have
t =n mod 2. The indecomposable components are ¢;*! where (L) = +1 (recall
that (%) = +1if t = £1 mod 8 and (%) = —1if ¢ = +3 mod 8), generated
by an element v with ¢y = 0, 42/2 = t/2¢q mod 1. These components all have
level 2. The oddity is given by oddity(¢i") = t 4+ 4k mod 8 with k = 1, if
q is not a square and the exponent is —n, and &k = 0 otherwise. We define



72(qE") = e(oddity (¢E")/8).

Let p be a prime. Sometimes it is convenient to extend the above notations
to trivial p-adic Jordan components ¢=" with ¢ = 1 or n = 0. They have the
following properties (cf. [CS1], chapter 15, section 7.7). If p is odd and n = 0
then + = +. If p = 2 and n = 0 then ¢*" is even 2-adic and + = +. If p = 2
and ¢ = 1 then ¢*" is even 2-adic. For any trivial p-adic Jordan component
g™ we have 7,(¢*") = 1.

The sum of two Jordan components with the same prime power ¢ is given by
multiplying the signs, adding the ranks and, if any components have a subscript
t, adding the subscripts t.

The factors 7, are multiplicative.

Let D be a discriminant form. Then

sign(D) + Zp—excess(D) = oddity(D) mod 8
p=>3
or rather
[1(D) = e(sign(D)/8).
Let ¢ be an integer. Then ¢ acts by multiplication on D and we have an

exact sequence
0—D.—D—D°—0

where D, is the kernel and D¢ the image of this map. Note that D€ is the
orthogonal complement of D..
We define D¢* as the set of elements a € D satisfying

cy?/2+ay=0 mod1
for all v € D.. Then

Proposition 2.1
D** is a coset of D€.

Proof: The map 7 +— c¢y?/2 takes values 0 or 1/2 mod 1 on D, and is a ho-
momorphism from D, to Q/Z. Since the natural map D — Hom(D.,Q/Z) is
surjective there is an element o in D such that ¢y?/2 + ay = 0 mod 1 for all
v € D.. Hence a € D*. The assertion now follows from (D.)+ = D¢. O

Choose a Jordan decomposition of D and let 2¥|jc. If the 2-adic Jordan
block of type 2 is even we define 2. = 0. If this block is odd we define . as
the element (2571 ... ,2%71) in this block. Then

D =x.+ D¢

and z. is a canonical coset representative of D,
Let ¢ > 1 be a power of 2. Then the element x = %(q7 ..., q) in g™ has norm

2?/2 =qt/8 mod 1.

We will use this result in the proof of Theorem 4.7.



Proposition 2.2
Let a be in D and o = z. + ¢y. Then

ey?/2 +x,y mod 1
is independent of the choice of 7.

Proof: Let x. + ¢y and z. + cu be two representations of . Then v — pu € D,
and

c(y = w)?/2 4+ we(y = p) +eply —p) =0 mod 1.
This is equivalent to
c(v?/2 = p?/2) +xe(y —p) =0 mod 1.

This proves the assertion. O

By the proposition we have a well defined map
D — Q/Z, ar a?/2

with
a?/2=cy?/2+x,y mod 1.
For example if the level of D divides N and ¢ = 0 mod N then D% = 0 and
a?/2 =0 mod 1 for a € D*.
Now let Sy be an isotropic subgroup of D. Then we have the following exact
sequences

0— D.—c 1(Sy) = SynD*—0,
0— D.NS; —c1(Sy)NSy — SyNecSy — 0.

Proposition 2.3
The orthogonal complement of ¢~1(Sy) is ¢S5

Proof: We show that ¢=1(Sp) = (cSg)*.
yLeS; e ey LSy < cy€ Sy < vec H(S).
This proves the statement. O
We define Dg; as the set of elements o € D satisfying
cy?/2+ay=0 mod1
for all v € ¢71(Sy) N S5~

Proposition 2.4
Dg is a coset of Sy + ¢Sy

Proof: The map ~y +— c¢y?/2 takes values 0 or 1/2 mod 1 on ¢=!(Sp) N Sy~ and
is a homomorphism from ¢~1(Sy) N Sg to Q/Z. Hence Dg; is nonempty and is
a coset of (c71(Sp) NSz )+ = Sy + ¢Sg-. This proves the proposition. O

Of course Dg' = D if Sp = 0.



3 Gauss sums

In this section we calculate various Gauss sums associated to discriminant forms.
The following result is well known.

Proposition 3.1
Let p be a prime and q¢ > 1 a power of p. Then

> ew?/2) =(d) va.

neqe
The proposition generalizes to
Proposition 3.2

Let p be an odd prime and q > 1 a power of p. Suppose c is an integer with
(¢,p) = 1. Then

3 el = (o) (£) va.

Proof: The Jordan component ¢¢ is generated by an element vy with ¢y = 0 and
v?/2 = a/q mod 1 where a is an integer with (2?“) = ¢. Hence

Yoelen?/2) =Y e(n?/2) = 1l )Va

Heqe neqe’

with € = (%) = e(%). If (%) =1 then

’

p-excess(q® ) — p-excess(¢®) =0 mod 8

and if ( ) = —1 then

<
p

W . 0 mod 8 if ¢ is a square
p-excess(q® ) — p-excess(¢€) =

4 mod 8 if ¢ is not a square.
It follows
)= (£) ).
This proves the statement. O
The result implies

Proposition 3.3
Let p be an odd prime and q > 1 a power of p. Let ¢ be an integer. Then

Y elen?/2) =4

HEq©



if g|c and

S e(en/2) = ((/a0)) ( ¢/ qC) Vi

neqe /e
if gfc. Here q. = (c,q).

Proof: The first statement is clear. Let v be a generator of the Jordan compo-
nent ¢°. Then v2/2 = a/q mod 1 where a is an integer with (2?“) = ¢. Using
the previous proposition we obtain

3 elen?/2) = Ze<0n2 Z)

Heqe n=1

=ie(<c/qc>n2 =)

/4.

a/qc

— 0.y et/ )

= q/qe
=d(c Z e((C/QC) ,UQ/Q)

rE(a/ac)®

= e ((a/4)°) (Z;Zﬁ) Va/ge.

This proves the second statement. O

For the odd 2-adic Jordan components we have

Proposition 3.4
Let ¢ > 1 be a power of 2 and ¢ an odd integer. Then

Z e(c,u2/2) = (qts) e((c -1) oddity(q,f)/S) (;) V4.

Proof: The Jordan component g; is generated by an element v with ¢y = 0 and
v?/2 =t/2q mod 1 where t is an odd integer with (%) =¢. We have

S elen?/2) = Y e(u?/2) = 12(qs)va

Hea; e,
where ¢ = (2) = (£). If (£) =1 then

oddity(q5;) — oddity(gf) = (c — 1)t mod 8
and if (£) = —1 then

. o . . c—1)t mod 8 if ¢ is a square
oddity(qg,) — oddity(qf) = ( ) e
(c—1)t+4 mod8 if qis not a square



so that

lai) = (7 )elle = t/8ha(ah).

Furthermore (¢ — 1)t = (¢ — 1)oddity(¢f) mod 8 because ¢ — 1 is even. This
proves the statement. O

The result easily generalizes to

Proposition 3.5
Let ¢ > 1 be a power of 2 and ¢ an integer. Then

0 if ql|c
> elen’/2) = { i 2”0
e q q

and

Z e(cp?/2) = ’72(((1/%);) e((c/qc —1) Oddity«q/qc);)/g) (ZZZ) Vit
if gfe.

In a similar way we obtain for the even 2-adic Jordan components

Proposition 3.6
Let ¢ > 1 be a power of 2 and ¢ an integer. Then

S elen?/2) = ¢

HEQTF

if g|c and
2 _ €2
> elen?/2) =2 ((a/9:)5) geq
Heqs?
otherwise.
Note that if ¢fc the formula in Proposition 3.5 also holds for even 2-adic
Jordan components with the obvious modifications because ¢/q. — 1 is even in

this case.
The following result is easy to prove

Proposition 3.7
Let ¢ be an integer and g > 1 a power of 2 with ¢||c. Then x. = %q is the unique
element in ¢f satisfying cu?/2 + xep =0 mod 1 for all u € ¢f. Furthermore

> elep?/2+ mep) =q.

HEq;

Now let D be a discriminant form. Then we have (cf. [B4], Lemma 3.1)

10



Proposition 3.8
The Gauss sum

> elep®/2+ ap)

neD
is 0 unless o € D*. In that case it has absolute value \/|D.||D|.
Proof: We have
) 2
’ > elep®/2+ ap) ‘

pneD

= > eloep/2+ apr — 3 /2 — aps)

p1,pu2€D

= Z e(clpr — p2)?/2 4 cpa(pa — p2) + a(py — p2))
H1,p2€D

= Y eleni/2Ham) Y elemps).
pweD p2€D

The map po — e(cpiu2) is a character of D which is trivial if and only if 4 is
in D" = D.. Hence

| S etn2ron)| =101 Y elent/2+am)

neD H1ED,

The map ju1 — e(cu?/2 + auy) is a character of D.. This character is trivial if
and only if « is in D¢*. This implies the statement. U

The main result of this section is the following.

Theorem 3.9
Let o be in D%. Then

> elen®/2+ ap) = ece(=a2/2) V/ID D]

pneD

with

o = TT e((@/a) ™) e((c/ae — 1) oddity((a/a.) ") /) ((/q)

2l fe q/qe)"
€qNg C/qC
I (e (oot )

plafc
p odd

11



Proof: We choose a Jordan decomposition of D and write a = x. + ¢y. Then

D e(ep?/2+ ap) = elep®/2+ cpy + Tepn)

pneD pneD

=Y elelp+7)?/2+welp+7) — V)2 — xey)
nebD

—cy? )2 — o) Z e(cp?/2 + zep)

neD

=e(—a?/2) Z e(cp®/2+ aep) .

nebD

The theorem now follows from the above results on the values of the Gauss sums
of the indecomposable Jordan components. O

If ¢ is coprime to the level of D then

. = e(sign(D)/8) < ) e((c— 1) oddity(D)/8) .

|D|

This formula will be used in the proof of Proposition 4.2.

4 The Weil representation

In this section we derive a general formula for the Weil representation of SLy(Z)
on the group algebra of a discriminant form of even signature in terms of the
genus of the discriminant form. Thereto we calculate the action of ST™ST™
using the results of the previous section. Then we determine the action of T'o(N).
Finally we decompose M in SLy(Z) as M = XST™ST"™ with X in To(N) and
derive the action from the previous results.

Let D be a discriminant form of even signature. We define a scalar product
on the group ring C[D] which is linear in the first and antilinear in the second
variable by (e7,e?) = §7. There is a unitary action of the group I' = SLy(Z)
on C[D] defined by

where S = (0 ’1) and T = ({ 1) are the standard generators of I'. This rep-
resentation is called Weil representation. We remark that the definition of the
Weil representation given in this paper is the dual of the definition used in [B2]
and [Br].

The element Z = S? = —1 acts as

Ze) = e(sign(D)/4) e

12



Proposition 4.1
Let v € D and m,n € Z. Then ST™ST" = (*1 on ) and

m mn—1

ST™ST"eY = e(sign(D)/4) e_pm ~ |Drm| e(—nvy?/2) Z e(B2,)2) e’ 7.

D o

Proof: We have

n e(sign(D)/8) 2 s
ST"e" = 2 e e
7Dl (—=nv?/ )ﬁ;} (v8)
and
m n _ e(&gn(D)/S) 2 2 B
TmST" e = —=—2——~¢e(—nvy~/2 e( —mpB*/2 e
T« 7/)%;( B8%/2+~0)
so that
ST™ST"e" = W e(=n7?/2) Y Y e(—mB/2+ (v + w)B) e,

neD peD

Using Theorem 3.9 we obtain

ST™mST" e =
. D_ _
e(sin(D)/0) ey 2ml o pn2yn) S o2 s
J/1D] o
The formula in the proposition now follows from D_,, = D,,, D~™* = D™*
and —32,,/2 =(3%,/2 mod 1. O

Now let N be a positive integer such that the level of D divides N. It is
easy to see that

a

xp(a) = <m> e((a — 1) oddity(D)/8)

defines a quadratic Dirichlet character modulo N.

Proposition 4.2
Let ad = 1mod N. Then ST~4ST-2ST~4 = (¢9) mod N and

ST=4ST=*ST %" = xp(a)e™ .

Proof: The condition ad = 1 mod N implies (a, N) = (d,N) = 1 so that by
Proposition 4.1

gy _ Clsizn(D)/4) .
ST ST der = 2252 o e(dy? /2 e(—B2/2) e
ol ) 3 a2
e(sign(D)/4)

= T eqe(dy?/2) ;De(—aﬁg/Q ) e

13



and
i D)/4
T-dgT—ag—der — e(Slgn( )/ ) Eu 6(d’}/2) Z e(_ﬂ,y)eaﬂffy
‘DI BED

because
—af?)2+d(af —v)*/2 = —By +dy*/2 mod 1.
Applying S gives

ST—48T~*ST %Y

= (3SIgr11)( )/8) cae(dy®) > D e(—By+ (aB —)n)e”

BeD peD
_ BSOS 42 5 oy 3 el - e
neD BeD

The map  — e(B(y — au)) is a character of D which is trivial if and only if
v —ap =0 . Thus

ST=1ST~2ST~ %Y = e(3sign(D)/8) e, e

The proposition now follows from the above formula for &,. O
Using
Z = (ST)?
we obtain

1 = e(sign(D)/4) (D> e(—oddity(D)/4).
The following result goes back to Schoeneberg.

Proposition 4.3
The group I'(N) acts trivial in the Weil representation.

Proposition 4.4
Let M = ( )GI‘WH;hb—C—OmodN Then

MeY = xp(M)e™

with xp(M) = xp(a) = xp(d).

Proof: We have ad = 1 mod N so that M = XST~4ST~2ST~% where X is in
[(N) and Me” = ST-4ST-2ST~4e" = xp(a)ed. O

Proposition 4.5
The matrix M = (¢ %) € To(N) acts in the Weil representation as

Me” = xp(M)e(—bdy?/2) e?

14



Proof: Choose an integer n with n = bd mod N. Then M = XT™ with

a b—na a 0
X(c d—nc><0 d) mod N

and
MeY = XT" eV
= e(—bdy?/2) X €7
= xp(M) e(~bdy*/2) e
This proves the proposition. O

Proposition 4.6
Let M = (‘Z Z) € I'. Suppose ¢ is even. Then there is an integer n such that
(en—d,N)=1and an —b=0 mod 8.

Proof: Let k be an integer and n = ab 4 8k. Then an — b = 0 mod 8 because
a is odd and a? = 1 mod 8. We have (8c,abc — d) = (¢,abc — d) = 1 so that
the arithmetic progression (8c)k + (abc — d) = ¢n — d contains infinitely many
primes by Dirichlet’s theorem. O

Theorem 4.7
Let D be a discriminant form of even signature and M = (‘Z g) e€I'. Then M
acts in the Weil representation of D as

Me" = Z (—aB?/2)e(—bBy)e(—bdy?/2)e+P

ﬁGDC*

where

e(sign(D)/4) [] &
HV gom) (—C> ifpfe
v H(qjj) TT ((a/ac)™) ((q/q/q)) ifple

plg plgfc

and

for odd p and

= [[2(a"™) e((c + 1) oddity(q")/8) ( C>

2lq q
if 2f¢ and
& = ge 1) oddity (™) /8) (q q)
cama) e((ac/q. — 1) oddi ) €a"a L/q“
2g072((Q/qc) ) e((ac/qe — 1) oddity((a/ge)“™)/83) <(q/qc)nq>
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if 2|c. Here the products extend over the nontrivial Jordan components of D.

Proof: Recall that N is a positive integer such that the level of D divides N.
We choose n € Z such that (cn —d, N) = 1. If ¢ is even we assume additionally
that an —b =0 mod 8. We also choose m € Z such that

(en—d)m=¢ mod N.

Then
M= XST"ST"

X:((an—b)m—a an—b>:<z/’ db/,>€F0(N)-

(ecn—dm—c¢ cen—d

with

Using Propositions 4.1 and 4.5 we get

/Dnm /
MeY =¢ | Do Z e(—ny?/2+ B2/2—bd' (B —7)?/2)e (B=7)
v ‘D‘ BeDm*
with
& =e(sign(D)/4) xp(X)e—m
Let 8 € D™*. Then we can write 8 = x,, + my for some y € D so that
B2 /2 =my*/2 + y mod 1
and
—ny? /24 7, /2 = b'd' (8 — 7)?/2
= (1=Vd'm)my*/2+ zpy —b'd'zl, /2 —Vd'mz,y
+0'd'By— (n+Vd')y*/2 mod 1
= (1-beomy*/2+zy+Vd'By— (n+bd")y*/2 mod 1
= —ad'my®/2+z,y +0d'By— (n+Vd")y*/2 mod 1
= —acy’/2+ xpy +b'd' By — (n+'d")¥*/2 mod 1
because mx,, = 0 and
Vz2/2=0 mod 1.

We have
(m,N) = (¢, N)
so that
D,,=D., D™ =D% and z,=2..

Since (d’, N) = 1 multiplication by d’ is an automorphism of the group D so
that
d'(=y +D™) = (cn — d)(—y + D™) = dy + D°*.

16



Hence there is a unique element p € D" such that
d'(B—n)=dy+p.
Then z,, + cy = eny + p and p = . + ¢(y — ny) so that

[z /2

(y —=n)?/2 +wo(y —ny) mod 1
cy? /2 + xey + en®y? /2 — enyy — nxey  mod 1

cy? /2 + xey — nyp — en®4? /2 mod 1
and

—acy®/2 + zpy + Vd' By — (n+b'd")v*/2

= —a(cy?/2+zy) +Vd' By — (n+Vd")y*/2 mod 1
—a(pd/2 + nyp + en®y? /2) + b (eny + )y
—(n+¥d")*/2 mod 1
—ap?/2 — buy — (—20'cn + acn® +n +b'd")y?/2 mod 1
= —ap?/2 —buy —bdy*/2 mod 1.

Thus we have shown that

V| De
\/|W| D e(—ap?/2 = buy — bdy?[2)e
peDe*

Next we have to calculate the root of unity & = e(sign(D)/4)e_mxp(X).
The product €_,,,xp(X) is multiplicative in the Jordan components of D. We
denote the contributions of the p-adic Jordan components to €_,, xp(X) by &,.

Let p be an odd prime divisor of N. Then

&= 11 w(@/am) ") ((m/q’”) 11 (d')

Me¥ =¢

AL a/qm)" ) S \4"
- pllgcvp((q/qc)e“”“) <(;/rzﬁl> g (qi’q)

where the products extend over the nontrivial p-adic Jordan components of D.
Note that if p|g/c and ¢|N then m/q. is coprime to p.
First we assume that p[c. We have d’m = ¢ mod N so that d’m = ¢ mod p

and o
€qn —am €qn —C
& = [lowta) (5 ) =Tt (=5)
plg plq
Now we assume that p|c. Then d’ = —d mod p and
() -G -1 G
qnq qnq qnq :
plq plg plq

17



If plgfc and ¢|N then plq/q.|N/q.. Now m = a’c mod N so that m/q. =
a'c/q. mod N/q. . Since p divides (¢, N) = (m, N) we have a’ = —a mod p and

m/qc = —ac/q. mod p.
Hence in this case

& =T1(55) Tl (i)

plg plafe

Now we calculate the contributions of the 2-adic Jordan components to £.
Here we can assume that N is even. Then d’ is odd. We have

. 7m/‘]c
&= [ re((a/ac) ™) e( = (m/ac + 1) oddity((a/a.) ") /8) | — 5.
dlefe ((q/qc) >

[T e((@ —1)oddity(g")/8) ( d ) :

qm
2|q

First we consider the case that ¢ is odd. Then m is odd and

& = [Trz(a"™) e((d" = m —2) oddity(q"") /8) <d,m> .

qra
2|q

The formula for & given in the theorem holds for the even 2-adic Jordan com-
ponents q;}nq because oddity(q;}nq) =0 mod 4 and ng is even. Hence we only
have to consider the odd 2-adic Jordan components. Thereto we distinguish 3
cases.

If 2||N there are no nontrivial odd 2-adic Jordan components.

If 4||N the only possible nontrivial odd 2-adic Jordan components are of
the form 2;3”2 with £ = no = 0 mod 2 because D has even signature. Then
oddity(2;2"*) is even and we have to calculate d’ —m —2 mod 4. Since d'm = ¢
mod 4 we have m = d’c mod 4 and

d-—m-2=d'(1-¢)-2=(1-¢)—2=c+1 mod4

so that also in this case & is given by the formula in the theorem.
Suppose 8| N. The oddity of D is even so that

e((d" —m — 2) oddity(D)/8) = e((c + 1) oddity(D)/8)

by the same argument as in the previous case. Also d’m = ¢ mod 8 so that

& = H'yg(qéq"q) e((c+ 1) oddity(qeq"‘?)/S) ( C> .

qra
2|q

This finishes the calculation of & for odd c.
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Now we consider the case that ¢ is even. Then a is odd. Since m/q. is
odd if 2|¢[c and ¢|N, the formula for & given in the theorem holds for the even
2-adic Jordan components so that again we only have to consider the odd 2-adic
Jordan components.

If 2||N there are no nontrivial odd 2-adic Jordan components.

If 4[| N the only possible nontrivial odd 2-adic Jordan components are 22"
with 5 = ny = 0 mod 2 because D has even signature. In this case & is given
by

& =e((d" — 1) oddity(2§2"2)/8) .
We have to calculate d’ —1 mod 4 because oddity(2{2"*) is even. We have b’ = 0

mod 8 so that ¢’ = —a mod 8. Then a’d’ = 1 mod 4 implies d’ = o’ = —a
mod 4. Hence in this case

& = e( — (a+ 1)oddity(2{2"*)/8)

which is also the the result of the formula for £ in the theorem.
Finally we assume that 8| N. Then a’'d’ = 1 mod 8 so that d’ = o’ = —a
mod 8 and

& =[] ((a/a)™) e( = (m/qe + 1) oddity((g/gc) ") /3) (—m/q>

2l fe (/)"

[Te(~ (a+1)oddity(ge™)/8) (_“> .

qra
2|q

We have to calculate the first product. The condition 2|q[c implies 2|q/q.. Since
q corresponds to a nontrivial odd 2-adic Jordan component we have 2¢|N and

2¢/q.| N/qe -

First we determine the contributions of the odd 2-adic Jordan components
q:’nq with ¢/¢. = 2. If ng is even then oddity((q/qc):‘;"q) is even and we
have to calculate m/q. + 1 mod 4. The congruence d’m = ¢ mod N implies

m/q. = a’c/q. mod N/q. so that
m/q. =a'c/q. = —ac/q. mod 4.

If ng is odd then ¢, is odd and therefore also oddity((q/qc)f;’nq) is odd. We have
to determine

e(— (m/qe + 1) oddity((a/q.);"™) /8) <7T;/QC> |

A priori this expression depends on m/q. mod 8. However using that m/q. and
oddity((q/qc)zn“) are odd we immediately see that it actually only depends
on m/q. mod 4. This shows that the formula for & in the theorem correctly
describes the contributions of the odd 2-adic Jordan components qf:n" with

q/qc = 2.
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Now we consider the odd 2-adic Jordan components g™ with 4|q/q.. This is
very easy because then 8| N/q.. As above d’m = ¢ mod N implies m/q. = a’¢/q.
mod N/q. so that

m/q. = —ac/q. mod 8.

Hence also in this case the contributions to &, are described correctly.
This finishes the calculation of & for even c.
The proof of the theorem is therewith complete. O

In the formula for £ we have extended the products over the nontrivial Jordan
components of the discriminant form D. It is easy to see that the trivial Jordan
components g™ with ¢ = 1 or n, = 0 only contribute factors 1 to £ and
therefore can also be included.

In Theorem 6.3 of [S4] the formula for the Weil representation on discrim-
inant forms of squarefree level is given however without proof. The formula is
used there to classify reflective automorphic products on lattices of squarefree
level and generalized Kac-Moody algebras.

We describe 2 special cases. Of course the first result is Proposition 4.5 and
was used in the proof of the theorem.

Proposition 4.8
Let D be a discriminant form of even signature and level dividing N and M =

(ab) el.
cd
If c =0 mod N then M acts in the Weil representation of D as

Me” = <g> e((a — 1) oddity(D)/8 ) e(—bd~?/2) e .
If (¢, N) =1 then M acts as

Me" = e(sign|(\/§|)/8) <g> e((c— 1) oddity(D)/8)

Z e(—acp? /2)e(—bepry)e(—bdy? /2)edrTem
pneD

Proof: The first statement follows from the previous theorem and

1 = e(sign(D) /4) (3) e(— oddity(D)/4)

The proof of the second statement uses additionally
[1(D) = e(sign(D)/8).
This proves the proposition. O
Schoeneberg has determined the action of I'o(N) in [S] by means of the
the Jacobi inversion formula. The formula for ¢ coprime to the level of D is

essentially formula (16) in [W]. Other special cases of Theorem 4.7 are described
for example in [RS] and [Qu].
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5 Modular forms for the Weil representation

The singular theta correspondence is a map from modular forms for the Weil
representation pp to automorphic forms on orthogonal groups. These auto-
morphic forms have nice infinite product expansions and therefore are called
automorphic products. For the theory of automorphic products and for appli-
cations it is important to have explicit constructions of modular forms for the
Weil representation. In this section we describe a lift from scalar valued modular
forms on T'g(IN) to vector valued modular forms for pp.

Let P = QU {oo} be the set of cusps of I'. Then I' acts transitively on P.
The stabilizer of oo is I'ss = {7 |n € Z} and the stabilizer of a/c € Q with
(a,¢) =1is T,/ = MTooM ™! where M €T is of the form M = (2}).

The group I'o(N) has 3.y ¢((c, N/c)) classes of cusps. Let a/c € Q with
(a,c) = 1. Then the equivalence class of a/c is determined by the invariants
(¢, N) (a divisor of N) and ac/(c, N) (a unit in Z/(¢, N/(¢, N))Z). The width
of a/cis N/(N,c?) and the stabilizer of a/c in T'o(N) is given by

Lo(N)aje =Tase NTo(N)
=MD Mt NTy(N)
={£MT"M~ ' |necZ}
={+T3).In€Z}

where M is a matrix in I' of the form M = (? Z),

1—act a’t
_ tar—1 —
Toje = MT'M™" = ( —c*t 1—|—act>
and t = N/(N,c?) is the width of a/c.

Let D be a discriminant form of even signature and N a positive integer
such that the level of D divides N.

Proposition 5.1
We have xp(T,/.) = —1 in the following cases.

4||N, 2||c and the 2-adic Jordan component of D of order 2 is of the form
2;;”2 with no > 0 and t9 = 2 mod 4.

8||N, 2||c and the 2-adic Jordan component of D of order 2 is of the form
2;2"* with ng =t = 1 mod 2.

8|V, 4||c and the 2-adic Jordan component of D of order 4 is of the form
4¢4™* with ny = t4 = 1 mod 2.

16||N, 4||c and the 2-adic Jordan component of D of order 4 is of the form
4;:”4 with ng = t4 =1 mod 2.

In all other cases xp(Ta/.) = 1.

Proof: The value of xp on T, is

xp(Tase) = (W) e(act oddity(D)/8) .
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The character xp is multiplicative in the Jordan components of D so that we
can consider them individually.

Let p be an odd prime dividing N. Then p divides c or t = N/(c?, N) so that
ct = 0 mod p and the p-adic Jordan components always contribute a factor 1
to xp (Ta/c)'

Now we consider the 2-adic Jordan components. We can assume that N is
even. Then as before ¢t = 0 mod 2 so that the even 2-adic Jordan components
always contribute a factor 1 to xp(T,/.).

Next we look at the odd 2-adic Jordan components.

First we assume that 4||N. Then the only possible nontrivial odd 2-adic
Jordan components are of the form 2;;"2 with 5 = ny = 0 mod 2 because D
has even signature. If c is odd then 4[¢ so that act oddity(2;2"*) = 0 mod 8 and
the contribution of 2§2"* to xp (T4 /) is 1. If 2||c then ¢ is odd and

4 mod 8 if t3 =2 mod 4

act oddity (24,™) = {o mod 8 if 5 = 0 mod 4

Hence xp(T,/.) = —1if t2 = 2 mod 4. Finally if 4|c then the contribution of
2:2" to xp(Tyyc) is again 1.

Now we suppose that 8| N. Then ¢t = 0 mod 4 so that the factor coming
from the oddity is always 1. We claim that

1+ act
=-1
(-5)

in the cases 8||N and 2||c, or 8||N and 4||c, or 16||N and 4]|¢, and in all other
cases (%) = 1. To prove this we have to show that act = 4 mod 8 exactly in
the 3 cases just mentioned. We do this in a simple case-by-case analysis. Note
that a is odd if ¢ is even.

If ¢ is odd then 8|¢t and act = 0 mod 8.

If 2||c and 16|N then act = 0 mod 8.

If 2||c and 8||N then act =4 mod 8.

If 4||c and 32|N then act = 0 mod 8.

If 4||c and 16||N then act = 4 mod 8.

If 4||c and 8||N then act = 4 mod 8.

If 8|c and then act = 0 mod 8.

This proves the claim.

First we consider the case 8||N and 2||c. Then the odd 2-adic Jordan com-
ponents of D are of the form 2{>"24{™* and xp(T,/.) = —1 implies that n is
odd. Then ny =t3 =1 mod 2.

If 8||V and 4||c the same argument applies. Since D has even oddity ¢4 must
be odd and ny = t4 = 1 mod 2.

Finally if 16]|N and 4||c the odd 2-adic Jordan components of D are of the
form 22"24;4"*8{5"% and xp(Ta/.) = —1 implies that ny or ng is odd. If ny
is odd and xp(7y/.) = —1 then ng must be even. Then ny = t4 = 1 mod 2
because D has even oddity. If ng is odd and xp (Ta/c) = —1 then ny must be
even and again ny = t4, = 1 mod 2.
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This proves the proposition. O

The following proposition shows that the value of xp on T /. is related to the
possible norms in D*. Recall that ¢t = N/(N, c?).

Proposition 5.2
Let v € D**. Then /2 = j/2t mod 1 with odd j in the following cases.

4||N, 2||c and the 2-adic Jordan component of D of order 2 is of the form
272" with ng > 0 and ty = 2 mod 4.

8||N, 2||c and the 2-adic Jordan component of D of order 2 is of the form
202" with ng =t = 1 mod 2.

8||NV, 4||c and the 2-adic Jordan component of D of order 4 is of the form
444" with ny =ty = 1 mod 2.

16||N, 4||c and the 2-adic Jordan component of D of order 4 is of the form
4¢4™ with ny = t4 = 1 mod 2.

In all other cases v?/2 = j/t mod 1.

Proof: As before this amounts to a simple case-by-case analysis which we leave
to the reader. O

Let f be a holomorphic function on the upper halfplane with values in C
and k an integer. We say that f is a modular form for T'g(NN) of character xp
and weight k if

F(MT) = (e + d)*xp(M) f(7)
for all M = (%) in I'o(N) and f is meromorphic at the cusps of I'g(IN). This
definition is slightly more general than the standard definition of modular forms
because we allow poles at cusps.

Let f be a modular form for I'o(N) of character yp and weight k£ and
M = (2%) inT. Then f|p(7) = (c7 + d) ™% f(MT) gives an expansion of f at
the cusp a/c.

Proposition 5.3
If xp(Ta/e) = 1 then f|y has a Fourier expansion in integral powers of q;. If
XD(Tase) = —1 then f[n has an expansion in odd powers of qa;.

Proof: We have
(flar) e (1) = flaare (1) = fl,,ona(7) = XD (Taye) flaa (7).
This implies the statement. U

Let
F(r) =Y F(r)e

yeD

be a holomorphic function on the upper halfplane with values in C[D] and k an
integer. Then F' is a modular form for pp of weight k if

F(M7) = (et + d)*pp(M)F(7)
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for all M = (ﬁ Z) in I and F' is meromorphic at co. The following construction
is well known (cf. [S3] and [S4]).

Theorem 5.4
Let f be a scalar valued modular form for To(N) of weight k and character x p
and Sy an isotropic subgroup of D. Then

Firy= > > flu(r) pp(M~)e?
MET (NI v€So

is a vector valued modular form for pp of weight k which is invariant under the
automorphisms of the discriminant form that stabilize Sy as a set.

We can write the function F' in the theorem as

F(r)= Y F(r)

s€To(N)\P

F(r)= > > flu(m)pp(M e,

MEeTo(N)\I' vE€So
Moo=s

with

It is easy to see that F is T-invariant, i.e.
Fo(TT) = pp(T)Fs(7).

We calculate Fy explicitly. We choose a representative a/c € Q of s with ¢|/N
and (a, N) =1 and a matrix M = (2%) in I'. Then the cosets of T'o(N) in T’
sending oo to s are given by MT7 where j ranges over a complete set of residues
modulo t = N/(N,c?) and

Fo= S flurpn@)pp (M)
JFEZ/Z vESo
,/|D
=&(M D] Flarrs
Je%tz MT

Z Z (dB%/2)e(bBy)e(j(ay + 3)%/2)e® P

v€So peD*

where £(M~1) is the root of unity of Theorem 4.7 corresponding to M 1. Let
a~! be the inverse of a modulo N. We replace y = a7y + 3 to get

Fo= Y2l S eld(p - av)/2elbun)

‘D‘ HESo+D* veSoN(a~tp+De*)

Z Flarrse(ip®/2)e”

JELJIZ
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Decomposing Sy + D* into disjoint cosets of D* we obtain
_ 1, VIDe|
A - DYDY >
‘ I vESo/(SoND¢) weED* yea~tv4(SoNDe)
e(d(v+w—ay)2/2e(bwy) D flurie(i(v+w)?/2)e"

JELIHT

= &M~ ) |?j| Z Z 1bvw

v€Sy/(SoNDe) weDe*

Yo eldw—ay)i/2elbwy) Y flurie(o +w)?/2)e .

~E(SonDe) JET/IL

Here v ranges over a complete set of representatives of SpN D€ in Sy. Finally we
replace the sum over Sy N D¢ by a sum over the isomorphic group ¢=*(Sp)/D..
Then

F, = &M [Dc| Z Z a” bow)

vESy/(SoNDe) weD*

S eldw — acy)?/2e(benn)

v€c™(S0)/De

Z flurse(i(v+w)?/2)e’ ™.

JELJL
Now we calculate the third sum.

Proposition 5.5
Let w € D". Then the sum

Y. eld(w —acy)/2)e(bewr)

v€c™1(S0)/De

is 0 unless w € D N Dg. In that case it has absolute value \/|So N ¢Sy|

\/ |So N DC|
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Proof: We have

S eld(w — aey)?/2)e(bewy) |

v€c™1(S0)/De

= > e(d((w — acy1)?/2 — (w — acy2)?/2)) e(bew(v1 — 72))
Y1,72€c¢~1(So)/De

= Z e(ad(ac(v7/2 — 73 /2) — w(n — 72)))e(bew(n — 72))
~Y1,72€c~1(S0)/ D,
= o elad(ac(y —12)%/2 + acya(n —2) — wl —2)))
Y1,72€c¢~1(S0)/D.
e(bcw(y1 —72))
— Y claezaum) Y elaenn).

71€c=1(S0)/De y2€c=1(S0)/De

The map 2 — e(acy1yz) is a character of ¢=1(Sp)/ D, which is trivial if and
only if v; € ((¢7*(So) N Sg) + D,)/D..

The map 71 +— e(acy?/2 +wy;) is a character of ((¢=1(Sp) N Sg) + D..)/D.
which is trivial if and only if

acyi/2 +wy; =0 mod 1

for all 1 € ¢=(Sp) N Sg. Since ¢y?/2 =0 or 1/2 mod 1 for 71 € ¢1(Sp) N S5
and (a, N) = 1 we have

cy?/2 =acy}/2 mod 1.

Hence the character is trivial if and only if w € Dg’.
The absolute value of the sum now follows from the isomorphisms

c_gfo) ~ Sy N D°
and (™Y (So) N Sy) + D c71(So) N Sy
DCU € o SolmDCO >~ Sy NeSy .
This proves the proposition. O

If D** N Dg is nonempty then it is a coset of (So N D) 4 ¢Sy
For w € D N Dg; we define

Qg ac(w) = Z e(acy? /2 4 w)
YEGsg,c

where

¢ 1(So)/D.
((¢=*(So) N Sg-) + De)/D..

GS(J,C =

With this notation we have
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Proposition 5.6
Let w € D" N Dg;. Then

Z e(d(w — ac*y)i/?)e(bcw'y) = e(dw?/2)|So N CSS‘\ Dgy.a,c(w)
y€c™1(S0)/De
and
So N D¢
So N eSy-

The sum only depends on w modulo Sy N D°.
Proof: We have

S eldlw — acy)?/2)e(beur)

y€e1(S0)/De

= e(dw?/2) Z e(ad(acy? /2 — w))e(bcwy)
vE€c™1(S0)/De

e(dw?/2) S elacy?/2+w)

v€c™1(S0)/De

|©So,a,c(w)| = ’

Since acy?/2+wy =0 mod 1 for v € ((¢~1(So) NSy ) + D.)/D. we decompose
the last sum with respect to this group and obtain the formula given in the
proposition.

Now we show that the sum only depends on w modulo Sy N D¢. Let y €
So N D¢. Then we can write y = acx with x € ¢=1(Sp) and

eldw+y)/2) Y elacy’/2+ (w+y)y)
v€c™(S0)/ De
e(dw?/2) e(ad(aca®/2 + wx)) Z e(acy? /2 + wy + acay)
v€c™1(S0)/De

= e(dw?/2) > elac(y+2)*/2 4+ w(y + )
v€c~1(S0)/De

= e(dw?/2) Z e(acy? /2 4+ w) .
Y€ (S0)/De

This finishes the proof of the proposition. O

Since f is a modular form of character yp we can decompose
fla(7) = ge,0(7) + ge1(7) + - 4 gr,e—1(7)
with g¢ j|7(7) = €(j/t)g¢,;(7) if xp(Ty/c) =1 and
Sl (7) = g201(7) + g2e8(T) + ... + gar,20-1(7)

with ga: j|7(7) = e(j/2t)g2t,; (1) if xp(Tuse) = —1.
For w € D we define j, by w?/2 = —j,/t mod 1 if xp(T,,.) = 1 and
w?/2 = —ju/2t mod 1if xp(T,/.) = —1. In the latter case j, is odd.
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Theorem 5.7
The function F is given by

|De|

Fy(r)= &Mt
(1) = &( ) D)

Sonesyl D S eldu?/2)
vE€Sy/(SoNDe) we(Dc*ﬁDcs,B)

vt+w

Dsp,a,c(w) t gt.5, (7)€
if xp(T,/.) =1 and

D.
R = ey Y2 s0est Y Y
\/W vESy/(SoND*) wG(DC*ﬁDg’E))
(I)So,a,c(w) t 92t,5., (T) ev+w
ifXD(Ta/c) =—1.

Proof: Note that Dg' is orthogonal to So. Then the last two propositions imply

Fo= i) YR snes Y S e(duis2)

V | | ’UESo/(SoﬁDC) ,we(Dc*ngg)
. .2 v4+w
Ps,a,c(w) Z flarrs e(jw®/2) e :
JELZ/LZ
Carrying out the last sum gives the desired result. U

Recall that v ranges over a complete set of representatives of Sy N D in Sj.
Of course F; is independent of the choice of representatives.

We describe some special cases.

If S; = 0 then Dg’; = D and ®g, 4..(w) =1 for all w € D°* so that

v/ | D¢ w
\)W| Z e(dw?/2)t g, ., (T)e
weDe*

if Xp(Tase) = 1 and analogously if xp (75 /.) = —1.

Suppose ¢||N. Define ¢ = N/c. Then D decomposes into D = D. @ D,
D = D°® = D, and Dg«z =S50+ CSOL Furthermore SO/(SO N DC) = SoN D,
D" nNDg = SOL N Dy and G, = 1. We can choose M = (g g) such that
d =0 mod ¢. Then

D, w
o =emHy Y2 snp S S v et
|D| vE(SoNDe) we(Sg-ND,s)

Under suitable conditions we can show that maximal isotropic subgroups are
invariant under the Weil representation by lifting constant functions. However
this can easily be seen directly.

Fy(r) =€&M™)
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Proposition 5.8

Let H be a subgroup of D. Then the characteristic function of H is invariant
under the Weil representation if and only if H is isotropic and H = H*. In
that case D has signature 0 mod 8.

Proof: Let H be a subgroup of D. Then
pp(T) Y €= 3 e(—1/2)e"
yeEH yeEH
and
, _ ¢elsign(D)/8) Z Z
S)Y e — D (vB)e
yeH BeED veH
e(sign(D)/8) Z H e
D Hle
BEHL

If Z'yEH ¢ is invariant under pp we see that H is isotropic, H = H+ and D
has signature 0 mod 8.

Conversely suppose that H is isotropic and H = H*. Then |H|? = |D|. Let
L be a lattice with discriminant form D. Then the 1att1ce

K= UH(7+L)

is even and unimodular so that D has signature 0 mod 8. The above equations
now imply that H is invariant under pp. U

6 The eta function

In this section we describe some transformation properties of the eta function
which are used in the following sections.

Recall that
=g/ [0 ~q"

n>0

is the Dedekind eta function. The following result is due to Rademacher (cf.
[R], p. 163).

Proposition 6.1
Let M = ( ) € I'. Then

n(Mt) =e(M)Ver +dn(T)
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where

ol

< ) —3c+bd(1 — c?) + cla +d))/24) codd,c>0
<_Ccl> (Bc—=6+bd(1 —c*) +c(a+d))/24)  codd,c<0
(c) ((3d — 3+ ac(l —d?)+d(b—c))/24) ¢ even,c > 0

(2) (—=3d — 9+ ac(l —d?) +d(b—c))/24) ceven,c <0
We generalize this as follows. For a positive integer k define

1 [k 0
ng(7) =n(kr) and Fy = T (O 1) .

Then

Proposition 6.2
Let M = ( ) € I'. Suppose we have integers r, s,t with r,t > 0 and

rt ==k, rle, k|(dr — cs).

Then
e (MT) = e(F,MN™1)

1 rT+ s
— d .
\/% cT + 77( ; )

WhereN*f(rf).

Proof: The conditions on r, s and t imply that

at br —as )

FeMN™ = (C/’/’ (dr —cs)/k

isin I'. Tt follows

(M) = 1(Fj M)
=n(FykMN~'NT)

_ c(rr+s dr — cs
= e(FyMN 1)\/r< - >+ o 1(NT)

ct+d

Vit

=e(FL,MN™Y)

n(NT).
This proves the proposition.

We will also use the following formula

n(t+1/2) = e(1/48)



7 Automorphic forms related to Mo

In this section we show that the elements of the group Mass correspond naturally
to reflective automorphic products of singular weight and to generalized Kac-

Moody algebras.

The group Mo3 acts on the Leech lattice A by permutation of the coordinates.
Let g be an element in Mas of order N, cycle shape [] N db and fixed point
lattice A9. Define the functions

ng(7) = H U(dT)bd

and the lattice

d|N

f(m) =1/ng(7)

M =A@ I, &I, (N)

of level N and discriminant form D. Then 7, is a modular form for T'o(N) of
weight dim(A9)/2 and character xp.

In the following table we list the cycle shapes of the elements in Mss, the
genus of AY and M and the character xp.

order | cycle shape genus of AY genus of M xp(4)
12 II54 0 Iy o 1

2 18928 ITe0(23°) s 2(25°) 1
3 1636 ITy50(319) IT142(37%) 1
4 142244 Ioo(25245%) | Ihao(25%459) e(LF)
5 1454 Ig o(574) I10.2(57°) 1
6 12223262 ITg 0(253%4) IT0,2(2},°37°) 1
7 1373 ITs o (713) Iy 2(775) ()
8 122.4.8% | IIs0(27'41'8%) | Is2(271478,Y) | (4) e(552)
11 12112 I, 0(1112) s 2(117%) 1
14 1.2.7.14 I, 0(252712) s 2 (252774 1
15 1.3.5.15 I40(372572) I 2(374571) 1
23 1.23 Iy 0(2311) 1T, 5(237%) (&)

We remark that if g has squarefree order then AY is the unique lattice in its

genus without roots.

Let z be a primitive vector in M. The level m of z is the smallest positive
value of zx where x € M. Then {zz| x € M } = mZ and m divides N.

Proposition 7.1

Let m||N and z a primitive vector of level m in M. Then there is a vector
2" € M’ such that zz' =1 and mz' € M.
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Proof: Define m’ = N/m. Then (m,m’) = 1 and the discriminant form of M
decomposes into the orthogonal sum D = D,,, ® D,,. Let 7 : M’ — D be
the natural projection. The vector z has level m so that x,, = z/m is in M’
and 7(zy,) € Dy,. Since z is primitive there is an element Z in M’ such that
2z = 1. We can decompose Z = ¥, + Y Where Yo, ym: are vectors in M’ with
T(Ym) € Dy and 7(Yms) € Do Then zypy = mapmym = 0 mod m because
D,, and D, are orthogonal. We choose a vector w in M with zw = 2y,,,». Then
z' = Z+ (w — Ym) has the desired properties. This proves the proposition. O

Theorem 7.2
Let m||N. Then M has exactly one orbit of primitive norm 0 vectors of level m
under Aut(M).

Proof: The decomposition II1 1 @ II1 1(N) = II1 1(m) @ II1 1(m') where m’ =
N/m shows that primitive norm 0 vectors of level m exist in M. Now let z be a
primitive norm 0 vector of level m in M. We take a vector 2z’ € M’ with 22/ =1
and mz' € M. Then mz'*/2 € Z because m is a Hall divisor of the level of M.
Define n = —mz'>/2 and % = nz + mz'. Then Z is a primitive norm 0 vector of
level m in M and z and Z generate a primitive sublattice II1 1 (m) in M. Let K
be the orthogonal complement of this lattice in M. We can glue II; 1(m) and
K together to obtain M. Let a = nz/m + nZ/m + x, where z is in K', be a
glue vector. Then m divides za« = n and Za = n so that « is trivial. Hence
M = II 1(m) @ K. The lattice K is in the same genus as A9 & II; 1(m'). This
genus contains only one isomorphism class (cf. Corollary 22, p. 395 in [CS1]) so
that K = A9 & II; 1 (m'). This implies the theorem.

We also define the lattice
L=MN @I,

of discriminant form Dy,.
Let g be an element of squarefree order N in Ms3. Then the maps

g— f—F— WU

send ¢ to an automorphic product of singular weight. Here the second map is
the lift from scalar valued modular forms to vector valued modular forms on
the lattice M with support 0 and the third map is Borcherds’ singular theta
correspondence. The coefficients of F' are nonnegative integers and F' is sym-
metric, i.e. invariant under Aut(D). Furthermore F is reflective so that the
divisors of ¥ are zeros of order 1 and are orthogonal to roots of M (cf. [S4]).
The expansion of ¥ at any cusp is given by

2Nl TI (- ellaz)) e

d|N a€e(LNdL’)t

= det(w) ny((wp, 2))

weWw
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where p is a primitive norm 0 vector in II; ; C L and W is the full reflection
group of L (cf. [S2]). This identity is the denominator identity of a generalized
Kac-Moody algebra whose real simple roots are the simple roots of W, which
are the roots a of L with (p,a) = —a?/2, and imaginary simple roots are the
positive multiples np of the Weyl vector of multiplicity > dln bg-

The automorphic products obtained in this way are essentially the only
completely reflective automorphic products of singular weight on lattices of
squarefree level (cf. Theorem 12.6 in [S4]). This implies that the generalized
Kac-Moody algebras whose denominator identities are completely reflective au-
tomorphic products of singular weight on lattices of squarefree level correspond
to elements of squarefree order in Mass.

Now we show that similar results hold for the elements of order 4 and 8 in
M23.

Let g be an element of order 4 in Ms;. Then g has cycle shape 14224* as
automorphism of the Leech lattice and fixed point lattice (Q19. This lattice is
described in more detail in [CS2]. The lattice M has genus IT;5 »(2424},%). We

choose generators 71,72, ...,7vs of the discriminant form D of M with
2’}/1:2’)/2:4’)/3::4’}/8:0
such that
y=n1y1+...+ngvs = (n1,...,ng)
has norm ) )
2 ny  ny  Ngng  NsNg | NNg
2=—+ = d1.
v/ ATt Tt mo

We define the modular forms

1

= =q ' +4416g+48¢% +142¢° + . ..
0 = Sty — ¢ ST e
Fiya(r) = n(4r)? = V2 4 14g3% 4 115¢7/% + T14g"2 +
n(2r)H
and
f1/1(7):f(7/4):f1/1,0(T)+~~+f1/1,3(7)
where

fijglr(t) =e(i/4) fin (7).

The modular forms f; /o and f; /1 give expansions of f at the cusps 1/2 and 1/1.
Let Fy o be the lift of f on M with support 0. Then

Proposition 7.3

F¢ o is given by
Fro=Froa1/a+ Fpoa/2+ Fro1
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where

Fioija=fe°
1
Fro,12= 3 Z 6(#3/2)f1/2 et
peD2*
Ff,0,1/1 = Z f1/1,j el
neD

and j is defined by u?/2 = —j/4 mod 1.

Proof: This follows easily by explicit calculations from Theorems 5.7 and 4.7
and the transformation formula for 74. O

Next we define the modular forms

k() = (o M 1+ 12q + 92¢% + 544¢> + 2716¢* + . ..
n(7)*n(27)?
77(27)10 —1/2 1/2 3/2 5/2
k =—— = 16 142 928
1/2(7—) 7](7-)1677(47-)4 q + 16q + q + q +
and
77(7'/4)4 —2/4 —1/4 2/4 3/4
k = —— = —14 4416 — 56
1/1(7—) 77(7_)1277(7_/2)2 q q + 4+ q q +
=kij1,0(7) + .+ ki1 s(7).
Note that 1 1
k(r) =7 fln(m) = (f(r/2) + f((T +1)/2))
where T is a Hecke operator (cf. [Mi], (4.5.26) on p. 142). Let

27)4
br) = fuyalr/2) = B2

The following relations can be proved by standard methods

kij1,0 =4k
kij110=0
kij1,2 = ki
PR

Let Fy p2 be the lift of k on M with support D?. Then we have

Proposition 7.4
Fy, p> is given by

Fy.p2 = Fi.p21/4 + Fie.p21/2 + Fi,p2,1/1
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where

Fk,D2,1/4 = Z ket

pneD?
1
Fy.p2,1/2 = 1 Z kijoet
peD2
1
Fr.p21/1 = 1 Z ki et
HED>

and j is defined by u?/2 = —j/4 mod 1.

Proof: Again we apply Theorems 5.7 and 4.7 and the transformation formula
for 4. The formulae for Fy p2 1,4 and Fjy p2 1,1 follow directly. In order to
calculate FJ, p2q/o we choose M = (39). We have Sy = D? and Sg- = D5 so
that D%ﬁ = D?* and Gg, 2 = D/Ds. We have to determine

Pp2 1 o(p) = Z e(20%/2 + ap)
a€D /Dy

for 4 € D*. It is easy to calculate the sum on the right hand side for the
discriminant form 4?12. The result extends to D by multiplicativity. We obtain

Dp212(p) = e(p3/2)8.
Finally

1 1 p(r+1/2)* 1
€I ) = l1/12)§ e = 5 e

This implies the formula for Fy p2 /2. O

Let u € D*. Then p2/2 =0 or 1/2 mod 1. We define
D ={peD*|pu3/2=j/2 mod1}.
The 28 elements in D?* are of the form
(1,1,(0,0)™,(0,2)™,(2,2)™)

where the pairs can be permuted, reversed and number mg of pairs (2, 2) is odd.
Let F' = Fyo + Fy p2. We summarize the properties of F' in

Theorem 7.5

We have
F:feOJrZleA’— Z he

yeD? YE(M1+D2)U(y2+D?)
1 .
t3 o> kp—eli/2fip) €+ fgie
JEL/2L yeD?* ~ED
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F' is symmetric. The Fourier coefficients of F' are nonnegative integers. The
components F., with singular coefficients are the following:

Fy = f+2k+ fi10=q " +10+408g + 11096¢° + 192334¢° + . ..

where v = 0,
Fy = (k2 + fi2)/2+ fine = g~ Y2 4 56¢"% + 225442 + . .
where v € D?* and
Fy=fips= g V4 4 142¢%* + 4979¢7/* + 96842¢1/4 + ...
where v has order 4 and v*/2 = 1/4 mod 1. In particular F is reflective.
Proof: We decompose
Dy =D*U (11 + D*)U (y2 + D*) U D*

and use the formulae for the functions k;,; ;, to write F' as in the theorem.
For 7 € (1 + D?) U (y2 + D?) the components F, are given by

F,=fijiz—h
= 128¢°/" + 4864q"/* + 96128¢"1/* + 1318144¢"/* + ..

The Fourier coefficients of

_ 1
fij1(d7) = h(47) = ¢ 1}1@
_ 2n)\2 _ 4An)\2
( 1T u q(l )_(qln)élq ) [Ha+em = J[a+ q4”)4>
n>0 n>0 n>0

are nonnegative because the coefficients of each infinite product are nonnegative
and the coeflicients of
H (1 + q2n)4

n>0

H(l +q'™Mt.

n>0

grow faster than those of

This implies that the Fourier coefficients of f/; 3 — h are nonnegative.
We leave the proof of the other statements to the reader. O

Note that if v € Dy and 72/2 = 1/4 mod 1 then v € (71 + D?) U (y2 + D?)
and F, = fi/1,3 — h has no singular coefficients.

Now we lift F' to an automorphic product V.

Recall that M = L & II1 1(4) so that we can identify the discriminant form
Dy, of L with the subgroup { (n1,...,ns) € D|n; =ng =0} of D.
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Theorem 7.6
Let m||4. Then the level m expansion of ¥ is given by

€((p, Z)) H (1 — e((a,Z)))[f](—(xz/Q)

acL~*
[2k](—a?/8)

| | R (CR4)))

ae(Ln2L’)*t
a/2eD?
[~hl(=a®/8)

H (1 - e((a,Z)))

ag(Ln2L’)*t

a/2€(71+D7)U(v2+D3)

1T [ -ella Z)))Kkl/re<j/2)f1/2>/2]<—a2/s)

JEL/2Z ae(Ln2L')*

a/2e D7,
H (1 —e((a, Z)))[fl/l](—a2/32)
a€(LN4L’)+
_ Z det(w)w<e((p, Z)) H (1 —e((np, Z)))4(1 —e((2np, Z)))2
weW e

(1 - e((4np, Z)))4>

where p is a primitive norm 0 vector in II ;. The Weyl group W is generated
by the vectors

a€ L witha?=2and a g {\€ (LN2L')|\/2 € (y1 +D2)U (y2 + D%)}
o€ (LN2L') with /2 € DF, and o® = 4
a € (LN4L") with o =8

or equivalently

a € L with o? =2
a € (LN2L') with /2 € D, and o® = 4
a € (LN4L'") with o = 8 and « primitive.

Proof: Let p and W be as in the theorem. The vector space L ® R has 2 cones
of vectors of norm less or equal to 0 because L is hyperbolic. We call the cone
containing p the positive cone. If x and y are 2 vectors in the positive cone
then (x,y) < 0 and (z,y) = 0 if and only if z and y are both multiples of
the same norm 0 vector. The reflection group W divides the positive cone into
chambers whose closures are called Weyl chambers. We choose a Weyl chamber
C containing p. Then a vector z is called positive if (z,y) < 0 for all y in C. If
x is a positive vector of norm z2 < 0 then x is in the positive cone.

Now we calculate the level 4 product expansion of ¥. We choose a primitive
norm 0 vector z in IT 1(4) C M with z/4 = g and a norm 0 vector 2’ in 1Ty 1 (4)’
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with 2z’ = 1. Then the level 4 expansion of ¥ is given by

e((p:2)) 11 11 (1= ey, 2))e((A, 2))) 72
et 7:/\+nz/€4,DneZ/4Z

=e((p,2) [] I (—em/ae(n2) ™,

AeL'+ yeD
Y=XA+nvg,n€L/AZ

Let A € Dr. Then v = X + nys € D?* if and only if A € D?* and 2|n. In

that case 75/2 = A\3/2 mod 1. Hence the elements A € L’ which are in D7
modulo L give the factors

2
H (1—e((A, Z)))[(k1/2+f1/2)/2+f1/1,2](f,\ /2)

AeL’*2
A+LeD?,

(1 —e(1/4)e((A, Z)))[fl/l,z](—)\z/Q)
(1 - 6(2/4)6(()\ Z))) [(k1/2+f1/2)/2+f1/112](7/\2/2)

(1 — e(3/4)e((A, 2))) 121272

=TI (1 —e(@r z)) et AEN2

AeL’*2
A-LeDT",

2
(1 _ 6((4)\7 Z)))[f1/1’2](7)\ /2) .

Collecting the contributions of all elements in L’ we obtain the product
expansion given in the theorem.

We can also determine the sum expansion of ¥ because ¥ has singular weight
so that the only nonzero Fourier coefficients correspond to norm 0 vectors. The
argument is purely combinatorial. The product expansion of W is antisymmetric
under the Weyl group W so that we can write U as

> det(w)e(Ne((w(p+ ), 2))

where the sum extends over W and elements A in L with p + A in the Weyl
chamber C. Since ¥ has singular weight we have (p + \)? = 0 and (p,\) =
—A2?/2. The vector A must also be positive so that (A, p +\) < 0 and (p,\) <
—A2, Tt follows A2 < 0 and (p,\) > 0. Since p is in the Weyl chamber C we
also have (p, \) < 0. Hence (p,A) = 0. The vectors p + A and p are both in
the positive cone of L and (p + A, p) = 0. Since p is primitive in L we obtain
p + A = np for some positive integer n. Hence we can write ¥ as

> det(w)e(n)e((wnp, Z)) .

weW
n>0
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Let a be a positive vector in L of norm o? > 0 and positive multiplicity

in the product expansion of ¥. Then « is a positive root of W and therefore
can be written as linear combination of simple roots of W with positive integral
coefficients. This implies (p, ) < 0.

Now suppose np = > \; where the \; are positive vectors in L of positive
multiplicity in the product expansion of W. Then multiplication by p shows
(p,Ai) = 0 and A\? < 0. This implies that all \; are positive multiples of p. The
constant term in the Fourier expansion of f is 4, of 2k is 2 and of fy,; is 4.
Hence the contributions of the product expansion to e((np, Z)) come from

e((p, 2)) TT (1 = e(tmp, 2)))* (1 = e((2mp, 2)))*(1 — e((4mp, 2)))*.

m>0

This proves the formula for the sum expansion of the level 4 product expan-
sion of .
The level 1 product expansion of W is easy to determine. Using

(Quo ®11(4))'(4) = Qo ® I

we can show that it is equal to the level 4 product expansion. We leave the
details to the reader.
This proves the theorem. O

Let o € (L N4L') with o = 8. If a is not primitive in L then
a/2e{re(LN2L)[N2€ (n+D7)U(v2+D3i)}.

The identity in the previous theorem is the denominator identity of a gen-
eralized Kac-Moody algebra. The real roots are the vectors

a€Lwitha?=2andag{\e (LN2L)|A/2€ (71 +D?)U(y2+ D2)}
o€ (LN2L') with /2 € DF, and o® = 4
a € (LN4L') with o? =8

The previous remark ensures that they have multiplicity 1. The real simple
roots are the real roots a with (p,a) = —a?/2 and the imaginary simple roots
are the positive multiples np of p with multiplicity 4 if n is odd, 6 if 2||n, and
10 if 4|n. The root lattice of this generalized Kac-Moody algebra is L and the
multiplicities can be read off from the denominator identity. For example the
multiplicities of the elements o € (L N 2L') with o/2 € (v1 + D3) U (72 + D%)
are given by

mult(a) = [f](e?/2) = [A](=a?/8) = [fi/1,5 — hl(=a?/8).

These numbers are nonnegative.

We remark that the above identity can also be obtained by twisting the
denominator identity of the fake monster algebra with the automorphism g.
However the formula for the multiplicities given in [B1] does not hold in this
case and has to be modified (cf. also [S4]).
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Now let g be an element of order 8 in Mas. Then g has cycle shape 122.4.82 as
automorphism of the Leech lattice. The lattice M has genus ITg »(2]'4;'8,%).
We choose generators 71,72, ..., of the discriminant form D of M with

271 =4y =83 =...=8% =0

such that
y=nmm+...+n6% = (n1,...,n6)

has norm

n% n; ng + ngng + ni n nsNe

a1,
178 8 o

We define the modular forms

1

f(r) =
) = @ (e
= ¢ P+ 24 6¢+12¢% + 28¢% + 52¢* +104¢° + 184¢5 + . ..
_ n(27)n(87)?
i) = ey
— q71/2 +2q1/2 +4q3/2 +8q5/2 +21q7/2 +38q9/2 +68q11/2 _|_

1
Fuar) = 2 @G+ 12 2+ 174

= f1721(7) + f1/2,3(7)
= ¢ V4 4 2igM* — 4t — 8igPt + 2147/ + 38ig?/* — 68¢1/ 4 4 ...

and
fii(r) = f(7/8) = fijr0(7) + ..+ fiy1,7(7).
The lift Fyo of f on M with support 0 is given by

1
Fo=fe"+ 3 Z e(1i/2) frjae”
pe DA

1
+3 > e/ 12 + Y fus et

pED?* neD

where j4 is defined by p?/2 = —j4/4 mod 1 for p in D?* and jg is defined by
p?/2 = —js/8 mod 1 for p in D. Note that j, is odd.
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Next we define the modular forms

27)n(87)2
k(r) = % = 1+ 6 + 26¢% + 92¢° + 290¢* + 832¢° + ...
n(7)on(47)
n(4r)?
k =
Vit = @

=q 2 £ 6¢Y% 4+ 28¢%? +104¢°/? + 341¢"/? +1010¢°/% + . ..
n(27)n(1/2 +1/4)°
n(r)on(r +1/2)3
= k1/2,1(7) + k1/2,3(7')
= q V% = 2igM* + 4¢3/ — 8ig®/* 4 21¢7/* — 38igY* 4 68¢1/* + ...
n(r/2)n(1/8)?
k = ——
O =S e
— q—2/8 _ 2q—1/8 + 92— 4q1/8 + 6q2/8 _ 8(]3/8 + 12q4/8 _ 16q5/8 4+

kijo(m) = e(1/24)

(7') + e + k1/1’7(7')

Then 1
K = 5 flas(r).
Let Fj, ps+ be the lift of k to M with support D*. We calculate F}, pa as sum
over the cusps of I'y(8). Using D}y, = D**,

Ppa1alp) = Z e(40® /2 + ap) = —e(uj/2) 4
a€D /Dy

for p € D* and D%, = 1 + 2D, we find

Fk,D4: Z k6#+% Z k1/46'u

M€D4 LLED‘L*
1
= > e(u3/2kiyay, e+ 3 > ket
HEY1+2Dy HEDy
We also introduce the modular forms

hQ(T) = k‘(T/Z) = h2,0(7') + hg’l(’r)

ha(T) = k1/4(7/2) = ha1(7) + ha3(7)

hs(1) = f17a(7/4) = hg1(T) + hg 3(T) + hg5(T) + hg,7(7T) .

Then we have the following relation
k1/1(1) = 2ho(T) + ha(T) — 2hg(7)

which will allow us to write the functions £y, j, in terms of the functions hs j,,
hy,j, and hg ;.. Note that

f1/2(7) = (hs 7(27) — hg 3(27)) + i(hs 1(27) — hs 5(27))
k1/2(7) = (hs7(27) + hg 3(27)) — i(hg 1(27) + hg 5(27)) .
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Let F = Ff o+ Fi,ps. We define D¥* = { € D** | p3/2 = j/4 mod 1} and
D?* ={p € D*|u2/2=7j/2 mod 1}. The properties of F are summarized in

Theorem 7.7
We have
F=fé
P ke
yeD4
- Z kij23€" — Z iky/2,1 €’
ye(Mn+D*) YE(11+272+D4)

b3 3 vt eli/Dfin e

JEZ/2Z VED;*

+ Z hg)jQ e

yeD?

+% . 2 (hagi+e(/D g5 e

JEL/AL ~eD3*

- hs js €7 — > hs js €7

YE(y2+D2) vE(M+r2+D?)

+ Z Jijgs e’

yeD

F' is symmetric. The Fourier coefficients of F' are nonnegative integers. The
components F., with singular coefficients are the following:

Fy=f+4k+hso+ fiyi0=0q "+ 6+618q+ 275004 + 648180¢° + ...
where v = 0,
Fy = (kija+ fija)/2+heny+ fij1a = g% +62q"/% + 4564¢%/% + ..

where v € D§* of norm v?/2 = 1/2 mod 1,

Fy = (hag+ fi/23)/2+ i1 = ¢ /" +196¢%* + 11445¢7/* + ..
where v € D3* of norm 4?/2 = 1/4 mod 1 and order 4 and

Fy = fiyir=q "% +341¢"/5 + 17703¢"/® + 446656¢%3/ + . ..

where vy has order 8 and ¥?/2 = 1/8 mod 1. In particular F is reflective.

Proof: We have
2D, = D* U (272 + D?)
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and e(u3/2) =1 for u € y1 + D* and e(u3/2) =i for u € 1 + 272 + D*. Using
Dy=D*U(m +D*)U (2 +D*) U (n + 72 + D?)

and the decomposition of k;,; we see that F' can be written as in the theorem.
We leave the proof of the other statements to the reader. O

We lift F' to an automorphic product V.

Theorem 7.8
Let m||8. Then the level m expansion of ¥ is given by

e((p,2) [ 0 ,6((Q,Z)))[f](fa2/2)

a€eLt

I (- ela 2™

ag(Ln2L’)*t
a/2€D7

. .2
H H (1 _ 6((057Z)))[(kl/ﬁe(a/2)f1/4)/2]( /8)
JEZ/2L ae(Ln2L’)*
a/2eDT;

| B () R

a€(Ln2L’)™
a/2€(v1+D7)

11 (1- 6((a,Z)))[‘ikl/zwll(—az/&

ae(LN2L)*
o/2€(1+272+D1)

T ()

a€(Ln4L’)*
a/4€D?

I II (- el zy) tere/mirces

JEL/AL «e(Ln4L’)*
a/4€DT’;

11 (1= e((e, Z)))[7h81(7a2/32)

a€(Ln4aL’)*
a/A€(v2+D3)

| N CEE(C)) B

a€c(LNaL’)*
a/4€(n1+724+D3)

H (1 —e((a, Z)))[fl/ll(foﬁ/lzs)

ae(LN8L)+
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= > det(w)w(el(p, 2) T (1 = elnp, 2)))* (1 = el(2np, 2)))

weW n>0
(1= el(4np, 2)) (1 - e((8np, 2)))*)

where p is a primitive norm 0 vector in II ;. The Weyl group W is generated
by the vectors
a€L witha®?=2and a g {\e (LN2L')|\/2€ (1 + D3})}
a € (LN2L') with /2 € D, o® =4
and o ¢ {\ € (LNAL')|\/4 € (72 + D?)}
a € (LN4L') with /4 € DF, and o® =8
a € (LN8L') with o = 16
or equivalently
a € L with o? =2
a € (LN2L') with /2 € D, and o® = 4
a € (LN4L') with a/4 € D, o* = 8 and a primitive
a € (LN8L') with a® = 16 and « primitive.

Proof: The proof is analogous to the order 4 case. The equality of the level 1
and the level 8 expansion follows from

(M DI 1(8)(8) =N DIl ;.
This proves the theorem. O

Let a € (LN4L') with o? = 8 and /4 € D%”:O. If @ is not primitive in L
then
a/2e{Ne(LN2L)|\/2¢€ (v +D}1)}.

Similarly let o € (L N8L') with a? = 16. If v is not primitive in L then
a/2 € {Ne (LN4AL)|\/4 € (v + D3)}.

The identity in the last theorem is the denominator identity of a generalized
Kac-Moody algebra. The real roots are the vectors

a€Lwitha?=2and ag{\e (LN2L)|N/2€ (1 +D3})}

o€ (LN2L') with a/2 € D, o® =4

and a ¢ {\ € (LNA4L')|\/4 € (o + D%)}

o € (LN4L') with a/4 € DF; and o® =8

a € (LN8L') with o? = 16.
The last two remarks ensure that the real roots have multiplicity 1. The real
simple roots are the real roots o with (p,a) = —a?/2 and the imaginary simple

roots are the positive multiples np of p of multiplicity 2 if n is odd, 3 if 2||n, 4
if 4||n, and 6 if 8|n.
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Again the above identity can also be obtained by twisting the denominator
identity of the fake monster algebra with the automorphism g.

We summarize the results of this section in

Theorem 7.9
Let g be an element of order N in Ms3. Then g corresponds naturally to a
symmetric reflective automorphic product ¥ of singular weight on the lattice
AN & Iy @I 1(N). Let m||N. Then the Fourier expansion of ¥ at the level
m cusp is given by

> det(w) ny((wp, 2))

weWw

where W is a reflection group of A9 & II; 1 and p is a primitive norm 0 vector
in II; 1. This is the denominator function of a generalized Kac-Moody algebra.

For N = 4 or 8 the theorem gives the first examples of generalized Kac-
Moody algebras whose denominator identities are automorphic forms of singular
weight on lattices of nonsquarefree level.

8 Supersymmetric superstrings

In this section we show that there are 2 superstrings in dimensions 6 and 4
generalizing the classical supersymmetric superstring in 10 dimensions.
Let

P
f(r) = 877(( ;36 = 8+ 128¢ + 1152¢2 + 7680¢° + 42112¢* + . ..
77 T

be the partition function of the chiral 10 dimensional supersymmetric super-
string [GSW] and
M=Es®IL;® 111’1(2) .

The lattice M has genus II192(2};%). Define

2)8 ,
finl(r) = ’777((77/)1)6 =q Y2 -84 36¢"2 —128¢ + 402¢%/? —1152¢% + . ..

= fi1.0(7) + fina(7).

Then we have fi,10 = —f. We lift 2f to a vector valued modular form F' on
M with support Sy = 0. The function F is given by

F = 2f€0 + Z fl/LjeV .

YyeED

In particular F' is reflective and has 0 component

Fo=2f+fiyio=1.
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Applying the singular theta correspondence to F we obtain a reflective auto-
morphic product ¥ of singular weight. Let

L=EsaIhL,.

The lattice L has 2 cones of vectors of norm less or equal to 0. We denote one
of these cones by LT. Then the level 2 expansion of ¥ is given by

TT (- elton )2 T (1 (2 2y) P

aclt weL+
= I (1 -elta, 27
aEL+
H (1 — 6((Q,Z)))[7f](7()(2/2) (1 +€((O{7Z)))[7f](7a2/2)
aclt
(1= e((a, 29
- 11 -

were (1+e((a, 2))C

Since W has singular weight the nonzero Fourier coefficients correspond to norm
0 vectors. An argument analogous to the proof of Theorem 7.6 shows

I

aeLt (1 + 6((04’ Z)))

where ¢()) is the coefficient of ¢" in

 lla [f1(—a?/2)
(1—e(( ,Z)))m(im) =1+ e(Wel(A, 2))

77(7)1671716 2 _ 3 4 _ 5
= q + 112¢° — 448¢° + 1136¢" — 2016¢° + . ..
n(27)®
if X is n times a primitive norm 0 vector in L* and 0 otherwise. This identity was
found by Borcherds (cf. [B2], Example 13.7). It is the denominator identity of a
generalized Kac-Moody superalgebra describing a supersymmetric superstring
moving in a hyperbolic spacetime of dimension 10 (cf. [S1]). The generalized
Kac-Moody superalgebra has no real roots and the simple roots are the norm 0
vectors in L1 of multiplicity 8 as even and as odd root.

Now we show that there are similar superstrings in dimension 6 and 4.

Let

M=D,®IL:®I1:(4).
Then M has genus IIs 9(2;,°457). Define

_ 77(27)4 _ 2 3 4 5
flr)y=4 4 + 32q + 160q” + 640q° + 2208~ + 6848q¢° + ...

n(r)s

and

4
=g V4 —4gM* 106> — 24¢°/* + 55¢7/4 + ..
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The lift of 2f on M with trivial support is

F=F+Fp+F,
=2fe’ - Z 6(7%/2)f67+2f1/1,jew-

yeD2* ye€D

Again F' is reflective and has 0 component Fy = f. The singular theta corre-
spondence sends F' to a reflective automorphic product ¥ of singular weight.
Let

L=D,®Il,.

Since D¥* =0 and [f1/1](—a?/2) = 0 for o € L’ the product expansion of ¥ of
level 4 is given by

H (1 _ e(<a7z)))[2f](—042/2) H (1 _ e((Qa,Z)))[_f](_az/Q) )

aeLlt aeLt

Using that ¥ has singular weight we find

I

a€clt (1 + 6((&, Z)))

where ¢()) is the coefficient of ¢" in

8
”g)) o= 1—8q+24¢° — 32¢° + 24q* — 48¢° + 96¢° — 64¢7 + ...
n <t

if X\ is n times a primitive norm 0 vector in L™ and 0 otherwise. This is the
denominator identity of a supersymmetric generalized Kac-Moody superalgebra
describing a superstring in dimension 6. The simple roots of this generalized
Kac-Moody superalgebra are the norm 0 vectors in Lt of multiplicity 4 as even
and as odd root.

Finally we define the lattice

(e (f1(—a®/2)
(1—e(( ’Z)))m(,wz) =1+ e(Wel(A, 2))

M=AoA &I eILH:1(8)

of genus 14 5(25°8}7) and the functions

77(27')2 2 3 4 5
f(T)an(T)4 =2+ 8¢+ 24¢~ + 64¢° + 152¢™ + 336¢° + . ..
7/2)? _
f1/1(7):n7(](7/_)2 =q 1/8—4q3/8+6q7/8—8q11/8+17q15/8+...
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Then the lift of 2f on M with trivial support is given by

F = Fyyg+Fuu+Fp+Fn
= 2f¢é°

- > e(i/8) fe?
yED4*
Y ges s g
yeD?* veD2*
+> fig e
yeD

As before the function F is reflective and has 0 component Fy = f. The singular
theta correspondence maps F' to a reflective automorphic product ¥ of singular
weight. Let

L:Al@Al@IILl.

Since DF* =0, [f](—a?/2) = 0 for a € L’ with a+L € D#* and [f11](—a?/2) =
0 for o € L' the product expansion of ¥ of level 8 is given by
[2f](—a®/2) [~ f1(=a?/2)
[T (-ele.2)) I (1 -e20.2)) :
acLt acLt

As above we find

(1= e, 2"
ez T 1+ 2

where ¢()) is the coefficient of ¢™ in

=1—4q+4¢> +4¢* — 8¢° +4¢® — 4¢° + 8¢ — 8¢"3 + ...

if \ is n times a primitive norm 0 vector in LT and 0 otherwise. Again this is the
denominator identity of a supersymmetric generalized Kac-Moody superalgebra
describing a superstring.

We define the lattices Kg = Eg, K4y = Dy and Ky = Dy = A1 & A;. The
previous results are summarized in

Theorem 8.1
Let m = 8,4 or 2,
M = Km D 11171 D 111,1(16/m)

and
'VL m
f(r) = 7—mH —m+2mq+
77 n>0
Then the liftings
2f — F— WU
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send 2f to a reflective automorphic product ¥ of singular weight. Here the first
map is the lift of scalar valued modular forms to modular forms for the Weil
representation of M with trivial support and the second map is the singular
theta correspondence. Let

L=K,®I,;.

Then the level m expansion of ¥ is given by

~a?/2)

~ el(a [F)(
(1 - e((e, 2))) 7 = 1+ Y eNe((M 2)

werr (1+e((a, 21

where ¢(\) is the coefficient of ¢™ in

1— qn)m
f— —— 1 - 2 PR
e = W g ma

n>0

if X is n times a primitive norm 0 vector in L and 0 otherwise. This identity is
the denominator identity of a generalized Kac-Moody superalgebra describing
a supersymmetric superstring moving in a hyperbolic spacetime of dimension
m + 2. The simple roots of the generalized Kac-Moody superalgebra are the
norm 0 vectors in L of multiplicity m as even and as odd root.

The theorem probably also holds for m = 1 if we define K1 = A;.
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