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1 Introduction

Let L be a positive definite even lattice of level N and even rank 2k. Let D be
the discriminant form of L and

θ(τ) =
∑

γ∈D

θγ+L(τ)eγ

with
θγ+L(τ) =

∑

α∈γ+L

qα2/2

the theta function of L. Then θ transforms under M =
(

a b
c d

)

∈ SL2(Z) as

θ(Mτ) = (cτ + d)k ρD(M) θ(τ) .

The representation ρD of SL2(Z) on the group algebra C[D] probably goes back
to Jacobi. Since it is a special case of Weil’s construction of representations of
symplectic groups [W] it is called the Weil representation of SL2(Z) correspond-
ing to D. (We remark that our definition of the Weil representation is dual to
the definition used in [B2] and [Br].) Explicit formulae for this representation
have only been known in the cases that N divides c or c is coprime to N . The
first result is due to Schoeneberg (cf. formula (16) in [S]) and the second due
to Weil (cf. formula (16) in [W]). In this paper we derive a general formula for
the Weil representation ρD in terms of the genus of L (see Theorem 4.7).

Let D be a discriminant form of even signature and M =
(

a b
c d

)

∈ SL2(Z).
Then

ρD(M)eγ = ξ

√

|Dc|
√

|D|
∑

β∈Dc∗

e(−aβ2
c /2)e(−bβγ)e(−bdγ2/2)edγ+β

where

ξ = e(sign(D)/4)
∏

ξp

and

ξp =























∏

p|q
γp(q

ǫqnq )

( −c

qnq

)

if p |/c

∏

p|q

(−a

qnq

)

∏

p|q |/c

γp

(

(q/qc)
ǫqnq

)

(

ac/qc

(q/qc)nq

)

if p|c

for odd p and similarly for p = 2.
The proof of the theorem only uses the formulae for the action of the standard

generators S and T of SL2(Z) and the fact that Γ(N) acts trivial. The main steps
in the proof are the following. First we calculate the Gauss sums corresponding
to the Jordan components of discriminant forms. We apply these formulae to
derive the action of STmSTn. Then we determine the action of Γ0(N). In the
last step we decompose M = XSTmSTn with X ∈ Γ0(N) and derive the action
of M by means of the previous results.
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Borcherds’ singular theta correspondence [B2] is a map from modular forms
for the Weil representation ρD to automorphic forms on orthogonal groups.
Since these automorphic forms can be written as infinite products they are
called automorphic products. They have found various applications in geome-
try, arithmetic and in the theory of Lie algebras (see e.g. [AF], [B3], [Br] and
[S4]). For many problems it is important to have an explicit description of ρD.
The above formula has been used for example in the classification of reflective
automorphic products and generalized Kac-Moody algebras in [S4].

We describe three applications of the formula for the Weil representation ρD

in this paper.
Let f be a scalar valued modular form on Γ0(N) of character χD and S0 an

isotropic subgroup of D. Then the map

f 7→
∑

M∈Γ0(N)\Γ

∑

γ∈S0

f |M ρD(M−1)eγ

sends f to a vector valued modular form F for the Weil representation ρD. We
use the above formula to calculate this lift explicitly (see Theorem 5.7).

The function F can be written as a sum
∑

Fs over the cusps of Γ0(N) where

Fs is given by

Fs = ξ(M−1)

√

|Dc|
√

|D|
|S0 ∩ cS⊥

0 |
∑

v∈S0/(S0∩Dc)

∑

w∈(Dc∗∩Dc∗
S0

)

e(dw2
c/2)

ΦS0,a,c(w) t gt,jw
ev+w

if χD(Ta/c) = 1 and similarly if χD(Ta/c) = −1.
The classification result in [S4] shows that reflective automorphic products of

singular weight on lattices of squarefree level are very rare. A similar statement
probably holds for general lattices. Here we prove the following result (see
Theorem 7.9).

Let g be an element of order N in M23. Then g corresponds naturally to

a symmetric reflective automorphic product Ψ of singular weight on the lattice

Λg ⊕ II1,1 ⊕ II1,1(N). Let m||N . Then the Fourier expansion of Ψ at the level

m cusp is given by
∑

w∈W

det(w) ηg((wρ,Z))

where W is a reflection group of Λg ⊕ II1,1 and ρ is a primitive norm 0 vector

in II1,1. This is the denominator function of a generalized Kac-Moody algebra.

The classes of order 4 and 8 in M23 give the first examples of generalized Kac-
Moody algebras whose denominator identities are automorphic forms of singular
weight on lattices of nonsquarefree level. We also describe the denominator
identities of these Lie algebras explicitly (cf. Theorems 7.6 and 7.8).

Finally we show that there are two superstrings in dimensions 6 and 4 gener-
alizing the classical supersymmetric superstring in 10 dimensions (see Theorem
8.1). Define lattices K8 = E8, K4 = D4 and K2 = D2 = A1 ⊕ A1.
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For m = 8, 4 or 2 let M = Km ⊕ II1,1 ⊕ II1,1(16/m) and

f(τ) = m
η(2τ)m

η(τ)2m
= m

∏

n>0

(1 + qn)m

(1 − qn)m
.

The liftings 2f 7→ F 7→ Ψ send 2f to a reflective automorphic product Ψ of

singular weight. Here the first map is the lift of scalar valued modular forms

to modular forms for the Weil representation of M with trivial support and the

second map is the singular theta correspondence. Let L = Km ⊕ II1,1. Then the

level m expansion of Ψ is given by

∏

α∈L+

(

1 − e((α,Z))
)[f ](−α2/2)

(

1 + e((α,Z))
)[f ](−α2/2)

= 1 +
∑

c(λ)e((λ,Z))

where c(λ) is the coefficient of qn in η(τ)2m/η(2τ)m if λ is n times a primitive

norm 0 vector in L+ and 0 otherwise. This identity is the denominator identity

of a generalized Kac-Moody superalgebra whose simple roots are the norm 0
vectors in L+ of multiplicity m as even and as odd root.

The identity describes a supersymmetric superstring moving in a hyperbolic
spacetime of dimension m + 2.

The paper is organized as follows.
In section 2 we describe some properties of discriminant forms.
In section 3 we calculate various Gauss sums associated to discriminant

forms.
In section 4 we derive a general formula for the Weil representation of SL2(Z)

on the group algebra of a discriminant form of even signature.
There is a natural lift from scalar valued modular forms on Γ0(N) to modular

forms for the Weil representation. In section 5 we calculate this lift explicitly
using the formula for the Weil representation of the previous section.

In section 6 we describe some transformation properties of the eta function
that we will use in the following.

In section 7 we show that the elements of the Mathieu group M23 corre-
spond naturally to reflective automorphic products of singular weight and to
generalized Kac-Moody algebras.

In the last section we construct three supersymmetric generalized Kac-Moody
superalgebras describing superstrings moving on suitable target spaces of di-
mensions 10, 6 and 4. Their denominator identities are reflective automorphic
products of singular weight.

The author thanks R. Borcherds, E. Freitag, R. Schulze-Pillot and D. Zagier
for stimulating discussions and helpful comments.

2 Discriminant forms

In this section we describe some properties of discriminant forms. A good
reference is [N].
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Let D be a finite abelian group with symmetric bilinear form ( , ) : D×D →
Q/Z. The bilinear form is nondegenerate if the map D → Hom(D, Q/Z) defined
by γ 7→ (γ, ) is an isomorphism.

A discriminant form is a finite abelian group D with a quadratic form
D → Q/Z, γ 7→ γ2/2 such that (β, γ) = (β + γ)2/2 − β2/2 − γ2/2 mod 1
is a nondegenerate symmetric bilinear form.

The level of a discriminant form D is the smallest positive integer N such
that Nγ2/2 ∈ Z for all γ ∈ D.

If L is an even lattice then L′/L is a discriminant form with the quadratic
form given by γ2/2 mod 1. Conversely every discriminant form can be obtained
in this way. We define the signature sign(D) ∈ Z/8Z of a discriminant form as
the signature modulo 8 of any even lattice with that discriminant form.

Let D be a discriminant form and A a subgroup of D. We denote by A⊥ the
orthogonal complement of A in D. Then the maps A → Hom(D/A⊥, Q/Z), γ 7→
(γ, ) and D/A⊥ → Hom(A, Q/Z), γ 7→ (γ, ) are injective so that |D| = |A||A⊥|
and both maps are isomorphisms. Furthermore A⊥⊥ = A. If B is another
subgroup of D it is easy to see that (A + B)⊥ = A⊥ ∩ B⊥ and (A ∩ B)⊥ =
A⊥ + B⊥.

Every discriminant form decomposes into a sum of Jordan components (not
uniquely if p = 2) and every Jordan component can be written as a sum of inde-
composable Jordan components (usually not uniquely). The possible nontrivial
Jordan components are as follows (cf. [CS1], chapter 15 and [N]).

Let q > 1 be a power of an odd prime p. The nontrivial p-adic Jordan
components of exponent q are q±n for n ≥ 1. The indecomposable components
are q±1, generated by an element γ with qγ = 0, γ2/2 = a/q mod 1 where
a is an integer with

(

2a
p

)

= ±1. These components all have level q. The

p-excess is given by p-excess(q±n) = n(q − 1) + 4k mod 8 where k = 1, if
q is not a square and the exponent is −n, and k = 0 otherwise. We define
γp(q

±n) = e(−p-excess(q±n)/8).
Let q > 1 be a power of 2. The nontrivial even 2-adic Jordan components

of exponent q are q±2n = q±2n
II for n ≥ 1. The indecomposable components are

q±2
II generated by two elements γ and δ with qγ = qδ = 0, (γ, δ) = 1/q mod 1

and γ2/2 = δ2/2 = 0 mod 1 for q+2
II and γ2/2 = δ2/2 = 1/q mod 1 for q−2

II .
These components all have level q. The oddity is given by oddity(q±2n

II ) = 4k
mod 8 with k = 1, if q is not a square and the exponent is −n, and k = 0
otherwise. We define γ2(q

±2n
II ) = e(oddity(q±2

II )/8).
Let q > 1 be a power of 2. The nontrivial odd 2-adic Jordan components of

exponent q are q±n
t with n ≥ 1 and t ∈ Z/8Z. If n = 1, then ± = + implies

t = ±1 mod 8 and ± = − implies t = ±3 mod 8. If n = 2, then ± = + implies
t = 0 or ±2 mod 8 and ± = − implies t = 4 or ±2 mod 8. For any n we have
t = n mod 2. The indecomposable components are q±1

t where
(

t
2

)

= ±1 (recall

that
(

t
2

)

= +1 if t = ±1 mod 8 and
(

t
2

)

= −1 if t = ±3 mod 8), generated
by an element γ with qγ = 0, γ2/2 = t/2q mod 1. These components all have
level 2q. The oddity is given by oddity(q±n

t ) = t + 4k mod 8 with k = 1, if
q is not a square and the exponent is −n, and k = 0 otherwise. We define
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γ2(q
±n
t ) = e(oddity(q±n

t )/8).
Let p be a prime. Sometimes it is convenient to extend the above notations

to trivial p-adic Jordan components q±n with q = 1 or n = 0. They have the
following properties (cf. [CS1], chapter 15, section 7.7). If p is odd and n = 0
then ± = +. If p = 2 and n = 0 then q±n is even 2-adic and ± = +. If p = 2
and q = 1 then q±n is even 2-adic. For any trivial p-adic Jordan component
q±n we have γp(q

±n) = 1.
The sum of two Jordan components with the same prime power q is given by

multiplying the signs, adding the ranks and, if any components have a subscript
t, adding the subscripts t.

The factors γp are multiplicative.
Let D be a discriminant form. Then

sign(D) +
∑

p≥3

p-excess(D) = oddity(D) mod 8

or rather
∏

γp(D) = e(sign(D)/8) .

Let c be an integer. Then c acts by multiplication on D and we have an
exact sequence

0 → Dc → D → Dc → 0

where Dc is the kernel and Dc the image of this map. Note that Dc is the
orthogonal complement of Dc.

We define Dc∗ as the set of elements α ∈ D satisfying

cγ2/2 + αγ = 0 mod 1

for all γ ∈ Dc. Then

Proposition 2.1

Dc∗ is a coset of Dc.

Proof: The map γ 7→ cγ2/2 takes values 0 or 1/2 mod 1 on Dc and is a ho-
momorphism from Dc to Q/Z. Since the natural map D → Hom(Dc, Q/Z) is
surjective there is an element α in D such that cγ2/2 + αγ = 0 mod 1 for all
γ ∈ Dc. Hence α ∈ Dc∗. The assertion now follows from (Dc)

⊥ = Dc. ¤

Choose a Jordan decomposition of D and let 2k||c. If the 2-adic Jordan
block of type 2k is even we define xc = 0. If this block is odd we define xc as
the element (2k−1, . . . , 2k−1) in this block. Then

Dc∗ = xc + Dc

and xc is a canonical coset representative of Dc∗.
Let q > 1 be a power of 2. Then the element x = 1

2 (q, . . . , q) in qεn
t has norm

x2/2 = qt/8 mod 1 .

We will use this result in the proof of Theorem 4.7.
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Proposition 2.2

Let α be in Dc∗ and α = xc + cγ. Then

cγ2/2 + xcγ mod 1

is independent of the choice of γ.

Proof: Let xc + cγ and xc + cµ be two representations of α. Then γ − µ ∈ Dc

and
c(γ − µ)2/2 + xc(γ − µ) + cµ(γ − µ) = 0 mod 1 .

This is equivalent to

c(γ2/2 − µ2/2) + xc(γ − µ) = 0 mod 1 .

This proves the assertion. ¤

By the proposition we have a well defined map

Dc∗ → Q/Z, α 7→ α2
c/2

with
α2

c/2 = cγ2/2 + xcγ mod 1 .

For example if the level of D divides N and c = 0 mod N then Dc∗ = 0 and
α2

c/2 = 0 mod 1 for α ∈ Dc∗.
Now let S0 be an isotropic subgroup of D. Then we have the following exact

sequences

0 → Dc → c−1(S0) → S0 ∩ Dc → 0 ,

0 → Dc ∩ S⊥
0 → c−1(S0) ∩ S⊥

0 → S0 ∩ cS⊥
0 → 0 .

Proposition 2.3

The orthogonal complement of c−1(S0) is cS⊥
0 .

Proof: We show that c−1(S0) = (cS⊥
0 )⊥.

γ ⊥ cS⊥
0 ⇔ cγ ⊥ S⊥

0 ⇔ cγ ∈ S0 ⇔ γ ∈ c−1(S0) .

This proves the statement. ¤

We define Dc∗
S0

as the set of elements α ∈ D satisfying

cγ2/2 + αγ = 0 mod 1

for all γ ∈ c−1(S0) ∩ S⊥
0 .

Proposition 2.4

Dc∗
S0

is a coset of S0 + cS⊥
0 .

Proof: The map γ 7→ cγ2/2 takes values 0 or 1/2 mod 1 on c−1(S0) ∩ S⊥
0 and

is a homomorphism from c−1(S0) ∩ S⊥
0 to Q/Z. Hence Dc∗

S0
is nonempty and is

a coset of (c−1(S0) ∩ S⊥
0 )⊥ = S0 + cS⊥

0 . This proves the proposition. ¤

Of course Dc∗
S0

= Dc∗ if S0 = 0.
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3 Gauss sums

In this section we calculate various Gauss sums associated to discriminant forms.
The following result is well known.

Proposition 3.1

Let p be a prime and q > 1 a power of p. Then

∑

µ∈qǫ

e(µ2/2) = γp

(

qǫ
)√

q .

The proposition generalizes to

Proposition 3.2

Let p be an odd prime and q > 1 a power of p. Suppose c is an integer with

(c, p) = 1. Then
∑

µ∈qǫ

e(cµ2/2) = γp

(

qǫ
)

(

c

q

)√
q .

Proof: The Jordan component qǫ is generated by an element γ with qγ = 0 and
γ2/2 = a/q mod 1 where a is an integer with

(

2a
p

)

= ǫ. Hence

∑

µ∈qǫ

e(cµ2/2) =
∑

µ∈qǫ′

e(µ2/2) = γp(q
ǫ′)

√
q

with ǫ′ =
(

2ac
p

)

= ǫ
(

c
p

)

. If
(

c
p

)

= 1 then

p-excess(qǫ′) − p-excess(qǫ) = 0 mod 8

and if
(

c
p

)

= −1 then

p-excess(qǫ′) − p-excess(qǫ) =

{

0 mod 8 if q is a square

4 mod 8 if q is not a square.

It follows

γp(q
ǫ′) =

(

c

q

)

γp(q
ǫ) .

This proves the statement. ¤

The result implies

Proposition 3.3

Let p be an odd prime and q > 1 a power of p. Let c be an integer. Then

∑

µ∈qǫ

e(cµ2/2) = q
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if q|c and
∑

µ∈qǫ

e(cµ2/2) = γp

(

(q/qc)
ǫ
)

(

c/qc

q/qc

)√
qcq

if q |/c. Here qc = (c, q).

Proof: The first statement is clear. Let γ be a generator of the Jordan compo-
nent qǫ. Then γ2/2 = a/q mod 1 where a is an integer with

(

2a
p

)

= ǫ. Using
the previous proposition we obtain

∑

µ∈qǫ

e(cµ2/2) =

q
∑

n=1

e

(

c n2 a

q

)

=

q
∑

n=1

e

(

(c/qc)n2 a

q/qc

)

= qc

q/qc
∑

n=1

e

(

(c/qc)n2 a

q/qc

)

= qc

∑

µ∈(q/qc)ǫ

e
(

(c/qc)µ2/2
)

= qc γp

(

(q/qc)
ǫ
)

(

c/qc

q/qc

)

√

q/qc .

This proves the second statement. ¤

For the odd 2-adic Jordan components we have

Proposition 3.4

Let q > 1 be a power of 2 and c an odd integer. Then

∑

µ∈qǫ
t

e(cµ2/2) = γ2

(

qǫ
t

)

e
(

(c − 1) oddity(qǫ
t )/8

)

(

c

q

)√
q .

Proof: The Jordan component qǫ
t is generated by an element γ with qγ = 0 and

γ2/2 = t/2q mod 1 where t is an odd integer with
(

t
2

)

= ǫ. We have

∑

µ∈qǫ
t

e(cµ2/2) =
∑

µ∈qǫ′
ct

e(µ2/2) = γ2(q
ǫ′

ct)
√

q

where ǫ′ =
(

ct
2

)

= ǫ
(

c
2

)

. If
(

c
2

)

= 1 then

oddity(qǫ′

ct) − oddity(qǫ
t ) = (c − 1)t mod 8

and if
(

c
2

)

= −1 then

oddity(qǫ′

ct) − oddity(qǫ
t ) =

{

(c − 1)t mod 8 if q is a square

(c − 1)t + 4 mod 8 if q is not a square
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so that
γ2(q

ǫ′

ct) =
( c

q

)

e((c − 1)t/8)γ2(q
ǫ
t ) .

Furthermore (c − 1)t = (c − 1)oddity(qǫ
t ) mod 8 because c − 1 is even. This

proves the statement. ¤

The result easily generalizes to

Proposition 3.5

Let q > 1 be a power of 2 and c an integer. Then

∑

µ∈qǫ
t

e(cµ2/2) =

{

0 if q||c
q if 2q|c

and

∑

µ∈qǫ
t

e(cµ2/2) = γ2

(

(q/qc)
ǫ
t

)

e
(

(c/qc − 1) oddity((q/qc)
ǫ
t)/8

)

(

c/qc

q/qc

)√
qcq

if q |/c.

In a similar way we obtain for the even 2-adic Jordan components

Proposition 3.6

Let q > 1 be a power of 2 and c an integer. Then

∑

µ∈qǫ2
II

e(cµ2/2) = q2

if q|c and
∑

µ∈qǫ2
II

e(cµ2/2) = γ2

(

(q/qc)
ǫ2
II

)

qcq

otherwise.

Note that if q |/c the formula in Proposition 3.5 also holds for even 2-adic
Jordan components with the obvious modifications because c/qc − 1 is even in
this case.

The following result is easy to prove

Proposition 3.7

Let c be an integer and q > 1 a power of 2 with q||c. Then xc = 1
2q is the unique

element in qǫ
t satisfying cµ2/2 + xcµ = 0 mod 1 for all µ ∈ qǫ

t . Furthermore

∑

µ∈qǫ
t

e(cµ2/2 + xcµ) = q .

Now let D be a discriminant form. Then we have (cf. [B4], Lemma 3.1)
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Proposition 3.8

The Gauss sum
∑

µ∈D

e(cµ2/2 + αµ)

is 0 unless α ∈ Dc∗. In that case it has absolute value
√

|Dc||D|.

Proof: We have

∣

∣

∣

∑

µ∈D

e(cµ2/2 + αµ)
∣

∣

∣

2

=
∑

µ1,µ2∈D

e(cµ2
1/2 + αµ1 − cµ2

2/2 − αµ2)

=
∑

µ1,µ2∈D

e
(

c(µ1 − µ2)
2/2 + cµ2(µ1 − µ2) + α(µ1 − µ2)

)

=
∑

µ1∈D

e(cµ2
1/2 + αµ1)

∑

µ2∈D

e(cµ1µ2) .

The map µ2 7→ e(cµ1µ2) is a character of D which is trivial if and only if µ1 is
in Dc⊥ = Dc. Hence

∣

∣

∣

∑

µ∈D

e(cµ2/2 + αµ)
∣

∣

∣

2

= |D|
∑

µ1∈Dc

e(cµ2
1/2 + αµ1)

The map µ1 7→ e(cµ2
1/2 + αµ1) is a character of Dc. This character is trivial if

and only if α is in Dc∗. This implies the statement. ¤

The main result of this section is the following.

Theorem 3.9

Let α be in Dc∗. Then

∑

µ∈D

e(cµ2/2 + αµ) = εc e(−α2
c/2)

√

|Dc||D|

with

εc =
∏

2|q |/c

γ2

(

(q/qc)
ǫqnq

)

e
(

(c/qc − 1) oddity((q/qc)
ǫqnq )/8

)

(

c/qc

(q/qc)nq

)

∏

p|q |/c
p odd

γp

(

(q/qc)
ǫqnq

)

(

c/qc

(q/qc)nq

)

.
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Proof: We choose a Jordan decomposition of D and write α = xc + cγ. Then

∑

µ∈D

e(cµ2/2 + αµ) =
∑

µ∈D

e(cµ2/2 + cµγ + xcµ)

=
∑

µ∈D

e
(

c(µ + γ)2/2 + xc(µ + γ) − cγ2/2 − xcγ
)

= e(−cγ2/2 − xcγ)
∑

µ∈D

e
(

cµ2/2 + xcµ)

= e(−α2
c/2)

∑

µ∈D

e
(

cµ2/2 + xcµ) .

The theorem now follows from the above results on the values of the Gauss sums
of the indecomposable Jordan components. ¤

If c is coprime to the level of D then

εc = e(sign(D)/8)

(

c

|D|

)

e
(

(c − 1) oddity(D)/8
)

.

This formula will be used in the proof of Proposition 4.2.

4 The Weil representation

In this section we derive a general formula for the Weil representation of SL2(Z)
on the group algebra of a discriminant form of even signature in terms of the
genus of the discriminant form. Thereto we calculate the action of STmSTn

using the results of the previous section. Then we determine the action of Γ0(N).
Finally we decompose M in SL2(Z) as M = XSTmSTn with X in Γ0(N) and
derive the action from the previous results.

Let D be a discriminant form of even signature. We define a scalar product
on the group ring C[D] which is linear in the first and antilinear in the second
variable by (eγ , eβ) = δγβ . There is a unitary action of the group Γ = SL2(Z)
on C[D] defined by

Teγ = e(−γ2/2) eγ

Seγ =
e(sign(D)/8)

√

|D|
∑

β∈D

e(γβ) eβ .

where S =
(

0 −1
1 0

)

and T = ( 1 1
0 1 ) are the standard generators of Γ. This rep-

resentation is called Weil representation. We remark that the definition of the
Weil representation given in this paper is the dual of the definition used in [B2]
and [Br].

The element Z = S2 = −1 acts as

Zeγ = e(sign(D)/4) e−γ .
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Proposition 4.1

Let γ ∈ D and m,n ∈ Z. Then STmSTn =
(−1 −n

m mn−1

)

and

STmSTneγ = e(sign(D)/4) ε−m

√

|Dm|
√

|D|
e(−nγ2/2)

∑

β∈Dm∗

e(β2
m/2) eβ−γ .

Proof: We have

STneγ =
e(sign(D)/8)

√

|D|
e(−nγ2/2)

∑

β∈D

e(γβ) eβ

and

TmSTneγ =
e(sign(D)/8)

√

|D|
e(−nγ2/2)

∑

β∈D

e
(

− mβ2/2 + γβ
)

eβ

so that

STmSTneγ =
e(sign(D)/4)

|D| e(−nγ2/2)
∑

µ∈D

∑

β∈D

e
(

− mβ2/2 + (γ + µ)β
)

eµ .

Using Theorem 3.9 we obtain

STmSTneγ =

e(sign(D)/4) ε−m

√

|D−m|
√

|D|
e(−nγ2/2)

∑

β∈D−m∗

e(−β2
−m/2) eβ−γ .

The formula in the proposition now follows from D−m = Dm, D−m∗ = Dm∗

and −β2
−m/2 = β2

m/2 mod 1 . ¤

Now let N be a positive integer such that the level of D divides N . It is
easy to see that

χD(a) =

(

a

|D|

)

e
(

(a − 1) oddity(D)/8
)

defines a quadratic Dirichlet character modulo N .

Proposition 4.2

Let ad = 1 mod N . Then ST−dST−aST−d = ( a 0
0 d ) mod N and

ST−dST−aST−deγ = χD(a) edγ .

Proof: The condition ad = 1 mod N implies (a,N) = (d,N) = 1 so that by
Proposition 4.1

ST−aST−deγ =
e(sign(D)/4)

√

|D|
εa e(dγ2/2 )

∑

β∈Da∗

e(−β2
a/2 ) eβ−γ

=
e(sign(D)/4)

√

|D|
εa e(dγ2/2 )

∑

β∈D

e(−aβ2/2 ) eaβ−γ

13



and

T−dST−aST−deγ =
e(sign(D)/4)

√

|D|
εa e(dγ2 )

∑

β∈D

e(−βγ ) eaβ−γ

because
−aβ2/2 + d(aβ − γ)2/2 = −βγ + dγ2/2 mod 1 .

Applying S gives

ST−dST−aST−deγ

=
e(3 sign(D)/8)

|D| εa e(dγ2 )
∑

β∈D

∑

µ∈D

e(−βγ + (aβ − γ)µ )eµ

=
e(3 sign(D)/8)

|D| εa e(dγ2 )
∑

µ∈D

e(−γµ)
∑

β∈D

e(−β(γ − aµ))eµ .

The map β 7→ e(β(γ − aµ)) is a character of D which is trivial if and only if
γ − aµ = 0 . Thus

ST−dST−aST−deγ = e(3 sign(D)/8) εa edγ .

The proposition now follows from the above formula for εa. ¤

Using
Z = (ST )3

we obtain

1 = e(sign(D)/4)

(−1

|D|

)

e(− oddity(D)/4) .

The following result goes back to Schoeneberg.

Proposition 4.3

The group Γ(N) acts trivial in the Weil representation.

Proposition 4.4

Let M =
(

a b
c d

)

∈ Γ with b = c = 0 mod N . Then

Meγ = χD(M) edγ

with χD(M) = χD(a) = χD(d).

Proof: We have ad = 1 mod N so that M = XST−dST−aST−d where X is in
Γ(N) and Meγ = ST−dST−aST−deγ = χD(a) edγ . ¤

Proposition 4.5

The matrix M =
(

a b
c d

)

∈ Γ0(N) acts in the Weil representation as

Meγ = χD(M) e(−bdγ2/2) edγ .
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Proof: Choose an integer n with n = bd mod N . Then M = XTn with

X =

(

a b − na
c d − nc

)

=

(

a 0
0 d

)

mod N

and

Meγ = XTn eγ

= e(−bdγ2/2)X eγ

= χD(M) e(−bdγ2/2) edγ .

This proves the proposition. ¤

Proposition 4.6

Let M =
(

a b
c d

)

∈ Γ. Suppose c is even. Then there is an integer n such that

(cn − d,N) = 1 and an − b = 0 mod 8.

Proof: Let k be an integer and n = ab + 8k. Then an − b = 0 mod 8 because
a is odd and a2 = 1 mod 8. We have (8c, abc − d) = (c, abc − d) = 1 so that
the arithmetic progression (8c)k + (abc − d) = cn − d contains infinitely many
primes by Dirichlet’s theorem. ¤

Theorem 4.7

Let D be a discriminant form of even signature and M =
(

a b
c d

)

∈ Γ. Then M
acts in the Weil representation of D as

Meγ = ξ

√

|Dc|
√

|D|
∑

β∈Dc∗

e(−aβ2
c /2)e(−bβγ)e(−bdγ2/2)edγ+β

where

ξ = e(sign(D)/4)
∏

ξp

and

ξp =























∏

p|q
γp(q

ǫqnq )

( −c

qnq

)

if p |/c

∏

p|q

(−a

qnq

)

∏

p|q |/c

γp

(

(q/qc)
ǫqnq

)

(

ac/qc

(q/qc)nq

)

if p|c

for odd p and

ξ2 =
∏

2|q
γ2(q

ǫqnq ) e
(

(c + 1) oddity(qǫqnq )/8
)

( −c

qnq

)

if 2 |/c and

ξ2 =
∏

2|q
e
(

− (a + 1) oddity(qǫqnq )/8
)

(−a

qnq

)

∏

2|q |/c

γ2

(

(q/qc)
ǫqnq

)

e
(

(ac/qc − 1) oddity((q/qc)
ǫqnq )/8

)

(

ac/qc

(q/qc)nq

)
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if 2|c. Here the products extend over the nontrivial Jordan components of D.

Proof: Recall that N is a positive integer such that the level of D divides N .
We choose n ∈ Z such that (cn− d,N) = 1. If c is even we assume additionally
that an − b = 0 mod 8. We also choose m ∈ Z such that

(cn − d)m = c mod N .

Then
M = XSTmSTn

with

X =

(

(an − b)m − a an − b
(cn − d)m − c cn − d

)

=

(

a′ b′

c′ d ′

)

∈ Γ0(N) .

Using Propositions 4.1 and 4.5 we get

Meγ = ξ

√

|Dm|
√

|D|
∑

β∈Dm∗

e
(

− nγ2/2 + β2
m/2 − b′d ′(β − γ)2/2

)

ed ′(β−γ)

with
ξ = e(sign(D)/4)χD(X) ε−m .

Let β ∈ Dm∗. Then we can write β = xm + my for some y ∈ D so that

β2
m/2 = my2/2 + xmy mod 1

and

−nγ2/2 + β2
m/2 − b′d ′(β − γ)2/2

=
(

1 − b′d ′m
)

my2/2 + xmy − b′d ′x2
m/2 − b′d ′mxmy

+ b′d ′βγ −
(

n + b′d ′)γ2/2 mod 1

= (1 − b′c)my2/2 + xmy + b′d ′βγ −
(

n + b′d ′)γ2/2 mod 1

= −ad ′my2/2 + xmy + b′d ′βγ −
(

n + b′d ′)γ2/2 mod 1

= −acy2/2 + xmy + b′d ′βγ −
(

n + b′d ′)γ2/2 mod 1

because mxm = 0 and
b′x2

m/2 = 0 mod 1 .

We have
(m,N) = (c,N)

so that
Dm = Dc , Dm∗ = Dc∗ and xm = xc .

Since (d ′, N) = 1 multiplication by d ′ is an automorphism of the group D so
that

d ′(−γ + Dm∗) = (cn − d)(−γ + Dm∗) = dγ + Dc∗ .
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Hence there is a unique element µ ∈ Dc∗ such that

d ′(β − γ) = dγ + µ .

Then xm + cy = cnγ + µ and µ = xc + c(y − nγ) so that

µ2
c/2 = c(y − nγ)2/2 + xc(y − nγ) mod 1

= cy2/2 + xcy + cn2γ2/2 − cnyγ − nxcγ mod 1

= cy2/2 + xcy − nγµ − cn2γ2/2 mod 1

and

−acy2/2 + xmy + b′d ′βγ −
(

n + b′d ′)γ2/2

= −a(cy2/2 + xcy) + b′d ′βγ −
(

n + b′d ′)γ2/2 mod 1

= −a
(

µ2
c/2 + nγµ + cn2γ2/2

)

+ b′(cnγ + µ)γ

−
(

n + b′d ′)γ2/2 mod 1

= −aµ2
c/2 − bµγ − (−2b′cn + acn2 + n + b′d ′)γ2/2 mod 1

= −aµ2
c/2 − bµγ − bdγ2/2 mod 1 .

Thus we have shown that

Meγ = ξ

√

|Dc|
√

|D|
∑

µ∈Dc∗

e(−aµ2
c/2 − bµγ − bdγ2/2)edγ+µ .

Next we have to calculate the root of unity ξ = e(sign(D)/4)ε−mχD(X) .
The product ε−mχD(X) is multiplicative in the Jordan components of D. We
denote the contributions of the p-adic Jordan components to ε−mχD(X) by ξp.

Let p be an odd prime divisor of N . Then

ξp =
∏

p|q |/m

γp

(

(q/qm)ǫqnq
)

( −m/qm

(q/qm)nq

)

∏

p|q

(

d ′

qnq

)

=
∏

p|q |/c

γp

(

(q/qc)
ǫqnq

)

( −m/qc

(q/qc)nq

)

∏

p|q

(

d ′

qnq

)

where the products extend over the nontrivial p-adic Jordan components of D.
Note that if p|q |/c and q|N then m/qc is coprime to p.

First we assume that p |/c. We have d ′m = c mod N so that d ′m = c mod p
and

ξp =
∏

p|q
γp(q

ǫqnq )

(−d ′m

qnq

)

=
∏

p|q
γp(q

ǫqnq )

( −c

qnq

)

.

Now we assume that p|c. Then d ′ = −d mod p and

∏

p|q

(

d ′

qnq

)

=
∏

p|q

(−d

qnq

)

=
∏

p|q

(−a

qnq

)

.
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If p|q |/c and q|N then p|q/qc|N/qc . Now m = a′c mod N so that m/qc =
a′c/qc mod N/qc . Since p divides (c,N) = (m,N) we have a′ = −a mod p and

m/qc = −ac/qc mod p .

Hence in this case

ξp =
∏

p|q

(−a

qnq

)

∏

p|q |/c

γp

(

(q/qc)
ǫqnq

)

(

ac/qc

(q/qc)nq

)

.

Now we calculate the contributions of the 2-adic Jordan components to ξ.
Here we can assume that N is even. Then d ′ is odd. We have

ξ2 =
∏

2|q |/c

γ2

(

(q/qc)
ǫqnq

)

e
(

− (m/qc + 1) oddity((q/qc)
ǫqnq )/8

)

( −m/qc

(q/qc)nq

)

∏

2|q
e
(

(d ′ − 1) oddity(qǫqnq )/8
)

(

d ′

qnq

)

.

First we consider the case that c is odd. Then m is odd and

ξ2 =
∏

2|q
γ2

(

qǫqnq
)

e
(

(d ′ − m − 2) oddity(qǫqnq )/8
)

(−d ′m

qnq

)

.

The formula for ξ2 given in the theorem holds for the even 2-adic Jordan com-
ponents q

ǫqnq

II because oddity(q
ǫqnq

II ) = 0 mod 4 and nq is even. Hence we only
have to consider the odd 2-adic Jordan components. Thereto we distinguish 3
cases.

If 2||N there are no nontrivial odd 2-adic Jordan components.
If 4||N the only possible nontrivial odd 2-adic Jordan components are of

the form 2ǫ2n2

t2 with t2 = n2 = 0 mod 2 because D has even signature. Then
oddity(2ǫ2n2

t2 ) is even and we have to calculate d ′−m−2 mod 4. Since d ′m = c
mod 4 we have m = d ′c mod 4 and

d ′ − m − 2 = d ′(1 − c) − 2 = (1 − c) − 2 = c + 1 mod 4

so that also in this case ξ2 is given by the formula in the theorem.
Suppose 8|N . The oddity of D is even so that

e
(

(d ′ − m − 2) oddity(D)/8
)

= e
(

(c + 1) oddity(D)/8
)

by the same argument as in the previous case. Also d ′m = c mod 8 so that

ξ2 =
∏

2|q
γ2(q

ǫqnq ) e
(

(c + 1) oddity(qǫqnq )/8
)

( −c

qnq

)

.

This finishes the calculation of ξ2 for odd c.
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Now we consider the case that c is even. Then a is odd. Since m/qc is
odd if 2|q |/c and q|N , the formula for ξ2 given in the theorem holds for the even
2-adic Jordan components so that again we only have to consider the odd 2-adic
Jordan components.

If 2||N there are no nontrivial odd 2-adic Jordan components.
If 4||N the only possible nontrivial odd 2-adic Jordan components are 2ǫ2n2

t2
with t2 = n2 = 0 mod 2 because D has even signature. In this case ξ2 is given
by

ξ2 = e
(

(d ′ − 1) oddity(2ǫ2n2

t2 )/8
)

.

We have to calculate d ′−1 mod 4 because oddity(2ǫ2n2

t2 ) is even. We have b′ = 0
mod 8 so that a′ = −a mod 8. Then a′d ′ = 1 mod 4 implies d ′ = a′ = −a
mod 4. Hence in this case

ξ2 = e
(

− (a + 1) oddity(2ǫ2n2

t2 )/8
)

which is also the the result of the formula for ξ2 in the theorem.
Finally we assume that 8|N . Then a′d ′ = 1 mod 8 so that d ′ = a′ = −a

mod 8 and

ξ2 =
∏

2|q |/c

γ2

(

(q/qc)
ǫqnq

)

e
(

− (m/qc + 1) oddity((q/qc)
ǫqnq )/8

)

( −m/qc

(q/qc)nq

)

∏

2|q
e
(

− (a + 1) oddity(qǫqnq )/8
)

(−a

qnq

)

.

We have to calculate the first product. The condition 2|q |/c implies 2|q/qc. Since
q corresponds to a nontrivial odd 2-adic Jordan component we have 2q|N and

2q/qc |N/qc .

First we determine the contributions of the odd 2-adic Jordan components
q

ǫqnq

tq
with q/qc = 2. If nq is even then oddity((q/qc)

ǫqnq

tq
) is even and we

have to calculate m/qc + 1 mod 4 . The congruence d ′m = c mod N implies
m/qc = a′c/qc mod N/qc so that

m/qc = a′c/qc = −ac/qc mod 4 .

If nq is odd then tq is odd and therefore also oddity((q/qc)
ǫqnq

tq
) is odd. We have

to determine

e
(

− (m/qc + 1) oddity((q/qc)
ǫqnq

tq
)/8

)

(−m/qc

2

)

.

A priori this expression depends on m/qc mod 8 . However using that m/qc and
oddity((q/qc)

ǫqnq

tq
) are odd we immediately see that it actually only depends

on m/qc mod 4 . This shows that the formula for ξ2 in the theorem correctly
describes the contributions of the odd 2-adic Jordan components q

ǫqnq

tq
with

q/qc = 2.
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Now we consider the odd 2-adic Jordan components qǫqnq with 4|q/qc. This is
very easy because then 8|N/qc. As above d ′m = c mod N implies m/qc = a′c/qc

mod N/qc so that
m/qc = −ac/qc mod 8 .

Hence also in this case the contributions to ξ2 are described correctly.
This finishes the calculation of ξ2 for even c.
The proof of the theorem is therewith complete. ¤

In the formula for ξ we have extended the products over the nontrivial Jordan
components of the discriminant form D. It is easy to see that the trivial Jordan
components qǫqnq with q = 1 or nq = 0 only contribute factors 1 to ξ and
therefore can also be included.

In Theorem 6.3 of [S4] the formula for the Weil representation on discrim-
inant forms of squarefree level is given however without proof. The formula is
used there to classify reflective automorphic products on lattices of squarefree
level and generalized Kac-Moody algebras.

We describe 2 special cases. Of course the first result is Proposition 4.5 and
was used in the proof of the theorem.

Proposition 4.8

Let D be a discriminant form of even signature and level dividing N and M =
(

a b
c d

)

∈ Γ.

If c = 0 mod N then M acts in the Weil representation of D as

Meγ =

(

a

|D|

)

e
(

(a − 1) oddity(D)/8
)

e(−bdγ2/2) edγ .

If (c,N) = 1 then M acts as

Meγ =
e(sign(D)/8)

√

|D|

(

c

|D|

)

e
(

(c − 1) oddity(D)/8
)

∑

µ∈D

e(−acµ2/2)e(−bcµγ)e(−bdγ2/2)edγ+cµ .

Proof: The first statement follows from the previous theorem and

1 = e(sign(D)/4)

(−1

|D|

)

e(− oddity(D)/4) .

The proof of the second statement uses additionally
∏

γp(D) = e(sign(D)/8) .

This proves the proposition. ¤

Schoeneberg has determined the action of Γ0(N) in [S] by means of the
the Jacobi inversion formula. The formula for c coprime to the level of D is
essentially formula (16) in [W]. Other special cases of Theorem 4.7 are described
for example in [RS] and [Qu].
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5 Modular forms for the Weil representation

The singular theta correspondence is a map from modular forms for the Weil
representation ρD to automorphic forms on orthogonal groups. These auto-
morphic forms have nice infinite product expansions and therefore are called
automorphic products. For the theory of automorphic products and for appli-
cations it is important to have explicit constructions of modular forms for the
Weil representation. In this section we describe a lift from scalar valued modular
forms on Γ0(N) to vector valued modular forms for ρD.

Let P = Q ∪ {∞} be the set of cusps of Γ. Then Γ acts transitively on P .
The stabilizer of ∞ is Γ∞ = {±Tn |n ∈ Z} and the stabilizer of a/c ∈ Q with
(a, c) = 1 is Γa/c = MΓ∞M−1 where M ∈ Γ is of the form M =

(

a b
c d

)

.
The group Γ0(N) has

∑

c|N φ((c,N/c)) classes of cusps. Let a/c ∈ Q with

(a, c) = 1. Then the equivalence class of a/c is determined by the invariants
(c,N) (a divisor of N) and ac/(c,N) (a unit in Z/(c,N/(c,N))Z ). The width
of a/c is N/(N, c2) and the stabilizer of a/c in Γ0(N) is given by

Γ0(N)a/c = Γa/c ∩ Γ0(N)

= MΓ∞M−1 ∩ Γ0(N)

= {±MT tnM−1 |n ∈ Z }
= {±Tn

a/c |n ∈ Z }

where M is a matrix in Γ of the form M =
(

a b
c d

)

,

Ta/c = MT tM−1 =

(

1 − act a2t
−c2t 1 + act

)

and t = N/(N, c2) is the width of a/c.
Let D be a discriminant form of even signature and N a positive integer

such that the level of D divides N .

Proposition 5.1

We have χD(Ta/c) = −1 in the following cases.

4||N , 2||c and the 2-adic Jordan component of D of order 2 is of the form

2ǫ2n2

t2 with n2 > 0 and t2 = 2 mod 4.
8||N , 2||c and the 2-adic Jordan component of D of order 2 is of the form

2ǫ2n2

t2 with n2 = t2 = 1 mod 2.
8||N , 4||c and the 2-adic Jordan component of D of order 4 is of the form

4ǫ4n4

t4 with n4 = t4 = 1 mod 2.
16||N , 4||c and the 2-adic Jordan component of D of order 4 is of the form

4ǫ4n4

t4 with n4 = t4 = 1 mod 2.
In all other cases χD(Ta/c) = 1.

Proof: The value of χD on Ta/c is

χD(Ta/c) =

(

1 + act

|D|

)

e
(

act oddity(D)/8
)

.
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The character χD is multiplicative in the Jordan components of D so that we
can consider them individually.

Let p be an odd prime dividing N . Then p divides c or t = N/(c2, N) so that
ct = 0 mod p and the p-adic Jordan components always contribute a factor 1
to χD(Ta/c).

Now we consider the 2-adic Jordan components. We can assume that N is
even. Then as before ct = 0 mod 2 so that the even 2-adic Jordan components
always contribute a factor 1 to χD(Ta/c).

Next we look at the odd 2-adic Jordan components.
First we assume that 4||N . Then the only possible nontrivial odd 2-adic

Jordan components are of the form 2ǫ2n2

t2 with t2 = n2 = 0 mod 2 because D
has even signature. If c is odd then 4|t so that act oddity(2ǫ2n2

t2 ) = 0 mod 8 and
the contribution of 2ǫ2n2

t2 to χD(Ta/c) is 1. If 2||c then t is odd and

act oddity(2ǫ2n2

t2 ) =

{

4 mod 8 if t2 = 2 mod 4

0 mod 8 if t2 = 0 mod 4 .

Hence χD(Ta/c) = −1 if t2 = 2 mod 4. Finally if 4|c then the contribution of
2ǫ2n2

t2 to χD(Ta/c) is again 1.
Now we suppose that 8|N . Then ct = 0 mod 4 so that the factor coming

from the oddity is always 1. We claim that
(

1 + act

2

)

= −1

in the cases 8||N and 2||c, or 8||N and 4||c, or 16||N and 4||c, and in all other
cases

(

1+act
2

)

= 1. To prove this we have to show that act = 4 mod 8 exactly in
the 3 cases just mentioned. We do this in a simple case-by-case analysis. Note
that a is odd if c is even.

If c is odd then 8|t and act = 0 mod 8.
If 2||c and 16|N then act = 0 mod 8.
If 2||c and 8||N then act = 4 mod 8.
If 4||c and 32|N then act = 0 mod 8.
If 4||c and 16||N then act = 4 mod 8.
If 4||c and 8||N then act = 4 mod 8.
If 8|c and then act = 0 mod 8.
This proves the claim.
First we consider the case 8||N and 2||c. Then the odd 2-adic Jordan com-

ponents of D are of the form 2ǫ2n2

t2 4ǫ4n4

t4 and χD(Ta/c) = −1 implies that n2 is
odd. Then n2 = t2 = 1 mod 2.

If 8||N and 4||c the same argument applies. Since D has even oddity t4 must
be odd and n4 = t4 = 1 mod 2.

Finally if 16||N and 4||c the odd 2-adic Jordan components of D are of the
form 2ǫ2n2

t2 4ǫ4n4

t4 8ǫ8n8

t8 and χD(Ta/c) = −1 implies that n2 or n8 is odd. If n2

is odd and χD(Ta/c) = −1 then n8 must be even. Then n4 = t4 = 1 mod 2
because D has even oddity. If n8 is odd and χD(Ta/c) = −1 then n2 must be
even and again n4 = t4 = 1 mod 2.
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This proves the proposition. ¤

The following proposition shows that the value of χD on Ta/c is related to the
possible norms in Dc∗. Recall that t = N/(N, c2).

Proposition 5.2

Let γ ∈ Dc∗. Then γ2/2 = j/2t mod 1 with odd j in the following cases.

4||N , 2||c and the 2-adic Jordan component of D of order 2 is of the form

2ǫ2n2

t2 with n2 > 0 and t2 = 2 mod 4.
8||N , 2||c and the 2-adic Jordan component of D of order 2 is of the form

2ǫ2n2

t2 with n2 = t2 = 1 mod 2.
8||N , 4||c and the 2-adic Jordan component of D of order 4 is of the form

4ǫ4n4

t4 with n4 = t4 = 1 mod 2.
16||N , 4||c and the 2-adic Jordan component of D of order 4 is of the form

4ǫ4n4

t4 with n4 = t4 = 1 mod 2.
In all other cases γ2/2 = j/t mod 1.

Proof: As before this amounts to a simple case-by-case analysis which we leave
to the reader. ¤

Let f be a holomorphic function on the upper halfplane with values in C

and k an integer. We say that f is a modular form for Γ0(N) of character χD

and weight k if
f(Mτ) = (cτ + d)kχD(M)f(τ)

for all M =
(

a b
c d

)

in Γ0(N) and f is meromorphic at the cusps of Γ0(N). This
definition is slightly more general than the standard definition of modular forms
because we allow poles at cusps.

Let f be a modular form for Γ0(N) of character χD and weight k and
M =

(

a b
c d

)

in Γ. Then f |M (τ) = (cτ + d)−kf(Mτ) gives an expansion of f at
the cusp a/c.

Proposition 5.3

If χD(Ta/c) = 1 then f |M has a Fourier expansion in integral powers of qt. If

χD(Ta/c) = −1 then f |M has an expansion in odd powers of q2t.

Proof: We have
(

f |M
)

|T t(τ) = f |MT t(τ) = f |Ta/cM (τ) = χD(Ta/c)f |M (τ) .

This implies the statement. ¤

Let
F (τ) =

∑

γ∈D

Fγ(τ)eγ

be a holomorphic function on the upper halfplane with values in C[D] and k an
integer. Then F is a modular form for ρD of weight k if

F (Mτ) = (cτ + d)kρD(M)F (τ)
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for all M =
(

a b
c d

)

in Γ and F is meromorphic at ∞. The following construction
is well known (cf. [S3] and [S4]).

Theorem 5.4

Let f be a scalar valued modular form for Γ0(N) of weight k and character χD

and S0 an isotropic subgroup of D. Then

F (τ) =
∑

M∈Γ0(N)\Γ

∑

γ∈S0

f |M (τ) ρD(M−1)eγ

is a vector valued modular form for ρD of weight k which is invariant under the

automorphisms of the discriminant form that stabilize S0 as a set.

We can write the function F in the theorem as

F (τ) =
∑

s∈Γ0(N)\P

Fs(τ)

with
Fs(τ) =

∑

M∈Γ0(N)\Γ
M∞=s

∑

γ∈S0

f |M (τ) ρD(M−1)eγ .

It is easy to see that Fs is T -invariant, i.e.

Fs(Tτ) = ρD(T )Fs(τ) .

We calculate Fs explicitly. We choose a representative a/c ∈ Q of s with c|N
and (a,N) = 1 and a matrix M =

(

a b
c d

)

in Γ. Then the cosets of Γ0(N) in Γ
sending ∞ to s are given by MT j where j ranges over a complete set of residues
modulo t = N/(N, c2) and

Fs =
∑

j∈Z/tZ

∑

γ∈S0

f |MT j ρD(T−j)ρD(M−1)eγ

= ξ(M−1)

√

|Dc|
√

|D|
∑

j∈Z/tZ

f |MT j

∑

γ∈S0

∑

β∈Dc∗

e(dβ2
c /2)e(bβγ)e(j(aγ + β)2/2)eaγ+β

where ξ(M−1) is the root of unity of Theorem 4.7 corresponding to M−1. Let
a−1 be the inverse of a modulo N . We replace µ = aγ + β to get

Fs = ξ(M−1)

√

|Dc|
√

|D|
∑

µ∈S0+Dc∗

∑

γ∈S0∩(a−1µ+Dc∗)

e(d(µ − aγ)2c/2)e(bµγ)

∑

j∈Z/tZ

f |MT j e(jµ2/2)eµ .
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Decomposing S0 + Dc∗ into disjoint cosets of Dc∗ we obtain

Fs = ξ(M−1)

√

|Dc|
√

|D|
∑

v∈S0/(S0∩Dc)

∑

w∈Dc∗

∑

γ∈a−1v+(S0∩Dc)

e(d(v + w − aγ)2c/2)e(bwγ)
∑

j∈Z/tZ

f |MT j e(j(v + w)2/2)ev+w

= ξ(M−1)

√

|Dc|
√

|D|
∑

v∈S0/(S0∩Dc)

∑

w∈Dc∗

e(a−1bvw)

∑

γ∈(S0∩Dc)

e(d(w − aγ)2c/2)e(bwγ)
∑

j∈Z/tZ

f |MT j e(j(v + w)2/2)ev+w .

Here v ranges over a complete set of representatives of S0∩Dc in S0. Finally we
replace the sum over S0 ∩ Dc by a sum over the isomorphic group c−1(S0)/Dc.
Then

Fs = ξ(M−1)

√

|Dc|
√

|D|
∑

v∈S0/(S0∩Dc)

∑

w∈Dc∗

e(a−1bvw)

∑

γ∈c−1(S0)/Dc

e(d(w − acγ)2c/2)e(bcwγ)

∑

j∈Z/tZ

f |MT j e(j(v + w)2/2)ev+w .

Now we calculate the third sum.

Proposition 5.5

Let w ∈ Dc∗. Then the sum

∑

γ∈c−1(S0)/Dc

e(d(w − acγ)2c/2)e(bcwγ)

is 0 unless w ∈ Dc∗ ∩ Dc∗
S0

. In that case it has absolute value
√

|S0 ∩ cS⊥
0 |

√

|S0 ∩ Dc|.
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Proof: We have
∣

∣

∣

∑

γ∈c−1(S0)/Dc

e(d(w − acγ)2c/2)e(bcwγ)
∣

∣

∣

2

=
∑

γ1,γ2∈c−1(S0)/Dc

e
(

d((w − acγ1)
2
c/2 − (w − acγ2)

2
c/2)

)

e(bcw(γ1 − γ2))

=
∑

γ1,γ2∈c−1(S0)/Dc

e
(

ad(ac(γ2
1/2 − γ2

2/2) − w(γ1 − γ2))
)

e(bcw(γ1 − γ2))

=
∑

γ1,γ2∈c−1(S0)/Dc

e
(

ad(ac(γ1 − γ2)
2/2 + acγ2(γ1 − γ2) − w(γ1 − γ2))

)

e(bcw(γ1 − γ2))

=
∑

γ1∈c−1(S0)/Dc

e(acγ2
1/2 + wγ1)

∑

γ2∈c−1(S0)/Dc

e(acγ1γ2) .

The map γ2 7→ e(acγ1γ2) is a character of c−1(S0)/Dc which is trivial if and
only if γ1 ∈ ((c−1(S0) ∩ S⊥

0 ) + Dc)/Dc.
The map γ1 7→ e(acγ2

1/2 + wγ1) is a character of ((c−1(S0) ∩ S⊥
0 ) + Dc)/Dc

which is trivial if and only if

acγ2
1/2 + wγ1 = 0 mod 1

for all γ1 ∈ c−1(S0) ∩ S⊥
0 . Since cγ2

1/2 = 0 or 1/2 mod 1 for γ1 ∈ c−1(S0) ∩ S⊥
0

and (a,N) = 1 we have

cγ2
1/2 = acγ2

1/2 mod 1 .

Hence the character is trivial if and only if w ∈ Dc∗
S0

.
The absolute value of the sum now follows from the isomorphisms

c−1(S0)

Dc

∼= S0 ∩ Dc

and
(c−1(S0) ∩ S⊥

0 ) + Dc

Dc

∼= c−1(S0) ∩ S⊥
0

S⊥
0 ∩ Dc

∼= S0 ∩ cS⊥
0 .

This proves the proposition. ¤

If Dc∗ ∩ Dc∗
S0

is nonempty then it is a coset of (S0 ∩ Dc) + cS⊥
0 .

For w ∈ Dc∗ ∩ Dc∗
S0

we define

ΦS0,a,c(w) =
∑

γ∈GS0,c

e(acγ2/2 + wγ)

where

GS0,c =
c−1(S0)/Dc

((c−1(S0) ∩ S⊥
0 ) + Dc)/Dc

.

With this notation we have
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Proposition 5.6

Let w ∈ Dc∗ ∩ Dc∗
S0

. Then

∑

γ∈c−1(S0)/Dc

e(d(w − acγ)2c/2)e(bcwγ) = e(dw2
c/2) |S0 ∩ cS⊥

0 |ΦS0,a,c(w)

and
∣

∣ΦS0,a,c(w)
∣

∣ =

√

∣

∣

∣

∣

S0 ∩ Dc

S0 ∩ cS⊥
0

∣

∣

∣

∣

.

The sum only depends on w modulo S0 ∩ Dc.

Proof: We have
∑

γ∈c−1(S0)/Dc

e(d(w − acγ)2c/2)e(bcwγ)

= e(dw2
c/2)

∑

γ∈c−1(S0)/Dc

e(ad(acγ2/2 − wγ))e(bcwγ)

= e(dw2
c/2)

∑

γ∈c−1(S0)/Dc

e(acγ2/2 + wγ)

Since acγ2/2 + wγ = 0 mod 1 for γ ∈ ((c−1(S0)∩S⊥
0 ) + Dc)/Dc we decompose

the last sum with respect to this group and obtain the formula given in the
proposition.

Now we show that the sum only depends on w modulo S0 ∩ Dc. Let y ∈
S0 ∩ Dc. Then we can write y = acx with x ∈ c−1(S0) and

e(d(w + y)2c/2)
∑

γ∈c−1(S0)/Dc

e(acγ2/2 + (w + y)γ)

= e(dw2
c/2) e(ad(acx2/2 + wx))

∑

γ∈c−1(S0)/Dc

e(acγ2/2 + wγ + acxγ)

= e(dw2
c/2)

∑

γ∈c−1(S0)/Dc

e(ac(γ + x)2/2 + w(γ + x))

= e(dw2
c/2)

∑

γ∈c−1(S0)/Dc

e(acγ2/2 + wγ) .

This finishes the proof of the proposition. ¤

Since f is a modular form of character χD we can decompose

f |M (τ) = gt,0(τ) + gt,1(τ) + . . . + gt,t−1(τ)

with gt,j |T (τ) = e(j/t)gt,j(τ) if χD(Ta/c) = 1 and

f |M (τ) = g2t,1(τ) + g2t,3(τ) + . . . + g2t,2t−1(τ)

with g2t,j |T (τ) = e(j/2t)g2t,j(τ) if χD(Ta/c) = −1.
For w ∈ Dc∗ we define jw by w2/2 = −jw/t mod 1 if χD(Ta/c) = 1 and

w2/2 = −jw/2t mod 1 if χD(Ta/c) = −1. In the latter case jw is odd.
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Theorem 5.7

The function Fs is given by

Fs(τ) = ξ(M−1)

√

|Dc|
√

|D|
|S0 ∩ cS⊥

0 |
∑

v∈S0/(S0∩Dc)

∑

w∈(Dc∗∩Dc∗
S0

)

e(dw2
c/2)

ΦS0,a,c(w) t gt,jw
(τ) ev+w

if χD(Ta/c) = 1 and

Fs(τ) = ξ(M−1)

√

|Dc|
√

|D|
|S0 ∩ cS⊥

0 |
∑

v∈S0/(S0∩Dc)

∑

w∈(Dc∗∩Dc∗
S0

)

e(dw2
c/2)

ΦS0,a,c(w) t g2t,jw
(τ) ev+w

if χD(Ta/c) = −1.

Proof: Note that Dc∗
S0

is orthogonal to S0. Then the last two propositions imply

Fs = ξ(M−1)

√

|Dc|
√

|D|
|S0 ∩ cS⊥

0 |
∑

v∈S0/(S0∩Dc)

∑

w∈(Dc∗∩Dc∗
S0

)

e(dw2
c/2)

ΦS0,a,c(w)
∑

j∈Z/tZ

f |MT j e(jw2/2) ev+w .

Carrying out the last sum gives the desired result. ¤

Recall that v ranges over a complete set of representatives of S0 ∩Dc in S0.
Of course Fs is independent of the choice of representatives.

We describe some special cases.
If S0 = 0 then Dc∗

S0
= Dc∗ and ΦS0,a,c(w) = 1 for all w ∈ Dc∗ so that

Fs(τ) = ξ(M−1)

√

|Dc|
√

|D|
∑

w∈Dc∗

e(dw2
c/2) t gt,jw

(τ) ew

if χD(Ta/c) = 1 and analogously if χD(Ta/c) = −1.
Suppose c||N . Define c′ = N/c. Then D decomposes into D = Dc ⊕ Dc′ ,

Dc∗ = Dc = Dc′ and Dc∗
S0

= S0 + cS⊥
0 . Furthermore S0/(S0 ∩ Dc) ∼= S0 ∩ Dc,

Dc∗ ∩ Dc∗
S0

= S⊥
0 ∩ Dc′ and GS0,c = 1. We can choose M =

(

a b
c d

)

such that
d = 0 mod c′. Then

Fs(τ) = ξ(M−1)

√

|Dc|
√

|D|
|S0 ∩ Dc′ |

∑

v∈(S0∩Dc)

∑

w∈(S⊥

0
∩Dc′ )

c′ gc′,jw
(τ) ev+w .

Under suitable conditions we can show that maximal isotropic subgroups are
invariant under the Weil representation by lifting constant functions. However
this can easily be seen directly.
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Proposition 5.8

Let H be a subgroup of D. Then the characteristic function of H is invariant

under the Weil representation if and only if H is isotropic and H = H⊥. In

that case D has signature 0 mod 8.

Proof: Let H be a subgroup of D. Then

ρD(T )
∑

γ∈H

eγ =
∑

γ∈H

e(−γ2/2)eγ

and

ρD(S)
∑

γ∈H

eγ =
e(sign(D)/8)

√

|D|
∑

β∈D

∑

γ∈H

e(γβ) eβ

=
e(sign(D)/8)

√

|D|
∑

β∈H⊥

|H| eβ .

If
∑

γ∈H eγ is invariant under ρD we see that H is isotropic, H = H⊥ and D
has signature 0 mod 8.

Conversely suppose that H is isotropic and H = H⊥. Then |H|2 = |D|. Let
L be a lattice with discriminant form D. Then the lattice

K =
⋃

γ∈H

(γ + L)

is even and unimodular so that D has signature 0 mod 8. The above equations
now imply that H is invariant under ρD. ¤

6 The eta function

In this section we describe some transformation properties of the eta function
which are used in the following sections.

Recall that
η(τ) = q1/24

∏

n>0

(1 − qn)

is the Dedekind eta function. The following result is due to Rademacher (cf.
[R], p. 163).

Proposition 6.1

Let M =
(

a b
c d

)

∈ Γ. Then

η(Mτ) = ε(M)
√

cτ + d η(τ)
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where

ε(M) =























































(

d

c

)

e((−3c + bd(1 − c2) + c(a + d))/24) c odd, c > 0

(−d

−c

)

e((3c − 6 + bd(1 − c2) + c(a + d))/24) c odd, c < 0

(

c

d

)

e((3d − 3 + ac(1 − d2) + d(b − c))/24) c even, c ≥ 0

(−c

−d

)

e((−3d − 9 + ac(1 − d2) + d(b − c))/24) c even, c < 0

We generalize this as follows. For a positive integer k define

ηk(τ) = η(kτ) and Fk =
1√
k

(

k 0
0 1

)

.

Then

Proposition 6.2

Let M =
(

a b
c d

)

∈ Γ. Suppose we have integers r, s, t with r, t > 0 and

rt = k , r|c , k|(dr − cs) .

Then

ηk(Mτ) = ε(FkMN−1)
1√
t

√
cτ + d η

(

rτ + s

t

)

.

where N = 1√
rt

( r s
0 t ).

Proof: The conditions on r, s and t imply that

FkMN−1 =

(

at br − as
c/r (dr − cs)/k

)

is in Γ. It follows

ηk(Mτ) = η(FkMτ)

= η(FkMN−1Nτ)

= ε(FkMN−1)

√

c

r

(

rτ + s

t

)

+
dr − cs

k
η(Nτ)

= ε(FkMN−1)

√
cτ + d√

t
η(Nτ) .

This proves the proposition. ¤

We will also use the following formula

η(τ + 1/2) = e(1/48)
η(2τ)3

η(τ)η(4τ)
.
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7 Automorphic forms related to M23

In this section we show that the elements of the group M23 correspond naturally
to reflective automorphic products of singular weight and to generalized Kac-
Moody algebras.

The group M23 acts on the Leech lattice Λ by permutation of the coordinates.
Let g be an element in M23 of order N , cycle shape

∏

d|N dbd and fixed point
lattice Λg. Define the functions

ηg(τ) =
∏

d|N
η(dτ)bd

f(τ) = 1/ηg(τ)

and the lattice
M = Λg ⊕ II1,1 ⊕ II1,1(N)

of level N and discriminant form D. Then ηg is a modular form for Γ0(N) of
weight dim(Λg)/2 and character χD.

In the following table we list the cycle shapes of the elements in M23, the
genus of Λg and M and the character χD.

order cycle shape genus of Λg genus of M χD(j)

1 124 II24,0 II26,2 1

2 1828 II16,0(2
+8
II ) II18,2(2

+10
II ) 1

3 1636 II12,0(3
+6) II14,2(3

−8) 1

4 142244 II10,0(2
+2
2 4+4

II ) II12,2(2
+2
2 4+6

II ) e
(

j−1
4

)

5 1454 II8,0(5
+4) II10,2(5

+6) 1

6 12223262 II8,0(2
+4
II 3+4) II10,2(2

+6
II 3−6) 1

7 1373 II6,0(7
+3) II8,2(7

−5)
(

j
7

)

8 122.4.82 II6,0(2
+1
1 4+1

1 8−2
II ) II8,2(2

+1
1 4+1

1 8−4
II )

(

j
2

)

e
(

j−1
4

)

11 12112 II4,0(11+2) II6,2(11−4) 1

14 1.2.7.14 II4,0(2
+2
II 7+2) II6,2(2

+4
II 7−4) 1

15 1.3.5.15 II4,0(3
−25−2) II6,2(3

+45−4) 1

23 1.23 II2,0(23+1) II4,2(23−3)
(

j
23

)

We remark that if g has squarefree order then Λg is the unique lattice in its
genus without roots.

Let z be a primitive vector in M . The level m of z is the smallest positive
value of zx where x ∈ M . Then { zx | x ∈ M } = mZ and m divides N .

Proposition 7.1

Let m||N and z a primitive vector of level m in M . Then there is a vector

z′ ∈ M ′ such that zz′ = 1 and mz′ ∈ M .
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Proof: Define m′ = N/m. Then (m,m′) = 1 and the discriminant form of M
decomposes into the orthogonal sum D = Dm ⊕ Dm′ . Let π : M ′ → D be
the natural projection. The vector z has level m so that xm = z/m is in M ′

and π(xm) ∈ Dm. Since z is primitive there is an element z̃ in M ′ such that
zz̃ = 1. We can decompose z̃ = ym + ym′ where ym, ym′ are vectors in M ′ with
π(ym) ∈ Dm and π(ym′) ∈ Dm′ . Then zym′ = mxmym′ = 0 mod m because
Dm and Dm′ are orthogonal. We choose a vector w in M with zw = zym′ . Then
z′ = z̃ + (w − ym′) has the desired properties. This proves the proposition. ¤

Theorem 7.2

Let m||N . Then M has exactly one orbit of primitive norm 0 vectors of level m
under Aut(M).

Proof: The decomposition II1,1 ⊕ II1,1(N) = II1,1(m) ⊕ II1,1(m
′) where m′ =

N/m shows that primitive norm 0 vectors of level m exist in M . Now let z be a
primitive norm 0 vector of level m in M . We take a vector z′ ∈ M ′ with zz′ = 1
and mz′ ∈ M . Then mz′2/2 ∈ Z because m is a Hall divisor of the level of M .

Define n = −mz′2/2 and z̃ = nz + mz′. Then z̃ is a primitive norm 0 vector of
level m in M and z and z̃ generate a primitive sublattice II1,1(m) in M . Let K
be the orthogonal complement of this lattice in M . We can glue II1,1(m) and
K together to obtain M . Let α = nz/m + ñz̃/m + x, where x is in K ′, be a
glue vector. Then m divides zα = ñ and z̃α = n so that α is trivial. Hence
M = II1,1(m) ⊕ K. The lattice K is in the same genus as Λg ⊕ II1,1(m

′). This
genus contains only one isomorphism class (cf. Corollary 22, p. 395 in [CS1]) so
that K = Λg ⊕ II1,1(m

′). This implies the theorem. ¤

We also define the lattice

L = Λg ⊕ II1,1

of discriminant form DL.
Let g be an element of squarefree order N in M23. Then the maps

g 7→ f 7→ F 7→ Ψ

send g to an automorphic product of singular weight. Here the second map is
the lift from scalar valued modular forms to vector valued modular forms on
the lattice M with support 0 and the third map is Borcherds’ singular theta
correspondence. The coefficients of F are nonnegative integers and F is sym-
metric, i.e. invariant under Aut(D). Furthermore F is reflective so that the
divisors of Ψ are zeros of order 1 and are orthogonal to roots of M (cf. [S4]).
The expansion of Ψ at any cusp is given by

e((ρ, Z))
∏

d|N

∏

α∈(L∩dL′)+

(

1 − e((α,Z))
)[f ](−α2/2d)

=
∑

w∈W

det(w) ηg((wρ,Z))
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where ρ is a primitive norm 0 vector in II1,1 ⊂ L and W is the full reflection
group of L (cf. [S2]). This identity is the denominator identity of a generalized
Kac-Moody algebra whose real simple roots are the simple roots of W , which
are the roots α of L with (ρ, α) = −α2/2, and imaginary simple roots are the
positive multiples nρ of the Weyl vector of multiplicity

∑

d|n bd.
The automorphic products obtained in this way are essentially the only

completely reflective automorphic products of singular weight on lattices of
squarefree level (cf. Theorem 12.6 in [S4]). This implies that the generalized
Kac-Moody algebras whose denominator identities are completely reflective au-
tomorphic products of singular weight on lattices of squarefree level correspond
to elements of squarefree order in M23.

Now we show that similar results hold for the elements of order 4 and 8 in
M23.

Let g be an element of order 4 in M23. Then g has cycle shape 142244 as
automorphism of the Leech lattice and fixed point lattice Q10. This lattice is
described in more detail in [CS2]. The lattice M has genus II12,2(2

+2
2 4+6

II ). We
choose generators γ1, γ2, . . . , γ8 of the discriminant form D of M with

2γ1 = 2γ2 = 4γ3 = . . . = 4γ8 = 0

such that
γ = n1γ1 + . . . + n8γ8 = (n1, . . . , n8)

has norm

γ2/2 =
n2

1

4
+

n2
2

4
+

n3n4

4
+

n5n6

4
+

n7n8

4
mod 1 .

We define the modular forms

f(τ) =
1

η(τ)4η(2τ)2η(4τ)4
= q−1 + 4 + 16q + 48q2 + 142q3 + . . .

f1/2(τ) =
η(4τ)4

η(2τ)14
= q−1/2 + 14q3/2 + 115q7/2 + 714q11/2 + . . .

and
f1/1(τ) = f(τ/4) = f1/1,0(τ) + . . . + f1/1,3(τ)

where
f1/1,j |T (τ) = e(j/4)f1/1,j(τ) .

The modular forms f1/2 and f1/1 give expansions of f at the cusps 1/2 and 1/1.
Let Ff,0 be the lift of f on M with support 0. Then

Proposition 7.3

Ff,0 is given by

Ff,0 = Ff,0,1/4 + Ff,0,1/2 + Ff,0,1/1
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where

Ff,0,1/4 = f e0

Ff,0,1/2 = −1

2

∑

µ∈D2∗

e(µ2
2/2)f1/2 eµ

Ff,0,1/1 =
∑

µ∈D

f1/1,j eµ

and j is defined by µ2/2 = −j/4 mod 1.

Proof: This follows easily by explicit calculations from Theorems 5.7 and 4.7
and the transformation formula for ηd. ¤

Next we define the modular forms

k(τ) =
η(4τ)4

η(τ)12η(2τ)2
= 1 + 12q + 92q2 + 544q3 + 2716q4 + . . .

k1/2(τ) =
η(2τ)10

η(τ)16η(4τ)4
= q−1/2 + 16q1/2 + 142q3/2 + 928q5/2 + . . .

and

k1/1(τ) =
η(τ/4)4

η(τ)12η(τ/2)2
= q−2/4 − 4q−1/4 + 4 + 16q2/4 − 56q3/4 + . . .

= k1/1,0(τ) + . . . + k1/1,3(τ) .

Note that

k(τ) =
1

4
f |T2

(τ) =
1

8

(

f(τ/2) + f((τ + 1)/2)
)

where T2 is a Hecke operator (cf. [Mi], (4.5.26) on p. 142). Let

h(τ) = f1/2(τ/2) =
η(2τ)4

η(τ)14
.

The following relations can be proved by standard methods

k1/1,0 = 4k

k1/1,1 = 0

k1/1,2 = k1/2

k1/1,3 = −4h .

Let Fk,D2 be the lift of k on M with support D2. Then we have

Proposition 7.4

Fk,D2 is given by

Fk,D2 = Fk,D2,1/4 + Fk,D2,1/2 + Fk,D2,1/1
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where

Fk,D2,1/4 =
∑

µ∈D2

k eµ

Fk,D2,1/2 =
1

4

∑

µ∈D2∗

k1/2 eµ

Fk,D2,1/1 =
1

4

∑

µ∈D2

k1/1,j eµ

and j is defined by µ2/2 = −j/4 mod 1.

Proof: Again we apply Theorems 5.7 and 4.7 and the transformation formula
for ηd. The formulae for Fk,D2,1/4 and Fk,D2,1/1 follow directly. In order to

calculate Fk,D2,1/2 we choose M = ( 1 0
2 1 ). We have S0 = D2 and S⊥

0 = D2 so
that D2∗

S0
= D2∗ and GS0,2 = D/D2. We have to determine

ΦD2,1,2(µ) =
∑

α∈D/D2

e(2α2/2 + αµ)

for µ ∈ D2∗. It is easy to calculate the sum on the right hand side for the
discriminant form 4+2

II . The result extends to D by multiplicativity. We obtain

ΦD2,1,2(µ) = e(µ2
2/2) 8 .

Finally

ξ(M−1)k|M (τ) = e(−1/12)
1

4

η(τ + 1/2)4

η(τ)12η(2τ)2
=

1

4

η(2τ)10

η(τ)16η(4τ)4
.

This implies the formula for Fk,D2,1/2. ¤

Let µ ∈ D2∗. Then µ2
2/2 = 0 or 1/2 mod 1. We define

D2∗
j = {µ ∈ D2∗ |µ2

2/2 = j/2 mod 1 } .

The 28 elements in D2∗
1 are of the form

(1, 1, (0, 0)m1 , (0, 2)m2 , (2, 2)m3)

where the pairs can be permuted, reversed and number m3 of pairs (2, 2) is odd.
Let F = Ff,0 + Fk,D2 . We summarize the properties of F in

Theorem 7.5

We have

F = f e0 +
∑

γ∈D2

2k eγ −
∑

γ∈(γ1+D2)∪(γ2+D2)

h eγ

+
1

2

∑

j∈Z/2Z

∑

γ∈D2∗
j

(k1/2 − e(j/2)f1/2) eγ +
∑

γ∈D

f1/1,j4 eγ .
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F is symmetric. The Fourier coefficients of F are nonnegative integers. The

components Fγ with singular coefficients are the following:

Fγ = f + 2k + f1/1,0 = q−1 + 10 + 408q + 11096q2 + 192334q3 + . . .

where γ = 0,

Fγ = (k1/2 + f1/2)/2 + f1/1,2 = q−1/2 + 56q1/2 + 2254q3/2 + . . .

where γ ∈ D2∗
1 and

Fγ = f1/1,3 = q−1/4 + 142q3/4 + 4979q7/4 + 96842q11/4 + . . .

where γ has order 4 and γ2/2 = 1/4 mod 1. In particular F is reflective.

Proof: We decompose

D2 = D2 ∪ (γ1 + D2) ∪ (γ2 + D2) ∪ D2∗

and use the formulae for the functions k1/1,j4 to write F as in the theorem.
For γ ∈ (γ1 + D2) ∪ (γ2 + D2) the components Fγ are given by

Fγ = f1/1,3 − h

= 128q3/4 + 4864q7/4 + 96128q11/4 + 1318144q15/4 + . . .

The Fourier coefficients of

f1/1(4τ) − h(4τ) = q−1
∏

n>0

1

(1 − q4n)10

(

∏

n>0

(1 − q2n)2(1 − q4n)2

(1 − qn)4

∏

n>0

(1 + q2n)4 −
∏

n>0

(1 + q4n)4

)

are nonnegative because the coefficients of each infinite product are nonnegative
and the coefficients of

∏

n>0

(1 + q2n)4

grow faster than those of
∏

n>0

(1 + q4n)4 .

This implies that the Fourier coefficients of f1/1,3 − h are nonnegative.
We leave the proof of the other statements to the reader. ¤

Note that if γ ∈ D2 and γ2/2 = 1/4 mod 1 then γ ∈ (γ1 + D2) ∪ (γ2 + D2)
and Fγ = f1/1,3 − h has no singular coefficients.

Now we lift F to an automorphic product Ψ.
Recall that M = L ⊕ II1,1(4) so that we can identify the discriminant form

DL of L with the subgroup { (n1, . . . , n8) ∈ D |n7 = n8 = 0 } of D.
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Theorem 7.6

Let m||4. Then the level m expansion of Ψ is given by

e((ρ, Z))
∏

α∈L+

(

1 − e((α,Z))
)[f ](−α2/2)

∏

α∈(L∩2L′)+

α/2∈D2
L

(

1 − e((α,Z))
)[2k](−α2/8)

∏

α∈(L∩2L′)+

α/2∈(γ1+D2
L)∪(γ2+D2

L)

(

1 − e((α,Z))
)[−h](−α2/8)

∏

j∈Z/2Z

∏

α∈(L∩2L′)+

α/2∈D2∗
L,j

(

1 − e((α,Z))
)[(k1/2−e(j/2)f1/2)/2](−α2/8)

∏

α∈(L∩4L′)+

(

1 − e((α,Z))
)[f1/1](−α2/32)

=
∑

w∈W

det(w)w
(

e((ρ, Z))
∏

n>0

(

1 − e((nρ, Z))
)4(

1 − e((2nρ, Z))
)2

(

1 − e((4nρ, Z))
)4

)

where ρ is a primitive norm 0 vector in II1,1. The Weyl group W is generated

by the vectors

α ∈ L with α2 = 2 and α 6∈ {λ ∈ (L ∩ 2L′) |λ/2 ∈ (γ1 + D2
L) ∪ (γ2 + D2

L)}
α ∈ (L ∩ 2L′) with α/2 ∈ D2∗

L,1 and α2 = 4

α ∈ (L ∩ 4L′) with α2 = 8

or equivalently

α ∈ L with α2 = 2
α ∈ (L ∩ 2L′) with α/2 ∈ D2∗

L,1 and α2 = 4

α ∈ (L ∩ 4L′) with α2 = 8 and α primitive.

Proof: Let ρ and W be as in the theorem. The vector space L ⊗ R has 2 cones
of vectors of norm less or equal to 0 because L is hyperbolic. We call the cone
containing ρ the positive cone. If x and y are 2 vectors in the positive cone
then (x, y) ≤ 0 and (x, y) = 0 if and only if x and y are both multiples of
the same norm 0 vector. The reflection group W divides the positive cone into
chambers whose closures are called Weyl chambers. We choose a Weyl chamber
C containing ρ. Then a vector x is called positive if (x, y) ≤ 0 for all y in C. If
x is a positive vector of norm x2 ≤ 0 then x is in the positive cone.

Now we calculate the level 4 product expansion of Ψ. We choose a primitive
norm 0 vector z in II1,1(4) ⊂ M with z/4 = γ8 and a norm 0 vector z′ in II1,1(4)′
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with zz′ = 1. Then the level 4 expansion of Ψ is given by

e((ρ, Z))
∏

λ∈L′+

∏

γ∈D
γ=λ+nz/4, n∈Z/4Z

(

1 − e((γ, z′))e((λ,Z))
)[Fγ ](−λ2/2)

= e((ρ, Z))
∏

λ∈L′+

∏

γ∈D
γ=λ+nγ8, n∈Z/4Z

(

1 − e(n/4)e((λ,Z))
)[Fγ ](−λ2/2)

.

Let λ ∈ DL. Then γ = λ + nγ8 ∈ D2∗ if and only if λ ∈ D2∗
L and 2|n. In

that case γ2
2/2 = λ2

2/2 mod 1. Hence the elements λ ∈ L′ which are in D2∗
L,1

modulo L give the factors

∏

λ∈L′+

λ+L∈D2∗
L,1

(

1 − e((λ,Z))
)[(k1/2+f1/2)/2+f1/1,2](−λ2/2)

(

1 − e(1/4)e((λ,Z))
)[f1/1,2](−λ2/2)

(

1 − e(2/4)e((λ,Z))
)[(k1/2+f1/2)/2+f1/1,2](−λ2/2)

(

1 − e(3/4)e((λ,Z))
)[f1/1,2](−λ2/2)

=
∏

λ∈L′+

λ+L∈D2∗
L,1

(

1 − e((2λ,Z))
)[(k1/2+f1/2)/2](−λ2/2)

(

1 − e((4λ,Z))
)[f1/1,2](−λ2/2)

.

Collecting the contributions of all elements in L′ we obtain the product
expansion given in the theorem.

We can also determine the sum expansion of Ψ because Ψ has singular weight
so that the only nonzero Fourier coefficients correspond to norm 0 vectors. The
argument is purely combinatorial. The product expansion of Ψ is antisymmetric
under the Weyl group W so that we can write Ψ as

∑

det(w)c(λ)e((w(ρ + λ), Z))

where the sum extends over W and elements λ in L with ρ + λ in the Weyl
chamber C. Since Ψ has singular weight we have (ρ + λ)2 = 0 and (ρ, λ) =
−λ2/2. The vector λ must also be positive so that (λ, ρ + λ) ≤ 0 and (ρ, λ) ≤
−λ2. It follows λ2 ≤ 0 and (ρ, λ) ≥ 0. Since ρ is in the Weyl chamber C we
also have (ρ, λ) ≤ 0. Hence (ρ, λ) = 0. The vectors ρ + λ and ρ are both in
the positive cone of L and (ρ + λ, ρ) = 0. Since ρ is primitive in L we obtain
ρ + λ = nρ for some positive integer n. Hence we can write Ψ as

∑

w∈W
n>0

det(w)c(n)e((wnρ,Z)) .

38



Let α be a positive vector in L of norm α2 > 0 and positive multiplicity
in the product expansion of Ψ. Then α is a positive root of W and therefore
can be written as linear combination of simple roots of W with positive integral
coefficients. This implies (ρ, α) < 0.

Now suppose nρ =
∑

λi where the λi are positive vectors in L of positive
multiplicity in the product expansion of Ψ. Then multiplication by ρ shows
(ρ, λi) = 0 and λ2

i ≤ 0. This implies that all λi are positive multiples of ρ. The
constant term in the Fourier expansion of f is 4, of 2k is 2 and of f1/1 is 4.
Hence the contributions of the product expansion to e((nρ, Z)) come from

e((ρ, Z))
∏

m>0

(1 − e((mρ,Z)))4(1 − e((2mρ,Z)))2(1 − e((4mρ,Z)))4 .

This proves the formula for the sum expansion of the level 4 product expan-
sion of Ψ.

The level 1 product expansion of Ψ is easy to determine. Using

(Q10 ⊕ II1,1(4))′(4) = Q10 ⊕ II1,1

we can show that it is equal to the level 4 product expansion. We leave the
details to the reader.

This proves the theorem. ¤

Let α ∈ (L ∩ 4L′) with α2 = 8. If α is not primitive in L then

α/2 ∈ {λ ∈ (L ∩ 2L′) |λ/2 ∈ (γ1 + D2
L) ∪ (γ2 + D2

L)} .

The identity in the previous theorem is the denominator identity of a gen-
eralized Kac-Moody algebra. The real roots are the vectors

α ∈ L with α2 = 2 and α 6∈ {λ ∈ (L ∩ 2L′) |λ/2 ∈ (γ1 + D2
L) ∪ (γ2 + D2

L)}
α ∈ (L ∩ 2L′) with α/2 ∈ D2∗

L,1 and α2 = 4

α ∈ (L ∩ 4L′) with α2 = 8

The previous remark ensures that they have multiplicity 1. The real simple
roots are the real roots α with (ρ, α) = −α2/2 and the imaginary simple roots
are the positive multiples nρ of ρ with multiplicity 4 if n is odd, 6 if 2||n, and
10 if 4|n. The root lattice of this generalized Kac-Moody algebra is L and the
multiplicities can be read off from the denominator identity. For example the
multiplicities of the elements α ∈ (L ∩ 2L′) with α/2 ∈ (γ1 + D2

L) ∪ (γ2 + D2
L)

are given by

mult(α) = [f ](α2/2) − [h](−α2/8) = [f1/1,3 − h](−α2/8) .

These numbers are nonnegative.
We remark that the above identity can also be obtained by twisting the

denominator identity of the fake monster algebra with the automorphism g.
However the formula for the multiplicities given in [B1] does not hold in this
case and has to be modified (cf. also [S4]).
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Now let g be an element of order 8 in M23. Then g has cycle shape 122.4.82 as
automorphism of the Leech lattice. The lattice M has genus II8,2(2

+1
1 4+1

1 8−4
II ).

We choose generators γ1, γ2, . . . , γ6 of the discriminant form D of M with

2γ1 = 4γ2 = 8γ3 = . . . = 8γ6 = 0

such that
γ = n1γ1 + . . . + n6γ6 = (n1, . . . , n6)

has norm

γ2/2 =
n2

1

4
+

n2
2

8
+

n2
3 + n3n4 + n2

4

8
+

n5n6

8
mod 1 .

We define the modular forms

f(τ) =
1

η(τ)2η(2τ)η(4τ)η(8τ)2

= q−1 + 2 + 6q + 12q2 + 28q3 + 52q4 + 104q5 + 184q6 + . . .

f1/4(τ) =
η(2τ)η(8τ)2

η(τ)2η(4τ)7

= q−1/2 + 2q1/2 + 4q3/2 + 8q5/2 + 21q7/2 + 38q9/2 + 68q11/2 + . . .

f1/2(τ) = e(1/24)
1

η(τ)2η(2τ)η(τ + 1/2)η(τ/2 + 1/4)2

= f1/2,1(τ) + f1/2,3(τ)

= q−1/4 + 2iq1/4 − 4q3/4 − 8iq5/4 + 21q7/4 + 38iq9/4 − 68q11/4 + . . .

and
f1/1(τ) = f(τ/8) = f1/1,0(τ) + . . . + f1/1,7(τ) .

The lift Ff,0 of f on M with support 0 is given by

Ff,0 = f e0 +
1

2

∑

µ∈D4∗

e(µ2
4/2)f1/4 eµ

+
1

2

∑

µ∈D2∗

e(µ2
2/2)f1/2,j4 eµ +

∑

µ∈D

f1/1,j8 eµ

where j4 is defined by µ2/2 = −j4/4 mod 1 for µ in D2∗ and j8 is defined by
µ2/2 = −j8/8 mod 1 for µ in D. Note that j4 is odd.
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Next we define the modular forms

k(τ) =
η(2τ)η(8τ)2

η(τ)6η(4τ)3
= 1 + 6q + 26q2 + 92q3 + 290q4 + 832q5 + . . .

k1/4(τ) =
η(4τ)3

η(τ)6η(2τ)η(8τ)2

= q−1/2 + 6q1/2 + 28q3/2 + 104q5/2 + 341q7/2 + 1010q9/2 + . . .

k1/2(τ) = e(1/24)
η(2τ)η(τ/2 + 1/4)2

η(τ)6η(τ + 1/2)3

= k1/2,1(τ) + k1/2,3(τ)

= q−1/4 − 2iq1/4 + 4q3/4 − 8iq5/4 + 21q7/4 − 38iq9/4 + 68q11/4 + . . .

k1/1(τ) =
η(τ/2)η(τ/8)2

η(τ)6η(τ/4)3
= k1/1,0(τ) + . . . + k1/1,7(τ)

= q−2/8 − 2q−1/8 + 2 − 4q1/8 + 6q2/8 − 8q3/8 + 12q4/8 − 16q5/8 + . . .

Then

k(τ) =
1

2
f |T2

(τ) .

Let Fk,D4 be the lift of k to M with support D4. We calculate Fk,D4 as sum
over the cusps of Γ0(8). Using D4∗

D4 = D4∗,

ΦD4,1,4(µ) =
∑

α∈D/D4

e(4α2/2 + αµ) = −e(µ2
4/2) 4

for µ ∈ D4∗ and D2∗
D4 = γ1 + 2D4 we find

Fk,D4 =
∑

µ∈D4

k eµ +
1

2

∑

µ∈D4∗

k1/4 eµ

−
∑

µ∈γ1+2D4

e(µ2
2/2)k1/2,j4 eµ +

1

2

∑

µ∈D4

k1/1,j8 eµ .

We also introduce the modular forms

h2(τ) = k(τ/2) = h2,0(τ) + h2,1(τ)

h4(τ) = k1/4(τ/2) = h4,1(τ) + h4,3(τ)

h8(τ) = f1/4(τ/4) = h8,1(τ) + h8,3(τ) + h8,5(τ) + h8,7(τ) .

Then we have the following relation

k1/1(τ) = 2h2(τ) + h4(τ) − 2h8(τ)

which will allow us to write the functions k1/1,j8 in terms of the functions h2,j2 ,
h4,j4 and h8,j8 . Note that

f1/2(τ) = (h8,7(2τ) − h8,3(2τ)) + i(h8,1(2τ) − h8,5(2τ))

k1/2(τ) = (h8,7(2τ) + h8,3(2τ)) − i(h8,1(2τ) + h8,5(2τ)) .
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Let F = Ff,0 +Fk,D4 . We define D2∗
j = {µ ∈ D2∗ |µ2

2/2 = j/4 mod 1 } and

D4∗
j = {µ ∈ D4∗ |µ2

4/2 = j/2 mod 1 }. The properties of F are summarized in

Theorem 7.7

We have

F = f e0

+
∑

γ∈D4

k eγ

−
∑

γ∈(γ1+D4)

k1/2,3 eγ −
∑

γ∈(γ1+2γ2+D4)

ik1/2,1 eγ

+
1

2

∑

j∈Z/2Z

∑

γ∈D4∗
j

(k1/4 + e(j/2)f1/4) eγ

+
∑

γ∈D2

h2,j2 eγ

+
1

2

∑

j∈Z/4Z

∑

γ∈D2∗
j

(h4,j4 + e(j/4)f1/2,j4) eγ

−
∑

γ∈(γ2+D2)

h8,j8 eγ −
∑

γ∈(γ1+γ2+D2)

h8,j8 eγ

+
∑

γ∈D

f1/1,j8 eγ .

F is symmetric. The Fourier coefficients of F are nonnegative integers. The

components Fγ with singular coefficients are the following:

Fγ = f + k + h2,0 + f1/1,0 = q−1 + 6 + 618q + 27500q2 + 648180q3 + . . .

where γ = 0,

Fγ = (k1/4 + f1/4)/2 + h2,1 + f1/1,4 = q−1/2 + 62q1/2 + 4564q3/2 + . . .

where γ ∈ D4∗
0 of norm γ2/2 = 1/2 mod 1,

Fγ = (h4,3 + f1/2,3)/2 + f1/1,6 = q−1/4 + 196q3/4 + 11445q7/4 + . . .

where γ ∈ D2∗
0 of norm γ2/2 = 1/4 mod 1 and order 4 and

Fγ = f1/1,7 = q−1/8 + 341q7/8 + 17703q15/8 + 446656q23/8 + . . .

where γ has order 8 and γ2/2 = 1/8 mod 1. In particular F is reflective.

Proof: We have
2D4 = D4 ∪ (2γ2 + D4)
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and e(µ2
2/2) = 1 for µ ∈ γ1 + D4 and e(µ2

2/2) = i for µ ∈ γ1 + 2γ2 + D4. Using

D4 = D2 ∪ (γ1 + D2) ∪ (γ2 + D2) ∪ (γ1 + γ2 + D2)

and the decomposition of k1/1 we see that F can be written as in the theorem.
We leave the proof of the other statements to the reader. ¤

We lift F to an automorphic product Ψ.

Theorem 7.8

Let m||8. Then the level m expansion of Ψ is given by

e((ρ, Z))
∏

α∈L+

(

1 − e((α,Z))
)[f ](−α2/2)

∏

α∈(L∩2L′)+

α/2∈D4
L

(

1 − e((α,Z))
)[k](−α2/8)

∏

j∈Z/2Z

∏

α∈(L∩2L′)+

α/2∈D4∗
L,j

(

1 − e((α,Z))
)[(k1/4+e(j/2)f1/4)/2](−α2/8)

∏

α∈(L∩2L′)+

α/2∈(γ1+D4
L)

(

1 − e((α,Z))
)[−k1/2,3](−α2/8)

∏

α∈(L∩2L′)+

α/2∈(γ1+2γ2+D4
L)

(

1 − e((α,Z))
)[−ik1/2,1](−α2/8)

∏

α∈(L∩4L′)+

α/4∈D2
L

(

1 − e((α,Z))
)[h2](−α2/32)

∏

j∈Z/4Z

∏

α∈(L∩4L′)+

α/4∈D2∗
L,j

(

1 − e((α,Z))
)[(h4+e(j/4)f1/2)/2](−α2/32)

∏

α∈(L∩4L′)+

α/4∈(γ2+D2
L)

(

1 − e((α,Z))
)[−h8](−α2/32)

∏

α∈(L∩4L′)+

α/4∈(γ1+γ2+D2
L)

(

1 − e((α,Z))
)[−h8](−α2/32)

∏

α∈(L∩8L′)+

(

1 − e((α,Z))
)[f1/1](−α2/128)
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=
∑

w∈W

det(w)w
(

e((ρ, Z))
∏

n>0

(

1 − e((nρ, Z))
)2(

1 − e((2nρ, Z))
)

(

1 − e((4nρ, Z))
)(

1 − e((8nρ, Z))
)2

)

where ρ is a primitive norm 0 vector in II1,1. The Weyl group W is generated

by the vectors

α ∈ L with α2 = 2 and α 6∈ {λ ∈ (L ∩ 2L′) |λ/2 ∈ (γ1 + D4
L)}

α ∈ (L ∩ 2L′) with α/2 ∈ D4∗
L,0, α2 = 4

and α 6∈ {λ ∈ (L ∩ 4L′) |λ/4 ∈ (γ2 + D2
L)}

α ∈ (L ∩ 4L′) with α/4 ∈ D2∗
L,0 and α2 = 8

α ∈ (L ∩ 8L′) with α2 = 16

or equivalently

α ∈ L with α2 = 2

α ∈ (L ∩ 2L′) with α/2 ∈ D4∗
L,0 and α2 = 4

α ∈ (L ∩ 4L′) with α/4 ∈ D2∗
L,0, α2 = 8 and α primitive

α ∈ (L ∩ 8L′) with α2 = 16 and α primitive.

Proof: The proof is analogous to the order 4 case. The equality of the level 1
and the level 8 expansion follows from

(Λg ⊕ II1,1(8))′(8) = Λg ⊕ II1,1 .

This proves the theorem. ¤

Let α ∈ (L ∩ 4L′) with α2 = 8 and α/4 ∈ D2∗
L,0. If α is not primitive in L

then
α/2 ∈ {λ ∈ (L ∩ 2L′) |λ/2 ∈ (γ1 + D4

L)} .

Similarly let α ∈ (L ∩ 8L′) with α2 = 16. If α is not primitive in L then

α/2 ∈ {λ ∈ (L ∩ 4L′) |λ/4 ∈ (γ2 + D2
L)} .

The identity in the last theorem is the denominator identity of a generalized
Kac-Moody algebra. The real roots are the vectors

α ∈ L with α2 = 2 and α 6∈ {λ ∈ (L ∩ 2L′) |λ/2 ∈ (γ1 + D4
L)}

α ∈ (L ∩ 2L′) with α/2 ∈ D4∗
L,0, α2 = 4

and α 6∈ {λ ∈ (L ∩ 4L′) |λ/4 ∈ (γ2 + D2
L)}

α ∈ (L ∩ 4L′) with α/4 ∈ D2∗
L,0 and α2 = 8

α ∈ (L ∩ 8L′) with α2 = 16.

The last two remarks ensure that the real roots have multiplicity 1. The real
simple roots are the real roots α with (ρ, α) = −α2/2 and the imaginary simple
roots are the positive multiples nρ of ρ of multiplicity 2 if n is odd, 3 if 2||n, 4
if 4||n, and 6 if 8|n.
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Again the above identity can also be obtained by twisting the denominator
identity of the fake monster algebra with the automorphism g.

We summarize the results of this section in

Theorem 7.9

Let g be an element of order N in M23. Then g corresponds naturally to a

symmetric reflective automorphic product Ψ of singular weight on the lattice

Λg ⊕ II1,1 ⊕ II1,1(N). Let m||N . Then the Fourier expansion of Ψ at the level

m cusp is given by
∑

w∈W

det(w) ηg((wρ,Z))

where W is a reflection group of Λg ⊕ II1,1 and ρ is a primitive norm 0 vector

in II1,1. This is the denominator function of a generalized Kac-Moody algebra.

For N = 4 or 8 the theorem gives the first examples of generalized Kac-
Moody algebras whose denominator identities are automorphic forms of singular
weight on lattices of nonsquarefree level.

8 Supersymmetric superstrings

In this section we show that there are 2 superstrings in dimensions 6 and 4
generalizing the classical supersymmetric superstring in 10 dimensions.

Let

f(τ) = 8
η(2τ)8

η(τ)16
= 8 + 128q + 1152q2 + 7680q3 + 42112q4 + . . .

be the partition function of the chiral 10 dimensional supersymmetric super-
string [GSW] and

M = E8 ⊕ II1,1 ⊕ II1,1(2) .

The lattice M has genus II10,2(2
+2
II ). Define

f1/1(τ) =
η(τ/2)8

η(τ)16
= q−1/2 − 8 + 36q1/2 − 128q + 402q3/2 − 1152q2 + . . .

= f1/1,0(τ) + f1/1,1(τ) .

Then we have f1/1,0 = −f . We lift 2f to a vector valued modular form F on
M with support S0 = 0. The function F is given by

F = 2fe0 +
∑

γ∈D

f1/1,je
γ .

In particular F is reflective and has 0 component

F0 = 2f + f1/1,0 = f .
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Applying the singular theta correspondence to F we obtain a reflective auto-
morphic product Ψ of singular weight. Let

L = E8 ⊕ II1,1 .

The lattice L has 2 cones of vectors of norm less or equal to 0. We denote one
of these cones by L+. Then the level 2 expansion of Ψ is given by

∏

α∈L+

(

1 − e((α,Z))
)[2f ](−α2/2) ∏

α∈L+

(

1 − e((2α,Z))
)[f1/1](−α2/2)

=
∏

α∈L+

(

1 − e((α,Z))
)[2f ](−α2/2)

∏

α∈L+

(

1 − e((α,Z))
)[−f ](−α2/2)(

1 + e((α,Z))
)[−f ](−α2/2)

=
∏

α∈L+

(

1 − e((α,Z))
)[f ](−α2/2)

(

1 + e((α,Z))
)[f ](−α2/2)

.

Since Ψ has singular weight the nonzero Fourier coefficients correspond to norm
0 vectors. An argument analogous to the proof of Theorem 7.6 shows

∏

α∈L+

(

1 − e((α,Z))
)[f ](−α2/2)

(

1 + e((α,Z))
)[f ](−α2/2)

= 1 +
∑

c(λ)e((λ,Z))

where c(λ) is the coefficient of qn in

η(τ)16

η(2τ)8
= 1 − 16q + 112q2 − 448q3 + 1136q4 − 2016q5 + . . .

if λ is n times a primitive norm 0 vector in L+ and 0 otherwise. This identity was
found by Borcherds (cf. [B2], Example 13.7). It is the denominator identity of a
generalized Kac-Moody superalgebra describing a supersymmetric superstring
moving in a hyperbolic spacetime of dimension 10 (cf. [S1]). The generalized
Kac-Moody superalgebra has no real roots and the simple roots are the norm 0
vectors in L+ of multiplicity 8 as even and as odd root.

Now we show that there are similar superstrings in dimension 6 and 4.
Let

M = D4 ⊕ II1,1 ⊕ II1,1(4) .

Then M has genus II6,2(2
−2
II 4+2

II ). Define

f(τ) = 4
η(2τ)4

η(τ)8
= 4 + 32q + 160q2 + 640q3 + 2208q4 + 6848q5 + . . .

and

f1/1(τ) =
η(τ/2)4

η(τ)8
= q−1/4 − 4q1/4 + 10q3/4 − 24q5/4 + 55q7/4 + . . .
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The lift of 2f on M with trivial support is

F = F1/4 + F1/2 + F1/1

= 2fe0 −
∑

γ∈D2∗

e(γ2
2/2) feγ +

∑

γ∈D

f1/1,je
γ .

Again F is reflective and has 0 component F0 = f . The singular theta corre-
spondence sends F to a reflective automorphic product Ψ of singular weight.
Let

L = D4 ⊕ II1,1 .

Since D2∗
L = 0 and [f1/1](−α2/2) = 0 for α ∈ L′ the product expansion of Ψ of

level 4 is given by

∏

α∈L+

(

1 − e((α,Z))
)[2f ](−α2/2) ∏

α∈L+

(

1 − e((2α,Z))
)[−f ](−α2/2)

.

Using that Ψ has singular weight we find

∏

α∈L+

(

1 − e((α,Z))
)[f ](−α2/2)

(

1 + e((α,Z))
)[f ](−α2/2)

= 1 +
∑

c(λ)e((λ,Z))

where c(λ) is the coefficient of qn in

η(τ)8

η(2τ)4
= 1 − 8q + 24q2 − 32q3 + 24q4 − 48q5 + 96q6 − 64q7 + . . .

if λ is n times a primitive norm 0 vector in L+ and 0 otherwise. This is the
denominator identity of a supersymmetric generalized Kac-Moody superalgebra
describing a superstring in dimension 6. The simple roots of this generalized
Kac-Moody superalgebra are the norm 0 vectors in L+ of multiplicity 4 as even
and as odd root.

Finally we define the lattice

M = A1 ⊕ A1 ⊕ II1,1 ⊕ II1,1(8)

of genus II4,2(2
+2
2 8+2

II ) and the functions

f(τ) = 2
η(2τ)2

η(τ)4
= 2 + 8q + 24q2 + 64q3 + 152q4 + 336q5 + . . .

f1/1(τ) =
η(τ/2)2

η(τ)4
= q−1/8 − 4q3/8 + 6q7/8 − 8q11/8 + 17q15/8 + . . .
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Then the lift of 2f on M with trivial support is given by

F = F1/8 + F1/4 + F1/2 + F1/1

= 2f e0

−
∑

γ∈D4∗

e(γ2
4/8) f eγ

−
∑

γ∈D2∗
1

f eγ +
∑

γ∈D2∗
3

f eγ

+
∑

γ∈D

f1/1,j eγ .

As before the function F is reflective and has 0 component F0 = f . The singular
theta correspondence maps F to a reflective automorphic product Ψ of singular
weight. Let

L = A1 ⊕ A1 ⊕ II1,1 .

Since D4∗
L = 0, [f ](−α2/2) = 0 for α ∈ L′ with α+L ∈ D2∗

L and [f1/1](−α2/2) =
0 for α ∈ L′ the product expansion of Ψ of level 8 is given by

∏

α∈L+

(

1 − e((α,Z))
)[2f ](−α2/2) ∏

α∈L+

(

1 − e((2α,Z))
)[−f ](−α2/2)

.

As above we find

∏

α∈L+

(

1 − e((α,Z))
)[f ](−α2/2)

(

1 + e((α,Z))
)[f ](−α2/2)

= 1 +
∑

c(λ)e((λ,Z))

where c(λ) is the coefficient of qn in

η(τ)4

η(2τ)2
= 1 − 4q + 4q2 + 4q4 − 8q5 + 4q8 − 4q9 + 8q10 − 8q13 + . . .

if λ is n times a primitive norm 0 vector in L+ and 0 otherwise. Again this is the
denominator identity of a supersymmetric generalized Kac-Moody superalgebra
describing a superstring.

We define the lattices K8 = E8, K4 = D4 and K2 = D2 = A1 ⊕ A1. The
previous results are summarized in

Theorem 8.1

Let m = 8, 4 or 2,

M = Km ⊕ II1,1 ⊕ II1,1(16/m)

and

f(τ) = m
η(2τ)m

η(τ)2m
= m

∏

n>0

(1 + qn)m

(1 − qn)m
= m + 2m2q + . . . .

Then the liftings

2f 7→ F 7→ Ψ
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send 2f to a reflective automorphic product Ψ of singular weight. Here the first

map is the lift of scalar valued modular forms to modular forms for the Weil

representation of M with trivial support and the second map is the singular

theta correspondence. Let

L = Km ⊕ II1,1 .

Then the level m expansion of Ψ is given by

∏

α∈L+

(

1 − e((α,Z))
)[f ](−α2/2)

(

1 + e((α,Z))
)[f ](−α2/2)

= 1 +
∑

c(λ)e((λ,Z))

where c(λ) is the coefficient of qn in

η(τ)2m

η(2τ)m
=

∏

n>0

(1 − qn)m

(1 + qn)m
= 1 − 2mq + . . .

if λ is n times a primitive norm 0 vector in L+ and 0 otherwise. This identity is

the denominator identity of a generalized Kac-Moody superalgebra describing

a supersymmetric superstring moving in a hyperbolic spacetime of dimension

m + 2. The simple roots of the generalized Kac-Moody superalgebra are the

norm 0 vectors in L+ of multiplicity m as even and as odd root.

The theorem probably also holds for m = 1 if we define K1 = A1.
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