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We show that the physical states of a 10 dimensional superstring moving on a
torus form a generalized Kac-Moody superalgebra. This gives the first explicit
realizations of these algebras. For a special torus the denominator function of
this algebra is an automorphic form so that we can determine the simple roots.
We call this algebra the fake monster superalgebra.

1 Introduction

The physical states of a bosonic string moving on a torus form a nice Lie algebra
called the fake monster algebra ([B2]). The study of this algebra has led to the
definition of vertex algebras, generalized Kac-Moody algebras and the proof of
the moonshine conjectures ([B4]). The fake monster algebra is the simplest
example of a generalized Kac-Moody algebra. It is easy to extend the definition
of generalized Kac-Moody algebras to superalgebras. Since the physical states of
a compactified bosonic string form a generalized Kac-Moody algebra one would
expect that the physical states of a compactified superstring give a realization of
a generalized Kac-Moody superalgebra. Some evidence for the existence of such
an algebra is given in [S] and [B4]. In this paper we show that this conjecture is
true. In a special case we get a particularly nice algebra which we call the fake
monster superalgebra.

We explain the construction in more detail. The superstring has bosonic and
fermionic degrees of freedom. The bosonic degrees are represented by a vertex
algebra constructed from a lattice. The fermionic degrees can be bosonized
and then also be described by such an algebra. One also has to include some
ghost coordinates to define a fermion emission vertex. Thus the Fock space of
a compactified superstring can be described by the vertex algebra of some suit-
able lattice. This vertex algebra carries representations of various algebras the
most important being the NV = 2 superconformal algebra. The representation of
this algebra is used to construct the BRST operator @ satisfying Q2 = 0. The
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physical states of the superstring are now represented by the cohomology of this
operator. More precisely for nonzero momentum there are infinitely many iso-
morphic copies of vector spaces called pictures representing the physical states.
We restrict to the canonical ghost pictures. The vertex algebra induces a prod-
uct on the vector space of physical states that defines the structure of a Lie
superalgebra on this space. This Lie superalgebra has a number of nice proper-
ties. It is graded by the 10 dimensional momentum lattice. The dimensions of
the root spaces can be described easily. All roots have zero or negative norm.
It has an invariant supersymmetric bilinear form and carries a representation of
the N = 1 supersymmetry algebra. In particular it is a generalized Kac-Moody
superalgebra. If the momentum lattice of the superstring is the unique unimod-
ular even 10 dimensional Lorentzian lattice then the denominator function is an
automorphic form with known product expansion. This allows us to determine
the simple roots in this case.

Most of the ideas necessary for the above construction come from physics and
are described in the physics literature (cf. [FMS],[LT],[K] and [LZ2]). References
[B5] and [R2] are also important for this work.

We describe the sections of this paper in more detail.

In the second section we recall some facts about vertex algebras graded by
abelian groups. We show that in the lattice construction of these algebras the
locality axiom is a simple consequence of Wick’s Theorem.

In the third section we describe some results about generalized Kac-Moody
superalgebras and state the characterization theorem that will be applied to
deduce the first main result of this paper.

In the next section we construct the vertex algebra of the 10 dimensional
superstring moving on a torus from a rational 18 dimensional lattice. We give
the operator product expansions of various fields. They are used to construct
an action of the N = 2 superconformal algebra and to construct the nilpotent
BRST operator.

In the last section we describe the cohomology spaces that represent the
physical states and define a Lie bracket on the space of physical states. We
derive a number of properties of this Lie superalgebra, e.g. a root space decom-
position, the multipicities of the roots, an action of the N = 1 supersymmetry
algebra etc.. These properties imply that this algebra is a generalized Kac-
Moody superalgebra. Finally we define the fake monster superalgebra which is
a special case of the above construction with the Lorentzian lattice Iy ; as mo-
mentum lattice and determine the simple roots of this algebra using the product
expansion of its denominator function.

2 Vertex algebras

In this section we recall some results on vertex algebras. A more detailed ex-
position can be found in [K2] and [DL]. We give a simple proof of the locality
axiom in the lattice construction.



2.1 Definition and some properties

Let I' be a finite abelian group and A : I' x I' — Q/Z a symmetric map bilinear
mod Z. This implies that A takes it values in éZ where g is an exponent of I'.
Let n : ' x I' — C* be bimultiplicative. Then 7(vy1,72) is a root of unity, i.e.

n(y1,72)¢ = 1.
Suppose that

V=0, (2.1)

~yer

is a I'-graded complex vector space and

V = (EndV)[[zs,z9]] (2.2)
a — a(z)= Z apz "t (2.3)
nE%Z

a parity preserving state-field correspondence, i.e. for a € V,,,,b € V,
a(z)b = Z apbz "t (2.4)
n€Z+A(v1,72)

and
anb € VV1+72 (25)

is zero for n sufficiently large.
The field a(z) is also written Y'(a, z) in the literature.
V is a [-graded vertex algebra if it satisfies the following conditions

1. There is an element 1 € Vj, called vacuum, with

1(z)a=a and a(z)1|z:O =a. (2.6)
2. The operator D on V defined by Da = a_>1 satisfies
[D,a(z)] = da(z). (2.7)
3. The locality condition

izw(z — )" a(2)b(w) = N1, ¥2)iw,=(2 — w)" b(w)a(z) =0 (2.8)

holds for a € V,,,b € V,, and n € Z + A(y1,72) sufficiently large. Here
i2,w(z—w)™ is the binomial expansion of (z —w)™ in the domain |z| > |w|,
ie. iz w(z—w)" =35 0(=1)"(}) 2" *wk. In the expresssion iy, .(z —w)"
we must be precise about the roots of unity. We choose i, .(z — w)" =
eiﬂniu}g(w o Z)n — eiwn Zkzo(il)k(z)wnszk.

Note that D leaves the spaces V,, invariant.
For the rest of the section assume that V' is a I'-graded vertex algebra.
We now describe some consequences of the definition.



Locality implies 7(71,72)n(7y2,71) = e~ 274 0n72),
For all a in V' one has

a(z)1 = e*Pa (2.9)
(Da)(z) = 0a(z) (2.10)
e"Pa(z)e”™? = a(z+w) in the domain |z| > |w|. (2.11)

For a € V,,, and b € V,, the following symmetry formula can be proved as
in the superalgebra case.

a(2)b = n(1,72)e* b(—2)a. (2.12)
The most important property of vertex operators is Borcherds’ identity.

Proposition 2.1
Leta € Vy,,beV,,,ceVy, andn € Z+ A(y,72), m € Z + A(v2,73) and
k € Z 4+ A(v1,v3). Then we have

n ] i
Z <J> (=1 { angr—jbmric — n(71,72)€ ™ brnpn—jarsjc}
j=>0

=32 (3 nre

Jj=0

We will use some special cases of Borcherds’ identity very often in the fol-
lowing sections. If A(vy1,73) is zero we can put k = 0 to get the associativity
formula

n . .
(anb)me = Z (]) (=1)’ {an_jbm+jc — (71, vg)e”"bern_jajc}. (2.13)
j=>0

If A(1,72) = 0 the commutator formula

k
e =1 2bmare = 3 (4 ) @thn-e 2.14)
j=0

holds. Now suppose that a,;b = 0 for j > 1. Then

n j imn
(anb)k+me = Z <j> (=1 {@nsr—jbmsjc—n(v1,72)€ ™ byn—jarsjc}. (2.15)
>0

In contrast to the associativity formula we need not assume here that A(~y1,7s3)
is zero.

We conclude this section with some remarks.

An element w € Vj is called Virasoro element of central charge c if it satisfies
the following 3 conditions



The operators L,, = w41 give a representation of the Virasoro algebra
of central charge c, i.e.

m?’—m

LmaLn: - Lmn —a
(L L = (= ) Lo+ 2

5m+n,0 C.

Ly is diagonizable on V.

D=1L_.
In conformal field theory the vertex operator of a state a with Loa = ha
is expanded as a(z) = Za(n)z’”*h, i.e. the expansion of a field depends

on its conformal weight h. The relation between the two modes is given by
Ay = a(n+1,h) resp. a(n) = Apn—1+h-

2.2 Construction from rational lattices

Now we describe how vertex algebras can be constructed from rational lattices.
The proof given here only uses Wick’s theorem (cf. [K2]).

Let L be a rational lattice of finite rank and Lo # 0 an even sublattice
of L with L € L§. Then (L,Lo) C Z. Let L = Lo ULy U...U L, with
L; = 0; + Ly be the coset decomposition of L with respect to Lg. Put I' =
L/Lo = {v0,7,---,7n} where 7; corresponds to L; and let g be an exponent
of I'. Define A : I' xT' — Q/Z by A(v;,7;) = —(0;,0;) modZ. This map is
well-defined and bilinear mod Z. Let np : I' x I' — C* be a bimultiplicative map
with

n(v5,75) = €700, (2.16)

This condtion is quite restrictive but necessary for consistency.

Let £ : L x L — C* be a 2-cocycle satistying e(«, 8) = B(a, 8)e(8, ), where
B(a, B) = e @B)y(y;,v;) for a € L; and B € Lj, and £(0,a) = &(a,0) = 1.
Note that B is a bimultiplicative map from L x L to C* and that B(a,a) =1

by (2.16).
It is easy to construct such a 2-cocycle. Let {a1, ..., an,} be a Z-basis of L.
Define
E(ai,aj) = Qi ZS]
E(Oéi,Oéj) = B(Oti,Oéj)E(Oéj,Oéi) ) >]

with some a;; € C* and extend to L by bimulticativity. This gives us a 2-cocycle
e: L x L — C* satisfying e(a, 8) = B(a, 8)e(58, ) and £(0, ) = e(a, 0) = 1.

Extend the symmetric form of L to h = L®zC. Define the infinite dimen-
sional Heisenberg algebra h = h® C[t,t~1] & Ce with products [h1(m), ha(n)] =
MOy in.o(h1, ha)c and [h1(m),c] = 0. Then h~ = h® t~'C[t~!] is an abelian
subalgebra of h and S(h™) is the symmetric algebra of polynomials in h~.

Let C[L] be the group algebra of L with basis {e“|a € L} and products
etef = e th,

The vector space

V =258(h")®C[L] (2.17)



decomposes as

V=, (2.18)

vi €l
where

V,, = S(h™)® C[L;]. (2.19)

There is a natural action of i on V.
We define the vertex operator of e* as

e®(z) = e“(2)Te*(2)” (2.20)
where o
e¥(2)F = etcqem>0 (TS — gac Z S () 2™ (2.21)
m>0
and o
e¥(2)” = 20 LmsodM) =5 (2.22)

The linear operator ¢, acts on C[L] as c,e” = e(a, §)eP.
For h(—n —1), n > 0 put

h(—n —1)(z) = 8" h(z) (2.23)

with h(z) = >, ., h(n)z7"~! and o = %l
The bosonic normal ordering : hi(n1)---hg(ng) : of Heisenberg generators
is defined by putting all h(n) with n < 0 (”creation operators”) to the left of
those with n > 0 (”annihilation operators”).
Define
(hi(—=n1 — 1)+ - h(—ng — 1)e%) (2)
=e(2)T thi(—n1 — 1)(2) - hg(—nk — 1)(2) : e¥(2)~ (2.24)
and extend this definition linearly to V to get a parity preserving state-field
correspondence V — (EndV)[[zé , zié]]

Theorem 2.2
With this structure V' is a vertex algebra graded by I'. The vacuum is given by
1®eY.

Proof: We only prove the locality. Using

e(2)" P (w)t = (z —w) @B (w)Te(2)™ 2| > |wl (2.25)
we get for « € L; and 8 € L; in the domain |z| > |w|

()68 () = (= — w) @D () el (w) e () (w)

While the commutator [e®(z)~,e’(w)~] is zero, e¥(z)* and e’(w)* do not
commute.



Let n € Z + A(;,7;). Then

iz 0(2 = w)" e (2)e7 (W) = (i, 7 Vi, (2 — w)" e (w)e (z) = 0
is equivalent to

B

e“cqe’cgiyp(z — w)”Jr(o"ﬁ) — (i, 'yj)efm(o"ﬂ)eﬁ

cgeai (2 — w)"ﬂo"ﬂ) =0

Note that n + (a, 3) is an integer by the definition of A. For n sufficiently
large this integer is positive. Then i, ,(z — w)" (@) = 4, (2 — w)"+(@h),
Hence e®(z) and e”(w) are local if

e“cae’cs = Ba, B)ePcgec, . (2.26)

Since B is bimultiplicative this equation is equivalent to the equations
e(a, ) = Bla,B)e(B, ) (2.27)
ela, Ple(a+B,7) = eBiy)e(a,B+7). (2.28)

But these are satisfied by construction of ¢ and B. It follows that the fields
e®(z) and e?(w) are local.

Now we want to prove the locality of the fields of two arbitrary states in V.
For that it is sufficient to prove it for two states of the form

a = hl(fnl — 1) e hz(fnz — 1)€a
b = kl(—ml — 1) . ~k’j(—mj — 1)6ﬁ

We do this by induction on ¢ + j. The case of ¢ + j = 0 has been done above.
We can assume that j > 1 so that we can write b = ¢c®d with ¢ = k1 (—m; —1).

Then
b(w) = c(w)Td(w) + d(w)e(w)™

where

e(w)™ = k(- = ()™ = -1
only contains annihilation operators and

) = (- = D) = 31 (1 Y@=yt

<0
only creation operators. We get
Gzw(z —w)"a(2)b(w) — n(Vi, ¥ )iw,z(z — w)"b(w)a(z) (2.29)
w) iz (z —w)"a(2)d(w) — v, (2 —w)"d(w)a(z) }

Hizw(z —w)"a(2)d(w) — Niv,:(z — w)"d(w)a(z) fe(w)™
Hizw(z — w)"[a(2), e(w) Fld(w) = Niw,:(z — w)"d(w)[c(w)~, a(2)]} -



The first two terms vanish for n € Z+A(v;, ;) sufficiently large by the induction
hypothesis. Hence we need to calculate the commutators. To simplify notations
we write a; = hy(—n; — 1). Then a(z) = e*(2)" : a1(z) - --a;(2) : e*(2)” and

[a(2), c(w)*]
= ()" rar(z) o aiz)  [e2(2) 7 e(w) ]

e*(2)
+e?(2) [ ar(2) - ai(2) 1, c(w) ] e(2)”
Using [e*(2)7, h(l)] = —2'(a, h)e*(2)~ for | < 0 we get

[e®(2) 7, c(w)T] = =i, w(z — w)""™ by )e¥(2) 7.

Wick’s theorem (cf. [K2]) yields

(2.30)

Far(z)--ailz) s e(w) ] = Y laz)", elw)] aiz)

=1

where G;(z) is : a1(2) - - - a;(2) : with a;(z) dropped. The commutator relations
of the Heisenberg algebra imply

[a(2)7, c(w)] = (=)™ (nl +7:L111 : 1) (ni 4 1) (hey by )iz o (z —w) 7M™ 72
so that
(=), e(w)] 251

— 7iz’_w(z —w)""™ Yo, kr)a(2)

+> (=)™ (m o 1) (a4 1) (hay bt Yiz (2 — w) 7" ™2 (@e®)(2) -

mi

Note that in the case i = 0 the second term is zero. [c(w)™,a(z)] can be
calculated similarly. We find

[c(w)_ , a(z)] (2.32)
= ez =0 ka()

+> (=)™ (m o 1) (a4 1) (hay bt Yi, (2 = w) 7™ 2 (@e®)(2) -

mi

Again in the case ¢ = 0 the second term vanishes.

Putting (2.31) and (2.32) into the last term of (2.29) we see that also this
term is zero for n sufficiently large by the induction hypothesis. This finishes
the proof of the theorem. O

Note that e(2)" =37, - DMe%c, 2™ where D™ = D™ /n!.



The following simple formulas are useful

kE(=1), = k()

ede’ = e(a,B)S_pn_1-(ap(a)e .
The first 3 Schur polynomials are
So(ar) = 1
Si(@) = a(-1)
Sy(a) = 3 (a(-1)*+a(-2)).

V' contains a one-parameter family of Virasoro elements.
If L is nondegenerate then V is simple.

2.3 Invariant bilinear forms

We will need some results on bilinear forms on vertex superalgebras. They
have been studied in detail in [S]. There the even and the odd part of a vertex
superalgebra are distinguished by their Lg-eigenvalues. Here we will consider a
slighty different situation.

Let V be a vertex superalgebra with Virasoro element. Suppose that L; acts
locally nilpotent on V' and that the eigenvalues of Ly are all integral.

Define the adjoint vertex operator of a € V with Lga = ha by

a(z)" = Za;';zfnfl (2.33)

neZ

ap = (-1)" Y <%a) L (2.34)

For example L}, = w;, | = wi—n = L_,. The adjoint vertex operators satisfy a
number of identities.
A bilinear form (, ) on V is called invariant if

where

(anb,c) = (—1)Il(b, axc) . (2.35)
An invariant bilinear form is supersymmetric, i.e.
(avb) = (_1)|a||b‘(baa’) (236)

and states with different Lg-eigenvalues are orthogonal.

Let V}, be the subspace of states with Lg-eigenvalue h. We can define a linear
functional f on Vj by putting f(a) = (1,a). This functional vanishes on L1V;.
The correspondence between invariant bilinear foms on V' and linear functionals
on Vy/L1V; is injective. It is even surjective. Given an element f of the dual
of Vo/L1V; then the bilinear form defined by (a,b) = (f o 7)(a*,b), where 7 is
the projection from V to Vy/L1V4, is invariant and induces f. This implies

Theorem 2.3
The space of invariant bilinear forms on V' is naturally isomorphic to the dual
of V()/Ll‘/l .



3 Generalized Kac-Moody superalgebras

In this section we describe some results about generalized Kac-Moody superal-
gebras (cf. [R1], [R2], [GN] and also [B1],...,[B4]). Unless otherwise specified
the results will hold over the real or complex numbers.

3.1 Definitions and properties
Let a = (asj)i,jer be a real square matrix, where I is some finite or countable
index set and 7 a subset of I, with the following properties

Qij = Qj;

a;; <0 if i#j

20,1']'/0,“' eZ if a; >0

aij/aiiGZ if a;>0andieT.

Let G be the Lie superalgebra with generators e, f;, h;; and relations

[eia f]] = hU
[ waek] = 51]azkek
(hij, fk] = —0ijair fr

(aude)1 2ai5/aiie; = (ad f;) 720 /% f; =0 if a; >0
| =

[fi, fil=0 if a;;=0
deg e, =deg f;i =0 if igr
dege;, =deg f;=1 if ier

We list some properties of G. The elements h;; are zero unless the ¢-th and
Jj-th columns of a are equal. The nonzero h;; are linearly independent and span
a commutative subalgebra H of G. The elements h;; are usually denoted h;.
Every nonzero ideal of G has nonzero intersection with H. The center of G is
in H and contains all the elements hij with 4 # j.

A Lie superalgebra G is called a generalized Kac-Moody superalgebra if G
is the semidirect product (G/C) - D where C is a subspace of the center of G
containing the the nonzero h;; and D an abelian even subalgebra of G such that
the elements e; and f; are all eigenvectors of D.

Let G be a generalized Kac-Moody superalgebra. We keep the above nota-
tions for the images in the quotient.

The root lattice @ of G is the free abelian group generated by the elements
o, € I, with the bilinear form defined by («;,a;) = a;;. The elements «; are
called simple roots. G is graded by the root lattice if we define the degree of ¢;
as ay; and the degree of f; as —a;. We have the usual definitions of roots and
root spaces. A root is called real if it has positive norm and imaginary else.

H = H & D is a commutative even subalgebra of G called Cartan subalge-
bra. There is a unique invariant supersymmetric bilinear form on G satisfying

10



(hi, hj) = a;j. We have a natural homomorphism of abelian groups from @ to
H sending «; to h;. By abuse of terminology the images of roots under this
map are also called roots. It is important to note that this map is in general
not injective. It is possible that n > 1 imaginary simple roots have the same
image h in H. In this case we call h a root of multiplicity n. If the matrix
a has infinitely many identical columns this multiplicity may even be infinite.
The root space of root a € @ is either even or odd. The root space of the
corresponding element in A has in general an even and an odd part.

Under certain conditions one can also prove a character formula ([R1],[GN]).

3.2 A characterization theorem

While most generalized Kac-Moody algebras posses an almost positive definite
contravariant bilinear form in the super case this does not even hold for the
finite dimensional algebras. A more general characterization is the following
(cf. [R2], Theorem 3.2)

Theorem 3.1
Let G be a real Lie superalgebra satisfying the following conditions

1. G has a selfcentralizing even subalgebra H, such that G is the direct sum
of the eigenspaces of H and all the eigenspaces are finite dimensional. The
nonzero eigenvalues of H having on G are called roots of G.

2. G has a nonsingular invariant supersymmetric bilinear form.

3. There is an element h € H such that the centralizer of h in G is H and
there exist only finitely many roots « of G with |a(h)| < M for any real
number M (such an element h is called a regular element). A root a is
called positive or negative depending on wether its value on h is positive
or negative.

4. All roots are either of finite type or of infinite type. (A root « is of finite
type if for all roots 3, 3+ na« is a root for only finitely many integers n. A
root « is of infinite type if, either « has zero norm and is not of finite type,
or for all roots 8 ¢ {«, %a, 2a} with (o, B)(a, @) > 0, 5+ na is a root for
all positive integers n unless a and (3 are both positive or negative, (3 is
of finite type and norm zero and o — f3 is a root.)

5. Let a and 8 be orthogonal positive (resp. negative) roots of infinite type
or of norm 0. If x € G, and [x,G_,] = 0 for all roots «y for which
0 < |y(h)| < |a(h)|, then [xz,Gg] = 0.

Then G is a direct sum of a generalized Kac-Moody superalgebra, finite dimen-
sional simple Lie superalgebras and affine Lie superalgebras.

11



4 The vertex algebra of the compactified super-
string

In this section we construct a vertex algebra that represents the Fock space of a
chiral superstring moving on a 10 dimensional torus and describe its symmetries.

4.1 The construction of the vertex algebra

Now we construct the vertex algebra of the compactified superstring using the
lattice construction described in section 2.2.

The 10 dimensional superstring has 10 bosonic and 10 fermionic degrees of
freedom. We represent the bosonic degrees by a 10 dimensional even lattice and
the fermionic degrees in bosonized form by the weightlattice of the Lie algebra
D5 . The conformal ghosts and superghosts give 3 additional lattice dimensions.
One of them carries a negative metric and must be described together with the
fermionic lattice (cf. [LT]).

Hence we define

L=LX@L¥?®Lx° (4.1)
where LX is a 10 dimensional even Lorentzian lattice, L¥*® = {(z1,...,z¢) €
R5!|all w; € Z or all z; € Z + 3} and LX7 =72

The lattice L¥*? is a 6 dimensional rational lattice. The elements (1, ..., T¢)

with integral z; and ) z; even form an even sublattice of LY?. The quotient
of L¥:? by this lattice is isomorphic to Zs x Zy and will be written T'(L¥*¢) =
{0,V, S,C}. We have the coset decomposition LY*¢ = Lg”q5 U L}Ij"b U ng"b U Lg’d’
with

Ly? = (0,...,0,1) + Ly
L"g,d) = (%) )%’%)+L10/J7¢
I A

We can write the conjugacy classes of L¥*¢ also in terms of the classes of Dg
and Df. The lattice D* has the decomposition 0(D:)UV(D)US(DX)UC(Dz)
where 0(D;;) is the even lattice with elements (z1,...,%,) € Z™ such that ) x;
is even, and

V(D:;) = (07 ,0, ) ( )
SD;) = (e b 1)+ 0(DY)
C(D;) = (3:---.3.—3) +0(D}).

The quotient of D} by 0(D;},) is Za x Zg for n even and Z4 for n odd. With this

12



notation we can write

L*¢|  (D§, DY)

0 | (0,00uMV)

Vo (0,V)u(Vv,0)

S | (S, 8)u(C,C)

C | (C,9U(SO)
An element of L¥*? has even normsquare if it is in ng and odd normsquare
else. The vectors ¢%, i = 1,...,5 with 1 in the i-th position and zero else and
s =(3,...,3) form a Z-basis of L¥:¢ The sublattice E5; = Ly'* U L%? is an

integral unimodular Lorentzian lattice.

The lattice LX:° = Z? can be decomposed as LX:° = L¥? U LY into the
elements of even and odd norm. The quotient I'(LX:?) = {0, 1} is isomorphic to
Zs. A Z-basis of LX7 is given by the elements y = (1,0) and o = (0,1).

Now the sum LX @ Lg”q5 @ Ly’ is an even sublattice of L. The quotient
I'(L) of L by this sublattice is T'(L¥:?) x ['(LX7).

To construct a vertex algebra from L we need a bilinear map 7 from I'(L) x
I'(L) to C*. There is a number of such maps but we need a special one to assure
that the modes of the physical bosons and fermions that we will define have the
correct commutation and anticommutation properties.

The following definition of n turns out to be appropriate.

(0,0) (V,0) (8,00 (€,0) (0,1) (V,1) (51) (C.1)

0,0) | 1 1 1 1 1 1 1 1
(V,0) | 1 -1 y -y -1 1 —y y
(S,0) 1 —y -1 y -1 Yy 1 —y
(C,0) ] 1 Y -y —1 1 Yy -y -1
0,1) | 1 -1 -1 1 ~1 1 1 ~1
V.| 1 1 -y -y 1 1 -y -y
(S,1) 1 y 1 y 1 y 1

] 1 ~y y -1 1 Y —y 1

y can be chosen as +1 or —1. The column denotes the first and the row the
second argument of 1. Note that n is not symmetric, e.g. n((S,0),(V,0)) =y
and 7((V,0),(5,0)) = —y. One can check that this map is bilinear. It clearly
satisfies condition (2.16).

Let {a!,...,a'%} be a basis of LX. Then {a,...,a'% ¢!, ..., ¢ s x,0}
is an ordered basis of L. As 2-cocycle we choose the one constructed from
this basis as described above with the a’s being as follows. Let ¢ < j. Then
define a;; = (—1)%(0‘1’0‘1) for i =1,...,10 and a;; = 1 in the other cases. This
definition will give nice formulas.
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We define the vertex algebra V' of the compactified superstring as the vertex
algebra constructed from the lattice L with n and € given as above. Hence

V' =Vi,0 ® Viv,o) ® Vis,0) @ Vic,o) & Vio) & Vivyy & Visn) & Viey) -
V' can be decomposed into the Neveu-Schwarz and Ramond sector given by
VIS = Vioo) @ Vivio) & Vo) & Vivay
and
VE=Vis0) @ Vico @ Vs @ Vie) -

The vector space
V50 = Vig.0) ® Vis,1) @ Vio,1y ® Vis,o) (4.2)

describes the Fock space of a GSO-projected superstring. V%€ is a vertex
superalgebra with even part V(g o) © V(s 1) and odd part V(g 1) © V(s,0)-

4.2 The symmetries of the compactified superstring

In this section we show that V carries representations of the N =1 and N = 2
superconformal algebras and use them to construct the BRST operator.

First we will consider the matter sector.

Let {x!,..., 2%} be a basis of R ®z LX with (z*,2") = g" where g"” is
the diagonal matrix with entries ¢g'! = ... = ¢%9 = 1 and ¢'°'°© = —1. The
inverse of g"” is denoted by g,,,. These matrices can be used to raise and lower
indices. The bosons z#(—1) satisfy a#(—1)oz¥(—1) = 0, a#(—1)12”(-1) = g"
and z#(—1)p,z¥(—1) = 0 for n > 2. By (2.4) this is equivalent to the operator
product expansion

o (—=1)(2) 2" (1) = g" 272 + ... (4.3)

where the dots denote nonsingular terms.
Next we define 10 complex fermions

T =t =15,

Since the complex fermions are elements of V(y o) their vertex operators have
integral expansions when acting on the Neveu-Schwarz sector and half-integral
expansions when acting on the Ramond sector. They satisfy

ViU =571 (4.4)
The 10 real fermions
$lo= L@ o= S -u
1/)7 — \/Lﬁ(\lﬂ + \1174) 1/)8 — %(\114 _ \1174)
1/)9 — %(\I}5 + \11—5) 1/)10 — %(\115 o \11—5)

14



have the operator product expansion

P ()Y =g (4.5)
Using the commutator formula this implies
{¥m. ¥n} = 9" 0mint1 (4.6)

where m and n are either both integral or both half-integral depending on wether
the ¥’s act on the Neveu-Schwarz or Ramond sector.
Define the supercurrent and the energy momentum tensor of the matter
sector by
M = g (—1) 1 = 2, (~1) 1" (4.7)

and
wM = %T%/I ™ = %x,,(fl),lz”(fl) + %(Dwy),ﬂ/)l’. (4.8)

Note that we assume the summation convention in these expressions. We remark
that the energy momentum tensor can also be written as

WM = L, (<1)_12” (<1) + 161 (<1)_16 (<1) + ... + $67(—1)_167(-1).

It is easy to calculate the following operator product expansions

WMzt (=1) = z*(=1)z" 2+ D" (=1)z" 4 ... (4.9)
wMzpt = %1/)”2_2 + Dyt (4.10)
and
™)z (=1) = P24 DyrTt (4.11)
Myt = (=17 4. (4.12)

To obtain a representation of the N = 2 superconformal algebra we define
M =9 (1) +...+4°(-1). (4.13)
and decompose the supercurrent
e (4.14)
with
5 _ 5 _ _
Y e D L D DL G VI
i=1 i=1
where At = (2! +i2?)/v2,...,h* = (27 +i28)/v/2,h° = (2° — 2'9)/v/2 and
Rt = (z' —iz?)/V2,...,h* = (27 —iz®)/V2,h % = (2 4+ 2'0)/v/2. These

elements satisfy (h?,h/) = (h=*, A7) = 0 and (h',h™7) = §%.
Using the associativity formula one proves the following

15



Proposition 4.1
The above fields satisfy the operator product expansions

wM(Z)wM = Ly + 2wMz—2 + DwMz7l 4
WM(z)rME = 3ME,-2 4 prME-log

WM M = M2y pyMa-1

M) rME = gpME-1

MM = 5272 4+

PME() M= = 53 g j]MZ—Q + (WM iDjM)t 4
™M) Mt = 53— M2 4 (WM - 1DjM)Tt 4+

The expansions ™% (2)7M* and 7™~ (2)7™~ contain only nonsingular terms.

M

M. | and GM* M+

= 7% . Then the commutator
m+35

formula and the above operator product expansions imply

Now define operators LM = w

[LM M) = (m—n)LY _ + Em(m? — 1)6pqnc™

[LM GM*] = (Am-n)GYE,

(L, 35" = —njhl,,

. GY = 2GR,

A, 5 = immsnc™

{G%-i_’ Gy_} = L%-i-n + %(m - n)jwj\f—i-n + %(m2 - i)(sm-i-ncM
{Got.Gty = {Gm. G =0

where the central charge is ¢™ = 15. The expansions of the fields 7* () and
7M™ (2) depand on where they act. However the corresponding algebras are all
isomorphic to the NV = 2 superconformal algebra. The isomorphism is called
spectral flow.

The expansions for the 7M* give

TM(Z)TM =102"3+ 20271 4. ..

so that the operators GM = T%Jrl = GMT + GM~= satisty
2
(LM LM = (m—n)LY,, + Lm(m? — 1)8mnc™
Ly, Gl = (Gm—n)Gy!
{an\{a Gr]zw} = 2Lnj\{+n + %(mQ - %)6m+ncM

where m and n are half-integral in the Neveu-Schwarz sector and integral in the
Ramond sector. The corresponding 2 superalgebras are called Neveu-Schwarz
and Ramond algebra.

16



Now we show that there is another representation of the N = 2 supercon-
formal algebra on V' coming from the ghost fields.

Let ¢ = (0,...,0,1) € L¥*%. Note that (¢, ¢) = —1 and (¢ — x, —¢+ X) =
g(o,0) = 1. Define the ghost fields

b=e7, c=¢’ (4.15)

and
B=x(—1)_1e79TX 4 =¢97X, (4.16)
Then
czb=z""4... and ~H(z)B=z"1+....
The other expansions between these fields contain only non singular terms. This
implies that
{Cm; bn} = 5m+n+1 and ['me ﬂn] == 5m+n+1
are the only nontrivial commutation relations.
Now we define the supercurrent and the energy momentum tensor of the

ghost sector by
T = c_1(DB) + 3(De)_18 — 2b_17 (4.17)

and

WCh —

7GR rGh = 2(De)_1b— (Db)_1c — 3(Dy)_18 — 3(DB)_1v.  (4.18)

N[

The energy momentum tensor can be written as

WO = W 4 WX WO (4.19)
where the elements
w’ = —30(=1)_10(—1) — $(-2)
W = gx(=1)_ax(=1) + 3x(-2
w? = io(-1)_10(-1) + 30(-2

generate representations of the Virasoro algebra on V' of central charges 13, —2
and —26.
To get a representation of the N = 2 superconformal algebra we define

GG = —3¢(—1) + 20(-1). (4.20)
and decompose the supercurrent as
TGh _ TGh+ 4 TGh— (421)

with
O = ¢ ((DB) + 2(De)_1B, T = —2b_1y. (4.22)

As for the matter fields we get by using the associativity formula

17



Proposition 4.2
The above fields satisfy the following operator product expansions

wGh(z) wGh — 7%274 4 20Gh 2 + DwGh 1 4
Wk (2) rGhE = %TGh:I:ZfQ 4 DyGhE,-1
wOh(2) jGh = M =2 + DjGh1 4
th(Z) TGhi — iTGhiz_l +
th(z)th — 752,—2 +
TGh+(Z) TGh— — _52—3 + thZ—2 + (wGh + %Dth)Z_l +
Tth(z) TGth — _5273 _ thz—z + (wGh _ %chh)z—l 4

The expansions 7"t (2)7E"* and 7%~ (2)7¢"~ contain only nonsingular terms.

% =ugh, GEE = 7572
of the N = 2 superconformal algebra of central charge ¢“" = —15.

As before the opertors LS and GG = GGh +GSh~ give a representation of
the Neveu-Schwarz resp. Ramond algebra in the Neveu-Schwarz resp. Ramond
sector of central charge ¢ = —15.

We give some expansions of the energy momentum tensor and the supercur-

rent of the ghost sector. They can be used to prove the next proposition.

Hence the operators and jg h give a representation

w2y = 20272 4+ Dbzl +
wh(2)e = —cz7? 4+ Dez7' +
w3 = %62’2 + DBzt 4+
wCh(z)y = —1y272 + Dyz7! +
O = 38272 — iDB:7t 4+
() = - 2yz7! 4+
Ch()B = - 2z7! 4+
¢h(z)y = ™ - iDez7! +

We define w = wM™ +w&" and 7 = 7™ + 7", Then w is a Virasoro element,
in particular D = L_;. The operators L, = wp41 and G, = 7,1 give a
representation of the Neveu-Schwarz and the Ramond algebra of central charge
Zero.
Let
GBRST — (WM + %wGh) +y_ (7™M + %Tch> . (4.23)

The zero mode of jB75T is called BRST operator and denoted by Q. Using the
associativity formula and the above expansions we get

18



Proposition 4.3
The BRST operator transforms the above fields as

Qb = w (4.24)
Qe = —cooc—7-1Y (4.25)
QE = 7 (4.26)
Qy = 7Y-2c—3c 2y (4.27)
Qu = 0 (4.28)
QT = 0. (4.29)
These formulas imply
{Q.bn} = wn (4.30)
{Qen} = —(c2ct7-17)n (4.31)
[@.Bn] = T (4.32)
[Q.n] = (y-2¢— 5c27)n (4.33)
Qwn] = 0 (4.34)
{@m} = 0. (4.35)

Equations (4.31) and (4.33) together with the explicit expressions for Q"
and Q7¢" show that QjBFST = Dv with v = c_1y_1m™ + v 1717218
—%7_17_10_113 + %c_gc + %7_27 . Hence

Q*=0. (4.36)

We derive a decomposition of () that will be useful for calculations in the
next section. Write w®" = wb¢ + w7 where

wh =2(De)_1b— (Db)_1¢c = w®
WP = =3(Dy)-18 = 5(DB)-17 = w? +wX.

Then jP757 = c_y (WM + w7 + 30) + 717 — y_1v-1b + §D(B-17-10)
implies that

Q=Qo+ Q1+ Q2 (4.37)
with
Qo (c,l(wM + WP 4 %wb":))o
Q1 (’Y—lTM)O
Q2 = —(v-17-1b)g -

The following lemma is easy to prove.
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Lemma 4.4
Let v be a state satisfying

(L' + I = v
(LM 4+ LB = 0 for n>1
Lf{cv = 0 for n>-1.
Then
Qov = D(c_1v).

Finally we construct operators that induce gradings on V. Let j = a¢(—1)+
bx(—1) + co(—1). The zero mode jo = ag(0) + bx(0) + co(0) of j measures the
ghost charge of a state. The BRST element jB%57 is an eigenvector of jq iff
a+b+c=0. We define

iY== —x(-1) +o(-1)
i¥ = —e(=1) + x(-1).

The corresponding zero modes are called ghost number and ghost picture oper-
ator. A state has integral ghost picture if it is in the Neveu-Schwarz sector and
half-integral ghost picture if it is in the Ramond sector. The elements of V{_ o)
have even and the elements of V() odd ghost number.

We list the Ly-eigenvalue and the ghost number and ghost picture of some
states.

Lo Jjo s
en? —in(n+2) 0 n
enx in(n—1) -n n
en inn—=3) n 0
jBRST 1 1 0

The last row implies
Gy, Q=@ and [jy,Q]=0.
Hence the BRST operator increases the ghost number by one and leaves the
ghost picture unchanged.
5 The Lie algebra of physical states

In this section we construct the Lie superalgebra of physical states of the 10
dimensional superstring moving on a torus and study its properties. Section 5.5
contains the main results of this paper.
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5.1 The small algebra

Here we define a subalgebra of the vertex algebra of the compactified superstring
which is called small algebra. This is necessary to define the picture changing
operator which is essential for the construction of the Lie superalgebra of phys-
ical states. We also construct a bilinear form on the small algebra.

Define the elements £ = eX and n = e~X. We have

&z =zt o+
Dé(zn = —z7% +

The expansions DE(z)DE and 7(z)n have no singular terms so that

{(Dg)ma 7771} = _m6m+n
{nmvnn} = 0.

We define the small algebra Vg as the subalgebra of V' generated by the
states e¥, D&, n, b, c with v € LX @ L¥'?. Note that 8 and v are in the small
algebra.

Let

X = Q¢ = (Qo+ Q1+ Q)¢ = c_1(DE) + ™™ e? + D(n_1%b) + (Dn)_1>%b.

This is an element in V(g gy. The mode X _; = (Q¢)_1 = {Q,€_1} is an endo-
morphism of the small algebra called picture changing operator.

Proposition 5.1
The picture changing operator has the following properties

X_1,Q] =
[X-1,Lo] =
[X—lﬂ bn]

_(Dg)n—l .

In particular [X_1,b1] = 0.

Proof: The first relation is clear. The second one follows from Lo = 0. X =
Q& + £1Q and &b =0 for k > 0 imply that for £ >0

Xib = &Qb
= &w
= _[L—Qagk]l
_1)
- (v 1€) 145 m1
= —(D§)k-11
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since L,,_1£ = 0 for m > 1. By the commutator formula we have

[Xo1.ba] =) (_,:) (Xkb) 14—k = (Xob)n—1 = —(DE)n-1-

k>0

X has ghost number 0 and ghost picture 1. This implies
[0, X_1]=0 and [j&, X 1]=X_1.

It is easy to see that the eigenvalues of Ly on VF39 are all integral. Moreover
L acts locally nilpotent on V59, The same holds for the subalgebra VSG S0 —
Vs NV 59 50 that we can apply the results of section 2.3 to construct a bilinear
form on this subalgebra. Since €392 s not in the image of L1 we can define
an invariant bilinear form (, ) on V99 by setting (€3772¢ 1) = 1. It is easy to
prove

Proposition 5.2
(,) is nondegenerate on VESO. (e7tno ¥ *n0) with v,+' € LX @ L¥? is
nonzero if v+~ = —2¢ and n +n’ = 3 and zero else.

We calculate the adjoints of some operators. b and ¢ have Lg-eigenvalue 2
and —1 and are annihilated by L;. Hence

by =ba—y and ¢ =-—c_4_p. (5.1)
From LyjBRST = 3De, L3jBPRST = —3c and L jBRST =0 for n > 2 we get
Q" =-Q. (5.2)

Finally LoX = L1 X = 0 gives
X' =X_. (5.3)

5.2 The cohomology spaces

We now construct the cohomology spaces that represent the physical states of
the compactified superstring and determine their dimensions.
The space
B =VE&99 nKer by

is graded by the lattice LX. We denote the homogeneous subspaces by B(a).
The operators Lo, j¥ and j& are simultaneously diagonizable on B(«) so that

we can write
B(a) = P B(a);.,

where k,n and p denote the eigenvalues of Lo, j{¥ and j&. We define spaces
Cla)pn = B(a)gyn, Cla) =P C(a)p,n and C =P Cla).
The following proposition can be proved by analyzing the Lg-contributions

of the ghost sector.
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Proposition 5.3
Let a be in LX. Then

The space B(a)k  is finite dimensional.

p,n
The space B(a)* | = @,,c;, B(a)*, ,, is finite dimensional.
The space B(a)* | = @,,c; B(a)* , ,, 1s in general not finite dimensional.
2 35

For example the state

A+(n—3%)¢
e_l(n 2) Nen...N—1C,

where A = (i%, .. .,i%) is in C(D}) if n is even and in S(D}) if n is odd,

is in the kernel of by, has Lg-eigenvalue zero, ghost picture —% and ghost
number n.

The spaces C(a)-1,1 and C(a)_y ; are zero for (o, a) > 0.

Now let o be of norm zero. Then

C(a)-1,1 is 10 dimensional and spanned by the states wﬁle:‘fc_lea.

C(a)_1, is spanned by e">*(D€)_1c_1e®.

The 16 states eiﬁl7§¢c,1ea with Ay = (£3,...,%£3) € C(D}) form a basis
ofC(a)féyl.

The space C(a)_1 ¢ is zero.

_3
The 16 states eiﬁl 2%c_1e® with Ag = (£3,...,£1) € S(D;) are a basis
of Cla)_3 ;.
3,
A,—32
C(a)_z o is spanned by the 16 states e 2<z)(Df)_lc_leo‘ where \; =

(£1,...,+3) is in C(D}).

Since bj = by and {b1,c_2} = 1 the bilinear form on C' induced from (, ) is
zero. We can construct a nontrivial bilinear form on C by defining

(u,v)c = (c—au,v).
Then

Proposition 5.4
(, )o pairs nondegenerately C(a)p m and C(83)qn wherea+5=0,p+q= —2
and m +n = 2. In particular (, )¢ is nondegenerate on C.

Furthermore (Qu,v)c is up to a sign equal to (u, Qu)c.
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Proof: {b1,c_2} = 1 implies that c_o is injective on the kernel of b;. If u €
C(a)pm is nonzero then there is an element v in V&99 such that (c_gu,v) is
nonzero. Since [Lg, c_2] = 0 this element has Lg-eigenvalue zero. Clearly it has
ghost number 2 —m, ghost picture —2 — ¢ and momentum —a. The commutator
{b1,c_2} =1 shows that v is in the kernel of b;.

For u,v € C

(Qu,v)e = (c—2Qu,v)
(c—2Qbic_ou,v)
= —(c_2b1Qc_2u,v)
= —(Qc_2u,v)
(c—2u, Qv)

= (v, Qv)c

2

Since Q2 = 0 the sequence
L (@)1~ Cla)pn -5 C(@)pnis ...

defines a complex. We denote the cohomology groups by H(«)p . Define the
spaces H(a) = @ H(«w)p,n, and H = @ H(«). We investigate the structure of
the space H.

Proposition 5.4 and the fact that the spaces C(a)p,, are finite dimensional
give

Proposition 5.5
(, )¢ induces a nondegenerate bilinear form (, )y on H.

As in [LZ1] one can prove

Theorem 5.6
Let o # 0. Then
H(a)-1,, =0 forn#1.

We use this result and the Euler-Poincaré principle to calculate the dimen-
sion of H(a)_1,1 for a # 0. Define numbers c(n) by

Y eyt = sﬁGf;}:)S (5.4)

m=1

= 84 128¢ + 1152¢% 4 7680¢> + 42112¢* +....  (5.5)

The asymptotic behaviour of the ¢(n) is given by

_1u
%n ie

c(n) ~ 2mVon (5.6)

For n > 10 the right hand side gives a good approximation for ¢(n).
We have
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Theorem 5.7
Let a # 0. Then

dimH(a)_1,1 = c(—3a?).

Proof: Let o # 0. Since the space C_1(a) = @,,cz C-1,n(a) is finite dimen-
sional we can apply the Euler-Poincaré principle to get

—dim H(a) 11 = » (~1)"dim C(a)_1 .
The right hand side is the constant term in
tr (—l)jéV qro
where the trace has to be evaluated on B(a)-1 = @y, ez B(a)*, ,,. Since the

spaces B(a)¥, are finite dimensional tr (fl)jéV q"° is well defined as a formal
Laurent series in ¢. By looking at a basis of B(a)_1 we find

The 10 bosonic coordinates x* give a contribution
142 _
ERN ()
to the trace where ¢(q) = [[,2,(1 — ¢").

The (¢, ¢)-(DE&,n) system gives a contribution
p(q) "> (—1)mgEN R HEmim D+

where the sum extends over (A, —p—1) € Léw’d)) and m € Z with m > |p|.

Note that the sum is a well defined power series in q.

The (b, ¢) system contributes a factor

—4 'p(e)”

to the trace.

Hence the trace is given by
_q%o?—l(p(q)—lt’) Z(_l)mq%)\z q—%p2+%m(m+1)+%

A technical calculation shows that this is equal to

102 9(6%)®
¢(q)10

The constant term in this expression is —c(—4a). This proves the theorem. O

—8¢

We will see that for @ # 0 the spaces H(«)_1,1 and H(a)_%J are related by
a supersymmetry transformation so that they have the same dimension.

The picture changing operator commutes with () and therefore defines a map
on H. The following proposition (cf. [BZ]) describes an important property of
this map.
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Proposition 5.8
For a # 0 the map X_; : H(a)p,n — H(a)p+t1, Is an isomorphism.

Proof: a = a,z” has a nonzero component a,. The element P* = " e=9

has ghost number 0 and ghost picture —1. The zero mode 15(# is the momen-
tum operator in the —1 picture. It satisfies [Q, PY] = (QP")y = (QoP")o =
(D(c_1P"))o = 0. Hence P} defines a map from H(a),, to H(a)p_1.,. One
can show that P}’ is a scalar multiple of the inverse of X_; (cf. [BZ]). O

Hence for nonzero momentum the spaces H(a),1 with integral or half-
integral ghost picture p are all isomorphic. They represent the bosonic resp.
fermionic physical states of momentum a. The ghost pictures —1 and f% are
called canonical ghost pictures because they give the easiest description of the
physical states. The fermionic physical states also admit a simple description
in the —% picture since the contribution of the ¢-charge to the Ly-value in this
picture is the same as in the —% picture.

Before we can determine the cohomology spaces in the canonical ghost pic-
tures for a? = 0 explicitly we have to introduce some more notations.

Let

S = eram3¢ apd S = ere39
where \y = (:I:%,...,:I:
of — signs, and A\, = (&
of — signs.

We define I'-matrices I'* by

is a conjugate spinor of D%, i.e. has an odd number
- :I:%) is a spinor of Df and has an even number

(" e 9)(2)8¢ = %F“‘j‘gSﬁz_lJr... (5.7)
(" e?)(2)S* = LF“O‘BnglJr.... (5.8)

V2

The upper index denotes the row and the lower index the column.

Proposition 5.9

We have
(WHye?) 2 (Y77t = ¢ yY, 8¢ (5.9)
(e o (w?1e?) 28 = o y¥ 5. (5.10)
Proof:
(W 1e?) 2 (¥ 1e )8 = (Wie?) ay em] 5

= (1/}‘:;641;*64151/)‘:;)1/}{16:?5@
2 2 2 2 2 2
= —e’ Pt Y e 8"
2 2 2 2
= el e 98
2 2 2

_5
2

= Wiﬂ/’ilsd

26



We have used (2.15) repeatedly. Note that e? je”95% = —S% since

E(_d)a )‘d - %Qﬁ)&(d)’ )‘d - %¢) = €(¢7 )\d - %¢)_1€(¢7 )\d - %Qﬁ)&(d), d))_l =

The proof of the other equation is analogous. a
The commutator {¢)" ,, 4" , } = g" implies
{I#, 1} = 29" (5.11)

so that the I'-matrices give a Weyl representation of the Clifford algebra C(9, 1
The matrix 't =Tt ... T'10 anticommutes with the I'* and satisfies (F”) =
More precisely F” is diagonal and with diagonal entries +£(1,...,1, — -1
The operators 5 (1 +T'!1) are projection operators on the spinors and conjugate
spinors.

We define a charge conjugation matrix C' by

)-
1.
)-

Sa(Z)SB CoPe=20,72 4 (5.12)
§%(2)8° = (%2072 4 .. (5.13)

The definition implies that C' is antisymmetric and invertible. We have

Proposition 5.10
The spinor fields have the operator product expansions

S%(2)88 = FCd‘%’i e P4
I 1

5%(2)8° = (T,C)*Popt e™30273 1.

Sl Sl

Proof: Tt is easy to see that the products Sf';SB vanish for n > 1. We make the
ansatz S§S° = Mf}ﬁz/}’ile_‘i’. Equation (2.15) with n =0,k =1 and m =0
gives

(" e )05%)1 9% = (" (e )1 S557.

Inserting the definitions and using again equation (2.15) we get

1 . ; > .
Er“avmﬁ@_% — Mgﬁ(wgle—qﬁ)l(wzle—qﬁ) — Mﬁﬁg“”e—w.

This implies the first equation.
The second equation is proved in the same way. m|
Clearly T*C' is symmetric and C~'T#C = -+ T,

Now we describe the cohomology spaces for a? = 0.

Proposition 5.11
Let o € LX with o> =0 and a # 0. Then
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H(a)_1,1 Is generated by the massless vectors |£, ) = fu/)fle:fc,le”‘
satisfying (§, ) = ot = 0. The state a#wfle:fc,leo‘ is trivial in the
cohomology. H(c)—1,1 has dimension 8.

H(a)f;l also has dimension 8 and is spanned by the spinors [u, —1, o) =

uBSflc_leo‘ satisfying the massless Dirac equation ozul"”gvuﬁ- =0.

H(a)f;l is generated by the massless spinors |u, —3, o) = u;;SElc_leo‘.

The states with aul"“ﬁ(;tw = 0 are BRST trivial. H(a)_%l also has
dimension 8.

Let a« = 0. Then

H(a)_1, has dimension 10. The vectors P* = —* e~ %¢ form a basis of
this space.

H(oz)_%’1 has dimension 16 and a basis Q% = S¢c.
H(oz)_%1 has dimension 16 and a basis Q% = S%;c.

Proof: We can write fﬂ/}‘_‘leifc,leo‘ = c_qw with w = fﬂ/)‘_‘leifeo‘. Then by
Lemma 4.4

Qe_1w =1{Q,c_1}w—c1Qw = —c_1Qrw.
Using equation (2.15) with n =k = —1 and m = 1 we get
Qrw = (v )ow =Y (yoa iy + Ty )w = yomMw,
j=0
Now TMw = (f,a)e:ffe”‘. Calculating Qe:§¢(D§),1c,1ea with Lemma 4.4
shows that o, " 1e:fc_1eo‘ is trivial in cohomology. This proves the first state-

ment. .
The massless spinor uBSflc_le”‘ is in the kernel of @ iff Qiw = 0 where

w= uBSéleo‘. Equation (2.15) gives

j=0
and
Téww = (z(=1)1¥")1w

= wu(—l)owiéw

= auugeﬁll/iiésﬁ
_ . o 1 [l - B
= —owugetyylieZse 1S

= apuge®ie’ 9 el7S”
2 2

1 .
= —a,,uBF”ﬁ,yed_)%Szlea

V2

SRS
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where we have used §% = fediée:fSB. Hence Qiw = 0 iff ozl,F”B,YuB = 0.
Since C(a)_1 o = 0 this proves the second statement.

It is easy to see that the elements in C(a)_%,l are in the kernel of Q). Thus we
have to calculate the image of C'(a)_3 o under Q. We have

A:—32
Quge™ 2<z)(Df)_lc_lea = Qco1w = —c_1QLw

with w = uéeisl_w(Df)_leo‘. As above
M M M
Qrw = (Y177 )ow = 2(7_%_j7j+%)w =TTy w.
Jj=0
Now
lw = ayug(DE)_1etyu 50
2

= auug(DE)-1e® u y (ep Pt %)
= opus(DE) el yeg Pl N
2

1 ‘ B )
= —=ouul* Jv(Df)flegleo 2¢ef%€A77%¢,

V2

where we have used (—2¢, \; — %qﬁ) =1and

Q1w
1 _ _3
= ﬁa#usF 676 17— (Df) 1602¢6di%e)W 3¢
1 ) Ay —3
= ﬁa#usF“ vegl(edjﬁ)—g(Df) 1€y %f%e e
1 B
= \/_a#uaF“ Sed 12 g~ je 14 N(DE)—1ey ¢efge v "2®
7>0
1 : 3
= —=« u'F#(; ealnl(Dg)fle(ﬁ7672¢€¢56A77§¢
\/5 20t R -770 -5
= —_q,u;TH0 ealeA77%¢
\/5 e} v—=
since

E(d)’ )\V - %¢)E(_2¢7 )\'y - %¢)E(d), )\V — g(b)

E(d)a )‘V - %¢)5(_2¢7 )\'y - %(b)g((bv )\'y - %¢)E(¢a _¢)
(20, Ay — 3)e(—20, Ay — 2¢)e(¢, ¢)
= (26, —p)e(h, )

= —1.
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Hence
Qusek‘%l_%qﬁ(Df) 1c_1e% = fia#F“SVUSS’ch 1%
_ —1C- 7 Tico1e™.
Thus ng[jlc,leo‘ is BRST-trivial iff vg = a#F“SﬁuS which is equivalent to
o, I'"P sv5 = 0. This proves the third statement.
The rest of the proposition is now clear. |

We conclude this section with some remarks on the picture changing opera-
tor. First we give two examples. The massless vector is given in the 0 picture
by

X*1|§7 O[> = (5#1'#(71)71 + O‘V&#¢leg1) 62104“ 5#7/)&1631’}/ . (514)

For |u,—3,a) = upS”? e ¢ we have

1 .
X qlu,—3,0) = —=a, T"P ugS” jc_qe”. (5.15)

V2
Although dim H()_1 ; = dim H(a)_

implies

31 = 16 for a« = 0, the last equation

Proposition 5.12
Let v = 0. Then X_1H(a)_3 ; = 0.

This shows that Proposition 5.8 does not hold for zero momentum.

5.3 The Lie algebra and the Lie bracket

We define a product on VSG 90 that induces a product on the cohomology space
H (cf. [LZ2]) and construct a Lie bracket on the physical states using the picture
changing operator.

For u, v in VSGSO define

{u,v} = (=1)"(bou)ov (5.16)
where |u| denotes the parity of u with respect to V&Y. Then

Proposition 5.13
For u,v in VSGSO we have

(=D w0} = bi(u_1v) — (byu) v — (=1)u_y (byov)
Q{U,’U} = {QU,’U}+ (71)‘U|+1{U7QU}'
Since b? = 0 the first equation implies that the bracket closes on B. It is easy
to see that it also closes on C'. The second equation shows that it projects down

to the cohomology H. Hence {, } defines a product H(a)pm X H(B)gn —
H(a+ B)p+q,m+n—1- The product satisfies (cf. [LZ2])
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Proposition 5.14
Let u,v and w be representatives of elements in H. Then

{u, v} + (=) (DU L) 4} = 0
(_1)(|u‘+1)(‘w‘+1){u7 {’U7 w}} -+ (_1)(|v‘+1)(‘u|+1){v’ {w’ u}}
+(=1)wHEDAe D L L, 0} =0
Now we show that the bracket is invariant under picture changing.

Proposition 5.15
Let u,v € H. Then

X_1{u,v} = {X_1u,v} = {u, X_1v}
Proof: From Proposition 5.13 we get

(—1)'“‘X_1{u,v} — (—1)'“‘{u,X_1U} =b[X_1,u_1]v.

Now
(X ua]=) (kl) (Xku) k2= (kl) (Q€ku)—k—2
k>0 k>0
and
(Q&ku) k-2 = (i7" (&Gw)) _,_, = Q&) k-2 £ (1) —k—2Q
imply

— _1\k+1
(X ufo =) < kl)Q(ka)kzv => %Q (D) k1u) _p_v-
k>0 k>0

Note that ((D€)kr1u)_,_,v is an element of VESC with Lo-eigenvalue zero.
b1Q = Lo — @by shows that b1[X_1,u_1]v is in the image of (). This proves
X_1{u,v} = {u, X_1v}. The proposition now follows from the symmetry of the
product. O

Lian and Zuckerman have defined in [LZ2] another product w-v = u_jv.
By the derivation property of zero modes this product defines a product on the
cohomology. Tt satisfies u - v = (—=1)!/I*ly . 4. Then as above X _;(u - v) —
u- (X_1v) = [X_1,u_1]v is zero in cohomology so that this product is also
invariant under X_1, i.e. X_1(u-v) =u- (X_1v) = (X_1u) - v.

Define G(a) = G(a)o ® G(a); where G(a)y = H(a)_1, and G(a); =

1¥(Q)7§,r Let
G= P Glo)

aeLlX

and define a Zy-grading on G by setting Go = @ G(a)o and G1 = @ G(a);.
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We define a product on G by
[u,v] = X_1{u,v} if uworwvisin Gy

and ~
[u,v] = {u,v} if uwand v are in Gy .

Note that the parity of u as an element of G is equal to |u|+ 1 where |u| denotes
the parity of u as an element in VSGSO. By Propositions 5.14 and 5.15 we have

Proposition 5.16
With this product G is a Lie superalgebra.

Define G as G without G‘(O)l, i.e. without the supersymmetry charges Q%.
Then Proposition 5.12 shows that G is a subalgebra of G. We will see that G is
in contrast to G a generalized Kac-Moody superalgebra. Since G represents the
physical states of the compactified superstring in the canonical ghost pictures
we call G the Lie superalgebra of physical states. The even part of G contains
the bosonic and the odd part the fermionic physical states. We have already
seen that G has no real roots. This corresponds to the fact that the superstring
has no tachyons after GSO-projection.

5.4 Properties of the Lie superalgebra of physical states

In this section we derive some properties of the Lie superalgebras G and G. In
the next section they will be used to show that G is a generalized Kac-Moody
superalgebra.

We define a bilinear form on G by setting

(u,v) = (u,v)g if u,v € Go

(u,v) = —(@,v)y withu=X_1a ifu,veG

and zero else. Note that by Proposition 5.12 this definition does not extend to

G. We have

Proposition 5.17
The bilinear form (, ) pairs nondegeneratly G(a) with G(—«). Furthermore
(, ) is supersymmetric and invariant.

Proof: The first part of the proposition is clear. It is also easy to see that
(u, vy = (v,u) for u,v € Go. Let u,v € Gy. Then

(u,v) c_oll, X_10)

—(
= —(c_2l, X_1b1c_20)
—(

b1X71072’D7 C,Qﬁ)

(X_lc_gﬁ, blc_g’ﬁ)
(

X_lc_gﬁ, ’l))
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I

—~
P

)

=
<

N2

Hence (u,v) is supersymmetric.
To prove the invariance it is sufficient to consider two cases. First let u,v and
w be in Gy. Then

([u,v],w) = —([v,u],w)
— (=)l (e_gbrv_1 X_yu, w)

(
(
= —(X_1u,v*,w)
—(X_1u,v_qw)

’U_1X_1u, blc_gw)

v X_1u, w)

We explain the last equality. Recall the definition
v* 1 =01+ Z ( )
n>1

For n > 1 we have
LT = {Q,ba} LT v = Qb LY v

Since @ is a derivation this implies that only v_jw contributes to the product.
Now

(w,v,w]) = (=D)I"Nc_ou, by X_1v_1w)
— (1 X _1v_qw, c_ou)
—(X_1v_qw,u)

= —(voqw,X_ju)
—(X

_1U, V_qw)
proves the invariance in this case. Now let u,v € G; and w € Gy. Then

[0, u], w)

1)| ‘(c ob1v_ju, w)

<[ua U]7w> =

v_1u, bic_ow)

{
(=
(
(
(
(

= (v_1u,w)
= (u,v,w)
= (u,v_1w)
by the same argument as above and
<u7 [an]> = _<[U7w]7u>

33



—DINe_gbiv_w, u)
v_jw, bic_ou)

(
(
(v_qw, u)
(’U,, ’U*lw)
showing the invariance in this case. O

Simple calculation gives the bilinear form on the massless states

Proposition 5.18
Let o € LX with o> =0 and a # 0. Then

<€7 « | Ca _a> = fucl/gwj
<X71|U,*%,Oé>,|’u,*%,*a> = uﬁv;}/cﬁ;}/
For a = 0 we have
(P, PY) = g"".

Hence the map j from H = G(0)y to C ®z LX defined by P* + z* is an
isometry. We have

Proposition 5.19
Let h € H, z € G(a) and y € G(—«). Then

[h,2] = (h,a)z
[2,y] (@, 9)i " (a)
Proof: From bgX_1 P* = —zt(—1) we get
[P, 2] = {X_1P",z} = —(boX_1 P")oz = o'z . (5.17)

This proves the first statement. The second follows from the nondegeneracy of
(,). Let h € H. Then

([2,y] = (@, 9)i ™ (), h) = (2, [y, h]) — (@, y)(e, (R) = 0.

We give a simple application of this result.

Proposition 5.20
G is simple.

Proof: Let I # 0 an ideal in G. Then by Proposition 1.5 in [K1] I is graded by
LX. I clearly has an element of degree o # 0 in LX. This implies that I N H
is nonempty. Let h be a nonzero element in I N H. Since (, ) is nondegenerate
the elements b’ with (h,h’) # 0 span H. I contains the root spaces G(a’) cor-
responding to these h'. This implies that the i’ are in I. Hence IN H = H and
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I1=G. O

This implies that G is the derived algebra of G.
The next proposition shows that the zero momentum states P* and Q%
generate a representation of the N = 1 supersymmetry algebra on G and G.

Proposition 5.21
The zero momentum states satisfy the following algebra.

[P, P¥] = [P*,Q%] =0
{Q%,Q% = L (r,c)* pr

Proof: The first two products are clear. We do the calculations for the third
product.

{Q%,Q% = (boS%c)oS? ¢
= —c_lsasﬂ

(F C)”‘ﬁ(w 1€ ¢)

= —Cc_1—

\/_

1 .
= —(T,0)¥ P+
\/5( uC)
by Proposition 5.10. O
Hence the spaces G(a)p and G(«); are related by a supersymmetry transfor-
mation for o # 0. This implies

Theorem 5.22
Let o # 0. Then the dimension of the root space G(«a); is given by

dim G(a); = ¢(—1a?).

The following technical result is proved by direct calculation.

Proposition 5.23
Let o and 8 be proportional zero norm vectors in L*X\{0}. Then their root
spaces commute.

Consider the real vector space spanned by the states
o (=1) gy -2 (= 1) Je- e e

where j is odd and the m’s and n’s are positive integers and define the subspace

P(a)_; of states v satisfying Li'v = v and L} v = GM V= 0 for n > 1.

Then P(a)_; is Q-closed. We denote the image in H(« ) 1,1 also by P(a)_1.
Then the complexification of P(a)_1 is H(a)_1,1 (cf. e.g. [P]) Similarly the
states

& (D) 2 (D)o, WY ST e%e

—ni—3
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where j is even and the m’s and n’s are again positive integers generate a
real vector space and we define P(«) 1 as the subspace of states v satisfying
LY'v = 3vand LYv=G)M jv=0forn > 1. P(a)
in H(a)_1; generates this space.

Now choose a basis of spinors such that the I'-matrices defined above satisfy
the Majorana and the Weyl condition. Denote the sum of the P(a)_; over v in
L as P_; and the sum of the P(a)_1 with @ # 0 as P_1. Then one can prove

_1
2

is @-closed and its image

_1
2

_1
2

Proposition 5.24

P,i®P_ 1 is a real form of G. The bilinear form on G induces a real bilinear

form on this space.

5.5 The main theorems

In this section we state the main results of this paper.

Theorem 5.25
The Lie superalgebra G has the following properties.

G is graded by L. We define H as the subspace of degree zero, so that
G = H @ Gl0).

G has a invariant supersymmetric bilinear form that pairs nondegenerately
G(a) with G(—a).

H is an abelian selfcentralizing even subalgebra of G. H is isometric to
C ®z LX and [h,x] = (h,a)x for h € H and x € G(a) so that the G(«)
are eigenspaces of H. H is called the Cartan subalgebra of G.

The root spaces G(a) = G(a)o + G(a); are finite dimensional and
dim G(a)o = dimG(a); = ¢(—1a?). Hence the roots of G are the nonzero

a € LX with o2 <0. ’

G is simple.

G is acted on by the N =1 superymmetry algebra.

The root spaces of two proportional norm zero roots commute.
G is a generalized Kac-Moody superalgebra.

Proof: Using the root space decomposition and the nondegeneracy of (, ) it is
easy to see that H is selfcentralizing. The last statement follows from Theorem
3.1. As regular element one can take any nonzero negative norm vector. The
roots of G are all of infinite type. Note that in a Lorentzian lattice any two
positive imaginary roots have inner product at most zero and zero only if they
are both multiples of the same norm zero vector. O
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Now we consider the case that LX is the unique unimodular even Lorentzian
lattice 11y 1. In this case we call G the fake monster superalgebra. The lattice
Iy 1 can be described as the lattice of all points (x1, ..., z9,210) € R%! with all
ri €Zoral z; € Z+ % and which have integer inner product with (%, . %, %)
In a Lorentzian lattice there are two cones of negative norm vectors. We define
one of them as the positive cone. Then we have

Theorem 5.26

The simple roots of the fake monster superalgebra are the norm zero vectors in
the closure of the positive cone of Ilg 1. Their multiplicities as even and odd
roots are equal to 8.

Proof: Let K be the generalized Kac-Moody superalgebra with Cartan subalge-
bra C®z 11y, and simple roots as stated in the theorem. The simple roots of G
are determined by the root multiplicities because of the denominator formula.
Hence it is sufficient to show that G and K have the same root multiplicities so
that they are isomorphic. The denominator identity (cf. [GN]) for K is

— e(o))multo(a)
11 1= cte)) =e(p) > det(w)w(T) (5.18)

aEA L (1 + e(a)>mU1tl(a) weW

where T is the sum
T =e(—p) Y e(me(n)

with g running over all sums of imaginary simple roots and e(u) = (—1)™ if p is
the sum of n pairwise perpendicular imaginary simple roots, which are distinct
unless they are odd and of norm zero, and €(y) = 0 else. Note that e(«) and
e(p) are elements of the group algebra of I ;. We can calculate the right hand
side of the identity, i.e. the denominator function of K. Since K has no real
simple roots the Weyl group of K is trivial. The Weyl vector is zero. Hence
we only have to calculate > e(u)e(p). p is the sum of pairwise perpendicular
imaginary simple roots iff it is the multiple of a primitive norm zero vector in
Ily; since two imaginary simple roots can only be are orthogonal if they are
proportional. Taking care of the multiplicities of the simple roots as elements
in the Cartan subalgebra we find

S elwe(n) = 1+ 3 a(Ne(N)

where a()) is the coefficient of ¢ of

8
1_ m
H( q ) =1 16g + 112¢> — 448¢3 + ...
m>1 1+qm

if A is n times a primitive norm zero vector in the closure of the positive cone
and zero else. Borcherds has shown (cf. [B5], Example 13.7) that

a(Ne(\) = (1*6(0‘))6(7%&2)
e = e
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This implies that the multiplicity of a root « of K is given by c(—%oﬁ). O

Corollary 5.27
The denominator identity of the fake monster superalgebra is

— ela))e(-1a?)
[T e S a(e

"1,
acAy (1 +e(a))c 2

where a()\) Is the coefficient of ¢™ of

8
1_ m
H( q ) =1 16g + 112¢> — 448¢3 + ...
m>1 1+qm

if A is n times a primitive norm zero vector in the closure of the positive cone
and zero else.

The denominator function of the fake monster superalgebra is the right hand
side of the denominator identity. It is an automorphic form of weight 4 for a
subgroup of O192(R) (cf. [B5], Example 13.7).

Finally we describe the construction of the fake monster superalgebra G by
generators and relations. Let {a; |7 € I} the set of simple roots of G. Taking
8 even and 8 odd copies of each a; we can calculate the Cartan matrix of G.
Then we define as described in section 3 the superalgebra G by generators and
relations. The subalgebra H of G is the direct sum of a 162 = 256 dimensional
space for each simple root «;. The center C' of G has index 10 in H. The fake
monster superalgebra is the quotient of G by C.
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