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Modular forms for the Weil representation of SLy(Z) play an important role in
the theory of automorphic forms on orthogonal groups. In this paper we give
some explicit constructions of these functions. As an application we construct
new examples of generalized Kac-Moody algebras whose denominator identities
are holomorphic automorphic products of singular weight. They correspond
naturally to the Niemeier lattices with root systems D?,, E3 and to the Leech
lattice.
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1 Introduction

The singular theta correspondence (cf. [B2] and also [Br]) is a map from modular
forms for the Weil representation of SLy(Z) to automorphic forms on orthogonal
groups. More precisely let L be an even lattice of signature (n,2), n > 2 even
with discriminant form D and F a modular form for the Weil representation of
SLo(Z) on C[D] of weight (2—n)/2 which is holomorphic on the upper halfplane
and has integral principal part. Then the integral
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where F is the standard fundamental domain of SLy(Z) on the upper halfplane
and 6 is the Siegel theta function of L, can be regularized. Let ¥(Z) be the ex-
ponential of the regularized value. Then ¥(Z) is an automorphic form for a sub-
group of O(L) which has nice product expansions at the rational 0-dimensional
cusps. The function ¥(Z) is called the automorphic product associated to F'.
The weight of ¥ is determined by the constant coefficient of Fy and its divisor
by the principal part of F.

The smallest possible weight of a nonconstant holomorphic automorphic
form on O,, 2(R) is given by (n — 2)/2. Holomorphic automorphic forms of this
so-called singular weight are particularly interesting because their Fourier co-
efficients are supported only on isotropic vectors. It has turned out that the
denominator identities of infinite-dimensional Lie algebras are sometimes holo-
morphic automorphic products of singular weight. These Lie algebras describe
strings moving on suitable orbifolds and they seem to be very rare [S1]. So far
there are only 12 known examples [S2].

In this paper we give some explicit constructions of modular forms for the
Weil representation of SLy(Z). As an application we construct 3 new gener-
alized Kac-Moody algebras whose denominator identities are holomorphic au-
tomorphic products of singular weight. In contrast to the previous examples
the corresponding vector valued modular forms are not symmetric under O(D)
which makes their construction more difficult.

We describe the results in more detail.

First we show how scalar valued modular forms on congruence subgroups
induce modular forms for the Weil representation of SLy(Z). For I'y(N) the
result is as follows (see Theorems 3.1 and 3.7).

Let D be a discriminant form of even signature and level dividing N and pp
the Weil representation of SLa(Z) on C[D]. Lety € D and f be a modular form
on I't(N) with character x. Then

Fromgn= ., fluppM )
MeT; (N)\I'

1s a modular form for pp. Every modular form for pp is a linear combination
of such functions. The function Fr (ny s~ can be written as a sum ) Fy over
the cusps of T'1(IN) where
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if N > 2 and s is reqular and similarly in the other cases.

There are analogous results for the congruence subgroups I'(IV) and T'o (V).
However the liftings are not equivalent. In section 6 we give an example of a
modular form for the Weil representation which is not induced from I'g(N).

Next we describe an induction from the isotropic subgroups of a discriminant
form (cf. Theorem 4.1).



Let D be a discriminant form of even signature and H an isotropic subgroup
of D. Let Fp,, =3 cp, Fpu~e€" be a modular form for the Weil representa-

tion of the discriminant form Dy = HY/H. Then

F= E Fpy~yime’
yEH-

is a modular form for pp.

Modular forms which are induced in this way can be considered as oldforms.

Let D be a discriminant form of even signature and level dividing N. We
have seen that all modular forms for pp are induced from I'(N) or T';(N).
However calculating the corresponding liftings is often laborious because the
indices of these groups in SLy(Z) are rather large. We give a natural sufficient
condition for a modular form for pp to be induced from I'g(N) (see Proposition
5.3 and Theorem 5.4).

Let D be a discriminant form of squarefree level N and F = ) F,e7 a
modular form for pp which is invariant under O(D). Then the complex vector
space W spanned by the components F.,, v € D is generated by the functions
Folar, M € SLo(Z). Let Wy be the subspace of W with T-eigenvalue e(0). Then
the map

. Wy — Wy
[ == 0-component of Fr,(n),t,0

is a bijection. In particular F'= Fr (N 0 for a suitable function f in Wy.

Finally we use the above results to construct some modular forms for the
WEeil representation with nonnegative integral coeflicients and reflective poles.
The theta lifts of these functions have singular weight and give the denominator
identities of some new generalized Kac-Moody algebras. The simplest example
is the following (see section 6).

Let N be the Niemeier lattice with root system E3. Let g be a permutation
of the three Eg-components of order 3. Then the fixed point sublattice N9 of g
is isomorphic to \/3Eg and the orthogonal complement N9* is isomorphic to
As ® Eg. The theta function Ong1 defines a modular form for the discriminant
form of N9. This function is invariant under O(NY) because the centralizer of
g in O(N) induces the full orthogonal group of N9. Let L= N9& (32 3). Then
Onsr induces a modular form on L. Denote the quotient of this form by the
invariant 3A by Fy . ;3n. Define ng(r) = n(37)8. Then the sum

F=Fy_ . /38 +35Fr,9)1/n,0

is a modular form for the Weil representation of L & II; 1 with nonnegative
integral coefficients and reflective poles. The theta lift of F' is holomorphic, has
singular weight and is up to a constant given by

e((p.2)) I (1 - e((a, 2)))Frele?/2)

acl’'t
= Y det(w) e((wp, 2)) [] (1 - e((3nwp, 2)))* .
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This is the denominator identity of a generalized Kac-Moody algebra with root
lattice L' whose multiplicities and simple roots can be described easily.

There are similar examples for the Niemeier lattice with root system D%,
and for the Leech lattice.

The paper is organized as follows.

In section 2 we recall some properties of modular forms for the Weil repre-
sentation of SLy(Z).

Then we describe the liftings from modular forms on congruence subgroups
to modular forms for the Weil representation of SLy(Z).

In the next section we show that a modular form for the Weil representation
of an even lattice induces a modular form for the Weil representation of any
finite index sublattice.

In section 5 we show that symmetric modular forms on discriminant forms
of squarefree level N are induced from I'o(V).

Finally we use the above methods to construct some new generalized Kac-
Moody algebras with automorphic denominator identity. These Lie algebras
correspond naturally to the Niemeier lattices with root systems D?, and E3
and to the Leech lattice.

The author thanks R. E. Borcherds, G. Hohn and F. Werner for stimulating
discussions and helpful comments.

2 Modular forms for the Weil representation of
SLy(Z)

In this section we recall some properties of modular forms for the Weil repre-
sentation of SLy(Z) from [S2].

Let D be a discriminant form with quadratic form D — Q/Z, v — ~2/2
(cf. also [N], [CS]). The level of D is the smallest positive integer N such that
N~2/2=0mod 1 for all v € D.

Let ¢ be an integer. Then ¢ acts by multiplication on D and we have an
exact sequence 0 — D, — D — D°® — 0 where D, is the kernel and D¢ the
image of this map. The group D¢ is the orthogonal complement of D..

Let D be the set of elements a € D satisfying ¢y?/2 + ay = 0 mod 1
for all v € D.. Then D¢ is a coset of D¢. When we have chosen a Jordan
decomposition of D then there is a canonical coset representative x. of D°*
satisfying 2z. = 0. Write @ € D as @ = z. + ¢y. Then a?/2 = ¢y?/2 +
2.y mod 1 is independent of the choice of . This gives a well defined map
D% — Q/Z, o+ a?/2.

More generally let H be an isotropic subgroup of D. We define D as the
set of elements a € D satisfying ¢y?/2+ay = 0mod 1 for all v € ¢~} (H)NH*.
Then D§f = D** if H = 0.

Suppose D has even signature. We define a scalar product on the group
ring C[D] which is linear in the first and antilinear in the second variable by
(e7,eP) = §77. Then there is a unitary action of the group I' = SLy(Z) on C[D)]



defined by
pp(T)e” = e(—*/2) &
pp(S)eY = e(sign(D)/8) Z e(vB) B

BeD

where S = ({ ') and T = ({ 1) are the standard generators of I'. This rep-
resentation is called the Weil representation of I' on C[D]. It commutes with
O(D).

Let M = (2%) €I'. Then

pp(M)e” = ”D Z —af}[2)e(=bBv)e(—bdr? /2)et P

,BEDF*

where £ = e(sign(D)/4) []€,. The local factors &, can be expressed by means
of the Jordan components of D (cf. [S2]).

Let
= Z F,(r)e”
yeD

be a holomorphic function on the upper halfplane with values in C[D] and k an
integer. Then F' is a modular form for pp of weight k if

F(Mr) = (et + d)ka(M)F(T)

for all M = (‘Cl s) in I’ and F' is meromorphic at co. Note that the transforma-
tion formula can be written equivalently as

F =" Fyx- pp(M)e?
YED

for all M €T
The components of a modular form F' =3 _p F,e” for pp transform as

Pyl = 600D Y2l S (a5 2)e(—b8)e(—abn?/2) Fur s

Dl 5.

where M = (‘é 3) € I and £(M~1) is the above root of unity corresponding to
ML

Classical examples of modular forms transforming under the Weil represen-
tation are theta functions. Let L be a positive definite even lattice of even rank
2k with discriminant form D. For v € D define

Z qa2/2

aEevy+L



with ¢*"/2 = e(ra?/2). Then

0="> 6y

yeD

is a modular form for the dual Weil representation p, of weight k£ which is
holomorphic at co.

Let D and D’ be two discriminant forms of even signature and let i : D — D’
be an isomorphism of groups satisfying i(y)?/2 = —y2?/2 for all v € D. If Fp/ =
> _~ep Fye is a modular form for the dual Weil representation pp, then Fp =

~ep Fipe” transforms under pp. For example if L is an even unimodular
lattice and K a primitive sublattice of L with orthogonal complement K then
we have a natural isomorphism i : Dg — Dy such that i(y)?/2 = —2/2.

3 Liftings from congruence subgroups

In this section we describe how modular forms on congruence subgroups induce
modular forms on I' transforming under the Weil representation and we calculate
these liftings explicitly. For the congruence subgroup I'g(N) these results are
already known [S2]. We include them here because we need the corresponding
formulas later.

Let D be a discriminant form of even signature and N a positive integer
such that the level of D divides N. Let F' =}, F'ye” be a modular form for

pp and M = (2%) € I'y(N). Then the formula for pp gives

pp(M)eY = <|g|> e((a — 1) oddity(D)/8 ) e(—bd~y?/2) e®

and
F\m= <|g|> e((d — 1) oddity(D)/8 ) e(—aby?/2) F. .

We define the quadratic Dirichlet character xp : To(IN) — C* by

XD ((‘C‘ Z)) - (&) e((a — 1) oddity(D)/8)

and for v € D the character x, : I'1(N) — C* with

W((8 ) =ecmm.

Then Fj is a modular form on I'g(N) of character xp and F), is a modular form
on I'y (V) with character x.. Conversely we have the following result.

Theorem 3.1
Let D be a discriminant form of even signature and level dividing N .



1. Let f be a scalar valued modular form on I'g(N) of weight k and character
xp and H an isotropic subset of D which is invariant under (Z/NZ)* as a set.

Then
Fromypu= . >, flupp(M1)e
METo(N\T v€H

is a modular form for pp of weight k which is invariant under the automorphisms
of the discriminant form that stabilize H as a set.

2. Let v € D and f a scalar valued modular form for I'1 (N) of weight k and
character x.. Then

Friny, v = Z flar pp(M~1)e”
Mel (N)\T

is a modular form for pp of weight k which is invariant under the stabilizer of
~ in O(D).

3. Finally if f is a scalar valued modular form on T'(N) of weight k and
v € D then

Fravpny = Y. flupp(M 1)
MeT(N)\D

is a modular form for pp of weight k which is invariant under the stabilizer of
~ in O(D).

Proof: We have to show that the liftings are well defined, transform correctly
under I and have the stated symmetries. We describe this in the second case.
The other cases are analogous.

For M € T' we define the function Fy; = f|y pp(M~1)e?. Then

Frar = flea po(KM)™Y) € = X (K) flar pp(M™)pp(K™1)eT = Fyr

for K € I'\(N). Hence F' = 3 y/cr, (v Fv is well defined. Now let K =
(‘; 2) € I'. Then

F(Er)= Y flu(E7)pp(M~ e
Mel (N)\T'

(e +d)* Z Sl (7) pp(M~)e?
MeTl 1 (N)\I'

=(er+d)fpp(K) > flux(r) pp(K~")pp(M~")e?
Mer (N)\I'

=(er+d)fpp(K) > flux(r) pp(MK)™ e
MeT (N)\T
= (et +d)*pp(K)F(7)

by shifting the summation index. Finally the functions F; and F' are invariant
under the stabilizer of v in O(D) because the Weil representation commutes
with O(D). O



The liftings satisfy some obvious relations. However they are not equivalent.
We will see that there are modular forms for the Weil representation which are
not induced from I'g(N). On the other hand let F'= 3}, Fye” be a modular
form for pp. Then

1 _
F= a2 2 Falaep e
1 MeT; (N)\I €D
1
= == DL Friv.e e
IT'/T1 (V)] ey !

Hence F' can be written as a linear combination of liftings from I'; (N). Finally
let V' be the complex vector space generated by the components F,. Then I" acts
on V@C[D] by p(M)(f®eY) = f|lar— @ pp(M)e?. The invariants (V @ C[D])"
are modular forms for pp. This space is spanned by the functions Fr(n) £, .-

We calculate the liftings explicitly.

The group I'o(N) has index N[, x(1+1/p) in I' and 3° 5 &((c, N/c))
classes of cusps. Let a/c € Q with (a,c) = 1. Then the equivalence class of a/c
as a cusp of I'g(N) is determined by the invariants (¢, N) (a divisor of N) and
ac/(c, N) (a unit in Z/(c, N/(c, N))Z). The width of a/c is t = N/(c?, N) and

the stabilizer of a/c in I'o(N) is given by I'o(N)a/c = { T}, |n € Z} with

_ 2
T, = MT' ML — (1 act a“t )

—c?t 1+ act

for any matrix M € T satisfying Moo = a/c.

Let M = (%) € T'. Then the cosets of I'o(NV)\I' sending oo to a/c are given
by MT™ where n ranges over a complete set of residues modulo t = N/(c?, N).

Let D be a discriminant form of even signature and level dividing N and f
a modular form on I'o(N) with character xp.

We denote the order of xp(T5/.) by m.

For M = (‘é Z) € I the function f|ps has a Fourier expansion of the form

fla(r) = Zanéﬁn

with g = e(7/mt) and n integral if m = 1 and n odd integral if m = 2.

Let a/c € Q with (a,¢) = 1 and g € D®*. Then p?/2 = —n/mt mod 1
where n is integral if m = 1 and n odd integral if m = 2.

Let H be an isotropic subset of D which is invariant under (Z/NZ)*. Then
we can write >y €” as a linear combination of sums »__e” where I is an
isotropic subgroup of D. Therefore it is sufficient to calculate the lift F' of f
on H in the case that H is an isotropic subgroup. We will assume this in the
following.

We can write F' as

F:ZFS

selo(N)\P



where P is the set of cusps of I' and

F, = Z Z Sl pp(M~1)e .

MEeTo(N)\I' veH
Moo=s

The function Fy is T-invariant, i.e. F3(T'T) = pp(T)Fs(7). We have

Theorem 3.2

Let a/c € Q be a representative of s with (a,N) = 1 and ¢|N and M =
(”C‘ 2) € I'. Decompose f|y = gmi,0 + - - - + Gmt,me—1 Into T-invariant functions
Gmt,j Satistying g jlr = €(j/mt)gme; and for w € D define j,, by w?/2 =
—jw/mt mod 1. Then

Fo= oy V2 mner Y > eldwi/2)

Dl veH/(HND®) we(De*NDS})

P a.c(w)t Gt j,, ety

where
Dy gc(w) = Z e(acy? /2 4 w)
Y€GH,c
and
¢ '(H)/D.

GH,c = ((cil(H) QHJ-) +Dc)/Dc .

The group I'1 () has index N*[] y(1 —1/p?) in ' and

2 if N =2,
3 it N =4,
(1/2) Y gyn d(d)d(N/d)  if N=3or N >4

classes of cusps. Two cusps a/c and o’/¢’ in Q with (a,c¢) = (d/,¢) = 1 are
equivalent modulo T'; (N) if and only if

/ .
(a/) =+ (a +]c> mod N
c c
for some j (cf. [DS], section 3.8). The cusp 1/2 of I'; (4) is irregular and has width
t = 1. All other classes of cusps a/c are regular and have width ¢t = N/(¢, N).
For a cusp a/c in Q with (a, c) = 1 and width ¢ define as above T/, = MTtM—!
where M is any matrix in I sending oo to a/c. Then the stabilizer of a/c in
['1(N) is given by {T}?, |n € Z} if a/c is regular and by {(=T,/.)" [n € Z} if
a/c is irregular.
It is easy to prove the following result.



Proposition 3.3
Let M = (2%) €T. Then the cosets of I'i(N)\I' sending oo to a/c are repre-
sented by
MT™ ifN =2,
+MT" if N >2

where n ranges over a complete set of residues modulo t.

Let D be a discriminant form of even signature and level dividing N and
v € D with ¥2/2 = —j/N mod 1.

Proposition 3.4

Let a/c € Q with (a,c) =1 be a cusp of T'1(N).
If a/c is regular then x~(Ty/.) has order m = (¢, N)/(c, N, 7).
If a/c is irregular then x~(—1T,/.) has order m = 4/(4, j).

Let f be a modular form on I'; (N) of weight k and character x-.

Proposition 3.5
Let a/c € Q with (a,c) =1 be a cusp of I'1(N) and let M = (¢ %) €T.
If a/c is regular then

Flar(7) = andpy

where n is integral and n = a?jmt/N mod m.
Suppose a/c is irregular. If km is even then

() =Y andl

where n Is integral and n = km/2 — jm/4 mod m. If km is odd then

f|M(T) = Zanqg
with n = 1 mod 2.

Proof: Let a/c be regular. Then

T (T'7) = flare (1) = flr, o (7) = Xy (Taye) flar(7) -

Since x~(7,/.) has order m it follows that f|; has an expansion in integral
powers of gme. Write f|a(7) = . ang?;. Then fla(Tt7) =3 ane(nt/mt)ql,
so that far(T'7) = X (Taye) flas(7) holds if and only if e(n/m) = x+(T,.) for
all n with a,, # 0. But this is equivalent to n = a?jmt/N mod m.

If a/c is irregular then

FIna(T7) = flry, o (1) = X3 (= Tape) fl-na (1) = (1) X (= Taye) f s (7)

and the statement follows by a similar argument. U

10



Proposition 3.6
Let a/c € Q with (a,c) =1 be a cusp of I'1(N) and p € ay + D*.

If a/c is regular then p?/2 = —n/mt mod 1 where n is an integer such that
n = a’jmt/N mod m.

Suppose a/c is irregular and (—1)*e(sign(D)/4)e(yu) = 1. If km is even
then p?/2 = k/2 + j/4 mod 1. If km is odd then p?/2 = 1/2 mod 1.

Proof: Choose a Jordan decomposition of D and let x. be the canonical coset
representative of D*. Write u = a7y + (z. + ¢f). Then

p?)2 = a*y? /2 + 22 /2 + 2B%/2 + acyB + axey mod 1.

Let a/c be regular. Then tz2/2 = tc?4?/2 = tacy = tax.y = 0 mod 1 and
mta®y?/2 = 0 mod 1. Hence mtu?/2 = 0 mod 1. Define n = —mtu?/2 mod m.
Then n = —mta®y?/2 = a®>jmt/N mod m.

Now let a/c be irregular. Then N = 4, ¢ = 1 mod 2 and ¢ = 2 mod 4.
The Jordan decomposition of D is of the form 257"2471"* or 2{2"2471". In the
first case sign(D) = oddity(D) = 0 mod 4 and z, = 0 and in the second case
sign(D) = oddity(D) = t, mod 4 and x2/2 = ty/4 = sign(D)/4 mod 1. The
formula for the norm of u simplifies to

W2 =7"/2+aZ/2+cyf +wey mod 1.
Using vy = ¢y?/2 + 2y + ¢y mod 1 we obtain
p?/2=—4*/2+22/2+yp mod 1.
Finally k/2 + sign(D)/4 +yp = k/2 + 22/2 + yu = 0 mod 1 so that
p?/2="k/2—-~%*/2 mod 1.
This implies the last statement. O
Let F be the lift of f on . Then as above
F= Y F
sel1 (N)\P
with
Fo= > fluppM e,

MeT (N)\I'
Moo=s

The functions F are given in the following theorem.

Theorem 3.7
Let a/c € Q with (a,c) =1 be a representative of s and M = (2Y) €T.

If s is regular write f|apr = gme, 0+ - -+ Gmt,me—1 With gme j|7 = e(§/mt) gme ;
and for yu € ay + D* define j,, by p*/2 = —j,/mt mod 1. Then

5

Fo= e ) Y2 S a2 )b —aby?/2)

v |D‘ pEay+De*

t Gmt,j,, {e“ + (—1)ke(sign(D)/4)e_“} .

11



if N > 2 and

F

I
AL
|
—
-
o
Q
—
o
—
=
\
IS
)
~—
~
\)
—
F
2
=
IS
(=
3>
~
[\
—

if N =2.
If a/c is irregular then

Fo= e ) V2D S a2 2)ebp)e(—atn?2)

{1+ (~1)*e(sign(D) /4)e(y) } flare

Proof: Let s be regular and N > 2. The cosets of I'; (V) sending co to s are
represented by +=MT"™ where n ranges over a complete set of residues modulo
t = N/(c,N). Using f|_1 = (—=1)*f and pp(—1)e” = e(sign(D)/4)e™" we get

Z Flvrnpp(T~™)pp (M~ 1)e?

n mod t

+ (—DFe(sign(D)/4) > flurepp(T")pp(M " )e.

n mod t

Now

pp(M~He? = ¢(M "|D Z (dB%/2)e(bBy)e(aby? /2)er P

BGDL

flrnpp(T™")
\/—ngo:dt MT™ D

{ e(df? [2)e(bBv)e(aby? 2)e™ 77
peEDex

+ (1'elsign(D)/4) 3 e(dﬂ?/me(—bﬂw)e(awm)e‘””3}.

ﬂeDc*

Replacing 8 by —f in the last sum and putting u = ay + 3 gives

VDT
Fo= e ) V2D S Sy 2)
|D‘ MEa'erDC* n mod ¢ "

e(d(p — av)2/2)e(bury)e(—aby®/2){e" + (—1)*e(sign(D)/4)e "} .

12



The formula now follows from
Y flurne(ni®/2) = t g, -
n mod t

The case N = 2 is now clear.
Suppose s is irregular, i.e. N =4, a = 1 mod 2 and ¢ = 2 mod 4. We argue
slightly differently here because ay + D* = —ay — D" in this case. We have

Fy= fly pp(M ™) + fl_n pp (=M~ )e™
= fla pp(M )" + (—1)*e(sign(D)/4) f|as pp (M ~1)e™

and
pp(M~1)e™
= ) Y2 S e/ De(-bpelaby? 2y

BeDe*

= ) YL S ge(-bagetatn? et

D] Be2avy+De*

— V‘D LY ldCa+ B 2elbEwy + B)elab? 2
ﬂEDv*

" ”D LS a2 2eler? 2 2 At el e
ﬂEDv*

because d(2ay+3)?/2 = dB?/2+cy? /248 mod 1 and —b(2ay+3)y = bBy mod
1. Hence

Fo= e A2l S~ g2 )b Befatn?2)

|D‘ peDe*
{1 + (—=1)*e(sign(D) /4)e(cv? /2 + A//J’)}f|Me‘”+B
Let = ay+ 3. Then aby?/2 +byB = —aby?/2 +byp mod 1 and cy?/2 +~8 =
v mod 1 so that

F

I
720"
AN
<
L
=

Dl S - a0 /2)eby)el—abn?/2)

{1+ (=1)"e(sign(D)/4)e() } flare" .
This proves the theorem. O
The group I'(NV) has index N° ] (1 —1/p®) in T and

3 it N =2,
(N2/2) T (1= 1/p?) i N >2

13



classes of cusps. Two cusps a/c and o’/¢’ in Q with (a,c¢) = (d/,¢) = 1 are
equivalent modulo I'(N) if and only if

!
(a/) ==+ <a> mod N .
c c
The width of a/c is N and the stabilizer of a/c in T'(IV) is generated by T, .
defined as above.
Let M = (%) € I'. Then the cosets of I'(N)\I' sending oo to a/c are
represented by
MT"  if N =2,
+MT" if N >2

where n ranges over a complete set of residues modulo N.

Let D be a discriminant form of even signature and level dividing N and f
a modular form on I'(NV) of weight k.

The function f|a; has a Fourier expansion in integral powers of ¢y for all
MeTl.

Let F be the lift of f on v € D. Then F = ZSQF(N)\P F, and as above we
find

Theorem 3.8
Let a/c € Q with (a,c) = 1 be a representative of s and M = (2%) € T.

Decompose f|y into T-eigenfunctions gy ; and for p € ay + D define j,, by
p?/2 = —j,/N mod 1. Then

5

Fy= e )y Y2 S™ = a0 2)ebpn)e(—abn? /2)

v |D‘ pEay+De*
NgN,jM{e“ + (—1)ke(sign(D)/4)e*“} )

if N > 2 and

Fy= e ) Y2 SN - a0 2)e(trpe(—abn?/2)
neay+De*

NgN’j#e“.

if N =2.

4 Induction from isotropic subgroups

Let L be an even lattice and M a sublattice of L of finite index. We show that
a modular form on the discriminant form of L induces in a canonical way a
modular form on the discriminant form of M.

Let D be a discriminant form of even signature. Let H be an isotropic
subgroup of D and H™ the orthogonal complement of H in D. Then Dy =

14



H*/H is a discriminant form of the same signature as D with |Dg| = |D|/|H|?.
Let Fp, = ZWGDH Fp, ~€" be a modular form for pp,,. Define

F = Z FDH,'y+He’Y~
YEH-
Then

Theorem 4.1
F' is a modular form for pp.

Proof: Tt is sufficient to show that F' = Z'ye p P e transforms correctly under
the generators of I'. This is clear for T'.
For v € H* we have

Fy|s(1) = Fpy y+m|5(7)

_ e(sign(Dp)/8) . 8 F -
m ﬂEZDH ((’7—’_ )ﬁ) DH,B( )

e(sign(Du)/8) /8 H)3)F .
Rl 3 e+ B3 Foys ()
e(sign(Dp)/8)

== e Fg(r
e gﬁ; (+8) Fy (7)

_ e(sign(D)/8) . Falr).
D ﬁ;} (YB)Fa(T)

If v ¢ H: then F,|s(7) = 0 and

Y B Fs(r)= Y e(v8)Fs(r)

peD BeEHL

Z Z V(B4 1) Fpip(T)

BEHL/H peH

= > e((y+H)B)Fpy5(r) Y elyp)

BEDy neH
=0

because peH e(yw) is the sum over a nontrivial character of H and therefog
is 0.

We can easily construct some automorphisms of F'. An automorphism of D
stabilizes H as a set if and only if it stabilizes H+. Such automorphisms act on
HL/H = Dy so that we get a natural map from the stabilizer of H in O(D) to
O(Dyr). The inverse image of O(Fp,,) under this map is a subgroup of O(F).

A standard situation in which the above result can be applied is the following.
Let L be an even lattice of even signature and let M be a sublattice of L of
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finite index. Then we have embeddings M C L C L' ¢ M’ and H = L/M is
an isotropic subgroup of Dy; = M'/M. The orthogonal complement of H in
Dy is HY = I'/M and H+/H is naturally isomorphic to Dy = L'/L. The
theorem then shows that a modular form for the discriminant form of L induces
a modular form for the discriminant form of the sublattice M.

5 Discriminant forms of squarefree level

Let D be a discriminant form of even signature and level N. Let f be a modular
form on I'g (V) of character xp. Then Fp (n),¢,0 is @ modular form for pp which
is invariant under O(D). We show now that every modular form for pp which
is invariant under O(D) can be obtained in this way if N is squarefree.

First we describe some properties of discriminant forms of prime level.

Proposition 5.1
Let D be a discriminant form of prime level and let  and v be two nonzero
elements in D of the same norm. Then  and ~ are conjugate under O(D).

Proof: Let p be the level of D. If p is an odd prime we can consider D as a
vector space over [, with a quadratic form. The statement then follows from
Witt’s theorem (cf. [O]). For p = 2 we can argue as follows. The statement is
true if D has 2-rank 2. Suppose that the 2-rank is > 4. If 42/2 = 0 mod 1 then
there is an @ € D such that a8 = 1/2 mod 1. Replacing o by a+ 3 if necessary
we can assume that o?/2 = 0 mod 1. Similarly if 42/2 = 1/2 mod 1 we can find
a € D such that a8 = a?/2 = 1/2 mod 1. In both cases D decomposes into the
orthogonal sum D = {(«, 8) @ (a, 3)*. This proves the proposition for p = 2. 0

For a discriminant form D we denote by I the subset of isotropic elements
and by I the isotropic elements of order k.

Proposition 5.2
Let D be a discriminant form of prime level p. Then we have for v € I,

D
S ey =1 - 2
Bel, p

Proof: We prove the statement in the case that D has Jordan decomposition
P with p odd and n > 3. The other cases are similar. We can assume that

D:DIEBD//

where D' is generated by 71,72 with 4%/2 = 1/pmod 1, 73/2 = —1/pmod 1,
Y172 = 0, i.e. has Jordan decomposition p¢ "2 with ¢ = ( )(7 = (—), and
ith €’

contains v, and D" has Jordan decomposition p¢ ("=2) with € = = (= S L)e. Then

v=meD"
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so that by Proposition 3.2 in [S1]

_ —1\(n—2)/2 —2)/2 (n=4)/2Y  if o ;
p3 4 (=L p(" —p if n is even
|7Lﬂl|=p{p_ ) ( )

pn2 4 6(—?1)”/2 (p™/? — p"=2/2) if n is even

if n is odd

if n is odd
Define A; = {f € I|y8 = j/p mod 1}. Then
p—1
I=J4;.
j=0
We have Ag = vt NI and |A;] = ... = |A,_1] = m because multiplication

by elements in (Z/pZ)* maps the sets into each other.

Proposition 3.2 in [S1] we obtain

It follows

L VT
p—1

> e(rB) = Aol +m > _e(i/p)

Bel j=1
= [Ao| —m
= |Ao| —p"?
=1 —p""

D
:|Ip|‘|'1_u

This proves the statement.

Hence applying again

O

Let D be a discriminant form of squarefree level N. Then Proposition 5.1
implies that two elements of D are in the same orbit under O(D) if and only if
they have the same norm and order. Let F' =) __, F,e” be a modular form
for pp which is invariant under O(D). Then the components F, with isotropic
~ are modular forms on I'g(N) with character xp.

Proposition 5.3

Let D be a discriminant form of squarefree level N and F' = 3 . F,e” a
modular form for pp which is invariant under O(D). Then the complex vector
space W spanned by the components F.,, v € D is generated by the functions
Folapr, M €T, In particular F =0 if Fy = 0.
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Proof: Clearly W contains the functions Fy|p, M € T. Let M = (‘cl g) erl.
Then Fy|ps decomposes into T-eigenfunctions, i.e.

Folpe = g0+ -+ -1

where t = N/(c?, N) is the width of a/c and gi.lr = e(j/t)gs;. The function
g¢, can be written as

1 .
i =7 Z e(—jn/t)Fo|prn

n mod t

hence is in W. Now let M = (2%) € T' with ¢/[N and d = 0 mod ¢’ where
¢ = N/c. Then
Folu =EM™) s D
|D YED,/
Since F), is determined by the norm and order of y we see that F, can be written
as a linear combination of functions Fy|p, M €T O

The main result of this section is the following.

Theorem 5.4

Let D be a discriminant form of squarefree level N and F' = ., F,e7 a
modular form for pp which is invariant under O(D). Let Ng be the product
over the primes with nonvanishing I,,. For k|Ng define F}, = F., where vy is
any element in I,. Then the functions F}, span the subspace Wy of W with
T-eigenvalue e(0). Define

o: Wy — W
f — O_CompOneﬂt of FFD(N)’f;O

k) = Z a;jiF

JINr

Then

with

N 3 |D.|
a’Jk ‘Dl | J| c

c|(N/j3,N/k)
| Dy
= D] H|1,,| H (1+pp )
plj p|(N/j,N/k)

The matrix A = (a;x) has determinant

- (3 (5,20
¢ D| d d d -

d|N/Ng d|Nr d|Nr

In particular ® is invertible.
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Proof: Let « € I, where k|Ng. Then

s€To(N)\P

with
CI)S(FA/) = Z F7|M<pD(M_1)eO7eO>-
MeTo(N)\T
Moo=s
The cusps of I'g (V) are given by 1/c¢, where ¢ ranges over the positive divisors
of N, and the cusp 1/c has width ¢ = N/c.
Let ¢|N. Choose M = (2%) € T with d =1 mod ¢ and d = 0 mod ¢’. Then

©1/e(Fy) = Y Fylurn (pp(MT™)1)e’, e”)
n mod ¢’

= Y > Falpp(MT™)e ") (pp(MT")1)e’, ¢)

n mod ¢’ a€D

®/c(F,) is T-invariant so that the contributions of the a € D with nonzero
norm cancel each other. Hence

N . - -
Pre(Fy)=— D>, Fale® pp(M e ) pp (M), ).
aeD
a?/2=0 mod 1

Now
oo Ve = g1 Y2 S o
1Dl se5.,
:g(M_l) V |DC| Z e(_c—lﬂ,}/)eay-&-b’
1Dl seB.,

_ c -1 a ay+B
BB =T 2 e 2 et )
a?/2=0 mod 1 ‘

N |D| -1
=—"D Z e(c ay)F,

a€(y+D,r)
a?/2=0 mod 1

and
N |D,

¢ |D|

Z e(c tay)F,.

a€(y+Der)
a?/2=0 mod 1

c|N
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Since

Z e(c ray)F, = Z F; Z e(c tay)

ae(y+D,s) JINr ae(y+D)NI;
a?/2=0 mod 1

we get

W=D ak)

JINRr

N |D. _
aji = Z - |D|| Z e(c ray).

c|N a€(y+D )N,

with

The elements in v + D have order (k,c)d where d|¢’ and the elements in I;
have order j. Hence

N |D.
wi= X ST et
c|N ae(y+D,)NI;
(ko) (k)

N |D.| 1
= Z D Z e(c™ a)
c|N a€lj/(k,c)
(k,e) 5] (k,c)e’

N |D.|
= 2 T X cew.
c|N ael(j‘cz)

(4,¢)=(k,c)

We can evaluate the last sum using Proposition 5.2. We get

=iy S Il IT (n- 2.

N plG,c)  pl(Ge)
(]76):(kac) pXk' p‘k

Induction on the number of prime divisors of N shows

D,
ap = |D|Hlf| y P

pli c|(N/j,N/k)
D
\I| 11 <1+| ”')
~ D] : P
pl(N/j,N/k)

:%' I <1+'1;')|1j| I <1+|1;p|>_

p|N/Ngr pl(Nr/j3,Nr/k)

We can write A = (a,i) as
N Dyl
L) e
pIN/N
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where B = (b;;) is a diagonal matrix with entries
bji. = 0jx |1
and C = (c¢jx) is a symmetric matrix with entries

e T (1012,

p|(Nr/3,Nr/k)

We have
det(B) = [] |14l
d|Nr
and
det(C) = [] 1Dd]
d|Ng
so that

N o(Ngr) |Dd| o(Nr) ‘Dd|
et = (1) > ) I I

d‘N/NR leR leR

where o(Ng) denotes the number of divisors of Nr. This finishes the proof of
the theorem. O

Proposition 5.3 and Theorem 5.4 imply

Corollary 5.5

Let D be a discriminant form of squarefree level N and F' a modular form for
pp which is invariant under O(D). Then F' = Fp (n), 0 for a suitable modular
form f on Tg(N) with character xp.

The last result is also stated as Theorem 4.2.17 in [Ba]. However the proof
given there is incomplete as the author does not show that the matrix A is
invertible.

6 Some new generalized Kac-Moody algebras

In this section we use the above results to construct some modular forms for the
WEeil representation with nonnegative integral coeflicients and reflective poles.
The theta lifts of these modular forms are holomorphic automorphic products
of singular weight. They give new examples of generalized Kac-Moody algebras
with automorphic denominator identity.

The automorphic forms of this section are related to automorphisms of the
Leech lattice with cycle shapes 2!2, 3% and 3.21. However we will see that the
first two examples can be constructed more naturally from the Niemeier lattices
with root system D?, and E3.

We have used the computer algebra systems Magma [BCP] and PARI/GP
[P] in the proof of some statements.

We begin with the case of cycle shape 3% because this is the simplest example.
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Cycle shape 38

Let A be the Leech lattice and g an automorphism of A of cycle shape 3%. Then
the fixed point sublattice A9 of g is a primitive sublattice of A isomorphic to
V3Es.

The lattice v/3Eg has genus II5 1 (378) and represents the unique class in this
genus. The orthogonal group of v/3Fg acts transitively on the vectors of norm
6, 12 and 18. The vectors of norm 24 decompose into 2 orbits of length 240 and
17280. It follows that O(\/?;Eg) has 5 orbits on the discriminant form of v/3Es
which we describe in the following table.

norm | length | order | name
0 1 1 0o
0 2240 3 0
1/3 240 3 1s
1920 3 11
2/3 | 2160 3 2

The centralizer C(g) of g in O(A) does not induce the full orthogonal group

of A9. Tt acts transitively on the vectors of norm 6, 12 and 18 in AY and the
vectors of norm 24 decompose into 3 orbits of length 240, 2160 and 15120. The
orbit 17, in the above table splits into 2 orbits under C(g) which we denote by

1pg and 1, . They contain 240 respectively 1680 elements.

The orthogonal complement A9+ of A9 in A is isomorphic to Ay ® Fg.

The lattice Ay ® Eg is 3-modular and has genus IT 1610(3+8). The orthogonal
group of A; ® Eg has 5 orbits on the discriminant form of As ® Eg which are

as follows.
norm | length | order | name
0 1 1 0o
0 2240 3 0
1/3 | 2160 3 1
2/3 240 3 2s
1920 3 2y,

The theta functions of the corresponding cosets are given by
60, () = 1+ 720 + 13440g° + 97200q" + 4550404° + 1714320¢° + . ..
00(T) = 6q + 765¢* + 12960¢> + 97863¢* + 463068¢° + 1672083¢° + ...
01(r) = 45¢""* + 22327/ + 27306¢'°% + 170064¢"%/° + ..
025 () = 3¢*/° +168¢7 +6009¢*/* + 51960¢'"/* + 288600/ + ...
02, (1) = 2160 + 56974/ + 52920¢""/° + 287820/ + . ..

Under the action of the centralizer C'(g) the orbit 2j, splits into 2 orbits of
length 240 and 1680 which we denote by 21, and 2, .
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Since AY is a primitive sublattice of A we have a natural isomorphism of
groups
i : DAg — DAgL

satisfying i(y)%/2 = —y2/2 for all ¥ € Dps. The map i sends the orbit 1g into
21, and 17, into 2g because A has no vectors of norm 2.

Let H be a lattice with Gram matrix (*32 g) Then H has genus II; 1(971)
and we can consider H as a sublattice of II; ; of index 3. Hence 0,./3A
induces a modular form Fy o130 of weight —4 for the Weil representation of
L = A @ H (cf. the remarks at the end of Section 2, Theorem 4.1 and the
remark at the end of Section 4). We decompose Dy, = Dpg¢ @ Dpg. Then the
components of Fy, . /3n are given by

FOAQJ-/BA"Y = 91’(’YA9)-4-A9L/3A

if v = (yas,vm) with vy € D3 and Fy . /3a,~ = 0 otherwise.
The function n,(7) = n(37)% is a modular form for I'g(9) of weight 4 with
trivial character. This function is related to the theta functions by

(025 = 02,)/3A(T) = 1/ny(7/3).

We decompose
1/ng(7/9) = go(7) + ... + gs(7)

where g;|7(7) = e(j/9)g; (7). Note that the only nonvanishing g; are g, g5 and
gs. Then the lifting of 1/n, on the trivial subgroup of Dy, is given by

3 1
Fro@)1/5,0 = — ¢ = Z —el+3 Z 9j,¢"
Mg yeD? g YEDL,

where j., is defined by j,/9 = —y?/2 mod 1 (cf. Theorem 3.2). Let
F= FeAgi /38 + %FFO(Q)J/”IWO :
Then we have

Theorem 6.1
F' is a modular form for pp, of weight —4. The components of F are given by

1 1/6, 1
n-13(E-d)
0 ng 3\ A Mg

= ¢ '+ 84 108¢q + 1072¢> 4+ 8790¢> + 64512¢* + 440176¢° + . . .

1 /6, 1
Fo— (%00 &
K 3<A 779)

= 8 + 108q + 1064¢* + 8790¢> + 64512¢* + 440132¢° + . ..

and
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if v € D}\{0},
bo
P =0
T3A
ify%/2 =0mod 1 and v ¢ D3,

= 2 + 303¢ 4 11088¢2 4 225321¢> + 3204240¢* + ...

0
F, = ;—AS = q /3 1 80¢%/3 + 3671¢%/® + 86736¢%/3 + 13657021/ + ...

ifv?/2 =1/3mod 1 and v = (yps,vm) With yas € 114,

0
F, = ;—AL = 72¢%/% + 3627¢°/% + 86544¢%/3 + 13649764 /% + . ..
ifv?/2 =1/3mod 1 and v = (yas,vm) With yas € ls U1y, ,
9
E, = Ti = 15¢"/3 + 1104¢*/® + 31818¢"/3 + 564192¢'/3 + . ..

ify?/2 =2/3mod 1,
Fy = g5 = ¢ 1/° + 192" + 7704¢'7° + 1645604/ + ...
if42/2=1/9mod 1,
F, = g5 = 44¢°/° + 2464¢"/° + 62337¢23/9 4+ 10204164°%/° + . ..
if42/2 =4/9 mod 1,
Fy = ga = 8¢ +726"/° +22528¢°"/° + 4171404 + ..

ifv%/2 =17/9 mod 1.
The Fourier coefficients of the F, are nonnegative rational integers.

The poles of F define a reflection group of L which has a Weyl vector (cf.
Theorems 12.1 and 10.4 in [B2]). For our purposes it is more convenient to
consider the corresponding dual notions. We define W as the reflection group
of the dual lattice L’ generated by the roots

a € L with o? = 2,
a € L' with o? =2/3 and ape + A9 € 11,
a € L' with a? = 2/9.

Then W has a Weyl vector p in R® L, i.e. the simple roots of W are the roots
a satisfying pa = —a?/2. The vector 3p is a primitive norm 0 vector in L’ and
3p+ L is in D3\{0}. The primitive norm 0 vectors in H’' are conjugate under
O(H'). We can choose any of these vectors for 3p.
Let
M=Le&ll,.

Then F' defines a modular form for pp,,. The singular theta correspondence (cf.
[B2], Theorem 13.3) maps F' to an automorphic form ¥ on the Grassmannian
of 2-dimensional negative definite subspaces of R ® M. The lattice M has one
orbit of primitive norm 0 vectors of level 1 under O(M) and has no primitive
norm 0 vectors of level 9.
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Theorem 6.2
The automorphic form ¥ is holomorphic and has singular weight 4. The level 1
expansion is given by

el(p, 7)) T (1= ell@,2))) " = 57 det(w) ny (wp, 2))

acl’+ weWw

Proof: The level 1 product expansion of ¥ is

e((p. 2)) I (1 - e((a, 2))) P/

a€eLl’'+

Since W is holomorphic and has singular weight its Fourier expansion is sup-
ported only on norm 0 vectors. Furthermore ¥ is antisymmetric under the
Weyl group W because the roots of W have multiplicity 1. It follows that ¥
has the sum expansion

> det(w) e((wp, 2)) [ (1 - e((3nuwp, 2)))°

weW n>0
This proves the theorem. O

The above identity is also the denominator identity of a generalized Kac-
Moody algebra whose real simple roots are the simple roots of W and imaginary
simple roots are the positive integral multiples of 3p with multiplicity 8. The
root lattice is L’ and the multiplicity of a root ain L’ is given by [F 4 1](—a?/2).
This Lie algebra can also be constructed by orbifolding the fake monster algebra
with a lift of ¢ (cf. [B1], [S1]).

We describe a slight variation of the above construction which simplifies some
aspects. Let N be the Niemeier lattice with root system E3 (cf. [CS]). Then the
direct product O(Es)? is a normal subgroup of O(N) with quotient S3. Let g
be a permutation of the three Eg-components of N of order 3. Then g has cycle
shape 3% and fixed point sublattice N9 isomorphic to v/3Es. The orthogonal
complement N9 is isomorphic to A; ® Eg. Here the centralizer C(g) of g in
O(N) induces the full orthogonal group of N9 so that the natural isomorphism
1 : Dno — Dpyg1i maps the orbits of the corresponding size into each other. If
we construct F' as above we can describe the components entirely in terms of
the orbits of O(v/3Eg) on D V3E,- Lhis also leads to a simpler description of W.
For example the roots of norm 2/3 then correspond to the elements in 1g.

Cycle shape 2'2

Let g be an automorphism of A of cycle shape 2'2. Then AY is a primitive
sublattice of A isomorphic to \/inr2

The lattice v2Dj, has genus II12(2]'%) and there are 3 classes in this
genus given by Al%, \/2Es @ A} and \/§D1+2 The orthogonal group of \/§Df2
acts transitively on the vectors of norm 4, 6 and 10. The vectors of length 8
decompose into 2 orbits of length 24 and 7920 and the vectors of length 12
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decompose into 2 orbits of length 5280 and 59136. This implies that O(v/2D75)
has 7 orbits on the discriminant form of v/2Dj,. They are described in the
following table.

norm | length | order | name
0 1 1 0o
0 1 2 Os
990 2 Or
1/4 | 1024 2 1
1/2 132 2 2g
924 2 27
3/4 | 1024 2 3

The centralizer C(g) of g in O(A) does not induce the full orthogonal group
of A9. It acts transitively on the vectors of norm 4, 6 and 10 in AY while the
vectors of norm 8 decompose into 2 orbits of length 24 and 7920 and the vectors
of norm 12 decompose into 3 orbits of length 5280, 8448 and 50688. Therefore
the orbit 2z, in the above table splits into 2 orbits under C'(g) which we denote
by 21, and 21, . They contain 132 respectively 792 elements.

The orthogonal complement A9+ of A9 in A is A=9 and is also isomorphic
to v/2D7,. The theta functions of the cosets are given by

0o, () = 14 264¢> + 2048¢> + 7944¢* + 245764¢° + 64416¢° + . ..

Oos (T) = 24q + 3808¢> + 50448¢° 4 2682244¢" + 947896¢° + . ..

0o, (1) = 8q + 256¢* + 1952¢° + 8192¢" + 25008¢° + 624644° + ...
01(1) = 24¢°/* + 464¢%7* + 2904¢"3/* + 11088¢'7/* + 3203241 /4 + ...

024 () = 2¢%/* + 40¢%/* + 876¢'%/* + 4048¢*4/* + 14650¢%/* + . ..

03, (1) = 64¢%* + 768¢0/* + 4224¢*/* + 14848¢"8/* + 40128¢%*/* + . ..
03(7) = 2¢°/* 4+ 132¢7/* 4 1254¢*"/* + 5964¢"5/* +19338¢%/* + ...

The lattice AY is a primitive sublattice of A so that we have a natural iso-

morphism of groups
7 DAg — DAgL

satisfying i(7)?/2 = —42/2 for all ¥ € Dps. Since A has no roots i maps the
orbit 21, of Djs into the orbit 25 of Dys1 and the orbit 2g into 2r,.

Let K be a lattice isomorphic to V2D15. Then K has genus 1112,0(2;1104;12).
There are 2 classes in this genus and the other class is given by \/E(Eg @ Dy).
The group O(K) has 16 orbits on Dg. We describe them in the following tables.

26



norm | length | order norm | length | order
0 1 1 1/4 24 4
0 1 2 1584 4
990 2 4096 4
990 2 440 4
2 2 3/4 440 4
1/2 132 2 4096 4
1848 2 1548 4
132 2 24 4

A9 contains a unique sublattice isomorphic to K. This is the sublattice
generated by the 264 vectors of norm 4 in AY.

We consider K as a sublattice of A9. Then H = A9/K is a subgroup of
D% of order 2. Note that the elements in Dg of norm 0 or 1/2 all have order
dividing 2 and therefore are in H+. The function 6,1 /2A induces a modular
form Fy o1 /20 of weight —6 for the Weil representation of K. The components
are given by

Foygu 28,y = Oigymynot /20

if y € H' and FgAgL/2A,,Y = 0 otherwise.
The function ny(7) = n(27)'? is a modular form for T'g(4) of weight 6 with
trivial character. We have the following relations

(6o, = bos)/A(T) = 1/ng(7)
(025 = 02,)/2A(7) = 1/ng(7/2)
(01 + 03)/2A(7) = 1/14(7/4)

We decompose 1/n4(7/4) as

1/ng(1/4) = go(T) + 91(7) + g2(T) + g3(7)

with g;|7(7) = e(j/4)g; (7). Then the lifting of 1/n, on the trivial subgroup of
Dy is given by

2 1 1
Fro(4>,1/ng,0:77€0_§ Z el t2 Z 95 €
g9

where j, is defined by j,/4 = —y?/2 mod 1. The lift of 1/n, on H is

1 1
Frowajm,u =2y, —¢ = > —e+4 ) g;¢.
ver 9 ez 9 yeH+
Finally we define
F=Fy,, jon+5Fr@),1/n,0 = 1F0(0),1/n,.1 -

Then the above relations imply
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Theorem 6.3
F is a modular form of weight —6 for pp, . The components of F are given by

1 1 /6 1
negoi(3-2)
0 g 2 A g

= ¢ '+ 12+ 300q + 5792¢> + 84186¢> + 9499204 + 8813768¢° + . ..

1/6,, 1
o= =200~
K 2(A ng>

= 12 4 288¢ + 5792¢° 4 84096¢> + 9499204 + 8813248¢° + . ..

if v € D% \{0},

and

0
F, = QOKL = 4+ 224q + 53444° + 81792¢° + 939232¢" + 8769856¢° + . . .

ify?/2 = 0mod 1 and v & D%,
0
= 2%3 — V2 4 44¢"? £ 1242477 + 22216¢°/% + 287463¢7/% + . ..
ifv%/2=1/2mod 1 and v+ H € 2,

02,

= S = 324" + 1152°/° + 2160647/ + 2819284 + ...

F,

ifv%/2=1/2mod 1 and v+ H € 25 U2}, ,

0
F, = i = ¢ % 4 90¢%/* + 2535¢7/* + 42614¢'/* 4 521235¢'5/4 + ...

ify?/2 =1/4mod 1 and

0
E, = ﬁ = 12¢"/* + 5204°/* + 10908¢°/* + 15396043/ + 16697204 7/* + ...
ify?/2 = 3/4 mod 1.

The Fourier coefficients of the F., are nonnegative rational integers.

Now let
L=Ke&lh,;.

We can consider F' as a modular form for pp,. Then the poles of F' define
a reflection group W of L’ which has a Weyl vector. The roots of W are the
vectors

a € L with o? = 2,
a € L' with a? =1 and (ax + K)+ H € 21,
a € L' with a? = 1/2.
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The reflection group W has a Weyl vector p in R ® L, i.e. the simple roots of

W are the roots « satisfying pa = —a?/2. The vector 2p is a primitive norm 0
vector in L' and 2p + L is in D?\{0}.
Let
M=Lo®ll ;.

Then F defines a modular form for pp,,. Let U be the theta lift of F. The
lattice M has one orbit of primitive norm 0 vectors of level 1 under O(M) and
has no primitive norm 0 vectors of level 4.

Theorem 6.4
The automorphic form V¥ is holomorphic and has singular weight 6. The level 1
expansion is given by

e((p.2) T] (1= el(e,2) 12 = S det(w) n, (wp, 2))

acl’+ weWw

As in the previous case this identity is also the denominator identity of a
generalized Kac-Moody algebra whose real simple roots are the simple roots of
W and imaginary simple roots are the positive integral multiples of 2p with
multiplicity 12. The root lattice is L’ and the multiplicity of a root « in L’ is
given by [Foq1](—a?/2). This Lie algebra can also be constructed by orbifolding
the fake monster algebra with a lift of g.

We show now that the Niemeier lattice N with root system D%, gives a sim-
pler construction of the above objects. The quotient D,/D15 can be represented
by the elements 0 = (0'%), s = ((3)'?), c = ((3)''(-1)) and v = (0''1). Adding
the glue vectors (0, 0), (s, s), (¢,v) and (v, ¢) to the orthogonal sum D12® D12 we
obtain an even unimodular lattice N with root system D?%,. The direct product
O(D7,)? is a normal subgroup of O(N) with quotient Sy. Define g € O(N) by
g(z,y) = (y,x). Then g has order 2 and N9 and N9+ are both isomorphic to
V2D},. The centralizer C(g) of g in O(N) induces the full orthogonal group
of NY9. Hence the orbits of the corresponding size are mapped into each other
under the natural map i : Dys — Dpygr. We construct a modular form F as
above. Then the components of ' depend only on the orbits of O(v/2D12) on
D sp,,- In particular the generators of the Weyl group of norm 1 correspond
to the elements in the two orbits of length 132 in Dg.

Cycle shape 3.21

Let g be an automorphism of the Leech lattice of cycle shape 3.21. Then the
fixed point lattice A9 has genus II5¢(372771) and a Gram matrix is given by
($ ). The lattice A9 represents the unique class in this genus. The centralizer
of g induces the full orthogonal group of A9 (cf. also [HL]).

The lattice A93 = A9° N A9+ has some very nice properties. It is isomorphic
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to (2 1) ® A2 and a Gram matrix is given by

42 21
2 1 2 1\ _[2 4 1 2
(1 4>®<1 2)_2184
1 2 4 8

The lattice A% has genus I, o(372772). It is strongly modular, i.e. invariant
up to isomorphism under the Atkin-Lehner involutions Wy, d|21. There are 3
classes in the genus of A9? with minima 2, 2 and 4, i.e. A9 represents the
unique class without roots. The orthogonal group of A93 has 40 orbits on the
discriminant form Dpgs and 4 orbits on Dpges 3. They are described in the
following table.

norm | length | order | name
0 1 1 0o
1/3 4 3 1
2/3 2 3 2g
2 3 2r

The corresponding theta functions are given by

o, (1) = 1+ 6¢% + 12¢* +12¢° + 6¢° + 2447 + 18¢® + 24¢"° + . ..
01(1) = 3¢%3 4 6¢7/3 + 6¢19/3 + 6¢13/3 + 12¢16/3 4 641973 + . .
Bas (1) = 3¢%/3 + 3¢5/ + 6¢*1/3 + 18¢1/% +12¢'7/3 + 1242/ + ...
02, (1) = 64573 + 6¢%/3 + 15¢'4/3 1 6417/3 1 18¢2%/3 4+ 12¢%3/3 1 ...

T

s\T

We have
(025 — 02,)/3ngs(1) = 1/ny(7/3).

Since A9-3 is a primitive sublattice of the Leech lattice the theta function of A9-3
defines a modular form F' for the Weil representation of the orthogonal comple-
ment A3 of A93 in A. This lattice has genus Ils00(372772). In particular
there are no nontrivial isotropic elements in Djs.31 3. This implies that the
function F' cannot be written as a linear combination of liftings from I'y(21) be-
cause such a function would be invariant under the automorphisms of Dygs1 3
but as we have seen above F' does not have this symmetry.

We remark that A97 = A9 N AL is isomorphic to V34 and has genus
I o (3767F1). There is exactly one class in this genus.

We write @p0.s for the scalar valued theta function of A93. Then x5 is
a modular form for I'g(21) of weight 2 with trivial character. We describe
the expansions at the cusps. Let M = (‘Cl 3) € T such that ¢[21, ¢ > 0 and
d =0 mod ¢ where ¢/ = N/c. Then

1
Opss|n(T) =€ o Oros (/)
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with € = (%)

Let K = AY @ +/7II; ;. Then K has genus II3,(3%277%). The quotient
0.5 /143 where ngs (1) = n(7)3n(77)? is a modular form for I'g(21) of weight —1
with character x(M) = (£) for M = (¢}4) € I'y(21). We have

Oro2(7)/ngs(T) = ¢ " + 3+ 15¢ + 40¢° + 117¢° + 288¢" + 677¢° + . ..

Onos (T/3) /g8 (1) = ¢4 + 673 + 3+ 12¢"° +30¢%/ + 15 + . ..

The lift of §ps.5 /145 on K with trivial support is given by

Fro21).6,0.5/n,5.0 =

9Ag,3 1 1
2 D ma et D g g D e
Mg Y€DK 3 YEDK 7 €DK

where the g.; are T-eigenfunctions with eigenvalue e(j/c) defined by the fol-
lowing decompositions

Ono2(7/3)/ng2(T) = g3,0(T) + g3,1(7) + g3,2(7)
Onos(T/7)/0g3(T/T) = g7.0(7) + 97.0(7) + ... + g7.6(7)
GAg,S(T/Zl)/T]gB (T/?) = 921,0(7') + 92171(7') + e + 921720(7') .

Note that

Ops3/Ng3 = g3,0

g7, = 921,35 -

The functions with poles are @pq.3 /143 = g3,0 and

gso = 6713 £ 30673 + 108¢°% + 306453 + 83443 + ...
go1.20 = 6¢7 /21 497924772 4+ 8350084/ + 28697184452 + . ..
gr6 = ga1as = ¢ /7 +1494¢%/7 + 143829¢"%/7 4 52546484/ + . ..
For ¢|63 we define the functions h.(7) = 1/n4(7/c) and their T-eigenfunctions
hc,j with hc,j|T = e(j/c)hc,j.
The group Dg 3 is generated by two orthogonal elements v;,72 of norm
v?/2 =~3/2=1/3mod 1. The function h3 is a modular form of weight —1 for

I'1(21) with character x(M) = e(—b/3) for M = (2Y) € I'1(21). The lift of hg
on 71 is given by (cf. Theorem 3.7)

1
Py hem = ha(@ +e7) = hy(€ +e72)

12
- Z h21,j,Y (e’y + 6_7) + Z h21,j,y (C’Y + 6_7) .
YEV+DK,7 YEY2+DK,7
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We have

1 1
ZFPO(21)79A9,3/779370 + ﬂFr‘l@tha,"/l

]. 9Ag,3 0
= - e
4 ngs
FE Y gl
12 3]y
Y€DK,3

72/27£1/3 mod 1

1
+ D) (g3,2 + 6h3)(e™ +e7 )

1
+ D] (93,2 — 6h3) (€7 + e 7?)

1
1 DL 97
Y€Dk 7

1
T Z go1,5,€"

v€DK
~v2/2#1/34n/7 mod 1

+ 12 Z (921, — 6h21,5,)(" +e77)
YEYV1+DK 7

L _
T 12 Z (g21,5, +6ha1; )(e” +e77).
Y€v2+Dk 7

The Fourier expansions of the functions g3,1/12, (9372 + 6h3)/12 and g2173j/12,
921,3j41/12, (921,342 £ 6ho1 3542)/12 have nonnegative integral coefficients, for
example

1
ﬁgg’l _ q1/3 + 5q4/3 + 17q7/3 —|—48q10/3 + 123q13/3 + 286q16/3 ..
01
31793
1
T3 (93,2 +6h3) = V3 4 3¢%% 410¢°% 4 2753 + 72¢M/3 + 170413 4 ..
o
37793
1 2/3 5/3 8/3 11/3 14/3 17/3
— (g3.2 — 6h3) = 2¢°*/3 +8¢°/% 4 24¢%/% 4 67¢"/3 + 163¢**/3 + 375¢'7/3 4 ...
02,
37)93 '

Let M = AY ® /71,1 © H where H is a lattice with Gram matrix (323).

Then M has genus I (372971713).
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The modular form

1 1
1 Fro(Ql)ﬂAy,s/ﬁg?ﬂO + 5 FF1(21)7h3,’Y1

on K induces a modular form Fy, on M.

9,3 /7793
can also be obtained as

We remark that Fy .y ,
1 1
Foroaings = 15 FT0(63).0,0.0/m,5.07 + 576 Z F'ry(63),h3, -

vE€EM1+D2!

The function n,(7) = n(37)n(217) is a modular form for I'y(63) of weight 1
with character x(M) = (%) for M = (2%) € T'9(63). For the lift of 1/n, on M
with trivial support we find

3 Fro(63),1/n4,0

= ieO_% Z iev+ Z h7’jwev_% Z hrj €

s y€ED! g v€D7 ~EDS3
+ > hoj e+ > hesje
YEDg yE€D

Let
= FaAgy3/ng3 + %FFO(G?’)J/%vO ‘

Then F' is a modular form of weight —1 on M. Using €¢3 /145 = g3,0 and
g7, = go1,3; We obtain
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Theorem 6.5

The function F' is given by

F

1 1 e 1
_ = 60 += Z ( A9:3 _ ) o
Mg 3 yepz N Mg* g

1
— Y
+ D E gs1e€
YEDs3

v2/2=2/3 mod 1
1
- Y -
g Do (s2+6hs) (e +e)
YEM+D

1 _
+ B Z (93,2 —6hg) (7 +e77)
YE€v2+D2!

1
+ Z h7’j"’e’y + g Z (g77j'y - h77j7) e’

YED~7 yeD3

1
+ D] Z 921,j76’Y

YED21
v2/2=2/34n/7 mod 1

1 _
t13 Y (9214, —6hany ) (@ +e77)
yEYV1+D3

+— D (921, +6hary)(€ +e77)
YEv2+D3

+ Z hgmev

YEDg

+ Z h637j7 6’y

yE€D

The coefficients of the components F, of F' are nonnegative rational integers.

Note that without the contributions of the lifting of h3 the Fourier coefficients
of the principal part of F' would be rational but not integral so that we could
not apply the singular theta correspondence to F.

We describe some components of F'. They are important to understand the
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properties of the Weyl group and the Weyl vector we define below.
Let v be an isotropic element in D. Then v is in D® = D?! & D;. We have

1 1 HAg,s 1 1
F. Jr( )+h70+
K 3\ 73 Mg 3

1 1 <9Ag,3 1 ) 1 <9Ag,7 1 )
=—4= —— ] += - =
Ng 3\ Mgz Mg T\ ngt g

1 <9A-‘7L - 9/\9,7 - 0Ag,3 + 1 )

(97,0 — h70)

_|_ - _
21 A Ng7 1g3 Ng

=q ' 42+ 1060q 4 83728¢ + 2790636¢> + 571483204 + ...

ify=0,

1 eAq 3 1 1
F. —— )+ < (gro—h
v = < T ) 3 (97,0 7,0)

1 <9Aq3 1) n 1 <9A9L _ Opa.7 _ Opo.3 I 1)
ga 779 21 A 7797 7793 ng

=2+ 1060q + 83720¢2 + 2790636¢° + 571483204 + 846724518¢" + .

w \

w \

if y € D21\ {0},

1
E, =h7o+ 3 (97,0 — h70)

1 <9Ag,7 1 ) 1 <9AQL 9/\9,7 9/\9,3 1 >
= (2= )+ - - +—
T\ ng7 7g 21\ A g7 g3 Mg

=1+ 1055¢ + 83714¢> + 2790597¢> + 57148224¢* + 846724377¢° + . ..

if v € D;\{0}, and
1
F, ==
T3
1 (GAQL 9Ag,7 9Ag,3 1 )

= — — — + _

21 A g7 1g3 Mg

=14 1055¢ + 83707¢> + 2790597¢> + 571482244 + 846724293¢° + . ..

(97,0 — h70)

if v € D3\{D?' U D;}.
Next we describe the singular components of F. They are given by

1 1 /6. 1 1
Fo=-|—( Az —>+h7,0+
Ng 3\ Mgz g 3

= ¢! 4+ 2+ 1060q 4 83728¢% + 2790636¢> + 571483204 + . ..

(97,0 — h70)
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and

1 1
F,=— hs) + — — 6h

R 12(93,2 + 6h3) + B (921,14 — 6h21,14)
= ¢ /% +166¢>/° + 22071¢°/® + 925654¢%/® + 21777668¢"/* + . ..

if v2/2 =1/3mod 1 and v € +v; + D!,

1
F,=hre+ 3 (976 — h7,6) + he3,54

=hre+ % (976 — h76)
= ¢ Y7 4+ 498¢%/7 4 47943¢"3/7 + 1751560¢%/7 + 37970952¢%7/7 + . ..
if v2/2=1/7mod 1 and v € D~,
F, = hg g+ hesse
= ¢ V9 4+ 584¢%° + 54268¢ /7 + 19436809 + 41603422¢%°/° + . ..

if v2/2 =1/9mod 1 and v € Dy,

1
F, = D (921,20 + 6h21,20) + he3,60

1
1 (921,20 + 6h21,20)

=q /%' 1824479721 + 696604 /%! 4 2391912¢%%/% + . ..
if v2/2 =1/21 mod 1 and ~y € £, + D3, and

F, = hes,62
= q /%% 4+ 9604/ 4 78660q' /53 + 2650432¢"5%/%% + . .

if v2/2 = 1/63 mod 1.
The lattices /71T 11®H and II1 1 ® V/TH are in the same genus and therefore
isomorphic. This implies that we can consider F' as a modular form on

L=AN @ VTH.

The poles of F define a reflection group W of L’. The roots of W are the vectors

a € L with o? = 2,

a €L witha?=2/3 and a+ L € £y, + D3,
a €L witha?=2/7and a+ L € Dy, 7,

a€ L' witha?=2/9and a+ L € Dy, 9,

a € L' with a? =2/21 and a + L € +y2 + D3,
a € L' with a? = 2/63.
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The reflection group W has a Weyl vector p in R ® L, i.e. the simple roots of
W are the roots « satisfying pa = —a?/2. The vector 3p is a primitive norm 0
vector in L' and 3p + L is in D3\(D?! U Dy, 7). There is one orbit of primitive
norm 0 vectors in (v/7H)" under the orthogonal group of (v7H)' and we can
take any vector in this orbit for 3p.

The function F is a modular form for M = L@ II; 1. Let ¥ be the theta lift
of F. The lattice M has one orbit of primitive norm 0 vectors of level 1 under
O(M).

Theorem 6.6
The automorphic form ¥ is holomorphic and has singular weight 1. The level 1
expansion is given by

e((p.2) T[ (1= el(e,2) 12 = S det(w) n, (wp, 2))

a€eLl’/+ weWw

As in the previous cases this identity is also the denominator identity of a
generalized Kac-Moody algebra whose real simple roots are the simple roots of
W and imaginary simple roots are the positive integral multiples 3np of 3p with
multiplicity 2 if 7|n and multiplicity 1 otherwise. The root lattice is L’ and the
multiplicity of a root o in L’ is given by [F,11](—a?/2). Again this Lie algebra
can also be constructed by orbifolding the fake monster algebra with a lift of ¢.
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