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One of the main open problems in the theory of automorphic products and
generalized Kac-Moody algebras is to derive some classification results. We
describe a solution to this problem in the squarefree level case.
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1 Introduction

In [B3] Borcherds constructs a map from vector valued modular forms for SLy(Z)
to automorphic forms on orthogonal groups. Since these automorphic forms
can be written as infinite products they are called automorphic products. They
have found various applications in geometry, arithmetic and the theory of Lie
algebras, in particular generalized Kac-Moody algebras.
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Generalized Kac-Moody algebras are natural generalizations of finite dimen-
sional simple Lie algebras which are defined by generators and relations. These
Lie algebras are in general infinite dimensional but their theory is still similar to
the finite dimensional theory. In particular there is a character formula for high-
est weight modules and a denominator identity. Twisted versions of the denomi-
nator identity of the monster algebra can be used to prove Conway and Norton’s
moonshine conjecture (cf. [B1]). It turns out that the denominator identities of
generalized Kac-Moody algebras are sometimes automorphic products (cf. [S1]
and [S2]). This is similar to the situation in the theory of Kac-Moody algebras.
There the denominator identities of the affine Kac-Moody algebras are Jacobi
forms (cf. [K] and [B2]). Whereas the finite dimensional simple Lie algebras
and the affine Kac-Moody algebras are completely classified so far there have
been no classification results for generalized Kac-Moody algebras except a result
by Gritsenko and Nikulin on generalized Kac-Moody algebras with special root
lattice of rank 3 (cf. [GN]).

Reflective automorphic products are automorphic products whose divisors
correspond to roots and are zeros of order 0 or 1. In this paper we classify reflec-
tive automorphic products on lattices of squarefree level. From this result we
deduce the classification of generalized Kac-Moody algebras whose denominator
identities are reflective automorphic products.

We describe our approach in more detail. Let L be an even lattice of sig-
nature (n,2) and F' a vector valued modular form for the Weil representation
on L of weight 1 —n/2. We consider the automorphic product ¥ associated to
F. We assume that F' is reflective, i.e. is allowed to have only special singu-
larities. This implies that the divisors of ¥ are orthogonal to roots, so that the
Weyl chambers of ¥ are Weyl chambers of a reflection group, and are zeros of
order 1, so that they can correspond to real roots of a generalized Kac-Moody
algebra. By pairing F' with the Eisenstein series of weight 1 4+ n/2 for the dual
WEeil representation we obtain a modular function of weight 2 with a pole at co.
By the residue theorem the constant coefficient in the Fourier expansion of the
function has to vanish. This is the equation we will use for classification.

The argument works for arbitrary lattices. We restrict to lattices of square-
free level because we have explicit formulas for the Weil representation and its
Eisenstein series only in this case.

The idea of pairing vector valued modular forms and Eisenstein series to
obtain classification results was suggested by R. Borcherds.

We state the main results of this paper from section 12.

There are only finitely many automorphic products of singular weight which
are symmetric and reflective on lattices of signature (n,2) withn > 2, squarefree
level and p-ranks at most n + 1.

In the prime level case they all correspond to automorphisms of the Leech
lattice of prime order with nontrivial fizpoint lattice.

Recall that for each element of squarefree order in the Mathieu group Mas
there is a generalized Kac-Moody algebra similar to the fake monster algebra
(cf. section 10). We show that these 10 Lie algebras are unique in the following
sense.



Let L be an even lattice of signature (n,2) with n > 2 and squarefree level N.
Suppose L splits II1 1 @ II1,1(N). Let G be a real generalized Kac-Moody algebra
whose denominator identity is a completely reflective automorphic product of
singular weight on L. Then G corresponds to an element of order N in Mos.

Up to now this is the only classification result for generalized Kac-Moody
algebras of rank greater than 3.

Finally we describe all solutions of the necessary condition. For signatures
(4,2) and (6,2) we only give the levels of the solutions because there are a
few hundred solutions. In the other cases we give the genera and the singular
coefficients.

We now describe the sections of this paper.

In section 2 we characterize roots of even lattices and define a correspondence
between roots and certain elements in the discriminant form.

In section 3 we recall the definition of Jordan components and calculate the
number of elements of a given norm in a discriminant form of squarefree level.

In section 4 we recall some results on Dirichlet L-series and generalized
Bernoulli numbers.

In section 5 we define Eisenstein series Ey, , for I'g(N) of nonprimitive char-
acter x. We calculate the expansions of Ej , at the different cusps of I'g(V) for
squarefree level N.

In section 6 we recall the Weil representation of SLs(Z) and construct a lift
from scalar valued modular forms to vector valued modular forms. We calculate
the Weil representation and the lift explicitly for lattices of squarefree level.

In section 7 we construct Eisenstein series for the Weil representation by lift-
ing scalar valued Eisenstein series. We calculate the Eisenstein series explicitly
for lattices of squarefree level.

In section 8 we recall Borcherds’ singular theta correspondence.

In section 9 we define symmetric and reflective forms.

In section 10 we describe a relation between Conway’s group Cog, automor-
phic forms and generalized Kac-Moody superalgebras comparable to moonshine
for the monster group. The correspondence gives 10 generalized Kac-Moody al-
gebras similar to the fake monster algebra and a large number of automorphic
products of singular weight.

In section 11 we derive a necessary condition for the existence of a symmetric
and reflective form on a lattice of squarefree level. Thereto we multiply the
Eisenstein series of section 7 with a symmetric and reflective form. By the
residue theorem the constant coeflicient in this pairing has to vanish giving the
necessary condition.

In section 12 we analyze the necessary condition from the last section. We
show that for lattices of squarefree level which do not have maximal p-ranks the
number of solutions is finite. This implies that in this case the number of au-
tomorphic products which are symmetric and reflective is finite. We determine
the solutions by computer search. In the prime level case all automorphic prod-
ucts which are symmetric and reflective come from automorphisms of the Leech
lattice. We also show that there are exactly 10 generalized Kac-Moody algebras



whose denominator identities are completely reflective automorphic products of
singular weight on lattices of squarefree level.

The author thanks R. Borcherds, J. Bruinier, E. Freitag, G. Hohn, V. Kac,
V. Nikulin and D. Zagier for stimulating discussions and helpful comments. The
author also thanks the referee for suggesting several improvements to the paper.

2 Lattices

In this section we characterize roots of even lattices and study the relation
between certain elements in the discriminant form and roots.

Let L be a rational lattice with dual L’. A root of L is a primitive vector
a in L of positive norm such that the reflection o, (7) =  — 2(x, a)a/a? is an
automorphism of L. This implies that 2a/a? is in L'

Let L be an even lattice. Then the level of L is defined as the smallest positive
integer N such that NA?/2 € Z for all A € L’. The next two propositions
describe the roots of L.

Proposition 2.1
Let L be an even lattice of level N and let « be a root of L of norm o? = 2k.
Then k|N and o € LN kL.

Proof: Let a be aroot of L of norm 2k. Then o, (z) = 2 —2(x, a)a/a? is in L for
all z € L. This implies that 2(z,a)a/a? is in L. Since « is primitive 2(z, o) /a?
must be an integer and 2a/a? = a/k is in L'. It follows that Na?/k? = 2N/k
is in 2Z because L has level N. This proves the proposition. O

Proposition 2.2

Let L be an even lattice of level N and « in L with o? = 2k and o € LN kL’
where k is a positive divisor of N. Then either « or «/2 is a root. In the latter
case 4|k and the 2-adic Jordan component of type 2™, where 2"||k/2, is odd.

Proof: The conditions imply 2(z,a)/a? € Z for all x € L so that o, is an
automorphism of L. Hence « is a multiple of a root. Let &« = mA where m
is a positive integer and A a primitive vector in L. Then mA € kL’ so that
mM\?/k € Z. Now 2k = o? = m?)\? implies mA\?/k = 2/m € Z. Hence m is
either 1 or 2. Suppose m = 2. Then 2k = m?)\? shows 4|k. Furthermore the
element v = a/k = 2)\/k in the discriminant form has order k/2 because A is
primitive and norm 42/2 = 1/k mod 1. This implies the last statement. O

For example if L has squarefree level N then the roots of L are exactly the
vectors in L N kL’ of norm 2k where k ranges over the positive divisors of N.

Let L be an even lattice of level N and 7 an element in the discriminant
form of norm 2/2 = 1/k mod 1 where k is a positive divisor of N. We say
that v corresponds to roots if the order of v divides k and if there is a vector
a € LNkL' of norm o? = 2k with a/k = v then « is a root.



Proposition 2.3

Let L be an even lattice of level N and ~ an element in the discriminant form
of norm ¥2/2 = 1/k mod 1 with k|N. If vy has order k then v corresponds to
roots.

Proof: Let a € LN kL' with o? = 2k and a/k = . We have to show that «
is primitive. (If there is no such « then there is nothing to prove.) Suppose
a = m) for some positive integer m and A € L. Then 2k = a? = m2)? so that
m|k. This implies (k/m)y = A = 0 mod L. Hence the order of v divides k/m
and m = 1. (]

We describe an example. Let L = Zv with v2 = 2. Then L' = Zv/2 and L
has level 4. The vector & = 2v has norm 8 and v = «/4 has order 2 in L'/L
and norm 72/2 = 1/4 mod 1. But v does not correspond to roots because « is
not primitive hence not a root.

Proposition 2.4

Let L be an even lattice of level N, k a positive divisor of N and 7y an element in
the discriminant form of norm~v?/2 = 1/k mod 1 and order dividing k. Suppose
there is a vector « € L N kL' with o? = 2k and a/k = 7. If vy corresponds to
roots then v has order k.

Proof: Let n be the order of 4. Then 0 = ny = (n/k)a mod L. Hence k|n
because « is primitive and k = n. O

For lattices of squarefree level it is easy to describe the elements correspond-
ing to roots.

Proposition 2.5

Suppose L has squarefree level N. Then the elements in the discriminant form
corresponding to roots are exactly the v of norm v2/2 = 1/k mod 1 and order
k where k ranges over the positive divisors of N.

Proof: We only have to show that if v corresponds to roots then v has order k.
Let n be the order of 4. Then ny = 0 so that n?42/2 = n?/k = 0 mod 1 and
k|n?. Since N is squarefree k is also squarefree so that k|n. Hence k =n. O

3 Discriminant forms

In this section we introduce some notations and we calculate the number of
elements of a given norm in a discriminant form of squarefree level.

Let L be an even lattice with dual L’. The discriminant form of L is the finite
abelian group L'/L with quadratic form v +— ~2/2 mod 1 (for the theory of
discriminant forms of lattices, see [N]). The discriminant form decomposes into
a sum of Jordan components (not uniquely if p = 2) and the Jordan components
can be written as a sum of indecomposable Jordan components (usually not



uniquely). The possible nontrivial Jordan components are as follows (cf. [CS],
chapter 15 and [N]).

Let ¢ > 1 be a power of an odd prime p. The nontrivial p-adic Jordan
components of exponent ¢ are ¢=" for n > 1. The indecomposable components
are g%, generated by an element v with ¢y = 0, v2/2 = a/q mod 1 where a is
an integer with (%‘l) = +1. These components all have level q. The p-excess
is given by p-excess(¢™™) = n(q — 1) + 4k mod 8 where k = 1 if ¢ is not a
square and the exponent is —n and k = 0 otherwise. We define ’yp(qi”) =
e(—p-excess(qgt™)/8).

Let ¢ > 1 be a power of 2. The nontrivial even 2-adic Jordan components
of exponent ¢ are ¢+2" = q#" for n > 1. The indecomposable components are
q# generated by two elements v and § with ¢y = ¢d = 0, (7,9) = 1/¢ mod 1
and 42/2 = 6%2/2 = 0 mod 1 for ¢};* and 42/2 = 6%/2 = 1/q mod 1 for ¢;;>.
These components all have level q. The oddity is given by oddity(qlif”) = 4k
mod 8 where k£ = 1 if ¢ is not a square and the exponent is —n and & = 0
otherwise. We define 72 (¢5:2") = e(oddity(q5?)/8).

Let ¢ > 1 be a power of 2. The nontrivial odd 2-adic Jordan components of
exponent q are qti" with n > 1 and ¢ € Z/8Z. The indecomposable components
are qtil where (%) = +1 (recall that (%) = +1if t = +£1 mod 8 and (%) = -
if t = £3 mod 8), generated by an element v with ¢y = 0, ¥2/2 = t/2¢ mod 1.
These components all have level 2¢q. The oddity is given by oddity(q?”) =t+4k
mod 8 where k£ = 1 if ¢ is not a square and the exponent is —n and k£ = 0
otherwise. We define 72 (¢i") = e(oddity(¢™)/8).

The sum of two Jordan components with the same prime power ¢ is given by
multiplying the signs, adding the ranks and, if any components have a subscript
t, adding the subscripts t.

The factors 7, are multiplicative.

Let L be an even lattice. The signature of the discriminant form D of L is
defined as sign(D) = sign(L) mod 8. We have

[17(D) = elsign(D)/8).

We define D,, = {y € D|ny =0} and D™ = { € D|~ = nd for some § € D}
so that we have the exact sequence

0—D,—D—D"—0

and D,, is the orthogonal complement of D".

We determine the number of elements of a given norm in the Jordan com-
ponents of prime order.

Let p” be a Jordan component of order p and rank n. We assume that p”
is even 2-adic if p = 2. For j € Z/pZ we denote by N(p",j) the number of
elements in p of norm j/p mod 1.



Proposition 3.1
The number of elements in 25} of norm j/2 mod 1 is

on—1 _ ¢2(n=2)/2 ifj#0

2"l 4 e2(n=2)/2 ifj=0.
Proof: We only consider the case 2},*. The case 2}," is similar. The Jordan
component 2} has 3 elements of norm 0 mod 1 and 1 element of norm 1/2
mod 1 so that the generating function for the norms is (3 4+ x). The number of

elements in 2}}27” of norm 1/2 mod 1 is the sum over the coefficients at the odd
powers of x in

m __ m m .0 m m—1_1 m 0,.m
(3+ux) —<0)3 m+<1)3 x—i—...—i—(m)?)x .
22m: 3 1™ = m 3m m 3m—1 m 30

(3+1) <0) +(1 ot

om = (3—1)™ = (’g‘):am - <T)3’“1 ok (2)30

the number of elements of norm 1/2 mod 1 in 2},*™ is given by (22™ — 2™)/2.
This proves the proposition. O

Since

and

Proposition 3.2
Let p be an odd prime. Then N (p,j) is given by

n/2
-1
pt Tt —e <—> p(n=2/2 ifn is even and j # 0

n/2
—1
Pt (—) (p"/? —pn=D/2)  ifniseven and j =0

p
_1 (n—1)/2 9 j
p" e <—) (—) (—) p(n=D/2 ifnisodd and j # 0
p p p
pt ifnisodd and j =0.
Proof: We describe the third case with e = —1. The other cases are analogous.

—n

The Jordan component p~—" is generated by elements v1,...,v, with v¥/2 =
... =792_4/2 = a/p mod 1 where (2?“) = +1 and 72/2 = b/p mod 1 where
(Q—b) = —1. The number of elements in p~™ of norm j/p mod 1 is the number
ofp solutions of ,

SR+ %2+ edd

p p p p
resp.

k24 .. 4+ k2 +a bk =a"'j modp



with k; in Z/pZ. By a classical result of Weil (cf. Th. 10.5.1 in [BEW]) this
number is given by

n—1)/2 _ _1 -
4 <__1>( )/ (a 'ba 1]>p(n1)/2
p p

The statement now follows from (%) = —(%) . O

Let L be an even lattice of squarefree level N with discriminant form D and
Jordan components p»™» for p|N. If 2|N then the 2-adic Jordan component of
D is even. We define m = [ [ p where the products extends over the primes with
odd p-rank n,.

Proposition 3.3
Let ¢|N. Then the number of elements in D, of norm j/c¢ mod 1 is given by

N(De,j) = [[ N®*",ci/p) .

ple

Proof: The equation }_ jp/p = j/c mod 1 implies }_  cjp/p = j mod ¢ so
that ¢j,/p = j mod p and j, = (¢/p)~!j mod p. |

Let ¢|N. Then the elements in D, of norm 1/¢ mod 1 have order ¢. Define
N, = N(D.,1) and m. = (¢,m). Then

(np—1)/2
_ -1\ 2 c e
=11 (p”p o) () () ””)
/

ple/me
so that
N, < a(c)&
c
with
o(c) = H (1 + mzl,/zp_”P/Q) .
ple

4 Dirichlet L-series and generalized Bernoulli
numbers

In this section we recall some results on Dirichlet L-series and generalized
Bernoulli numbers (cf. [A] and [I]).



Let x be a Dirichlet character modulo N. The Dirichlet L-series for x is
defined as (n)
x(n
L = T
(5,) =) e
n>1
We have the following product formula
L =
(s,0) =11 1=

1= x(p)p~*

and

=Y

L(s,x) = n
Let ¢ be the primitive character corresponding to x. Then
1
L(s,x) = L(s,¥) [T (1 - w(p)]; :
pIN

Let ¢ be a primitive Dirichlet character modulo m. The generalized Bernoulli
numbers B,  are defined by

m

Y(a)te™ tn
Do =1 = 2 By
a=1 n>0

If ¢ is the principal character we obtain the ordinary Bernoulli numbers. The
generalized Bernoulli numbers are related to the values of L(s,v) at positive
integers. Let

and

be the Gauss sum associated to .

Theorem 4.1
Let k be a positive integer with k = § mod 2. Then

k B —
_(_ 1+(k—6)/2£ (2m) k.
L(k, %) = (-1) 25

and
B,5#0.



5 [Eisenstein series for congruence subgroups

In this section we define Eisenstein series Ey, , for I'g(/V) of nonprimitive char-
acter x. We calculate the expansions of Ej , at the different cusps of I'g(V) for
squarefree level N. References are e.g. [Sch] and [M].

Let I' = SLy(Z). The group I'g(N) has index N[, (1 + 1/p) in I' and
>_ev ¢((c, N/c)) equivalence classes of cusps. The invariants of a cusp a/c with
¢ # 0 and (a,¢) =1 are (¢, N) (a divisor of N) and ac/(c, N) (an element in
(Z/(c,N/(¢, N))Z)*). The width of a/c is N/(N,c?).

Let N be a positive integer and k an integer with £ > 3. For integers ¢, d we
define the Eisenstein series

c 1
El(“ “ (7) = Z (m7 +n)k

(m,n)€Z>\(0,0)
(m,n)=(c,d) mod N

Then E,(Cc’d) is holomorphic on the upper halfplane and finite at infinity. For a
matrix M in I" we have

c,d c,d)M
(C, )

so that E,
E](chd)

is a modular form for T'(IV) of weight k. If ¢ = 0 mod N then
is a modular form for I'; (V). Using

1 2 n
Zm: i) Zkl

ne”z T n>1

for 7 in the upper halfplane it is easy to calculate the Fourier expansion of
E(Cad) Th :
P e result is

E](€07d)(7') =by +cp Z an Lgvme(nd/N)

m=cmod N n>1
m>1

+ (=1)*ep Z an Lgvme(—nd/N)

m=—c mod N n>1

m>1
with
k) + (=1)*¢4k) ifc=0 mod N
b, = .
0 otherwise
where .
¢Uk) = —
n=d mod N n
n>1
and



Let X, = {T"|n € Z}. For a matrix M = (%Y%) in I' we define the
restricted Eisenstein series

EMr) = > 1kum(7)

KL\l (N)

1 *(c,d
= > —— = EY().

(m,n)€Z?, (m,n)=1 (mT + n)k
(m,n)=(c,d) mod N

Then E;M is a modular form for T'(N) of weight k. If ¢ = 0 mod N then E;M
is a modular form for I'y (N).
The Eisenstein series are related by the following formula

gem= Y |y M) g,

t mod N nt=1 mod N
(t,N)=1 n>1

We can construct Eisenstein series for congruence subgroups by means of
the Eisenstein series for I'(/V). Let x be a Dirichlet character modulo N. Then

* *(0,d
Eix(m = Y xMEMo) = Y x(d) B (7)
MeT ;1 (N)\I'o(N) d mod N

is a modular form for I'g(IV) of weight k and character X. In particular By, =0
if X¥(—1) # (—=1)*. The above formula implies

(me%) > X E )

n>1 d mod N

_ 1 (0.d)
= L(k’X)drgd:NX(d)Ek (7).

B x (1)

From now on we assume that IV is squarefree. For the primes p dividing NV
we choose positive integers n,. If 2 divides IV we assume that ng is even. Then
we define the Dirichlet character

of conductor

np=1 mod 2

Note that m is odd. Let 1) be the primitive character corresponding to x. Then



For positive divisors ¢ of N we also define characters

and the corresponding primitive characters

w0 =T1(5)= ()

p

with m. = (¢, m). We also need the following Gauss sums

T(n)= Y x(j)e(nj/N)

j mod N

and

()= Y xeljle(nj/e)

7 mod ¢
and the Gauss sums corresponding to the primitve characters

= > W(je(nj/m)

j mod m

and

= > Yeleni/me).

7 mod m,

We will omit » when n = 1. We can factorize 7.(n) (cf. [BEW],

HTP (c/p)~'n)
= chp (¢/p)"'n) [ ml(c/p)"'n)

plme ple/me
= H Pp(n)p( (c/p) )0p H p(n)
plme ple/mc
= Ye(n)e(c/me)debe(n)
with
be(n)= [ -1 ] (-1
ple/me ple/me
pln pfn
and

Ge = H ¢p(m0/p)¢p = /M H 7/)p(mC/p) H

plme plme plme

p=3 mod 4

12

p- 29) so that



Now we calculate the expansions of Ey, ,, at the cusps of I'o(N). The cusps of
I'o(N) can be represented by the numbers 1/¢ where ¢|N. For a positive divisor
c of N we choose a matrix

a b
ve- (2 )

in T with d =1 mod ¢ and d = 0 mod ¢’ where ¢/ = N/c. Then

B e(T) = Bk x|ar. (7)
gives an expansion of Ej , at the cusp 1/c. Note that Ey\ n = Ej y -

Theorem 5.1
Suppose x(—1) = (—=1)*. Then the Fourier expansion of Ej, . is given by

Brxe(7) = 20en + Ak ye D arye(n)glh

n>1
with

L(k, ) ¢ m* 2k

L(k,x) ¢ N* By
ko) = Xer(n/d)o(d)be(d)d" .

d|n

Apxe = =2e(N/me)

Proof: Let ¢/~! be the inverse of ¢/ mod c. We have

1 . (cj,dj)
Biye(m) === > x() E7 (1)
L(k7X) j mod N
2c . nm
:C+L(kk) Z x(7) Z an Lgvme(ndj /N)
X j mod N m=cj mod N n>1
m>1
2
Ot > o o Y ontlame(nd /o)
L(k’X)jmodN = de n>1
=34 mod ¢’
m>1

with C' = 0 unless ¢ = N and

C:

in this case.
/ 1—1

We write j = cc™'jo 4 ¢'¢’~1j. and replace the sum over j mod N by a sum

13



over j. mod ¢ and j» mod ¢’. Then

Z Xe(Je)xe (Jer)

Je mod ¢
j.r mod ¢’

Z an 1 ;’Lm ’rLC/iljc/C)

m=j. mod ¢’ n>1
m>1

—C+Xc / 2Ck Z Z XC’ k 1q;r:7,/m

m>1 n>1

= O+ xele)ele/me) LQ(C,§¢;) S 3 el xe (m)be(m)nt g
’ m>1 n>1

20}.C
L(k, x)

Ek,x,c(T) =C +

2 ¢c - nm
= C o e(N/me) T35 20 2w mpbelmbetnint e

It is easy to see that

_o _ 1mt 2%k
L(k, ) ¢ N* By
if 1)(—1) = (—1)*. This implies the theorem. O

Suppose n|c¢’. Then
Ak x,c(n) = Ye(n)bent1

be=[] (-1).

ple/me

with

6 The Weil representation

In this section we recall the Weil representation of SLy(Z) and describe a lift from
scalar valued modular forms to modular forms for the Weil representation. We
calculate the Weil representation and the lift explicitly for lattices of squarefree
level.

Let L be an even lattice of even signature with discriminant form D. We
define a scalar product on the group ring C[D] which is linear in the first and
antilinear in the second variable by (e7,e?) = §78. There is a unitary action of
I’ on C[D] defined by

pp(T)e’ = e(—?/2) e
pp(S)eT = elsign(D)/8) Z e(yp) e’

|D| ﬂeD

~

~—

where S = (? _01) and T' = (1) are the standard generators of I". This repre-
sentation is called Weil representation.

14



The element Z = 5% = —1 acts as
pp(Z)e” = e(sign(D)/4) e 7.
From Z = (ST)? we get

-1

o(2)e" = clsign(D)/2) (7

) e(—oddity(D)/4) e~

so that
1 = e(sign(D)/4) <ﬁ) e(—oddity(D)/4) .

Suppose the level of L divides N where N is a positive integer. We define a
quadratic Dirichlet character modulo NV by

. J . .
xoli) = (5 ) el = 1) oadity (D))
If N =1 then xp is the principal character. We have

Theorem 6.1
Let M = (2%) be in T'g(N). Then

pp(M)e” = xp(M) e(—bdy?/2) e

Here of course xp(M) = xp(a) = xp(d). We describe the proof of this theorem
elsewhere. For a related result see Th. 5.4 in [B4]. The theorem can be applied
to construct vector valued modular forms.

Let
F(r) =) Fy(r)e
yeD
be a holomorphic function on the upper halfplane with values in C[D] and k an
integer. Then F' is a modular form for pp of weight k if
F(M7) = (et +d)*pp(M)F (1)
for all M = (%) in I'. We allow poles at cusps.

Theorem 6.2
Let f be a scalar valued modular function for T'o(N) of weight k and character
Xp- Let Sy be an isotropic subset of D which is invariant under (Z/NZ)* as a

set. Then
Firy= > > flu(@)pp(M~")e?
MEL(N)\I' v€So

is a vector valued modular form for pp of weight k which is invariant under the
automorphisms of the discriminant form that stabilize Sy as a set.
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Proof: Let M be in I". First we show that the function

Fy=Y_ flupp(M1)e
YESo

depends only on the coset of M in To(N)\I' so that F' is well defined. Let
K = (2%) be in ['\(N). Then (a, N) =1 and

Frm = Z fles po(KM)™ e
YESo
= xp(K) Z flar po (M~ pp(K—1)e?
YESo
=xp(E) Y flvpp(M~H)xp(K e
YESo
= Z flar pp(M~1)e™
YESo
- Fy

because Sy is invariant under (Z/NZ)*. Now we show that F transforms cor-

rectly under I'. For an element K = ( a Z) in I" we have

F(Er)= Y > flu(K7)pp(M~")e?

MEeTo(N)\I' v€So

=(cr+d)f Y Y flux(r)pp(M e

MeTo(N)\I' vE€So

=(er+d)fpp(K) Y > flu(m) pp(Epp(M~1)e?

METo(N)\I' ¥E€So

=(cr+d)fpp(K) Y > flur() pp(ME) e

METo(N)\I' ¥E€So
= (cr+d)* pp(K)F()

by shifting the summation index. Finally the Fj; and hence F' are invariant
under the stabilizer of Sy because the Weil representation commutes with the
automorphisms of the discriminant form. This proves the theorem. O

In the case Sp = {0} the above lift was first mentioned without proof in [B4]
and used in [S1] to prove the moonshine conjecture for Conway’s group Cog for
elements of squarefree level and nontrivial fixpoint lattice (see section 10). The
general case is first described in [S2] to prove the moonshine conjecture for Cog
for elements of squarefree level and trivial fixpoint lattice.

Some of the results of this section are also described in [S2]. We have in-
cluded them to give a more self-contained presentation of the methods we use.

Now we describe the Weil representation for lattices of squarefree level. Note
that such lattices have even signatures by the oddity formula.

16



Theorem 6.3
Let L be a lattice of squarefree level and M = (‘c‘ g) in I". Then M acts in the
Weil representation as

o) = T S et 20)e( b3 el 2

5eDc

= ctsien(0)/3) (5 (|DC)H%

Note that for 8 € D¢ the expression 32/2c mod 1 is well defined. If ed = 0

we use the definition (%) = 1. The proof of the theorem is rather tedious and

therefore will be described elsewhere. We use the result to calculate the above
lift from scalar valued modular forms to vector valued modular forms explicitly.

Let NV be a squarefree positive integer. Suppose the level of L divides N. In
this case the character xp reduces to

xp(j) = (ﬁ) :

Let f be a modular function for I'g (V) of character x p and integral weight. For
each positive divisor ¢ of N we choose a matrix

a b
ve- (2 )
in T with d = 1 mod ¢ and d = 0 mod ¢’ where ¢ = N/¢. Then
fe(m) = fla.(7)

is an expansion of f at the cusp 1/c¢. The matrices

where

M, T* k mod ¢’

represent the cosets of I'g(N)\I' which map oo to the cusp 1/¢. Since f. has a
Fourier expansion in powers of g, we can write

fe(T) = 90 0(T) + 9o 1 (7) + - 4 ger -1 (T)
where
ger sl (1) = e(j/c) ger 5(7).
It is easy to see that
1 .
9e4(1) = > e(=ik/¢) flarre(7)
k mod ¢’

and

Flars(r) = ) e(Gk/¢) gern(T).

k mod ¢’
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Let Sp be an isotropic subset of D which is invariant under (Z/NZ)* and F
the lift of f with support Sp. If So N (1 + D) is nonempty we define j, by
Juer /¢ = —p?/2 mod 1. We have

Theorem 6.4
The vector valued modular form F' is given by

HED ¢|N ~veSon(u+D,.r)

where ¢~ is the inverse of ¢ modulo ¢’ and

& = e(sign(D) <|Dc/|) H’yp

Proof: From the last theorem we get for isotropic

oo (e =& 2L S e

c
|D| 5€D ’

\% |D Z (b37) e'y—!—ﬁ

5€D ’
V |D —1ﬂ,y e’y+5

5€D ’

with
. —c .
£. = e(sign(D)/8) <| 5 /|) =@
¢ ple

so that

F=Y" > > flurpo(MT*)")e

c¢|N k mod ¢’ v€Sp

= Z Z Z Flag.re po(T™*)pp (M 1)e

¢|N kmod ¢’ v€So

—ZZZch

¢|N k mod ¢’ y€So BED

—¢ 07 flar e e(k(y + )% /2)e7 7
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Now we replace p =~ + [ to get

F=3 > > Y & ||Z;C||€(—C‘1m)f|Mme(ku2/2)e“

HED ¢|N kmodc veSoN(pu+D.r)

=3 > > €e |DC|e(—C’lm)C'gc/,jw,e“.

HED ¢|N y€SoN(u+D.r) D]
This proves the theorem. O
For isotropic subgroups we obtain

Theorem 6.5
Suppose Sy is an isotropic subgroup. Then F' is given by

VIDe| ,
F(r) :Z Z e [SoN Der| = c'gerj, . (1) "
cIN cuesSy |D| ‘

c'nesSoy
Proof: We have to calculate
~1
> el=c ).
YESoN(u+D,r)

Decompose Sy = (So N D¢) @ (So N Do) and g = pe + per with respect to
D=D.,® D.. Then

pe + (So N Der) if pe € SoN D,
0 otherwise .

S()m(,u""Dc’):{

Suppose p. € So N D.. Then

Yoo ety = Y e(—c o).

yESoN(u+D,r) Yer €SoND s

This sum is |So N Dy| if pue L So N Do and 0 otherwise. This implies the
statement. (I

In the case of trivial support the formula simplifies to

VID| ,
F(r)= & e g, o (r)et
20 2

with ji, /¢ = —p?/2 mod 1 for p in D.. We will use this result to lift Eisen-
stein series and eta products to vector valued modular forms.
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7 Eisenstein series for the Weil representation

In this section we construct Eisenstein series for the Weil representation by
lifting scalar valued Eisenstein series and calculate them explicitly for lattices
of squarefree level.

Let L be an even lattice of even dimension and level dividing N with dis-
criminant form D. We denote the Weil representation of D by p and the corre-
sponding character by x. We can construct Eisenstein series for the dual Weil
representation by lifting

By x (1) = > X(M)EM (7).

MEeT1 (N)\Lo(N)

The Eisenstein series obtained in this way are symmetrizations of Bruinier’s
Eisenstein series (cf. [Br], [BrK]).

Suppose L has squarefree level N. We calculate explicitly the coefficients of
the Eisenstein series

E(r)= Y, Eixlu(@)p)e’.
MeTo(N)\T'

Let ¢ be a positive divisor of N. As above decompose Ej . into functions g ;
with ge jl7 = e(j/c") gor ;. For pin Do we define j, o by juer /¢ = p?/2 mod 1.

Then
= V1Dl ,
BE(r) = §em="C"gc'j, o (T) "
§ MEZDC/ |D| e

with

€. = e(—sign(D)/8) (= | [T (D).
D]
¢ plec

The Eisenstein series ¥ has components

z VIDe|
E\(m)=) & S 95 (7)
c|N | |

c’v:O

and the coefficient of E, at ¢" is given by

_ VD,
B,)n)= S E, [Brcl(n).
% Nl

c/v=0

Theorem 7.1
k

Suppose x(—1) = (=1)". Let v be in the discriminant form and n a positive
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rational number with n = v2/2 mod 1. Then

L(k,w)m_k 2k
L(k7X) Nk Bk,w

[B:)(n) = —2

c ak%c(c'n)

e Ye(2) Ee Vel De|
Z Ye(N/me)e ( )¢(2) -

c’v=0
with
ny,/2 (np+1)/2
_1 p mC/p) <_1> p
Ec = € | — € —
Il « ( P ) 11 p( p P
ple/me plme

E=EN.
Proof: If 2|N then
~v2(D) = e(oddity(D)/8) = €3
For odd p we have

(D) = e(—p-excess(D)/8)
= cpe(—ny(p —1)/8)

1 np/2
€p (7) if ny, is even

=4 & (%) if n, is odd and p = 1 mod 4

€p (%) (=1)P»H+1/2 () if n, is odd and p = 3 mod 4.

Hence

o¥RY, |D.| H'Y;D(D) = 5C¢C(2)\/m_c V |De|.

ple

The theorem now follows from

_ (D
€, = 1o (—0) M
[T, n (D)
and Th. 5.1. O
Theorem 7.2
The constant term in Eyq is
[E0](0) = 2.

We remark that the numbers y/m.|D.| and y/m|D| are integers so that the
coefficients of E are rational.

The advantage of the above Eisenstein series compared to the approach in
[Br] and [BrK] is that we obtain much simpler expressions for the coefficients
which is due to fact that we can describe the Weil representation explicitly.
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8 Automorphic products

We recall Borcherds’ singular theta correspondence [B3]. This correspondence
maps vector valued modular forms for the Weil representation to automorphic
forms for orthogonal groups.

Let M be an even lattice and G(M) the Grassmannian of maximal negative
definite subspaces of M ® R. G(M) is a symmetric space acted on by the
orthogonal group Oy (R). Suppose F' is a modular form for the Weil represen-
tation p of M. Integrating F' against the Siegel theta function of M gives an
automorphic form ®,; on G(M) for a discrete subgroup of Op(R). If M has
signature (n,2) then Wy, = exp(Pys) has a nice product expansion which is
described in

Theorem 8.1

Let M be an even lattice of signature (n,2) and F a modular form of weight
1 — n/2 and representation p which is holomorphic on H and meromorphic at
cusps and whose coefficients [F,](m) are integers for m < 0. Then there is a
meromorphic function Uy (Zy, F') for Z € P with the following properties:

1. Oz (Zy, F) is an automorphic form of weight [Fy](0)/2 for the group
Aut(M, F)* with respect to some unitary character.

2. The only zeros or poles of Wy, lie on the rational quadratic divisors A\*
for \ € M with A\? > 0 and are zeros of order

Yo [Fal(=2®X)2)

0<z,zAEM’
or poles if this number is negative.

3. Uy is a holomorphic function if the orders of all zeros are nonnegative.
If in addition M has dimension at least 5, or if M has dimension 4 and
contains no 2 dimensional isotropic sublattice, then W s is a holomorphic
automorphic form. If in addition [Fy](0) = n — 2 then Vs has singular
weight and the only nonzero Fourier coefficients of ¥ s correspond to norm
0 vectors in L.

4. For each primitive norm 0 vector z in M and for each Weyl chamber W
of L = K/7Zz with K = M N z* the restriction V,(Z, F) has an infinite
product expansion converging when Z is in the neighborhood of the cusp
of z and Y € W which is up to a constant

(Zp@w, ) [T TI (-en2)+ 62",

AL seM'/M
AW)<0 §|K=x

If n > 3 it is actually sufficient to assume that the coefficients [F,|(m) are inte-
gers for m < 0 (cf. [Br], Th. 3.22). Then the coeflicient [F;](0) is automatically
integral because automorphic forms on Oy, 2(R)* with n > 3 have half-integral
weight (cf. [H], section 7.3).
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9 Symmetric and reflective forms

In this section we define symmetric and reflective forms. We introduce these
notions because we are interested in automorphic products which correspond to
generalized Kac-Moody algebras.

Let L be an even lattice of level N and signature (n,2) where n is even and
n > 4. We restrict to even dimensions because we defined the Weil represen-
tation only in this case. However this restriction is not essential. Let F' be a
modular form for the Weil representation on L.

We say that F' is symmetric if F' is invariant under the automorphisms of
the discriminant form. Examples of such modular forms are lifts with trivial
support. If L has squarefree level and F' is a symmetric form on L then the
components F, only depend on the norm and order of .

An automorphic product is symmetric if it is the theta lift of a symmetric
modular form.

We say that F is reflective if F has weight 1—n/2 and the only singular terms
of F are of the form ¢~ /¥ and come from components F, with 7 corresponding
to roots of L.

Let F be a reflective modular form on L. For elements 7 in the discriminant
form of L with 4?/2 = 1/k mod 1 and kv = 0 where k|N we denote the co-
efficient of F, at ¢~ '/* by ¢y, i.e. ¢y = [Fy](—1/k). The coefficients c., x
are 0 or 1 and ¢, = 1 is only possible if v corresponds to roots. The coeffi-
cients ¢y, determine F' uniquely because F' is fixed by its principal part. We
call F' completely reflective if ¢, = 1 for all v corresponding to roots. In the
squarefree level case this implies that the principal part of F' is invariant under
the automorphisms of the discriminant form. Then F' is symmetric because F
can be written as a sum over Poincare series (cf. [Br], Prop. 1.12) and the Weil
representation commutes with the automorphisms of the discriminant form.

An automorphic product ¥ is called reflective if it is the theta lift of a
reflective modular form F. The zeros of ¥ lie on rational quadratic divisors A+
where A is a positive norm vector in L. Since rational multiples of A define the
same divisor (cf. [B2], section 5) we will restrict to primitive vectors. The order
of A\t is given by

> Bl (=A%/28%).
0<keQ
AekL’

We show now that the divisors of ¥ correspond to roots and have order 0 or 1.

Proposition 9.1

Let k be a positive rational number and A a primitive vector in L of positive
norm with \/k € L'. Suppose the contribution [Fy](—=A?/2k?) of A/k to the
order of A\ is nonnegative. Then k is an integer dividing N and either \* = 2k
or A2 = k. If the contribution is strictly positive then in addition every vector
a in LNecL/, where ¢ = k if \2 = 2k and ¢ = 2k if \2 = k, of norm o2 = 2c with
a/e= Ak mod L is a root.
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Proof: The vector A/k adds [F)/;](—A?/2k?) to the order of A*. This number
can only be nonnegative if \2/2k% = 1/c and the order of \/k as element in
the discriminant form divides ¢ for some positive divisor ¢ of N. The condition
A2/2k? = 1/c implies k? = cA?/2 so that k is an integer, c|k? and \? = 2k?/c.
A is primitive so that A/k has order k and k|c. From \/k € L' we get \2/k € Z
and c|2k. Hence k is an integer with k|c|[2k. It follows ¢ = k and A% = 2k or
¢ =2k and A\? = k. Of course k is even in the last case. The last statement is
clear from the definition of reflective. O

Proposition 9.2
Let X be a root of L of norm 2d. Then the divisor A= has order ¢y /q.4.

Proof: We only have to show that there are no further contributions to the
order of A*. Suppose k is a positive rational number and A € kL’. Then \/k
gives a nonnegative contribution to A+ only if k is an integer dividing N and
A2 = 2k or A\? = k. In the first case k = d and this contribution has already
been accounted for. If A2 = k then 2d = k. Now the vector a = 2\ has norm
a? = 2¢ with ¢ = 2k, is in cL’ and «/c = \/k. But « is not primitive hence not
a root. This implies that A/k does not give a positive contribution to the order
of \*. O

Proposition 9.3
Let )\ be a primitive vector of positive norm in L. Suppose A\~ has positive
order. Then ) is a root of L.

Proof: By Prop. 9.1 we have A € kL’ and A2 = 2k or A\? = k for some positive
divisor k of N. In the first case A is clearly a root. In the second case define
d=k/2. Then \? = 2d and A € kL' = 2dL' C dL’ and ) is also a root in this
case. (]

In our classification of automorphic products we will consider reflective forms
because the divisors of these forms correspond to roots, so that their Weyl
chambers are Weyl chambers of reflection groups, and have order 1 as the real
roots of generalized Kac-Moody algebras. We will also restrict to symmetric
forms amongst others because this excludes old forms which would lead to the
same generalized Kac-Moody algebras.

Our definitions of reflective forms are motivated by Borcherds’ definition of
reflective scalar valued modular forms in [B4] and Gritsenko and Nikulin’s def-
inition of reflective automorphic forms in [GN]. There a reflective automorphic
form denotes an automorphic forms whose divisors are orthogonal to roots. Our
definition is more restrictive because we also assume that the divisors have order
1.

10 Moonshine for Conway’s group

Moonshine for Conway’s group describes a relation between Conway’s group
Cogp, automorphic forms and generalized Kac-Moody superalgebras similar to
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moonshine for the monster group (cf. [S1] and [S2]). The correspondence gives
most of the known examples of automorphic products of singular weight.

Conway’s group Cog is the automorphism group of the Leech lattice A. The
characteristic polynomial of an element g in Aut(A) of order n can be written
as Hk‘n(a:’C — 1)% and the symbol [k is called cycle shape of g. The eta
product of g

ng(T) = Hﬁ(’fT)bk

is a modular function of trivial character for a group of level N. The smallest
N with this property is called level of g.
The Leech lattice has a unique central extension

O—>{:|:1}—>A—>A—>O

such that the commutator of the inverse images of «, 8 in A is (—1)(0"5). The
automorphism group Aut(A) = 224, Aut(A) acts naturally on the fake monster
algebra. This is a generalized Kac-Moody algebra representing the physical
states of a bosonic string moving on a 26 dimensional torus. We obtain twisted
denominator identities by taking the trace over A*(E) = H*(E). Each element
g in Aut(A) has a lift § to Aut(A) which acts trivial on the inverse image
of the fixpoint lattice A9. The corresponding twisted denominator identity is
independent of the choice of §g. We conjecture:

The identity is of the form

e’ T @—e*)™ ) = 3" det(w)w(ng(e”))

acLt weWw

where

k) o~
mult(a) = Z Mcgk) tf(9d|Ea/dk) )
dk|((a,L),7)

L is a sublattice of A @ II11, p = (0,0,1) and W is a reflection group of L.
This is the denominator identity of a generalized Kac-Moody superalgebra. More-
over the identity defines an automorphic form of singular weight k/2, where
k= dim A9, for a discrete subgroup of Oyy2.2(R)T in the image of the singular
theta correspondence.

We have

Theorem 10.1
The conjecture is true for elements of squarefree level.

The assertion is proven in [S1] for elements of squarefree level and nontrivial
fixpoint lattice and in [S2] for elements of squarefree level and trivial fixpoint
lattice.

We give an outline of the proof for nontrivial fixpoint lattices. Let g be
an element in Aut(A) of squarefree level N and nontrivial fixpoint lattice A9Y.
Then g has order N. Borcherds shows in [B1] that the twisted denominator
identity of an element in Aut(A) satisfying certain conditions has the form
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stated in the conjecture and is the denominator identity of a generalized Kac-
Moody superalgebra. The conditions are satisfied in particular by elements of
squarefree level so that we only have to prove the automorphic properties of the
twisted denominator identity of g. We show them as follows. We lift the scalar
valued modular function f;, = 1/n, to a vector valued modular form F on the
lattice A9 @ II1 1 @ II; 1 (V). The support of this lift is the trivial subgroup of
the discriminant form. Then we apply the singular theta correspondence to get
an automorphic form ¥,. We can represent this by the following diagram

g—1/ng— Fy— ¥,

Explicit calculation shows that ¥, has singular weight. The theta correspon-
dence gives the product expansions of ¥, at the different cusps. We can calculate
the corresponding sum expansions because ¥, has singular weight so that the
nonzero Fourier coeflicients correspond to norm 0 vectors. The expansion of ¥,
at the level N cusp gives the twisted denominator identity of the fake monster
algebra corresponding to g

eI T @ enlersslmlc a®/2k) — > det(w)w(ng(e”)).

kN ac(LNkL')* weWw

Here ¢y, is a constant such that ¢y fg|w, has constant term by.
The nicest special case of the above result is the following. Recall that the
Mathieu group Mss acts on the Leech lattice.

Theorem 10.2

Let N be a squarefree integer such that o1(N)|24. Then there is an element g
in Ms3 of order N with cycle shape HMN k24/91(N) " The eta product 7Ng is a
cusp form for I'o(N) with multiplicative coefficients. The fixpoint lattice A9 is
strongly modular and has no roots. Furthermore AY is the unique lattice in its
genus without roots. The expansion of ¥, at any cusp is given by

P H H (1 — e*)[L/mel(=a/2k) Z det(w)w(r,(e”))

k|N ae(LNkL')+ weWw

where L = A9 @ I, 1, p = (0,0,1) and W is the full reflection group of L.
The identity is the denominator identity of a generalized Kac-Moody algebra
whose real simple roots are the simple roots of W, which are the roots a of
L with (p,a) = —a?/2, and imaginary simple roots are the positive multiples
np of the Weyl vector with multiplicity 24 oo((N,n))/o1(N). The denominator
identity of this Lie algebra is an automorphic form of singular weight for the
group Aut(L & II 1 (N))*.

The theorem gives 10 generalized Kac-Moody algebras similar to the fake mon-
ster algebra. We describe them in more detail. We take simple roots «; in L
according to their multiplicity as described in the theorem and form the sym-
metrized Cartan matrix a;; = (a4, ;). Then we define G by generators and
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relations (cf. [B1], section 4). Let G be the quotient of G by its center. Then
G is a real simple generalized Kac-Moody algebra with Cartan subalgebra nat-
urally isometric to L ® R and root lattice L. The denominator identity of G
is given in the theorem. If N = 1 or 2 the Lie algebra G can be realized as
a bosonic string moving on a target space of dimension 2 + 24 0o(N)/o1(N).
Probably this holds in all cases.

We obtain further singular weight products by taking Atkin-Lehner involu-
tions.

Theorem 10.3

The function ¢, fqlw,, lifts to an automorphic form of singular weight for
Aut(W,, (M)t on Wi (M) = Wy (A9) & II1 1 @ II11(N). Up to rescalings
the expansions of this automorphic form are the same as those of V.

In the following table we list the automorphic products we obtain from the
above results. We remark that they are symmetric and reflective in the sense
of the last section. For example we obtain an automorphic product of singular
weight 1 by lifting the function —3n135-63-142 with trivial support to a vector
valued modular form on the lattice II472(2;}23+3) and then applying the singular
theta correspondence. The automorphic product has zeros of order 1 coming
from the roots of IT4(25%3%%) of norm 2.3. This automorphic product cor-
responds to the class —6F in Cog transformed by the Atkin-Lehner involution
Wi.

weight lattice Z€eros function class
1 Ly 5(252373) 1 M1-122336-6 —6F
n 2(2+23+3) 3 —3n130-63-162 —6F, W3
I, 2(2;*379) 2 —21)129-15-663 —6F, W,
I, 5(2*37%) 6 611 -023326-1 —6F, W
I, 2(2+47 %) L7 Miig—27114-2 —14B
I, 2 (252773) 2,14 21y —2917-2141 —14B, W,
II4 2(3+35 3) 1,15 T)1-2315115-2 15F
1, 5(37°512) 3,5 —M113-25-2151 15E, W3
I1,5(2373) 1,23 M-123-1 23A, B
11, 2(25*3735%3) | 1,2,3,5,15,30 | 11-131516-110-115-1 30D
I, 2(25*3%3573) | 1,3,5,6,10,15 | myig-13-15-115130-1 —30D
11, 2(25%3%3573) | 1,2,6,10,15,30 | my-13-15-161101301 —30E
I, 2(2523735%3) | 2,3,5,6,10,30 | my-1216-110-115-1301 | —30E, W3
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weight lattice ZEros function class
2 II672(5+5) 1 M15-5 5C
1 2(5+3) 5 O -551 5C, W
IIs 2(25°37%) 1,3 Ni2o—4326-4 —6E
ITs 2(25237%) 2,6 A1)y —a923-ag2 | —6F,Wo
s 2(2,,*379) 1,2 Ni1913-36-3 6F
11 2(2;143 2) 3,6 3M1-39-33161 6F, W5
Is2(2;°573) | 1,5,10 | n1-20-15210-3 10D
Is5(2;,°57°) | 1,2,5 | mi2a-s5-210-1 —10D
ITs2(2175%%) | 1,2,10 | my-sp25-110-2 —10E
s 2(2375%3) | 2,5,10 | my-19-25-3102 | —10E, Ws
ITs 2(117%) 1,11 Mh-211-2 114
o2 (252774 [ 1,2,7,14 | my-19-17-1141 14B
I 2(37457%) | 1,3,5,15 | my-13-15-115-1 15D
3 IIg 5(3™ ) 1 17133-9 3C
15 5(37?) 3 911033 3C, W3
s 2(2;,°3%3) | 1,3,6 M—dog—1346-5 6C
s 2(2;,°3%7) | 1,2,3 Nag—53-4g-1 —6C
2257377 | 1,2,6 N -s5945-16-4 —6D
s 5(25737%) | 2,3,6 M-12-43-s56¢ | —6D, W3
I3 5(77%) 1,7 N—s7-3 7B
4 ITo,2(25°) 1 Niso—16 —24
o225 2 167,168 —24,Ws
I 2(5%°) 1,5 - 5B
Mo 2(2}°37%) | 1,2,3,6 | ni-2p-23-26> 6E
6 IT142(37%) 1,3 M-65-6 3B
8 s 2(25°) 1,2 11 -s9—s 24
12 6.5 1 Ny-2a 14

11 The residue theorem
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In this section we derive a necessary condition for the existence of a reflective

Let L be an even lattice of even dimension with discrimant form D. Let
F =3 F,e” be a modular form for the Weil representation p of weight 2 — k
and E = ) E.e” the Eisenstein series for 7 of weight k. The unitarity of p



implies that ) F,E, is a scalar valued modular function for I' of weight 2.
Hence ) F,E,dr defines a meromorphic 1-form on the Riemann sphere with a
pole at co. By the residue theorem its residue has to vanish. This implies that
the constant term in the Fourier expansion of ) F, E, is 0.

We calculate this condition explicitly for lattices of squarefree level and re-
flective modular forms. Let L be an even lattice of signature (n,2) with n > 4
and squarefree level N. Define k = 1+ n/2. Then k > 3. Let F be a reflective
modular form on L of weight 2 — k. We also assume that F' is symmetric or
equivalently that the singular coeflicients ¢, 4 depend only on d so that we can
denote them by c4. In particular ¢4 is 0 or 1. Recall that

(np—1)/2
11 ~1\" 2\ (d
A= <pnpl i < p > <z_9> < ]/)p) p<n,,1>/z>

plma
_1 np/2
H <pnp1 — ¢ <_> p(np2)/2>
p

pld/mq

is the number of elements in the discriminant form of order d and norm 1/d
mod 1 (cf. section 3). We keep the notation from sections 5 and 7.

Theorem 11.1

Let L be an even lattice of signature (n,2) with n > 4 and squarefree level N.
Write k = 14+ n/2. Let F be a modular form of weight 2 — k on L which is
symmetric and reflective. Suppose F' has singular coefficients ¢4 and constant
coefficient 2(k — 2) in Fy. Then

k 1 L(k,y) mk Vme|D.] NF
k—2 Bry Lk stC,dchd Rgh1 L
=2 By Lk, x) N* 2 VmD] ¢

with

€c,d = ¢C(N2/cdmc) Yo (—c)

Proof: Note that

(1) = (%ﬂ) — e(sign(D)/4) = (~1)*

Let Eq be the coefficient [E,](1/d) of E. where ~ has order d and norm ~?/2 =
1/d mod 1. Then by Th. 7.1 Ey is

Lk, ) m* 2k
L(k,x) N*¥ Byy

-2
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times

S eV ey (—e) B S N

o m|D|
c/v=0

Ye(2) ec \/m0|D0| ’ -1

g@bc(N/mC)@/’c’(_c) »(2) = D] cwC(N/Cd)bC(N/Cd)k
Vme|D. NF

chNEQ JmID| ckgh—1 -

Since the only constant coefficient in the Fourier expansion of E is [Ep](0) = 2
the constant term in the Fourier expansion of ) F, E, is given by

4k —=2)+> caNaEy.
d|N

This implies the theorem. O

In some cases we can simplify the equation given in the theorem.
Suppose L has prime level p. Then the necessary condition can be written

Eoo11 —1\ /2
2T 1 < (?) (o P20 20, — o1 - ) -

if ny, is even and

ko1
k—2 Bry

2 1 (np—1)/2
“(3)(5) () ek ) <1

if n, is odd.
If all Jordan components have even rank and all ¢4 are 1 then the necessary
condition takes the following form

ko1 1 1\ "™/? &

v - _ - —ny /2 np/Z)_ _
II € + 21 =1.

k—2 By pk—1<p<p> (p b

p|N

We remark that the above argument can be applied to every modular form
for p of weight k, for example to the lift of Fj , with nontrivial support. The
problem is that the equation we get in general not only involves the coeflicients
cq but also coefficients of F' which we do not know. It is not difficult to see that
> F,E, is actually equal to j' up to a constant factor. If we want to compare
higher coefficients the same problem occurs.
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12 Classification results

In this section we analyze the necessary condition given in Th. 11.1 for the exis-
tence of a symmetric and reflective automorphic product of singular weight on
a lattice of squarefree level. There are only finitely many solutions to this equa-
tion if we restrict to discriminant forms whose p-groups do not have maximal
rank. We determine the solutions by computer search. In the prime level case
all solutions come from automorphisms of the Leech lattice. This is no longer
true in the general case. We also derive a classification result for generalized
Kac-Moody algebras with automorphic denominator identity.

Let L be an even lattice of signature (n,2) with n > 4 and squarefree level
N. We study the equation given in Th. 11.1.

Proposition 12.1
We have the following inequality

VIDe| me —np/2 | ony/2—k 12, —k
‘ch7dchd — kk_l‘SH(p PIE 4 pte +2m,/“p )
cd|N |D| cvd p|N

Proof: Using

D
Ny < U(d)%
with
o(d) = H (1 + mzl,/zp_"l’/z)
pld
we get

‘ Zﬁc,dCde vV |D,| vV Me ’< Z N, |D.| Ve

Cd‘N |D dek:71

|
&
Zz
s
S
%
|

The last expression is multiplicative considered as a function of N. This implies
the statement. (Il

Recall that n, denotes the p-rank of L.

Proposition 12.2
Suppose 1 < ny, <n+ 1. Then the equation in Th. 11.1 can only be solved if

L C2R) (k1) 1 1 2my/?
2(k 2) C(k) (27.‘.)]@ < }_]‘[V <pnp/2 + pkfnp/2 + pk

1 3 1 1 2
<11 -1 1+_) _<1+—+—)
}_W[I pl/2 ( ph1 H » ph=2 T phel

p|N/m
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Proof: The condition in Th. 11.1 can only be satisfied if

)‘ k—12 L } |D|
= —|—— c N
k—2‘ Bew | kx Z T ckdk =

The inequalities

‘ ”9/1)‘ k=1/2 o 1 1 (2m)*
Bkﬂp -2 k!

1 1 2k
L(k,x) = 1;[1_7—1@ = 1;[ T+pF <C((k))

and

x(p)p

together with the last proposition show that the condition can only be satisfied

if
ko1 @2n)k (k) 1 1 2m/?
1< —
“k—-22 Kk C(Zk‘) 1|_J[\7 p"?/z + pk—"p/2 + pk
P
This implies the first inequality.
Suppose p|m. Then n, is odd and m, = p. We have

1 1 < 1 1
prn/2 + phno/2 = pl/2 + ph—1/2

L, 2m1/2< L(, 3
pnp/Q pk—np/Q + pk — Pk .

so that

For m,, = 1 we obtain in the same way

1 1 2my? _ 1 1 2
pre/2 + ph—np/2 + pk = 5 1+ pk—2 + ph=1 )"
This proves the second inequality. O
We have
1 3 1 1 2
H pl/2 (1 + pk—1> H - (1 Yo i v >
plm p|N/m

if N is even and

T (14 55) I

plm p|N/m

K=
S
—
+

i ]
T =
[\v]
+
Tl
—
~~
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if N is odd. In both cases the right hand side is bounded above by 1. Since

C@k) (k= 1)!

this implies that the condition in Th. 11.1 can be satisfied for at most finitely
many k. For a fixed value of k there are at most finitely many N meeting the

condition because
1 3
H pl/2 L+ PPl ) Nooo 0

p|N
p=>3

for squarefree N. Thus

Theorem 12.3

The number of automorphic products of singular weight which are symmetric
and reflective on lattices of signature (n,2) with n > 2, squarefree level and
p-ranks at most n + 1 is finite.

The finiteness result depends on the condition on the p-ranks. This condition
prevents us from discussing rescalings. It is satisfied for example for lattices
splitting a hyperbolic plane.

We can easily determine explicit bounds on k and N.

Proposition 12.4
Suppose 1 < n, < n+ 1. Then the equation in Th. 11.1 can only be solved if
k<14 and N < 2.3.5.7.11.13.

Proof: The inequality

2(k—2)@(k_1)! <1

C(k) (2m)k —
implies k£ < 14. For kK = 3 and odd N the condition
G(2k) (k — < )
20:-2 5 \/_ 1l

can only be satisfied for N < 3.5.7.11.13. Hence for k = 3 the equation in Th.
11.1 can only be solved if N < 2.3.5.7.11.13. It is easy to see that this bound
on N also holds for the other values of k. 0

Now we can determine the solutions of the necessary condition in Th. 11.1
by computer calculations. We fix k with 3 < k < 14. For each squarefree
N < 2.3.5.7.11.13 satisfying

2k 1 3
2k = )Cc(( N =10 —/( pkl)
N
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if N is odd resp.

2k) (kK —1)! 1 1 1 3
2(’“‘2)%(@@'3 <5<”2k—3>H e (”F)

p|N
p=>3

if N is even we construct the possible discriminant forms of even lattices of
signature (n,2), level N and p-ranks at most n + 1 where n = 2k — 2. If
a discriminant form satisfies the first condition in Prop. 12.2 we check if the
equation in Th. 11.1 holds for suitable singular coeflicients. We find the following
results.

Theorem 12.5

Let L be an even lattice of signature (n,2) with n > 2, prime level p and p-rank
at most n + 1. Suppose V is an automorphic product of singular weight on L
which is symmetric and reflective. Then L is one of the following lattices:

k L
Iy 2(2373)(1,23)
II62(57%) (5), I6,2(57°) (1),
I 2(117%) (1,11)

5| Mg2(37%)(3), Hs2(377) (1),
Is 5(77°) (1,7)

6 | IIo2(252) (2), Mo2(25'0) (1),
I 2(5%%) (1,5)

8 | II42(37%)(1,3)

10 | ITis2(25°) (1,2)

The numbers in brackets give the root lengths of the divisors of ¥. The auto-
morphic form ¥ corresponds to a unique class of order p in Coy and can be
obtained by lifting 1/n, or an Atkin-Lehner transformation thereof as described
above.

In the case p = 23 the class is only unique up to algebraic conjugacy. Conway’s
group Cog has order 222.3%.54.72.11.13.23. The Leech lattice has automorphisms
of nontrivial fixpoint lattice for each prime dividing the order of Cog except 13.

Theorem 12.6

Let L be an even lattice of signature (n,2) with n > 2, squarefree level N and p-
ranks at most n+ 1. Suppose V is a reflective automorphic product of singular
weight on L. We assume that the singular coefficients of the corresponding
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vector valued modular form are all 1. Then L is one of the following lattices:

k L

3| I142(2373)

Iy o (2027H13FY), I, 0 (2/27H013%4), 1T, 0 (2] 71113+,
1Ty o (25721344, 11, (25277 11372), 11, (2},277°1372),

(23
(
(
I, 2 (25477 11372), 114 5(25*77°1372)
(
(2]
(7”

4| O (1174, Is 2(254774), s 2(314571),
I 2(2,°374574), ITs2(2;,°374574)
g 5(77°)

T2 (5%9), 110 2(25°379)

II45(378)

10 | Mg 2(25"°)

14 | Iy o

The 8 lattices of level 2.7.13 are related by Atkin-Lehner transformations. We

have
4 2

(27771131 = (2 5

) @® 11 1(13) @ IT; 1(13) .
The 2 lattices of level 2.3.5 are also related by Atkin-Lehner transformations
and

I 2(2;,°37457%) = A3(2) ® Ao(5) ® Iy @ I ,1(15).

The last theorem implies the following classification result for generalized Kac-
Moody algebras.

Theorem 12.7

Let L be an even lattice of signature (n,2) with n > 2 and squarefree level N.
Suppose L splits II1 1 & II1 1(N). Let G be a real generalized Kac-Moody alge-
bra whose denominator identity is a completely reflective automorphic product
of singular weight on L. Then G can be constructed from an element of order
N in M23.

Proof: The lattice Il 2(2,°37457%) does not split ITy 1(2) = I, 1(2}%) and
therefore does not split II1 1 & II1 1(30) = II1,1(2) & II1,1(15). Since the lattices
IIs2(2;,°37457%) and II2(25;,°37*5%) are conjugate under an Atkin-Lehner
involution and II; ; @ II; 1(30) is strongly modular the lattice IIG,2(2I_163’45*4)
does not split 11,1 @ II1,1(30) either. O

Finally we describe all the solutions of the necessary condition in Th. 11.1.
For k = 3 and 4 we only give the levels because there is very large number of
solutions. In the other cases we give the lattices L and the d for which ¢4 = 1.
We only know in the cases corresponding to the Leech lattice that there actually
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is a vector valued modular form for a given solution. If a vector valued modular
form for a given solution exists it is necessarily unique.

Theorem 12.8
Let L be an even lattice of signature (n,2) with n > 2, squarefree level N and
p-ranks at most n+ 1. Suppose V¥ is an automorphic product of singular weight
on L which is symmetric and reflective.

If k = 3 then the level of L is one of the following:

6,14,15,21,23, 30, 35, 42,66, 78,105,110, 182,210, 238, 330, 510, 570, 690, 714
If k = 4 then the possible levels of L are:
5,6,10,11,14,15,21,30,42,78

If k > 5 then L and the singular coefficients are given in the following table:

k L

5| Us2(37%) (3), s2(377) (1),
s 2(2},737%)(2,3,6), s2(25°377) (1,2,6),
IIs 2(2;,°37%) (1,3,6), 115 2(2;,°3%7) (1,2, 3),
I3 (258373 (3,6), s 2(25,°377) (1, 2),
s (23°3%%) (3,6), Is2(2,3%7) (1,2),
HSQ( %) (1,7),

8.2(37313%2) (1, 39), II52(3731378) (3,13),

IIg 2(37713%2)(3,13), IIs 2(37713%%) (1, 39)

6 | Iho2(257) (2), Iho2(25") (1),

I 2(57°) (1,5),

IT102(25°379) (1,2,3,6),

Iho,2(2573172) (1,62), I110,2(25731710) (2,31),
ITo,2(251°3172) (2,31), I102(25,°31719) (1,62)
8 | IT142(37%)(1,3)

10 | ITis2(25"°) (1,2)

14 | ITyg 5 (1)

The lattices ITs2(2;°37%), IIs 2(2,%377), I3 2(2;,°3%%) and IIs2(25,°3%7) are
related by Atkin-Lehner transformations. We have 11872(21_1234‘3) =D, DA D
II1 1 & II1 1(3). The lattices of level 3.13 are also related by Atkin-Lehner trans-
formations and IIg 2(37313%2) = Eg @ 1111 ® II1,1(39). Finally the lattices of
level 2.31 form an Atkin-Lehner orbit and 119 2 (2}}231’2) = Eg@lIl; 10111,1(62).
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