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1 Introduction

In [B3] Borcherds constructs a map from vector valued modular forms for SL2(Z)
to automorphic forms on orthogonal groups. Since these automorphic forms
can be written as infinite products they are called automorphic products. They
have found various applications in geometry, arithmetic and the theory of Lie
algebras, in particular generalized Kac-Moody algebras.

∗supported by the Emmy Noether-program

1



Generalized Kac-Moody algebras are natural generalizations of finite dimen-
sional simple Lie algebras which are defined by generators and relations. These
Lie algebras are in general infinite dimensional but their theory is still similar to
the finite dimensional theory. In particular there is a character formula for high-
est weight modules and a denominator identity. Twisted versions of the denomi-
nator identity of the monster algebra can be used to prove Conway and Norton’s
moonshine conjecture (cf. [B1]). It turns out that the denominator identities of
generalized Kac-Moody algebras are sometimes automorphic products (cf. [S1]
and [S2]). This is similar to the situation in the theory of Kac-Moody algebras.
There the denominator identities of the affine Kac-Moody algebras are Jacobi
forms (cf. [K] and [B2]). Whereas the finite dimensional simple Lie algebras
and the affine Kac-Moody algebras are completely classified so far there have
been no classification results for generalized Kac-Moody algebras except a result
by Gritsenko and Nikulin on generalized Kac-Moody algebras with special root
lattice of rank 3 (cf. [GN]).

Reflective automorphic products are automorphic products whose divisors
correspond to roots and are zeros of order 0 or 1. In this paper we classify reflec-
tive automorphic products on lattices of squarefree level. From this result we
deduce the classification of generalized Kac-Moody algebras whose denominator
identities are reflective automorphic products.

We describe our approach in more detail. Let L be an even lattice of sig-
nature (n, 2) and F a vector valued modular form for the Weil representation
on L of weight 1 − n/2. We consider the automorphic product Ψ associated to
F . We assume that F is reflective, i.e. is allowed to have only special singu-
larities. This implies that the divisors of Ψ are orthogonal to roots, so that the
Weyl chambers of Ψ are Weyl chambers of a reflection group, and are zeros of
order 1, so that they can correspond to real roots of a generalized Kac-Moody
algebra. By pairing F with the Eisenstein series of weight 1 + n/2 for the dual
Weil representation we obtain a modular function of weight 2 with a pole at ∞.
By the residue theorem the constant coefficient in the Fourier expansion of the
function has to vanish. This is the equation we will use for classification.

The argument works for arbitrary lattices. We restrict to lattices of square-
free level because we have explicit formulas for the Weil representation and its
Eisenstein series only in this case.

The idea of pairing vector valued modular forms and Eisenstein series to
obtain classification results was suggested by R. Borcherds.

We state the main results of this paper from section 12.
There are only finitely many automorphic products of singular weight which

are symmetric and reflective on lattices of signature (n, 2) with n > 2, squarefree

level and p-ranks at most n+ 1.
In the prime level case they all correspond to automorphisms of the Leech

lattice of prime order with nontrivial fixpoint lattice.

Recall that for each element of squarefree order in the Mathieu group M23

there is a generalized Kac-Moody algebra similar to the fake monster algebra
(cf. section 10). We show that these 10 Lie algebras are unique in the following
sense.
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Let L be an even lattice of signature (n, 2) with n > 2 and squarefree level N .

Suppose L splits II1,1 ⊕ II1,1(N). Let G be a real generalized Kac-Moody algebra

whose denominator identity is a completely reflective automorphic product of

singular weight on L. Then G corresponds to an element of order N in M23.

Up to now this is the only classification result for generalized Kac-Moody
algebras of rank greater than 3.

Finally we describe all solutions of the necessary condition. For signatures
(4, 2) and (6, 2) we only give the levels of the solutions because there are a
few hundred solutions. In the other cases we give the genera and the singular
coefficients.

We now describe the sections of this paper.
In section 2 we characterize roots of even lattices and define a correspondence

between roots and certain elements in the discriminant form.
In section 3 we recall the definition of Jordan components and calculate the

number of elements of a given norm in a discriminant form of squarefree level.
In section 4 we recall some results on Dirichlet L-series and generalized

Bernoulli numbers.
In section 5 we define Eisenstein series Ek,χ for Γ0(N) of nonprimitive char-

acter χ. We calculate the expansions of Ek,χ at the different cusps of Γ0(N) for
squarefree level N .

In section 6 we recall the Weil representation of SL2(Z) and construct a lift
from scalar valued modular forms to vector valued modular forms. We calculate
the Weil representation and the lift explicitly for lattices of squarefree level.

In section 7 we construct Eisenstein series for the Weil representation by lift-
ing scalar valued Eisenstein series. We calculate the Eisenstein series explicitly
for lattices of squarefree level.

In section 8 we recall Borcherds’ singular theta correspondence.
In section 9 we define symmetric and reflective forms.
In section 10 we describe a relation between Conway’s group Co0, automor-

phic forms and generalized Kac-Moody superalgebras comparable to moonshine
for the monster group. The correspondence gives 10 generalized Kac-Moody al-
gebras similar to the fake monster algebra and a large number of automorphic
products of singular weight.

In section 11 we derive a necessary condition for the existence of a symmetric
and reflective form on a lattice of squarefree level. Thereto we multiply the
Eisenstein series of section 7 with a symmetric and reflective form. By the
residue theorem the constant coefficient in this pairing has to vanish giving the
necessary condition.

In section 12 we analyze the necessary condition from the last section. We
show that for lattices of squarefree level which do not have maximal p-ranks the
number of solutions is finite. This implies that in this case the number of au-
tomorphic products which are symmetric and reflective is finite. We determine
the solutions by computer search. In the prime level case all automorphic prod-
ucts which are symmetric and reflective come from automorphisms of the Leech
lattice. We also show that there are exactly 10 generalized Kac-Moody algebras
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whose denominator identities are completely reflective automorphic products of
singular weight on lattices of squarefree level.

The author thanks R. Borcherds, J. Bruinier, E. Freitag, G. Höhn, V. Kac,
V. Nikulin and D. Zagier for stimulating discussions and helpful comments. The
author also thanks the referee for suggesting several improvements to the paper.

2 Lattices

In this section we characterize roots of even lattices and study the relation
between certain elements in the discriminant form and roots.

Let L be a rational lattice with dual L′. A root of L is a primitive vector
α in L of positive norm such that the reflection σα(x) = x − 2(x, α)α/α2 is an
automorphism of L. This implies that 2α/α2 is in L′.

Let L be an even lattice. Then the level of L is defined as the smallest positive
integer N such that Nλ2/2 ∈ Z for all λ ∈ L′. The next two propositions
describe the roots of L.

Proposition 2.1

Let L be an even lattice of level N and let α be a root of L of norm α2 = 2k.
Then k|N and α ∈ L ∩ kL′.

Proof: Let α be a root of L of norm 2k. Then σα(x) = x−2(x, α)α/α2 is in L for
all x ∈ L. This implies that 2(x, α)α/α2 is in L. Since α is primitive 2(x, α)/α2

must be an integer and 2α/α2 = α/k is in L′. It follows that Nα2/k2 = 2N/k
is in 2Z because L has level N . This proves the proposition. �

Proposition 2.2

Let L be an even lattice of level N and α in L with α2 = 2k and α ∈ L ∩ kL′

where k is a positive divisor of N . Then either α or α/2 is a root. In the latter

case 4|k and the 2-adic Jordan component of type 2n, where 2n||k/2, is odd.

Proof: The conditions imply 2(x, α)/α2 ∈ Z for all x ∈ L so that σα is an
automorphism of L. Hence α is a multiple of a root. Let α = mλ where m
is a positive integer and λ a primitive vector in L. Then mλ ∈ kL′ so that
mλ2/k ∈ Z. Now 2k = α2 = m2λ2 implies mλ2/k = 2/m ∈ Z. Hence m is
either 1 or 2. Suppose m = 2. Then 2k = m2λ2 shows 4|k. Furthermore the
element γ = α/k = 2λ/k in the discriminant form has order k/2 because λ is
primitive and norm γ2/2 = 1/k mod 1. This implies the last statement. �

For example if L has squarefree level N then the roots of L are exactly the
vectors in L ∩ kL′ of norm 2k where k ranges over the positive divisors of N .

Let L be an even lattice of level N and γ an element in the discriminant
form of norm γ2/2 = 1/k mod 1 where k is a positive divisor of N . We say
that γ corresponds to roots if the order of γ divides k and if there is a vector

α ∈ L ∩ kL′ of norm α2 = 2k with α/k = γ then α is a root.
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Proposition 2.3

Let L be an even lattice of level N and γ an element in the discriminant form

of norm γ2/2 = 1/k mod 1 with k|N . If γ has order k then γ corresponds to

roots.

Proof: Let α ∈ L ∩ kL′ with α2 = 2k and α/k = γ. We have to show that α
is primitive. (If there is no such α then there is nothing to prove.) Suppose
α = mλ for some positive integer m and λ ∈ L. Then 2k = α2 = m2λ2 so that
m|k. This implies (k/m)γ = λ = 0 mod L. Hence the order of γ divides k/m
and m = 1. �

We describe an example. Let L = Zv with v2 = 2. Then L′ = Zv/2 and L
has level 4. The vector α = 2v has norm 8 and γ = α/4 has order 2 in L′/L
and norm γ2/2 = 1/4 mod 1. But γ does not correspond to roots because α is
not primitive hence not a root.

Proposition 2.4

Let L be an even lattice of level N , k a positive divisor of N and γ an element in

the discriminant form of norm γ2/2 = 1/k mod 1 and order dividing k. Suppose

there is a vector α ∈ L ∩ kL′ with α2 = 2k and α/k = γ. If γ corresponds to

roots then γ has order k.

Proof: Let n be the order of γ. Then 0 = nγ = (n/k)α mod L. Hence k|n
because α is primitive and k = n. �

For lattices of squarefree level it is easy to describe the elements correspond-
ing to roots.

Proposition 2.5

Suppose L has squarefree level N . Then the elements in the discriminant form

corresponding to roots are exactly the γ of norm γ2/2 = 1/k mod 1 and order

k where k ranges over the positive divisors of N .

Proof: We only have to show that if γ corresponds to roots then γ has order k.
Let n be the order of γ. Then nγ = 0 so that n2γ2/2 = n2/k = 0 mod 1 and
k|n2. Since N is squarefree k is also squarefree so that k|n. Hence k = n. �

3 Discriminant forms

In this section we introduce some notations and we calculate the number of
elements of a given norm in a discriminant form of squarefree level.

Let L be an even lattice with dual L′. The discriminant form of L is the finite
abelian group L′/L with quadratic form γ 7→ γ2/2 mod 1 (for the theory of
discriminant forms of lattices, see [N]). The discriminant form decomposes into
a sum of Jordan components (not uniquely if p = 2) and the Jordan components
can be written as a sum of indecomposable Jordan components (usually not
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uniquely). The possible nontrivial Jordan components are as follows (cf. [CS],
chapter 15 and [N]).

Let q > 1 be a power of an odd prime p. The nontrivial p-adic Jordan
components of exponent q are q±n for n ≥ 1. The indecomposable components
are q±1, generated by an element γ with qγ = 0, γ2/2 = a/q mod 1 where a is
an integer with

(

2a
p

)

= ±1. These components all have level q. The p-excess

is given by p-excess(q±n) = n(q − 1) + 4k mod 8 where k = 1 if q is not a
square and the exponent is −n and k = 0 otherwise. We define γp(q

±n) =
e(−p-excess(q±n)/8).

Let q > 1 be a power of 2. The nontrivial even 2-adic Jordan components
of exponent q are q±2n = q±2n

II for n ≥ 1. The indecomposable components are
q±2
II generated by two elements γ and δ with qγ = qδ = 0, (γ, δ) = 1/q mod 1

and γ2/2 = δ2/2 = 0 mod 1 for q+2
II and γ2/2 = δ2/2 = 1/q mod 1 for q−2

II .
These components all have level q. The oddity is given by oddity(q±2n

II ) = 4k
mod 8 where k = 1 if q is not a square and the exponent is −n and k = 0
otherwise. We define γ2(q

±2n
II ) = e(oddity(q±2

II )/8).
Let q > 1 be a power of 2. The nontrivial odd 2-adic Jordan components of

exponent q are q±nt with n ≥ 1 and t ∈ Z/8Z. The indecomposable components
are q±1

t where
(

t
2

)

= ±1 (recall that
(

t
2

)

= +1 if t = ±1 mod 8 and
(

t
2

)

= −1
if t = ±3 mod 8), generated by an element γ with qγ = 0, γ2/2 = t/2q mod 1.
These components all have level 2q. The oddity is given by oddity(q±nt ) = t+4k
mod 8 where k = 1 if q is not a square and the exponent is −n and k = 0
otherwise. We define γ2(q

±n
t ) = e(oddity(q±nt )/8).

The sum of two Jordan components with the same prime power q is given by
multiplying the signs, adding the ranks and, if any components have a subscript
t, adding the subscripts t.

The factors γp are multiplicative.
Let L be an even lattice. The signature of the discriminant form D of L is

defined as sign(D) = sign(L) mod 8 . We have

∏

γp(D) = e(sign(D)/8) .

We define Dn = {γ ∈ D |nγ = 0} and Dn = {γ ∈ D | γ = nδ for some δ ∈ D}
so that we have the exact sequence

0 → Dn → D → Dn → 0

and Dn is the orthogonal complement of Dn.
We determine the number of elements of a given norm in the Jordan com-

ponents of prime order.
Let pεn be a Jordan component of order p and rank n. We assume that pεn

is even 2-adic if p = 2. For j ∈ Z/pZ we denote by N(pεn, j) the number of
elements in pεn of norm j/p mod 1 .
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Proposition 3.1

The number of elements in 2εnII of norm j/2 mod 1 is

2n−1 − ε2(n−2)/2 if j 6= 0

2n−1 + ε2(n−2)/2 if j = 0 .

Proof: We only consider the case 2+n
II . The case 2−nII is similar. The Jordan

component 2+2
II has 3 elements of norm 0 mod 1 and 1 element of norm 1/2

mod 1 so that the generating function for the norms is (3 + x). The number of
elements in 2+2m

II of norm 1/2 mod 1 is the sum over the coefficients at the odd
powers of x in

(3 + x)m =

(

m

0

)

3mx0 +

(

m

1

)

3m−1x1 + . . .+

(

m

m

)

30xm .

Since

22m = (3 + 1)m =

(

m

0

)

3m +

(

m

1

)

3m−1 + . . .+

(

m

m

)

30

and

2m = (3 − 1)m =

(

m

0

)

3m −
(

m

1

)

3m−1 + . . .±
(

m

m

)

30

the number of elements of norm 1/2 mod 1 in 2+2m
II is given by (22m − 2m)/2.

This proves the proposition. �

Proposition 3.2

Let p be an odd prime. Then N(pεn, j) is given by

pn−1 − ε

(−1

p

)n/2

p(n−2)/2 if n is even and j 6= 0

pn−1 + ε

(−1

p

)n/2
(

pn/2 − p(n−2)/2
)

if n is even and j = 0

pn−1 + ε

(−1

p

)(n−1)/2(
2

p

)(

j

p

)

p(n−1)/2 if n is odd and j 6= 0

pn−1 if n is odd and j = 0 .

Proof: We describe the third case with ε = −1. The other cases are analogous.
The Jordan component p−n is generated by elements γ1, . . . , γn with γ2

1/2 =
. . . = γ2

n−1/2 = a/p mod 1 where
(

2a
p

)

= +1 and γ2
n/2 = b/p mod 1 where

(

2b
p

)

= −1. The number of elements in p−n of norm j/p mod 1 is the number
of solutions of

a

p
k2
1 + . . .+

a

p
k2
n−1 +

b

p
k2
n =

j

p
mod 1

resp.
k2
1 + . . .+ k2

n−1 + a−1b k2
n = a−1j mod p
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with ki in Z/pZ . By a classical result of Weil (cf. Th. 10.5.1 in [BEW]) this
number is given by

pn−1 +

(−1

p

)(n−1)/2 (
a−1b a−1j

p

)

p(n−1)/2

The statement now follows from
(

b
p

)

= −
(

2
p

)

. �

Let L be an even lattice of squarefree level N with discriminant form D and
Jordan components pεpnp for p|N . If 2|N then the 2-adic Jordan component of
D is even. We define m =

∏

p where the products extends over the primes with
odd p-rank np.

Proposition 3.3

Let c|N . Then the number of elements in Dc of norm j/c mod 1 is given by

N(Dc, j) =
∏

p|c

N(pεpnp , cj/p) .

Proof: The equation
∑

p|c jp/p = j/c mod 1 implies
∑

p|c cjp/p = j mod c so

that cjp/p = j mod p and jp = (c/p)−1j mod p. �

Let c|N . Then the elements in Dc of norm 1/c mod 1 have order c. Define
Nc = N(Dc, 1) and mc = (c,m). Then

Nc =
∏

p|mc

(

pnp−1 + εp

(−1

p

)(np−1)/2(
2

p

)(

c/p

p

)

p(np−1)/2

)

∏

p|c/mc

(

pnp−1 − εp

(−1

p

)np/2

p(np−2)/2

)

so that

Nc ≤ σ(c)
|Dc|
c

with
σ(c) =

∏

p|c

(

1 +m1/2
p p−np/2

)

.

4 Dirichlet L-series and generalized Bernoulli

numbers

In this section we recall some results on Dirichlet L-series and generalized
Bernoulli numbers (cf. [A] and [I]).
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Let χ be a Dirichlet character modulo N . The Dirichlet L-series for χ is
defined as

L(s, χ) =
∑

n≥1

χ(n)

ns
.

We have the following product formula

L(s, χ) =
∏

p

1

1 − χ(p)p−s

and
1

L(s, χ)
=
∑

n≥1

µ(n)
χ(n)

ns
.

Let ψ be the primitive character corresponding to χ. Then

L(s, χ) = L(s, ψ)
∏

p|N

(

1 − ψ(p)
1

ps

)

.

Let ψ be a primitive Dirichlet character modulom. The generalized Bernoulli
numbers Bn,ψ are defined by

m
∑

a=1

ψ(a)teat

emt − 1
=
∑

n≥0

Bn,ψ
tn

n!
.

If ψ is the principal character we obtain the ordinary Bernoulli numbers. The
generalized Bernoulli numbers are related to the values of L(s, ψ) at positive
integers. Let

δ =

{

0 if ψ(−1) = 1

1 if ψ(−1) = −1

and

φ =

m
∑

j=1

ψ(j)e(j/m)

be the Gauss sum associated to ψ.

Theorem 4.1

Let k be a positive integer with k = δ mod 2. Then

L(k, ψ) = (−1)1+(k−δ)/2 φ

2iδ
(2π)k

mk

Bk,ψ
k!

and

Bk,ψ 6= 0 .
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5 Eisenstein series for congruence subgroups

In this section we define Eisenstein series Ek,χ for Γ0(N) of nonprimitive char-
acter χ. We calculate the expansions of Ek,χ at the different cusps of Γ0(N) for
squarefree level N . References are e.g. [Sch] and [M].

Let Γ = SL2(Z). The group Γ0(N) has index N
∏

p|N (1 + 1/p) in Γ and
∑

c|N φ((c,N/c)) equivalence classes of cusps. The invariants of a cusp a/c with

c 6= 0 and (a, c) = 1 are (c,N) (a divisor of N) and ac/(c,N) (an element in
(Z/(c,N/(c,N))Z)∗). The width of a/c is N/(N, c2).

Let N be a positive integer and k an integer with k ≥ 3. For integers c, d we
define the Eisenstein series

E
(c,d)
k (τ) =

∑

(m,n)∈Z2\(0,0)
(m,n)=(c,d) mod N

1

(mτ + n)k
.

Then E
(c,d)
k is holomorphic on the upper halfplane and finite at infinity. For a

matrix M in Γ we have

E
(c,d)
k |M (τ) = E

(c,d)M
k (τ)

so that E
(c,d)
k is a modular form for Γ(N) of weight k. If c = 0 mod N then

E
(c,d)
k is a modular form for Γ1(N). Using

∑

n∈Z

1

(τ + n)k
= (−1)k

(2πi)k

(k − 1)!

∑

n≥1

nk−1qn

for τ in the upper halfplane it is easy to calculate the Fourier expansion of

E
(c,d)
k . The result is

E
(c,d)
k (τ) = bk + ck

∑

m=c mod N
m≥1

∑

n≥1

nk−1qnmN e(nd/N)

+ (−1)kck
∑

m=−c mod N
m≥1

∑

n≥1

nk−1qnmN e(−nd/N)

with

bk =

{

ζd(k) + (−1)kζ−d(k) if c = 0 mod N

0 otherwise

where

ζd(k) =
∑

n=d mod N
n≥1

1

nk

and

ck =
(−1)k(2πi)k

Nk(k − 1)!
.
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Let Γ+
∞ = {Tn |n ∈ Z }. For a matrix M =

(

a b
c d

)

in Γ we define the
restricted Eisenstein series

E∗M
k (τ) =

∑

K∈Γ+
∞\Γ1(N)

1|KM (τ)

=
∑

(m,n)∈Z2, (m,n)=1
(m,n)=(c,d) mod N

1

(mτ + n)k
= E

∗(c,d)
k (τ) .

Then E∗M
k is a modular form for Γ(N) of weight k. If c = 0 mod N then E∗M

k

is a modular form for Γ1(N).
The Eisenstein series are related by the following formula

E
∗(c,d)
k (τ) =

∑

t mod N
(t,N)=1







∑

nt=1 mod N
n≥1

µ(n)

nk






E

(tc,td)
k (τ) .

We can construct Eisenstein series for congruence subgroups by means of
the Eisenstein series for Γ(N). Let χ be a Dirichlet character modulo N . Then

Ek,χ(τ) =
∑

M∈Γ1(N)\Γ0(N)

χ(M)E∗M
k (τ) =

∑

d mod N

χ(d)E
∗(0,d)
k (τ)

is a modular form for Γ0(N) of weight k and character χ. In particular Ek,χ = 0
if χ(−1) 6= (−1)k. The above formula implies

Ek,χ(τ) =

(

∑

n≥1

µ(n)
χ(n)

nk

)

∑

d mod N

χ(d)E
(0,d)
k (τ)

=
1

L(k, χ)

∑

d mod N

χ(d)E
(0,d)
k (τ) .

From now on we assume that N is squarefree. For the primes p dividing N
we choose positive integers np. If 2 divides N we assume that n2 is even. Then
we define the Dirichlet character

χ(j) =
∏

p|N

(

j

p

)np

of conductor
m =

∏

np=1 mod 2

p .

Note that m is odd. Let ψ be the primitive character corresponding to χ. Then

ψ(j) =
∏

p|m

(

j

p

)

=

(

j

m

)

.
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For positive divisors c of N we also define characters

χc(j) =
∏

p|c

(

j

p

)np

and the corresponding primitive characters

ψc(j) =
∏

p|mc

(

j

p

)

=

(

j

mc

)

with mc = (c,m). We also need the following Gauss sums

τ(n) =
∑

j mod N

χ(j)e(nj/N)

and
τc(n) =

∑

j mod c

χc(j)e(nj/c)

and the Gauss sums corresponding to the primitve characters

φ(n) =
∑

j mod m

ψ(j)e(nj/m)

and
φc(n) =

∑

j mod mc

ψc(j)e(nj/mc) .

We will omit n when n = 1. We can factorize τc(n) (cf. [BEW], p. 29) so that

τc(n) =
∏

p|c

τp((c/p)
−1n)

=
∏

p|mc

φp((c/p)
−1n)

∏

p|c/mc

τp((c/p)
−1n)

=
∏

p|mc

ψp(n)ψp(c/p)φp
∏

p|c/mc

τp(n)

= ψc(n)ψc(c/mc)φcbc(n)

with
bc(n) =

∏

p|c/mc

p|n

(p− 1)
∏

p|c/mc

p|/n

(−1)

and
φc =

∏

p|mc

ψp(mc/p)φp =
√
mc

∏

p|mc

ψp(mc/p)
∏

p|mc

p=3 mod 4

i .
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Now we calculate the expansions of Ek,χ at the cusps of Γ0(N). The cusps of
Γ0(N) can be represented by the numbers 1/c where c|N . For a positive divisor
c of N we choose a matrix

Mc =

(

a b
c d

)

in Γ with d = 1 mod c and d = 0 mod c′ where c′ = N/c. Then

Ek,χ,c(τ) = Ek,χ|Mc
(τ)

gives an expansion of Ek,χ at the cusp 1/c . Note that Ek,χ,N = Ek,χ .

Theorem 5.1

Suppose χ(−1) = (−1)k. Then the Fourier expansion of Ek,χ,c is given by

Ek,χ,c(τ) = 2δcN +Ak,χ,c
∑

n≥1

ak,χ,c(n)qnc′

with

Ak,χ,c = −2ψc(N/mc)
L(k, ψ)

L(k, χ)

φc
φ

mk

Nk

2k

Bk,ψ

ak,χ,c(n) =
∑

d|n

χc′(n/d)ψc(d)bc(d)d
k−1 .

Proof: Let c′−1 be the inverse of c′ mod c. We have

Ek,χ,c(τ) =
1

L(k, χ)

∑

j mod N

χ(j)E
(cj,dj)
k (τ)

= C +
2ck

L(k, χ)

∑

j mod N

χ(j)
∑

m=cj mod N
m≥1

∑

n≥1

nk−1qnmN e(ndj/N)

= C +
2ck

L(k, χ)

∑

j mod N

χ(j)
∑

m=j mod c′

m≥1

∑

n≥1

nk−1qnmc′ e(nc′−1j/c)

with C = 0 unless c = N and

C =
2

L(k, χ)

∑

j mod N

χ(j)ζj(k) = 2

in this case.
We write j = cc−1jc′ + c′c′−1jc and replace the sum over j mod N by a sum

13



over jc mod c and jc′ mod c′. Then

Ek,χ,c(τ) = C +
2ck

L(k, χ)

∑

jc mod c
jc′ mod c′

χc(jc)χc′(jc′)

∑

m=jc′ mod c′

m≥1

∑

n≥1

nk−1qnmc′ e(nc′−1jc/c)

= C + χc(c
′)

2ck
L(k, χ)

∑

m≥1

∑

n≥1

τc(n)χc′(m)nk−1qnmc′

= C + χc(c
′)ψc(c/mc)

2ckφc
L(k, χ)

∑

m≥1

∑

n≥1

ψc(n)χc′(m)bc(n)nk−1qnmc′

= C + ψc(N/mc)
2ckφc
L(k, χ)

∑

m≥1

∑

n≥1

χc′(m)ψc(n)bc(n)nk−1qnmc′

It is easy to see that
ck

L(k, ψ)
= − 1

φ

mk

Nk

2k

Bk,ψ

if ψ(−1) = (−1)k. This implies the theorem. �

Suppose n|c′. Then
ak,χ,c(n) = ψc(n)bcn

k−1

with
bc =

∏

p|c/mc

(−1) .

6 The Weil representation

In this section we recall the Weil representation of SL2(Z) and describe a lift from
scalar valued modular forms to modular forms for the Weil representation. We
calculate the Weil representation and the lift explicitly for lattices of squarefree
level.

Let L be an even lattice of even signature with discriminant form D. We
define a scalar product on the group ring C[D] which is linear in the first and
antilinear in the second variable by (eγ , eβ) = δγβ. There is a unitary action of
Γ on C[D] defined by

ρD(T )eγ = e(−γ2/2) eγ

ρD(S)eγ =
e(sign(D)/8)

√

|D|
∑

β∈D

e(γβ) eβ .

where S =
(

0 −1
1 0

)

and T = ( 1 1
0 1 ) are the standard generators of Γ. This repre-

sentation is called Weil representation.
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The element Z = S2 = −1 acts as

ρD(Z)eγ = e(sign(D)/4) e−γ .

From Z = (ST )3 we get

ρD(Z)eγ = e(sign(D)/2)

(−1

|D|

)

e(− oddity(D)/4) e−γ

so that

1 = e(sign(D)/4)

(−1

|D|

)

e(− oddity(D)/4) .

Suppose the level of L divides N where N is a positive integer. We define a
quadratic Dirichlet character modulo N by

χD(j) =

(

j

|D|

)

e
(

(j − 1) oddity(D)/8
)

.

If N = 1 then χD is the principal character. We have

Theorem 6.1

Let M =
(

a b
c d

)

be in Γ0(N). Then

ρD(M)eγ = χD(M) e(−bdγ2/2) edγ .

Here of course χD(M) = χD(a) = χD(d). We describe the proof of this theorem
elsewhere. For a related result see Th. 5.4 in [B4]. The theorem can be applied
to construct vector valued modular forms.

Let
F (τ) =

∑

γ∈D

Fγ(τ)e
γ

be a holomorphic function on the upper halfplane with values in C[D] and k an
integer. Then F is a modular form for ρD of weight k if

F (Mτ) = (cτ + d)kρD(M)F (τ)

for all M =
(

a b
c d

)

in Γ. We allow poles at cusps.

Theorem 6.2

Let f be a scalar valued modular function for Γ0(N) of weight k and character

χD. Let S0 be an isotropic subset of D which is invariant under (Z/NZ)∗ as a

set. Then

F (τ) =
∑

M∈Γ0(N)\Γ

∑

γ∈S0

f |M (τ) ρD(M−1)eγ

is a vector valued modular form for ρD of weight k which is invariant under the

automorphisms of the discriminant form that stabilize S0 as a set.
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Proof: Let M be in Γ. First we show that the function

FM =
∑

γ∈S0

f |M ρD(M−1)eγ

depends only on the coset of M in Γ0(N)\Γ so that F is well defined. Let
K =

(

a b
c d

)

be in Γ0(N). Then (a,N) = 1 and

FKM =
∑

γ∈S0

f |KM ρD((KM)−1)eγ

= χD(K)
∑

γ∈S0

f |M ρD(M−1)ρD(K−1)eγ

= χD(K)
∑

γ∈S0

f |M ρD(M−1)χD(K−1)eaγ

=
∑

γ∈S0

f |M ρD(M−1)eaγ

= FM

because S0 is invariant under (Z/NZ)∗. Now we show that F transforms cor-
rectly under Γ. For an element K =

(

a b
c d

)

in Γ we have

F (Kτ) =
∑

M∈Γ0(N)\Γ

∑

γ∈S0

f |M (Kτ) ρD(M−1)eγ

= (cτ + d)k
∑

M∈Γ0(N)\Γ

∑

γ∈S0

f |MK(τ) ρD(M−1)eγ

= (cτ + d)kρD(K)
∑

M∈Γ0(N)\Γ

∑

γ∈S0

f |MK(τ) ρD(K−1)ρD(M−1)eγ

= (cτ + d)kρD(K)
∑

M∈Γ0(N)\Γ

∑

γ∈S0

f |MK(τ) ρD((MK)−1)eγ

= (cτ + d)kρD(K)F (τ)

by shifting the summation index. Finally the FM and hence F are invariant
under the stabilizer of S0 because the Weil representation commutes with the
automorphisms of the discriminant form. This proves the theorem. �

In the case S0 = {0} the above lift was first mentioned without proof in [B4]
and used in [S1] to prove the moonshine conjecture for Conway’s group Co0 for
elements of squarefree level and nontrivial fixpoint lattice (see section 10). The
general case is first described in [S2] to prove the moonshine conjecture for Co0

for elements of squarefree level and trivial fixpoint lattice.
Some of the results of this section are also described in [S2]. We have in-

cluded them to give a more self-contained presentation of the methods we use.
Now we describe the Weil representation for lattices of squarefree level. Note

that such lattices have even signatures by the oddity formula.
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Theorem 6.3

Let L be a lattice of squarefree level and M =
(

a b
c d

)

in Γ. Then M acts in the

Weil representation as

ρD(M)eγ = ξ

√

|Dc|
√

|D|
∑

β∈Dc

e(−aβ2/2c)e(−bβγ)e(−bdγ2/2)edγ+β

where

ξ = e(sign(D)/8)

(

d

|Dc|

)(

c

|Dc|

)

∏

p|c

γp(D) .

Note that for β ∈ Dc the expression β2/2c mod 1 is well defined. If cd = 0
we use the definition

(

0
1

)

= 1. The proof of the theorem is rather tedious and
therefore will be described elsewhere. We use the result to calculate the above
lift from scalar valued modular forms to vector valued modular forms explicitly.

Let N be a squarefree positive integer. Suppose the level of L divides N . In
this case the character χD reduces to

χD(j) =

(

j

|D|

)

.

Let f be a modular function for Γ0(N) of character χD and integral weight. For
each positive divisor c of N we choose a matrix

Mc =

(

a b
c d

)

in Γ with d = 1 mod c and d = 0 mod c′ where c′ = N/c. Then

fc(τ) = f |Mc
(τ)

is an expansion of f at the cusp 1/c. The matrices

McT
k k mod c′

represent the cosets of Γ0(N)\Γ which map ∞ to the cusp 1/c. Since fc has a
Fourier expansion in powers of qc′ we can write

fc(τ) = gc′,0(τ) + gc′,1(τ) + . . .+ gc′,c′−1(τ)

where
gc′,j |T (τ) = e(j/c′) gc′,j(τ) .

It is easy to see that

gc′,j(τ) =
1

c′

∑

k mod c′

e(−jk/c′) f |McTk (τ)

and
f |McT j (τ) =

∑

k mod c′

e(jk/c′) gc′,k(τ) .
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Let S0 be an isotropic subset of D which is invariant under (Z/NZ)∗ and F
the lift of f with support S0. If S0 ∩ (µ +Dc′) is nonempty we define jµ,c′ by
jµ,c′/c

′ = −µ2/2 mod 1. We have

Theorem 6.4

The vector valued modular form F is given by

F (τ) =
∑

µ∈D

∑

c|N

∑

γ∈S0∩(µ+Dc′ )

ξc

√

|Dc|
√

|D|
e(−c−1µγ)c′gc′,jµ,c′

(τ) eµ .

where c−1 is the inverse of c modulo c′ and

ξc = e(sign(D)/8)

( −c
|Dc′ |

)

∏

p|c

γp(D)

=

( −c
|Dc′ |

)

∏

p|c′

γp(D) .

Proof: From the last theorem we get for isotropic γ

ρD(M−1
c )eγ = ξc

√

|Dc|
√

|D|
∑

β∈Dc′

e(bβγ)eaγ+β

= ξc

√

|Dc|
√

|D|
∑

β∈Dc′

e(bβγ)eγ+β

= ξc

√

|Dc|
√

|D|
∑

β∈Dc′

e(−c−1βγ)eγ+β

with

ξc = e(sign(D)/8)

( −c
|Dc′ |

)

∏

p|c

γp(D)

so that

F =
∑

c|N

∑

k mod c′

∑

γ∈S0

f |McTk ρD((McT
k)−1)eγ

=
∑

c|N

∑

k mod c′

∑

γ∈S0

f |McTk ρD(T−k)ρD(M−1
c )eγ

=
∑

c|N

∑

k mod c′

∑

γ∈S0

∑

β∈Dc′

ξc

√

|Dc|
√

|D|
e(−c−1βγ)f |McTk e(k(γ + β)2/2)eγ+β .
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Now we replace µ = γ + β to get

F =
∑

µ∈D

∑

c|N

∑

k mod c′

∑

γ∈S0∩(µ+Dc′ )

ξc

√

|Dc|
√

|D|
e(−c−1µγ)f |McTk e(kµ2/2)eµ

=
∑

µ∈D

∑

c|N

∑

γ∈S0∩(µ+Dc′ )

ξc

√

|Dc|
√

|D|
e(−c−1µγ)c′gc′,jµ,c′

eµ .

This proves the theorem. �

For isotropic subgroups we obtain

Theorem 6.5

Suppose S0 is an isotropic subgroup. Then F is given by

F (τ) =
∑

c|N

∑

cµ∈S⊥

0

c′µ∈S0

ξc |S0 ∩Dc′ |
√

|Dc|
√

|D|
c′gc′,jµ,c′

(τ) eµ .

Proof: We have to calculate

∑

γ∈S0∩(µ+Dc′ )

e(−c−1µγ) .

Decompose S0 = (S0 ∩ Dc) ⊕ (S0 ∩ Dc′) and µ = µc + µc′ with respect to
D = Dc ⊕Dc′ . Then

S0 ∩ (µ+Dc′) =

{

µc + (S0 ∩Dc′) if µc ∈ S0 ∩Dc

∅ otherwise .

Suppose µc ∈ S0 ∩Dc. Then

∑

γ∈S0∩(µ+Dc′ )

e(−c−1µγ) =
∑

γc′∈S0∩Dc′

e(−c−1µc′γc′) .

This sum is |S0 ∩ Dc′ | if µc′ ⊥ S0 ∩ Dc′ and 0 otherwise. This implies the
statement. �

In the case of trivial support the formula simplifies to

F (τ) =
∑

c|N

∑

µ∈Dc′

ξc

√

|Dc|
√

|D|
c′gc′,jµ,c′

(τ) eµ

with jµ,c′/c
′ = −µ2/2 mod 1 for µ in Dc′ . We will use this result to lift Eisen-

stein series and eta products to vector valued modular forms.
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7 Eisenstein series for the Weil representation

In this section we construct Eisenstein series for the Weil representation by
lifting scalar valued Eisenstein series and calculate them explicitly for lattices
of squarefree level.

Let L be an even lattice of even dimension and level dividing N with dis-
criminant form D. We denote the Weil representation of D by ρ and the corre-
sponding character by χ. We can construct Eisenstein series for the dual Weil
representation by lifting

Ek,χ(τ) =
∑

M∈Γ1(N)\Γ0(N)

χ(M)E∗M
k (τ) .

The Eisenstein series obtained in this way are symmetrizations of Bruinier’s
Eisenstein series (cf. [Br], [BrK]).

Suppose L has squarefree level N . We calculate explicitly the coefficients of
the Eisenstein series

E(τ) =
∑

M∈Γ0(N)\Γ

Ek,χ|M (τ) ρ(M−1)e0 .

Let c be a positive divisor of N . As above decompose Ek,χ,c into functions gc′,j
with gc′,j |T = e(j/c′) gc′,j . For µ inDc′ we define jµ,c′ by jµ,c′/c

′ = µ2/2 mod 1.
Then

E(τ) =
∑

c|N

∑

µ∈Dc′

ξc

√

|Dc|
√

|D|
c′gc′,jµ,c′

(τ) eµ

with

ξc = e(− sign(D)/8)

( −c
|Dc′ |

)

∏

p|c

γp(D) .

The Eisenstein series E has components

Eγ(τ) =
∑

c|N
c′γ=0

ξc

√

|Dc|
√

|D|
c′gc′,jγ,c′

(τ)

and the coefficient of Eγ at qn is given by

[Eγ ](n) =
∑

c|N
c′γ=0

ξc

√

|Dc|
√

|D|
c′[Ek,χ,c](n) .

Theorem 7.1

Suppose χ(−1) = (−1)k. Let γ be in the discriminant form and n a positive
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rational number with n = γ2/2 mod 1. Then

[Eγ ](n) = −2
L(k, ψ)

L(k, χ)

mk

Nk

2k

Bk,ψ
∑

c|N
c′γ=0

ψc(N/mc)ψc′(−c)
ψc(2)

ψ(2)

εc
ε

√

mc|Dc|
√

m|D|
c′ak,χ,c(c

′n)

with

εc =
∏

p|c/mc

εp

(−1

p

)np/2
∏

p|mc

εp

(

mc/p

p

)(−1

p

)(np+1)/2

ε = εN .

Proof: If 2|N then
γ2(D) = e(oddity(D)/8) = ε2 .

For odd p we have

γp(D) = e(−p-excess(D)/8)

= εp e(−np(p− 1)/8)

=























εp

(

−1
p

)np/2

if np is even

εp

(

2
p

)

if np is odd and p = 1 mod 4

εp

(

2
p

)

(−1)(np+1)/2 (−i) if np is odd and p = 3 mod 4 .

Hence
φc
√

|Dc|
∏

p|c

γp(D) = εcψc(2)
√
mc

√

|Dc| .

The theorem now follows from

ξc = ψc′(−c)
∏

p|c γp(D)
∏

p|N γp(D)

and Th. 5.1. �

Theorem 7.2

The constant term in E0 is

[E0](0) = 2 .

We remark that the numbers
√

mc|Dc| and
√

m|D| are integers so that the
coefficients of E are rational.

The advantage of the above Eisenstein series compared to the approach in
[Br] and [BrK] is that we obtain much simpler expressions for the coefficients
which is due to fact that we can describe the Weil representation explicitly.
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8 Automorphic products

We recall Borcherds’ singular theta correspondence [B3]. This correspondence
maps vector valued modular forms for the Weil representation to automorphic
forms for orthogonal groups.

Let M be an even lattice and G(M) the Grassmannian of maximal negative
definite subspaces of M ⊗ R . G(M) is a symmetric space acted on by the
orthogonal group OM (R). Suppose F is a modular form for the Weil represen-
tation ρ of M . Integrating F against the Siegel theta function of M gives an
automorphic form ΦM on G(M) for a discrete subgroup of OM (R). If M has
signature (n, 2) then ΨM = exp(ΦM ) has a nice product expansion which is
described in

Theorem 8.1

Let M be an even lattice of signature (n, 2) and F a modular form of weight

1 − n/2 and representation ρ which is holomorphic on H and meromorphic at

cusps and whose coefficients [Fγ ](m) are integers for m ≤ 0. Then there is a

meromorphic function ΨM (ZM , F ) for Z ∈ P with the following properties:

1. ΨM (ZM , F ) is an automorphic form of weight [F0](0)/2 for the group

Aut(M,F )+ with respect to some unitary character.

2. The only zeros or poles of ΨM lie on the rational quadratic divisors λ⊥

for λ ∈M with λ2 > 0 and are zeros of order
∑

0<x, xλ∈M ′

[Fxλ](−x2λ2/2)

or poles if this number is negative.

3. ΨM is a holomorphic function if the orders of all zeros are nonnegative.

If in addition M has dimension at least 5, or if M has dimension 4 and

contains no 2 dimensional isotropic sublattice, then ΨM is a holomorphic

automorphic form. If in addition [F0](0) = n − 2 then ΨM has singular

weight and the only nonzero Fourier coefficients of ΨM correspond to norm

0 vectors in L.

4. For each primitive norm 0 vector z in M and for each Weyl chamber W
of L = K/Zz with K = M ∩ z⊥ the restriction Ψz(Z, F ) has an infinite

product expansion converging when Z is in the neighborhood of the cusp

of z and Y ∈W which is up to a constant

e
(

(Z, ρ(L,W,FL))
)

∏

λ∈L′

(λ,W )<0

∏

δ∈M ′/M
δ|K=λ

(

1 − e((λ, Z) + (δ, z′))
)[Fδ ](−λ2/2)

.

If n ≥ 3 it is actually sufficient to assume that the coefficients [Fγ ](m) are inte-
gers for m < 0 (cf. [Br], Th. 3.22). Then the coefficient [F0](0) is automatically
integral because automorphic forms on On,2(R)+ with n ≥ 3 have half-integral
weight (cf. [H], section 7.3).
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9 Symmetric and reflective forms

In this section we define symmetric and reflective forms. We introduce these
notions because we are interested in automorphic products which correspond to
generalized Kac-Moody algebras.

Let L be an even lattice of level N and signature (n, 2) where n is even and
n ≥ 4. We restrict to even dimensions because we defined the Weil represen-
tation only in this case. However this restriction is not essential. Let F be a
modular form for the Weil representation on L.

We say that F is symmetric if F is invariant under the automorphisms of
the discriminant form. Examples of such modular forms are lifts with trivial
support. If L has squarefree level and F is a symmetric form on L then the
components Fγ only depend on the norm and order of γ.

An automorphic product is symmetric if it is the theta lift of a symmetric
modular form.

We say that F is reflective if F has weight 1−n/2 and the only singular terms
of F are of the form q−1/k and come from components Fγ with γ corresponding
to roots of L.

Let F be a reflective modular form on L. For elements γ in the discriminant
form of L with γ2/2 = 1/k mod 1 and kγ = 0 where k|N we denote the co-
efficient of Fγ at q−1/k by cγ,k, i.e. cγ,k = [Fγ ](−1/k). The coefficients cγ,k
are 0 or 1 and cγ,k = 1 is only possible if γ corresponds to roots. The coeffi-
cients cγ,k determine F uniquely because F is fixed by its principal part. We
call F completely reflective if cγ,k = 1 for all γ corresponding to roots. In the
squarefree level case this implies that the principal part of F is invariant under
the automorphisms of the discriminant form. Then F is symmetric because F
can be written as a sum over Poincare series (cf. [Br], Prop. 1.12) and the Weil
representation commutes with the automorphisms of the discriminant form.

An automorphic product Ψ is called reflective if it is the theta lift of a
reflective modular form F . The zeros of Ψ lie on rational quadratic divisors λ⊥

where λ is a positive norm vector in L. Since rational multiples of λ define the
same divisor (cf. [B2], section 5) we will restrict to primitive vectors. The order
of λ⊥ is given by

∑

0<k∈Q

λ∈kL′

[Fλ/k ](−λ2/2k2) .

We show now that the divisors of Ψ correspond to roots and have order 0 or 1.

Proposition 9.1

Let k be a positive rational number and λ a primitive vector in L of positive

norm with λ/k ∈ L′. Suppose the contribution [Fλ/k](−λ2/2k2) of λ/k to the

order of λ⊥ is nonnegative. Then k is an integer dividing N and either λ2 = 2k
or λ2 = k. If the contribution is strictly positive then in addition every vector

α in L∩ cL′, where c = k if λ2 = 2k and c = 2k if λ2 = k, of norm α2 = 2c with

α/c = λ/k mod L is a root.
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Proof: The vector λ/k adds [Fλ/k ](−λ2/2k2) to the order of λ⊥. This number
can only be nonnegative if λ2/2k2 = 1/c and the order of λ/k as element in
the discriminant form divides c for some positive divisor c of N . The condition
λ2/2k2 = 1/c implies k2 = cλ2/2 so that k is an integer, c|k2 and λ2 = 2k2/c.
λ is primitive so that λ/k has order k and k|c. From λ/k ∈ L′ we get λ2/k ∈ Z

and c|2k. Hence k is an integer with k|c|2k. It follows c = k and λ2 = 2k or
c = 2k and λ2 = k. Of course k is even in the last case. The last statement is
clear from the definition of reflective. �

Proposition 9.2

Let λ be a root of L of norm 2d. Then the divisor λ⊥ has order cλ/d,d.

Proof: We only have to show that there are no further contributions to the
order of λ⊥. Suppose k is a positive rational number and λ ∈ kL′. Then λ/k
gives a nonnegative contribution to λ⊥ only if k is an integer dividing N and
λ2 = 2k or λ2 = k. In the first case k = d and this contribution has already
been accounted for. If λ2 = k then 2d = k. Now the vector α = 2λ has norm
α2 = 2c with c = 2k, is in cL′ and α/c = λ/k. But α is not primitive hence not
a root. This implies that λ/k does not give a positive contribution to the order
of λ⊥. �

Proposition 9.3

Let λ be a primitive vector of positive norm in L. Suppose λ⊥ has positive

order. Then λ is a root of L.

Proof: By Prop. 9.1 we have λ ∈ kL′ and λ2 = 2k or λ2 = k for some positive
divisor k of N . In the first case λ is clearly a root. In the second case define
d = k/2. Then λ2 = 2d and λ ∈ kL′ = 2dL′ ⊂ dL′ and λ is also a root in this
case. �

In our classification of automorphic products we will consider reflective forms
because the divisors of these forms correspond to roots, so that their Weyl
chambers are Weyl chambers of reflection groups, and have order 1 as the real
roots of generalized Kac-Moody algebras. We will also restrict to symmetric
forms amongst others because this excludes old forms which would lead to the
same generalized Kac-Moody algebras.

Our definitions of reflective forms are motivated by Borcherds’ definition of
reflective scalar valued modular forms in [B4] and Gritsenko and Nikulin’s def-
inition of reflective automorphic forms in [GN]. There a reflective automorphic
form denotes an automorphic forms whose divisors are orthogonal to roots. Our
definition is more restrictive because we also assume that the divisors have order
1.

10 Moonshine for Conway’s group

Moonshine for Conway’s group describes a relation between Conway’s group
Co0, automorphic forms and generalized Kac-Moody superalgebras similar to
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moonshine for the monster group (cf. [S1] and [S2]). The correspondence gives
most of the known examples of automorphic products of singular weight.

Conway’s group Co0 is the automorphism group of the Leech lattice Λ. The
characteristic polynomial of an element g in Aut(Λ) of order n can be written
as
∏

k|n(xk − 1)bk and the symbol
∏

kbk is called cycle shape of g. The eta
product of g

ηg(τ) =
∏

η(kτ)bk

is a modular function of trivial character for a group of level N . The smallest
N with this property is called level of g.

The Leech lattice has a unique central extension

0 → {±1} → Λ̂ → Λ → 0

such that the commutator of the inverse images of α, β in Λ is (−1)(α,β). The
automorphism group Aut(Λ̂) = 224.Aut(Λ) acts naturally on the fake monster
algebra. This is a generalized Kac-Moody algebra representing the physical
states of a bosonic string moving on a 26 dimensional torus. We obtain twisted
denominator identities by taking the trace over Λ∗(E) = H∗(E). Each element
g in Aut(Λ) has a lift ĝ to Aut(Λ̂) which acts trivial on the inverse image
of the fixpoint lattice Λg. The corresponding twisted denominator identity is
independent of the choice of ĝ. We conjecture:

The identity is of the form

eρ
∏

α∈L+

(1 − eα)mult(α) =
∑

w∈W

det(w)w(ηg(e
ρ))

where

mult(α) =
∑

dk|((α,L),n̂)

µ(k)

dk
tr(ĝd|Ẽα/dk) ,

L is a sublattice of Λg ⊕ II1,1, ρ = (0, 0, 1) and W is a reflection group of L.

This is the denominator identity of a generalized Kac-Moody superalgebra. More-

over the identity defines an automorphic form of singular weight k/2, where

k = dim Λg, for a discrete subgroup of Ok+2,2(R)+ in the image of the singular

theta correspondence.

We have

Theorem 10.1

The conjecture is true for elements of squarefree level.

The assertion is proven in [S1] for elements of squarefree level and nontrivial
fixpoint lattice and in [S2] for elements of squarefree level and trivial fixpoint
lattice.

We give an outline of the proof for nontrivial fixpoint lattices. Let g be
an element in Aut(Λ) of squarefree level N and nontrivial fixpoint lattice Λg.
Then g has order N . Borcherds shows in [B1] that the twisted denominator
identity of an element in Aut(Λ) satisfying certain conditions has the form
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stated in the conjecture and is the denominator identity of a generalized Kac-
Moody superalgebra. The conditions are satisfied in particular by elements of
squarefree level so that we only have to prove the automorphic properties of the
twisted denominator identity of g. We show them as follows. We lift the scalar
valued modular function fg = 1/ηg to a vector valued modular form Fg on the
lattice Λg ⊕ II1,1 ⊕ II1,1(N). The support of this lift is the trivial subgroup of
the discriminant form. Then we apply the singular theta correspondence to get
an automorphic form Ψg. We can represent this by the following diagram

g → 1/ηg → Fg → Ψg.

Explicit calculation shows that Ψg has singular weight. The theta correspon-
dence gives the product expansions of Ψg at the different cusps. We can calculate
the corresponding sum expansions because Ψg has singular weight so that the
nonzero Fourier coefficients correspond to norm 0 vectors. The expansion of Ψg

at the level N cusp gives the twisted denominator identity of the fake monster
algebra corresponding to g

eρ
∏

k|N

∏

α∈(L∩kL′)+

(1 − eα)[ckfg |Wk
](−α2/2k) =

∑

w∈W

det(w)w(ηg(e
ρ)) .

Here ck is a constant such that ckfg|Wk
has constant term bk.

The nicest special case of the above result is the following. Recall that the
Mathieu group M23 acts on the Leech lattice.

Theorem 10.2

Let N be a squarefree integer such that σ1(N)|24. Then there is an element g

in M23 of order N with cycle shape
∏

k|N k
24/σ1(N). The eta product ηg is a

cusp form for Γ0(N) with multiplicative coefficients. The fixpoint lattice Λg is

strongly modular and has no roots. Furthermore Λg is the unique lattice in its

genus without roots. The expansion of Ψg at any cusp is given by

eρ
∏

k|N

∏

α∈(L∩kL′)+

(1 − eα)[1/ηg ](−α2/2k) =
∑

w∈W

det(w)w
(

ηg(e
ρ)
)

where L = Λg ⊕ II1,1, ρ = (0, 0, 1) and W is the full reflection group of L.

The identity is the denominator identity of a generalized Kac-Moody algebra

whose real simple roots are the simple roots of W , which are the roots α of

L with (ρ, α) = −α2/2, and imaginary simple roots are the positive multiples

nρ of the Weyl vector with multiplicity 24σ0((N,n))/σ1(N). The denominator

identity of this Lie algebra is an automorphic form of singular weight for the

group Aut(L⊕ II1,1(N))+.

The theorem gives 10 generalized Kac-Moody algebras similar to the fake mon-
ster algebra. We describe them in more detail. We take simple roots αi in L
according to their multiplicity as described in the theorem and form the sym-
metrized Cartan matrix aij = (αi, αj). Then we define Ĝ by generators and
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relations (cf. [B1], section 4). Let G be the quotient of Ĝ by its center. Then
G is a real simple generalized Kac-Moody algebra with Cartan subalgebra nat-
urally isometric to L ⊗ R and root lattice L. The denominator identity of G
is given in the theorem. If N = 1 or 2 the Lie algebra G can be realized as
a bosonic string moving on a target space of dimension 2 + 24σ0(N)/σ1(N).
Probably this holds in all cases.

We obtain further singular weight products by taking Atkin-Lehner involu-
tions.

Theorem 10.3

The function cmfg|Wm
lifts to an automorphic form of singular weight for

Aut(Wm(M))+ on Wm(M) = Wm(Λg) ⊕ II1,1 ⊕ II1,1(N). Up to rescalings

the expansions of this automorphic form are the same as those of Ψg.

In the following table we list the automorphic products we obtain from the
above results. We remark that they are symmetric and reflective in the sense
of the last section. For example we obtain an automorphic product of singular
weight 1 by lifting the function −3η132−63−162 with trivial support to a vector
valued modular form on the lattice II4,2(2

+2
II 3+3) and then applying the singular

theta correspondence. The automorphic product has zeros of order 1 coming
from the roots of II4,2(2

+2
II 3+3) of norm 2.3 . This automorphic product cor-

responds to the class −6F in Co0 transformed by the Atkin-Lehner involution
W3.

weight lattice zeros function class

1 II4,2(2
+2
II 3+3) 1 η1−122336−6 −6F

II4,2(2
+2
II 3+3) 3 −3η132−63−162 −6F,W3

II4,2(2
−4
II 3−3) 2 −2η122−13−663 −6F,W2

II4,2(2
−4
II 3−3) 6 6η1−623326−1 −6F,W6

II4,2(2
+4
II 7−3) 1, 7 η112−27114−2 −14B

II4,2(2
+2
II 7−3) 2, 14 2η1−2217−2141 −14B,W2

II4,2(3
+35−3) 1, 15 η1−2315115−2 15E

II4,2(3
−35+3) 3, 5 −η113−25−2151 15E,W3

II4,2(23−3) 1, 23 η1−123−1 23A,B

II4,2(2
+4
II 3−35+3) 1, 2, 3, 5, 15, 30 η1−131516−110−115−1 30D

II4,2(2
+4
II 3+35−3) 1, 3, 5, 6, 10, 15 η112−13−15−115130−1 −30D

II4,2(2
+2
II 3+35−3) 1, 2, 6, 10, 15, 30 η2−13−15−16110130−1 −30E

II4,2(2
+2
II 3−35+3) 2, 3, 5, 6, 10, 30 η1−1216−110−115−1301 −30E,W3
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weight lattice zeros function class

2 II6,2(5
+5) 1 η115−5 5C

II6,2(5
+3) 5 5η1−551 5C,W5

II6,2(2
+6
II 3−4) 1, 3 η122−4326−4 −6E

II6,2(2
+2
II 3−4) 2, 6 4η1−4223−462 −6E,W2

II6,2(2
−4
II 3−6) 1, 2 η11213−36−3 6F

II6,2(2
−4
II 3−2) 3, 6 3η1−32−33161 6F,W3

II6,2(2
−6
II 5−3) 1, 5, 10 η1−22−15210−3 10D

II6,2(2
−6
II 5−5) 1, 2, 5 η122−35−210−1 −10D

II6,2(2
+2
II 5+5) 1, 2, 10 η1−3225−110−2 −10E

II6,2(2
+2
II 5+3) 2, 5, 10 η1−12−25−3102 −10E,W5

II6,2(11−4) 1, 11 η1−211−2 11A

II6,2(2
+4
II 7−4) 1, 2, 7, 14 η1−12−17−114−1 14B

II6,2(3
+45−4) 1, 3, 5, 15 η1−13−15−115−1 15D

3 II8,2(3
−7) 1 η133−9 3C

II8,2(3
−3) 3 9η1−933 3C,W3

II8,2(2
−8
II 3+3) 1, 3, 6 η1−42−1346−5 6C

II8,2(2
−8
II 3+7) 1, 2, 3 η142−53−46−1 −6C

II8,2(2
+2
II 3−7) 1, 2, 6 η1−5243−16−4 −6D

II8,2(2
+2
II 3−3) 2, 3, 6 η1−12−43−564 −6D,W3

II8,2(7
−5) 1, 7 η1−37−3 7B

4 II10,2(2
+10
II ) 1 η182−16 −2A

II10,2(2
+2
II ) 2 16η1−1628 −2A,W2

II10,2(5
+6) 1, 5 η1−45−4 5B

II10,2(2
+6
II 3−6) 1, 2, 3, 6 η1−22−23−26−2 6E

6 II14,2(3
−8) 1, 3 η1−63−6 3B

8 II18,2(2
+10
II ) 1, 2 η1−82−8 2A

12 II26,2 1 η1−24 1A

11 The residue theorem

In this section we derive a necessary condition for the existence of a reflective
form.

Let L be an even lattice of even dimension with discrimant form D. Let
F =

∑

Fγe
γ be a modular form for the Weil representation ρ of weight 2 − k

and E =
∑

Eγe
γ the Eisenstein series for ρ of weight k. The unitarity of ρ
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implies that
∑

FγEγ is a scalar valued modular function for Γ of weight 2.
Hence

∑

FγEγdτ defines a meromorphic 1-form on the Riemann sphere with a
pole at ∞. By the residue theorem its residue has to vanish. This implies that
the constant term in the Fourier expansion of

∑

FγEγ is 0.
We calculate this condition explicitly for lattices of squarefree level and re-

flective modular forms. Let L be an even lattice of signature (n, 2) with n ≥ 4
and squarefree level N . Define k = 1 + n/2. Then k ≥ 3. Let F be a reflective
modular form on L of weight 2 − k. We also assume that F is symmetric or
equivalently that the singular coefficients cγ,d depend only on d so that we can
denote them by cd. In particular cd is 0 or 1. Recall that

Nd =
∏

p|md

(

pnp−1 + εp

(−1

p

)(np−1)/2(
2

p

)(

d/p

p

)

p(np−1)/2

)

∏

p|d/md

(

pnp−1 − εp

(−1

p

)np/2

p(np−2)/2

)

is the number of elements in the discriminant form of order d and norm 1/d
mod 1 (cf. section 3). We keep the notation from sections 5 and 7.

Theorem 11.1

Let L be an even lattice of signature (n, 2) with n ≥ 4 and squarefree level N .

Write k = 1 + n/2. Let F be a modular form of weight 2 − k on L which is

symmetric and reflective. Suppose F has singular coefficients cd and constant

coefficient 2(k − 2) in F0. Then

k

k − 2

1

Bk,ψ

L(k, ψ)

L(k, χ)

mk

Nk

∑

cd|N

εc,d cdNd

√

mc |Dc|
√

m |D|
Nk

ckdk−1
= 1

with

εc,d = ψc(N
2/cdmc)ψc′(−c)

ψc(2)

ψ(2)

εc
ε
bc .

Proof: Note that

ψ(−1) =

(−1

|D|

)

= e(sign(D)/4) = (−1)k .

Let Ed be the coefficient [Eγ ](1/d) of Eγ where γ has order d and norm γ2/2 =
1/d mod 1. Then by Th. 7.1 Ed is

−2
L(k, ψ)

L(k, χ)

mk

Nk

2k

Bk,ψ
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times

∑

c|N
c′γ=0

ψc(N/mc)ψc′(−c)
ψc(2)

ψ(2)

εc
ε

√

mc|Dc|
√

m|D|
c′ak,χ,c(c

′/d)

=
∑

d|c′

ψc(N/mc)ψc′(−c)
ψc(2)

ψ(2)

εc
ε

√

mc|Dc|
√

m|D|
c′ψc(N/cd)bc(N/cd)

k−1

=
∑

cd|N

εc,d

√

mc|Dc|
√

m|D|
Nk

ckdk−1
.

Since the only constant coefficient in the Fourier expansion of E is [E0](0) = 2
the constant term in the Fourier expansion of

∑

FγEγ is given by

4(k − 2) +
∑

d|N

cdNdEd .

This implies the theorem. �

In some cases we can simplify the equation given in the theorem.
Suppose L has prime level p. Then the necessary condition can be written

k

k − 2

1

Bk

1

pk − 1

(

εp

(−1

p

)np/2 (

pk−np/2c1 + pnp/2cp

)

− c1 − cp

)

= 1

if np is even and

k

k − 2

1

Bk,ψ
(

εp

(

2

p

)(−1

p

)(np−1)/2
(

pk−(np+1)/2c1 + p(np−1)/2cp

)

+ c1 + cp

)

= 1

if np is odd.
If all Jordan components have even rank and all cd are 1 then the necessary

condition takes the following form

k

k − 2

1

Bk

∏

p|N

1

pk − 1

(

εp

(−1

p

)np/2 (

pk−np/2 + pnp/2
)

− 2

)

= 1 .

We remark that the above argument can be applied to every modular form
for ρ of weight k, for example to the lift of Ek,χ with nontrivial support. The
problem is that the equation we get in general not only involves the coefficients
cd but also coefficients of F which we do not know. It is not difficult to see that
∑

FγEγ is actually equal to j ′ up to a constant factor. If we want to compare
higher coefficients the same problem occurs.
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12 Classification results

In this section we analyze the necessary condition given in Th. 11.1 for the exis-
tence of a symmetric and reflective automorphic product of singular weight on
a lattice of squarefree level. There are only finitely many solutions to this equa-
tion if we restrict to discriminant forms whose p-groups do not have maximal
rank. We determine the solutions by computer search. In the prime level case
all solutions come from automorphisms of the Leech lattice. This is no longer
true in the general case. We also derive a classification result for generalized
Kac-Moody algebras with automorphic denominator identity.

Let L be an even lattice of signature (n, 2) with n ≥ 4 and squarefree level
N . We study the equation given in Th. 11.1.

Proposition 12.1

We have the following inequality

∣

∣

∣

∑

cd|N

εc,d cdNd

√

|Dc|
√

|D|

√
mc

ckdk−1

∣

∣

∣ ≤
∏

p|N

(

p−np/2 + pnp/2−k + 2m1/2
p p−k

)

.

Proof: Using

Nd ≤ σ(d)
|Dd|
d

with
σ(d) =

∏

p|d

(

1 +m1/2
p p−np/2

)

we get

∣

∣

∣

∑

cd|N

εc,d cdNd

√

|Dc|
√

|D|

√
mc

ckdk−1

∣

∣

∣ ≤
∑

cd|N

Nd

√

|Dc|
√

|D|

√
mc

ckdk−1

≤
∑

cd|N

σ(d) |Dd|
√

|Dc|
√

|D|

√
mc

ckdk
.

The last expression is multiplicative considered as a function of N . This implies
the statement. �

Recall that np denotes the p-rank of L.

Proposition 12.2

Suppose 1 ≤ np ≤ n+ 1. Then the equation in Th. 11.1 can only be solved if

2(k − 2)
ζ(2k)

ζ(k)

(k − 1)!

(2π)k
≤
∏

p|N

(

1

pnp/2
+

1

pk−np/2
+

2m
1/2
p

pk

)

≤
∏

p|m

1

p1/2

(

1 +
3

pk−1

)

∏

p|N/m

1

p

(

1 +
1

pk−2
+

2

pk−1

)
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Proof: The condition in Th. 11.1 can only be satisfied if

1 =
k

k − 2

∣

∣

∣

L(k, ψ)

Bk,ψ

∣

∣

∣mk−1/2 1

L(k, χ)

∣

∣

∣

∑

cd|N

εc,d cdNd

√

|Dc|
√

|D|

√
mc

ckdk−1

∣

∣

∣ .

The inequalities
∣

∣

∣

L(k, ψ)

Bk,ψ

∣

∣

∣mk−1/2 ≤ 1

2

(2π)k

k!

and

L(k, χ) =
∏

p

1

1 − χ(p)p−k
≥
∏

p

1

1 + p−k
=
ζ(2k)

ζ(k)

together with the last proposition show that the condition can only be satisfied
if

1 ≤ k

k − 2

1

2

(2π)k

k!

ζ(k)

ζ(2k)

∏

p|N

(

1

pnp/2
+

1

pk−np/2
+

2m
1/2
p

pk

)

This implies the first inequality.
Suppose p|m. Then np is odd and mp = p. We have

1

pnp/2
+

1

pk−np/2
≤ 1

p1/2
+

1

pk−1/2

so that
1

pnp/2
+

1

pk−np/2
+

2m
1/2
p

pk
≤ 1

p1/2

(

1 +
3

pk−1

)

.

For mp = 1 we obtain in the same way

1

pnp/2
+

1

pk−np/2
+

2m
1/2
p

pk
≤ 1

p

(

1 +
1

pk−2
+

2

pk−1

)

.

This proves the second inequality. �

We have

∏

p|m

1

p1/2

(

1 +
3

pk−1

)

∏

p|N/m

1

p

(

1 +
1

pk−2
+

2

pk−1

)

≤ 1

2

(

1 +
1

2k−3

)

∏

p|N
p≥3

1

p1/2

(

1 +
3

pk−1

)

if N is even and

∏

p|m

1

p1/2

(

1 +
3

pk−1

)

∏

p|N/m

1

p

(

1 +
1

pk−2
+

2

pk−1

)

≤
∏

p|N

1

p1/2

(

1 +
3

pk−1

)
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if N is odd. In both cases the right hand side is bounded above by 1. Since

2(k − 2)
ζ(2k)

ζ(k)

(k − 1)!

(2π)k
−−−−→
k→∞

∞

this implies that the condition in Th. 11.1 can be satisfied for at most finitely
many k. For a fixed value of k there are at most finitely many N meeting the
condition because

∏

p|N
p≥3

1

p1/2

(

1 +
3

pk−1

)

−−−−→
N→∞

0

for squarefree N . Thus

Theorem 12.3

The number of automorphic products of singular weight which are symmetric

and reflective on lattices of signature (n, 2) with n > 2, squarefree level and

p-ranks at most n+ 1 is finite.

The finiteness result depends on the condition on the p-ranks. This condition
prevents us from discussing rescalings. It is satisfied for example for lattices
splitting a hyperbolic plane.

We can easily determine explicit bounds on k and N .

Proposition 12.4

Suppose 1 ≤ np ≤ n + 1. Then the equation in Th. 11.1 can only be solved if

k ≤ 14 and N < 2.3.5.7.11.13 .

Proof: The inequality

2(k − 2)
ζ(2k)

ζ(k)

(k − 1)!

(2π)k
≤ 1

implies k ≤ 14. For k = 3 and odd N the condition

2(k − 2)
ζ(2k)

ζ(k)

(k − 1)!

(2π)k
≤ 1√

N

∏

p|N

(

1 +
3

pk−1

)

can only be satisfied for N < 3.5.7.11.13 . Hence for k = 3 the equation in Th.
11.1 can only be solved if N < 2.3.5.7.11.13 . It is easy to see that this bound
on N also holds for the other values of k. �

Now we can determine the solutions of the necessary condition in Th. 11.1
by computer calculations. We fix k with 3 ≤ k ≤ 14 . For each squarefree
N < 2.3.5.7.11.13 satisfying

2(k − 2)
ζ(2k)

ζ(k)

(k − 1)!

(2π)k
≤
∏

p|N

1

p1/2

(

1 +
3

pk−1

)
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if N is odd resp.

2(k − 2)
ζ(2k)

ζ(k)

(k − 1)!

(2π)k
≤ 1

2

(

1 +
1

2k−3

)

∏

p|N
p≥3

1

p1/2

(

1 +
3

pk−1

)

if N is even we construct the possible discriminant forms of even lattices of
signature (n, 2), level N and p-ranks at most n + 1 where n = 2k − 2. If
a discriminant form satisfies the first condition in Prop. 12.2 we check if the
equation in Th. 11.1 holds for suitable singular coefficients. We find the following
results.

Theorem 12.5

Let L be an even lattice of signature (n, 2) with n > 2, prime level p and p-rank

at most n + 1. Suppose Ψ is an automorphic product of singular weight on L
which is symmetric and reflective. Then L is one of the following lattices:

k L

3 II4,2(23−3) (1, 23)

4 II6,2(5
+3) (5), II6,2(5

+5) (1),

II6,2(11−4) (1, 11)

5 II8,2(3
−3) (3), II8,2(3

−7) (1),

II8,2(7
−5) (1, 7)

6 II10,2(2
+2
II ) (2), II10,2(2

+10
II ) (1),

II10,2(5
+6) (1, 5)

8 II14,2(3
−8) (1, 3)

10 II18,2(2
+10
II ) (1, 2)

The numbers in brackets give the root lengths of the divisors of Ψ. The auto-

morphic form Ψ corresponds to a unique class of order p in Co0 and can be

obtained by lifting 1/ηg or an Atkin-Lehner transformation thereof as described

above.

In the case p = 23 the class is only unique up to algebraic conjugacy. Conway’s
group Co0 has order 222.39.54.72.11.13.23. The Leech lattice has automorphisms
of nontrivial fixpoint lattice for each prime dividing the order of Co0 except 13.

Theorem 12.6

Let L be an even lattice of signature (n, 2) with n > 2, squarefree level N and p-
ranks at most n+ 1. Suppose Ψ is a reflective automorphic product of singular

weight on L. We assume that the singular coefficients of the corresponding
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vector valued modular form are all 1. Then L is one of the following lattices:

k L

3 II4,2(23−3)

II4,2(2
+2
II 7+113+4), II4,2(2

+2
II 7+513+4), II4,2(2

+4
II 7+113+4),

II4,2(2
+4
II 7+513+4), II4,2(2

+2
II 7−113−2), II4,2(2

+2
II 7−513−2),

II4,2(2
+4
II 7−113−2), II4,2(2

+4
II 7−513−2)

4 II6,2(11−4), II6,2(2
+4
II 7−4), II6,2(3

+45−4),

II6,2(2
−2
II 3−45−4), II6,2(2

−6
II 3−45−4)

5 II8,2(7
−5)

6 II10,2(5
+6), II10,2(2

+6
II 3−6)

8 II14,2(3
−8)

10 II18,2(2
+10
II )

14 II26,2

The 8 lattices of level 2.7.13 are related by Atkin-Lehner transformations. We
have

II4,2(2
+2
II 7+113+4) =

(

4 2
2 8

)

⊕ II1,1(13) ⊕ II1,1(13) .

The 2 lattices of level 2.3.5 are also related by Atkin-Lehner transformations
and

II6,2(2
−2
II 3−45−4) = A2(2) ⊕A2(5) ⊕ II1,1 ⊕ II1,1(15) .

The last theorem implies the following classification result for generalized Kac-
Moody algebras.

Theorem 12.7

Let L be an even lattice of signature (n, 2) with n > 2 and squarefree level N .

Suppose L splits II1,1 ⊕ II1,1(N). Let G be a real generalized Kac-Moody alge-

bra whose denominator identity is a completely reflective automorphic product

of singular weight on L. Then G can be constructed from an element of order

N in M23.

Proof: The lattice II6,2(2
−2
II 3−45−4) does not split II1,1(2) = II1,1(2

+2
II ) and

therefore does not split II1,1 ⊕ II1,1(30) = II1,1(2)⊕ II1,1(15). Since the lattices
II6,2(2

−2
II 3−45−4) and II6,2(2

−6
II 3−45−4) are conjugate under an Atkin-Lehner

involution and II1,1 ⊕ II1,1(30) is strongly modular the lattice II6,2(2
−6
II 3−45−4)

does not split II1,1 ⊕ II1,1(30) either. �

Finally we describe all the solutions of the necessary condition in Th. 11.1.
For k = 3 and 4 we only give the levels because there is very large number of
solutions. In the other cases we give the lattices L and the d for which cd = 1.
We only know in the cases corresponding to the Leech lattice that there actually
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is a vector valued modular form for a given solution. If a vector valued modular
form for a given solution exists it is necessarily unique.

Theorem 12.8

Let L be an even lattice of signature (n, 2) with n > 2, squarefree level N and

p-ranks at most n+1. Suppose Ψ is an automorphic product of singular weight

on L which is symmetric and reflective.

If k = 3 then the level of L is one of the following:

6, 14, 15, 21, 23, 30, 35, 42, 66, 78, 105, 110, 182, 210, 238, 330, 510, 570, 690, 714

If k = 4 then the possible levels of L are:

5, 6, 10, 11, 14, 15, 21, 30, 42, 78

If k ≥ 5 then L and the singular coefficients are given in the following table:

k L

5 II8,2(3
−3) (3), II8,2(3

−7) (1),

II8,2(2
+2
II 3−3) (2, 3, 6), II8,2(2

+2
II 3−7) (1, 2, 6),

II8,2(2
−8
II 3+3) (1, 3, 6), II8,2(2

−8
II 3+7) (1, 2, 3),

II8,2(2
+8
II 3−3) (3, 6), II8,2(2

+8
II 3−7) (1, 2),

II8,2(2
−2
II 3+3) (3, 6), II8,2(2

−2
II 3+7) (1, 2),

II8,2(7
−5) (1, 7),

II8,2(3
−313+2) (1, 39), II8,2(3

−313+8) (3, 13),

II8,2(3
−713+2) (3, 13), II8,2(3

−713+8) (1, 39)

6 II10,2(2
+2
II ) (2), II10,2(2

+10
II ) (1),

II10,2(5
+6) (1, 5),

II10,2(2
+6
II 3−6) (1, 2, 3, 6),

II10,2(2
+2
II 31−2) (1, 62), II10,2(2

+2
II 31−10) (2, 31),

II10,2(2
+10
II 31−2) (2, 31), II10,2(2

+10
II 31−10) (1, 62)

8 II14,2(3
−8) (1, 3)

10 II18,2(2
+10
II ) (1, 2)

14 II26,2 (1)

The lattices II8,2(2
+8
II 3−3), II8,2(2

+8
II 3−7), II8,2(2

−2
II 3+3) and II8,2(2

−2
II 3+7) are

related by Atkin-Lehner transformations. We have II8,2(2
−2
II 3+3) = D4 ⊕ A2 ⊕

II1,1 ⊕ II1,1(3). The lattices of level 3.13 are also related by Atkin-Lehner trans-
formations and II8,2(3

−313+2) = E6 ⊕ II1,1 ⊕ II1,1(39). Finally the lattices of
level 2.31 form an Atkin-Lehner orbit and II10,2(2

+2
II 31−2) = E8⊕II1,1⊕II1,1(62).
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