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The moonshine properties imply that the twisted denominator identities coming
from the action of the monster group on the monster algebra define modular
forms. In this paper we motivate the conjecture that the action of an extension
of Conway’s simple group C'o; on the fake monster algebra gives rise to auto-
morphic forms of singular weight on Grassmannians. We prove the conjecture
for elements with square-free level and nontrivial fixpoint lattice.
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1 Introduction

In his famous paper [B1] on the moonshine conjectures Borcherds constructs
the monster algebra and shows that the monster group acts naturally on it.
From this action he calculates twisted denominator identities by taking the
trace over the denominator identity. These identities give enough information
on the Thompson series of the moonshine module to show that they are haupt-
moduls. In this way Borcherds proved the moonshine conjectures. The fact
that the Thompson series are hauptmoduls implies that the twisted denomina-
tor identities of the monster algebra are modular forms in 2 variables.

*Supported by the Emmy Noether-program.



The fake monster algebra carries a natural action of an extension of the
automorphism group of the Leech lattice. We show that the corresponding
twisted denominator identities are infinite products with multiplicities given by
coefficients of modular forms. This suggests that the identities are images of
vector valued modular forms under Borcherds’ singular theta correspondence
[B2] and therefore are automorphic forms. We also conjecture that they have
singular weight.

We prove the conjecture for elements with square-free level and nontrivial
fixpoint lattice in the following way. Let g be such an automorphism of level
N and fixpoint lattice AY. First we associate to g its cycle shape and the
corresponding eta product n,. Then we lift the scalar valued modular form
f =1/n4 to a vector valued modular form F using the induced representation
of To(N) in SLz(Z). Next we map F' to an automorphic form ¥ of singular
weight (rk A9)/2 by applying the singular theta correspondence. We get the
following diagram

g—1/ng— F —T.

The automorphic form ¥ has an expansion for each divisor of N. The level N
expansion gives the twisted denominator identity corresponding to g

e [T TI (= emfersimdCe/2h — 37 det(w)w(m, ()

k|N ae(LNkL)+ weWw

The function 7, is modular for a genus 0 subgroup I' between I'g(N) and its
normalizer in SL2(R). We show that the number of different expansions of U is
equal to the number of cusps of I'. While the expansion at the level N cusp gives
the twisted denominator identity of the fake monster algebra corresponding to
g, the expansions at the other cusps are often related to twisted denominator
identities of the fake monster superalgebra under the action of OgF (2) (cf. [S1]
and [S2]). Our construction also gives a family of nice generalized Kac-Moody
algebras corresponding to elements of square-free order in Mathieu’s group Mos.

The above construction does not work for arbitrary automorphisms of A. If
we lift an arbitrary element in the above way to an automorphic form ¥, then in
general ¥ neither gives the twisted denominator identity of g nor has singular
weight. This is only true for elements with square-free level and nontrivial
fixpoint lattice and some other sporadic elements.

In forthcoming papers we show how the more complicated cases can be
treated.

We describe the contents of the sections.

In sections 2 to 7 we summarize the results we need for our construction.
Most of them are well known.

In section 8 we describe the fake monster algebra and the twisted denomi-
nator identities under the action of an extension of Conway’s group Co;. We
calculate the multiplicities as coefficients of modular forms and present the main
conjecture.

We prove the conjecture for elements with square-free level and nontrivial
fixpoint lattice using the above construction in section 9. We show that the



number of different expansions of ¥ is equal to the number of cusps of I' and
we calculate the expansions explicitly.

In the last section we derive some special properties of families of elements.
We show that the elements of square-free order in Mag correspond to nice gener-
alized Kac-Moody algebras and that twisted denominator identities of the fake
monster algebra and the fake monster superalgebra often come from the same
automorphic form.

2 Lattices

Let L be a rational lattice with dual L. We write L(k) for the lattice ob-
tained from L by multiplying all norms with k. A root a of L is a primitive
vector of positive norm such that the reflection o, (x) = x — 2(x, @)a/a? is an
automorphism of L. This implies that 2a/a? is in L'

Let L be even. We define the level of L as the smallest positive integer N
such that NA? € 2Z for all A € L'. Let n be the exponent of the discriminant
group L' /L. Then N = n or N = 2n and N|n?. If N is square-free then clearly
N = n. The roots of L can be characterized as follows.

Proposition 2.1

Let L be an even lattice of level N and let o be a root of L with norm o2 = 2k.
Then k|N and o« € L NkL'. Conversely a vector o in L with o® = 2k and
a € LNkL' where k|N is a multiple of a root.

Proof: Let a be a root of L of norm 2k. Then o, (z) = z—2(z, a)a/a? is in L for
all z € L. This implies that 2(z,a)a/a? is in L. Since « is primitive 2(z, o) /a?
must be an integer and 2a/a® = a/k is in L'. Tt follows that Na?/k? = 2N/k
is in 27 because L has level N. This proves the first statement. The proof of
the other direction is clear now.

For example if N is square-free then the roots of L are the vectors in LNkL’
of norm 2k where k ranges over the positive divisors of N.

Now let N be a positive integer such that the level of L divides N. Let m||N
and m’ = N/m. The Atkin-Lehner involution W,,,(L) (cf. [Qu]) is defined as

Wi(L) = vm (L’ N %L) = \/—1% (LNnmL') .

Wi (L) is also an even lattice of level dividing N. The Atkin-Lehner involutions
satisfy

W,i =1 and W, Wi =WiW,, = Wiem with kxm = km/(k,m)?.

If L is invariant under W,, then the same holds for its theta function. L is
called strongly modular if det L = N5)/2 and L is isomorphic to W, (L) for
all m||N.



Proposition 2.2
Let N be a positive integer, m||N and m' = N/m. Then

Ill,l & 11171(N) = Hl,l(m) (&) Hl,l(m/) .

This implies that II 1 @ II1 1(N) is strongly modular.

3 Scalar valued modular forms

The group SLy(R) acts on the upper half plane by fractional linear transforma-
tions. It has a double cover SLy(R) with elements g = (M, ++v/cr + d) where
M = (2%) is in SLy(R). The map M — M = (M,/cr +d) gives a locally

isomorphic embedding of SLy(R) into SLa(R). For a function f on the upper
half plane with values in C and k € Z/2 we define

flo(r) = (EVer +d) 7" f(M).

Let " be a discrete subgroup of SAIZQ(R) containing Z = (( ' %) ,4). A holo-
morphic function f on the upper half plane is a modular form for I' of weight &
and character x if

Flg(r) = x(9)f(7)

for all g in I". We allow singularities at cusps.
Recall that 7(7) = ¢"/#*]],,.,(1 — ¢") is the Dedekind eta function.

Lemma 3.1
Let M = (¢Y) € SLy(Z). Then

1l (1) = e(M)n(r)

where
d
<E) =3¢+ bd(1 —c*) + c(a+d))/24) codd,c>0
y <—d> (Bc=6+bd(1—c*)+cla+d))/24) codd,c<0
e(M) = ¢
(2) ((3d — 3+ ac(l —d?) +d(b—c))/24) ceven,c >0

(_ccl) ((=3d =9+ ac(l—d*) +d(b—c))/24) ceven,c<0

We generalize this as follows. For a positive integer k define

1 E 0
m(r) = n(kr)  and Fkﬁ<o 1).

Then we have



Proposition 3.2

Let M = F, ' (24) FuFn = o= (5 %) (8 9) where (2}) is in SLy(Z).

Suppose we have integers r,s and t > 0 with rt = km, r|chm, th|kb and
km|(dr — chms). Then

Ml (1) = e(FeMN 1) /m/Ven((rr + s) /1)
where N = \/—%(Sf)

Proof: The conditions on 7, s and ¢ imply that

1 at (bk — ahst)/ht
BN = <chm/r (dr — chms)/km
is in SLa(Z). It follows

Ml 37 (7)
= /m (Vehmr +d) (B M)
= ¢m (Vehmr +d) " 'n(FMN~'NT)

— m (Vehmr T d)—l\/cmh (” i S) 4 A= hms e N1 (N7

r t km

= (B MN=) Ym/Ven((rr +5)/1).

This proves the proposition.
We will use this result in the next section to calculate Atkin-Lehner trans-
formations of eta functions.

4 Properties of ['((N)

The group I'g(N) has index N Hp|N(1+1/p) in SLo(Z) and Zd‘N’d>0 o((d, N/d))
equivalence classes of cusps. The invariants of a cusp a/c with (a,c¢) = 1 are
d = (¢, N) and (¢/(c, N))"la considered as element in the group of units of
Z/(d,N/d). The width of a/c is N/(c*, N). A complete set of representatives
for the cusps is given by a/c for ¢|N, ¢ > 0,0 < a < (¢, N/c) and (a,c) = 1.
We describe the normalizer of T'g(N) in SLa(R) (cf. [AL] and [CN]).
Let m||N and m’ = N/m. The matrices

1 fa b\ (m O . a b , _
Wm_ﬁ(c d) (0 1) with (c d)eFo(m) and d =0 mod m

form a coset of I'g(N) in its normalizer in SLy(R). They satisfy
W2 =1 and W,,Wi = WyW,, = Wiem mod To(N).
The W, are called Atkin-Lehner involutions of T'g(XN). The Fricke involution

w9



is a representative of Wiy
Let h|n. We define

To(nlh) = F;'To(n/h)Ey = {(C‘;L b{lh) | (‘c‘ Z) c Fo(n/h)}

_ 1 a b/h\ (m 0
_ 1 _
Wy, = Fp Wy Fp, = — (ch g ) (0 1) for m||n/h.

The wy, are called Atkin-Lehner involutions of I'g(n|h).

The group obtained by adjoining the Atkin-Lehner involutions wy, Wy, - . .
to Tp(n|h) is denoted n|h+k,m, ... and n|h+ if all m||n/h are present. I'g(n|h)
is also written n|h— and h is omitted if h = 1.

Suppose N = nh, h|24 and h?|N. Then the matrices n|h + k,m, ... where
k,m, ... are Hall divisors of n/h normalize I'o(N). The full normalizer of T (V)
in SLy(R) is n|h+ where h is the largest divisor of 24 such that h?|N.

The following proposition describes the action of Atkin-Lehner transforma-
tions on eta functions.

Proposition 4.1
Let h|kln and m||n/h. Then

Nkl = s((a(kvmh)/mk/(k,mh)>) (ALL

C(k’ mh)/k dh/(k, mh) k/h7 m) nh(m*k/h) .

Proof: The statement follows from Prop. 3.2 by taking r = km/(k/h,m), t =
(k/h,m) and s = 0. We show that r|chm. The other conditions on r, s and
t are trivial to check. From k|n and hm|n it follows that khm/(k,hm) =
km/(k/h,m) = r divides n. Now ¢ =0 mod n/hm implies r|chm. This proves
the proposition.

Suppose that N is square-free. Then I'o(V) has index o1(N) = 3>,y d in
SLa(Z) and o9(N) = >_ 45 cusps which can be represented by 1/c where c|N,
¢ > 0. The normalizer of T'o(N) in SLz(R) is I'o(IN)+. Up to scalar factors
the eta product n; with k|N is invariant under I'o(N) and goes over to Mjm
under W,,. The Atkin-Lehner involutions act simply transitive on the cusps.
W, maps the cusp 1/c to the cusp 1/(c* m).

5 Properties of Aut(A)

The automorphism group of the Leech lattice gives probably the simplest and
most natural realization of any of the sporadic simple groups via Aut(A) =
2.001.

Let g be an automorphism of the Leech lattice of order n. Then the char-
acteristic polynomial of g on Q ® A can be written [](z* — 1) where k ranges
over the positive divisors of n. The symbol [] k" is called the cycle shape of g.



Let m be a positive integer. Then g™ has cycle shape [](k/(k,m))?*™) and
trace tr(g™) = >_y,, kbi so that by, =7, u(m/k) tr(g*)/m.

The sum Zkln by, is always even. We define the eta product corresponding
to g as (1) = [l n(k7)%. The level of g is the level of the subgroup of
SLy(Z) fixing n,. It is also the smallest positive multiple N of n such that 24
divides N ) bi/k. The eta product 7, is modular possibly with character of
weight > by /2 for a group between I'g(IN) and its normalizer in SLo(R). Let
h = N/n. Then h|24 and h?|N.

Theorem 5.1
ng Is modular for a genus 0 group of the form n|h + k,m,... .

Proof: This can be proven using Prop. 4.1. If g has trivial fixpoint lattice the
statement follows already from the corresponding result for the monster group.
We list further properties of g.

Theorem 5.2
Let g have nontrivial fixpoint lattice A9.

Then the exponent of A9 divides the order of g and the level of A9 divides
the level of g.

If ny is invariant up to a scalar under Wy, for k||N where N is the level of g
then A9 is also invariant under Wj,.

A9 is the unique lattice in its genus with minimal norm > 4.

A9 is the unique lattice of maximal minimal norm in its genus.

We remark that the converse of the second statement is false. The elements
in class —6F give a counterexample.

We say that 2 elements g and h of the same level are Atkin-Lehner related
if ng|w,. is equal to m, up to a complex scalar. If g has cycle shape [] k% this
is equivalent to h having cycle shape [[(k * m)® = [] k®==. Note that in this
case 1y and 7, have the same weight.

Proposition 5.3

g is either conjugate to no other element or is conjugate to itself or is in
one of the following Atkin-Lehner triples: (6C, —6C, —6D), (10D, —10D, —10F),
(—12H,121,—-121),(—18B,18C, —18C), (30D, —30D, —30F).

Conway and Norton conjectured in [CN] that for each automorphism g of
the Leech lattice the quotient 64 /7, is up to a constant equal to a Thompson
series of the monster group. Lang showed that this is true for all elements but
the Atkin-Lehner triples (cf. [L]).

6 Vector valued modular forms

Suppose that I' is a discrete subgroup of Sig (R) containing Z and p a represen-
tation of " on a complex vector space V. Let k be in Z/2. A holomorphic map



F' from the upper half plane to V' is a modular form for I' of weight k£ and type
p if

F (Z;j db) = (+ver 7 d)2* p(g)F(r)

for all g = ((‘; g) ,EvVer + d) in I'. Again we allow singularities at cusps.
Let L be an even lattice of signature (b™,b7). The discriminant form L'/L

gives a representation pz, of SLy(Z) on the group ring C[L'/L] defined by
pr(T)e = e(—*/2) €

_ e(sign(L)/8) 5
S’ = ——=—2L 2 e((v,0))e
pu(S) T2, P

where S = ((97'),v/7) and T = (({1),1) are the standard generators of

SL, (Z). This representation is called Weil representation. We remark that we
use a slightly different notation than Borcherds in [B2] and [B3] because we
prefer to work with positive definite lattices.

A scalar valued modular form for T'y(N) can be lifted to a vector valued
modular form (cf. [B3]).

Proposition 6.1
Let L be an even lattice of level dividing N and f a scalar valued modular form

for To(N) of weight k and character x. Then

F(r) = Yo flamMerleTHE)

9€To(N)\SL2(2)

is a vector valued modular form of weight k and type pr, that is invariant under
the automorphisms of the discriminant group.

7 The singular theta correspondence

Borcherds’ singular theta correspondence (cf. [B2]) gives a construction of au-
tomorphic forms from vector valued modular forms.

Theorem 7.1

Let M be an even lattice of signature (b™,2) and F a modular form of weight
1 —b" /2 and representation pp; which is holomorphic on H and meromorphic
at cusps and whose coefficients [f)\](m) are integers for m < 0. Then there is a
meromorphic function Vy;(Zp, F) for Z € P with the following properties.

1. O (Zy, F) is an automorphic form of weight [fo](0)/2 for the group
Aut(M, F)* with respect to some unitary character.



2. The only zeros or poles of Uy lie on the rational quadratic divisors A\
for A\ € M with \? > 0 and are zeros of order

Y Fal(=a?2/2)
zgglf/l'

or poles if this number is negative.

3. U,y is a holomorphic function if the orders of all zeros are nonnegative.
If in addition M has dimension at least 5, or if M has dimension 4 and
contains no 2 dimensional isotropic sublattice, then ¥ s is a holomorphic
automorphic form. If in addition [fo](0) = b* — 2 then Wy, has singular
weight and the only nonzero Fourier coefficients of W s correspond to norm
0 vectors in L.

4. For each primitive norm 0 vector z in M and for each Weyl chamber W
of L = K/7Zz with K = M N 2zt the restriction V,(Z, F) has an infinite
product expansion converging when Z is in the neighborhood of the cusp
of zand ' Y € W which is up to a constant

e((Z,p(L,W, FL))) H H (1—e((\ 2) + (6, Z/)))[fa](*Az/Q) .
AeL/+ 5;1;[’://1\%

We make a remark on the primitive norm 0 vectors in M. The level of a
primitive norm 0 vector z is defined as the smallest positive value of (z,v) with
v in M.

Lemma 7.2
The level of z divides the exponent of M.

Proof: Let z have level N. Then {(z,v)|v € M} is a subgroup of Z generated
by N. There is an element 2z’ in M’ such that (z,z’) = 1. Let n be the exponent
of M'/M. Then nz’ is in M and N divides (z,nz’) = n.

8 The fake monster algebra

The fake monster algebra G is a generalized Kac-Moody algebra describing the
physical states of a bosonic string moving on a torus. The root lattice of G is the
Lorentzian lattice Ils51 = A & II; 1 where A is the Leech lattice with elements
a = (r,m,n) and norm o = 72 — 2mn. A nonzero vector a € Il55 1 is a root if
and only if a? < 2. The multiplicity of a root a is given by [1/A](—a?/2) where
1/A is the modular form 1/A(7) = 1/n(7)%* = ¢~ ! + 24 + 324¢ + 3200¢° + . . ..
The real simple roots of the fake monster algebra are the norm 2 vectors « in
II55 1 with (p,a) = —1 where p = (0,0, 1) is the Weyl vector. They generate the
Weyl group W of G' which is the full reflection group of Ils5 1. The imaginary



simple roots are the positive multiples kp of the Weyl vector with multiplicity
24. The denominator identity of G is given by

e’ H (1 — e“)[l/A](_a2/2) = Z det(w)w(ep H (1 — e"”)24) )

aEllf | weWw n>0

The sum in this identity defines the denominator function of the fake monster
algebra. It is an automorphic form for Aut(II262)" of weight 12.

We describe the action of 224. Aut(A) on G. The vertex algebra V of the
Leech lattice A is acted on by the group 224. Aut(A). The fake monster algebra
has a natural II; ;-grading and we write G, for the corresponding subspaces.
By the no-ghost theorem G, with a # 0 is isomorphic to the subspace V;_42/2
of Lo-degree 1 — a?/2 as A-graded 22%. Aut(A)-module and G, with a = 0 is
isomorphic to the subspace V3 @& RY! as A-graded 224, Aut(A)-module.

Let g be an automorphism of the Leech lattice of order n and cycle shape
[T kb . For simplicity we assume that (v, g*v) is even for all v € AT if s
even. This implies that g has a nice lift to 22*. Aut(A) of the same order (cf.
[B1] section 12). The sublattice A9 of A fixed by g is a primitive sublattice
of A of even dimension ) b, and exponent dividing n (cf. [T]). The natural
projection 7 : Q ® A — Q ® A9 maps A onto the dual lattice A9’.

As usual E denotes the subalgebra of G corresponding to the positive roots.
Let L = A9 & I ;. For a = (1',a) € L' we define Ey = @p(r)—p E(r,q). Then
we have the following result due to Borcherds (cf. [B1] section 13).

Theorem 8.1
The twisted denominator identity corresponding to g is given by

e H (1 — & )multle) — Z det(w)w(ny(e?))

aeLl’t weW9

where (s)
HiSs d| i
1 = —
mu t(a) Z ds tr(g |Ea/ds)
ds|((a,L),n)
and W9 is the subgroup of W mapping L into L.

This identity is the denominator identity of a generalized Kac-Moody super-
algebra whose real simple roots are the simple roots of W9, i.e. the roots with
(p,a) = —a?/2, and the imaginary simple roots are the positive multiples kp of
the Weyl vector with multiplicity > alk ba-

We remark that there are similar results for elements in Aut(A) that do not
satisfy the condition mentioned above.

Now we describe how the multiplicities can be calculated explicitly. Let d
be a divisor of n. A9 is a primitive sublattice of A9". The lattices A9 and
A4 = A9 A9 can be glued together in a canonical way to give A9 Clearly
rk A94 = 1k A9" — 1tk AY. The glue vectors are given by ' +~4(r') where ' is in
a subgroup Gg as of A9’ /A9 and ~y, is an isomorphism from Gg as to a subgroup
Gy poa of Ag’d//A97d (cf. Prop. 1.5.1. in [N]).

10



Proposition 8.2
The exponent of the glue group G4 as divides d.

Proof: (1 +g+ ...+ g% ') maps A9" to A9 because g*=1on A9

We show that Q ® A9 is invariant under (14 g+...+g%™1). It is sufficient
to prove this for A%¢. Clearly (1+g+...+ g% 1)A%% s in A9, Let r € A9 and
v € A94. Then

(T,(1+g+...+gd M) = (7’,1})+(r,gv)Jr...Jr(T,gd*lv)
= (r,0) + (gr,gv) + ...+ (g7 g o)
=d(r,v)
=0

Hence (1 +g+ ...+ g% 1)A9 is orthogonal to AY.
dNow let ' € AY C Q® AY and v/ € A% C Q ® A%? such that 7' + v is in
A9 . Then

Q+g4+.. .+ D" +0)=Q4g+... .+ +Q4+g+...+ g7 )

is in A9. Hence (1 +g+ ... +g% 1)’ = 0 and d' € A9. This proves the
proposition.

For r’ € A9" we define 6.,y (7) as the theta function of the coset v4(r’)+A94
if r" € Ggas and 0,,(,+)(7) = 0 otherwise. For example 0., (1) = 1 if " is in
A9 and 0., (7) = 0 if v’ is in A9" but not in A9. Sometimes we extend this
notation in the obvious way to elements of L.

Proposition 8.3 ~
Let a = (',a) bein L' = A9 @ II, 1. Then tr(g?|E,) is given by the coefficient
of ¢~*°/2 in
0ra () (T)/11g¢ (T)
In particular tr(g%| Eo) = 0 if dr’ is not in A9,

Proof: There is an element rt e Aot unique up to A9t such that +rt" e A.
We have

Ea = G97r(7“):7”’E(7",a) = 69seri'JrAglE(r’Jrs,a) .
The nonzero contributions to the trace come from the spaces E(. s,y with
' 4+ s € A9". This is equivalent to s € (—r' 4+ Agd) N + A9ty = 5.
We show that S = v,4(r’) + A% if and only if 7’ is in the domain of 74 and
S = () otherwise. Suppose that 7’ is in the domain of 4. Then 7’ +~4(r’) € A9’
and y4(r') € —r' + A9, Furthermore v4(r') — r+" = (' +74(r')) = (' +r+') is
in A and orthogonal to A9. Hence v4(r’) is in S. S is a subset of A9?" because

S c rt 4 A9t A9L has integral inner products with all elements of A9
The difference of two elements in S is in A%? and S + A9¢ C S. This implies
S = qa(r") + A9, The rest of the statement is clear now.

11



The no-ghost theorem implies tr(g% Eq) = >pes tr(gdVie a2/2(r +35)). The
space Vi_q2/2(r" + s) is generated by bosonic oscillators and e” '+5. The sum
of the Lg-contribution of the oscillators and the Lg-contribution of er' s s
1—a?/2. Hence the Lo-contribution of the oscillators and s2?/2 add to 1 —a? /2.
The proposition now follows from counting.

The proposition shows that mult(a)) = 0 if a is in L’ but not in L.

Putting these results together we get

Theorem 8.4
The twisted denominator identity corresponding to g is

e’ H H (1—¢e%) [ St 1k /D)0y iy [ ga ] (—0? /242)

kln ae(LNkL")*

Z det(w)w(ng(e)).

weW9

The multiplicities in the identity are given by coefficients of modular forms of
weight — > b /2. This suggests that the identity might be the theta lift of a
vector valued modular form and therefore an automorphic form.

Proposition 8.5
The constant term in the Fourier expansion of 3_ . pu(k/d)0pe.a(T)/knga () at
100 IS by.

Proof: The constant term in the Fourier expansion of ;. (k/d)0ns.a/knga
is equal to that of 3, u(k/d)/kngya because the Leech lattice has no vectors
of norm 2. We define arithmetic functions g and h on the positive integers by
g(m) = mby, if m|n and 0 otherwise and h(k) = 3, g(m). The constant
term in the Fourier expansion of 1/nga is >_,, ,mbm = h(d). The Mébius
inversion formula implies that the constant term in the Fourier expansion of
2 H(k/d)[nga is 34, 1(k/d)h(d) = g(k) = kby. This proves the claim.
It follows that the function

Zzuk/d 9Agd )):12 (/d)eAggd(())

kln d|k dln

is a modular form of integral weight — > by /2 whose Fourier expansion at 400
has constant term . by.

The above results motivate the following conjecture.

There is a vector valued modular form F of weight —(rk AY)/2 for a lattice
M of signature (2 + rk AY,2) with zero component f whose theta lift ¥ is an
automorphic form of singular weight (rk A9)/2. The expansion of ¥ at the level
n cusp gives the twisted denominator identity corresponding to g.

We will see that this conjecture is true if g has square-free level N and
nontrivial fixpoint lattice.
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9 Main results

Let g be an automorphism of the Leech lattice with square-free level N and
nontrivial fixpoint lattice. In the following table we describe some properties of
the corresponding class. Here G denotes the genus of the fixpoint lattice AY.

class | cycle shape | group A9 G
14 124 1 Leech lattice Ir4 0
24 1828 2+ | Barnes-Wall lattice | IT36,0(25°)
—2A4| 2'6/18 2— Fg(2) s 0(25%)
3B 1636 3+ | Coxeter-Todd lattice | II12,(37°)
3C 39/13 3— Eq'(3) II6,0(37°)
5B 145% 5+ Maass lattice I o(51%)
5C 5°/1 5— A4 (5) Iy 0(5%3)
6C | 112.6°/3* | 6— Es(2) ITs 0(2;,°371)
—60C | 2°3%/14 6— FEg'(6) ITs 0(2;,°37°)
—6D | 1°3.6*/2* | 6— Eg'(3) I 0(3%°)
6F | 12223262 6+ As @ Dy I3 o(252314)
—6E | 2%61/123% | 6 +3 As(2) @ As(2) I, 0(27,4312)
6F | 3%%/12 | 6+2 Dy4(3) I, 0(21123“)
—6F | 1.6%/223% | 6— A(2) Ty 0(2;,°311)
7B 1373 7+ | Barnes-Craig lattice 116,0(7‘*3)
10D | 1%22.103/5% | 10— Ay(2) I o(2;%571)
—10D | 235210/12 | 10— A4'(10) I, 0(25,*573)
—10E | 135.102/2% | 10— A4 (5) Hy0(573)
For N > 11 we also give the Gram matrix of AY because these lattices are

less familiar.

13



class | cycle shape | group A9 G
4 1 0 -2
1 42 0
114 12112 11 Iy (1112
* 0 2 4 1 101175
-2 0 1 4
4 1 0 -1
1 41 0
14B| 1.2.7.14 14 Iy (25%7+2
+ 0 1 4 1 470( Ir )
-1 0 1 4
4 2
—14B | 22142/1.7 | 14+7 (2 8) Iy 0 (2}2711)
4 2 2 1
15D |  1.3.5.15 15+ 2412 Iy 0(372572)
2 1 6 3 0
1 2 3 6
4 1
15E | 1215%2/3.5 |15+ 15 (1 4) (371571
4 1
23A 1.23 23+ (1 6) I 0(23Th)
8 2
30D | 1.6.10.15/3.5 | 30 + 15 (2 8) Iy o (2523F15F1)
4 2
—30D | 2.3.5.30/1.15 | 30 + 15 <2 16) Iy 0 (24237 1571)
4 1
—30F | 2.3.5.30/6.10 | 30 + 15 (1 4) I 0 (371571

The lattices corresponding to the groups N+ are all similar to the Leech lattice.
They can be defined as the unique lattice in their genus without roots.
We observe the following properties.

Proposition 9.1
g has order N and a nice lift to 2**. Aut(A) of the same order.

Proposition 9.2

g is a modular form for a genus 0 group I' between I'o(N) and its normalizer
in SLy(R). n, vanishes at the cusp ioco of I' and at the cusps coming from the
Atkin-Lehner relations.

Proposition 9.3
The level of A9 is equal to the exponent of AY.

14



We define the lattice
M=MNoIhL®IL:1(N).

Clearly M has level N. Since N is square-free the discriminant form of M de-
composes into the orthogonal sum of elementary abelian p-groups. This implies
that the automorphism group of the discriminant form acts transitively on the
elements of given norm and order.

For the rest of the section let m be a positive divisor of N and m’ = N/m.

Theorem 9.4
M has exactly one orbit of primitive norm 0 vectors of level m for each divisor
m of N.

Proof: Let z be a primitive norm 0 vector of level m in M. Using that M’/M
decomposes into the orthogonal sum of the m- and m/-torsion subgroup we
can find a vector 2/ € M’ with 22’ = 1 and mz’ € M. M has level N so
that mz’> € (2Z/m N 2Z/m’) = 2Z. Define n = —mz'>/2 and z = nz + mz’.
Then z is a primitive norm 0 vector of level m in M and z and Z generate
a primitive sublattice II; 1(m) in M. Let L be the orthogonal complement of
this lattice in M. Then we can glue II1 1(m) and L together to get M. Let
a = nz/m+ nzZ/m+ x, where z is in L', be a glue vector. Then m divides
zao =N and Za = n so that « is trivial. Hence M = II; 1(m) @ L. L is in the
same genus as A9 @ IT; 1 (m’). By corollary 22 p. 395 in [CS] this genus contains
only one class so that L = A9 @ II; 1(m'). This implies the theorem.

Let
F= Z fye”

be the lift of f =1/n, to M. The components f., depend only on the norm and
order of 7.
Let d be a divisor of N and

fd/N(T) = flw,(7/d).

Then f4/n gives an expansion of f at the cusp d/N of I'g(N) with width d. We
also define numbers ¢4 such that either

caflw () =q " +ba+...
if flw, is singular at ioo or
caflw, (1) =ba+....
if flw, is holomorphic at ico. Decompose
cafa/n = 9d,0+Gga1+ ...+ gdd—1

where the gq,; satisfy gq ;|7 = e(j/d)ga ;. We have
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Proposition 9.5
Let F =3 f,€e" be the lift of f to M. Then the components f. with~y € M'/M

are given by
f'y = Z 9d,j -

i/d=—~"/2
dy=0

The constant term in the Fourier expansion of gy, ¢ is by so that the constant
term in the zero component
fo= Z 9k,0

k|N

of F is Y bx. Hence the theta lift ¥ of F' is a holomorphic automorphic form
for Aut(M)* of singular weight (rk A9)/2.

Lemma 9.6
Let K = A9 @ I, 1(m) and L = Wy(A9) @ I, 1(m//k) with k|m’. Then for
each divisor d of N we have

(m,d)(K'NK/d)(k) = (km,n)(L' N L/n)
with n =k * d.

An expansion of ¥ corresponding to a primitive norm 0 vector of level m is
called a level m expansion of V.

Proposition 9.7
The level m product expansion of ¥ is given by

H H (1 — e((a, Z)))Cawm W )(=0”/2d)

dIN ae(LNdL')+

where L = W, (A9) & II1 1.

If ng is modular for N + k then the level m product expansion is equal to
the level k x m expansion. In particular the number of different expansions of
U is equal to the number of cusps of T".

Proof: We decompose M = K @ II; 1(m) with K = A9 @ I 1(m’) and choose
z as primitive norm 0 vector in IT 1,1(m)- Then we find the following level m
product expansion of ¥ from the description of the components of F’

DI II 0 eltmd)o, 2))letsie/2),

dIN ae(K'NK/d)+

We rescale the expression with m’ and use (m,d)(K' N K/d)(m') = LNnL’
with n = m’ * d to get the product given in the proposition. Th. 9.4 gives the
uniqueness of the expansion. The second statement follows from the fact that

the transformation properties of y under Atkin-Lehner involutions imply those
of AY.
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We can calculate a sum expansion of the level m product expansion of ¥ by
using the fact that ¥ has singular weight so that only vectors of norm 0 appear
in the sum. We have to distinguish two cases. In one case we have a nontrivial
Weyl group and a nonzero Weyl vector of norm 0. In the other case the Weyl
group is trivial and the Weyl vector is 0.

We define numbers ¢4 such that either

eanglw, (1) =q+ ...

if ng|w, vanishes at ico or

5d77g|Wd(7') =1+...
if ng|w, is nonzero at ico.

Theorem 9.8
Suppose that f|w, , is singular at ico. Then the level m expansion of ¥ is given

by

o) T T (1= el(an 2o s Cot/20

d|N ae(LNdL’)*

= Z det(w)ennglw,,, (wp, Z))

where L = Wy, (A9)® 114 1, p = (0,0,1) and W is the reflection group generated
by the roots « € LNdL" with o* = 2d for all d such that flw,, , is singular at
100.

Proof: The proof is purely combinatorial. The product expansion of ¥ at the
level m cusp is antisymmetric under the Weyl group W so that we have

e((pa Z)) H H (1 7e((a7Z)))[Cd*m’f|Wd*m,](—oc2/2d)

dIN ac(LndL/)*
= Z det(w)c(Ne((w(p + ), 2))

where the sum extends over W and elements A with p 4+ A in the fundamental
Weyl chamber. We know that (p+ \)? = 0 because ¥ has singular weight. This
implies (p, A\) = —A?/2. X must also be positive so that A has inner product at
most 0 with all elements in the intersection of the fundamental Weyl chamber
with the positive cone, in particular (p, \) < 0. We can not have (p,\) < 0
because then A would be a simple root of W and not in the fundamental Weyl
chamber. Hence (p,A) = 0. p+ A and p are both in the positive cone of L and
(p+ N2 =p*=(p+\p) =0. Since p is primitive it follows p + A\ = np for a
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positive integer n and

H H (1 — e((a, Z)))Cam 1wy, )(=0®/2d)

d|N ac(LNdL’)+

= Z det(w)c(n)e((wnp, Z)) .
=

The contributions of the left hand side to e((np, Z)) come from

)T T - el(ndp, 2)))em
d|Nn>0
INTT T = enld s m)p, 2)))

d|N n>0

= emtglw,., ((p; Z))

because the constant term in ¢y, f|w, is bx. Hence ¢(n) is given by the coefficient
of ¢" in e,vny|w,,. This proves the theorem.

We remark that in contrast to the situation in M the lattice L has in general
more than one orbit of primitive norm 0 vectors of a certain level under the
automorphism group. For example the lattice II35 1 = A @ II; ; has 24 orbits of
primitive norm 0 vectors necessarily of level 1, one for each Niemeier lattice.

If we replace the complex exponentials in the identity by formal exponentials,
we obtain the denominator identity of a generalized Kac-Moody superalgebra
whose real simple roots are the simple roots of W and imaginary simple roots
are the positive multiples np of the Weyl vector with multiplicity > djn basm -

We will see that the above identities are always related to twisted denomi-
nator identities of the fake monster algebra.

Now we consider the other case.

Proposition 9.9
Suppose that f|w, , is holomorphic at ico. If f|w, is singular at ico then Wy (A9)
has no vectors r with 72> =2 mod 2(m’ * d).

Theorem 9.10
Suppose that flw, , is holomorphic at ico. Then the level m expansion of ¥ is
given by

H H (1— e((OZ’Z)))[Cd*m/flwdm/]( a?/2d) _ 1 Z

d|N ae(LNdL’)+

where L = Wi (A9) @ Iy 1 and c()) is the coefficient of ¢" in e,mglw, , if X is
n times a primitive norm 0 vector in the positive cone and 0 otherwise.

Proof: The proof is similar to the case before. The main difference is that the
Weyl vector is 0 and that no vectors of positive norm appear in the product
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so that the Weyl group is trivial. Hence in this case we can write the level m
product expansion as

[T II  a-elo, 2o Wamd 20 — 1 5™ c(2)e((0, 2))

d|N ae(LNdL’)*

where the sum extends over elements A of norm 0 in the positive cone of L.
Suppose A = nv where n is a positive integer and v is a primitive norm 0 vector
in LT. Then the contributions of the left hand side to e((\, Z)) come from

[T TT( - eltndv, 2)))P20" = ey, (. 2)).

d|N n>0

This implies that c(A) is given by the coefficient of ¢" in e,,/14|w,, and proves
the theorem.

Again this identity transforms into the denominator identity of a generalized
Kac-Moody superalgebra by replacing the complex exponentials by formal ex-
ponentials. This algebra has only imaginary roots. The imaginary simple roots
are the norm 0 vectors in the positive cone of L. An imaginary simple root has
multiplicity dln basm if it is n times a primitive norm 0 vector in the positive
cone.

We will see in the next section that these identities are often twisted denom-
inator identities of the fake monster superalgebra.

The relation to the fake monster algebra is described in

Theorem 9.11
The level N expansion of ¥ is

o, 2) [T I (- ella,2)))leadlwal=a®/2d)

d|N ae(LNdL')*+

— Z det(w)ng ((wp, Z))

weW

where L = A9 & IT, 1, p = (0,0,1) and W is the reflection group generated by

the roots o € L N dL' with o = 2d for all d such that f|w, is singular at icc.
Upon replacing the complex exponentials by formal exponentials this is the

twisted denominator identity of the fake monster algebra corresponding to g.

Proof: The first statement is clear. The second follows from comparing the sum
expansions in both identities.

We can prove the explicit form of the twisted denominator identity corre-
sponding to g also in a direct way using the following two results.

Proposition 9.12
Let d|N. Then the glue groups Gg,as and Gy pe.a are given by

Gd7/\g = {’V S Ag///\g|d’7 = O}
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and ,
Gypoa = {7y € AP /A9 | dy =0} .

Theorem 9.13
Let 1’ be in A9" with kr' € A9 and k|N. Then '*/2 is in Z/k and

Z U(k/d)ovd(r/)/kngd = Gk,j
d|k
where j/k = —r'>/2 mod 1.

Both statements can be proven in a tedious case-by-case analysis.
For r in A9 the theorem gives

> ulk/d)0noa/kngs = gro
d|k

for each divisor k of N. The zero component of F is

k/d) Ope.a
ngjozzzﬂ(k/ )717\7

kIN EIN d|k

showing that our main conjecture is true for automorphisms of square-free level
and nontrivial fixpoint lattice.
We conclude the section with the following result.

Theorem 9.14

The function ¢, f|w,, lifts to an automorphic form of singular weight (rk A9)/2
for Aut(W,,,(M))* on Wy, (M) = W,,(A9) & I, 1 & I, 1(N). Up to rescalings
the expansions of this automorphic form are the same as those of W.

The advantage of this construction is that sometimes the discriminant form
of W,,,(A9) is smaller, i.e. simpler, than that of AY. Let us consider the case
—2A as an example. The function f(7) = n(7)8/n(27)¢ lifts to an automorphic
form U of singular weight on M = Eg(2) & Il 1 & II;,1(2). By the theorem
caflw, (1) = 16n(27)%/n(7)'® lifts to an automorphic form W,y of singular
weight on Wo(M) = Eg @ II 1 @ II1 1(2). The level 1 expansion of ¥, rescaled
by 2 is equal to the level 2 expansion of W, and the level 2 expansion of
V¢ is equal to the level 1 expansion of ¥ rescaled by 2. This generalizes
in the obvious way to the other classes.

caflwy

10 Families of elements

In this section we organize the automorphisms of square-free level and nontrivial
fixpoint lattice into families and describe some of their properties. We obtain
a family of nice generalized Kac-Moody algebras corresponding to elements of
square-free order in M3 and we explain the relation to twisted denominator
identities of the fake monster superalgebra (cf. [S1] and [S2]).

20



Elements related to Mas

Here we consider the following elements.

class | cycle shape | group | cusps | zeros of 7, G |G|
14 124 1 ico ico 150 24
24 1828 2+ | ico ico Meo(25%) | 24
3B 1636 3+ | i ico I150(3%5) | 10
5B 1454 5+ | oo 00 5 0(5) 5
6E | 12223262 6+ | ico 00 g o(253%Y) | 8
7B 1373 T+ | oo ico I 0(773) 3
114 12112 114 | oo 00 y0(1172) 3
4B | 12714 | 14+ | ico 00 (257772 | 3
15D | 1.3.5.15 154+ | ioo 00 Myo(37257%) | 3
23A 1.23 23+ | oo 00 I 0(2371) 2

For this family of elements A9 is not unique in its genus but it is the unique
lattice in G with minimal norm 4. All other lattices in the genus have minimum
2. In the other families A9 is the only lattice in G. The group I' has only one
cusp, namely ico = 1/N, so that ¥ has only one expansion.

The above elements correspond to the Mathieu group Ms3 which acts natu-
rally on the Leech lattice.

Theorem 10.1

Let N be a square-free integer such that o1(N)|24. Then there is an element
g in Mss with cycle shape Hd‘N d?*/ov(N) " The eta product g is a cusp form
for To(N) with multiplicative coefficients. The fixpoint lattice A9 is strongly
modular and has no roots. Furthermore A9 is the unique lattice in its genus
without roots. The twisted denominator identity corresponding to g is

T I (- e)M/mlo20 = S det(w)w(ny(e”))

d|N ae(LNdL’)+ weW

where L = A @ II, 1, p = (0,0,1) and W is the full reflection group of L. It
defines a generalized Kac-Moody algebra whose denominator identity is an au-
tomorphic form of singular weight for Aut(L® II1 1 (N))*. The real simple roots
of this algebra are the simple roots of W and the imaginary simple roots are the
positive multiples np of the Weyl vector with multiplicity 24co((N,n))/o1(N).

The generalized Kac-Moody algebras described in the theorem are the nicest
ones obtained by twisting the fake monster algebra. They have root lattice
L = A9®1I, ; and their multiplicities can be seen from the denominator identity.

By reducing the vector valued modular form to sublattices we obtain (cf.
Th. 12.1 in [B2])
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Proposition 10.2
The lattice L = A9 @ II1 1 (m) where m|N has a Weyl vector of norm 0. The
quotient Aut(L)* /W contains a free abelian group of finite index.

In the case m = 1 the quotient Aut(L)*/W is equal to the group of affine

automorphisms of AY.

The supersymmetric family

The elements in this family are related to supersymmetric generalized Kac-
Moody superalgebras.

class | cycle shape | group | cusps | zeros A9
—2A | 216/18 2— | i00,0 | ico Fs(2)
—6E | 2%6%/123%2 | 6+3 | ic0,0 | oo | Aa(2) @ Aax(2)
4 2
—14B | 2214%/1.7 | 1447 | ico,0 | ioco (2 8)

A9 is unique in its genus. We have W5 (A9) = A9(1/2). This fixes all the other
Atkin-Lehner transformations. The group I' has 2 cusps, ico and 0, so that we
get 2 different expansions. One is the twisted denominator identity of the fake
monster algebra and the other gives a twisted denominator identity of a the fake
monster superalgebra.

We will need the following identities. The first one is due to Jacobi.

Proposition 10.3
We have the following supersymmetry relations

Qq%{ [Ta+a 2~ Tla- q"-1/2>8} =s[J0+a°

n>1 n>1 n>1

. e n— n— n—
2¢1/2 { H(l + @)L 4 )2 - H(1 — #3221 g 1/2)2}

n>1 n>1

=2 [[+a")*(1+q")?

n>1

ﬁ{ [Ta+d™ ) +¢ ) - [[a-¢"*0 - qn_m)}

n>1 n>1

=J[0+d™0a+qm).

n>1

Proof: These are identities between modular forms so can be proven by com-
paring sufficiently many coefficients. Another very simple proof is given in [S2].
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Let L = E8(2) D IIl,l and K = Eg D IIl,l = 11971. Define modular forms

f1(7) =n(1)8/n(27)1® = g7 — 8 4 36 — 128¢* + 402¢> — 1152¢* + . ..
f2(7) = n(27)8 /()¢ = 1 + 16¢ + 144¢> + 960¢> + 5264¢* 4 25056¢° + . . .
hi(1) = n(27)'6 /n(1)® = ¢ + 8¢* + 28¢° + 64¢" + 126¢° + 22445 + ...
ho(1) = n(1)* /n(21)® = 1 — 16¢ + 112¢* — 448¢> + 1136¢* — 2016¢° + . ..

Proposition 10.4
The twisted denominator identity corresponding to an element in —2A is

P H o) [fil(=a?/2) H (1 — e¥)[6fl(=a?/1) = Z det(w)hi ()

aeLl™t ac2l’t+ weWw

where W is generated by the norm 2 vectors of L.
The level 1 expansion of the corresponding automorphic form gives the de-
nominator identity of the fake monster superalgebra

(1 — e)Bfl(=0?/2) \
11 (1 enBrCarm — 1T 2 cMe

aeKt

where c¢()) is the coefficient of ¢™ in he if X is n times a primitive norm 0 vector
in KT and 0 otherwise.

Proof: We only need to prove the second identity. Replacing the complex expo-
nentials by formal exponentials the level 1 expansion of the automorphic form
becomes

[T (- emiorl=a®n T @ - em)Hlee/a — 14 3 ¢(a)e?
acK+ a€2K’+
Using K’ = K we can write the second product as

_ e\ [f1](—a?)
_eoAl(—a?/4) _ _ 2aylAl(—a?) _ (L —e?)
T - IT a-e H+ (1 % eo) A= -

ac2K't acK+ acK

The first supersymmetry relation implies that the even Fourier coefficients of
f1(7) are equal to those of —8f5(27), i.e. [f1](2n) = [-8f2](n), so that
(1— ea)[fll(—a2) (1— ea)[—sz](—a2/2)

11 (1 + eo)[~hl(-a?) *QLL (1 + e\ BRI /)

acKt

Inserting this into the level 1 expansion gives the desired identity.
Next let L = A2(2) &) A2(2) D [Il,l and K = A2 &) A2 D IIl,l. Define

fi(r) =n(r)*n(37)%/n(27)*n(67)* = ¢~ — 2+ 3¢ — 8¢ + 15¢> — 24¢" + . ..
fa(r) = n(27)2n(67)2/n( Vin(37)* =14 4q + 12¢° + 364> + 92¢* + 216¢° + . ..
hi(1) = n(27)*n(67)* /n(r)*n(37)* = ¢+ 2¢* + ¢* + 4¢* + 6¢° +2¢° + . ..
ho(1) = n(1)* n(37)* /n(27)2n(67)% = 1 — 4q + 4¢° — 4¢° + 20¢* — 24¢° + ...
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Proposition 10.5
The twisted denominator identity corresponding to an element in —6F is

e T[ 1 —emilcetr I (1 - em)lifel-a®/)

aclt ae(LN2L')t

H (1 _e‘l)[fl](*OCZ/G) H (1 )[4f2 a?/12) _ Z det wp)

ae(LN3L’)+ a€6L’t weWw

where W is generated by the norm 2 vectors of L and the norm 6 vectors in
LN3L’.
The level 1 expansion of the corresponding automorphic form gives

(1 — e)2f2)(=0?/2) (1 — e®)2f2)(=0?/6) B \
11 (1 + eo)RRI(=a?/2) 11 (1t em)Brlare — 1+ D eNe

aeKt ae3K’'t

where c¢()) is the coefficient of ¢™ in hg if X is n times a primitive norm 0 vector
in K+ and 0 otherwise. This is the twisted denominator identity of the fake
monster superalgebra corresponding to an element of type 3E.

Proof: The proof is similar to the one before. Here we use the second super-
symmetry identity.
Finally we put L = (42)® Il 1 and K = (2 }) ® II; 1 and define

fulr) =n(r)n(7r) /n(2r)*n(147)° = ¢ = 1+ —2¢° +3¢° — 4¢" +.

fa(1) = n(21)n(1471) /n(T)*n(7 )2*1+2q+4q + 8¢% + 14¢* + 24¢° + .
ha(r) = n(27)*n(147)? /n(r)n(T1) = ¢+ ¢* +¢" + 4" +¢* +¢° +2q“+
ho(1) = n(7)*n(77)2 /n(27)n(147) = 1 — 20 + 2¢* — 2¢" + 4¢® — 2¢° + . ..

Proposition 10.6
The twisted denominator identity corresponding to an element in —14B is

P H (1 — e)lhl(=e?/2) H (1 — e)[2f2)(=0?/4)
acLt ae(LN2L')t

H (1 — ex)ll(=a?/19) H (1 — e*)[2f2)(=0?/28) Z det(w wp)

ac(LNTL)+ €14l + wew

where W is generated by the norm 2 vectors of L and the norm 14 vectors in
LNT7TL.
The level 1 expansion of the corresponding automorphic form gives

(1 — e)lf2l(=0?/2) (1 — ex)lf2l(—a®/14)
I_IL (1 4 e)lf2l(=a?/2) H , L+ en)lRl(-0/19) =1t Z

ac aeTK't

where c¢()) is the coefficient of ¢™ in hg if X is n times a primitive norm 0 vector
in KT and 0 otherwise. This is the twisted denominator identity of the fake
monster superalgebra corresponding to an element of type TA.
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Another family related to the fake monster superalgebra

The following elements are also related to the fake monster superalgebra.

class | cycle shape | group cusps | zeros A9
3C 39/13 3— ic0,0 | ico | Eg'(3)
5C 5%/1 5— 100, 0 ico | A4 (5)
4 1
15E | 12152/3.5 | 15+ 15 | io0,1/3 | ioo (1 4)

As before A9 is the unique lattice in its genus. The Atkin-Lehner transfor-
mations follow from Wg(EG/(g)) = E6, W5(A4/(5)) = A4 and Wg ((%111)) =
W5 (($1)) = (34). T has 2 cusps here so that we get 2 different expansions.
One comes from the fake monster algebra and the other gives a twisted denom-
inator identity of the fake monster superalgebra.

Let L = EGI(S) D [Il,l and K = EG D IIl,l. Define

fi(m) =n(7)3/n37)° = ¢~ 1 — 3+ 14¢% — 27¢° + 92¢° — 162¢° + .

f3(7) = n(37)% /n(1)? = 1 4+ 9¢ + 54¢° + 252¢° + 1008¢* + 3591¢° + .
hi(1) = n(37)° /n(1)® = q + 3¢® + 9¢> + 13¢* + 24¢° 4 27¢5 + 504" + .
hs(7) = 77(7) /n(3 T)3 =1—9¢+27¢*> — 9¢° — 117¢"* + 216¢° + 27¢° + . ..

Here the Fourier coefficients of f; at ¢™ vanish for n =1 mod 3.

Proposition 10.7
The twisted denominator identity corresponding to an element in 3C' is

o H ~a?/2) H (1 — e™)l0fs)(=a?/6) — Z det(w)hq(e™?)
aeLt a€3L’'t weW

where W is generated by the norm 2 vectors of L.
The level 1 expansion of the corresponding automorphic form gives

H (1- ea)[gfg}(ﬂZ/z) H (1- ea)[fsfs](faz/li%) =1+ Zc(/\)eA

a€K+ a€3K+
where ¢()) is the coefficient of ¢™ in hg if X is n times a primitive norm 0 vector
in KT and 0 otherwise. This is the twisted denominator identity of the fake
monster superalgebra corresponding to an element of type 3A.

Proof: Again we only have to prove the second identity. From Theorem 9.10 we

get
=1+ c(A

Since the Fourier coefficients of f; vanish for n =1 mod 3 the second product
only extends over 3K . Using [f1](3n) = [-3f3](n) we get the expression given
the proposition.

H (1 — e™)l0fs)(=a?/2) H (1 — e™)lNl(=a?/6)

aeK+ ae3K’'t

25



Let L = A4/(5) D 11171 and K = A4 D IIl,l- Define
[i(m) =n(r)/n(7)° = ¢ =1 —q+6¢" —5¢° — 4¢° + 25¢° — 204" + ..
f5(1) = n(57)/n(1)° —1+5q+20q +65¢> + 190¢* 4 505¢° + 12604° + .
hi(7) = n(57 ) /n(T):q+q +2¢% 4+ 3¢* + 5¢° +2¢° +6q +5¢88 +7¢°+ ...
hs(7) = n(7)® /n(57) = 1 — 5q + 5¢° + 10¢> — 15¢* — 5¢° — 10¢° + 30¢" + ...

Here the Fourier coefficients of f; at g™ vanish for n = 2,3 mod 5.

Proposition 10.8
The twisted denominator identity corresponding to an element in 5C' is

e T[ (1= enle?2 T (1 - e)PFICe/10 = 5™ det(w)hy ()

acLt aesL't weWw

where W is generated by the norm 2 vectors of L.
The level 1 expansion of the corresponding automorphic form gives

H 1- 6a)[5f5](7a2/2) H (1— ea)[ffsl(faz/f)o) =14+ Zc(/\)eA

acK+ aE€bK+

where c¢()) is the coefficient of ¢™ in hs if X is n times a primitive norm 0 vector
in K* and 0 otherwise. This is the twisted denominator identity of the fake
monster superalgebra corresponding to an element of type 5A.

Proof: The second statement follows as before from the vanishing of the Fourier
coefficients of f1 for n =2,3 mod 5 and [f1](5n) = [—f5](n).
Finally we put L = ($1)® Il 1 and K = (2 }) ® II; 1 and define

f1(7) = nB1)n(57) /n(T)*n(157)2 = ¢~ 4+ 2 + 5¢ + 9¢* + 18¢> + 30¢* + ...
fa(r) = n(r)n(157) /n(31)*n(57)* =1 — ¢ — ¢* +2¢° = 2¢* +¢° +3¢° + ...
ha(r) = n(r)*n(157) /n(3T)n(57) = ¢ — 2¢° — ¢° +3¢" — ¢* +2¢° —4¢° + ...
ha(t) = n(37)°n(57)% /n(T)n(157) = 1 + g+ 2¢° + ¢ + 3¢* + ¢° + 2¢° +

Proposition 10.9
The twisted denominator identity corresponding to an element in 15E is

e I A | S AT

acLt a€e(LN3L")*
H (1—e)l=Fsl(=a?/10) H (1—e)l1l(=0?/30) — Z det(w wp)
a€(LN5L')* a€elsL/t weW

where W is generated by the norm 2 vectors of L and the norm 30 vectors in
15L/.
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The level 3 expansion of the corresponding automorphic form gives

H (1 — )= fsl(=a?/2)

acK+

I

ac(KN5K’)+

II «

ac(KN3K’)*

a€lbK't

— e)lf1l(=a?/6)

(1 — e*)lhl(=e?/10) H (1 — )= fsl(=0?/30) — 1 | ZC()‘)QA

where c(\) is the coefficient of ¢™ in hg if X is n times a primitive norm 0 vector
in K+ and 0 otherwise. This is the twisted denominator identity of the fake
monster superalgebra corresponding to an element of type 15A.

Atkin-Lehner triples

Here we consider the following elements.

class | cycle shape | group cusps 7€eros
6C 142.6° /34 6— i00,1/3,1/2,0 100,1/2,0
—6C 25346/14 6— i00,1/3,1/2,0 | i00,1/3,1/2
—6D 153.64 /24 6— i00,1/3,1/2,0 i00,1/3,0
10D 122.103/52 10— i00,1/5,1/2,0 100,1/2,0
—10D 235210/12 10— 100,1/5,1/2,0 | i0c0,1/5,1/2
—10E | 135.10%/22 10— i00,1/5,1/2,0 i00,1/5,0
30D | 1.6.10.15/3.5 | 30 + 15 | ic0,1/10,1/5,0 | i0c0,1/10,0
-30D |2.3.5.30/1.15 | 30415 | i00,1/10,1/5,0 | i00,1/10,1/5
—30F |2.3.5.30/6.10 | 30 4+ 15 | 400,1/10,1/5,0 | 400,1/5,0

A9 is the unique lattice in its genus.

The group I' has 4 cusps so that

the automorphic form corresponding to g has 4 different expansions. Three of
them are twisted denominator identities of the fake monster algebra and one of
them gives the denominator identity of a generalized Kac-Moody superalgebra
without real roots. The Atkin-Lehner relations are described in the following

diagrams.
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6C 31/1'2.6° Eg(2)

64/1.213% B4

6 3

2
—6C 14/253% E¢'(6) —6D 24/153.6* E4'(3)

10D 52/122.10% A4(2)

5 10
102/1.2253 A,

10 5

2
—10D 12/235%10 A4'(10) —10E 22/1%5.102 A/ (5)

All elements in one diagram give the same expansions. Only the levels are
changed. The function in the middle of the diagram also lifts to an automorphic
form of singular weight on the obvious lattice. It does not correspond to an
automorphism of the Leech lattice but it gives the same expansions as the
other functions in the diagram. For example the level 3 expansion of 6C is
equal to the level 1 expansion of —6C' and equal to the level 2 expansion of
—6D. All these expansions are equal to the level 6 expansion of the lift of
n(67)*/n(T)n(27)*n(37)% on Eg @ I 1 & 111 1(6).
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30D 3.5/1.6.10.15 (§2)

6,10
3,5 2,30

2.30/1.6.10.15 (21)

2,30 3,5

6,10
—30D 1.15/2.3.5.30 (4 2) —30F 6.10/2.3.5.30 (1})

The cases +6F

Finally we consider the classes +6F'.

class ‘ cycle shape ‘ group ‘ cusps ‘ Z€ros ‘ AY
6F | 3%63/1.2 | 6+2 100, 0 100 | D4(3)
—6F | 1.65/223% | 6— |ioc0,1/3,1/2,1| ioco | Aa(2)

Again AY is the unique lattice in its genus. For class 6 F the Atkin-Lehner trans-
formations follow from W3(D4(3)) = D4. For class —6F we have W5(A2(2)) =
Ay and W3(A2(2)) = A2(2). In this case A9 has more symmetries than 7.

We only give the level 3 expansion of ¥ for —6F because this case is related
to the fake monster superalgebra. The other cases are left to the reader.

Let K = A2 (&) 11171 and

fi(r) = n@27)*n(37)? fn()n(67)° = 7' +1—2¢> — 3¢° + 4¢° + 6¢° +.
fo(r) = n(r)?n(67)% /n(2r)n(31)° =1 = 2¢ + 6° — 10¢" + 24¢° — 364" + .
f3(7) = n(67)%n(1)? /n(37)n(27)¢ =1 — 3¢+ 6¢* — 12¢° + 24¢" — 45¢° + ...
fo(T) = n(37)*n(27)% /n(67)n(T)® = 1+ 6¢ + 24¢* + 78¢> + 222¢* + .

h(t) = n(27)n(37)% /n(T)?n(67)% = 1+ 2q + 4¢° 4+ 2¢° + 2¢* + 4¢° + 44" + ...
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Proposition 10.10
The level 3 expansion of the automorphic form corresponding to class —6F is

H (1 _ ea)[*2f2](*0‘2/2) H (1 _ ea)[fl](*az/‘l)

aeKt

ac(KN2K’)+
(1 — e*)6fel(=a?/6) H (1 — eo)l=3fal(=0?/12) _q | Zc(/\)e/\

a€(KN3K’)t+ a€6K’'t

where c¢(\) is the coefficient of ¢" in h if \ is n times a primitive norm 0 vector
in Kt and 0 otherwise. This is the twisted denominator identity of the fake
monster superalgebra corresponding to an element of type 3D.
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