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Let T" be a genus 0 group between I'g(IN) and its normalizer in SLy(R) where N
is squarefree. We construct an automorphic product on I' X I' and determine its
sum expansions at the different cusps. We obtain many new product identities
generalizing the classical product formula of the elliptic j-function due to Zagier,
Borcherds and others. These results imply that the moonshine conjecture for
Conway’s group Cog is true for elements of squarefree level.
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1 Introduction

In the 80s Koike, Norton and Zagier have proven the following product identity
for the elliptic j-function

1 ni N2\ [j— nin : :
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Let N be squarefree. Then the normalizer I'o(N)+ = Uy Wil'o(V) of
I'o(N) in SLy(R) is obtained by adjoining the Atkin-Lehner involutions Wy, to
I'o(N). Let T be a genus 0 group between I'g(N) and its normalizer T'o(N)+
and Tt the corresponding normalized hauptmodul.
Borcherds has shown in [B1] that if I' = I'g(V)+ then the following product



formula holds
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In this paper we derive similar identities for arbitrary genus 0 groups satis-
fying the above conditions. For example we prove that

1
a H H (1 — g{" g2l Trlwalldmnz) = Ty (7)) — Tp(7y) .
1
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We describe our approach in more detail. Let N be squarefree and T'o(N) C
I' C Ty(N)+ be a genus 0 group. We define constants c¢gq such that Tr|w, + cq
has constant coefficient 0. Then we lift Tt to a vector valued modular form

Fr. = Z Tr|vpp (M1)€l
METo(N)\SL2(2)

for the Weil representation of the lattice II1 1 @ II; 1 (V). The maximal isotropic
subgroups of the discriminant form of Iy 1 & II; 1(N) can be labelled by the
positive divisors of N. We denote them by S; where k|N. The characteristic
function dg, of Sk is invariant under the Weil representation and we define a
vector valued modular form

F, = Ck(SSk .

Then we apply Borcherds’ singular theta correspondence [B2] to the modular
form
F=Fr+>» F
k| N

to obtain the automorphic product ¥(F). We calculate the sum expansions of ¥
at the different cusps using a generalization of Conway and Norton’s compression
formula and twisted denominator identities of the monster algebra. In this way
we obtain product expansions of Tt as described above. The main difference to
Borcherds’ result is that the expansions of Tt at the different cusps appear.

The above results have applications in the theory of generalized Kac-Moody
algebras which we describe in the following.

Conway’s group Cog is the automorphism group of the Leech lattice A. The
characteristic polynomial of an element g in O(A) of order n can be written as
Hk‘n(zk —1)%. The eta product ny(7) = [[n(k7)’ is a modular form, possibly
with poles at cusps, for a group of level N. We call N the level of g.

The Leech lattice has a unique central extension 0 — {#1} — A — A — 0
such that the commutator of the inverse images of , 3 in A is (=1)(®#). The
group O(A) = 222.0(A) of automorphisms preserving the inner product acts
naturally on the fake monster algebra. This is a generalized Kac-Moody algebra
describing the physical states of a bosonic string moving on a 26-dimensional
torus.



Each element g in O(A) has a lift § to O(A) which acts trivial on the inverse
image of the fixed point lattice A9. The corresponding twisted denominator
identity is independent of the choice of g. We conjecture that this identity
defines an automorphic product of singular weight k/2 where k = dim A9Y.

Let g be an element in Cog of squarefree level N and trivial fixed point
lattice. Then f, = 1/n4 is equal up to a constant to Tt for some genus 0 group
I" as above. The expansion of ¥ at a suitable cusp gives the twisted denominator
identity of g

. H H (1- quqgnz)[fglderad](dmnz) = 1y(12) — 1y(11) -

d|N n1>0,n2€Z
n1=0,n2>0

Here aq is a constant such that fg|w, + aq has constant coefficient by. This
proves the moonshine conjecture for g.

In [S1] we show that the twisted denominator identities corresponding to
elements in Cog of squarefree level and nontrivial fixed point lattice define au-
tomorphic products of singular weight. Together with the above results this
implies that the moonshine conjecture for Cog is true for all elements of square-
free level.

We also show that a similar result holds for the monster. The monster
algebra is a generalized Kac-Moody algebra describing the physical states of a
bosonic string moving on a 2-dimensional orbifold. The largest sporadic group,
the monster, acts on this Lie algebra. Let g be an element in the monster whose
McKay-Thompson series T, has squarefree level N. Then T, = Tt for some
genus 0 group I' as above and the expansion of W at a suitable cusp is the
twisted denominator identity of g

1 n ng nin
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We describe the contents of the sections.

In section 2 we calculate the twisted denominator identities of the monster
algebra under the action of the monster group for elements of squarefree level.

In section 3 we derive the twisted denominator identities of the fake monster
algebra under Conway’s group Cog for elements of trivial fixed point lattice
from the twisted denominator identities of the monster algebra. We calculate
these identities explicitly for elements of squarefree level.

In section 4 we describe a map from modular forms on T'g(N) to modular
forms for the Weil representation. We determine this lift explicitly for discrim-
inant forms of squarefree level.

In section 5 we construct for each genus 0 group I' between I'g(N) and its
normalizer I'g(N)+, where N is squarefree, an automorphic product ¥ of weight
0 on I' x I" and determine the sum expansions of ¥ at the different cusps. These
results imply that the twisted denominator identities of the monster algebra
corresponding to elements of squarefree level are automorphic products of weight



0 for discrete subgroups of O3 2(R) and that the moonshine conjecture for Cog
is true for the elements of squarefree level.

In the appendix we list the genus 0 groups I'g(N) C T’ C I'g(IV)+ where N
is squarefree and some related information.

We thank R. E. Borcherds, E. Freitag and G. Héhn for stimulating discus-
sions and helpful comments. We also thank the referee for suggesting several
improvements. In particular the idea to use genus 0 groups instead of Cog and
the monster as starting point for our considerations is due to him.

2 The monster algebra

The monster is the largest sporadic simple group. Its action on the monster
algebra gives twisted denominator identities. Borcherds used these identities to
prove the moonshine conjectures [B1]. In this section we calculate the twisted
denominator identities explicitly for elements of squarefree level using a gener-
alization of Conway and Norton’s compression formula.

First we recall some results about the monster and the monster algebra. The
monster acts on the monster vertex algebra V. We write V' = @,,ezV., where
Vi is the subspace of conformal weight m + 1. The McKay-Thompson series of
an element ¢ in the monster is defined as

= Z tr(g|Vm)qm

for example
Ty(7) = j(r) — 744 = ¢~ + 196884¢ + 21493760¢> + . .. .

If g has order n then Ty = T .n) for all integers k. The level of g is defined as
the level of the group leaving 7|, invariant.

The monster algebra G is a generalized Kac-Moody algebra describing the
physical states of a bosonic string moving on a Z/2Z-twisted orbifold. The root
lattice L of G is the even unimodular Lorentzian lattice II; ; with elements
(m1,mz) € Z% and norm (m1,mz2)? = —2mims. A nonzero vector « in L is
a root if and only if ? = 2 or a? < 0. A root a has multiplicity [J](—«a?/2)
where J = j — 744. The denominator identity of G is given by

ef H (1—enl= o*/2) = Z det(w e ”)).

aeLt weWw

The Weyl vector is p = (—1,0) and the positive roots are the vectors (1,—1)
and (mq, mg) with mq, mg > 0. The Weyl group has order 2 and the nontrivial
element exchanges the coordinates of a vector. The simple roots of G are the
vectors (1, mg), where my = —1 or mg > 0, of multiplicity [J](mz).

Introducing elements ¢; = (1% and ¢o = (%) we can write the denomina-
tor identity as

1

LT g e = )~ J(m).
ql m1>0

mo€Z



This equation should be understood as identity of modular forms. Clearly it
would be sufficient to extend the product over mi,mgs > 0 and (mi,mz2) =
(1,-1).

The monster has a natural action on G coming from the action on the
monster vertex algebra. The denominator identity of G can be written as co-
homological identity. Applying an element ¢ in the monster of order n to this
identity and taking the trace we obtain the twisted denominator identity

e’ T (1 —e*)™ ) = 3" det(w)w(Ty(e "))

aEL+ weWw
with ")
mult(a) = Z Mdk tr(g%|V_n2 2a252) -
dk|((a,L),n)

We can rewrite the twisted denominator identity of g as

ePH H (1— 6&)[24\19 #(k/d)ng/k](*az/QkZ) _ Z det(w)w(Tg(efp)) .

kln a€kL* weW

This identity shows that the McKay-Thompson series are completely replicable
functions (cf. e.g. [F]) which in turn implies that they are hauptmoduln for
genus 0 groups. In this way Borcherds proved the moonshine conjectures.

Conversely the fact that the McKay-Thompson series are replicable haupt-
moduln for genus 0 groups implies the twisted denominator identities (cf. Lemma
A.2 in [CuN]).

Suppose that g has squarefree level N. Then g has order N. We calculate
the twisted denominator identity of g explicitly.

We start with a generalization of Conway and Norton’s compression formula.

Proposition 2.1
Let p be a prime dividing N. Then

Tov (1) =Ty(1) + Tylw, (%) + Tylw, (TTTI) + .o+ Tylw, (%{H) +pep
=T4(7) + pTylw,T,(T) + pcy
where T, is a Hecke operator and Tg|w, has constant coefficient —c,.
Proof: This can be proven in the same way as the compression formula. (I
We generalize the formula in the following way.

Proposition 2.2
Let d be a positive integer. Then

Tya= > m(Tylw,m, +cm)
m|(d,N)



Proof: Since Tya = T,y it is sufficient to prove the statement for d|N. We do
this by induction on the number of divisors of d. The statement is true for d = 1
and d = p. Now suppose dp|N and (d,p) = 1. Then for all m|d the operators
Ty, and W), commute, W, W,, = Wy,,, and T,,,T), = T}p,p. From

Tga = Zm(Tg|Wme + cm)

m|d

we get
ng|Wpr = Zm(Tg|me,Tan + Cm)

m|d

so that the constant coefficient in Tpa|w, 7, is

- Zm(cpm —Cm) -

m|d
Then
Tgan = Tigayr
=Tya + pTyalw,, + me(cpm —Cm)
m|d
= ng + me(Tg|Wp7nTprn + Cm) + me(cpm - Cm)
m|d m|d
= ng + me(Tg|Wp7nTprn + C;Dm)
m|d
= Z m(Tglmem + Cm) + me(Tg|me,Tpm, + CPW)
m|d m|d
= > m(Tylw, 1, + m)-
m|dp
This finishes the induction and proves the proposition. g
Proposition 2.3
Let k|N. Then
k/d
T9|Wka +ck = Z % ng .
dlk

Proof: Define a function f on the positive integers by

m(T, Wi Ty T Cm if m|N
0 otherwise.

For a positive integer £ let

g(k) = Zf(m) = Z m(Tglw,,1,, + cm) =Ty .

m|k m|(k,N)



The Mobius inversion formula implies

fm) =" p(m/k)g(k) = p(m/k) Ty

k|lm k|lm

so that for a divisor m of N

Tyl 1+ Cm) = 3 (m/k) Ty

k|lm
This proves the proposition. (|
The twisted denominator identity of g takes the following simple form.

Theorem 2.4
Let g be an element in the monster of squarefree level N. Then g has order N
and the twisted denominator identity of the monster algebra corresponding to
g is

e TI TI @ - em)Bslmdo®/20) — g =0y — 1 (=),

kN ackL+

Proof: The last proposition and the fact that L™ does not contain any vectors
of norm 0 imply that the twisted denominator identity of g is given by

e TT TI (1 eo)folward=o®/2k) — g, (e0) — Ty (e =)
kN ackL+

The statement now follows from [T,|w, 7, ](m) = [Tylw, | (km). O

3 The fake monster algebra

In this section we give an independent proof of the twisted denominator iden-
tities of the fake monster algebra under automorphisms of the Leech lattice of
trivial fixed point lattice using the twisted denominator identities of the monster
algebra. We calculate these identities explicitly for elements of squarefree level.

The fake monster algebra G is a generalized Kac-Moody algebra describ-
ing the physical states of a bosonic string moving on a 26-dimensional torus.
The root lattice L of G is the even unimodular Lorentzian lattice Ils5;. A

nonzero vector « in L is a root if and only if a? < 2. A root o has multiplicity
[1/A](—a?/2) where

1/A(r) = 1/n(7)%* = ¢~ + 24 + 324 + 3200¢% + . ... .

The denominator identity of G is given by

e’ H (1 — ea)[l/A](f'ﬁ/Q) = Z det(w)w(ep H (1 - e"p)24) )

acLt weWw n>0



The Weyl vector p is a primitive norm 0 vector in L corresponding to the Leech
lattice and W is the reflection group L. The positive roots are the roots which
either have negative inner product with p or are positive multiples of p. The
real simple roots of G are the norm 2 vectors « in L with (p, ) = —1 and the
imaginary simple roots are the positive multiples np of the Weyl vector with
multiplicity 24.

Conway’s group Cog is the automorphism group of the Leech lattice A. The
characteristic polynomial of an element g in O(A) of order n acting on A ® R

can be written as
H(:I:k — 1)b’c .

The eta product
= [ ntkn)™

is a modular form, possibly with poles at cusps, for a group of level N. We call
N the level of g.

The Leech lattice has a unique central extension 0 — {#1} — A — A — 0
such that the commutator of the inverse images of o, 3 in A is (—1)(®#). The
natural action of O(A) = 22*.0(A) on the vertex algebra of the Leech lattice V
can be used to define an action of O(A) on the fake monster algebra.

Each element g in O(A) has a lift § to O(A) which acts trivially on the inverse
image of the fixed point lattice A9. The corresponding twisted denominator
identity is independent of the choice of g. We conjecture that this identity
defines an automorphic form of singular weight k/2, where k = dim A9, for a
discrete subgroup of Oj42,2(R) in the image of the singular theta correspondence
[B2].

Let g be an element in Cog of order n and trivial fixed point lattice. Then
the lift § described above has order n. Borcherds has shown in [B1] that the
twisted denominator identity of g is given by

eP H (1—e%) mult(a) _ Z det(w 779 eP))

aeLlt weWw

where

k .
mult(a) = Z Mék) tr(gd|VA7,a2/2d2k2) )
dk|((a,L),n)

Here L = II1 ;, W is the reflection group of L, p = (=1,0) € L and Vi, is
the subspace of V of Lg-eigenvalue m + 1. A nonzero vector (my,ms) in L is
positive if and only if mq,ms > 0 or (my,ms2) = (1,—1). Note that in contrast
to the monster case there are roots of norm 0.

The twisted denominator identity of g can also be written as

ePH H Zd\k p(k/d)o Ayd/k" a](=a®/2k%) Z det(w 779 ep>)

kln cckL+ weW



(cf. [S1]). It is easy to see that the constant term in the Fourier expansion of

Z :U/(k/d)eAgd /kngd

dlk

is bk.

Now we give an independent proof of the twisted denominator identity for
elements with trivial fixed point lattice. The idea is that this identity differs
from the corresponding identity of the monster only by some boundary terms.
Let g be an element in Cog of order n and trivial fixed point lattice. The eta
product 1/n, is up to a constant equal to the McKay-Thompson series of some
element in the monster which we also denote by g. More generally we have

Proposition 3.1
Let k|n. Then

0
AT N by =Ty
Mlg* d|k

Proof: A case-by-case analysis shows that 0, /n, and T e have the same
invariance group so that 6, . /1. is a rational function of T,x. The only poles
of 0,41 /ngr are at the cusp oo so that 6, ,x /1 is actually a polynomial in 7.
The statement now follows from comparing the coefficients at ¢ for m < 0 on
both sides. O

Using this formula we can show

Theorem 3.2
Let g be an automorphism of the Leech lattice of order n and trivial fixed point
lattice. Then

el TI O dmams[Sant/oninomm

k|n m1>0, mo€Z
mi1=0, ma>0

=1g(72) — ng(11)

Proof: We separate the factors coming from the norm 0 vectors and then use
the twisted denominator identity of the monster algebra corresponding to g to



obtain

Q> H H (1 _ qkm1 qkmz) [Zd‘k u(k/d)o  a /kngd] (mimz)

k\n m1>0, mo€Z
m1=0,m2>0

= ¢ H H (1- qkm1qkm2)[kaer‘k,u(k/d)ng/k} (myms)

k|n m1>0, mo€Z
m1=0,m2>0

= (Q2H H (1—ghm=)P )(th H gymyb )

k|ln m2>0 kln m1>0
( T IT - ghma) [ i wk/ T 0 /5] <m1m2>>
kln m1>0
Mo€ZL

= ny(r2)g(r1) (Ty(m) = Ty ()

= my(m)ng(r1) (1/me(m) = 1/m(72) )
= ng(72) —ny(m1).
This proves the theorem. (|

For elements of trivial fixed point lattice and squarefree level the twisted
denominator identity takes a very simple form. We write f; = 1/n,. Then

Theorem 3.3

Let g be an automorphism of the Leech lattice of trivial fixed point lattice and
squarefree level N. Then g has order N and the twisted denominator identity
corresponding to g is

e H H (1— ea)[fg\wﬁak](*a /2k) ng(e?) — ny(e™?)
k|N ackL+

where ay, is a constant such that fy|w, + ar has constant term by.

Proof: From Propositions 2.3 and 3.1 we get
fngka +ag = Z :u(k/d) HAad //{and :
dlk

Inserting this into the formula of Theorem 3.2 gives the assertion. Another way
of proving the identity is to separate the contributions of the norm 0 vectors
and then to use Theorem 2.4. O

4 Modular forms
In this section we define a map from modular forms on I'g(N) to modular forms

for the Weil representation. We calculate this lift explicitly for discriminant
forms of squarefree level.

10



Let L be an even lattice of even rank with dual lattice L’. The discriminant
form D of L is the finite abelian group L’/L with quadratic form 42/2 mod 1.
The level of D is the smallest positive integer N such that Ny?/2 =0 mod 1.
We define the signature of D as sign(D) = sign(L) mod 8. The discriminant
form decomposes into orthogonal p-groups

D= Dw).

12(D) = e(oddity(D)/8)

We define

and
V(D) = e(—p-excess(D)/8)

for odd primes so that

[17(D) = e(sign(D)/8)

(cf. [CS], chapter 15).
There is an action of SLz(Z) on the group algebra C[D] defined by

po(T)e” = e(—?/2) €’

_ elsien(D)/8) s
p(S)e = —=—~—~= e((v,0))e
oo (S) ol )

where S = (9 7!) and T = (} 1) are the standard generators of SLy(Z). This
representation is called Weil representation. Clearly it commutes with the au-
tomorphisms of the discriminant form.

Now let N be a positive integer such that the level of D divides N. It is
easy to see that

xp(a) = (ﬁ) e((a — 1)oddity(D)/8)

defines a quadratic Dirichlet character modulo N. A matrix M = (%) € To(NV)
acts in the Weil representation as

pp(M)e? = xp(M)e(—bdy*/2) e™

where xp(M) = xp(a) = xp(d).

Let f be a holomorphic function on the upper halfplane with values in C
and k an integer. We say that f is a modular form for I'g(N) of character xp
and weight k if

F(M7) = (7 + d)Fxp (M) ()

for all M = (%) in To(N) and f is meromorphic at the cusps of I'o(N). This
definition is slightly more general than the standard definition of modular forms
because we allow poles at cusps.

11



Let
F(r) =) Fy(r)e

YED

be a holomorphic function on the upper halfplane with values in C[D] and k an
integer. Then F' is a modular form for pp of weight k if

F(Mr) = (et + d)ka(M)F(T)

for all M = (%) in SLy(Z) and F is meromorphic at oco.
We can lift modular forms on I'g(N) to modular forms for the Weil repre-
sentation.

Theorem 4.1

Let L be an even lattice of even rank and discriminant form D of level dividing
N. Let f be a scalar valued modular form on T'o(N) of weight k and character
xp and S an isotropic subset of D which is invariant under (Z/NZ)* as a set.

Then
F(r) = > > fla(r) po(MH)e?
METo(N)\SLy(Z) vES

is a modular form for pp of weight k which is invariant under the automorphisms
of the discriminant form that stabilize S as a set.

Proof: Let M € SLy(Z). First we show that the function

Fx =) flupp(M~)e?
YES

depends only on the coset of M in I'o(N)\SLz(Z) so that F is well defined. Let
K =(2%) €To(N). Then (a,N) =1 and

Frp = Z Flea po(KM)™ e
veS

=xp(K) Y flapp(M~)pp(K~)e
YES

= xp(K) Y fla po(M ™ )xp (K~ 1)e™
YES

=Y flupp(M~)e
vES
— Fy

because S is invariant under (Z/NZ)*. Now we show that F' transforms correctly

12



under SLy(Z). For a matrix K = (2Y) € SLy(Z) we have

F(KT) = > > flar(K7) pp (M)

I\/IEFU(N)\SLQ (Z) vyeS

(er + )" > > Flak(r) po (M)

MET(N)\SLy(Z) vE€S

—(er+dfon(K) Y S Flaw() pp(Kpp(M e

MEeTo(N)\SLz(Z) vE€S

=(cr+dfp(K) Y flux(0) po(ME) e
MEeT(N)\SL2(Z) veS

= (e + d)* pp(K)F(7)

by shifting the summation index. Finally the Fj; and hence F' are invariant
under the stabilizer of S because the Weil representation commutes with the
automorphisms of the discriminant form. This proves the theorem. ]

Let N be a squarefree positive integer. Suppose the level of D divides N. In
this case we can calculate the lift explicitly (cf. [S2], chapter 6). The character

xp reduces to
, J
xp(j) = <—) :
D]

Let f be a modular form on I'o(N) of character xp and integral weight. For
each positive divisor ¢ of N we choose a matrix

1 b
Ml/c: (C d)

in SLy(Z) with d = 0 mod ¢’ where ¢/ = N/c. Then

1 1 b ¢ 0
WC’ﬁ(e d) (o 1>

is an Atkin-Lehner involution of I'o(N) and

fr7e(T) = flay, (1) = flw,, (7/¢)

gives an expansion of f at the cusp 1/c. Since f;,. has a Fourier expansion in
powers of ¢. we can write

fl/c(T) = gc’,O(T) + gc’,l(T) .t gc’,c’fl(T)

where
gerilr(T) = €(i/c) ger (7).
Let S be an isotropic subset of D which is invariant under (Z/NZ)* and

F=> Fe

13



be the lift of f with support S. If SN (v + D(¢’)) is nonempty then we can
define the integer j. with 0 < jo < ¢ —1 by —72/2 = jo /¢’ mod 1. We write
¢~ for the inverse of ¢ modulo ¢’. Then

Theorem 4.2
The components F., are given by

/

R S o T

c|N peSn(y+D(c"))

where

c. = elsien(D)/3) (55 ) [Tw(0)

ple
~(55) TTu0)

We describe two cases which will become important later.

Theorem 4.3
Suppose S = {0}. Then

c/
F'y: Z Ee——F——=09cj -
c|N, ' v=0 |D(C/)|
Jer /' ==~7/2

We see that I, is completely determined by the norm and order of v. This also
follows from the fact that F' is invariant under the full automorphism group of
the discriminant form.

By lifting constant functions we obtain

Theorem 4.4
Let S be an isotropic subgroup of D such that S = S*. Then the characteristic
function of S is invariant under the Weil representation.

Of course this can also easily be proven directly.

5 Automorphic forms

Let N be squarefree. We construct for each genus 0 group I' between I'o(NV)
and its normalizer T'o(N)+ an automorphic product ¥ of weight 0 on T’ x " and
determine the sum expansions of ¥ at the different cusps. These results imply
that the twisted denominator identities of the monster algebra corresponding to
elements of squarefree level are automorphic products of weight 0 for discrete
subgroups of Oz 2(R) and that the moonshine conjecture for Coy is true for the
elements of squarefree level.

14



Let N be a squarefree positive integer.
The normalizer I'g(N)+ of I'g(NV) in SL2(R) is obtained by adjoining Atkin-
Lehner involutions Wy, to T'o(N), i.e.

Lo(N)+ = | Walo(N).
k|N

We have
Wka = Wk*m mod FO(N)

where k xm = km/(k,m)?. In particular W2 = 1 mod I'o(N).
We define the lattice
M = II,; ® I (N)

with II 1(N) = \/NHM. If m is a divisor of N then we can also decompose M
into the orthogonal sum

M = Iy 1 (m) ® I, 1 (m)

where m’ = N/m.

Let z be a primitive norm 0 vector in M. The level of z is defined as the
greatest common divisor of {(z,z)|x € M}. Then the level of z divides N and
for each divisor m of N there is exactly one orbit of primitive norm 0 vectors of
level m in M under Aut(M).

Let D = M’/M be the discriminant form of M. The automorphisms of M
act on D and the image of Aut(M) in Aut(D) is surjective.

If z is a primitive norm 0 vector of level m in M then v = z/m mod M is
an isotropic element in D of order m. Conversely if 7y is an isotropic element of
order m in D then there is a primitive norm 0 vector z in M of level m such
that z/m =+ mod M. It follows that the orbits of primitive norm 0 vectors
in M under Aut(M) can be identified with the orbits of isotropic elements in D
under Aut(D).

The discriminant form of M decomposes into the orthogonal sum D =
@, D(p) where D(p) is the discriminant form of the lattice II1,1(p).

The discriminant form of Iy ; (p) has 2p — 1 isotropic elements and thus two
different isotropic subgroups. There is an automorphism V, of II1 ;(p) which
interchanges these two groups. We extend this automorphism to M.

It follows that the discriminant form D has oo(N) = Hp‘ ~ 2 maximal
isotropic subgroups and these groups can be parametrized by the divisors of
N. We do this by labelling one of the isotropic subgroups of order p by 1 and
the other by p. The label of a maximal isotropic subgroup is then obtained
by multiplying the labels of its p-subgroups. The automorphisms of M act
transitively on the maximal isotropic subgroups.

Let Aut(M,I) be the normal subgroup of Aut(M) fixing the maximal iso-
tropic subgroups of D. Note that the automorphisms V}, of M commute mod-
ulo Aut(M,I). For k|N we define the automorphisms V3 = 1 and Vj, =
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Vor Vo -V, if k=pipa...pp and p1 < pz <...<pp,. Then

Aut(M) = | Vi Aut(M, I)
k|N

and
ViV = Vi,  mod Aut(M, I)

so that the groups Aut(M)/Aut(M,I) and T'g(N)+/To(NN) are naturally iso-
morphic.

Let z be a primitive norm 0 vector of level m in M. Then v = z/m mod M
is an isotropic element in D of order m. We decompose v = Ep|m Yp Where 7,
is a nonzero element in D(p). Then =, is in one of the two isotropic subgroups
of order p. By multiplying the labels of these groups we obtain a divisor k of
m. The orbit of z in M under Aut(M, I) is determined by the pair (m, k).

Now let N be a squarefree positive integer and

I'=N-+ki,... k

be a genus 0 subgroup of SLy(R) (cf. p. 27).
Let Tt be the normalized hauptmodul corresponding to I'. Then

Trk/n (7) = Trlw, (T/F)
gives an expansion of T at the cusp k/N of I'g(N) of width k. We decompose

Tr /N = 9k0 + 9k1 + oo+ gr k-1

where the gy ; satisfy
grjlr = €(j/k)gn.; -

We define ¢q as the constant coefficient in —Tr|w, (cf. p. 27). Then ¢; =0
and cpg = cq for all k € T'/T4(N). The group I'/To(N) acts on the ¢, by
k.c;n, = Crsm and the number of orbits under this action is the index of I' in
To(N)+.

Let Fr, be the lift of 71 on M = II; 1 & II; 1 (N) with trivial support. We fix
a labelling of the isotropic p-subgroups of D as described above. Let Sy be the
maximal isotropic subgroup with label k dividing N and Fj, the lift of ¢x /o1 (V)
on M with support Sj. Then Fj, = ¢;ds, . Define

F=Fp+)Y Fi.
k|N

Then the coefficients of F' are given by

E, = Z 9k.j + ch-

kN, ky=0 vESK
ilk==~%/2
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In particular we have

Fo=> (gro+cr) =Y _(Trlwir, + ck)

kIN kIN

so that the constant coefficient of Fj is 0. Hence the theta lift ¥ of F' is an
automorphic form of weight 0 for Aut(M, F')* (cf. [B2], Theorem 13.3).
The group Aut(M, F') of automorphisms of M leaving F invariant is

Awt(M,F) = |J ViAut(M,I).
kET/ Ty (N)

From this the orbits of primitive norm 0 vectors in M under Aut(M, F') immedi-
ately follow. Note that two primitive norm 0 vectors of level m and parameters
k and (k«1,m) = k= (I,m) with [ € T'/T¢(N) are in the same orbit under
Aut(M, F).

For example suppose I' = 6 + 6. Then the orbits of primitive norm 0 vectors
in M under Aut(M,I) are given by

)

(1,1)
(2,1),
3,1)
(6,1), (6,2), (6,3), (6,6).

The automorphism Vj interchanges the orbits

);
);
),
),

so that there are 5 orbits of primitive norm 0 vectors in M under Aut(M, F').
Now we determine the product expansions of V.

Theorem 5.1
Let z be a primitive norm 0 vector in M with parameters m and k. Then the
expansion of ¥ corresponding to z is given by

o) [T 1 (1= ellmdya, zy) ot

d|N ae(L/NL/d)*

1] 11 (1 = e((m, d)(c, Z)))[Ck'*d](—a2/2)

dIN a€(Sprwa(m/)+L)+

where m' = N/m, k' = N/k and L = II; 1 (m/).
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Proof: The lattice L = (M N z1)/Zz is isomorphic to II; 1 (m’) and M decom-
poses into the sum of L and its orthogonal complement L+ in M. This yields an
isomorphism between the m’-torsion subgroup D(m') of D and the discriminant
form of L.

The isotropic element v = z/m mod M in D has order m and

DNyt = (D(m)ny*) & D(m')
= (v)@D(m).
The projection
(v)@® D(m') — D(m/)
defines a map from D N ~+ to L’/L which preserves norms. For a € L' we
denote the inverse image of @ mod L under this map as a+ (7).

Furthermore we choose a vector 2’ in the dual of L* such that (z,z’) = 1.
Then the theta lift ¥ of F is given by

H H 1 o 6 ))6((0[72)))[1%](70‘2/2)

a€Ll't S€a+{v)

[Z as=0 gd,j} (=a?/2)

DIT TI (el el 2)) orasore

a€Ll't sea+(y)

I TI (el ez Ze e

acLl't sea+(y)

We simplify the first product. Let o € L'* be of order I|m’ in L'/L and
d|N. Then (a+ (v)) N D(d) is nonempty if and only if @ € D(d) and if and only
if I|d. In this case (o + (7)) N D(d) = oo+ ({y) N D(d)) has cardinality (m,d).
Hence the contribution of a to the first product is

H (1 —e((m,d)(a, Z)))[gd,j](—a2/2)
1|d|N

where j is given by —a?/2 = j/d mod 1. Note that da € L implies a?/2 € Z/d.
Clearly [g4,;](—?/2) = [Tt 4/n](—?/2). Tt follows that we can write the first
product as

[Tr,a/n](—a?/2)
| | I I (1 — e((m,d)(mZ))) T.d/N )
dIN ac(L'nL/d)+

The second product can be simplified as follows. The group Sy decomposes
in the sum Sq = Sq(m) & Sq(m’) of the m- and m’-torsion subgroup. Therefore
the intersection (o + (7)) NS4 is nonempty if and only if o € Sg. In this case
(a+ (7)) NSqg = a+ ({y) N Sy) has cardinality (m, k' * d) where ¥’ = N/k. The
second product becomes

I I (-elm® «dya,2)) 7.

dIN a€(Sq(m’)+L)+
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Hence U is given by

e((p, 2)) H H (1 — e((m, d)(a, Z)))[TF,d/N](—a2/2)
d|N ac(L'NL/d)+

I I (—eltm® d)a 2)) 7.
d|N ae(Sq(m’)+L)+

This proves the theorem. O

Note that the identification of D(m') with L'/L and hence of Sq(m’) with a
subgroup of L'/L depends on z.

We determine how the product expansion of ¥ changes if we replace k by
k = (kx1,m) = kx(l,m) where I|N. This means that we replace z by z = Vj(2).
To clarify notations we denote the isomorphism from D(m’) to L'/L by jm .
The first product remains unchanged under the above substitution. For the
second product we obtain

11 11 (1 — e((m, &' * d)(a, 2)))

AN ae(j,, ;(Sa(m’))+L)+

=11 11 (1 —e((m,k *d*1)(a, Z)))[Cdﬂ—azm)

AN ag(j,, j(Sa(m’))+L)*

H H (1 —e((m, k" * l)(a,Z)))[CdH](—aQ/m

dIN a€(§,, §(Sax(m”)+L)+

H H (1 —e((m, k' x1)(«c, Z)))[Cm](fﬁﬂ)

AN ag(j,, (Vi(Sa(m"))+L)*

H H (1—e((m, k' *1)(a, Z)))[Cm](fﬁﬂ)

AN @€ (Vi(jm,k(Sa(m))+L)+

because

K = (k*(,m)) =k (l,m)

and
(m, k' xdx (I,m)) = (m, k" xd) x (I,m) = (m, k" «d=1).

Hence the product expansion of ¥ corresponding to Z = Vi(z) is
~ Tr, (—a?/2
(o) [T TI (= ellm e, 2) i
d|N ae(L'nL/d)+

H H (1 —e((m, k' xd)(a, Z))) [cant](—a?/2) .

dIN a€((Vigm,k)(Sa(m’)+L)+

If W; € T then c¢q = cgs« so that z and z give the same expansion up to
isomorphism.
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If m = N then the product expansion of ¥ simplifies to

. 2) IT TI (= el(e Z)))[TFYd/N+Ck’*d](7O‘2/2d2)

d|N a€dLt

where L = 11171.

The product expansion of ¥ in Theorem 5.1 extends over a subset of the dual
lattice of I 1(m') = v/m/II, 1. We rescale the expression by m’, i.e. replace
ain IL 1 (m') = 11171/\/W by vm/a, to obtain an expansion over the even
lattice II1 1. Note that the discriminant form II7 1 (m') /II; 1(m’) is identified
with II; 1 /m/II; 1 under this rescaling. We have

V m’(m, d) (Hlyl(m’)’ N HLl(m’)/d) == (m, d)IILl n (m, d)m/IILl/d
= (m, d)lll,l n m'ULl/(m', d)
= (m’ * d)IILl

because d = (d,m)(d, m’). Hence the rescaled expansion of ¥ is given by

e 2) ] 11 (1fe((a,Z)))[TF‘WA(*QQ/?(m’*d))

dIN ae(m/xd)L+

H H (1 - 6((a7Z)))[C’€’*d](—a2/2)

dIN @€ (m,d)(Sps,q(m)+m/ L)+

with L = IIl,l-
The second product in the expansion extends over norm 0 vectors in II; ;.
We choose a primitive isotropic vector ey in II3; such that v = e;/vm/

mod II; 1 (m’) is in the isotropic subgroup of label 1 in D and a primitive
isotropic vector e,  in II1 ; such that v, = emr/\/W mod II; 1 (m’) is in the
isotropic subgroup of label m/ in D. Then the norm 0 vectors in II; ; decompose
into the union Ze; U Ze,,, and

Theorem 5.2
The product expansion of ¥ at a cusp with parameters m and k is given by

O O R ) e
d|N aedLt
[I II (-el@zy=
AN ac(Zder)+
H H (1 — e((a7Z>))cd*M/k )

d|N a€(Zde,,)t

Proof: Recall that m’ = (d,m’)(d’,m’). The norm 0 vectors in Sg(m’) +m'L
are given by

(Sa(m') +m'L) N Zeyw = Z(d',m')e;
(Sa(m') +m'L) N Zeyy = Z(d,m ey, .
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Now

k(d,m)  k(d,m)

(mvk/ * d) = (mvk * d/) =kx (dlvm) = (k,d’,m)2 = (k,C,l/)Q
so that

kd'
Ty —hrd = dek

(m, k" xd)(d',m') =
and similarly
(m, k" «d)(d,m') =dxm/k.
Hence

11 I1 (1 - e((a 2))*

d|N ae(m,k’*d)(Sq(m’)+m’L)*t

=11 II (—ela2))™

d|N a€(Z(dxk")er)t

I1 I1 (1 - el(e, 2)))".

d|N a€(Z(dxm/k)e,,/ )T

This proves the theorem.

We see that the multiplicities of the norm 0 vectors in the expansion get
contributions from the constant coefficients in the 71|y, and the constants cg.
If m = N then the contributions of the constants ¢y to multiplicities of the

positive multiples of e; and e, are equal.

If m = k then the multiplicities of the positive multiples of e; become trivial

because the constant coefficient in Tr|w, + ¢4 is 0.
Also note that m’ = m/k is only possible if m =k = N.

Now we show that ¥ has another symmetry which is not visible on the level

of the orbits of primitive norm 0 vectors in M under Aut(M, F).

Let I|N and suppose that k|(m*l). Then the expansion of ¥ with parameters

m x| and k is given by
(3. 2) TT TI (1= elta, 2)) T a2
dIN aedL+
[T I (-el@zy)

d|N o€ (Zdér)+

11 11 (1—e((e, 2))) i/

dIN Q€(Zdé(y,.py)*

Using
(mx*l)/k=1xm/k
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we get
6((ﬁ, Z)) H H (1 - 6((04, Z)))[TF|Wd*L*m/](7O‘2/2d)
dIN aedL+
H H (1 . 6((0[7Z)))Cd*k/

d|N a€(Zdé)+

11 1T (1 —e((a, 2))) "1/

AIN Q€ (Zdé(pyupy)+

Hence if [ € I'/T'o(N) then the expansions of ¥ with parameters m and k and
parameters m [ and k are the same up to isomorphism.

This implies that ¥ has 1,3 or 9 different product expansions depending on
whether I' has index 1,2 or 4 in I'g(N)+. We determine now the corresponding
sum expansions. Here we introduce coordinates ¢; = e(71) and g2 = e(72).

Suppose I' = T'y(N)+. Then ¢4 = 0 for all d|N and Aut(M, F) = Aut(M).
Hence there are oo (V) orbits of primitive norm 0 vectors in M and they all give
the same expansion of W.

Theorem 5.3
Suppose I' = T'g(N)+. Then the expansion of U at any cusp is given by

1
I TT g T06me) = Tom) — Te(r).

d|N n1>0
noE€ZL

Proof: The product expansion of ¥ follows from the last theorem. The function
Tt is the McKay-Thompson series T, of an element g in the monster so that
the identity is just the twisted denominator identity of g (cf. Theorem 2.4). O

Suppose I" has index 2 in T'g(NN)+. Using the above symmetries we see that
the expansion of ¥ at a cusp is equal to one of the following.

(M)  The expansion of ¥ at the cusp with parameters m =k = N.
(FM) The expansion of ¥ at a cusp with parameters m = N and
k not conjugate to N under I'/T'o(N), i.e. k' ¢ T'/To(NV).
(O)  The expansion of ¥ at a cusp with parameters m not conjugate
to N under I'/To(N), i.e. m' ¢ T'/To(N), and k = m.

For example in the case I' = 6 4+ 6 the expansions of ¥ are of types

(M) (1,1),(6,1),(6,6)
(FM) (6,2),(6,3)
2,1),(2,2), (3,1),(3,3)

—~

o
~—
—~

We have
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Theorem 5.4
Suppose T' has index 2 in To(N)+
The expansion of U at the cusp with parameters m = k = N is given by

= H H (1 _ qdnlqdnz)[Tp\Wd](dnlnz) _ TF( ) _ TF(TQ) )
d\N nyi,n2>0

ny,—n2>0
The expansion of U at a cusp with parameters m = N and k' ¢ T'/To(N) is
given by

q2 H H (1 _ qdnlqd"Q)[TF|W.1+Cd*k/](dn1n2)

d|N n1>0,n2€Z
n1=0,n2>0

1 1
- Tr(m) +ew  Tr(m) +eow

The expansion of ¥ at a cusp with parameters m’ ¢ T'/To(N) and k = m is
given by

@)+ en) [T TT (1 - g gfne) e altdmane)

d|N ni1,n2>0
=1Tr(m) — Trlw,, (2) -

Proof: First we consider the case m = k = N. The product expansion of ¥
is given in Theorem 5.2. Since the constant coefficient of Tr|w, + cq is 0 the
norm 0 vectors only give trivial contributions to the product so that ¥ has the
stated product expansion. The identity is the twisted denominator identity of
the monster algebra corresponding to an element in the monster with McKay-
Thompson series Tt (cf. Theorem 2.4).

Now we consider the second case. The product expansion of ¥ is clear. Here
we note that there is an element g in Cog of cycle shape [] dIN d’ such that

Tr + ¢ :fg-

The constant coefficient of Tr|w, + ca«ks is bg so that the identity is the twisted
denominator identity of the fake monster algebra corresponding to g (cf. Theo-
rem 3.3).

Finally let m’ ¢ '/ T'¢(N) and k = m. Then the contributions of the norm 0
vectors on one boundary vanish. Since the constant coefficient of 11|y s T Cd
is —bq the contributions of the norm 0 vectors on the other boundary are given

by
dnl ba .
}_][V n11_>[O

Hence ¥ has the stated product expansion. The function 7T + Tp|Wm, +
is holomorphic on the upper halfplane and invariant under I'g(N)+. Since

23



Trlw,, + cm vanishes at oo the function Tt + Tr|w, , + ¢ is equal to T (n)+-
We have shown above that

H H (1 — g™ gy Tromn+lwalldmna) Ty vy 4 (11) = Try ()4 (12)

AN n1,m2>0 (1 — gfmggne)rlw,l(dnana) Tr(m1) — Tr(72)
It follows
g ) Tl (dnana) _ Trlw,,, (1) = Trlw,, (12)
H H ) dxm =1+
d|N ni1,n2>0 TF(TI) - TF(TQ)
and
H H dn1 dn2)[Tr|Wd (dning) _ 1— TFle, (7'2) + Cmy
d|N n1,n2>0 Tr (1) + e

because TT|w, , + ¢ is a multiple of 1/(1t + ¢,,/). Multiplying this identity
by Tr(71) + ¢m gives the sum expansion of ¥ at this cusp.
This proves the theorem. (|

Now suppose that T" has index 4 in T'o(N)+. Then the expansion of ¥ at a
cusp is equal to one of the following.

(M)  The expansion of ¥ at the cusp with parameters m = k = N
(FM) The expansion of ¥ at a cusp with parameters m = N and
k not conjugate to N under I'/T'o(N), i.e. k' ¢ T'/To(N).
(O)  The expansion of ¥ at a cusp with parameters m not conjugate
to N under I'/To(N), i.e. m' ¢ T/To(N), and k = m.
(R)  An expansion of ¥ which is not covered by the previous cases.

There are 3 different expansions of type (FM) corresponding to the 3 different
values of k' modulo I'/ To(V).

There are also 3 different expansions of type (O).

If we have an expansion of type (R) then m not conjugate to N under
I'/To(N) and there is no expansion with parameters m = k which is equal
to this expansion. There are 2 different expansions of type (R). In contrast
to the previous cases there seem to be no canonical representatives for these
expansions.

The 9 expansions of W are described in the following theorem.

Theorem 5.5
Suppose T' has index 4 in T'o(N)+.
The expansion of ¥ at the cusp with parameters m = k = N is given by

= H H (1 _ qdnlqdnz)[Tp\Wd](dnlnz) _ TF( ) TF(TQ)-

d\N ni,n2>0
ni,—n2>0
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The expansion of ¥ at a cusp with parametersm = N and k' ¢ T'/To(N) is
given by

q2 H H (1 _ qdnlqd"2)[TF|Wd+Cd*k’](d”1n2)

d‘N n1>0,no2€7Z
n1=0,n2>0

1 1
- Tr(m) e Tr(n) +ew

The expansion of ¥ at a cusp with parameters m’ ¢ T'/To(N) and k = m is
given by

(TF T1 + Ccpy H H dnl dn2)[TF|Wm/*d](dn1"2)
d|N ni1,n2>0

= Tp(Tl) — TF|Wm/ (TQ) .

The other expansions of ¥ are of the following form

s ke G ek (TT (1) + Ck’)|Wm/k (T (12) + Cmyi)lw,,

H H dm dnz)[Tr\Wm,*d](dmnz)

d|N ni1,n2>0
= akrm/k (Tr(71) + ¢ )W e — @i myi (Tr(72) + ) lw,
where ags 1, is a normalizing factor such that a: ,/x(Tr(11) + cxr)lw,, ,, has

constant coefficient 1 and analogously for a.,, /i -

Proof: In the first 3 cases the proof is analogous to the proof of Theorem 5.4.
Note that if &' ¢ T'/To(N) then for each value of k' mod I'/ T'g(N) there is an
element g in Cog such that

Tr +cp = fg .

We prove the last statement and determine the expansions of ¥ of type (R). The
constant coefficient in Tp|Wd*m, + Caskr 18 —Cgsm’ + Caxkr SO that the multiples
of e; contribute the factor

H H dnl ~Caum! TCaur! — A ke k! (TF(Tl> + Cm/k>|Wk/
d|N n1>0

to the product expansion of ¥. The multiples of e,,,, contribute

H H dnl —Cqum! TCdsm/k — g (TF(T2> + Ck/)|W7n/k .
d|N n1>0

Hence the product expansion of W is given by

Ak Otk (T0(T1) + Cmy) lwy, (Tr(72) + ek lw,, .

H H 1 _ qdnl dng)[Tp\Wm,*d](dnlng) )

d|N ni1,n2>0
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We determine the sum expansion of this product. We have already seen that

H H dn1 an)[Tr|W , d](dnﬂu) TF(Tl) - TFle/ (7-2) )

d|N n1,m2>0 Tr(m) + e

Since
U /ity (T (1) + o) W,
TF(T1> “+ Cmy

for some constant b we can write ¥ as

=b(Tr(r1) + cw)lw,,

ar i b (T (1) + c)lw,, (Tr(72) + crr)lw,,
(Tr(m1) + ) — (Tr(72) + car)lw,, ) -
Now
b(Tr(m) + ew)lw,, (Tr(m) + ew) =1
and
b(Tr(m2) + cx)lw,, ) (Tr(12) + c)lw,,
= (0(Tr(72) + cw)lw, . (Tr(m2) + )y,
(b (Tr(72) + ex)lw, (Tr(m2) + ) |y,
= 1

so that ¥ has the following sum expansion

ar ke (Tr(72) + cr)lw,, . — @ imyi (T (1) + cir)|w, -

Hence the expansions of ¥ of type (R) are given by

ke @k /e (T0(T1) + i) lwy, (T0(72) + i)l
[T TI - g gineeiw. ddmne)
d\N ni,n2>0
= @ sk (Tr(72) + i)l i = @k gk (Tr(m) + i), -

This proves the last statement of the theorem. O

We summarize our results on the monster.

Theorem 5.6
Let g be an element in the monster of squarefree level N. Then g has order N
and the twisted denominator identity corresponding to g

T L G- atmagesy il — 7,m) 7, (m).

d|N ni1,n2>0
ni,—n2>0

is an automorphic product of weight 0 for a discrete subgroup of O3 2(R).
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For Conway’s group Coy we have shown

Theorem 5.7
Let g be an element in Coq of squarefree level N and trivial fixed point lattice.
Then g has order N and the twisted denominator identity of g

. H H (1- qfnlqg’ﬂa)[fg‘Wd'f'ad](dnan) =1y () — ng(11)

d|N n1>0,n2€Z
n1=0,n2>0

is an automorphic product of weight 0 for a discrete subgroup of Oz 2(R).

Genus 0 groups

We list the genus 0 groups I'g(N) C I' C T'g(N)+ where N is squarefree and
some related information.

Let N be squarefree and I' a genus 0 group between I'g(N) and T'o(N)+
and Tr the corresponding normalized hauptmodul. For each divisor d of N
the constant ¢y is defined as the constant coefficient in the Fourier expansion
of =Tr|w,. In the following table we list the groups I' (cf. Table 1 in [CMS])
together with the constants ¢4. In the case I' = T'g(IV)+ all ¢4 vanish and there-
fore are not given in the table. If Tt is equal to the McKay-Thompson series T}
of some element ¢ in the monster we give the class of g in the notation of [C].
If Tt is equal to fy = 1/n, up to a constant for some element g in Cog we also
list f, and the class of g.

N r index | formula cq monster | Cog
1| 1+ 1 14
2 | 2+ 1 2A

2— 2 | 124/224 | (0,-24) 2B -14
3 3+ 1 3A

3— 2 | 112/312 | (0,-12) 3B 3A
5 5+ 1 5A

5— 2 16/5% | (0,-6) 5B 5A
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N T index formula Cd monster | Cog
6 6+ 1 6A
6+6 2 | 212312/112612 | (0,12,12,0) 6B —34
6+3 2 1636/2565 | (0,—6,0,—6) | 6C —-3B
6+ 2 2 1424/3%* | (0,0, —4,—4) 6D 6A
6— 4 1°3/2.6° (0,3,4,-5) 6E 6D
2834/146% —6A
2339/136° -3C
7 T+ 1 TA
7— 2 14/74 (0, —4) 7B 7A
10| 10+ 1 104
104+10| 2 2656 /16106 (0,6,6,0) 10D | =54
1045 2 145%/2410* | (0,—4,0,—4) | 10B | —5B
10+ 2 2 1222/5210% | (0,0, -2, —2) 10C 104
10— 4 135/2.103 (0,1,2,-3) 10F 10E
2452 /12104 —104
2.5°/1.10° -5C
1] 11+ 1 114
13| 13+ 1 134
13— 2 12/132 (0,-2) 13B 134
14| 14+ 1 144
14414 2 2474 /14144 (0,4,4,0) 14Cc | =74
14+7 2 1373/2314% | (0,-3,0,—3) | 14B —7B
15| 15+ 1 154
154+15| 2 3353 /13153 (0,3,3,0) 15C 154
15+5 2 1252/3%15% | (0,—2,0,—2) | 15B 158
17 17+ 1 174
19| 19+ 1 194
21| 21+ 1 214
21421 2 3272 /12212 (0,2,2,0) 21D 21A
21+ 3 2 1.3/7.21 (0,0,—-1,-1) | 21B 21B
22| 22+ 1 224
22411 2 12112/2%222 | (0,-2,0,—2) | 22B | —114
23| 23+ 1 23A, B
26 | 26+ 1 26A
26426 | 2 2213% /12262 (0,2,2,0) 26B | —134
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N T index formula Cd monster Cog
29 29+ 1 294
30 30+ 1 30B
30+2,15,30 | 2 3.5.6.10 (0,0,1,1, 30F 304
/1.2.15.30 1,1,0,0)
30 +5,6,30 2 | 2232102152 (0,2,2,0, 30D —15B
/125262302 0,2,2,0)
30+6,10,15 | 2 | 1%6310%15% | (0,-3,-3,-3 | 304 —154
/233353303 | 0,0,0,—3)
30 +3,5,15 2 1.3.5.15 (0,—1,0,0, 30C —15D
/2.6.10.30 | —1,—1,0,-1)
30+ 15 4 126.10.15% | (0,-2,—-1,—1, | 30G —15F
/223.5.302 0,0,0,—2)
1.6210%15 —30A4
/223.5.302
3.5/2.30 30F
31 31+ 1 314, B
33 33+ 1 33B
33+ 11 2 1.11/3.33 | (0,-1,0,—1) 334 33A
34 34+ 1 34A
35 35+ 1 35A
35+ 35 2 5.7/1.35 (0,1,1,0) 358 354
38 38+ 1 384
39 39+ 1 394
39 + 39 2 3.13/1.39 (0,1,1,0) 39C,D | 39A,B
41 41+ 1 41A
42 42+ 1 424
42 +3,14,42 | 2 2.6.7.21 (0,1,0,1 42D —21B
/1.3.14.42 1,0,1,0)
4246,14,21 | 2 1262142212 | (0,-2,-2,0, 428 —21A
/223272422 | —2,0,0,—2)
46 46+ 1 46C, D
46 + 23 2 1.23/2.46 | (0,—1,0,—1) | 46A,B | —23A,B
47 A7+ 1 47A, B
51 51+ 1 514
55 55+ 1 55A

29



N T index | formula Cd monster Cog
59 59+ 1 59A, B
62 62+ 1 62A, B
66 66+ 1 66A
66 + 6,11, 66 2 2.3.22.33 (0,1,1,0, 66B —334A
/1.6.11.66 |  0,1,1,0)
69 69+ 1 69A, B
70 70+ 1 70A
70 + 10,14, 35 1.10.14.35 | (0,—1,-1, -1, 70B —35A
/2.5.7.70 0,0,0,—1)
71 71+ 1 71A,B
78 78+ 1 78A
78 +6,26,39 2 1.6.26.39 | (0,-1,-1,0, | 78B,C | —39A,B
/2.3.13.78 | —1,0,0,—1)
87 87+ 1 87A, B
94 94+ 1 94A, B
95 95+ 1 95A, B
105 105+ 1 105A
110 110+ 1 110A
119 119+ 1 119A, B
We describe an example. The group
= [J Wilo(30)

ke{1,15}

is written as 30 + 15. It has index 4 in I'g(30)+. The normalized hauptmodul
Tt is equal to the McKay-Thompson series Ty, for g of class 30G in the monster
and up to a constant equal to f, for g of class —15F, —30A or 30E in Coy. This

implies that

TF(T)

n(27)n(307)

T - +2¢3 —2¢" +2¢° =3¢ +5¢" — 55+ . ...

30



From these formulas it is easy to derive the values of the constants c4. We find
(c1, 2,3, ¢5, C6, €10, €15, €30) = (0, —2,—1,-1,0,0,0,-2) .

We observe the following results. Let N be squarefree and I" a genus 0 group
between I'g(N) and I'g(N)+. Then T has index 1,2 or 4 in T'g(N)+. In each
case there is an element g in the monster such that 7t is equal to 7. If I' has
index 2 in I'y(IN)+ then there is an element g in Cog such that Tt is equal to f,
up to a constant. If I has index 4 in Ty (N)+ then there are 3 different conjugacy
classes in Coq such that Tt is equal to f; up to a constant. Conversely let g
be an element of squarefree level NV in the monster. Then T} is equal to 1T for
some genus 0 group I" between I'o(N) and I'o(N)+. If g is an element of trivial
fixed point lattice and squarefree level N in Cog then f4 is equal to Tt up to
a constant for some genus 0 group I'g(N) C T' C T'g(N)+ of index 2 or 4 in
To(N)+.
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