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ABSTRACT. We prove a dimension formula for orbifold vertex operator alge-
bras of central charge 24 by automorphisms of order n such that I'g(n) is a
genus zero group. We then use this formula together with the inverse orbifold
construction for automorphisms of orders 2, 4, 5, 6 and 8 to establish that
each of the following fifteen Lie algebras is the weight-one space Vi of exactly
one holomorphic, C2-cofinite vertex operator algebra V of CFT-type of cen-
tral charge 24: As5C5Eg 2, A3A7,2032, Ag,2F4 2, BgEg 2, A%Ag’QBz, C’gFf,
AZQC4,2, 14372D4,47 BsE72Fy, B4CZ, Ai5, A4Ag 2B3, BsCro, A1C5,3G2,2
and A1,2A§’4.
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INTRODUCTION

Vertex operator algebras and their representation theory formalise the physical
notions of the chiral algebra and the fusion ring of a conformal field theory (CFT).
If the fusion ring is as simple as possible, then the conformal field theory is said
to be holomorphic. More precisely, a rational vertex operator algebra is said to be
holomorphic if it possesses a unique irreducible module, namely itself.

In this paper we follow the convention in [DM04b] and call a vertex operator
algebra strongly rational if it is rational (as defined in [DLMO97], for example),
Cs-cofinite, self-contragredient (or self-dual) and of CFT-type.

The central charge c of a strongly rational, holomorphic vertex operator algebra
V is necessarily a positive integer multiple of 8 (a simple consequence of [Zhu96]),
and a complete classification is known in the cases ¢ = 8,16 [DMO04a]. The classifi-
cation at central charge ¢ = 24 is an open problem, but a lot of progress has been
made recently.
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Let V' be a strongly rational, holomorphic vertex operator algebra and o a finite
order automorphism of V. In [EMS15] we study the fusion ring of the fixed-point
vertex operator subalgebra V7, showing that it is naturally isomorphic to the group
ring of a finite quadratic space and that Zhu’s representation of SLo(Z) on the trace
functions of the irreducible V?-modules [Zhu96] coincides up to a character with the
corresponding Weil representation. In the same paper we develop a cyclic orbifold
theory and use it to construct a new holomorphic vertex operator algebra, denoted
by Vo) for appropriately chosen o.

To fully exploit the power of the orbifold theory as a tool for the construction
and classification of holomorphic vertex operator algebras it is important to be able
to deduce information about the isomorphism type of V™) from V and o. One
useful invariant of a vertex operator algebra of central charge 24 is the dimension of
its weight-one Lie algebra V3. In Theorem we prove a formula for the dimension
of this Lie algebra Vlorb(a) in terms of V' and o. The following is a useful corollary.
For more details see Section Bl

Theorem (Dimension Formula). Let n be a positive integer such that the con-
gruence subgroup I'o(n) C SLa(Z) has genus zero. Let V' be a strongly rational,
holomorphic vertex operator algebra of central charge 24 and o an automorphism
of V' of type n{0} such that V7 satisfies the positivity assumption and such that the
conformal weights of the irreducible o®-twisted V-modules obey p(V (c*)) > 1 for
i=1,...,n—1. Then

Z i dd n//dd (24+ % dim(vy7) - dim(v"*) ) = 24

holds where ¢ is Euler’s totient function.

In [EMS15] we also show that the weight-one space Vi of a strongly rational,
holomorphic vertex operator algebra V' of central charge ¢ = 24 must be one of
an explicit list of 71 Lie algebras, rigorously proving a result by Schellekens on
“meromorphic ¢ = 24 conformal field theories” [Sch93]. We shall in the following
refer to these 71 cases as Schellekens’ list.

Efforts by many authors have finally led to the result that all of these 71 Lie
algebras on Schellekens’ list are realised as weight-one spaces of strongly rational,
holomorphic vertex operator algebras of central charge 24 [FLM88, [DGM90] [Don93|
DGMO96, Lam11l LS12] LST5], Miy13] [SS16l [EMS15, Mo16l [LS16b) [LS16al [LI16].
All are obtained as lattice vertex operator algebras and their (iterated) orbifolds by
finite order automorphisms. Some of these results are based on the general theory
of cyclic orbifolds developed in [EMST5, [M616].

In order to obtain a classification of vertex operator algebras it is necessary to
show that the Lie algebra structure of the weight-one space of a strongly rational,
holomorphic vertex operator algebra of central charge 24 uniquely determines this
vertex operator algebra up to isomorphism. This is known for the 24 Niemeier
lattice vertex operator algebras [DMO04al, 3 vertex operator algebras obtained as
orbifolds of order 3 [LS16¢], 13 vertex operator algebras obtained as (—1)-orbifolds
[KLL16], 2 framed vertex operator algebras [LS15] and for one more case [LL16].

In this paper we add 14 more cases to this list (see Theorem and below).
The uniqueness of 5 further cases was proved in [LS17] after the completion of this
work. In total, this leaves 9 open cases, including the Moonshine module V. Tt is
a decades-old conjecture that V¥ is the only (strongly rational) holomorphic vertex
operator algebra V' of central charge 24 with V73 = {0} [FLMSS]. The methods used
in this paper are, however, unsuited to prove this conjecture.
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Theorem (Uniqueness). A strongly rational, holomorphic vertex operator algebra
of central charge 24 is up to isomorphism uniquely determined by the Lie algebra
structure of its weight-one space Vi if Vi is isomorphic to AsCsEg 2, AsAz2C3,
AgoFyo, BsEsa, A3AZ,Bs, CsF}, Af,Cu2, A5,Ds4, BsEqroFy, BiCE, Afs,
AyAg 2Bs, BsCho, A1C53G22 or ALQA%A, corresponding to the cases 44, 33, 36,
62, 26, 52, 22, 13, 53, 48, 9, 40, 56, 21 and 7 on Schellekens’ list.

The strategy we use to prove uniqueness is developed in [LS16¢] and is based in an
essential way on the inverse orbifold construction, first developed in [EMSI15] (and
called “reverse orbifold” in [LS16c]). In a nutshell, the idea is as follows: Let V be
a strongly rational, holomorphic vertex operator algebra of central charge 24 with
weight-one Lie algebra V;. Any inner automorphism o = e@m)ady of 1,y e V],
extends to an automorphism of V. Choose such an automorphism, and suppose
that V°*(?) is isomorphic to the lattice vertex operator algebra V. By virtue of
its construction as an orbifold, V() carries an inverse orbifold automorphism ¢
of the same order as o with V' = (V°?(@))orb(©) " Under favourable circumstances
the order and the fixed-point subalgebra (Vor©)$ = V7 of ¢ determine ¢ up to
conjugacy in Aut(Vy). If this is the case, then V 2 (V)°™P(©) is shown to be unique
up to isomorphism.

Outline. We assume that the reader is familiar with vertex operator algebras and
their representation theory and with the specific examples provided by lattice vertex
operator algebras and affine vertex operator algebras (see, e.g. [LL04]).

The article is organised as follows: In Section[I]we describe Lie algebras occurring
as weight-one spaces of vertex operator algebras, inner automorphisms and the
classification of the weight-one structures of strongly rational, holomorphic vertex
operator algebras of central charge 24, dubbed Schellekens’ list.

Section [2] reviews the cyclic orbifold construction of strongly rational, holomor-
phic vertex operator algebras and the inverse orbifold construction. In Section [3]a
genus zero dimension formula for the weight-one space of these orbifolds for central
charge 24 is derived.

In Section [4 the general procedure to prove the uniqueness of certain vertex
operator algebras on Schellekens’ list is described. This is split up into three parts
which are described in detail in Sections [5} [6] and [7] for the fifteen cases considered
in this text.

Finally, in Section [8| we state the main result of this paper.
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lattice orbifolds in Section 5 makes use of Sage [Sagl4] as described in Section 5.6
of [M516].
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1. VERTEX OPERATOR ALGEBRAS AND LIE ALGEBRAS

We briefly review the appearance of Lie algebras as weight-one spaces of vertex
operator algebras and discuss related concepts such as affine structures and inner
automorphisms.

1.1. Lie Algebras. Let g be a finite-dimensional, simple Lie algebra over C of
rank [ € Z~q. Let h C g be a Cartan subalgebra, ® C h* the corresponding root
system and A = {ay,...,q;} C @ a base of simple roots, labelled as in [Hum?73]|,
p. 58. We denote by (-, ) the unique non-degenerate, symmetric, invariant bilinear
form on g normalised so that the induced form on h*, which we also denote by (-, ),
satisfies (o, @) = 2 for any long root a € ®.

The coroot a¥ € b associated with o € @ is defined by 8(a") = 2(a, 8)/(a, @)
for all B € h*. The set ®¥ C b of coroots is also a root system, of which the set
AY ={aY|a € A} is a base. The root lattice @ and the coroot lattice Q¥ are the
Z-spans of ® and ®V, respectively.

The lattice P C b* dual to QY C b is called the weight lattice, and the elements
of the basis Aq,...,A; € b* dual to the simple coroots oy ,...,a) € b are called
the fundamental weights. Similarly, the fundamental coweights AY, ..., A) € b are
defined to be dual to the simple roots and span the coweight lattice. By definition
2(Ais )/ (o, o) = Ai() = 0; ; holds for 4,5 = 1,...,1.

Let § := 22:1 A; be the sum of all fundamental weights and ¢V := 22:1 AY
the sum of the fundamental coweights. Among the roots a = 22:1 m;a; of g,
the unique one with the highest value of Zé:l m; is denoted 6 and called highest

root. The highest root is always a long root. The relation 6 = 22:1 a;o; defines
the “marks” ay,...,a; of g. Similarly, the corresponding coroot 6V defines the

l

“comarks” ay,...,qa) of g by 0¥ = >._;a/a/. The Coxeter number and dual

Coxeter number are defined as h := 1+Z§:1 a; and hY = 1+22:1 ay, respectively.

We denote by P, C h* the set of dominant integral weights, i.e. the non-negative
integer linear combinations of the fundamental weights A;. The level of a weight
p € Py is by definition p(6"). For k € Zxo let P¥ := {u € Py |u(6Y) < k} denote
the subset of P, of dominant integral weights of level at most k. Note that the
level of 6 is hY — 1.

The reflection 7, in the root o € ® is the isometry of h* given by r,(8) =
B—pB(aY)a for all B € h*, and the Weyl group W C GL(h*) is the group generated
by the reflections in all roots or equivalently in all simple roots. W fixes ®, Q) and
P as sets. Via the isometry §h — h* the Weyl group W also acts on b and fixes ®V,
QY and the coweight lattice.

We will sometimes write ®(g), A(g), (-, -)q, etc. in order to specify the simple
Lie algebra g.

For a dominant integral weight A € Py let Ly(\) be the up to isomorphism unique
finite-dimensional, irreducible highest-weight g-module with highest weight A. For
any finite-dimensional g-module M we denote by II(M) C P the set of weights of
M, i.e. M has weight decomposition M = €D, cry(ar) Mu- We also denote II(Lg(A))
by II(A, g).

1.2. Weight-One Lie Algebra. Let V = EBZOZO V., be a vertex operator algebra
of CFT-type. It is well-known that
[a,b] := agb

for a,b € V; endows Vi with the structure of a Lie algebra and that the zeroth
modes ag for a € V; equip each V-module with a weight-preserving action of this
Lie algebra.
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If V is also self-contragredient, then there exists a non-degenerate, invariant
bilinear form (-,-) on V, which is unique up to a non-zero scalar and symmetric
[FHLI3| [Li94]. We normalise the form so that (1,1) = —1, where 1 is the vacuum
vector of V. Then, for a,b € V7,

a1b = bra = (a,b)1.

Note that V,, and V;, are orthogonal with respect to (-,-) for m # n.

If g € Aut(V) is an automorphism of the vertex operator algebra V' (which by
definition fixes the vacuum vector 1 € V; and the Virasoro vector w € V3), then
the restriction of g to V; is a Lie algebra automorphism, possibly of smaller order.

1.3. Affine Structure. Let g be a simple, finite-dimensional Lie algebra with
invariant bilinear form (-, )4, normalised as described above. Then the affine Kac-
Moody algebra § associated with g is the Lie algebra g := g ® C[t,t~1] ® CK with
central element K and Lie bracket

(1) [a®tmvb®tn] = [avb} ®tm+n +m(avb)95m+n,0K

for a,b € g, m,n € Z.

A representation of § is said to have level k € C if K acts as kid. For a dominant
integral weight A € P, (g) and k € C let Ly(k,\) be the irreducible g-module of
level k obtained by inducing the irreducible highest-weight g-module Ly(\) up in a
certain way to a g-module and taking its irreducible quotient. For more details on
affine Kac-Moody algebras and their modules we refer the reader to [Kac90].

For k € Z~o, Ly(k,0) admits the structure of a rational vertex operator algebra
whose irreducible modules are given by the Lg(k, \) for A € P¥(g), the subset of
the dominant integral weights P, (g) of level at most k (see [EZ92], Theorem 3.1.3
or, e.g. [LLO04], Sections 6.2 and 6.6). The conformal weight of Ly(k, \) is

(A +26,\),

p(Lalh, X)) = Gy

(see [Kac90], Corollary 12.8).
For a self-contragredient vertex operator algebra V' of CFT-type

[arm bn] = (aob)m+n + m(alb)m+n—1 = [a7 b]m+n + m<a’7 b>5m+n,0 idy

for all a,b € Vi, m,n € Z. Comparing this with we see that for a simple Lie
subalgebra g of V; the map a®t™ + a,, for a € g and n € Z defines a representation
of g on V of some level ky € C with (-,-) = kg4(-, )4 restricted to g.

In the following let us assume that V is simple and strongly rational. Then it
is shown in [DMO04b] that the Lie algebra V; is reductive, i.e. a direct sum of a
semisimple and an abelian Lie algebra. Moreover, Theorem 3.1 in [DMO06] states
that for a simple Lie subalgebra g of V] the restriction of (-, ) to g is non-degenerate,
the level kg is a positive integer, the vertex operator subalgebra of V' generated by
g is isomorphic to Lg(kg,0) and V' is an integrable g-module.

Now suppose that ¢ = 24 and V is holomorphic. It is proved in [DMO04al] that
the Lie algebra V; is zero, abelian of dimension 24 or semisimple of rank at most
24. Let us assume that V7 is semisimple. Then V; decomposes into a direct sum

Vi=g1@...®g,r

of simple Lie algebras g; and the vertex operator subalgebra (V) of V' generated
by V1 is isomorphic to

(Vi) = Lg, (k1,0) ® ... ® Ly, (ky, 0)
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with levels k; := kg, € Z~o and has the same Virasoro vector as V. This decom-
position of the vertex operator algebra (V1) is called the affine structure of V.. We
denote it by the symbol
91,k - - - Ork,

and sometimes omit k; if it equals 1. By abuse of language we will also refer to the
cases of abelian and zero Lie algebras V; as certain affine structures.

Since (V1) = Lg, (k1,0)®...® Ly, (ky, 0) is rational, V' decomposes into the direct
sum of finitely many irreducible (V;)-modules

(2) Ve P mooanLs (kM) ® ... @ Ly (ke Ar)
(>‘1)“'7A'r")
where the m(x, . x,) € Z>0 and the sum runs over finitely many tuples (A1, ..., ;)

of dominant integral weights with each \; € Pfi (gi), i.e. of level at most k;. Note
that the conformal weight of a module M = Ly, (k1, A1) ® ... ® Ly, (kr, A) is

T
()\z + 262', /\z)g
3 M) = —
¥ P =2 Syt )
Since (V1)1 = V4, except for (A1,...,Ar) = (0,...,0) the conformal weights of the
tensor-product modules in the above decomposition have to be at least 2.

1.4. Schellekens’ List. In [Sch93] Schellekens classified the possible affine struc-
tures of “meromorphic conformal field theories of central charge 24”. In [EMS15]
his result is proved as a rigorous theorem on vertex operator algebras:

Theorem 1.1 ([EMS15], Theorem 6.4, [Sch93]). Let V be a strongly rational,
holomorphic vertex operator algebra of central charge 24. Then one of the following
holds:
(1) Vi ={0},
(2) Vi is the 24-dimensional abelian Lie algebra C?* (and V is isomorphic to
the vertex operator algebra associated with the Leech lattice),

(3) Vi is one of 69 semisimple Lie algebras with a certain affine structure given
in Table 1 of [Sch93].

We remark that entry 62 in Table 1 of [Sch93] should read Eg2Bs 1 (this typo
is corrected in the arXiv-version of the paper).

Idea of Proof. The modular invariance of the character of V' imposes strong con-
straints on the Lie algebra Vi and its module V5. In particular, V; is either trivial,
abelian of dimension 24 or semisimple [DM04a]. Suppose in the following that V;
is semisimple.

Let g be a simple Lie algebra and M a finite-dimensional g-module with weight
decomposition M = €D, cry(nr) Mu- We consider the power sums

()= 3 dim(M,)u(=)
pEIL(M)

for j € Z>o, which are polynomials in z € h. This definition generalises straight-
forwardly to semisimple g.
Modular invariance of the character of V' implies the power sum identity

dim (V) — 24
CACEE L TR
which in turn implies [DM04al
hY  dim(V;) — 24

4 —_*
) ki 24
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for each simple component g; of V; where h) is the dual Coxeter number of g;.
Equation (4) has 221 solutions (see [EMS15], Proposition 6.3, [Sch93]).
Modular invariance implies further power sum identities on V5, e.g.

Sy, (z) = (32808 — 2dim(V1)) (z, z).

In [EMST5], Theorem 6.1, a list of these identities is presented. They are strong
enough to constrain V; to be one of an explicit list of 69 semisimple Lie algebras.
Together with the trivial and abelian case for V; these give the 71 affine structures
in Schellekens’ list (see [Sch93] and [EMS15], Theorem 6.4). O

Joint efforts [FLMS8S8| IDGM90, [Don93l [DGM96l, [Lam11l, [LS12] [LS15 Miy13]
SS16, [EMS15, M616l [LS16b, [LS16al, [LL16] have finally led to:

Theorem 1.2. All 71 affine structures in Schellekens’ list are realised as V;-
structure of a strongly rational, holomorphic vertexr operator algebra of central
charge 24.

An actual classification of vertex operator algebras can be obtained if the fol-
lowing uniqueness conjecture is proved:

Conjecture 1.3. Let V be a strongly rational, holomorphic vertex operator algebra
of central charge 24. Then the Lie algebra structure of V1 uniquely determines the
vertex operator algebra V up to isomorphism.

In this text we will prove the uniqueness conjecture for fifteen cases (fourteen of
them new)ﬂ on Schellekens’ list (see Theorem [8.1)).

1.5. Lattice Vertex Operator Algebras. To keep the exposition self-contained
we recall a few well-known facts about lattice vertex operator algebras [Bor86,
FLMSS|, [Don93].

Let L be a positive-definite, even lattice, i.e. a free abelian group L of finite rank r
equipped with a positive-definite, symmetric bilinear form (-,-): L x L — Z such
that the norm (o, «)/2 is an integer for all & € L. We denote by Aut(L) = O(L)
the group of automorphisms (or isometries) of the lattice L. The lattice vertex
operator algebra Vi constructed from L is simple, strongly rational, has central
charge ¢ = r and carries a grading Vi, = @,¢;, V(o) by L. If L is unimodular,
then V7, is holomorphic.

The complexified lattice L¢ := L ®z C can be naturally identified with § :=
{h(=1)®¢g|h € Lc} C (V)1, which is a Cartan subalgebra for the reductive Lie
algebra (V7).

The construction of Vj, involves a choice of group 2-cocycle e: L x L — {£1}.
An automorphism v € Aut(L) together with a function n: L — {£1} satisfying

n(@)n(B)/n(a+ B) = e(a, B)/e(va, vp)
defines an automorphism o € Aut(Vy) (see, e.g. [FLMBSS| [Bor92]). We call ¥ a
standard lift if the restriction of n to the fixed-point sublattice L¥ C L is trivial.
All standard lifts of v are conjugate in Aut(Vy) (see [EMS15], Proposition 7.1). Let
U be a standard lift of v and suppose that v has order m. If m is odd or if m is
even and (o, v™/2a) is even for all o € L, then the order of 7 is also m. Otherwise
the order of ¥ is 2m, in which case we say v exhibits order doubling.

There are precisely 24 positive-definite, even, unimodular lattices of rank 24,
the Niemeier lattices. Each is determined up to isomorphism by its root lattice,
and we write N(Q) for the Niemeier lattice with non-zero root lattice ). The one
remaining Niemeier lattice A with zero root lattice is called the Leech lattice.

IThe uniqueness of case BgEs 2 (case 62) has already been proved in [[ST5] using framed
vertex operator algebras.
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1.6. Inner Automorphisms. We describe inner automorphisms of vertex opera-
tor algebras and the twisted modules associated with them. This summary is based
on [Li96], Section 5. Let V be a vertex operator algebra of CFT-type. We define
K = ({e"™ |v € V1}) C Aut(V) to be the inner automorphism group of V. Note
that since V is of CFT-type, vgw = 0 for all v € V; so that the inner automor-
phisms preserve the Virasoro vector w, which is included in our definition of vertex
operator algebra automorphism.

Let v € V4 such that the zero mode vg acts semisimply on V. Then the inner
automorphism o, := e~ (™0 fylfils ol = id for some T € Z~ if and only if all
eigenvalues of vy lie in (1/7)Z.

Note that by definition of the Lie algebra structure on Vi, o, restricts to the
inner automorphism e~ 2adv ¢ Tnn(V;) C Aut(V;) of V3.

Now, let ¢ € Aut(V) be an automorphism of V' such that cv = v. Then o and
o, commute. We also assume that Liv = 0. If V is self-contragredient and of
CFT-type, then by results in [Li94], L; V4 = {0} and the assumption holds for any
v € V.

Suppose that M = (M, Yy,) is a o-twisted V-module. We consider Li’s operator

Ay(z) ==z exp <Z i(—z)‘”)

n=1
and define M) = (M®) Y,,;)) as M) := M (as vector space) and
Yy (a,2) := Yy (Ay(2)a, 2)

for all @ € V. Then M) is a o,0-twisted V-module, which is irreducible if and
only if M isEI
The Lo-grading of M) is shifted in comparison to M via

(v) 1
Léw = Léw + vg + 5(’01’0)_1

where the v,,, n € Z, denote the modes of the unmodified module vertex operator
Y (, 2). If V is self-contragredient, then we can rewrite the last term and obtain

v 1
(5) L(J)w( ) :L(I)\/I+Uo+§<v,v>idM
using the symmetric, invariant bilinear form (-,-) on V.

1.7. Kac’s Theory. In a beautiful theory Kac classifies the finite-order automor-
phisms of finite-dimensional, simple Lie algebras and their fixed-point Lie subalge-
bras (see [Kac90], Chapter 8). We briefly describe the results relevant for this work.
Let g be a finite-dimensional, simple Lie algebra of type X,,. Then the conjugacy
class of a finite-order automorphism of g is uniquely determined by the following
data:

(1) an affine Dynkin diagram of type X where k € {1, 2,3},

(2) a sequence of non-negative, relatively prime integers s, ...,s; associated
with the nodes of the affine Dynkin diagram where we consider two se-
quences identical if they can be transformed into each other by a diagram
automorphism.

In the case k = 1 (untwisted affine Dynkin diagram) the automorphism of g is
inner, and if k¥ = 2,3 (twisted affine Dynkin diagram), then the automorphism is

2Note that we use the modern sign convention in the definition of twisted modules (see, e.g.

[DLMOO0] as opposed to [Li96]). This is why we included a minus sign in the definition of o, =
—(27i)vo
e .
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outer, i.e. it projects to a non-trivial diagram automorphism of X,, of order k. The
order of the automorphism of g is given by k Zé:o a;s; with the Kac label a;.

Moreover, the fixed-point Lie subalgebra of g is isomorphic to the semisimple Lie
algebra corresponding to the subdiagram of X,(lk) of those nodes with vanishing s;
plus an abelian part of dimension equal to the number of nodes with non-vanishing
s; minus 1.

It is even possible to state when two inner automorphisms are not just conjugate
but conjugate under an inner automorphism. This is the case if and only if the
associated integers s; can be transformed into one another by an element in a certain
subgroup of the automorphism group of the untwisted affine Dynkin diagram.

Two conjugate outer automorphisms are always conjugate under an inner auto-
morphism, except for the simple type Dy (see Lemma .

It is straightforward to extend Kac’s theory to semisimple or reductive Lie alge-
bras.

2. ORBIFOLD CONSTRUCTION

In [EMSI5] (see also [M616]) we develop a cyclic orbifold theory for holomorphic
vertex operator algebras. Here we give a short summary. Let V be a strongly
rational, holomorphic vertex operator algebra (of central charge ¢ € 8Z~() and
G = (o) a finite, cyclic group of automorphisms of V' of order n € Z.

By [DLMO00] there is an up to isomorphism unique irreducible o’-twisted V-

module, which we call V (o), for each ¢ € Z,,. Moreover, there is a representation
#i: G — Aute(V(a?)) of G on the vector space V(o?) such that

¢i(J)YV(Ui)(U7 I)d)z_l(o-) = YV(o'i')(O—Ua I)
for all ¢ € Z,, v € V. This representation is unique up to an n-th root of unity.
Let &, be the n-th root of unity &, := €™/, We denote the eigenspace of ¢;(c)
in V(o) corresponding to the eigenvalue & by W), On V(¢°) = V a possible
choice for ¢q is given by ¢g(0) = o.

The fixed-point vertex operator subalgebra Vo = W (-9 is simple and strongly
rational by [DM97, [Miy15, [CM16] and has exactly n? irreducible modules, namely
the W) 4, j € Z,, [MT04]. We further show that the conformal weight of V(o) is
in (1/n?)Z, and we define the type n{t} of ¢ where ¢ € Z,, such that t = n%p(V (0))
(mod n).

Let us assume in the following that o has type n{0}, i.e. that p(V (o)) € (1/n)Z.
In this case it is possible to choose the representations ¢; such that the conformal
weights obey

pWii) e 1z
and V7 has fusion rules
W (63) g W (k) o 7 (il +Fk)
for all i, j, k,l € Z,, (see [EMSI5], Section 5), i.e. the fusion ring of V¢ is the group
ring C[Z,, X Z,]. In particular, all V?-modules are simple currents.

We also show that the characters of the irreducible V7-modules

Lo—c/24
chyya (T) = trypa g2/,

i,] € Zn, g = €77 7 a complex variable in the upper half-plane H, are modular
forms of weight 0 for I'(n) if 24 | ¢ and for I'(lem(3,7n)) otherwise. They form a
vector-valued modular form for the Weil representation of SLa(Z) (times a charac-
ter, which is trivial for 24 | ¢).

2miT

3See [Kac90], Tables Aff 1, Aff 2 and Aff 3. For the untwisted affine Dynkin diagrams, for
example, these are given by the “marks” described in Section complemented with ag = 1.
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In general, a simple vertex operator algebra V is said to satisfy the positivity
assumption if the conformal weight p(W) > 0 for any irreducible V-module W % V
and p(V) = 0.

Now, if V7 satisfies the positivity assumption, then the direct sum of V?-modules

(6) orb(o) @ W(z 0)

€Ly,

admits the structure of a strongly rational, holomorphic vertex operator algebra of
the same central charge as V' and is called orbifold of V with respect to o [EMS15].
Note that @jezn W(0:3) is just the old vertex operator algebra V.

2.1. Inverse Orbifold. The inverse orbifold was first described in [EMS15]. Sup-
pose that the strongly rational, holomorphic vertex operator algebra Vorb(@) is
obtained as an orbifold as described above. Then via (v = £iv for v € W (0)
we define an automorphism ¢ of V°™(?) of order n, and the unique irreducible ¢7-
twisted VoP(@)-module is given by V°rP(7)(¢7) = Dicz, W) j € Z, (see [M516],
Theorem 4.9.6, for the proof). Then

(Vorb a) orb(¢) _ @ W 0,5) —
JELn

i.e. orbifolding with ( is inverse to orbifolding with o.

3. DIMENSION FORMULAE

The modular properties of the characters of the irreducible V?-modules can
be used to derive a formula for the dimension of the weight-one space Vlorb(g) if

= 24 and if n is such that the modular curve Xo(n) = T'o(n)\H* has genus
zero, in which case T'g(n) is called a genus zero group. (Here I' := SLy(Z),
Io(n) = {(2%) €T|c=0 (mod n)} and H* = HU P with the complex upper
half-plane H and the cusps P = Q U {o0}.) The group I'g(n) has genus zero if
and only if n = 1,2,3,4,5,6,7,8,9,10,12,13,16,18,25. Then, in particular, the
field of modular functions, i.e. the meromorphic modular forms of weight 0, for the
congruence subgroup I'g(n) is generated by a single meromorphic function ¢,, called
a Hauptmodul. This means that every modular function for I'g(n) is a rational
function of this Hauptmodul, i.e. lies in C(¢y,).

The main result of this section is the following theorem:

Theorem 3.1 (Dimension Formula). Let V' be a strongly rational, holomorphic ver-
tex operator algebra of central charge 24 and o an automorphism of V' of type n{0},
and assume that V7 satisfies the positivity assumption. Let Vo) = ®ieZn W (:0)
be the orbifold vertex operator algebra @ Suppose T'g(n) has genus zero. Then
¢ d n/d n .. o . orb(o?
Z D (24—|—Ed1m(V1 ) — dim (V™ >)) — 24+ R
holds where gi) is Fuler’s totient function and
n—1

= 24 Z > digadim(W))

1,J€Ln
ij=k (mod n)

where the coefficients d; j 1, are certain non-negative integers (given in Remark.

Note that if o is of type n{0}, then for any d | n the automorphism o has type
(n/d){0} so that the orbifold vertex operator algebra Vorb(e?) exists.



DIMENSION FORMULAE IN GENUS ZERO AND UNIQUENESS OF VOAS 11

Remark 3.2. The sum of the coefficients of dim(V;”) on the left-hand side is the
the sum of all cusp widths for T'g(n), which is equal to the Dedekind psi function
n ¢((d,n/d))
=y 2R 141
o =3 5 gy~ I

pln
p prime

and, since I'g(n) contains the negative of the identity matrix, also equals [I" : T'g(n)].

The dimension formulae for n = 2,3 are given in [Mon94] (see also [LS16d],
Theorem 4.8). For n = 2,3,5,7,13 a proof is given in [M616], Proposition 4.10.4.
A complete proof of the theorem will be given in Section 3.1

The theorem simplifies if the conformal weights satisfy p(V(o?)) > 1 for all
i € Zy, \ {0} since then R = 0.

Corollary 3.3. In the situation of the above theorem let us assume that the con-
formal weights of the twisted modules obey p(V(c*)) > 1 for alli € Z,, \ {0}. Then

dim(V"™ ) = 24+ 37 e dim(vy")

dln
with A\d i nid
ca = 20 AR )
where
M= I (-»).
e
Explicitly, the coefficients are given by:
n | cq
2|1c1=3,c0=-1
3lcr=4,c3=-1
4 01:6,02:—%,04:—%
5|c1=6,c5 =-—1
6|c1=12,co=—4,c3=-3,c6=1
7Tl = 8, cr=-—1
8 01:12,02:—3,04:—%,08:—i
9 01:12,03:—%09:—%
10| g =18, ¢c0=—6,¢c5=—-3,c0=1
12| 1 =24, c0=-6,c3=—6,c4=-2,c6=35,co=1
13| 1 =14, c13 = —1
16 | ¢ =24, ¢co = —6, 04:—%, Cg:—%, 016:—%
18| ¢c1 =36, cp=-12,c3=-8,c6=5,co=—1,c158 =3
25 | ¢; = 30, 65:—%, 625:—%

Proof. Recursion of the dimension formula in Theorem [3.1] gives the coefficients cq.
Then it is a simple check that they satisfy the stated formula. O

Observe that ¢; = ¢(n) and _,,, ca = n.

Remark 3.4. We describe the coefficients d; ;1 in the term R in Theorem 3.1
They appear for 4, j,k € {1,...,n— 1} with K =45 (mod n). If n is prime, then

di,j,k = O’(’I’L — k)

where o is the sum-of-divisors function o(m) = -, d.
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For any n, if (i,4,n) = 1, then

n—=k

di,j,k = Z d )
d|(n—Fk)
(d,n)=1

describing in particular all coefficients in the cases where n is the square of a prime.
This only leaves a few further coefficients, which we list in the following:

n | (i,7,n) ij dijk n | (i,7,n) ij d; jk
5 2 (mod 6)| 5 4 (mod32)| 8
6 4 (mod 6) 1 8 (mod 32) 4
3 3 (mod 6) 2 16 9 12 (mod 32) 2
sl 5 4 (mod 16) | 2 20 (mod 32) | 24
12 (mod 16) 6 24 (mod 32) | 12
2 (mod 10) | 13 98 (mod 32) | 6
) 4 (mod10)| 4 2 (mod 18) | 29
10 6 (mod 10) 5 4 (mod 18) 8
8 (mod 10) 1 6 (mod 18) | 15
5 5 (mod 10) | 4 ) 8 (mod18) | 6
4 (mod24)| 4 10 (mod 18) | 13
9 8 (mod 24) 2 18 12 (mod 18) 3
16 (mod 24) | 12 14 (mod 18) 5
20 (mod 24) 6 16 (mod 18) 1
12 3 (mod 12) | 14 9 (mod54) | 6
3 6 (mod 12) 4 3 27 (mod 54) 6
9 (mod 12) 2 45 (mod 54) | 15
4 4 (mod 12) 8 9 9 (mod 18) 6
8 (mod 12) 2

Note that the coefficients obey the symmetries d; j . = dj ik = dn—in—j k-

3.1. Proof of Dimension Formula. In this section we prove Theorem The
argument is based on the theory of (classical) modular forms and vector-valued
modular forms for the Weil representation. For the necessary background we refer
the reader to [Miy06},[Sch09, [EMS15]. In this text, unless otherwise stated, modular
forms are assumed to be holomorphic on the upper half-plane but may have poles
at the cusps.

Let V be a strongly rational, holomorphic vertex operator algebra of central
charge 24 and o an automorphism of V of type n{0}, and assume that V7 satis-
fies the positivity assumption. Let Vorb(@) = @iezn W0) be the orbifold vertex
operator algebra @ '

Then, as shown in [EMS15], the characters chyy . (7) form a vector-valued
modular form of weight 0 for the Weil representation of the group D = Z,, X Z,
with quadratic form ¢((¢, 7)) = ij/n + Z, i.e. they transform as

chyyag (To1) = e(27mi)ij/n chyy . (7),

1 N
chypai (S.7) = - Z o~ (2mi) (il+ik) /n chyy e (1)

k€L,
where S = (9 ') and T = (} 1) are the standard generators of I' = SLy(Z). This
implies that
chyy 0,0y (1) = chyo (1)
is a modular form of weight 0 for I'y(n) by Proposition 4.5 in [Sch09].
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The cusps P = QU {oo} fall into } ., ¢((c,n/c)) classes modulo I'g(n) (see
[Miy06], Theorem 4.2.7). The cusp classes can be represented by the rational
numbers a/c with (a,c) = 1 where ¢ ranges over the positive divisors of n and a
over a complete set of representatives of Z (en/c)- We denote by £, := (n/c)/(c,n/c)
the width of the cusp s = a/c.

For a cusp s € P = QU {oo} we define

Fy(r) := Z chyy .0y (M.7).

MEeTo(n)\I'
M.co=s

Lemma 3.5. Let s =a/c € Q be a cusp of To(n) with (a,¢) =1 and ¢ | n. Choose
d such that ad =1 (mod ¢). Then

1 N
— —(27i)(dij/ts)/(c,n/c) o
F(r) = /o) g e J chyyeives (T)-

7;1j€Zn/c
i5=0 (mod t)

Note that ij/ts is well-defined modulo (¢, n/c).

Proof. Choose a matrix M = (%) € T. Then the cosets in T'g(n)\I' sending oo to
s are given by MT7 where j ranges over a complete set of residues modulo ¢,. The
statement now follows from

c —(2mi)dcij/n
(7) ChW(o,o)(M.T) = E Z (] (2 )d J/ ChW(ci,cj)(T)
z‘,jeZn/C
(see [Sch09], Theorem 4.7 and [Sch15|, Section 2). O

The orbifold vertex operator algebra for o¢ where d | n is given by

Vorb(od): @ W(dj,kn/d).

J€Lnya
k€Zq

Together with the above lemma this implies the following relation between the
characters of the orbifolds V(") and the functions F.

Proposition 3.6. The following formula holds:

((d,n/d))
Z F Z ¢ d //d c Vmb(od)(T).

s€lo(n)\P
So far the results do not depend on the genus of I'y(n).

Lemma 3.7. Suppose T'g(n) has genus zero, and let s € P be a cusp. If s is not
equivalent to oo under T'o(n), then there is a modular function fs for To(n) which
is holomorphic and non-zero on H* except for ords(fs) = —1/ts and ord(fs) = 1.

If s is equivalent to oo, there is a modular function fs for T'o(n) which is holo-
morphic and non-zero on H* except for ords(fs) = —1 = —1/ts and ordo(fs) = 1/n.

The functions fs are unique up to a non-zero factor.

Proof. By Abel’s Theorem (see, e.g. [Mir95], Chapter VIII) the modular curve
Xo(n) = Tp(n)\H* has genus zero if and only if every divisor of degree zero is a
principal divisor. Hence, any divisor D satisfying

> ordy(D)ts =0
s€lo(n)\P

is the divisor of a meromorphic function on Xy(n) that is holomorphic and non-zero
away from the cusps. O
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Lemma 3.8. Suppose T'y(n) has genus zero. Then the character chyo (1) can be

written as
chyo (1) = Z 9s(fs(T))+ ¢
s€To(n)\P

with complex polynomials gs and a complex constant c. The polynomials gs are
unique up to constants (once we fix a choice of the fs).

Proof. The character chy+(7) is a modular form of weight 0, which is holomorphic
on the upper half-plane and has possible poles at the cusps. Since fs has its only
pole at the cusp s, there are complex polynomials g5 such that

chye(r) = S gu(fu(n)
s€lo(n)\P
is holomorphic on the upper half-plane and at all cusps and hence constant. O
For definiteness we choose the polynomials gs; to have zero constant term. We
can make the statement of the above theorem even more precise. Noting that

implies that chy«(7) has a pole of order —1 at every cusp s of I'g(n) and comparing
this with the pole of order —1/t, of the function f, at the cusp s we see that

chyo(r) =c+ Y ics,ifs(f)z

s€lo(n)\P i=1

for certain constants ¢, ; € C, s € To(n)\P, i € {1,...,%s}, i.e. the polynomial

ts
x) = E Cs i
i=1

is of degree ¢, with zero constant term. The constant ¢ is given by dim (V7)) —[fo](0)
where [f5](0) denotes the constant coefficient in the g-expansion of f., since all f
vanish at co except for fu.

Suppose we have determined the polynomials gs or equivalently the constants
¢s.i- Then we can calculate the expansions of chy - (7) at the different cusps, and
using Proposition [3.6] we can compute

d d or Ud
Z¢A% A =Y R0
s€lo(n)\P

There are several ways to determine the coefficients of the polynomials gs. One
possibility is as follows. Note that

1 )
chyo (1) = chyy o0 (1) = - Z T(1,0,7,7)
J€Ln

in terms of twisted characters (see, e.g. [EMSIH] for their definition and properties
in the orbifold context) so that

1
chyo(M.7) = = Z ,(0,9)M,7) = - Z T(1,cj,dj,T)
]GZ J€Ln
1 n _ 1 ; _
“n D try (oo dei(0)gho T = n > G tryeesm g
J€Ln J1k€ZLn

for M = ( ) € I'. Hence we can determine the coefficients of the polynomials g
in the decomposmon

Chvo(T) = Z gs(fs(T))+C

s€lo(n)\P
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by expanding both sides at the cusp s using the above formula for chy«(M.7) with
M.co = s and comparing the t5 many singular g-coefficients.
We then obtain

Z & ddn”//dd (Vlorb(ad)) — Z [F,](0)
s€lo(n)\P

explicitly as some constant plus a multiple of dim (V) plus some linear combination
of the dimensions dim(Wéj’i)) with k/n < 1.

By definition, F; is a sum of [{M € T'o(n)\I'| M.co = s}| = ¢, many terms,
each containing dim(Vy”) once, so that every Fy contributes t; dim(Vy”), and hence
this dimension appears with a total multiplicity of > cr )\ pts = [I': To(n)] (see

Remark [3.2).

Finally, we describe our choice of the functions f for some of the cases considered
in Theorem [B.11
First, let n = 2,3,5,7,13. Then a Hauptmodul for I'g(n) is given by the eta

product
24/(n—1)
() = (A7) — -2
n(nT) n—1

where 7(7) is the Dedekind eta function. The Hauptmodul is holomorphic and
non-zero on H. There are two classes of cusps of T'g(n), represented by 1/n (= c0)
and 1/1 (= 0). We define the functions

Fiyn(7) = ta(r) = ( n(7) )24”"1)’

n(nt)
1 () 24/(n—1)
fin(n):=3y = ( 0™ )

for the cusps 1/n and 1/1 of T'y(n), respectively. These functions are holomorphic
and non-zero on the upper half-plane H and have exactly the poles and zeroes at
the cusps demanded in Lemma
Now suppose n = 4. A Hauptmodul for T'y(4) is given by
8
.
hi(r) = n(7)

-1
= —84+...
narE 4T

There are three classes of cusps of I'g(4), represented by 1/4 (= o), 1/2 and 1/1
(=0). We define the functions

)8
frya(r) == ta(7) = 7;7((47))8,
_ 1 n(7)%n(47)'
Fiya(7) = ta(7) + 16 n(2r)24 7
)8
fin(r) = s = 10

ta(r) — n(7)®

for the cusps 1/4, 1/2 and 1/1 of T'g(4), respectively. These functions are holomor-
phic and non-zero on the upper half-plane H and have exactly the poles and zeroes
at the cusps demanded in Lemma

Let n = 6. A Hauptmodul for T'x(6) is given by

n(7)°n(37)

p@rmerE 1 Ot

te(1) =
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There are four classes of cusps of I'y(6), represented by 1/6 (= o0), 1/3, 1/2 and
1/1 (= 0). We define the functions

)9n(37
fiy3(T) = 1 _ n(7)*n(67)°
1/3(7) : te(7) +8  n(27)3n(37)9’
Fup(r) = — = ()4 (67)8
1/2 i tG(T) +9 B 7’](27-)877(37_)45

T T 5
fin(r) = 1 n(27)n(67)

te(T) — n(7)°n(37)
for the cusps 1/6, 1/3, 1/2 and 1/1 of T'4(6), respectively. These functions are
holomorphic and non-zero on the upper half-plane H and have exactly the poles
and zeroes at the cusps demanded in Lemma [3.7]

Let n = 8. A Hauptmodul for I'x(8) is given by

_on(n)tn)?
tS(T)i?’](ZT)Zn(ST)‘liq 44 ...

There are four classes of cusps of I'g(8), represented by 1/8 (= o00), 1/4, 1/2 and
1/1 (= 0). We define the functions

7)4n(47)?
fuys(r) = talr) = ZICI,

1 n@n)tn(8n)®
f1/4(T) = ts(r) + 4 - n(4r)12 ’
frra(r) e 1 n(r)'n(4r)*n(87)*

VT () 18 n(27)10 ’
fun(r) 1 n(27)*n(87)

Cots(r)  n(r)n(4r)?
for the cusps 1/8, 1/4, 1/2 and 1/1 of T'y(8), respectively. These functions are
holomorphic on the upper half-plane H and have exactly the poles and zeroes at
the cusps demanded in Lemma [3.7]

In the remaining cases one can easily construct the functions f, using the expres-

sions of the Hauptmoduln for I'y(n) as eta products given in [CN79], Section 11,
Table 3.

4. UNIQUENESS PROCEDURE

The following idea is due to Lam and Shimakura (see [LS16c], Theorem 5.2) and
makes use of the inverse orbifold construction developed in [EMS15].

4.1. General Idea. Let U be a strongly rational, holomorphic vertex operator
algebra of central charge ¢ and g an automorphism of U of type n{0} for some
n € Zso. Assume that UY satisfies the positivity assumption. Then by [EMSIS]
we can apply the Z,-orbifold construction to U and g and obtain the orbifolded
vertex operator algebra U9 which is also strongly rational, holomorphic and of
central charge c.

On the other hand, let V' be a strongly rational, holomorphic vertex operator
algebra of central charge ¢ with weight-one Lie algebra V; = Ufrb(g). Suppose
that there exists an element v € V; such that vy acts semisimply on V, the inner
automorphism o, := e~ (™% has type n{0} on V and V7 satisfies the positivity
assumption. Then we can apply the Z,-orbifold construction to V and o, and
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obtain the strongly rational, holomorphic vertex operator algebra V°'P(?v) of central
charge ¢. Assume that VorP(ov) = [/,

By the inverse orbifold construction [EMSI15] there exists an automorphism
¢ € Aut(VorP@)) of type n{0} with (Vorb@))S = Vo gsuch that the orbifold
construction with V(@) and ¢ gives back V, i.e. (Vorb(ew))orb) — v/ Finally,
assume that under the isomorphism V°™P(?v) = [/ the inverse orbifold automor-
phism ¢ € Aut(VoP()) of g, is conjugate to g € Aut(U) (and in particular
Vv =2 U{). Then the orbifold of V°™(») by ¢, which is V, is isomorphic to the
orbifold U°™) of U by g, i.e. V = U°P9),

4.2. Concrete Approach. In order to prove the uniqueness conjecture (Conjec-
ture |1.3) for some cases on Schellekens’ list we specialise to the following situation.

Part 1: Construction. Let U := V, be the lattice vertex operator algebra associated
with some Niemeier lattice L. Then V, is strongly rational, holomorphic and of
central charge 24. Let v € Aut(L) be an automorphism of the lattice L and ¥ €
Aut (V) a standard lift of v. We denote by n € Zx the order of ©, which is ord(v) or
2 ord(v) (possible order doubling). Suppose that the conformal weight p(V(9)) =0
(mod 1/n), i.e. ¥ is of type n{0}. Then the fixed-point vertex operator subalgebra
V,f satisfies the positivity assumption. We apply the orbifold construction [EMSIH]
and obtain the orbifolded vertex operator algebra VL("b(f’), which is again strongly
rational, holomorphic and of central charge 24. Then we compute the dimension of
the Lie algebra (\/f]rb([’))l7 which has to be one of the 71 Lie algebras on Schellekens’

list. Suppose we are able to determine the Lie algebra structure of (Vfrb('g))l up to
isomorphism.

Part 2: Inner Automorphism. We want to show that is up to isomorphism
the only strongly rational, holomorphic vertex operator algebra of central charge 24
with weight-one Lie algebra isomorphic to (V;™”));. To this end, consider another
strongly rational, holomorphic vertex operator algebra V of central charge 24 with
Vi (V).

The Lie algebra V; = (Vfrb(ﬁ))l is reductive or more precisely semisimple,
abelian or zero. Assume that V; is semisimple. We fix a Cartan subalgebra b
of V1. Let h € b such that hy acts semisimply on VEI The action of hg on V; is

V[(J)rb(f/)

given by ady. In particular, hoz = [h,z] = a(h)z for z in the root space of V3
associated with the root a € ® C h*.
Let us consider the inner automorphism o, := ¢~ (™" on V and assume it

has type n{0}, that V" satisfies the positivity assumption and that V" = (V});.
Then we can apply the orbifold construction and obtain the strongly rational, holo-
morphic vertex operator algebra VoP(@r) of central charge 24. Assume that we
can compute the dimension d := dim(Vlorb(Uh)). More specifically, we assume that
p(V(ci)) > 1 for all i € Z, \ {0} so that we can apply the dimension formula in
Corollary Then suppose that d = dim((Vy)1).

We know that (V)1 is a fixed-point Lie subalgebra of (V7); under an automor-
phism of order dividing n, namely under |y, ),. Then, sois V" = (VZ)1. Suppose
that (V7)1 is the only Lie algebra on Schellekens’ list in dimension d with (V}');
as a possible fixed-point Lie subalgebra under an automorphism of order dividing
n (the possible fixed-point Lie subalgebras can be determined using Kac’s theory

as described in Section . Then we know that V™) 2 (V,); since V(7"

41t is shown in [DMO04b] and [Mas14], Section 3.3, that every V-module is a completely reducible
Vi-module. Then if v € V] is a semisimple element, the zero mode vg acts semisimply on every
V-module (and in particular on V itself).
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~

has dimension d by definition and has V;"* = (V}); as fixed-point Lie subalge-
bra (under the inverse orbifold automorphism ¢ restricted to Vlorb(ah), see below).
Then, finally V°rP(r) = V7 since it is shown in [DM04b] that a strongly rational,
holomorphic vertex operator algebra of central charge 24 with a Lie algebra of rank

24 is already isomorphic to a lattice vertex operator algebra.

Part 3: Unique Conjugacy Class. Let ¢ € Aut(V°™(n) be the inverse orbifold
automorphism such that (1V°rb(@r))orb(Q) > 1/ Assume that we can show that ¢ is
conjugate to ¥ € Aut(Vy,) under the isomorphism yerblon) = V- More specifically
we will show that there is a unique conjugacy class of automorphisms g of Vj of
order n with fixed-point Lie subalgebra (V7); isomorphic to V" = (VF); and
possibly the condition that the conformal weight p(V7(g)) = 1.

Knowing that ( and © are conjugate we conclude, as described above, that
V= VLorb(D). This then proves that the vertex operator algebra Vorb(y) is the
up to isomorphism unique strongly rational, holomorphic vertex operator algebra

of central charge 24 with weight-one space isomorphic as Lie algebra to (V; Oy,

5. PART 1: CONSTRUCTION

The construction of orbifolds VOr () associated with a holomorphic lattice ver-

tex operator algebra V7, and an automorphism P € Aut(Vy) of type n{0} obtained
as a standard lift of a lattice automorphism v € Aut(L) is described in [EMST5H],
Section 8 and [Mo16], Sections 5.6, 6.2 and 6.3. Applying these methods we ob-
tain orbifold constructions of the following strongly rational, holomorphic vertex
operator algebras of central charge 24:

Proposition 5.1 (Part 1). For each entry of the following table there exists an
automorphism v of the Niemeier lattice L of order n and cycle shape s such that the

orbifold vertex operator algebra VLorb(ﬁ) of Vi, by a standard lift U (also of order n)

has the indicated weight-one Lie algebra (VLorb('}))l,

No. L n s V), (VPO [Schod)
(1) N(AgD(;) 2 178216 AsC5D5C A5O5E672 44
(2) N(A2D?) 2 178216 A2A3A;B3 A3 A7 2C2 33
(3) N(Ag) 2 178916 AgBy A8’2F4’2 36
(4) N(Eg) 2 178216 DgFEg BSE&Q 62
(5) N(A§D4) 2 178916 A1A§A3A5BQC A%Ag,QBQ 26
6) N(EY) 2 178916 C2F2 Oy F? 52
() N(49) 2 178916 A2B2 A2,C4s 22
(8) N(AL?) 2 178216 A1 A3 A3 5Dy 13
9) N(AnDsEg) 2 1-8216 AyBsDgF, BsEr o Fy 53
(10) N(A11D7E6) 2 178916 ByB,C4Cg B4062 48
(11) N(AS) 5 1715° A,CH Al 9
a) N(DmE?) 4 12279410 A1A4A7BsC A4A97233 40
(12b) N(DloEg) 4 27448 A1 AL A7 BsC A4A97233 40
(13) N(DloEv?) 4 2448 A7B236(C BsCho 56
( 4) N(Eg) 6 327337969 A1A204(C A105,3G272 21
( ) N(Dg) 8 47284 A3C7 ALQA%A 7

Note that the automorphisms # in cases (12a) and (12b) are in fact conjugate
in Aut(Vz) as is shown in Proposition while the lattice automorphisms v they
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are lifted from cannot be conjugate in Aut(L) because they do not have the same
cycle shape.

Sketch of Proof. For cases (1), (2) and (15) we let v be the automorphism, unique
up to conjugacy, specified by the following conditions:

(1) There are exactly two conjugacy classes in Aut(N(A3Dg)) of cycle shape
178216 and length 113400. For exactly one of them no order doubling
occurs. This is the one we choose as v.

(2) There are exactly two conjugacy classes in Aut(N(A42D2)) of cycle shape
178216 and length 403 200. For both of them no order doubling occurs. We
choose as v the only one with (V/); & A?A3A;B3.

(15) There are exactly four conjugacy classes in Aut(N(D$)) of cycle shape
4728% and length 26 418 075 402 240. Two of them exhibit no order doubling.
We choose as v the only one of those two with (V) = A3C”.

For the remaining cases we let v be a representative of the unique conjugacy class

(3) in Aut(N(A2)) of cycle shape 178216 and length 1088 640,
(4) in Aut(N(E3)) of cycle shape 178216 and length 2090 188 800,
(5) in Aut(N(A4D4)) of cycle shape 178216 and length 518 400,
(6) in Aut(N(Eg)) of cycle shape 178216 and length 12150,
(7) in Aut(N(A$)) of cycle shape 178216 and length 216 000,
(8) in Aut(N(AL?)) of cycle shape 178216 and length 641 520,
(9) in Aut(N(A11D7Es)) of cycle shape 178216 and length 1575,
(10) in Aut(N(A11D7E6)) of cycle shape 178216 and length 218 295,
(11) in Aut(N(A$)) of cycle shape 1715% and length 119 439 360 000,
(12a) in Aut(N(D1oE?)) of cycle shape 12279410 and length 877879 296 000,
(12b) in Aut(N(D10E?)) of cycle shape 27448 and length 1316 818944 000,
(13) in Aut(N(D10E7)) of cycle shape 27448 and length 18289 152 000,
(14) in Aut(N(Eg)) of cycle shape 1227337269 and length 1719926 784 000,

respectively. For each case (1) to (15) we let © be a standard lift of v. No order
doubling occurs, and the automorphism 2 of V7, is of type n{0}.

We note that the conformal weights of the twisted modules satisfy p(V (7%)) > 1
for all i € Z,\{0}. Hence the dimension of the weight-one Lie algebra (Vorb(u)) can
be computed using Corollary . (Alternatively, this dimension can be obtained
by the method described in Section 8 of [EMS15].)

For each case (1) to (15) we know dim((Vy™");), and we know that (V"""
contains (V7)1 as the fixed-point Lie subalgebra under an automorphism of order
dividing n, namely under the inverse orbifold automorphism with respect to . This
is enough to uniquely determme the Lie algebra structure of (V" rb( )) using Kac’s
theory (see Section and Schellekens’ list. Actually, for the case (11) we need
some additional aurguments7 but this case is described in detail in [EMS15]. (|

6. PART 2: INNER AUTOMORPHISM

In the following let V' be a strongly rational, holomorphic vertex operator algebra
of central charge 24 with semisimple weight-one Lie algebra V;. Let h be a Cartan
subalgebra of V;. For each of the fifteen affine structures appearing on the right-
hand side of the table in Proposition we fix a semisimple element i € b (so that



20 JETHRO VAN EKEREN, SVEN MOLLER AND NILS R. SCHEITHAUER

ho acts semisimply on V) as in the following table such that op, = e~ (2mho ag
order mn:

No. ¥ h ord.on Vi n (h,h) V"
(1) AsCsEgo (0,0, M3 (1,1,2) 2 2 A;05DsC
(2) AsA7,C2 (0,052, %2) (1,1,2,2) 2 2  A2A3A.;B2
(3) AsaFio  (0,20) (1,2) 2 2 AsB,
(4) BsEss (A5,0) (2,1) 2 2  DsEs
(5) A24Z,B, (0,0,%2F2% 0,0) (1,1,2,1,1) 2 2 A;A3A34;B,C
(6) CsF? (A4,0,0) (2,1 1) 2 2 (2R}
(1) A2,Chn  (0,0,%) (L12) 2 2 A}B}
(8) Af,Dus  (0,0,0,0,%%) (1,1,1,1,2) 2 2 Al
(9) BsE-.Fy  (0,2%,0) (1,2,1) 2 2 AB;DGF,
(10) B,4C? (0,0, A1) (1,1,2) 2 2 ByByCiCé
(11) A2, (0, MFAEATFAL ) (5 5 2 AC
(12) AsAgsBs (0, 2235 ) (1,4,1) 4 3 A A4A;B;C
(13) BsCio (0,42 4 Ao) (1,4) 4 2 A;ByBsC
(14) A1C53Gan (0,5 4283 ALy (1.6, 3) 6 8 A ACC
(15) Ap43, (& 2,2,0) (2,8,8,1) 8 2  ACT
with o = AFA2 34y give h in terms of the fundamental coweights (as labelled

in [HumT73], forsexample). The fixed-point Lie subalgebra V;’" can be easily read off
from the definitions of h, using Kac’s theory (see Section , and we observe that
V7h = (V]); with V7 from the previous section. Of course, h is chosen precisely
such that this is the case.

The order n of oy is determined as follows: The order of o, restricted to the
semisimple Lie algebra V; is clearly a divisor of n. On the other hand, if h €
(1/k)QY for some k € Zsg, then (h,\) € (1/k)Z for any weight A in the weight
lattice P and hence o, has order dividing k on the V;-module V. In the above fifteen
cases, it turns out that the upper and lower bounds coincide, i.e. ord(op|v,) = n
and h € (1/n)QV, so that ord(c) = n.

Since o}, has order n, the eigenvalues of hg lie in (1/n)Z as does the value of
(h,h)/2. The eigenvalues of Ly on V lie in Z. From formula for the weight
grading of V(o) we conclude that the weight grading and hence the conformal
weight of V(o) is in (1/n)Z. Hence oy, is of type n{0}. One can check that
p(V(c)) > 0 for all i € Z, \ {0} so that Vr satisfies the positivity assumption.
Indeed, we shall show in Lemma E 5| below that p(V (o)) > 1 holds for each of the
above cases. So we can apply the orbifold construction (see Section [2] ' ) and obtain
the strongly rational, holomorphic vertex operator algebra VoP(@) of central charge
c=24.

The following section is aimed at the computation of a lower bound for the
conformal weight of the twisted modules V (a}), i € Z,, \ {0}. Since we do not know
the complete vertex operator algebra structure of V' at this point, the approach will
be rather indirect. The idea for the combinatorial argument in the next section is
from [L.S16d.

6.1. Lower Bound for Conformal Weight. We continue in the above setting,
considering the decomposition Vi = g1 & ... ® g, of V7 into simple ideals. As
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explained in Section V' decomposes into a direct sum of irreducible (V;)-
modules of non-negative integer conformal weight. While the conformal weight
of (V1) is 0, the conformal weights (given by formula (3)) of all other irreducible
(V1)-modules appearing in the decomposition are at least 2.

Now we study the conformal weight of the unique irreducible op-twisted V-
module V(oy,) = VM. Tt is clear that V(o},) decomposes into the direct sum of
irreducible op,-twisted (V;)-modules M () for those modules M appearing in the
decomposition of V into irreducible (V;)-modules.

Lemma 6.1 (|[LSI16c], Lemma 2.7). Let V be a strongly rational, holomorphic
vertex operator algebra of central charge 24 with Vi = g1 & ... ® g, semisimple and
h = (hi,...,h) a semisimple element in the Cartan subalgebra b of V1 such that
op has finite order. In addition we assume that

(8) a(hi) > —1

for all roots a € ®(g;) andi=1,...,r. Let M = Ly, (k1,\) ®...® Lg, (kr, A\r) be
an irreducible (V1)-submodule of V. Then the conformal weight of the irreducible
on-twisted (V1)-module MM is given by

(h, h)
2

p(M™Y = p(M) + Zmin{u(hi) e TN, 90)} +
i=1

where T1(\;, g;) is the set of all weights of the irreducible g;-module Ly, (\;) with
highest weight \;.

Note that condition is essential for this formula. Also, since o, has finite
order, h is a Q-linear combination of the fundamental coweights.

Remark 6.2. Let g be a simple Lie algebra, A € P, a dominant integral weight
and h some element in the Cartan subalgebra of g. If h is an R-linear combination of
the fundamental coweights, the minimum min{u(h) | p € II(A, g)} can be computed
as follows. Clearly, the minimum does not change if we modify h by an element
in the Weyl group W of g. Note that there is an element w in the Weyl group
such that h_ := wh is a R<p-linear combination of the fundamental coweights, and
hence min{pu(h) | p € TI(A, g)} = A(h-).

It is easy to check:

Lemma 6.3. For each case (1) to (15) in the table on p. the vector h fulfils
the assumptions of Lemma . In particular, for every i, a(h;) > —1 for all roots
a € ®(g;) of the simple component g; of V;.

The two lemmas allow us to compute the conformal weights of the possible irre-
ducible oj,-twisted (V;)-modules M) appearing in the decomposition of V(o) =
V(") which gives a lower bound for p(V (0y)).

Lemma 6.4. For each case (1) to (15) in the table on p.|2( the bound

p(V(on)) > 1
holds.

Proof. Tt suffices to show that p(M (™) > 1 for each irreducible component M of
the decomposition of V. Consider the irreducible (V;)-module

M = Lgl(kl,Al) ®...Q0 L@T(k’r,Ar).

If (A1,...,A) = (0,...,0), then by Lemmas and the conformal weight of
M™) is equal to (h,h)/2 > 1.
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Now we consider (A1,...,A.) # (0,...,0), in which case p(M) € Z>s. Using
Lemmas and it is straightforward to compute the conformal weight p(M ™)
for any irreducible (V3)-module M. In all the cases except (11) and (15) we find
that p(M") > 1 for all irreducible (V;)-modules M satisfying p(M) € Z>s.

Cases (11) and (15) require more involved arguments. We begin with case (11),
where Vi = A7 5 and h = (0, (AY + Ay + AY + AY)/5). Here, there are eleven pairs
(A1, A2) that cannot be excluded by the simple argument above. More precisely, if
the irreducible (V7)-module M has highest weight among

(10,0,0,01,10,2,2,0]), ([0,0,0,0],[1,0,2,2]), ([0,0,0,0],[2,2,0,1]),
then p(M™) = 3/5, and if M has highest weight among

([0,0,0,1],1]0,1,2,1]), ([0,0,0,1],[1,2,1,0]),
([0,0,0,1],[2,0,1,2]), ([0,0,0,1],[2,1,0,2]),
([1,0,0,0],10,1,2,1]), ([1,0,0,0],[1,2,1,0)),
([1,0,0,0],[2,0,1,2]), ([1,0,0,0],[2,1,0,2]),

then p(M("™) = 4/5. Here we have written the weight 22:1 m;A; as [mq,...,my]
in terms of the fundamental weights. In all these cases p(M) = 2.

The vertex operator algebra (V1) = (L 4,(5,0))®? has 146 irreducible modules M
of conformal weight p(M) = 2. The identities listed in [EMSI5], Theorem 6.1, are
equivalent to a linear system of equations on the subset of the 146 corresponding
multiplicities 1y, »,) in the decomposition . We seek solutions in non-negative
integers to this system. An application of the simplex algorithm shows that all
multiplicities vanish except possibly those of the weights

([0,0,0,0],10,0,0,5]), ([0,1,1,0],[1,2,0,0)),
([2,0,1,0],[2,0,1,0]), ([0,1,1,0],[2,0,0,2])

and of their images under the action of the group Z3 generated by exchange of the
two copies of A4 and the involution A; — Ay 4, i = 1,...,4. Hence, none of the
above eleven problematic modules can occur in the decomposition .

Vv A\ A\ Vv A\ A\ Vv
In case (15) with V; = A; A%, and h = (ATI, A +A§ +385 A1+A§ +345 ,0) we
proceed similarly. Here, there are seventeen tuples (A1,...,\s) that cannot be

excluded by the simple combinatorial argument, namely

(10}, [2,1,0],[2,1,0],0,0,0]),

J,(2,1,0],[2,1,0],[0,0,0]
([1, [1,0,1],[3,0,1],10,0,0]), ([1], 2,0,0], 2, 0,2}, 0,0, 0]),
([1],2,0,2],[2,0,0],[0,0,0), ([1], [3,0,1], 1, 0,1}, 0,0, 0]),
(2, [1,0,1],[2,1,01,[0,0,0), (2] [1, 1,1], 2, 0,0}, [0, 0, 0]),
(12],12,0,0],[1,1,1},[0,0,0)),([2], [2,1,0],[1,0,1],[0,0,0])
with p(M ™) = 3/4 and
([0, [1,0,1], [4,0,0], [0,0,01), ([0], [4,0,0], [1, 0,1}, 0,0, 0]),
(11,0, 1,01, [4, 0,01, 0,0,0), ([1], [3,0,1], 4, 0,0}, [0, 0, 0]),
([1], [4,0,0},[0,1,0],[0,0,0]), ([1], [4, 0,0, 3,0,1],[0,0,0]),
(12,12,1,0],[4,0,0],[0,0,0]), ([2], [4,0,0], [2,1,0], [0, 0,0])

with p(M ™) = 7/8. In all these cases p(M) € {2,3}.

Again we show that none of these modules occur in the decomposition of V' into
irreducible modules for (V;) & L4, (2,0) ® (La,(4,0))®3. Indeed, as described in
the proof sketch of Theorem the modular invariance implies a large system of
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linear equations on the multiplicities my, ... ,) occurring in the decomposition .
In the present case the system is underdetermined, but somewhat surprisingly the
sum myay +mye + mye) of the multiplicities of the modules with highest weights

A® = (]o], [0,0,0], [0,0,0], 0,4, 0]),
2@ = ([O]v [07070]a [Oa 4’0]a [0’ O’O])’
2B = ([0], [0» 4, 0]7 [Oa 0, O]’ [07 0, 0])

is forced to be 3.

We observe that each of these (V7)-modules is a simple current of order 2. Recall
that a simple current is an irreducible module M with the property that fusion with
M acts by permutation on the set of all irreducible modules.

In general, if a simple current M occurs in the decomposition , then the
multiplicities are constant along orbits under fusion by M. In particular, the mul-
tiplicity of M itself equals that of (Vi) = Lg, (k1,0)®...® Ly, (ky,0), which is 1. It
follows in the present case that mya) = my@ = my@ = 1. There is therefore an
action of Z3 on the set of irreducible (V;)-modules by permutations, under which
the multiplicities of (2] are constant.

We treat these equalities as extra equations to be added to the system. In the
reduced system we observe that the sum myu + mye) + mye of the multiplicities
of the modules with highest weights

A4 = ([2], [07 0, 0]7 [Oa 0, O]’ [07 0, 4])’
A®) = ([2]a [07070]a [O’ 074]a [0’ O’O])’
A = ([2]7 [07 0, 4]7 [Oa 0, O]’ [0’ 0, 0])

is forced to be 3. Again, these modules are simple currents, so we conclude that
My = Mye) = Mye = 1, and we supplement the system with equations coming
from the action by fusion of these modules.

The system, thus supplemented, has a unique solution in positive integers. The
corresponding decomposition is exactly the one given in [Sch93].

We can easily verify that every irreducible (V1)-module M occurring in with
positive multiplicity satisfies the property p(M (h)) > 1, i.e. none of the above
seventeen problematic modules occurs. O

We would like to extend the result of Lemmato the twisted V-modules V (o7)
for all i € Z,, \ {0}. For n = 2 we are done, and for n = 3 it suffices to recall that
the contragredient module (V(03)) = V(o;, ') = V(0?) has the same grading as
V(O‘h). )

For n > 3 we have to consider modules twisted by o}, = o4, for ¢ > 1. In general,
condition (8] is not satisfied by ih = (ihy,...,ih,), so Lemma[6.1]cannot be applied
directly. To circumvent this difficulty we observe that V is graded by the weight
lattice relative to the action of h. Hence for any element k of the coroot lattice QV
the automorphisms op, and op4 of V' coincide. Furthermore it is always possible
to find a representative i[h] of ih + Q" satisfying the condition (g)), i.e.

a(ilhl;) > 1
1,..

for all roots a € ®(g;) and all j = 1,...,7. (The element i[h] is in general not
unique.)

Lemma 6.5. For the cases (1) to (15) in the table on p.
p(V(g})) > 1
for alli € Z, \ {0}.
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Proof. We proceed as described above, choosing the following representatives i[h]
where for n/2 < i < n we can of course take i[h] = —((n — i)[h]):

(11) For V; = A 5
AY+A§+A3¥+A1)
5 )
—3AY +2AY +2AY — 3AY
)

h = (0,

2[h} = (0, )-

(12) For ‘/Yl = A4A9)233

AY + 3AY
h=(0, M52 )
_Alv—A;)/ \ Vv \ Vv \ Vv
Q[h]:(07f+/\4 — A5 +Ag — A7 + A5 — Ay, 0).

(13) For VYl = B(;Clo

Ay Ay
h_(O’T—i_?)’
A\/
Z[h]:(0,72ngJrAX—Ag+Ag—A\7/+Ag—Ag+A\1/O).

(14) For Vi = A;C5 3G 0

AY | 2AY AY

h=(0,-%
0,5 +=53)

AY  2AY 2AY
9lh] = (0, & — 225 220 py
[] (0’ 3 3 ) 3 2)a

A\/

(15) FOI‘ ‘/1 = A172A§74

AY AV + A +3A5 AV + A +3AY

h = 2
(27 8 ’ 8 ’0)’
—3AY + AY — AY —3AY +AY — AY
2h] = (AY, 3 1+42 3 3 1+42 3 0),
AY —BAY +3AY + AY —5AY +3AY + AY
3[h]:(—71, 1 82 3 1 82 5 0),
AY —AY — AY AY — AY — AY
An] = (0, SR8 SRS ),

Then we repeat the proof of Lemma to show that p(V (o)) > 1 for all i €
Zn \ {0}. For all cases except for (11) and (15) this works without complication.
In cases (11) and (15) we make use of the same information on the decomposition
of V as a (V4)-module that we used in the proof of Lemma O

6.2. Dimension Formula. With Lemma|6.5|in hand we may apply the dimension
formula in Corollary to compute d = dim(Vlorb(a")) in our fifteen cases. This
information, along with Kac’s theory (see Section [L.7), will permit us to determine

orb(oy)

the Lie algebra structure of V; .
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Proposition 6.6 (Part 2). Let V' and o, be as in the table on p. . Then the Lie

orb(op)

algebra structure of V; s as follows:

No. Vi n Vo d el
(1) AsCsEss 2 AsCs5DsC 264 A2Dg
(2) A3A7,02 2 A2A3A,B3 216 A2D?
(3) A872F4’2 2 AgB4 240 Ag

(4) BgEss 2 DgFy 744 E3

(5) A3A2,B, 2 A1A3A3A;B,C 168 AiD,
(6) CgF? 2 C2F? 312 Ej

(7) A3 ,Cap 2 A2B2 144 AS

(8) Al,Dys 2 AlAL 96 AL

(9) BsEraFy 2 A1BsDgFy 312 A D;Eg
(10) B,C? 2 ByB4CyCs 312 Ay D;Eg
(11) A%; 5 A,C* 144 A§

(12) A4A9’233 4 A1A4A7B3(C 456 D10E$
(13) BsCio 4 A;ByBgC 456 DygE?
(14) A1C53Ga2 6 A;AC4C 312 E}

(15) A; 243, 8 A;C” 168 DS

Moreover, VorP(or) is isomorphic as vertex operator algebra to Vi, where L is exactly
the lattice in Proposition [5.1]

Proof. The dimensions of the fixed-point Lie subalgebras Vf,’f are easily com-
putable, and so we may use the dimension formulae (Corollary to compute
d = dim(V; "™ ")), This yields the values for d listed in the table above. We
observe that in each case dim(Vlorb(gh')) = dim((VL)1).

The Lie algebra V}”" has to be a fixed-point Lie subalgebra of under an
automorphism of order dividing n, namely under the inverse orbifold automorphism

Vlorb(ah)

with respect to oy restricted to Vlorb(gh). Then, using Kac’s theory we determine
that the Lie algebra listed in the proposition for V;"""*) is the only Lie algebra of

dimension d in Schellekens’ list of which V,”* is a possible fixed-point Lie subalgebra
under an automorphism of order dividing n. This determines Vlorb(ah).

In all of the cases, the Lie algebra V""°") has rank 24. By Corollary 1.4
in [DMO04Db] we conclude that V°(?») is isomorphic to a lattice vertex operator
algebra. Indeed, we see that VoP(er) =V} where L is exactly the Niemeier lattice
in the corresponding entry of the table in Proposition [5.1 (]

Remark 6.7. For the cases of order n a prime, i.e. n = 2,5, there is a nice
alternative argument by symmetry. Recall that V; = (VLorb('D))l by definition of
V and V" = (V)1 by the choice of 0. In particular the dimensions coincide.
Corollary applied to the orbifold construction with V' and o5, € Aut(V) and to
the one with Vi, and 7 yields

dim(Vy) + dim(Ve™OM)Y = 24 + (n + 1) dim(V7"),
dim((V2,)1) + dim((V™")y) = 24 + (n + 1) dim((V7)1)
so that with the above observation we obtain

dim((Vg)1) = dim (V0.
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7. PART 3: UNIQUE CONJUGACY CLASS

In this section we establish the uniqueness up to conjugacy of automorphisms of
lattice vertex operator algebras satisfying certain conditions.

7.1. Lemmas. We begin with some general lemmas. The following is a generali-
sation of Lemma 3.6 in [LS16d]:

Lemma 7.1. Let g be a Lie algebra with a direct-sum decomposition
g=01D...®gn
for some n € Z~q, and assume that g is an automorphism of g of order n such that
9(gi) = giy1 fori=1,....n—1and g(gn) = g

(so that in particular all the ideals g;, i = 1,...,n, are isomorphic). Let f € Inn(g)
be an inner automorphism of g, and assume that (fg)" =id. Then fg is conjugate
to g under an inner automorphism of g.

Proof. We can write f uniquely as f = f1fa... f, where f; € Inn(g;) is an inner
automorphism of g; and the f; commute pairwise. Let us define ab :=b"'ab. Then

figj =g fig’ € Inn(g;—;) where we view the subtraction i — j modulo n.
Using g™ = id we rewrite the relation (fg)™ = id as

id=(fg)" = (fifz--- fag)"
— (fifoer fu) P HE T LSS,

which we reorder using the commutativity to obtain

id=(ffs D (R T ) TS,

€Inn(g1) €Inn(gz) €Inn(gy,)

This implies that
n—1 n—2
A iy . =id,
LI =

FufS L =1d.
We set - o o ,
= (fo)(fefl V(fsfs  f7 ). (faafi o o f])

where the i-th bracket is in Inn(g;) and hence all brackets commute. Using the
above relations the inverse of z is given by

_ n—1 n—2 2
et = (1 fl S (B RO D
A simple calculation now shows that zgz~! = fg. O

Recall that (-,-) also denotes the symmetric bilinear form on a lattice L or on
its complexification L¢ = L ®z C and that we identify Lc with {h(—1) ® ¢g | h €
Le} € (Vo).

Lemma 7.2 (cf. Lemma 3.9 in [LS16d]). Let L be a positive-definite, even lattice
and R the sublattice of L generated by the vectors a € L of norm {a,a)/2 = 1,
which we suppose to be of full rank. Let g be an automorphism of the lattice vertex
operator algebra Vi, whose restriction to the reductive Lie algebra (Vi) is trivial.
Then g = ™o for some h € R', the dual lattice of R.
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Proof. Because g acts trivially on the Cartan subalgebra h = {h(—1)®¢¢ | h € L¢}
of (V)1, by Lemma 2.5 in [DN99] it is of the form g = e(>™)"0 for some h € Lc.
But h acts as multiplication by (h,a) on the graded piece Vi (a) C V, and, by
assumption, e?™)2) = 1 for all & € L of norm (a,a)/2 = 1. This means that
(h,a) € Z for all o € L of norm (o, @)/2 = 1 and hence by linearity for all a € R.
This proves the statement. O

The following lemma generalises Lemma 3.7 in [LS16d].

Lemma 7.3. Let V be a vertex operator algebra of CFT-type and assume that
the Lie algebra Vi is reductive. Let h be a Cartan subalgebra of Vi and g an au-
tomorphism of V of order n € Zsqo such that g(h) = bh. For u € h C Vi con-
sider the inner automorphism e“° € Aut(V). Then e“0g is conjugate in Aut(V) to
exp((2 Z?;ol g'u)o)g under an inner automorphism of V.

We observe that u +— % E?:_()l g'u is a projection from b to the subspace of fixed
points under g.

Proof. Note that all elements of h commute with one another so that [ug,vo] = 0
for u,v € b by Borcherds’ identity. Moreover, ge“o = e(9%)og and (e%0)~! = e(~o
for any u € h. We define & := exp((£ Y7~ 11 ig'u)p) and calculate

n—1

re gz~ = exp(( Zzg u)o) exp(up)g exp((—— Zzg )
i=1

n n—1

= exp((% Zigiu)o) exp((—% Z ig"™ M u)o)g = exp(( Z g'u)g

=1 i=1

This proves the statement. O

In the case of a lattice vertex operator algebra Vi, associated with a positive-
definite, even lattice L choose the Cartan subalgebra h = {h(—1)®e¢q | h € L¢} = Le
and let o € Aut(Vy) be an automorphism obtained as lift of a lattice automorphism
v € Aut(L). The above lemma states that e"07 is conjugate to (™™o where T,
is the projection from L¢ to the complexified fixed-point sublattice L” ® C.

Lemma 7.4. Let g be a simple Lie algebra not of type Dy. Then any two outer
automorphisms of g conjugate in Aut(g) are in fact conjugate under an element of
Inn(g) (and also under an element of Aut(g) \ Inn(g) if the latter is non-empty).

Proof. If g is not of type Dy, then Out(g) = Aut(g)/Inn(g) is either trivial or
isomorphic to Zs. In the trivial case there is nothing to show, so assume the latter.
In general, let G be a group and H C G a subgroup of index 2. Let a,b € G\ H
be conjugate under x € G, i.e. a = zbz~!. Then a = (xb)b(zb)~! too, and one of =
and xb lies in H while the other lies in G\ H. O

7.2. Uniqueness. In the following we use the above lemmas to prove the main
result of this section:

Proposition 7.5 (Part 3). Let L = N(Q) be a Niemeier lattice with root lattice Q,
Vi, the associated lattice vertex operator algebra and g an automorphism of V.
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Then for each entry of the following table the order n of g, the weight-one fized-
point Lie subalgebra (V7)1 and, if indicated, the value of p(Vi(g)) determine a
unique conjugacy class in Aut(Vy):

No. L n (Vi) p(VL(9))
(1) N(A3Dy) 2 AsCsDsC 1
(2) N(A7D3) 2 AjA3A7B3

(3) N(4Y) 2 AgBy

(4) N(ED) 2 DsEs

(5) N(A3Ds) 2 A1A3A3A45B,C

(6) N(Eg) 2 Cir}

(7) N(A9D) 2 AiB3

(8) N(43?) 2 A{A3

(9) N(A11D7Es) 2 AyBsD¢Fy

(10) N(A11D7Eg) 2 ByB4CyCe

(11) N(A$) 5 AuC*

(12) N(D1oE2) 4 A;A4A;BsC

(13) N(DmE?) 4 A7BQBGC

(14) N(EP) 6 A;A,C4C

(15) N(D$%) 8 AsCT 1

In particular, the automorphism 0 € Aut(Vy) from Pmpositz’on and the inverse
orbifold automorphism ¢ € Aut(Vorb("h)) with respect to the inner automorphism
on (see table on p. are conjugate under the isomorphism VOorPon) =~ v

The proof of the proposition will be carried out in several steps. The first step
is to use Kac’s theory on fixed-point Lie subalgebras of simple Lie algebras (see
Section[L.7)) to establish an analogous result at the level of conjugacy in Aut((Vz)1).

Lemma 7.6. For each entry of the table in Proposition there is a unique
conjugacy class in Aut((Vy)1) of order n with fized-point Lie subalgebra (V{).

Proof. We apply the straightforward extension of Kac’s theory to semisimple Lie
algebras (see Section case by case. O

In the following we investigate whether two automorphisms of (V) of order n
with the same fixed-point Lie subalgebra are not just conjugate in Aut((Vz);) but
more specifically conjugate under an element whose projection to Out((Vy);) =
Aut((Ve)1)/Inn((Vr)1) lies in a certain subgroup H C Out((Vz)1) that we shall
describe below (see Lemma [7.8). This is in particular fulfilled if the two auto-
morphisms are conjugate under an inner automorphism, which corresponds to the
trivial element in Out((Vy)1).

The following summary is based on Sections 4.3, 16.1 and 18.4 of [CS99] and
partially draws from [ISS15], Section 2 and [LS16c], Section 3.3. Let L = N(Q)
be a Niemeier lattice other than the Leech lattice with root lattice @ and simple
roots A. We denote by H the subgroup of Aut(L) consisting of all elements that
preserve A as a set. The elements of H can be viewed as automorphisms of the
Dynkin diagram of . This correspondence is injective but in general there are
Dynkin diagram automorphisms that do not arise in this way. Since the elements
of Aut(L) preserve @, there is a homomorphism from H into the automorphism
group of the finite quadratic space L/Q, the glue code of L. In general this map is
not injective.
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Moreover, one can show that H = Aut(L)/W where W = G is the Weyl group
of L (or that of @), i.e. the subgroup of Aut(L) generated by the reflections in the
roots of L. Aut(L) is a split group extension W:H.

Let G1 be the normal subgroup of H consisting of those automorphisms that
fix each irreducible component of the Dynkin diagram of ). Then H is a group
extension G1.G3 where Go = H/G, is isomorphic to a subgroup of the permutations
of the isomorphic components of the Dynkin diagram of Q.

The Weyl group Go = W and the groups G; and G4 are tabulated in [CS99| for
all Niemeier lattices.

Now let Vi, be the lattice vertex operator algebra associated with L = N(Q).
Recall that K = ({e* |v € (Vi)1}) is the group of inner automorphisms of V.
There is a surjective homomorphism

p: Aut(Vy) - H

with kernel K, i.e. Aut(Vy)/K = H (see |[LS16¢], Lemma 3.10), and H can be
identified with a subgroup of the diagram automorphisms of the Dynkin diagram
of @, i.e. the outer automorphism group of (Vz);. Let

r: Aut(Vy) — Aut((Vy)1)

denote the restriction from Vi, to (V5)1. Moreover, consider for any Lie algebra g
the projection
m: Aut(g) — Out(g) = Aut(g)/ Inn(g).

Finally, we denote by ¢ the composition
q: Aut(Vy) —» H — Ga.

For an automorphism g of Vi, p(g) € H can be identified with the element
m(r(g)) € Out((VL)1), i.e. there is the following commutative diagram:

Aut(Vz) u H

9) r

Aut((V)1) ——— Out((Vp)1)

The restriction r: Aut(Vy) — Aut((Vz)1) is in general not surjective. Since p is
surjective, r(Aut(Vy)) = 7 ~*(H), i.e. the group 7~ *(H) can be identified with the
subgroup of Aut((Vy);) of automorphisms that lift to automorphisms of V..

Lemma 7.7. Under the assumptions of Proposition the projection p(g) is in a
unique conjugacy class in H.

Proof. We make a case-by-case analysis. In all of the cases, since the rank of (V{);
is less than the rank of (V7 )i, the automorphism r(g) of the Lie algebra (V1); is
outer, so p(g) is non-trivial. If n is prime, i.e. n = 2,5, we deduce that p(g) has
order m = n. For the two cases in which g has order n = 4 we use Kac’s theory to
determine that p(g) has order m = 2, in the order 6 case m = n = 6, and in the
order n = 8 case p(g) has order m = 4.

In each case we determine the group structure of H. If H possesses a unique
conjugacy class of elements of order m, then we are done. If not, we use Kac’s
theory to determine all conjugacy classes of Lie algebra automorphisms of (Vf,);
with fixed-point Lie subalgebra (V);. There can be more than one such conjugacy
class in Aut((VL)1), but in all of the following cases they reduce to a single conjugacy
class in H.

Let 7 denote the diagram automorphism of order 2 of A; for [ > 2, D; for [ > 5
and Eg. For a generic simple type X; and {p1,...,ps} = {1,2,...,s} we denote
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by 0(p, ps ...p.) the permutation of the simple components of X; of cycle structure
(p1p2 .. ps). In the following discussion we list representatives of conjugacy classes
of H in terms of 7 and the permutations of the simple components. In general, this
will depend on the choice of the glue code for the Niemeier lattice (e.g. in case (8)
where the glue code is the ternary Golay code). However, this is not essential for
identifying the conjugacy class.
(1) For L = N(A%Ds) the group H = Z4 has exactly one element of order 2.
(2) For L = N(A2D2) the group H = D, (the dihedral group of order 8) has
exactly three conjugacy classes of order 2. These can be distinguished by
their projection to Gs:

conj. class in H | proj. to Go

order length |on A2 on D2

2 1 id id
2 2 id 0'(1 2)
2 2 0'(1 2) id

By Kac’s theory, the automorphism r(g) of (V1)1 = A2D2 of order 2
with fixed-point Lie subalgebra A% A3 A7 B3 can only occur as

A? ~ A7, D5 ~ A%Ag,, D5 ~ B%

up to reordering of the two copies of D5 with

_ 0'(1 2) on A%,
109) {id on D?

so that p(g) has to be in the third conjugacy class.

(3) For L = N(A3) the group H = Dg (the dihedral group of order 12) has
exactly three conjugacy classes of order 2. In this case it is not enough to
study the projection to G3. The conjugacy classes can be described as:

conj. class in H

order length on A3
2 1 T(W)T(2)T(3)
2 3 0(12)50(23), 0(13)
2 3 0a2)7(3),0(23)7(1), 0(13)T(2)

where 7(;y denotes the diagram automorphism 7 (see above) on the i-th

copy Ag) of Ag, i =1,2,3.
By Kac’s theory, the automorphism r(g) of (V1)1 = A3 of order 2 with
fixed-point Lie subalgebra AgB, can only occur as

A}~ As, As~ By
up to reordering of the three copies of Ag with
O(12) on Aél)AéQ),
p(g) = (3)
T(3) on AS s

for example, so that p(g) has to be in the third conjugacy class.
(4) For L = N(E3) the group H =2 Ss has exactly one conjugacy class of
order 2, which has length 3.
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For L = N(A2D,) the group H = GL(2,3) has exactly two conjugacy
classes of order 2. These can be distinguished by their projection to Ga:

on A2 on Dy
id id
0’(1 2)y - id

order length
2 1
2 12

conj. class in H proj. to Go

By Kac’s theory, the automorphism 7(g) of (V1)1 & A2Dy4 of order 2
with fixed-point Lie subalgebra A; A2A3A45B,C can only occur as

A2~ A5, As~ ASC, As~ Az, Dy~ A1B

up to reordering of the four copies of A5 with

4
_Joa2 on A5,
a(9) {id on Dy,

for example, so that p(g) has to be in the second conjugacy class.
For L = N(E}) the group H = GL(2, 3) has exactly two conjugacy classes
of order 2. These can be distinguished by their projection to Gs:

conj. class in H | proj. to Go
order length on Eg

2 1 id

2 12 T12),---

By Kac’s theory, the automorphism 7(g) of (V)1 = E§ of order 2 with
fixed-point Lie subalgebra C2F7 can only occur as

E¢ ~~ Cyy, Eg~ Cy, Eg~ Fy, FEg~ Fy
up to reordering of the four copies of Eg with
q(g) =id

so that p(g) has to be in the first conjugacy class.

For L = N(A$Y) the group H (a group extension Zs.S5) has exactly three
conjugacy classes of order 2. In this case it is not enough to study the
projection to G3. The conjugacy classes can be described as:

conj. class in H

order length on A
2 L 1) T(2)7(3)T(a) T(5) 7(6)
2 15 0(12)0(34); - - -
2 15 0(12)0(34)T(5)T(6)s - - -

where 7(;) denotes the diagram automorphism 7 on the i-th copy AS) of
Ay i=1,...,6.

By Kac’s theory, the automorphism 7(g) of (V7)1 = A§ of order 2 with
fixed-point Lie subalgebra A2B2 can only occur as

Af ~ Ay, AT~ Ay, Ay~ By, Ag~ B
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up to reordering of the six copies of A4 with

on Aél)Ag),

I(12)
- 0'(3 4) on Aé3)Aé4),
p(g) = (5)
T(5) on A8 y
7(6) on Aéﬁ),

for example, so that p(g) has to be in the second conjugacy class.

For L = N(A4?) the group H (a group extension Zy.Miz) has exactly three
conjugacy classes of order 2. Also in this case it is not enough to study the
projection to Gi2. The conjugacy classes can be described as:

conj. class in H

order length on A2
2 1 7'(1)7'(2)...7'(12)
2 495 0(12)0(34)0(56)0(78)1+ - -
2 495

0(12)0(34)9(56)9(78)7(9)7(10)T(11) T(12)» - - -
where 7(;) denotes the diagram automorphism 7 on the i-th copy Ag) of
Ay, i=1,...,12.

By Kac’s theory, the automorphism r(g) of (Vz); & A3? of order 2 with
fixed-point Lie subalgebra AfA3 can only occur as

A% ~ A2 (4 times), A2 ~ A1 (4 times)

up to reordering of the twelve copies of Ay with

O(12) on Aél)Agz),
O(34) ON Aég)Ag4),
o) on Ay Ay,
plg) = o) on A%;;A(QS)7
T(9) on Ay,
T(10) on Aglo),
T(11) on Agu)’
T(12) on Aéu),

for example, so that p(g) has to be in the third conjugacy class.

For L = N(A11D7FEs) the group H = Z, has exactly one element of order 2.
As in the previous case.

For L = N(AS) the group H (a group extension Z.S5) has exactly one
conjugacy class of order 5, which has length 24.

For L = N(DjoE2) the group H = Z, has exactly one element of order 2.
As in the previous case.

For L = N(E¢) the group H = GL(2, 3) has exactly one conjugacy class of
order 6, which has length 8.

For L = N(D§) the group H (a group extension Z3.Sg) has exactly two
conjugacy classes of order 4. These can be distinguished by their projection
to GQI

conj. class in H proj. to Go
order length on D§
4 90 0(1234)0(56)> - - -
4 270 O(1234)- -
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By Kac’s theory, the automorphism r(g) of (V1)1 = D§ of order 8 with
fixed-point Lie subalgebra A3C” can only occur as

Di ~ A3C7 D4 ~ (C37 D4 ~ (C3
up to reordering of the six copies of D4 with

0'(1234) on Dfll)D514),

alg) = qid on D7,
id on DZ(LG)7
for example, so that p(g) has to be in the second conjugacy class. O

Instead of just studying conjugacy classes in Aut((Vz);1) as in Lemma [7.6| we now
study conjugacy in Aut((Vf)1) under automorphisms in 7=1(H), i.e. under those
automorphisms of (V)1 which lift to automorphisms of V7, (see the diagram (9))),
e.g. under inner automorphisms.

Lemma 7.8. Under the assumptions of Proposition the restriction r(g) €
Aut((Vy)1) lies in a unique class in Aut((Vy)1) up to conjugacy under automor-
phisms in 71 (H).

Proof. Let h and g be two automorphisms of V;, of order n and with weight-one
fixed-points (V)1 = (V)1 as in the assumptions of Proposition We aim to
show that r(h) and r(g) in Aut((Vy)1) are conjugate under an automorphism in
7 Y(H). To this end we make a case-by-case analysis using Lemmas
and [

Note that p(g) and p(h) are by Lemmaconjugate in H,i.e. his conjugate to xg
in Aut(Vy) for some inner automorphism z € K = ({e" |v € (V1)1}). Restricting
to (V1)1 we can state that r(h) is conjugate to zr(g) for some x € Inn((Vy)),
conjugate under an automorphism in r(Aut(Vz)) = 7~!(H). Hence, we may assume
in the proof that r(h) = zr(g) for some = € Inn((V7)1).

(9) By Kac’s theory, the automorphisms r(h) and r(g) of (V)1 & A1 D7Eg of
order 2 with fixed-point Lie subalgebra Ay BsDgF, can only occur as

A1~ Dg, D7~ A1Bs, Eg~ Cy.

We can study the restriction to each simple component separately. In all
three cases there is a unique conjugacy class of automorphisms of order 2 of
the simple component with the given fixed-point Lie subalgebra. Since all
of the automorphisms must be outer, by Lemma [7-4] there is even a unique
class up to conjugacy under inner automorphisms.

Hence r(h) and r(g) are conjugate under an inner automorphism of
A11D7E6.

(10) By Kac’s theory, the automorphisms r(h) and r(g) of (V)1 & A1 D7Eg of
order 2 with fixed-point Lie subalgebra Bs B4C,Cg can only occur as

Ay~ Cs, D7~ BaBy, Eg~ Cy.

With exactly the same reasoning as in case (9) we conclude that r(h)
and r(g) are conjugate under an inner automorphism of A1 D7 Eg.
(6) By Kac’s theory, the automorphisms 7(h) and r(g) of (V7)1 =& E¢ of order 2
with fixed-point Lie subalgebra C7F7 can only occur as

Es ~ Cy, Eg~ Cy, FEg~ Fy, Eg~ Fy

up to reordering of the four copies of FEg.

Since the group G = Sy is the full symmetric group permuting the four
copies of Eg, it is possible to find elements y1,y2 € H such that conjugating
r(h) and r(g) by elements in 7=1({y1}) and 7=1({y2}), respectively, puts
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r(h) and r(g) into such a form that their fixed points coincide and occur
exactly in the above specified order.

Now we can study the restriction of r(h) and g(h) to each simple compo-
nent separately. With exactly the same reasoning as in case (9) we conclude
that 7(h) and r(g) are conjugate under an automorphism of Eg in 7= (H).
By Kac’s theory, the automorphisms r(h) and r(g) of (V1)1 = A3 of order 2
with fixed-point Lie subalgebra AgB, can only occur as

AgWAS, AgWB4

up to reordering of the three copies of Ag.

Recall that we may assume that r(h) = xr(g) for some x € Inn((Vy)1).
But then the fixed points of 7(h) and r(g) must occur in the same order,
and without loss of generality we may assume that they occur in the order
specified above.

Then by Lemma the restrictions of r(h) and r(g) to the first two
copies of Ag are conjugate under an inner automorphism. On the third
copy of Ag the automorphisms r(g) and r(h) are outer and hence conjugate
under an inner automorphism by Lemma [7.4]

Hence r(h) and r(g) are conjugate under an inner automorphism of A3.
By Kac’s theory, the automorphisms 7(h) and r(g) of (V1)1 & E3 of order 2
with fixed-point Lie subalgebra DgFEjg can only occur as

E? ~ Eg, FEg~ Dg

up to reordering of the three copies of Eg.

Once again we may take r(h) = xr(g) for some x € Inn((Vy)1), and so
without loss of generality the fixed points of r(g) and r(h) occur in the
order specified above.

Then by Lemma the restrictions of r(h) and r(g) to the first two
copies of Fg are conjugate under an inner automorphism. On the third copy
of Eg the automorphisms r(g) and r(h) are conjugate and hence conjugate
under an inner automorphism since Out(Es) is trivial.

Hence r(h) and 7(g) are conjugate under an inner automorphism of E3.
By Kac’s theory, the automorphisms r(h) and 7(g) of (V1)1 = A of order 2
with fixed-point Lie subalgebra A2B3 can only occur as

A]~ Ay, Aj~ Ay, Ay~ By, Ay~ B

up to reordering of the six copies of A4.

Once again we may take r(h) = xr(g) for some x € Inn((V7)1), and so
without loss of generality the fixed points of r(g) and r(h) occur in the
order specified above.

As before, by Lemma the restrictions of r(h) and r(g) to the first
two and second two copies of A4 lie in the same class of automorphisms up
to conjugation by inner automorphisms.

Since the restrictions of r(h) and r(g) to the second last and last copy
of A4 must be outer, by Lemma [7.4] they are conjugate under an inner
automorphism.

Hence 7(h) and r(g) are conjugate under an inner automorphism of A§.
By Kac’s theory, the automorphisms r(h) and r(g) of (V)1 = A3? of order 2
with fixed-point Lie subalgebra A} A3 can only occur as

AZ ~s Ay (4 times), Ay ~» Ap (4 times)

up to reordering of the twelve copies of A,.
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Once again we may take r(h) = xr(g) for some = € Inn((V3)1), and so
without loss of generality the fixed points of r(g) and r(h) occur in the
order specified above.

Exactly as in the previous case, using Lemmas [7.1] and [7.4] we conclude
that r(h) and r(g) are conjugate under an inner automorphism of A32.

By Kac’s theory, the automorphisms r(h) and r(g) of (V7)1 = A§ of order 5
with fixed-point Lie subalgebra A4C* can only occur as

A5~ Ay, Ay~ CH

up to reordering of the six copies of Ay.

Once again we may take r(h) = xr(g) for some z € Inn((Vy)1), and so
without loss of generality the fixed points of r(g) and r(h) occur in the
order specified above.

As before, by Lemma the restrictions of r(h) and r(g) to the first
five copies of Ay lie in the same class of automorphisms up to conjugation
by inner automorphisms.

An automorphism of A4 with fixed-point Lie subalgebra C*# is necessarily
inner. All automorphisms of order 5 of A4 with fixed-point Lie subalgebra
C* are conjugate and even conjugate under an inner automorphism (see
Section [1.7]).

Hence r(h) and 7(g) are conjugate under an inner automorphism of AS§.
By Kac’s theory, the automorphisms 7(h) and r(g) of (V1)1 =& A2DZ of
order 2 with fixed-point Lie subalgebra A? A3 A7 B2 can only occur as

A% ~ A7, D5 ~ A%AE;, D5 ~ B%

up to reordering of the two copies of Ds.

Once again we may take r(h) = xr(g) for some = € Inn((Vy)1), and so
without loss of generality the fixed points of r(g) and r(h) occur in the
order specified above. Note that on the first copy of Dy the automorphisms
are inner, and on the second they are outer.

The restrictions of r(h) and r(g) to A2 lie in the same class of automor-
phisms up to conjugation by inner automorphisms by Lemma [7.1]

The restrictions of r(h) and r(g) to the second copy of D5 are outer and
hence lie in the same class up to conjugacy under inner automorphisms by
Lemma [7.4l

Restricted to the first copy of D5 the automorphisms r(h) and r(g) are
inner, but all automorphisms of order 2 of D5 with fixed-point Lie subalge-
bra A2 A3 are conjugate and even conjugate under an inner automorphism

(see Section [L.7).

Hence r(h) and r(g) are conjugate under an inner automorphism of
AZD2.
By Kac’s theory, the automorphisms r(h) and r(g) of (V1)1 & AiD, of
order 2 with fixed-point Lie subalgebra A; A2A3A45B>C can only occur as

A? ~ A5, A5 ~ A%(C, A5 ~ Ag, D4 ~ AlBQ

up to reordering of the four copies of As.

Once again we may take r(h) = xr(g) for some x € Inn((V7)1), and so
without loss of generality the fixed points of r(g) and r(h) occur in the order
specified above. Note that on the third copy of A5 the automorphisms are
inner, and on the fourth they are outer.

The restrictions of r(h) and r(g) to A2 lie in the same class of automor-
phisms up to conjugation by inner automorphisms by Lemma
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Restricted to the third copy of As the automorphisms r(h) and r(g) are
inner, but all automorphisms of order 2 of A5 with fixed-point Lie subalge-
bra A2C are conjugate and even conjugate under an inner automorphism
(see Section [L.7).

The restrictions of r(h) and r(g) to the fourth copy of A5 are outer and
hence lie in the same class up to conjugacy under inner automorphisms by
Lemma [T.4l

The restrictions of r(h) and r(g) to D4 are outer and square to inner
automorphisms. By Kac’s theory r(h) and r(g) are conjugate on Dy4. Since
we may assume that r(h) = zr(g) for some z € Inn((Vz)1), both r(h) and
r(g) project to the same transposition in Out(D4) = S3. This implies that
they can only be conjugate under an element that projects to the identity
or to this transposition. In fact, they are conjugate under both.

Hence r(h) and r(g) are conjugate under an inner automorphism of
AID,.

By Kac’s theory, the automorphisms 7(h) and r(g) of (V7)1 & A%Dg of
order 2 with fixed-point Lie subalgebra AsC5D5C can only occur as

A9~ Cs, Ag~ Ds, Dg~ AsC

up to reordering of the two copies of Ag.

Since the group Gy = S5 is the full symmetric group permuting the two
copies of Ag, it is possible to find elements y1,y2 € H such that conjugating
r(h) and r(g) by elements in 771 ({y1}) and 7= ({y2}), respectively, puts
r(h) and r(g) into such a form that their fixed points coincide and occur
exactly in the above specified order.

For each of the three simple components there is a unique conjugacy
class of its automorphisms with the given fixed-point Lie subalgebra. On
the two copies of Ag the automorphisms must be outer, and by Lemma [7.4]
there is a unique class up to conjugacy under inner automorphisms.

The automorphism on Dg is inner. While there is a unique conjugacy
class of automorphisms of Dg of order 2 with fixed-point Lie subalgebra
A5C, two such automorphisms need not be conjugate under an inner auto-
morphism. Indeed, the conjugacy class in Aut(Dsg) splits up into two classes
with respect to conjugacy under Inn(Dg). If the restrictions of r(h) and
r(g) to Dg are conjugate under an inner automorphism, we are done. So
let us assume they are conjugate under an outer automorphism, i.e. under
an automorphism whose projection to Out(Dg) is 7. The group H = Zy4
contains two elements of order 4, namely o1 2)7(1)7(3) and (1 2)7(2)7(3)- Let
y € H be one of those two elements. Conjugating r(h) by an element in
7 1({y}) does not change the order of its fixed points on the two copies of
Ag and it brings it to a form such that the restrictions of r(h) and r(g) to
Dg are conjugate under an inner automorphism. So again we are done.

Hence r(h) and r(g) are conjugate under an automorphism of A3Dg in
n1(H).

By Kac’s theory, the automorphisms r(h) and r(g) of (V1)1 & D1gE? of
order 4 with fixed-point Lie subalgebra A; A4A7B3sC can only occur as

D10 ~ A1A4Bg(c7 E? ~ A7.

The restrictions of (k) and 7(g) to E? are conjugate under some ele-
ment in Aut(FE?). First assume that this element is inner. Then, since the
restrictions of r(h) and r(g) to Do are outer and hence conjugate under
an inner automorphism by Lemma [7.4] 7(h) and r(g) are in total conjugate
under an inner automorphism.
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If on the other hand the restrictions of 7(h) and r(g) to E2 are conjugate
under an element of Aut(E?) that projects to 023 € Out(E?) = Zs,
then we note that, since the restrictions of r(h) and r(g) to D1 are outer,
they are by Lemma [7.4] also conjugate under an outer automorphism. So
r(h) and 7(g) are in total conjugate under an element in Aut(D1oF?) that
projects to 7(1)0(23) € Out(D1oE2). Since H = (T(1)0(23)) = Zo, this
implies that r(h) and r(g) are conjugate under an automorphism of D;oE?
in 7 1(H).

By Kac’s theory, the automorphisms r(h) and r(g) of (V1)1 =& DigE? of
order 4 with fixed-point Lie subalgebra A; B3 BgC can only occur as

D10 ~ BQB@(C, E? ~ A7.

With exactly the same reasoning as in case (12) we conclude that r(h)
and r(g) are conjugate under an automorphism of DigE2 in 7~ 1(H).
By Kac’s theory, the automorphisms 7(h) and r(g) of (V)1 = Eg of order 6
with fixed-point Lie subalgebra A; AoC4C can only occur as

Eg’ ~ 047 EG ~ A1A2C

up to reordering of the four copies of Fg.

Once again we may take r(h) = zr(g) for some x € Inn((Vy)1), and so
without loss of generality the fixed points of r(g) and r(h) occur in the
order specified above.

The restrictions of r(h) and r(g) to the fourth copy of Eg are outer and
hence lie in the same class up to conjugacy under inner automorphisms by
Lemma [T.4l

We slightly modify the argument of Lemma [7.I] in order to show that
the restrictions of 7(h) and r(g) to the first three copies of Fg are conjugate
under an inner automorphism. We can write r(g) without loss of generality
as

(v1,v2,v3) = (P303, 101, P2v2)
for (v1,ve,v3) € E§ with @1, o, 03 € Aut(Es) and @3¢ outer, of order 2
and with fixed points Cy. Then, writing = = (x1, 2, x3) with z1, 22,23 €
Inn(Es), r(h) = a2r(g) is given by

(v1,v2,v3) > (L1303, T2P1V1, T3P2V2)

for (v1,v9,v3) € Eg. Also x1p313p22¢1 is outer, of order 2 and has fixed
points Cy. By Kac’s theory ¢spop1 and z193r3pezop1 are conjugate in
Aut(Eg), and by Lemma they are even conjugate under an inner auto-
morphism, which we call £ € Inn(FEg), i.e. £ a10323027201& = p302001.
A simple calculation then shows that

y'r(h)y =r(9)

with y = (f,xggolfcpl_l, xgnpgxgcplfgpl_lga;l). Since £, o, x3 are inner, so is
y, i.e. the projection of y to Out(EJ) is trivial.

Hence r(h) and r(g) are conjugate under an inner automorphism of Ejg.
By Kac’s theory, the automorphisms r(h) and r(g) of (V1)1 = DS of order 8
with fixed-point Lie subalgebra A3C7 can only occur as

Di ~ 143(C7 D4 ~ (Cg, D4 ~ (Cg

up to reordering of the six copies of Dy.

Since we may assume that r(h) = xr(g) for some = € Inn((V%)1), in this
case the fixed-points of r(h) and r(g) occur in the same order, and we may
as well assume that they occur in the above specified order.
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Then by Lemma r(h) is conjugate to r(g) under an inner automor-
phism restricted to the first four copies of D4. On the fifth and sixth copy of
Dy the automorphisms r(g) and r(h) are outer and hence conjugate under
an inner automorphism by Lemma [7.4]

Hence r(h) and 7(g) are conjugate under an inner automorphism of D§.

O

We conclude this section with the proof of its main result.

Proof of Proposition[7.5 In each case let U be a standard lift to Aut(Vy) of the
lattice automorphism v € Aut(L) specified in Proposition Since ¥ has the
required order, weight-one fixed-point Lie subalgebra and, if necessary, conformal
weight of its twisted module, the existence of the automorphism is established.

We will show that any automorphism ¢g € Aut(Vy) with these properties is
conjugate to P. We showed in the previous lemma that r(g) and r(9) are conjugate
in Aut((Vz)1) under an automorphism in 7= (H).

This automorphism in 7~}(H) can be lifted to an automorphism in Aut(V7),
and using Lemma this implies that ¢ is conjugate in Aut(Vy) to e(?m™hog for
some h € @', the dual lattice of Q. In fact, by Lemma we may assume that
g = ™oy for some h € 7,(Q’). Note that now e(?>™)"0 and # commute.

We aim to show that e(?7)"0 = id. Since L is unimodular, e(>™)"o = id for h € L
so that we only need to consider representatives h for 7, (Q’')/m, (L) = (Q¥)'/(L")'.
Moreover, we only need to consider those elements h such that g = e(2™)"0p hag
the same order as ©. This is the case if and only if ord(?)h € L.

For the reader’s convenience we list L, the cycle shape s of v, the fixed-point
sublattices L” and Q" (their genera, see [CS99], Chapter 15) and (Q")'/(L")":

No. L s v Qv @) /(L*y
(1) N(A3Ds) 1-8916 s 0(21°)  Ms0(25®) 7o

(2) N(A2D2) 1-8916 s 0(2}1?) 1180(2+64+116+1) 74

(3) N(AD) 1-8916 Is0(2}2) s o(25°971) Zs

(4) N(E3) 1-8916 s 0(25) 1180(2+8) {0}
(5) N(A3Dy) 178216 II5 0(2}°) IIso(2y =) Zs

(6) N(E$) 1-8916 s 0 (214 1180(2+4) {0}
(7) N(AS) 1-8916 s 0(2}2) s 0(25%5%2) Zs

(8) N(AL?) 189216 s 0(25%)  IIso(2,%31) Zs X T
(9) N(A11D7E6) 1_8216 11870(2}?4) IIS 0(2+4) {O}

(10) N(Ay;1D7Eg) 178216 s 0(21°)  Ms0(25®) 7o
(11) N(AS$) 1-15° I o(513) Iyo(5 +325+1) Zs
(12&) N(DloE7) 12279410 I1370(2§r3) 13 ()( 3 ) {0}
(12b) N(DyoE2) 27448 (254 Myo(25) {0}
(13) N(DyoE2) 27448 (25 Mao(2;°) {0}
(14) N(E§) 12733796 {0} {0} {0}
(15) N(DS$) 428 I 0(43%)  ITp0(852%) Zs

Now we proceed case by case:
(1) In this case m,(Q")/m, (L) is isomorphic to Zs. For trivial h we obtain
p(Vr(g)) = 1 while for non-trivial h we obtain p(Vy(g)) = 5/4. Hence, if
we demand that p(Vy(g)) = 1, g has to be conjugate to .
(2) In this case 7, (Q")/m, (L) is isomorphic to Z,, but only the trivial element
preserves the order of 7. Hence ¢ is conjugate to 0.
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(3) In this case m,(Q")/m, (L) is isomorphic to Zs, but only the trivial element
preserves the order of 7. Hence ¢ is conjugate to 2.

(4) In this case m,(Q")/m, (L) is trivial since L = @, and so g is conjugate to .

(5) In this case m,(Q")/m, (L) is isomorphic to Zg, but only the trivial element
preserves the order of ©. Hence g is conjugate to D.

(6) Also in this case 7, (Q")/m, (L) is trivial. Hence g is conjugate to p.

(7) In this case m,(Q")/m, (L) is isomorphic to Zs, but only the trivial element
preserves the order of 7. Hence g is conjugate to 0.

(8) In this case m,(Q")/m, (L) is isomorphic to Zs X Zs, but only the trivial
element preserves the order of ©. Hence g is conjugate to o.

(9) In this case m,(Q')/m, (L) is trivial. Hence g is conjugate to .

(10) In this case m,(Q')/m, (L) is isomorphic to Zy. For trivial h we obtain
p(Vr(g9)) = 1 while for non-trivial h we obtain p(Vy(g)) = 5/4. Hence if we
demand that p(Vz(g)) =1, g has to be conjugate to .

(11) In this case m,(Q’)/m, (L) is isomorphic to Zs. For trivial h we obtain
p(V,(g)) = 1 while for the four non-trivial choices of h we obtain p(V7,(g)) =
27/25 or p(Vi(g)) = 28/25. Hence, if we demand that p(V;(g)) =1, ¢ has
to be conjugate to D.

a) In this case 7,(Q")/m, (L) is trivial. Hence g is conjugate to .

b) In this case m,(Q")/m, (L) is trivial. Hence g is conjugate to .

3) In this case m,(Q’) /7, (L) is trivial. Hence g is conjugate to 0.

4) In this case 7,(Q")/m, (L) is trivial (we see from the cycle shape of v that

7, is the zero map). Hence g is conjugate to .

(15) In this case 7,(Q")/m, (L) is isomorphic to Zy. For trivial h we obtain
p(Vi(g)) = 1 while for the non-trivial choice of h we obtain p(Vi(g)) =

17/16. Hence, if we demand that p(VL(g)) = 1, g has to be conjugate to .

In order to prove the second statement of the proposition we note that the inverse
orbifold automorphism ¢ € Aut(Vo™(?»)) with respect to the inner automorphism
oy, (see table on p. has the same order and weight-one fixed-points as ». In
all cases except (1), (10), (11) and (15) this shows that 7 € Aut(Vz) and ¢ €

Aut(Vorb(en)) are conjugate under the isomorphism Vorblon) = v .

For the four remaining cases we still need to show that p(V (@) (¢)) = 1. The

C-twisted VOrP@r)_module V°rP(@»)(¢) decomposes as

Vorb(oh)(C) — @ W(i’l),
i€,
as described in Section We know that p(V(o})) > 1 for all i € Z, \ {0}, and
hence, since V(o)) = Djcz, WD p(W)) > 1 for i € Z, \ {0} and j € Z,.
Moreover, since V =P ;.5 W©9) is of CET-type, p(W (1)) > 1 for j € Z,, \ {0}.
Hence, it suffices to show that p(TW (1)) = 1 or in other words that {v € V; |opv =
&nv} is non-empty. This is easily verified for the cases at hand. O

8. MAIN RESULT

Combining the results of Propositions [5.1] [6.6] and [7.5] and following the proce-
dure described in Section we arrive at the main result of this text:

Theorem 8.1 (Uniqueness). A strongly rational, holomorphic vertex operator alge-
bra of central charge 24 is up to isomorphism uniquely determined by the Lie algebra
structure of its weight-one space Vy if Vi is isomorphic to AsCsEg 2, A3A7203,
Ag2Fy2, Bsksa, A%Aﬁ,ng, CsFy, A4211204,2, A%,2D4,4; BsEz72Fy, ByC§, Ai,s:
AyAg 2Bs, BsCho, A1C53G22 or A1,2A§,4, corresponding to the cases 44, 33, 36,
62, 26, 52, 22, 13, 53, 48, 9, 40, 56, 21 and 7 on Schellekens’ list.
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The uniqueness of the case BgEs o (case 62) has already been proved in [LS15]
using framed vertex operator algebras. Moreover, after the completion of this work,
Lam and Shimakura also showed the uniqueness of Aj 5 (case 9) and A;2A3,
(case 7) starting from the Leech lattice vertex operator algebra [LS17].

This leaves 9 cases on Schellekens’ list, for which the uniqueness has yet to be
proved, including the case Vi = {0} (see Remark 6.8 in [LS17] for an explicit list).
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