
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Solutions to the Exercise Shirts of Algebraic Geometry 1

If youhave any further questions regarding the exercises thesolutions the liture and or anything

else feel freetocontact me

Thereare no solutions for ExerciseShut 9 Ex4



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ExerciseShit 1

Ex 1

11 2 fr IAIkt finite Bythe axioms of a topology any
finite unionof closet sits is closed

Hann wemay assume that r 1 Then fi Xi a V1 ish yields 2 V1fe fn

2 Lit f X Yo li f Y then Vfl ok x X is Zariski closed

Assm that Vfl is closed wert theprint top on 1A'IKI 1A lel Then IA'IKI 1A 11111Vllt

is open M nunempty opens U.US A'Ilils.t.UxVs A'IkIxIA'Ili1 IUlfl

Sinn any proper closet subsetofAcht is finite wemay write U ps ps and

Ige 9 3 Pick 26 ps Ps gr g ne 12,216UxV but 12121 Vift

Ex 2 a x2 y y V1als 1H31Kl

Vial ix4,21613 2 42 y

ix4,21613 0 y u u ix4,2161 2 3
y

2 y 2 3 4 2

kcx.y.gg
2 integral domain

IX yl u V1 y 2 31
with lair t.gl

Not that both y und y 2 an primeideals

es an
V yl y 2 31 closed irr

with leer y 2

Vial nuith.in Vial IX yl u y 2 31 is the unique decomposition into its irr components



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ex 3 fc och I Sit Dift tot fixt 0 X 1A K

Not that Duft tot fixt so nVift is dosi in X X h.ssbspi.intop

View Dlf 1A lol via Dlf III
as myinintify Dlf 64 exe tn EDifI na flte 1

Consider g fTna 1 Thin Dlf Vig n Vig n V1ICH Vlg IIXI

rentil little

DIXI OLDIE

u

Hlf

Ex 4 k Man k

Vial M Man k a be o d b so Catalbso Candle 0

1 194 Man k m 0

Vlb M Man k ad be so and so 1 194 Man k ditMl Trent 0

let M Man lol Thin

M nilpotent M so datimiso Also Muster o Mv Ihr 1 0 1 0

Hin o is theonly EVofM Trini o

dit MI Trini 0 111 dit M 11in a 71 d 11 ab

1 Tr MIT dit MI 12

This 0 7m11 M

M o clearly implies that M is nilpotent



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Furthermore

F 5 Vial V15 Ja 55 It sffi.is tu chick that 5 is a prim iii1 1 55 5

consider the isomorphisms 315 a

g Ej
i 5 It suffins tocheck that a is notprime Not that la il bei but a a b 5



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ExerciseShit 2

Ex 1 X 1A k closed

11 X decomposition into irr components

To T E Ts chain of closed irr in Ts X forsome 1siss byuniqueness of thediomposition

Henri dimXl dimXi Theother inequality is immediate

2 closed irr 01 1 with ICH prime ital

Moriour KIX Frei Ex IIIIXI Wesit m dim X dimOCH msn

Thin the North normalisation yields a finite ing map KIT Tm 6 IX

an k s k Ta Tm C s OlXI s k X

Fru.lk Ta Tm y by the universal property
11 of the localisation

KITai Tm

Also 4 is algebraic Sinn 4 is integral

f kitty f l

E
m

Ex 2 ft k Ta tn nun constant

W null the proof of theNorth normalisation form leiten5 It was shown that then is a finit in

map KEY tn
T.ee O Vift

Also we know from theLutonthat in this case n n dimKEY tn dim Otv ft dimVlf



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ex 3 XS Anckt closed EX my feOtti 1 fix so

Der Xix deHom rs Orf k defy diftgix fixdig

d
fett

fistlf fixlmu.im
Im
K 4

41h I
Ein

Hum
rs mi k

on

TIEFL i am b

Byconstruction 41111 is will definit On theotherhand wehave

dit af tlaf aflxlm.nlmit at f fixt aditi ft and

dit f y tiftg lfixi.gl llmoilmit tIf fixlmoimil tlg gixlmalmit

detlef dit ly

show the Klinearity

ditlifgl tify lfsy.gg
mit

tlfytfyixl fyixl.filgixl gfixl gfixl fixlgixl fixlglxlmoilmi

tllf

fyy.gl
tgixilf fixil fixllg gixllmalmit

gexittf fixtmalmit fixt tl g g1 1 malmit

shows the Leibnitz rule



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Inorder to su that thesemaps an mutually inverse wecompete that

glyca f uralt f fixtmalmit d If feat f
fini

a aviation

andycditllifm.nlmit detlift tif.fi
omj

m
mitifmo mit

Ex 4 Vlgext y 1A Ikt forsome nun constant gekCT

11 For 2 ix y EX wehavethat Tex wo k II 121 W 0

glia
2yd

Hin regular JI121 his rink 1 2 1141 glix o v Ly 0

lit xtks.t.gl l o.Thinlx u1EXmsg'sx o g hasonly simple roots

Now supposethat yhisonly simple roots ie gtx so glitt 0

Tala 2 ix y EX and suppose that glitt 0 and 24 0 Thin gut to and y o

ch.IT
y0sina0y gixl

2 1141 glix o v Ly 0 3 regular

In this case we can write geil p
X til und sie that a Xi til Y is irr

in K X Y git Y is a prim ital 3 is irr

2 No lit k IF and set gilt X gilt 1

Thin gis so iff o but g101 1 ghis only simpleroots

But 11,116 X and giant o and 2 0 in1121 Henri is not right at 11,11



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ExerciseShit3

Ex 1 Any mapof algebraic sits
fifty Eggs

continuous fortheZariski topology 1 1

lit VSY closed ns gr gr

Then f V ok fix fixt fait V

E k gil fixt fait 1 0 V1 ist

Cha hol for hi gilfe fm E k Xa n

closet

1 f Alle Alle
1 expixt

Not continuous 2 1 thin fit 2 EC exp 1 1

2Tik k 2

is infin Henn it sinnt b written as thevanishing locus

of finitely many polynomials in G

Is not a map of algebraic sits

not in isomorphism

2 f IA IE 1A IE
1 if QC

else



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Not a may of algebrain sets Suppose faltet fixt for son ft GEX

Thin f has infinitely many aus

Sinn fixt x o Ei

not an isomorphism

Bijiitive An invern is given by

if QC

als

continuous 2 ACE closed es 2 finit f 21 finite

n f 2 1A Cl closed

3 f 1A'ckt 1 3 y 1A k
1 1 21 3

Mup of algebrai sits X 36 C

continues

Not an isomorphism An inverse would involve a root whish is not representable

as a polynomial

4 fy Vegas y IA k

ix y

Mup of algebrai sits XE KEX

continues

Isomorphism An inverse is givenby t.gl 1 this is also a



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Mupof algebraic sits

Ex 2 f Y mapof algebraic sits fixt falte fnitt

11 Recall that TX DirIX Hunt us im k

deHom
us Ots k defy dlfl.ge fixldlg

f intus a map of kalg f Fly X

g s gifs infm

Hin we define If Ty Typ
It remains to show that dot satisfies the

Leibnitz ruh d f gh all f y f hl dlf.ly lf'chlctt
focylcxidlfochll.Ifixi1TgfH1

21 f 1A
In

ns IN

Not that f k 3 lit deTillich and g Fia X c kit

a dlf gl Faidlxnil fgai.ni.fi ditihm des

indem

n 1 If is theidentity and in particular ing 1A'Ckt

nie 1 0 Thin dlf.ly F ai ni d 1 0 Vge litt and

deT A Ikt If not injutin

nie 1 10

ne k Thin duf so o dlf Xl n dit



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d 1 0 d o Tsf in

n c in k As in thecase nie 1 0 weget that

If is the ten map Hina not in

Thus Rampf
if n 1

iii iii II

Ex 3 Igitt y geh non constant with pairwise differentroutsAn Idek d diglgt

g af.net til for some ack

1 Shut2 Ex 4 yields that X is regular irr of dimension 1 Charly thesin holds for IA Ik

Weshow that f X es 1A ll Als is surjective Let ok Sinne k is algebraically closed
ix y

the polynomial Y geileKEY has a rout yek i c gut y m till EX is a preim.ge

21 lit ix yl EX Weuse the identifications of the tangent spans to determine Rumft

Tiny WitweWelck ily w 0

glitt 2yd

WitweWelck glittwa Lyn 0

an TIA wek Jäggi
w O

Thin Tiny f Tex.at T A Ii

wn.w.lt Wa

This map is not inj iff yekts.t.lu g Tiny

iff ye kt sit Lyy 0



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

if 4 0

Hin Rantft exiyleX y o ix 016k gix 0

11,01 1111,01



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ExerciseShit4

Ex 1

1 Lit U Spa lift open then U Speck VIII forsome iii 1 IS KA
P
I 1ft forsom felix Hin U Spiek IVift Dift

So any open in Spa lift isgiven by a primipil open Dlf ft k

countable bigation p

numbers in

Define Spi 2
5

SpinKEX This is a closed continuous bijection and hin a homeomorphism

iii an
bijutive poSpa ka 111013 ps1ft for fehlt irr

f X a ack

continuous Visp KA close theÜ f f II x a litt

iii
int inrio

9 V1 is a finite union of closed points andthus closed

closed V Spin closet the V In n Piepe 2

StV is finit andnot containing 101v

SIVI is a finite union of closed points andthus closed



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Suppus isum 2 KEY thin ke KEY 2 for p g

Ifag chirlkt p

Ex 2

1 b B ideal Recall that forany Y SpaB T

Jj
Henn flvibl VIIlfjbll vly

ilruilblll.iseiini vii III
Monauer it holds that e trailbt as A platendlbt last In EIN

Y
rally hihi

Thus flvibl V1 y ruilbt Virally 1b y rib

2 Y surjutive 3 Y intons an isomorphism A B I turtelt

x ̅

Hin f Sp B
t

SpieAII Spin A Sinn x ̅ is an isomorphism fp is a

homeomorphism Fromthelecture we know that f induces a homeomorphism onto VIII

3 Apply a to the an int tot B togit flight

Thin Vilirty Sp A listet p pesp.it In.ly spfgppy
NillAl



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ex 3 I part ordered set

Intuitiv system is a fnitur X I s Set
Isi i s X it

is 1 Yi X X

Coconi CE Sit and maps Yi X Kis I sit is

i
X

Y sf 4

commutes

A Cocone C 4 is a colimit if for every coin F S

X
i

X

Y sf 4

5 S

F

istthe whole diagram connotes

1 XEXi yet Ze k

Rifkin Not that Yi ily by definition of a funitur and Yi Y.it 1

Symmetrie This is das by definition

Transition lit s ii sit Yi 1 1 4 1yd and lit t jik sit fit1yd tut121

Sinn I is filtered then is an ns sit This

Yin Isn fis 1 11 Isn t.gs Yll Y nlyl ftnlYjtlyl



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4th14kt121 41in 2

Consider the diagram X
i

s X

Y

so
4

W hi to show that ex Yi ist in U This is dir Sinn Yi 1 1 4 Yi 1

This Until is a cocum.lt T y I bea cocone and consider the diagram

i
s X

Y

so
4

4 4

T

We difin U T

y

Assen that my in V ThenYin1 1 4,1 1 1 for some

iijsk Thus Yi 1 4k finit 41,1ps y 4,1kt an is will definit

Sppuc.th.r.is another map U T that sonnte with the diagram Thin

4 4'141111 y 41 1 d

2 Clearly C is a cocone So lit T vil bea cocone and consider the diagram
i

s X

2

so j
4 4

T



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Again we difin f C T

y
If in j thin 11 i j sit Yin 1 1 4,1

and 4 1 1 4k14in 1 11 41,191,11 4,1 1 m d is will definit

Sppuc.th.r.is another map C T that sonnte with the diagram Thin

4 2,1 11 gilt fixt

Ex 4

1 Inductive system Funiter X II Ab

Cocone Pair C 4 when C is an abelian group and 4 X C an grouphum

sit X
i

s X

ü
Y
so

4

commutes

A Corona C 4 is a colimit if for every Coon F S

X
i

X
Ü

Yi
so

4

5

st the whole diagram connotes

2 By Ex 3 it suffins to define a grip struitur on U Yeti ns.t the pair Ui til is

a cocun.in Ab tut EX andyeXj Thin ksiig Hinn wecan define



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

y Yi 1 1 4,1 lyl Xp Not that Xi is an abelian group Vie II

The equivalence ritution on U ensures that this is a will defined groupoperation on U

Monour wehinthat lil 1 lila Y Yi is a group hum Kitt

Also if T vil is a cnn.in Ab then thein Ex dfinal map U is a grouphome

because 4 is a group hum WieI Ii

3 Consider the commutativediagram

fi si
0 A Bi Ci 0

Fi S

with exit rows f ing g sur and dirty imIfi ie I

lit UA Yi A Uns til B and Vc Sil C defined as in 21

Yi
By the universal property we obtainthat Ai Aj

f f
UA

YiB B O

Ji süße 9

ii bis

Ju

ii

and by a fu 1 fies and gut gilt Viel



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

We have to show that 0 UA
f

Up s Uc 0 is wait

fu is injutin lit
qq.e.UA

sit 0 fuca fies o

gu surjatin lit V13 Sinn g is sujiitin yt A sit gily

By construction we obtainthat July gilyl

imlfulslirlg.li For UA weget that gulfult gut it
gilt

1g

im'ful trigul lat Uns sit osguca.g.ci Aist

fily This fury fily

4 Consider the systems A 0 Z B 2 2 and C 2 o

inz

22 2

Then 0 0 1

in

0 0 2 s 2 0

fi so a

commutes with exact rows

Not that colinA 2 2 colin B 2 and colin C 0

Thin 0 2 21 2 O O can not be exuit sinn 22 2



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ExerciseShit5

Ex 1

lit I C be a dirtsystem

ns nstriital dient systin X J S I 5 C
3 ÄH.net

jsj f.is
s tlit X

y up

be the colimit of
g s

lol

ling X
ist

Fix a chain of ji jli.IE sit Vic I is and ji i if it DSI is cofinal

ist fit
We claim that is a colinit of

Y fiji slim 9 10 fiji
is

This is a con Sinne X Xii dir.tn sJjeJs.t.jisj ji1

fis
p o

f fing

9 0 y U

f
commutes by lol isi

Set 4 Ofig Viet Thin 4 Y Vje
Now let B Yi be a con our I Have a restristil con IB 4 our



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

S 1in X s B sit
I

commutes

in 4
ist4
5 4

B

Thin Visit X s Xi

u

f fing
üi

o p 0 4 pj 4
4

4 O f u

i

Whish proves the claim Sinn the culimit is unique up to unique isomorphism the induced map

i is an isomorphism

Ex 2

Wehaveto construct natural isomorphisms pop 0 s idsh

and 1 1 1 lip sidshix Sisulu tert SIE
i Define α FCB op F F V1 FIVI VEB

su.lv 1 Sv

An inverse of a is given by 5 1 Stv v on all siitions



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ii Define β F F pop
B F UI F pop

B U VU X open

51 15 tu

β is bijective lit Sulu F pop U Sinn U and Var

p

wegetthat so w Sw Sri w V.V EB V.V'sU and WEB W UnV

S
so Flut st Slv SV

lit G be a shut on sit G pop F Thin G G pop FCB

Henn F is the unique upto isomorphism shut on sit F pop F

Ex Recall that 5 im 5 min ses sit Es I i VES unt Uns in M

The assignment Dlf 1 MEf is a will dfinal pusht on BEX

Indeed ruall theuniversalproperty of 5 M M IN sit N IN is an isomorphism

Ein

Thin DIA Diy ftp f.yitegl
NEIN as A sit f ga

Mff 1 Mff 1 is an isomorphism

s.rs Ft In 3 In
in so an mgfs o mf f so n 0

Hin DIE Dlg isomorphism MEF 1 Mlg

Theverification that this is a shit follows the exit same argument as presented in Lecture 12



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ex 4 X C

FIU f U C I f holomorphic

Glut f V C I f holomorphic fiel o V26U

Define a map F G

f exp

Sinn thin is no natural logarithm on C themy is not sarjutin

on global sutions



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ExerciseShit6

Ex 1 Consider theshut G V1 f U IR continuous on

Wehave the inclusion F G that sinds ft if on sections Thin 2 is an isomorphism on stalls

Lt tot and consider
s s I

Injutive Assume that tust Vit EFx sit U zest IV ritt in Gx

Thin EWSUnvopins.t.es lw citllw 3 Vis Vit in

i ii

surjutin lit V ft Gx Thin ft 610 Sinn f is continuous at EU then is

an open neighborhood EVEU sit g flut FIVI is bounded Thin g V g

is a primig of V ft choose VnU tuso that Vf n g I

Then the universal property of the shufifiiutionyii.is iso still shut

F

L
3 is a myof shines that is isomorphic on stalks ns is an isomorphism

Ex 2

1 lit U s X op and let Vi U b anup courof U lit fit FIVils.t.fi uinu fjluinu

Difin f U s I by i s first if toUi This will definit sinne f and f agree on

Virus Lit zeU the zeUi forsome if I sina.fi is holomorphic on Ui and flu fi we sie

that fi is holomorphic at ZEX zeU This f is holomorphic on ns ft FIU



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Clearly this sition f is unique If functions agree on some open cour of U theymust agree on U

2 Clearly F F sinding f to f on sutions defines a morphism of shines

lit U X open and let ft FIU Then we in cover U by open balls Ui In partituler each

Ui is starshaped ByCountry's Integat Theorem flu admits a primitive

Lit 61103 and fiel FIX Thin f has no primitive on X

Ex Assen that G is a sheaf Lit U Xopen with cover Ui U

i Pink SiteHom F G U sit Stu tlw Hist lat EU thin EU and s t sin

Shui t vi This hulls Hex s t

ii lit sie Hom F G Vi s.t.si uinug

SjluinugViijtI.DfinSFlo Glu as follows VSVopen V VnVi open cover

Thin Sv ft FIVI GIVI sands f tu g when
g is

constritul as follows

FÜ s GIV

ftp.t g Sivilflv

Not that gilv.nu gjlu.nu by assumption Gsh.fm go GIVI sit glvi g

Henn this defines a will dfind mapof prishaus Monour by constration Stu Si

Ex 4 The proof was given right at the beginning of lecture 19



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ExerciseShit7

Ex 1 top space

We define Flut with s fitz
if V V

2 else 0 als

If 0,43 thin F is a shit Every seition is a on point sit with value 01

In general F is not a sheaf Consider a b with discrete topology Thin F lol's like

FIX 0 and ne Flat me Flb certainly agree on F

Fiat Eibl but do not glue to a global sution of FIX

Flanbi 7101 O

Ex 2 top space EX 2101 4 U 2 funition of sits loudly constant

i let U X open thin

i 210 zci.eu
211 31 2 if eu

2101 4 3 als

ii lot p X pt y let Vix open thin

p

in
Ptt if u

L it Ipt 4 3 als

2

sagt
is a colimit



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

P 2ps poppy

fifiction

2 is the constant sheaf on with v.lu 2

The constant pusht on withvalue 2 agrees with p Ipt on stalks
Sinn they agree on everysution forall nunempty subsets of X

Ex 3 y 23 with topology T y 23

Define pusht of rings on X 0 11 31 t Fru act alt

0 141431 0 141231 X QQ

Ristriition maps QQ QQ

f alt

QCIJIHE.us 3101

i Theonly open shut of with nontrivial open our is y u 2 u y u 23

lit ft 0 141431 QQ fy 0 114,231 QQ sit theyagain

in 0 11 3 act Sin the nistriition map is the inclusion fx.y fy.ie

Then they glue to the unique globalsection fay X QQ

lit f tact fay QQ t ftp.EQCTJtIs.t.thiyagrninQCtJo

Again we get that f ft y Then they glue to the unique globalsection

fay QQ It

ii Assen that X Ex SpaA Osp A Than A 1 1 QEt H

Not that
sp.iq Iit ctl.lu but 1 1 3 4



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ex4 sehen of chin p ic Flut has char p 1 p o in 01011 U X open

Set f it and f is the frobenius VU X open Thin f f is a m.pofsih.ms X X

Initial VSV X open 0 101
s s

oxcul f.la lU commutes sinn the restriition m.pe an

ring homomorphisms
Oxivl spsoxiul f.la lvl

f f is a map of ringed spaces

l.txexlxev spi.lt sX1 ThinfI Oxfy
A
g p

A

lit msA b the maximal ideal Thin f m GeAx G 5 am m

I If f is a map of locally ringed spaces mi.FM



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ExerciseShit 8

Ex 1

1 121 Homs Spa 2 1 Humping say 1 2

4

Hinff
4111 4412 1

la b 22 a b 1

Analogously IR la b IR a b 1

Picture 121 11121 IR

x x

x

2 Asabv 101 la b Q a b 1

Difin P ca.b.cl 23 a b c relatively prime sit a b c

Then wehave an injiitin map P Q
laib il 1 E

3 A 1in through c1,01 is given by ftw tx t tint x teIR

Intersation points with the unit circle an gi.inby IX ffix IR sit the x t at's x 1

11
41

1274 172 11 0

es 1 so



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1 112

1 ging the point 1 1,01

sins the point III f c t.tt L ii 1

whish is rational if teQ

Obviously a 1in through two rational points has rational slope

Hin Q 11,0130 1 to a Writing t In for coprime

in.me

iii ii iii
n m 2mn h m e P

Ex 2 2

11 3 2 U X open Consider thenstriation Oxid
s

v1 Then pur restip11 riot 0

in Ox101 Thus TIV OxI has chin p

2 3 Reichthat Homs IX SpaA s Humpings A TIX 0 11

By 2 0 1 1 hus ch p es 2 0 1 1

Ip p2 sinn p 0 in 0 1 1

So Spin 2 fantors through SpinFp



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

31 11 X Spi lip Spi 2 yields that 2 0 1 1 futurs though Hp ie

p o in FIA

Bythe universal property of the quotient a know that Ifp 0 1 1 is unique 3 X SpaIT

is unique

lel cal ist 141 EX ns xespultlsxop.sn lip Oxid Oxtspielt A A ka

So tritt is a field extension of Ifp p eherI IFI eher1 ital

Onthe other hand Spa2142 poSpa 2 42s p 22 yields that

JIHI Fruit
22,42 22 IF his characteristic 2 but char21421 2

Hin 141 111,121,131

Ex 3

1 Ontupulgi.it spans we havethat Spa für
2 But 1013 V11 2 Hin the im.ge of

SpinQ Spin2 is not closet

21 Consider the map IRIXY 7 1 2 1 I C Y

This induces a closet embedding IAI IHR

Suppose that AIR AI is a closet embedding Then weget a surjective ring map

n n IR In particular weget a field extension

y C s n n IR IR

Then 1 41 11 p i geil Sinn peile IR



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3 Sinn g is a closed embedding thin is an open affin cover Vi SpinAi 2 sit

g Vi SpaB is affine and g Bi 3 Ai is serjiitive ist

Thin g Vi Y is an open affin cons of Y Sinn f is a closed embedding

f g Vit SpaC is affin and f C s B is surjetive Hist

In partinler gof c 1 Ai is sujutin as it is the composition

of sinjition maps

Ex 4

n 1 1A V Tal DTal Spi k Ta Ti is affin

nie HülVITe tn AII VITI F DIT X

Bythe shut axioms we get an weit sequence

iiiiiiiii.it1
FÜHLE

netf IfDitillasien

Fini
sign

s TI Fü Insiigen

Hin 1 1 trip Filasien

1 1 ITT g Tj ITT gT.fi
keine.tn

YFDg fTjIandgj fTi
for some ftOh IAR

Oh IAR

If would b affin thin X E Spar 0 1 1 IHR Sinn VII tn



ExerciseShit 9

Ex 1 Gluing along Yi Spec Zipil p Spie2101 Sp Q and Iii ily

1 The shit properties imply that 0 0 1 1 I T.GG Tff
is t

Han 0 1 1 ler Isil Siliis Siliisthi
2 idefix induces a map X Spieloy

24
411

Spieloyet ps Spi 2 pas

lol Ipel Ipr es identity on top Spins

1t x e Spieloy t Thin

101 Ox tu Oxi101 Q und 14110 Q

Spi Ox Oxi Zip and Ox tipi Zipil

Hin weha an isomophism on all stalls

Ex 2

Cover Pi by Vi SpaACH Ui SpaA an IP by Ui Spa A

vi SpaA E an V2 SpaA E
Glue a morphism of schemes from fu U U IPA and

I



fr V1 U IPA

This maps ago on the intisation Vin Ui

sina.AEACK
Onno vi v11

ACU.us ACH
p
ACE cnn.tn

2

ACE AC

glues to a nap IPA IPI

Not that 1 4 total larty and intel Aly Yoyo y
Altuitente

tot Aly Yoyo Yi

Also fofut.rs over Spin
Al

4,1 and

f fut.rs our Sp 1 1

The homogenous ideal is It total

Ex 3

strongly convex rational polyhedral con in NR IR

n 0 11.31 Pictonof Con.lur 0

i

IR



Not th.tn n n

m m m

min 0 amns o min so

Henn the dual cone G of Con viel is given by con.lu v

1 1,3 so n 0 11.31

2

1 13.11

1122
3 11

1 The assertion is onlytrue if d u TV is convex d u t d T

s Hillfort i Hill
g

and Coit a b c 1 O

I d s d ui on Corot
an Corot s or n in

i s d ui in Corot

Not that o Convixttull d o strongly convex rational polyhedral cones d

This I u T 5 Oni

2 d con un and O a fanof d Thin msinn.mil e22 0 ve d cm.us o an d 112s I m

This So S v Z C ml CCS E So my m is a lo_linution

at y Hin Wo is a primipil open of V0 Analogously for Ui

3 lit Ʃ b a fin Then 5036 Ʃ sina.it thefaceofany come as 03 IR



in San 212 3 Uns Sp y open in V0 de Ʃ by21

And by constration Wo is open in Ʃ Uns is open in Ʃ

Ex 4

1 Ʃ
n

Ʃ v2

02 i in

ios ios mn

03 T

v3

V3



Exercise sheet 10

ix 1 kfi.li Rall that Niltal
p pfui

11 X
Spotify

pospaket fehlt irretrible fix

1 13

Nil s less as And ex E k

X.in SpaAra Spielk

is a one point sit Hina irreducible But A is not an integral domain

sinn 0 in A but X X 0 m not integral

K is an intynldum.in Spi.lk intignl

2 X
Speija

pospin 2 18Ep 3 E pe 2 prim p 18

21,131

Nil 1182,1 11821 n 11821 1182 ns An
8
62,182 462

Xo SpaAra Spi12162

is not irriluible V12 u V31 Thus not integral

Xiii is not irriluiibl.CI 1 IXr.il Thus not integral

3 V1 y n Vlyl Vlt y y Spa 1 2 y y Spa 1 21
1 2 y y 1 2 yWiconil.ie as in 11 rad Spin k



is irreducible but not integral sie 1

red is integral Sinn k is an integral domain

41 X Vlt y n V1 y 112 1 Vlt y y 112 1

Spa y
2
y 112.11 Sp 1 21 111 111

Vlauvixtilurix 1 t.IYI.nl
x ̅ 1 1 1 11 1 11
all maximal iiiIs

mal cancan

Xin Spin s ix
Ep

is rituibl sinn X uV1 1 u x 1 Hin mit intyal

in is also rituibl 1 1 IX 111 Ann mit intyal

Ex 2

1 Rio Es Rx ff Rap ne 2s

EnaX X sit nip Es.iq np 1sist

pln Eo.it Er.iq

iii III c at.n.co
Er Pt

EnaX Eaixjatxitel.IE Kru

Analogously for Rx o

Thin Pr pig Prog RI tu u te is isomorphic to the dussial cour of IPI



Moreover on the interseition tu n te Da total 1110,0 1

This Ptuj R is obtained by thesame gluing construction as IPI

2 Rio ER ft Rn ne 2s

EnaX X
2 sit Eu.it Er 2E n V1 ist

0 1

4 154
24

E Ear Fix EKLE 3 Cu.rs

Analogously fur Rxto

Rx Rx ft Ran ne 2,0

EnaX X
2 sit a e 2 2 2m 1s S

a Evi e both old or even 1 Si h a i

n E EnaX Ena s.t.co e 2s

ns k litt 1,2 with limit xy 22

1

ti
ey

tote 1 2X

Ex 3

1 The shirt properties imply that 0 0 1 1 nF Il Un Im Allyn 0

am
is an.tn 0 1 1

LILI



2 lit 5 1 1 te 16 0 1 1 Si Stu cOfVil i Ix is nilpotent

sie Nil i Ix ns Sita 0 in ExVitra ist

3 0 s X 3 5 N COILXl

So suppose neINsit S lxi.fi 1 0 15 n 0 ie

in Elf 4

4 No is isan infinite disjuinunionandthisnot quasi compuit

Ex 4

it get betheunique generic point Thin ze D f Spa Rflo for som FER

Hann Ox Optier 2
Fru Rflo Fra R o g her diglyl diytht



Exercise sheet 11

Ex 1

1 y
2 y

Pr

g

Suppose thin is another obit 2 Y that satisfies the universal property of sY

91

s

Pa 92
This gives us unique MPs ist

2
92

y
P2 y

91 Pa fy
Pr

i 1 X S

Thin aub id and boa id byuniqueness ne obtain the unique isomorphism 2 J 5

2 R ring tsYI RI Hom SpaR X YI 14,41 IRI Y R fyo y f op

14,41 IRI Y R ff y 79141 RI g YIR

who ff YIRI SIR

41 fyoy
ff IRI glp

1 foy

Ex2 11 finit Galois kt finite normal separable

k finit separable I Kra forsom ask separable over Maori n

My



Hana Ko k k µ Na.at all

iiiiii
Sinn x a x b k if a b weget bythe chinese reminder theorem

Kork I ix 0cal FI aal

Furthnun we ha that Spa k K Spar ok Spuk is the disjoint union of disst spans

Hana Spa K K is a finite discrete space

Ex 3 f Y rational f is birational if f U V for U X VSYopendense

1 Reflexive id X

Symmetrie X Y birational via f X Y n f V V for U X VSYopen dense

Thin Yax birational via f y X 1 f v U

Transitive Y birational via f X Y and Ya birational viag Y 2

ne f V V for U X VSYopen dense and g W h forWEY L52 open dense

Not JCirreducible Every nunempty open is dinse Every intersation of nunempty opens

isnunempty Henie f Vaw an.lyVnW an dans and

19 gern ftp.ecunw f Vaw gernw 3 X Z birational

2 f X Y birational ns f V V forU X VSYopendense Thin flu Y

Murcurin f dominant Ä f preserves thegenericpoint



hit 2 and 2 be the gin.it points of XundY respectively Then wehave an intuit my of

still's f
Oviffy uns KH

Äh

3 f X Y birational ns f V V for U X VSYopendense

Sinn f is an isomorphism f is also an isomorphism

4 All shines an integral leiten Again IC irreducible Every nunempty open is dinse

i AI is isomorphic to auch open subschine U of the anonial courof IPI

n Th open embedding IHREU c IP is birational

ii Analogously Alt IAI is isomorphic to some open subschineof IP IP

IAT Alt IAI Ui Ui IP is birational

Sinn bring birational is an quirulina riktion we are done

By 3 all fnation fills an isomorphic to Free IAF K X Y

Ex 4

1 By the universal property of the tensor product wehave that

Hump M AN PI HumAbilin.ir MxN P

Now we define HumAbilin.ir MxN P Homs M Hump N P

β 1 mi s n s plm.nl

min solmien I C I



This m.is are mutually inverse

B I mi s n 1 plm.nl 1 min Blm.nl β

u 1 min solmien 1 mi s n s Ulm n U

2 Suppose that M M s M so is exact ie larini im u and

is surjeitive

Consider 0 Hump M Q Hump M Q Hump M Q
4 1 you 41 you

i imV hier V

larini im u von 0 Hina V V 1411 4044
0

U u V 3 im v hier Vol

ii v injective lit you 0 ns Yt 1 0 3 4 0

sung

iii imiv hier v lit 400 0 n

41444

Hinn M Q s.t.gov 4

y

Assum the converse

it incurs Ihrv1

Chors Q M ns ihm o vor 0 sina.im

valslurlv.l.Thsinlulsliirlvl



ii u surjective

Chors Q Colorv1 Timing und sit p M Q

Thin por 0 II p O 3 Colorv1 so sry

iii intul Ihrv1

Chaos Q Colartul imul und sit q M Q

Then
you so so Hump M QI sit Sor q

krlv.tsimlv.lt
inn qllintrl sovlliirlvl 0 3 liiert imv1

3 Assume that M M s M so is exact Let Q Hum N P Thin

0 Hump M Homy.INP Hump M Hump N P Hump M Homy.INP

is exact by 2 By 1 we have that

0 Hump M AN PI Hump M AN PI Hump M AN PI is exact

A mal P Is MOAN MOAN MOAN 0 is exact

4 Consider the count sequins ar A Ala so

1 a g N JA AN Ala AN 0 is out
111 9in

iii Iain N in

Sinn im U AN we get that Miyu Ala AN
intul an

5 2 2,2 ns20242 2

2
22

12 2
2 is the air map not injutive



Exercise sheet 12

Ex 1

Not finite Ktx 1 has an infinite basis Inez as a KA module

of finit type sexy a y n is a fingin Kit algebra

finite and distrit fibers

0 if p 1 1
pespaket es kalt ka P

Kip else

2 Spa i
eye Spacko

finite y x has 1 an Y as abasis as a KEX mal

SpinKExSP

K S

Not of finit type Fruchkex K o fehlt his infinite

adjoints

finite and distrit fibers Spin KCH is a singleton Any fiber is either empty

or equal to Spin KAI



4 II Speck

IN
1A

Not finite IP is notaffine Hina themap is notaffin

Alternatively k KCte tn is not finite infinitebasis

ÖH 1A

of finit type IAT Spuk is of finit type

fibers an not finite and disirate Speak is a singleton no only fiber is IPL itself

Clearly not finit I sin AI is infinite

5 Spin Zip Spe I

Not of finitetype Rip 2 9621 P his infinite adjoints

finite and distrit fibers

9 s Ring sag 4
0 als

Ex 2 f X Y of finitetype Y nutherien

finitetype 2 3 get locally of finitetype

Ynuithirien

I ftp SpnBii

f locally of finitetype 3 f
vig

Vii Ui is of finite type Bi is a fingin Ai aly

Bi
Ai iis

I is nutherien



Hanni f Vi µ Vii is a finit opi affin our sit Big is noith.im
Spec Bii

Ex 3 Xx T ft T

x ̅
f finit

f it
f Vi Sp B Ai is fin gin Bi mollY II sp Ai

T g Vil and g Vit Viii
sp Big

Thin ff vig E XyVi E f Vi xp Vi Spie Bi A Bin is affin

Ai is fin gin Bi moi ne surjetiv map of Ai mal A as B

Exsh 11

E t.GG
Biis Bi A Bin is still surjetiv

B A B is a fin gin Big moi

Aintdomain
Ex 4

1 as A us consider a stalls last s an anti bot an banal

an 1 bat 0 IS ab 1 as A A fill
L

21 psSpa A Thin Atp is an Artinian int domain Is Alp is a field p is maximal

3 Hint Assume ab p Suppose a p an e an xp ab b bob ab p bsp

it meme b the maximal iials of A Considerthechain of idals mn Mama

An mama m mama m s ma Koo it mis ma Ä mi man forson

es ist



4 A Artinian Ii SpaA mn m cal mi is a maximal ii.nlund hin a closet point

us finite diserit

monour dimlsp.tl
NE


