
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solutions to the Exercise Shirts of Algebraic Geometry 1

If you have any
further questions regarding the exercises the solutions the liture and or anything

else feel free to contact me

There are no solutions for ExerciseShut 9 Ex4



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise Shit 1

Ex 1

11 2 fr IAIkt finite Bythe axioms of a topology any
finite union of closet sits is closed

Hann wemay assume that r 1 Then fi Xi a V1 ish yields 2 V1fe fn

2 Lit f X Yo li f Y then Vfl ok x X is Zariski closed

Assm that Vfl is closed wert theprint top on 1A'IKI 1A lel Then IA'IKI 1A11111Vllt

is open M nunempty opens U.US A'Ilils.t.UxVs A'IkIxIA'Ili1 IUlfl

Sinn any proper closet subset of Acht is finite we may write U ps ps and

Ige 9 3 Pick 26 ps Ps gr g ne 12,216UxV but 12121 Vift

Ex 2 a x2 y y V1als 1H31Kl

Vial ix 4,21613 2 42 y

ix 4,21613 0 y u u ix4,2161 2 3
y

2 y 2 3 4 2

kcx.y.gg
2 integral domain

IX yl u V1y 2 31
with lair t.gl

Not that both y und y 2 an prime ideals

es an
V yl y 2 31 closed irr

with leer y 2

Vial nuith.in Vial IX yl u y 2 31 is the unique decomposition into its irr components



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ex 3 fc och I Sit Dift tot fixt 0 X 1A K

Not that Duft tot fixt so n Vift is dosi in X X h.ssbspi.in top

View Dlf 1A lol via Dlf III
as my inintify Dlf 64 exe tn EDifI na flte 1

Consider g fTna 1 Thin Dlf Vig n Vig n V1ICH Vlg IIXI

rentil little

DIXI OLDIE

u

Hlf

Ex 4 k Man k

Vial M Man k a be o d b so Catalbso Candle 0

1 194 Man k m 0

Vlb M Man k ad be so and so 1 194 Man k dit Ml Trent 0

let M Man lol Thin

M nilpotent M so datimiso Also Muster o Mv Ihr 1 0 1 0

Hin o is theonly EVof M Trini o

dit MI Trini 0 111 dit M 11in a 71 d 11 ab

1 Tr MIT dit MI 12

This 0 7m11 M

M o clearly implies that M is nilpotent



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Furthermore

F 5 Vial V15 Ja 55 It sffi.is tu chick that 5 is a prim iii 1 1 55 5

consider the isomorphisms 315 a

g Ej
i 5 It suffins to check that a is not prime Not that la il bei but a a b 5



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise Shit 2

Ex 1 X 1A k closed

11 X decomposition into irr components

To T E Ts chain of closed irr in Ts X for some 1siss by uniqueness of the diomposition

Henri dim Xl dim Xi The other inequality is immediate

2 closed irr 01 1 with ICH prime ital

Moriour KIX Frei Ex IIIIXI We sit m dim X dim OCH msn

Thin the North normalisation yields a finite ing map KIT Tm 6 IX

an k s k Ta Tm C s OlXI s k X

Fru.lk Ta Tm y by the universal property

11 of the localisation

KITai Tm

Also 4 is algebraic Sinn 4 is integral

f kitty f l

E
m

Ex 2 ft k Ta tn nun constant

W null the proof of theNorth normalisation form leiten 5 It was shown that then is a finit in

map KEY tn
T.ee O Vift

Also we know from the Luton that in this case n n dim KEY tn dim Otv ft dim Vlf



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ex 3 XS Anckt closed EX my fe Otti 1 fix so

Der Xix deHom rs Orf k defy diftgix fix dig

d
fett

fistlf fixlmu.im
Im

K 4

41h I
Ein

Hum
rs mi k

on

TIEFL i am b

Byconstruction 41111 is will definit On theother hand wehave

dit af tlaf aflxlm.nl mit at f fixt aditi ft and

dit f y tiftg lfixi.gl llmoilmit tIf fixlmoimil tlg gixl mal mit

detlef dit ly

show the Klinearity

ditlifgl tify
lfsy.gg

mit

tlfytfyixl fyixl.filgixl gfixl gfixl fixlgixl fixlglxlmoilmi

tllf

fyy.gl
tgixilf fixil fixllg gixll mal mit

gexitt f fixt mal mit fixt tl g g 1 1 mal mit

shows the Leibnitz rule



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Inorder to su that these maps an mutually inverse wecompete that

glyca f uralt f fixt mal mit d If feat f
fini

a aviation

and ycditllifm.nl mit detlift tif.fi
omj

m
mitifmo mit

Ex 4 Vlgext y 1AIkt for some nun constant gekCT

11 For 2 ix y EX wehavethat Tex wo k II121 W 0

glia
2yd

Hin regular JI121 his rink 1 2 1141 glix o v Ly 0

lit xtks.t.gl l o.Thinlx u1EXmsg'sx o g has only simple roots

Now suppose that y hisonly simple roots ie gtx so glitt 0

Tala 2 ix y EX and suppose that glitt 0 and 24 0 Thin gut to and y o

ch.IT
y0sina0y gixl

2 1141 glix o v Ly 0 3 regular

In this case we can write geil p
X til und sie that a Xi til Y is irr

in K X Y git Y is a prim ital 3 is irr

2 No lit k IF and set gilt X gilt 1

Thin gis so iff o but g101 1 g his only simple roots

But 11,116 X and giant o and 2 0 in 1121 Henri is not right at 11,11



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise Shit 3

Ex 1 Any map of algebraic sits
fifty Eggs

continuous for theZariski topology 1 1

lit VSY closed ns gr gr

Then f V ok fix fixt fait V

E k gil fixt fait 1 0 V1 ist

Cha hol for hi gilfe fm E k Xa n

closet

1 f Alle Alle
1 expixt

Not continuous 2 1 thin fit 2 EC exp 1 1

2Tik k 2

is infin Henn it sinnt b written as the vanishing locus

of finitely many polynomials in G

Is not a map of algebraic sits

not in isomorphism

2 f IA IE 1A IE

1 if QC

else



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Not a may of algebrain sets Suppose faltet fixt for son ft GEX

Thin f has infinitely many aus

Sinn fixt x o Ei

not an isomorphism

Bijiitive An invern is given by

if QC

als

continuous 2 ACE closed es 2 finit f 21 finite

n f 2 1A Cl closed

3 f 1A'ckt 1 3
y 1A k

1 1 21 3

Mup of algebrai sits X 36 C

continues

Not an isomorphism An inverse would involve a root whish is not representable

as a polynomial

4 fy Vegas y IA k

ix y

Mup of algebrai sits XE KEX

continues

Isomorphism An inverse is given by t.gl 1 this is also a



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Mup of algebraic sits

Ex 2 f Y map of algebraic sits fixt falte fnitt

11 Recall that TX DirIX Hunt us im k

deHom
us

Ots k defy dlfl.ge fixldlg

f intus a map of k alg f Fly X

g
s gifs in fm

Hin we define If Ty Typ
It remains to show that dot satisfies the

Leibnitz ruh d f gh all f y f hl dlf.ly lf'chlctt
focylcxidlfochll .Ifixi1TgfH1

21 f 1A
In

ns IN

Not that f k 3 lit deTillich and g Fia X c kit

a dlf gl Faidlxnil fgai.ni.fi ditihm des

indem

n 1 If is the identity and in particular ing 1A'Ckt

nie 1 0 Thin dlf.ly F ai ni d 1 0 Vge litt and

de T A Ikt If not injutin

nie 1 10

ne k Thin duf so o dlf Xl n dit



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

d 1 0 d o Tsf in

n c in k As in the case nie 1 0 we get that

If is the ten map Hina not in

Thus Rampf
if n 1

iii iii II

Ex 3 Igitt y geh non constant with pairwise different routs An Idek d diglgt

g af.net til for some ack

1 Shut 2 Ex 4 yields that X is regular irr of dimension 1 Charly the sin holds for IA Ik

Weshow that f X es 1A ll Als is surjective Let ok Sinne k is algebraically closed

ix y

the polynomial Y geileKEY has a rout yek i c gut y m till EX is a preim.ge

21 lit ix yl EX Weuse the identifications of the tangent spans to determine Rumft

Tiny Witwe Welck ily w 0

glitt 2yd

Witwe Welck glittwa Lyn 0

an TIA wek
JŠggi

w O

Thin Tiny f Tex.at T A Ii

wn.w.lt Wa

This map is not inj iff yekts.t.lug Tiny

iff ye kt sit Lyy 0



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

if 4 0

Hin Rantft exiyle X y o ix 016 k gix 0

11,01 1111,01



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise Shit4

Ex 1

1 Lit U Spa lift open then U Speck VIII forsome iii 1 IS KA

P
I 1ft for som felix Hin U Spiek IVift Dift

So any open in Spa lift is given by a primipil open Dlf ft k

countable bigation p

numbers in

Define Spi 2
5

SpinKEX This is a closed continuous bijection and hin a homeomorphism

iii an

bijutive poSpa ka 111013 ps1ft for fehlt irr

f X a ack

continuous Visp KA close the † f f II x a litt

iii
int inrio

9 V1 is a finite union of closed points andthus closed

closed V Spin closet the V In n
Piepe 2

StV is finit andnot containing 101v

SIVI is a finite union of closed points andthus closed



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Suppus isum 2 KEY thin ke KEY 2 for p g

Ifa
g chirlkt p

Ex 2

1 b B ideal Recall that forany Y SpaB T

Jj
Henn flvibl VIIlfjbll vly

ilruilblll.iseiini vii III
Monauer it holds that e trailbt as A platendlbt last In EIN

Y
rally hihi

Thus flvibl V1 y ruilbt Virally 1b y rib

2 Y surjutive 3 Y intons an isomorphism A B I turtelt

x!

Hin f Sp B
t

SpieAII Spin A Sinn x! is an isomorphism fp is a

homeomorphism From the lecture we know that f induces a homeomorphism onto VIII

3 Apply a to the an int tot B to git flight

Thin Vilirty Sp A listet p pesp.it In.ly spfgppy
NillAl



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ex 3 I part ordered set

Intuitiv system is a fnitur X I s Set
Isi i s X it

is 1 Yi X X

Coconi CE Sit and maps Yi X Kis I sit is

i
X

Y sf 4

commutes

A Cocone C 4 is a colimit if for every coin F S

X
i

X

Y sf 4

5 S

F

istthe whole diagram connotes

1 XEXi yet Ze k

Rifkin Not that Yi ily by definition of a funitur and Yi Y.it 1

Symmetrie This is das by definition

Transition lit s ii sit Yi 1 1 4 1yd and lit t jik sit fit 1yd tut 121

Sinn I is filtered then is an ns sit This

Yin Isn fis 111 Isn t.gs Yll Y nlyl ftnlYjtlyl



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4th14kt121 41in 2

Consider the diagram X
i

s X

Y

so
4

W hi to show that ex Yi ist in U This is dir Sinn Yi 1 1 4 Yi 1

This Until is a cocum.lt T y I be a cocone and consider the diagram

i
s X

Y

so
4

4 4

T

We difin U T

y

Assen that my in V Then Yin1 1 4,1 1 1 for some

iijsk Thus Yi 1 4k finit 41,1ps y 4,1kt an is will definit

Sppuc.th.r.is another map U T that sonnte with the diagram Thin

4 4'14 1111 y 41 1 d

2 Clearly C is a cocone So lit T vil be a cocone and consider the diagram

i
s X

2

so j
4 4

T




































































