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1 Introduction

In his 1955 paper ”Faisceaux algébrique cohérents” Jean-Pierre Serre raised the question of whether finitely generated projective
modules over polynomial rings over principal ideal domains are always free. This conjecture became known as Serre’s Problem or
later as the Quillen-Suslin Theorem after Daniel Quillen and Andrei Suslin independently proved it in 1976. In this seminar paper
we provide a detailed (and somewhat self-contained) exposition of Daniel Quillen’s proof. We begin by introducing some basic
notions that go beyond a standard undergraduate algebra course, such as projectivity or flatness. The main proof is adapted from
[Lam06] (with the exception of Theorem 4.7 and Lemma 5.9). The general strategy is to use Quillen’s famous ”Patching Theorem”
to generalize Horrock’s Theorem to the global case. The actual statement is then proven by induction.

2 Some basic notions

Definition 2.1. Let R be a ring and M an R-module. Then M is finitely presented iff there exist m,n ∈ N and an exact sequence of
R-modules

Rm Rn M 0

Remark 2.1. Let R be a commutative ring, M a finitely presented R-module and A an R-algebra. Then A ⊗R M is a finitely presented
A-module. In particular, localizations S−1M for some multiplicatively closed set S ⊆ R containing 1, the quotientM/IM for some ideal
I ⊆ R and modules of the form R[t1, ..., tn]⊗RM are finitely presented.

Proof. The module M is finitely presented, so for some n,m ∈ N there exists an exact sequence of the following form:

Rm Rn M 0

Because tensoring is right-exact, the following sequence is also exact:

A⊗R Rm A⊗R Rn A⊗RM 0

Since A ⊗R Rn = An, the module A ⊗R M is a finitely presented A-module. Choosing A = S−1R, A = R/I or A = R[t1, ..., tn]
yields the given examples.

Definition 2.2. Let R be a ring. An R-module M is called projective if it is the direct summand of a free module, i.e. there exists an
R-module N such thatM ⊕N is free.

Example 2.1. (i) Free modules are projective.
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(ii) Let R1, R2 be rings and set R = R1 ×R2. Then R1 × {0} is a projective R-module, as (R1 × {0})⊕ ({0} ×R2) = R is free as
an R-module.

Remark 2.2. A module M over a ring R is projective if, and only if, every short exact sequence of the form

0 M ′ M ′′ M 0
v u

splits.

Proof. ”⇒”: Let Q be such that M ⊕ Q is free. The following sequence is exact, where ṽ(m′) = (v(m′), 0) and ũ((m′′, q)) =
(u(m′′), q).

0 M ′ M ′′ ⊕Q M ⊕Q 0
ṽ ũ

BecauseM ⊕Q is free, this sequence splits, and we get a section map

s̃ :M ⊕Q→M ′′ ⊕Q

For elements in M ⊕ Q of the form (m, 0),m ∈ M we have: (m, 0) = ũ(s̃((m, 0))), so s̃((m, 0)) must equal (m′′, 0) for some
m′′ ∈M ′′ with u(m′′) = m. Thus the map

s = p ◦ s̃ ◦ q

with p :M ′′ ⊕Q→M ′′, (m′′, q) 7→ m′′ and q :M →M ⊕Q,m 7→ (m, 0) is a section of u, and the sequence splits.
”⇐”: Consider the free module R(M) together with the map ϕ : R(M) →M, em 7→ m. This is certainly surjective, so the following

sequence is exact:
0 ker(ϕ) R(M) M 0

ϕ

Thus the sequence is split and R(M) ∼= ker(ϕ)⊕M , so M is projective.

Theorem 2.3. [Mat06, Theorem 2.5] Let R be a commutative, local ring and M a finitely generated R-module. Then M is free if, and
only if, M is projective.

Proof. The direction from free to projective is clear.
Let m be the unique maximal ideal of R. We choose elements m1, ...,mn ∈M such that n is minimal and the map

ϕ : Rn →M, (a1, ..., an) 7→
∑

aimi

is surjective. We set K = ker(ϕ). Then
∑
aimi = 0 implies ai ∈ m for all i. As if aj 6∈ m for some j, then aj is a unit, because

m is the unique maximal ideal of R. Thus by multiplying the equation with a−1
j we get: mj = −

∑
i 6=j a

−1
j aimi, so mj is a linear

combination of (mi)i 6=j . But then the choice ofm1, ...,mn was not minimal. So K ⊆ mRn. Now consider the short exact sequence:

0 K Rn M 0

Because M is projective, this sequence splits (see Remark 2.2), so there exists a map ψ :M → Rn such that Rn = ψ(M)⊕K. Thus
mRn = mψ(M) ⊕ mK. So we can decompose every element k ∈ K into (r, s), r ∈ mψ(M), s ∈ mK. But because mK ⊆ K and
K ⊆ Rn = ψ(M)⊕K it follows that r = 0. So mK = K. We also get K = Rn/ψ(M), so K must be finitely generated. Because R
is a local ring the Jacobsen radical, the intersection of all maximal ideals of R, equals m. So applying Nakayama’s Lemma (see for
example [Mat06, Theorem 2.2]) yields K = 0 and thusM ∼= Rn.

Definition 2.3. Let R be a commutative ring and M an R[t1, ..., tn]-module. Then M is extended from R iff there exists a R-module
M0, such that M ∼= R[t1, ..., tn] ⊗R M0. For M ∈ M(R[t1, ..., tn]) resp. P([t1, ..., tn]) (denoting the family of finitely generated
R-modules, resp. of finitely generated projective R-modules), we writeM ∈ MR(R[t1, ..., tn]) resp. M ∈ PR(R[t1, ..., tn]).

Remark 2.4. For R, M,M0 as above, we haveM0
∼=M/(t1, ..., tn)M .

Proof. The isomorphism is induced by the surjective homomorphism ϕ : M → M0, defined by f ⊗R m 7→ f(0) ⊗R m, Then
ker(ϕ) = (t1, ..., tn)M .

Remark 2.5. Let R be a commutative ring, M ∈ MR(R[t1, ..., tn]) and S ⊆ R a multiplicatively closed subset containing 1. Then
S−1M ∈ MS−1R(S−1R[t1, ..., tn]). In particular, if M is extended fromM0, thenMS is extended from (M0)S .
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Proof. LetM = R[t1, ..., tn]⊗RM0 for some R-moduleM0. Then

S−1M = S−1R⊗RM

= S−1R⊗R (R[t1, ..., tn]⊗RM0)

= (S−1R⊗R R[t1, ..., tn])⊗S−1R (S−1R⊗RM0)

= S−1R[t1, ..., tn]⊗S−1R S
−1M0

So S−1M is extended.

Definition 2.4. Let R be a commutative ring and M an R-module. Then M is called flat iff tensoring with M is an exact functor, i.e.
for all exact sequences

... N ′ N N ′′ ...

the following induced sequence is also exact:

... M ⊗R N ′ M ⊗R N M ⊗R N ′′ ...

Remark 2.6. The module M is a flat R-module iff for every injective map ϕ : N → N ′ the induced map

ϕ⊗R idM : N ⊗RM → N ′ ⊗RM,n⊗R m 7→ ϕ(n)⊗R m

is also injective.

Remark 2.7. Let R be a commutative ring. Then the following R-algebras are flat:

(1) If S is a multiplicatively closed subset of R containing 1, then S−1R is flat.

(2) The algebra R[t1, ..., tn] is flat.

Proof. (1) By 2.6 S−1R is a flat R-module iff for every injective R-linear map ϕ : M → N the induced map ϕ ⊗R idS−1R :
M ⊗R S−1R → N ⊗R S−1R is also injective. Because M ⊗R S−1R ∼= S−1M and N ⊗R S−1R ∼= S−1N ϕ ⊗R idS−1R it is
sufficient to show injectivity of m

s
7→ ϕ(m)

s
. But

ϕ(m)

s
= 0

⇐⇒ ∃r ∈ S : rϕ(m) = 0

⇐⇒ rm = 0

⇐⇒ m

s
= 0

(2) The algebra R[t1, ..., tn] is free as an R-module. Thus, it is also flat.

Corollary 2.8. Let R be a commutative ring, M an R-module, S ⊆ R a multiplicatively closed subset containing 1 and N ⊆ M a
submodule. Then S−1(M/N) ∼=MS/NS as S−1R-modules.

Proof. The following sequence is exact:

0 N M M/N 0

Because S−1R is a flat R-algebra, localizing on S is exact. Thus the following is an exact sequence of S−1R-modules:

0 NS MS S−1(M/N) 0

But then S−1(M/N) ∼=MS/NS .
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3 Examples

We want to give some examples for projective modules that are not free.

Example 3.1. Let R be a commutative ring and a, b ⊆ R two coprime ideals. Then R/a is a projective R/ab-module. This is a direct
consequence of the Chinese Remainder Theorem, which yields the following isomorphism:

R/a⊕R/b ∼= R/ab

Thus R/a is the direct summand of a free module.

As a result of this, we get the following two examples:

Example 3.2. (i) The quotient Z/2Z is a projective Z/6Z-module.

(ii) Let K be a field, f, g ∈ K[t1, ..., tn], f 6= g prime elements. One can easily verify that K[t1, ..., tn]/(f) and K[t1, ..., tn]/(g)
are not free as K[t1, ..., tn]/(fg)-modules. However, (f) and (g) are clearly coprime, so by our previous considerations both
K[t1, ..., tn]/(f) and K[t1, ..., tn]/(g) are projective.

While the rings we have now considered have torsion, we would also like to present a non-free projective module over an integral
domain:

Example 3.3. Let K be a field of characteristic 0 and R = K[t1, ..., tn]/(1−
∑n
i=1 t

2
i ). Because 1−

∑n
i=1 t

2
i is irreducible and thus

prime for n > 1, R is an integral domain for n > 1. Define a map

ϕ : R→ Rn, r 7→

( t1

...
tn

)
r

Now for T := coker(ϕ) the following sequence is exact:

0 R Rn T 0
ϕ

Consider the map given by the matrix ( t1 ··· tn ):

ψ : Rn → R,

( r1

...
rn

)
7→

n∑
i=1

riti

Because in R it holds that 1 =
∑n
i=1 t

2
1 = ( t1 ··· tn )

( t1

...
tn

)
, we get that ψ ◦ ϕ = idR. So the sequence is split and thus T ⊕R ∼= Rn.

So T is projective 1. While it was straight-forward to see that T is projective, it is rather difficult to prove that T is free if, and only
if, n = 1, 2, 4 or 8. For a more detailed account on this matter see [Eis95, Example 19.17].

4 Proof of Serres Problem

Theorem 4.1 (Quillen‘s Patching Theorem). Let R be a commutative ring, M a finitely presented R[t1, ..., tn]-module. Then:

• (An) : Q(M) := {g ∈ R :Mg ∈ MRg (Rg[t1, ..., tn])} is an ideal in R.

• (Bn) : ifMm ∈ MRm(Rm[t1, ..., tn]) for every maximal ideal m in R, thenM ∈ MR(R[t1, ..., tn]).

Proof. We will first show that (An) implies (Bn). Then we will prove that (A1) implies (An) and finally we will show that (A1)
always holds.
(An) =⇒ (Bn): We want to show thatM ∈ MR(R[t1, ..., tn]). Thus it suffices to show that 1 ∈ Q(M). Consider

M ′ := R[t1, ..., tn]⊗RM/(t1, ..., tn)M

As M is finitely presented, M’ is finitely presented (see Remark 2.1). Per assumptionMm is extended from Rm for any maximal ideal
m of R. So

Mm
∼= Rm[t1, ..., tn]⊗Rm Mm/(t1, ..., tn)Mm

∼=M ′
m

The last isomorphism follows from Corollary 2.8. Thus there exists an isomorphism

Φ :Mm →M ′
m

1In fact, T even is stably free, which is a stronger notion than projectivity. An R-module P is said to be stably free iff there exists an m ∈ N0, such that P ⊕Rm is free.
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By Corollary 5.5, Φ is the localization of an Rg[t1, ..., tn]-isomorphismMg →M ′
g for some g ∈ R \m. Because M’ is extended from

R, we get that M ′
g and thus Mg are extended from Rg (see Remark 2.5). So g ∈ Q(M) \ m and Q(M) 6⊆ m. Because m was an

arbitrary maximal ideal in R, it follows that Q(M) = R.
(A1) =⇒ (An): We prove this by induction. Assume that (An−1) holds. By our previous considerations, we may also assume that

(Bn−1) holds. Let g ∈ Q(M). Then Mg is extended from Rg. So Mfg = (Mg)f is extended from (Rg)f = Rfg (by Remark 2.5).
Hence RQ(M) ⊆ Q(M). It remains to show that

f0, f1 ∈ Q(M) =⇒ f = f0 + f1 ∈ Q(M).

Let N = M/tnM , which is finitely presented over R[t1, ..., tn−1] and L = M/(t1, ..., tn)M , which is finitely presented over R (see
Remark 2.1). Now consider R[t1, ..., tn] as the polynomial ring R′[tn] with R′ = R[t1, ..., tn−1]. Let Q̃(M) be Quillen ideal as in
(A1) for M as an R′[tn] module (this is an ideal, as R′[tn] is a polynomial ring over one variable). Surely f0, f1 ∈ Q̃(M) as

Mfi = Rfi [t1, ..., tn]⊗Rfi
Mfi/(t1, ..., tn)Mfi

= R′
fi [tn]⊗R′

fi
(R′

fi ⊗Rfi
Mfi/(t1, ..., tn)Mfi)

= R′
fi [tn]⊗R′

fi
Mfi/tnMfi

soMfi is extended fromR′
fi

for i=1,2. But then f ∈ Q̃(M), soMf is extended fromNf . Nf is finitely presented overRf [t1, ..., tn−1]

(by Remark 2.1). If we can show that Nf ∈ MRf (Rf [t1, ..., tn−1]), then

Mf = R′
f [tn]⊗R′

f
Nf

= R′
f [tn]⊗R′

f
(R′

f ⊗Rf Nf/(t1, ..., tn−1)Nf )

= Rf [t1, ..., tn]⊗Rf Mf/(t1, ..., tn)Mf

soMf ∈ MRf (Rf [t1, ..., tn]). But because (Bn−1) holds, we only need to check if (Nf )m is extended from (Rf )m for every maximal
ideal m of Rf . The ideal m is the localization pf of an ideal p ⊆ R. Because m 6= Rf , f cannot be in p, thus f0 6∈ p or f1 6∈ p. We may
assume f0 6∈ p. Per assumption f0 ∈ Q(M), so Mf0 is extended from Lf0 . Then Nf0 = Mf0/tnMf0 = Rf0 [t1, ..., tn−1] ⊗Rf0

Lf0 ,
so Nf0 is extended. Because f0 is not in p, localization at p yields that Np is extended from Lp.
It remains to show (A1). Let f0, f1 ∈ Q(M). We will establish the following diagram:

Mf0 Mf0f1 Mf1

Nf0 [t] Nf0f1 [t] Nf0f1 [t] Nf1 [t]

Nf0 [t] Nf0f1 [t] Nf1 [t]

loc.

u0

(u0)f1 (u1)f0

loc.

u1

loc.

v0

Θ

(v0)f1 (v1)f0

loc.

v1

loc. loc.

Now if Q(Mf ) = Rf for f = f0 + f1 then f ∈ Q(M). So by replacing R with Rf we can without loss of generality assume that
f0, f1 ∈ R are comaximal. It now suffices to show thatM ∼= N [t] for N =M/tM . ThenMg

∼= Ng[t] for all g ∈ R.
Let ui : Mfi → Nfi [t] be an Rfi -isomorphism for i = 0, 1. Because Nfi = Mfi/tMfi we can compose ui with a suitable

automorphism such that the map induced by modulo t is the identity map on Nfi . Now there are two isomorphisms fromMf0f1 to
Nf0f1 [t]. If these are the same, Corollary 5.5 implies, that there exists an R[t]-isomorphismM → N [t] that localizes to u0, u1. Then
M ∼= N [t] and we are done.
Now assume that the two isomorphisms are not the same. The goal is to adjust them, such that (u0)f1 = (u1)f0 . Let

θ = (u1)f0 ◦ (u0)
−1
f1

This is an Rf0f1 -endomorphism of Nf0f1 . Because of Corollaries 5.4 and 5.3 EndRf0f1
(Nf0f1 [t]) is isomorphic to (EndR(N))f0f1 [t],

so we can identify θ as an element in (EndR(N))f0f1 [t]. θ is invertible and reduces modulo t to the identity, so we can apply Lemma
5.1 which yields two invertible maps vi ∈ (EndR(N))fi [t] with θ = (v1)

−1
f0

◦ (v0)f1 . Then (v0u0)f1 = (v1u1)f0 so v0u0 and v1u1 are
the desired maps.

Corollary 4.2. Let R be a commutative ring and P ∈ P(R[t1, ..., tn]). Then P ∈ PR(R[t1, ..., tn]) if, and only if, Pm is free over
Rm[t1, ..., tn] for all maximal ideals m of R.
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Proof. ”⇐”: IfPm isRm[t1, ..., tn]-free for everymaximal idealm ⊆ R, then it is clearly extended fromRm (asPm
∼= (Rm[t1, ..., tn])

n ∼=
Rm[t1, ..., tn]⊗Rm Rn). Then Theorem 4.1 implies that P is extended from R.
”⇒”: Remark 2.5 implies that Pm is extended from Rm. It must be extended from Pm/(t1, ..., tn)P ∼= (P/(t1, ..., tn)P )m (the

isomorphism is a consequence of Corollary 2.8). Because P is projective we can show projectivity of (P/(t1, ..., tn)P )m. Let Q be an
R[t1, ..., tn]-module such that P ⊕Q is free. Then Rm⊗R (R[t1, ..., tn]/(t1, ..., tn)⊗R[t1,...,tn] P ⊕Q) is free as an Rm-module. Thus
((P/(t1, ..., tn)P )m ⊕ (Q/(t1, ..., tn)Q)m is free and therefore (P/(t1, ..., tn)P )m is projective. Because finitely generated projective
modules over local rings are free (Theorem 2.3) it is also Rm-free. Hence its extension Pm is a free Rm[t1, ..., tn]-module.

Definition 4.1. Let R〈t〉 be the ring obtained by localizing R[t] at the set of monic polynomials.

Proposition 4.3. Let R be a commutative ring and P ∈ P(R[t]). If P 〈t〉 := R〈t〉⊗R[t] P is extended from a finitely generated projective
R-module, then P ∈ PR(R[t]).

Proof. Let P 〈t〉 be extended from P0 ∈ P(R). Then P 〈t〉 = R〈t〉 ⊗R P0. Let m ⊆ R be a maximal ideal in R. Then by a similar
calculation as in Remark 2.5 it follows that

Pm〈t〉 = Rm〈t〉 ⊗Rm (P0)m.

P0 is a finitely generated projective R-module, so there exists an R-module Q such that P0⊕Q is free. Thus also (P0)m⊕Qm is a free
Rm-module and so (P0)m ∈ P(Rm). Rm is a local ring, so Theorem 2.3 implies that (P0)m is free. Because Pm〈t〉 is extended from
(P0)m it must thus also be free. Then Horrocks’ Theorem (see for example [Lam06, Theorem IV.2.1]) implies that Pm is Rm[t]-free
and thus Corollary 4.2 proves that P is extended from R.

Proposition 4.4. If in Proposition 4.3 P 〈t〉 is extended from P0 ∈ P(R), then P is also extended from P0.

Proof. From Proposition 4.3 we know that P is extended from some Q0 ∈ P(R). So we get P0〈t〉 = R〈t〉 ⊗R P0
∼= P 〈t〉 and

Q0〈t〉 = R〈t〉 ⊗R Q0
∼= P 〈t〉. So it suffices to show that P0〈t〉 ∼= Q0〈t〉 implies P0

∼= Q0. This follows from the next proposition.

Proposition 4.5. Let R be a commutative ring, P0, Q0 ∈ P(R). If P0〈t〉 ∼= Q0〈t〉 as R〈t〉-modules, then P0
∼= Q0 as R-modules.

Proof. By Corollary 5.5 there exists a monic polynomial f(t) ∈ R[t] such that P0[t]f ∼= Q0[t]f . Let n = deg(f) and set s = t−1,
g(s) = t−nf(t) ∈ R[s]. Now because f is monic (in t) it follows that g(0) = 1, hence g(s) and s are comaximal in R[s] (as
g(s)− (g1 + g2s+ ...)s = 1). We take the modules P0[s]g ∈ P(R[s]g) and Q0[s]s ∈ P(R[s]s) (these are projective since if P0 ⊕ P̃0

is free, so is P0[s]g ⊕ P̃0[s]g). By construction f and g are associate (differ by the unit t−n) in R[t, t−1], hence it follows that

(Q0[s]s)g = Q0[t, t
−1]g ∼= Q0[t, t

−1]f = Q0[t]tf

(P0[s]g)s ∼= (P0[s]s)g ∼= P0[t]tf

Because P0[t]f ∼= Q0[t]f (Q0[s]s)g and (P0[s]g)s are isomorphic as R[t]tf -modules, we have

R[s]sg = R[t, t−1]f Q0[s]sg ∼= P0[s]gs

R[s]s = R[t, t−1] R[s]g Q0[s]s P0[s]g

R[s] M

By Corollary 5.8 there exists amoduleM ∈ P(R[s]) such thatMg
∼= P0[s]g andMs

∼= Q0[s]s, henceR〈s〉⊗R[s]M ∼= R〈s〉⊗R[s]sMs
∼=

R〈s〉 ⊗R[s]s Q0[s]s ∼= R〈s〉 ⊗R[s]s (Q0 ⊗R R[s]s) ∼= Q0 ⊗R R〈s〉. So R〈s〉 ⊗R[s] M is extended from Q0 ∈ P(R). If we consider
M/sM as an R ∼= R[s]/(s)-module, then g = 1 in R[s]/(s) because g(0) = 1. So localizing M/sM on g yields M/sM . A similar
argument holds forM/(s−1)M : Considering this as an R[s]/(s−1) ∼= Rmodule, we get s = 1, so (M/(s−1)M)s ∼=M/(s−1)M .
We can then pull the localization into the quotient by Remark 2.8. Now by Proposition 4.3 M is extended from some M0 ∈ P(R).
We obtain the following:

M0
∼=

M

sM
∼= (

M

sM
)g ∼=

Mg

sMg

∼=
P0[s]g
sP0[s]g

∼= P0

M0
∼=

M

(s− 1)M
∼= (

M

(s− 1)M
)s ∼=

Ms

(s− 1)Ms

∼=
Q0[s]s

(s− 1)Q0[s]s
∼= Q0

So P0
∼= Q0.

The following is a corollary to Proposition 4.4.

Corollary 4.6. Let P, R be as in Proposition 4.4. If P 〈t〉 is R〈t〉-free, then P is R[t]-free.
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This is an interesting result as it generalizes the Local Horrocks Theorem. The ring R must not be local anymore.

Proof. Because P 〈t〉 is free, there exists an n ∈ N such that P 〈t〉 ∼= (R〈t〉)n. Thus P 〈t〉 ∼= (R〈t〉)n = R〈t〉 ⊗R[t] (R[t])
n. So

Proposition 4.4 implies that P is extended from P0 = (R[t])n. Thus P ∼= R[t]⊗R[t] (R[t])
n = (R[t])n. So P is free.

Theorem 4.7. [Qui76, Theorem 4] If R is a principal ideal domain, then any finitely generated projective R[t1, ..., tn]-module M is free.

Proof. We prove this by induction on n.
n = 0: Because M is projective it is the direct summand of a free module. In particular it is a submodule of a free module. Because

R is a principal ideal domain M is free.
n > 0: Assume the assertion holds for R′ = R[t1, ..., tn−1]. We set t = tn and define a polynomial ring B = R〈t〉[t1, ..., tn−1].

Consider the moduleM ⊗R′[t] B. Because M is a finitely generated R′[t]-moduleM ⊗R′[t] B is a finitely generated B-module. As M
is projective, there exists an R′[t]-module N such thatM ⊕N is free. Then (M ⊕N)⊗R′[t] B ∼= (R′[t])m ⊗R′[t] B = Bm for some
m ∈ N. Thus (M ⊗R′[t]B)⊕ (N ⊗R′[t]B) is a free B-module andM ⊗R′[t]B is projective. Lemma 5.9 implies that R〈t〉 is a principal
ideal domain, so M ⊗R′[t] B is free over B by induction hypothesis. Now consider the B-algebra R′〈t〉. R′〈t〉 is a localization of
B, so by Remark 2.7 it is flat. Thus tensoring with R′〈t〉 is exact and M〈t〉 = R′〈t〉 ⊗R′[t] M = R′〈t〉 ⊗B (M ⊗R′[t] B) is a free
R′〈t〉-module. But then Corollary 4.6 implies that M is a free R′[t] = R[t1, ..., tn]-module.

5 Lemmata

Lemma 5.1. Let R be a commutative ring, E an R-algebra and let f0, f1 be two comaximal elements in R (i.e. f0R+ f1R = R). Then
Ef0f1 [t]

∗ = (Ef1 [t]
∗)f0 · (Ef0 [t]∗)f1 .

For the proof, see [Lam06, Corollary V.1.3].

Lemma 5.2. Let R be a commutative ring and A a flat R-algebra. Let M be a finitely presented R-module and N any R-module. Then
A⊗R HomR(M,N) ∼= HomA(A⊗RM,A⊗R N). The isomorphism is given by (a⊗R ϕ)(b⊗R m) = (ab⊗R ϕ(m)).

Proof. The module M is finitely presented. Because tensoring with A is right exact, the following sequences are exact:

Rm Rn M 0

Am An A⊗RM 0

We have HomA(A
n, A⊗R N) ∼= (HomA(A,A⊗R N))n ∼= (A⊗R N)n ∼= (A⊗R Hom(R,N))n ∼= A⊗R HomR(R

n, N). This yields
the following diagram with exact rows (since Hom is a left contravariant functor):

0 HomA(A⊗RM,A⊗R N) HomA(A
n, A⊗R N) HomA(A

m, A⊗R N)

0 A⊗R HomR(M,N) A⊗R HomR(R
n, N) A⊗R HomR(R

m, N)

∼= ∼=

The four-Lemma yields A⊗R Hom(M,N) ∼= HomA(A⊗RM,A⊗R N).

Corollary 5.3. Let R be a commutative ring, R[T ] = R[t1, ..., tn]. Let M be a finitely presented R-module and N any R-module. We set
L[T ] = R[T ]⊗R L for any R-module L. Then HomR(M,N)[T ] ∼= HomR[T ](M [T ], N [T ]).

Proof. Remark 2.7 implies that R[T ] is a flat R-algebra, so we can apply Lemma 5.2.

Corollary 5.4. Let R be a commutative ring and let S be a multiplicatively closed subset containing 1. Let M be a finitely presented
R-module and N any R-module. Then (HomR(M,N))S ∼= HomRS (MS , NS). The isomorphism is given by (ϕ

s
)(m

t
) = ϕ(m)

st
.

Proof. Remark 2.7 implies that S−1R is a flat R-algebra, so Lemma 5.2 gives the desired result.

Corollary 5.5. Let R be a commutative ring and S a multiplicatively closed subset. Let N, M be finitely presented R-modules and
ϕ :MS → NS be an RS-isomorphism. Then there exist f ∈ S and an Rf -isomorphismMf → Nf that localizes to ϕ.

Proof. Let ψ : NS → MS be the inverse of ϕ. Then Corollary 5.4 implies that there are maps Φ : M → N and Ψ : N → M and
g1, g2 ∈ S such that ϕ = 1

g1
ΦS and ψ = 1

g2
ΨS . Now set

ϕ′ =
1

g1
Φ ∈ HomRg (Mg, Ng)

ψ′ =
1

g2
Ψ ∈ HomRg (Ng,Mg)
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with g = g1g2. Then ψ′ ◦ϕ′ ∈ EndRg (Mg) and ψ′ ◦ϕ′( m
gn

) = 1
gn

( 1
g1
Ψ( 1

g2Φ
)), so it localizes to the identity in EndRS (MS). Applying

Corollary 5.4 again yields an isomorphism EndRS (MS) ∼= (EndRg (Mg))S . So ψ′◦ϕ′

1
=

idMg

1
, thus there exists an element f1 ∈ S

with f1(ψ′ ◦ ϕ′) = 0. So on Mgf1 , ψ
′ ◦ ϕ′ = idMgf1

(because f1 is a unit in Rgf1). Similarly, we get an element f2 ∈ S with
ϕ′ ◦ ψ′ = idNgf2

. Now set f = gf1f2, then localizing ϕ′ on f yields a mapMf → Nf . This is an isomorphism, because ϕ′ ◦ ψ′ is the
identity on Ngf2 and ψ′ ◦ ϕ′ is the identity onMgf1 . It localizes to ϕ per construction.

Lemma 5.6. Let R be a commutative ring, M an R-module and f, g ∈ R comaximal (i.e. fR + gR = R). Then M is the fiber product
of the localizations, i.e. the following is a pullback diagram:

M Mg

Mf Mfg

Proof. Consider the map ϕ : M → Mf ⊕Mg,m 7→ (m,m). If ϕ(m) = 0, then grm = 0 and frm = 0 for sufficiently large r.
Because f and g are comaximal, there exist α, β ∈ R with αf + βg = 1. Then 1 = (αf + βg)2r = (

∑r
k=0

(
2r
k

)
αkfk−r(βg)2r−k)fr +

(
∑r
k=0

(
2r
k

)
(αf)kβ2r−kgr−k)gr. So fr and gr are still comaximal. Thus frm = 0 and grm = 0 if, and only if, m = 0. So ϕ is

injective. Let S := {fn : n ∈ N0} and T := {gn : n ∈ N0}. Now assume m
s
∈MS and n

t
∈MT are equal inMfg. Then there exists

an element s′t′ ∈ ST with s′t′(tm− sn) = 0, so (tt′)(s′m) = (ss′)(t′n). Because s′s and t′t are powers of f and g, they are coprime
(by a similar calculation as above). So we find α and β with αss′ + βtt′ = 1. Set

q = αs′m+ βt′n

Then ss′q = αss′s′m + βss′t′n = αss′s′m + βtt′s′m = s′m. Similarly, tt′q = t′n. Then in MS we get q = m
s
and in MT we get

q = n
t
. So ϕ(q) = (m

s
, n
t
). Thus ϕ maps surjectively onto the fiber product of the localizations.

Corollary 5.7. Let R be a commutative ring, M and N be R-modules and f, g as above. Let βf : Mf → Nf and βg : Mg → Ng be two
homomorphisms that localize to the same homomorphismMfg → Nfg. Then there exists a unique R-homomorphism β : M → N that
localizes to βf and βg. Furthermore β is an isomorphism iff βf and βg are isomorphisms.

Proof. Consider the following diagram:
M Mg

N Ng

Mf Mfg

Nf Nfg

β

βg

βf

Lemma 5.6 shows that M and N are the fiber products of the localizations to Mf and Mg respectively Nf and Ng. So M ∼= M ′ =
{(m,m′)|m ∈ Mf ,m

′ ∈ Mg,m
′ = m inMfg} and N ∼= N ′ = {(n, n′)|n ∈ Nf , n

′ ∈ Ng, n = n′ in Nfg}. So we may replaceM by
M ′ and N by N ′. So the map β : M → N is uniquely defined by β((m,m′)) = (βf (m), βg(m

′)). (βf (m), βg(m
′)) ∈ N , as βf and

βg localize to the same homomorphism. Thus β is a well defined map and the diagram commutes.
If β is an isomorphism, surjectivity of βf and βg follows immediately. Injectivity follows from flatness of Rf and Rg (see Remark

2.7). If βf and βg are both isomorphisms, then by our construction of β it is bijective.

Corollary 5.8. Let R, f, g be as above. Let Y be an Rf -module and Z be an Rg module, such that Yg ∼= Zf as Rfg-modules. Then there
exists a (up to isomorphism) unique R-module X such that Xf ∼= Y and Xg ∼= Z. Furthermore,

Y ∈ P(Rf ), Z ∈ P(Rg) ⇐⇒ X ∈ P(R)

Proof. Let X be the fiber product of the localization maps Z → Zf ∼= Yg and Y → Yg ∼= Zf . We get the following commutative
diagram:

X Z

Y Zf ∼= Y g

j

i

Let i′ : Xf → Y be the map induced by i.
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Injectivity of i′: Assume i′( x
fn

) = 0, x ∈ X, then i(x) = 0, so j(x) localizes to zero in Zf . Thus fmj(x) = j(fmx) = 0 for some
m. But i(fmx) also equals zero. Because X is the fiber product of the localizations, this implies that fmx = 0 in X. Thus in Xf we
get x

fn
= 0.

Surjectivity of i′: Let y be an element in Y and let z
fr

∈ Zf correspond to y
1
in Zf ∼= Yg. Then fry ∈ Y and z ∈ Z localize to the

same element in Yg ∼= Zf . Thus there is an element x ∈ X with i(x) = fry and j(x) = z. Then i′( x
fr

) = y.
Thus Xf ∼= Y and by the same argument Xg ∼= Z. By Lemma 5.6 X is unique.

Lemma 5.9. If R is a principal ideal domain, then R〈t〉 is a principal ideal domain.

Proof. We will first show that any unique factorization domain Q of Krull dimension dim(Q) ≤ 1 is a principal ideal domain. First,
let {0} 6= p ⊆ Q be a prime ideal. Then p must contain a prime element. Because if p 6= Q, there exists an element q ∈ p with
q = p1 · ... · pn, pi prime. Because p is a prime ideal pj ∈ p for some j. Thus (pj) ⊆ p, so dim(Q) ≤ 1 implies p = (pj). So every
prime ideal in Q is a principal ideal.
Now let {0} 6= a ⊆ Q be an arbitrary ideal. If a = Q we are done. Else a is contained in some maximal ideal m. But this must be a

principal prime ideal (p1) by our previous considerations. So p1|a for all a in a. Now consider the set a1 = {a : p1a ∈ a}. It is easy to
check that this is still an ideal and a = p1a1. Thus we can repeat the procedure iteratively: For the ideal an−1, find a prime element
pn such that pn|a for all a in an−1 and set an such that an−1 = pnan. This terminates since any element in a can only be divisible
by finitely many prime elements pi that we factored out. Thus an = Q for some n. Because a = p1...pnan we get a = p1...pnQ, so
a = (p1 · ... · pn).
If R is a principal ideal domain, it is a unique factorization domain, thus R〈t〉 is a unique factorization domain. There is a bijection

of prime ideals of R〈t〉 and prime ideals of R[t] not containing monic polynomials. Thus let {0} 6= p ( q ( R[t] be two prime ideals.
If q

⋂
R = {0}, then q corresponds to a prime ideal in Q(R)[t], where Q(R) is the quotient field of R. So Q(R) is a field, hence

the ideal is principal and thus q is principal. So q
⋂
R 6= {0}. Let q1 be a prime element contained in q

⋂
R. Because q contains

the prime ideal p there must exist another prime element q2 ∈ q that is not associated to q1. Let q2 = ant
n + ... + a0. Then q1

cannot divide all ai, as q2 is prime. Thus, let q̃2 = amt
m + ... + a0, where q1|ai for all i > m and am and q1 are coprime. q̃2 ∈ q

because q1, q2 ∈ q. Then there exist α, β ∈ R with αam + βq1 = 1. Thus αq̃2 + βq1t
m is a monic polynomial contained in q. But

if every prime ideal in R[t] that contains another prime ideal also contains a monic polynomial, there cannot exist two prime ideals
{0} 6= p ( q in R〈t〉. Thus R〈t〉 has Krull dimension dim(R〈t〉) ≤ 1. By our previous considerations, it follows that it is a principal
ideal domain.
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