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1. INTRODUCTION

In his classic 1884 monograph Vorlesungen iiber das Ikosaeder (see [Kle93|] and [Kle19]), Felix Klein
demonstrated the profound connections between the geometry of the regular icosahedron, the
alternating group As, and the resolution of quintic equations. Klein’s work implicitly relied on
the fact that the icosahedral group acts faithfully on a curve of genus 0 (the Riemann sphere),
and that the quotient space by this action is again a curve of genus 0. Because Klein worked
exclusively over the complex numbers and utilized explicit algebraic formulas, he did not need to
address the arithmetic subtleties concerning the fields of definition of these curves.

Nearly a century later, in 1978, J. D. Gray reached out to the mathematical community seeking
a “modernized” treatment of the material in Klein’s book. In a response letter, subsequently
reproduced in [Ser80], Jean-Pierre Serre provided exactly such a modern arithmetic perspective.
Rather than relying on explicit polynomial invariants, Serre applied the tools of Galois cohomol-
ogy, quaternion algebras, and algebraic geometry to answer natural questions about the field of
definition of the “icosahedral curve” over an arbitrary ground field k.

This thesis attempts to provide a reasonably self-contained exposition of the claims made in
the first half of Serre’s letter. Let k be a field of characteristic different from 2, 3, and 5, and let
G := As be the alternating group on five letters. We consider a smooth projective genus-0 curve X
over k, equipped with a faithful G-action. We address two primary questions:

1. What are the exact conditions on the ground field k for such a curve to exist?

2. Are the curve X and its quotient X/G isomorphic to the projective line PL. over the ground
field?

The main results of this thesis, formalizing Serre’s remarks, completely resolve these questions.

The thesis is organized as follows. In we review the theory of group actions on
schemes. In|chapter 3 we set up the cohomological background for the Galois descent of group
actions. In|chapter 4] we recall the necessary facts on quaternion algebras and quadratic forms. In
we consider the representation theory of As. In|chapter 6, we deal with a technical issue
regarding “descent” from the algebraic closure k to the separable closure kP. We prove that for
projective spaces, one can safely bypass the purely inseparable extensions and reduce algebraic
descent to separable Galois descent. Finally, in we synthesize all of the preceding
material to prove Serre’s theorems.

Acknowledgments. I would like to thank Prof. Dr. Timo Richarz for supervising this thesis. I
would also like to thank Prof. Dr. Torsten Wedhorn for his seminar on central simple algebras,
Prof. Dr. Sabrina Pauli for her lectures on topology and algebraic geometry, and Prof. Dr. Nils
Scheithauer for his lectures on algebra and automorphic forms, which were all important for the
development of this thesis. Finally, I would like to thank my parents, Johannes and Natalia, for
their support.



2. GROUPS ACTING ON SCHEMES

Throughout this chapter, let G be a group.

For a scheme X, an action of G on X is a group homomorphism oc: G — Aut(X). For any g € G,
we denote x(g): X — X by a4 or, if the action is understood from the context, by g. A G-scheme
is a pair (X, «), where X is a scheme and «: G — Aut(X) is an action of G on X. Any scheme can
be viewed as a G-scheme equipped with the trivial action. A morphism f: X — Y of G-schemes
(X, ) and (Y, B) is G-equivariant if for every g € G we have fo g = 4 o f:

It is easy to see that the class of G-equivariant morphisms is closed under composition and that
the inverse of a G-equivariant isomorphism is again G-equivariant. A morphism f: X — Y of
G-schemes (X, «) and (Y, 3) is G-invariant if it is G-equivariant and f3 is the trivial G-action, i.e. if

foag=fforallg e G:
p

Xg
X Xx—3Y

f

In what follows, if the action « is understood, we will refer to a G-scheme (X, x) simply by X.
Let S be a scheme. If X is a scheme over S equipped with an action «: G — Auts(X), then we
call (X, «) an (S, G)-scheme and define Au’csG (X, &) :={f € Auts(X) : f is G-equivariant}.

Definition 2.1. Let (X, x) be a G-scheme. A guotient of X by « is a scheme Y equipped with the
trivial G-action and a morphism p: X — Y, such that

(1) the morphism p is G-invariant;
(2) the morphism p is surjective, and U C Y is open if and only if p~!(Ul) is open;
) G

(3) the map p*: Oy — (p.Ox)C€ is an isomorphism, with G acting on p.Ox by pullbacks;

equivalently, we have Oy (U) = Ox(p~1(U))C for any open U C Y;
(4) for every y € Y, the topological fiber p~!(y) is a single G-orbit of a point x € X.
If the action « is understood, we will simply say that Y is a quotient of X by G.

Lemma 2.2. The property of being a quotient is local on the target. That is, for any G-scheme X, open
cover {Ui}ic1 of Y, and a G-invariant morphism p: X — Y, the morphism p is a quotient of X by G if and
only if each restriction p; == pl,-1(y,): P~ (Ui) = U is a quotient of p~' (Uy) by G.

Proof. If p: X — Yis a quotient and U C Y is open, then conditions (1), (2), and (4) clearly remain
true after restricting to pl,-1(y): p~}(U) — U. For condition (3), let V C U be open. Then

Ou(V) = 0y(V) = Ox(p~1(V))® = 01 (1) (Ply 1)) HVDE,

so the restricted morphism also satisfies (3).



Conversely, let {U; }ic1 be an open cover of Y such that each p; := plp_1 (uy): p 1 (Uy) — Uy is
a quotient. The conditions (1) and (4) are local on the target, and the isomorphism of sheaves can
be checked on an open cover for (3). For (2), surjectivity is straightforward. Assume that p~!(W)
is open in X. Then pi_1 (WnUu;) =p {(W)np1(Uy), which is open in p1(Uy). As p; satisfies
condition (2), it follows that W N U, is open in U;, hence W is openin Y. O

Lemma 2.3. Let X be a G-scheme such that a quotient of X by G exists and is given by p: X — Y. Then p
is an epimorphism.

Proof. Suppose a,b: Y — Z satisfy a o p = b o p. Since p is surjective, a and b agree topologically.
Thus for every open U C Z we have a '(U) =b"1(U), and pi,l(u) ) aﬁu = (aop)ﬁiJ = (b op){1 =
Py 0 bl Butp 1 Ov(a (W) = 0x(p~(a 1(W))® < Ox(p~t(a (W) is injective,

so aﬁu = bﬁu. Hence a! = bf, and therefore a = b. O

Theorem 2.4. Let X be a G-scheme such that a quotient of X by G exists and is given by p: X — Y. Then
for every G-invariant morphism f: X — Z there exists a unique morphism f: Y — Z such that fop = f.

Proof. Let f: X — Z be a G-invariant morphism. Let {V; = Spec(A)}ic1 be an affine open cover
of Z and set W; := f~1(V;). Since f is continuous and G-invariant, W; C X is open and G-stable:
if x € Wj, then f(gx) = f(x) € Vi, since the action on Z is trivial. Define U; := p(W;). Note
that p~1(U;) = p~'(p(W;)) consists of all fibers of p that intersect W;. Since the fibers of p are
single G-orbits and W; is G-stable, if an orbit intersects Wi, it is entirely contained in Wj, so
p~H(U;) = Wi and U is open by the definition of the topology on Y. Furthermore, since {W;}
covers X and p is surjective, {U;} is an open cover of Y.

Fix i € I and consider the pullback ring homomorphism fﬁ/_l: Ai = Ox(W;). Because f is
G-invariant, irn(fg,i) C Ox(W;)C. Since Oy (U;) = Ox(p~H(U;))C¢ = Ox(W;)C, we can define
hi: Ay = Oy(Uy) by hy == (p?ii)*1 o fﬁ/i. Since Vi = Spec(A;) is affine, the ring homomorphism
h; corresponds to a unique morphism of schemes f;: U; — V; < Z. By construction, on the open
set W; we have (f; o plw, )}, =p},. o (F)}, =pl, ohi =1, 50 i oplw, = flw,.

Let (i,j) € I x I and Uy := U; N Uj. Pre-composing the two morphisms fi|ui]- and f; Iu.lj with
p, we obtain f; o plwy = flwy, = fj o plw;;, where Wij = p HUy) = WinWw;. By the
map plw;;: Wij — Uj; is the quotient of Wi; by G and therefore by an epimorphism,
whence filu.n. = fj |Uij' Thus, the morphisms {f;} glue to a unique global morphism f: Y — Z
satisfying f o p = f. Uniqueness of f follows immediately from p being an epimorphism. O

Remark. In other words, if Y is a quotient, then the map p: X — Y is an initial G-invariant
morphism from X. In particular, if a quotient exists, it is unique up to unique isomorphism, and
therefore we can say “the quotient” and refer to it by X/ or X/G if the action is understood.

Remark. Although naming conventions vary in the literature, our use of the term “quotient”
corresponds to one of the standard definitions of the “geometric quotient”, while the initial G-
invariant morphism from X is known as the “categorical quotient”. Thus,[Theorem 2.4]establishes
that geometric quotients are categorical. The definition and proof are adapted from [MFK94],
Chapter 0, which addresses group scheme actions in general; by contrast, our setting is equivalent
to considering only the actions of constant group schemes.



Lemma 2.5. Let X be a G-scheme such that the quotient p: X — Y exists.
(a) The map p is open.
(b) If X has any of the following properties, then so does Y: reduced, irreducible, connected, quasi-compact.

Proof. (a) Let U C X be open. Then p~! (p(U)) = Uy g gU, because every point of X mapping to
p(U) lies in the G-orbit of some point of U. Since automorphisms are homeomorphisms, each gl
is open, so the union is open. Hence P Hp(U))is open and therefore p(U) is open. Thus p is an
open map.

(b) If X is reduced, then Ox (p~1(U))€ is a subring of a reduced ring for any open U C Y, and
thus itself reduced. Other properties follow straightforwardly from the surjectivity of p by purely
topological arguments. O

2.1. ACTIONS OF FINITE GROUPS

From now on, we assume that G is finite.

Theorem 2.6. Let X := Spec(A) be an affine G-scheme. Then the quotient X/G exists and is given by the
integral morphism p: X — Spec(AC) induced by the embedding v: AS — A.

Proof. Let X :=Spec(A), B := AG and Y := Spec(B). The G-invariance of p is straightforward.

We claim that t is integral. Let a € A and consider the polynomial P(T) := ngG (T—g(a)).
The coefficients of P(T) are the elementary symmetric polynomials evaluated in the elements g(a)
for g € G. Since G permutes the factors, the coefficients are invariant under G, so P(T) € B[T].
Since P(a) = 0, we see that a is integral over B. Therefore,  is integral. In particular, the map p is
surjective (by the “Lying Over” theorem) and universally closed. Now, suppose p~H(U)is open.
Then Z := X\ p~1(U) = p~}(Y\ U) is closed. Since p is a closed map and surjective, p(Z) C Y
is closed and p(p~'(Y\ U)) = Y\ U. Thus Y \ U is closed, so U is open and Y has the quotient
topology.

We show that for any y € Y, the fiber p~!(y) corresponds to a single G-orbit. Since p is
invariant, G acts on the fiber and we need to show that this action is transitive. Let g1, q2 € Spec(A)
with q; N B = g2 N B = p. Suppose for the sake of contradiction that q, does not lie in the orbit of
q1. Then, since ( is integral, the incomparability property implies that g, Z g(q1) for every g € G,
because G fixes B and therefore g(q;) N B = q; N B = p. By prime avoidance, there exists x € q»
such that x ¢ UgeG g(q1). Consider the element N(x) := nge g(x) € B. Because x € qp and
N(x) =x- Hg# g(x), we have N(x) € g, and therefore N(x) € g "B = p. Since p = q; N B, we
have p C q1, hence N(x) € q1. As q; is prime, we have g(x) € q; for some g € G, and therefore
x € g~ 1(q1), which contradicts the choice of x. Thus the fibers are exactly the G-orbits.

)G

~

Finally, we show Oy = (p.Ox)®. It suffices to check this isomorphism on the basis of
principal opens of Y. For f € B, we have Oy(D(f)) = B¢ and Ox(p~1(D(f))) = Ox(D(f)) = Ay.
The invariants AC are the kernel of the map &: A — ngG A, a — (a—g(a))geg. Since
localization at f € B is exact and commutes with finite products, we obtain (A®)¢ = (A¢)C,
whence Oy = (p,Ox)C. O

Lemma 2.7. Let S := Spec(R) and let X := Spec(A) be an affine (S, G)-scheme of finite type over S with
the quotient p: X — Y := X/G. Then p is finite. If R is Noetherian, then Y is also of finite type over S.



Proof. Since the G-action is over S, the image of R in A is pointwise fixed, so the structure
map factors through ACG. Letay,...,an generate A as an R-algebra. Then A = Rlay,...,an] =
AC[ay,...,anl, so A is of finite type over A©. As A is integral over A€ by and
an integral algebra of finite type is finite, A is a finite A®-module, and therefore p: Spec(A) —
Spec(A©) = X/G is finite. Now assume R is Noetherian. For each i choose a monic polynomial
P; € AG[T] with Pi(a;) = 0. Let B C AC be the R-subalgebra generated by the coefficients of the
Pi. Then B is of finite type over R, hence Noetherian. Moreover, each a; is integral over B, and
A = Blay,...,an], so A is integral and of finite type over B, hence finite as a B-module. Since
B C AG C A and A is a finite B-module with B Noetherian, the submodule A€ C A is finitely
generated over B. Thus A€ is a finite B-algebra. As B is of finite type over R, it follows that A€ is
of finite type over R,i.e. Y = Spec(AG) is of finite type over S. O

Remark. Theorem 2.6|and [Lemma 2.7|are adapted from [GW20], Section 12.7. Their proof of
makes the fiber argument before integrality has been established. We have chosen a
slightly different proof that makes the use of incomparability explicit.

Lemma 2.8. Let X = Spec(A) be an affine scheme, U an open subscheme of X, and F C U a finite set.
Then there exists a principal open subset V.= D(f) C X for some f € A, such that F CV C U.

Proof. Let F ={py,...,pn} € Uand Z := X\ U. Since X is affine, Z = V(I) for some ideal I C A.
Thus, U = X\ V(I). By definition, p € V(I) if and only if I C p. Therefore, since every p; € F
is contained in U, we have I Z p; forallj = 1,...,n. By prime avoidance, since I  p; for any
je{l,...,n}, it follows that I anzl pj, so there exists f € I such that f ¢ p; forallj=1,...,n.
Let V:=D(f) ={q € Spec(A) | f € q}. Asf € I, any prime ideal containing I must contain f. Thus
V(I) C V(f). Taking complements, D(f) C X\ V(I) = U. So, V C U. Furthermore, we chose f
such that f ¢ p; for all j. By definition of the distinguished open set, this means p; € D(f) for all j.
So, FC V. O

Theorem 2.9. Let X be a G-scheme. The following are equivalent:
(1) the quotient p: X — Y := X/G exists and p is integral;
(2) every G-orbit of X is contained in some affine open of X;
(3) there exists a cover of X by G-invariant open affines.

Proof. (2) = (3). Let F be an orbit of G in X. By hypothesis, there exists an affine open set U C X
such that F C U. We wish to construct a neighborhood that is both affine and G-invariant. Let
u’ = Ngeg 9(U). Since Fis an orbit and F C U, we have g(F) = Fand F C g(U) forall g € G.
Thus, F C U’. Because the set of translates {g(U)} is permuted by the action of G, we see that U’ is
G-stable. As U’ C 1(U) = U, U’ is an open subscheme of an affine scheme, so by there
exists an affine open set V such that F C V C U’. Define W := ﬂgeG g(V). Clearly, F C W and
W is G-invariant. Since V C U’ and U’ is G-stable, we have ¢g(V) C g(U’) = U’. Thus, W is the
intersection of finitely many affine open sets g(V), all contained in U’. Now, because U is affine, it
is separated, and since U’ is an open subscheme of a separated scheme, U’ is also separated. As a
finite intersection of affine opens in a separated scheme is affine, W is an affine open set. Because
each point x € X lies in its own G-orbit, X admits an open cover by G-invariant affine opens.



(3) = (2). Assume there exists a cover of X by G-invariant affine opens {U;}. Let x € X. Since
{U;} covers X, we have x € U; for some i. Because U is G-invariant, for every g € G, we have
g(x) € g(Ui) = U;. Thus, the entire orbit of x is contained in the affine open U;.

(3) = (1). Assume that X is covered by the family {X;} of G-invariant affine opens. For
each X; = Spec(A;), let By := AiG and define Y; := Spec(Bi), so we have morphisms pi: X; — Y;
which are themselves quotients. Consider the intersection Xj; := X; N X;j. Since X; and X;j are
G-invariant, Xij is a G-invariant open subscheme. The morphism p;: X; — Yj is a topological
quotient map. Because the fibers are orbits and Xj; is invariant, we have Xj; = p; 1(pi(Xi]~ )).
In particular, the image Yi; := pi(Xjj) is open in Y; by the definition of the quotient topology.
Furthermore, the restriction pi|x;: Xij — Yij exhibits Yij as the quotient of Xi; by
implying Yi; = Xj;/G. As quotients are unique up to unique isomorphism, there is a canonical
isomorphism ¢i;: Yi; — Yji. For i,j, k € I, write Xjji := X; N X;j N Xy and let Yjj C Y; denote
the image pi(Xjjk), which is open in Y; by the same argument as for Yj;. To verify the cocycle
condition on triple intersections, note that both ¢jk|Yﬁk o dyj |Yi)’k and ¢ixly,;, are isomorphisms
Yiji — px(Xijx) that are compatible with the quotient maps from Xjjy; by the uniqueness of
the quotient, they coincide. Thus we can glue Y; along Yj; using ¢y; to obtain the scheme Y and
morphism p: X — Y. By [Lemma 2.2} we see that p: X — Y is a quotient. Finally, p is integral,
since by construction it is affine and integral locally on the target.

(1) = (3). Let p: X = Y be the quotient and assume that p is integral. Then p is affine, and
for any cover {V;} of Y by open affines, we have that U; := p~1(V;) is affine. Furthermore, since
p is G-invariant, the inverse image of any set in Y is G-invariant in X, so that {U;} is a family of
G-invariant affine opens that cover X. O

Definition 2.10. A G-scheme is called admissible if it satisfies the equivalent conditions of
rem 2.9

Remark. The following example shows that a G-scheme can admit a quotient without being
admissible. Let k be a field with char(k) # 2 and X the affine line over k with double origin.
Let G := Z/2Z act on X by swapping the origins and leaving all the other points fixed. Then
X/G = AL, but there is no G-invariant affine open subset of X that contains the two origins.

Lemma 2.11. Let A be a normal ring in the sense of [Sta26, Tag 00GV]. Then A€ is normal.

Proof. A ring is normal if and only if all of its localizations at primes are normal. Hence it suffices
to show that (AC )p is normal for every p € Spec(AG ). Put F:= ACG \ p. Since F C AG, we have
F71(AS) = (F1A)C. Replacing A by F"!A and B := A€ by B, we may assume that B is local
and that Spec(A) — Spec(B) is the quotient map for the localized action.

Since B is local and A is integral over B, every maximal ideal of A contracts to the unique
maximal ideal of B. Hence the maximal ideals of A are exactly the points in the fiber over the
closed point of Spec(B), and this fiber is a single G-orbit by the quotient property. As G is finite
and maximal ideals form a single G-orbit, it follows that A has only finitely many maximal ideals.
Because A is normal, every localization A, at a maximal ideal is a normal domain, so each
maximal ideal contains exactly one minimal prime of A. Since there are finitely many maximal
ideals, A has finitely many minimal primes gy, ..., qx, and no maximal ideal contains two of them.
Thus the g; are pairwise comaximal. Since A is reduced, we have (); i = 0, so by the Chinese
remainder theorem A = []i_, A;.


https://stacks.math.columbia.edu/tag/00GV

We claim that each A; := A/q; is a normal domain. Indeed, for any prime t O q;, we have
(A/di)e/q; = Ac/diAc. Since Ay = (An)cA,, for some maximal ideal m D v, the ring A is a normal
domain, and since g; is the unique minimal prime of A contained in m, we have ;A = 0 and
therefore qiA. = 0, so (A/qi)¢/q;
minimal primes and the corresponding idempotents of the product structure. Since B = A€ is a

= A.. The finite group G acts on A, thereby permuting its

local ring, it has no non-trivial idempotent. Therefore the action of G on the set of factors must
be transitive: otherwise the sum of the identity elements of the factors in one orbit would give a
non-trivial idempotent in B. Let H C G be the stabilizer of the first factor A;. Then projection onto
the first factor induces an isomorphism AG = A}*: indeed, since G acts transitively on the factors,
a G-invariant element of A is uniquely determined by its H-invariant first component. Thus, we
may replace A by A; and G by H, and hence assume from now on that A is a normal domain.
Since B C A and A is a domain, B is also a domain. Let x € Frac(B) be integral over B. Since
B C A, we have Frac(B) C Frac(A). Since x is integral over B, it is integral over A, and so, because
A isnormal, x € A. Now, since x € Frac(B), we see that x is invariant under the action of G, so
x € B and B is integrally closed. Hence B is a normal local ring. ]

Proposition 2.12. Let X be a G-scheme with the quotient p: X — Y = X/G. Assume that X is an
admissible (S, G)-scheme.

(a) If X is normal, then sois Y.
(b) If X — S is separated, then sois Y — S.
(c) If X — S is of finite type, then p is finite.
Assume additionally that S = Spec(R) for R a Noetherian ring.
(d) If X — S is of finite type, then sois Y — S.
(e) If X — S is proper, then sois Y — S.

Proof. (a) Since normality is local on Y, it suffices to check it on an affine open cover of Y. Because
X is admissible, X has a cover by G-invariant affine opens V := Spec(A). For each such V, its
quotient is U := V/G = Spec(A©), and these U form an affine open cover of Y. Since X is normal,
every such A is a normal ring, so A€ is normal by |[Lemma 2.11| Hence Y is normal.

(b) Let f: X — S and g: Y — S be the structure morphisms, so that f = g o p. Since X is
admissible, Theorem 2.9 shows that p is integral. Hence p xsp: X x5 X — Y x5 Y is again integral,
and therefore a closed map. It is also surjective because p is surjective. Assume now that X — S is
separated. Then the diagonal Ax: X — X x5 X is a closed immersion, so Ax(X) is closed in X x s X.
Applying the closed map p xs p, we obtain (p xs p)(Ax (X)) = Ay(Y), because every point of the
form (y,y) is the image of (x,x) for some x € X with p(x) =y. Thus Ay(Y) is closed in Y x5 Y.
Since Ay is always a locally closed immersion, and a locally closed immersion with closed image
is a closed immersion, it follows that Ay is a closed immersion. Therefore Y — S is separated.

(c) Cover S by affine opens S) = Spec(Rj ). Then {g~1(Sp)}isan open cover of Y, and it suffices
to show that for each A the restricted morphism px: f71(Sx) — g~ 1(Sa) is finite. Since f~1(S,) is

a G-stable open of X, the restricted map p, is the quotient of f~1(S,) by G by and
f~1(Sx) — S, is of finite type. We claim that f~1(S,) is admissible. Let F be a G-orbit in (S5 ).



Since X is admissible, F is contained in some affine open U of X. Then F C U N f~1(Sy), which
is open in the affine scheme U, and F is finite. By there exists an affine open V with
FCV CUNf(Sy) C f1(Sx). Thus f~1(S,) satisfies condition (2) of hence is
admissible. We may therefore replace X by f~1(S5) and S by S,, and so assume from now on
that S = Spec(R) is affine. Let {X; = Spec(Ai)} be a cover of X by G-invariant affine opens. Since
X — S is of finite type, each A; is of finite type over R. Hence, by each quotient
morphism p;i: X; = Y; = X;/G is finite. The opens Y; cover Y, and p|x, = p; for each i. Since
finiteness is local on the target, it follows that p: X — Y is finite.

For (d), observe that if X — S is locally of finite type, then so is Y — S by reducing to the
affine case and applying To see that Y — S is quasi-compact, let V C S be a quasi-
compact open. Then f~1(V) is quasi-compact, and since g_1 (V) = p(f~1(V)) is the image of a
quasi-compact space under the continuous map p, the map g is quasi-compact and thus of finite
type. For (e), let g: Y — S and f: X — S be the structure morphisms, so f = g o p. Since f is
universally closed and p is surjective, for any base change T — S and any closed Z C Yy, we get
gr(Z) = fr (p?l(Z)), which is closed. Thus, g is universally closed. The rest follows from the
above. O

Remark. While it is standard and easy to show that if A is a normal domain, then so is AC, we
found it hard to find a self-contained reference for the general case of a normal ring. Our proof of
[Lemma 2.11]is based on the suggestion in https://mathoverflow.net/q/199177and the
proof for the Noetherian case in [PT21], Lemma A.6.

Remark. It is not hard to show that if X is an admissible G-scheme, then X — S is affine
(respectively separated) if and only if Y — S is. Furthermore, it is not hard to extend (d) to the
case when § is only locally Noetherian by an argument similar to the one in (c).

Remark. The quotient of a smooth scheme need not be smooth. Let k be a field with char(k) # 2,
and let G := Z/2Z act on A = k[Ty, To] by (T, T2) — (=Tq,—Tz). Then (see [Eis95], Exercise 1.7)
one has AG = k[le, T1T2,T22] = k[u,v,w|/(uw —v?), and Ai/G = Spec(A®) has a singularity at
the origin.

Proposition 2.13. Let S := Spec(R) and let X be an admissible (S, G)-scheme. If R” is a flat R-algebra,
then (X xs Spec(R’))/G = (X/G) xs Spec(R").

Proof. Write Y := X/G and S’ := Spec(R’). Since X is admissible, there exists a cover of X by
G-invariant affine opens X; := Spec(A;). By each X; has quotient Y; := X;/G =
Spec(AiG), and these Y; form an open cover of Y. Define X{ := X; x5 S’. Note that X{ =
Spec(A; ®@g R’) are again G-invariant affine opens that cover X xs S’, so X xs S’ is also admissible
and its quotient exists. Set Y/ :=Y; xg S’. For each i we have an exact sequence of R-modules

0-AS - AL S T A
geaqG
where 6;(a) := (a —g(a))geg. Since R’ is flat over R, tensoring with R’ preserves exactness:

0 AS @R R — A; og R 220 TT (A @ R).
geqG
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Hence (A;{ @g R")E =ker(8; ® 1) = AiG ®g R’. Therefore, by the quotient of X{ by
G exists and is X{/G = Spec((A; ®r R’)€) = Spec(A€ ®g R’) = Y!. To verify compatibility on
overlaps, let Xi; := X; N Xj. The restriction of the local isomorphism Xi’ /G = Y{ to the overlap
Xij xs S’ is the unique quotient of Xi; xs S’ by G, by Since the restriction from X
also gives the unique quotient of the same overlap, the two agree by uniqueness. Consequently
the local quotients glue, and since quotient morphisms are local on the target by Lemma 2.2} we
obtain (X xs S’)/G =Y x5 S'. O

Remark. The definition of admissibility, the statements and proofs of [Theorem 2.9} [Proposif
[tion 2.12} and [Proposition 2.13|are adapted from [GR71], V.1.

2.2. QUOTIENTS OF QUASI-PROJECTIVE SCHEMES

Definition 2.14. We call a scheme X finite-affine if every finite subset of X is contained in an affine
open subset.

Remark. The property we call “finite-affine” is also called the AF, FA, or Chevalley—Kleiman
property. See [Grol7], [GLL13], [Ryd13], [Kol12].

Remark. By any open subscheme of an affine scheme is finite-affine. It is easy to see
that if a G-scheme is finite-affine, then it is also admissible by

Lemma 2.15. Let A = ®n20 An be a graded ring, p1,...,pr, v = 1, homogeneous prime ideals of A,
and 1 a homogeneous ideal of A generated by homogeneous elements of positive degree such that I Z p; for
all i. Assume that p; € py for any j # k.

(a) There exists a homogeneous element a € Ipq---pr—1 \ pr.

(b) Letb el be a homogeneous element of positive degree such that b ¢ U1 1 Pi. Then at least one of b
and a¢8(®) 1 bdes8(@) does not lie in | JI_ pi.

(c) There exists a homogeneous element of I not contained in | J;_; pi.

Proof. (a)Set ] :=Ipy---pr_1, then | is obviously a homogeneous ideal. Since p, is prime and we
have I Z p, and p; Z p, for any i < r, we obtain | Z p, and therefore there exists a homogeneous
element a € ]\ p;.

(b) Let b € I be homogeneous of positive degree with b ¢ |J{_{ pi. If b ¢ p, then we are
done, so suppose that b € pr. By (a) there exists a homogeneous a € Ip;---pr_1 \ pr. Define
c = ades(b) 4 pdesla) ¢ . Since I is generated by elements of positive degree, we have deg(a),
deg(b) > 0. Both summands are homogeneous of degree deg(a) deg(b), so c is homogeneous.

Fix i < r. Since b ¢ p; and p; is prime, we have bdes(@) ¢ p: and since a € Ip;-- - pr_q, we
have a € p; and therefore ade8(®) ¢ p;. Hence ¢ ¢ p; for every i < r. Now, since a ¢ p, and p, is
prime, we have ade8(t) ¢y and since b € p,, we have b¥¢8(2) ¢ p... Hence ¢ ¢ p, and therefore
¢ & Uiy bt

(c) We proceed by induction. The case r = 1 holds by assurnption Suppose the statement
holds for r — 1, then we find a homogeneous b € I with b ¢ U1 1pi. If b € p; then we are
done. Otherw1se by (a) there exists a homogeneous a € Ip;---p-—1 \ pr and by (b) we have
c = ade8(b) y pdegla) ¢ T\ |JI_, p;. O
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Theorem 2.16. Let S := Spec(R) and let X be a scheme over S.

(a) Let F # () be a finite set of points of P¢ for some n € Z~q, and Z a closed subset of P which does
not meet F. Then there exists a hypersurface Vo (f) C P2 such that V (f)NF =0 and Z C V_(f).

(b) If X is quasi-projective over S, then X is finite-affine.

Proof. (a) Let A := R[Ty,..., Tn] with its standard grading. Write Z = V_ (I) withI C A a
homogeneous ideal. We may assume that I is generated in positive degrees: otherwise we
can simply replace it by I’ := I>1 + Ip(T,..., Tn), because V. (I) = Vo (I’). The finite subset
F C P¢ = Proj(A) corresponds to finitely many homogeneous prime ideals p1, ..., pr of A which
do not contain the irrelevant ideal (To, ..., Tn), so that I Z p; for all j. Since removing any prime
that is contained in another from the list {ps, ..., p+} does not change the union [ J; p;, we may
assume that p;  py for any j # k. By[Lemma 2.15|there exists a homogeneous element f € I of
positive degree with f ¢ [ Ji_; pi. Thus Z C V. (f) and V. (f) N F = 0.

(b) Let X be quasi-projective over S, then X is an open subscheme of a closed subscheme
X" C P¢ for some n € Z~g. Let ) # F C X be finite and set Z := X’ \ X. Since Z is closed, we
can apply (a) to obtain a homogeneous f of positive degree with Z C V, (f) and FN V. (f) = 0.
Then F C D (f) N X'. But D (f) N X' is affine because for X’ = Proj(A/I) we have D (f) N X' =
Spec ((A/1)(f)). Since D (f) is disjoint from Z, we also have D (f) N X’ C X.

Ol

Corollary 2.17. Let S := Spec(R) and let X be a quasi-projective (S, G)-scheme. Then there exists a
unique quotient p: X — X/G with p integral and finite. If R is Noetherian, then X/G — S is of finite
type; and, if additionally X — S is proper, then X/G — S is also proper.

Proof. This is simply a summary of this chapter. By [Iheorem 2.16(b), every quasi-projective
scheme is finite-affine, hence X is admissible. Therefore gives the existence of a

unique quotient p: X — X/G, and p is integral. The map p is finite by [Proposition 2.12(c), and if R
is Noetherian, then [Proposition 2.12(d) and (e) imply that X/G — S is of finite type, and X/G — S
is proper whenever X — S is proper. O

Remark. [Lemma 2.15|is known as “graded prime avoidance”, see [Sta26, Tag 00JS]. [Theorem 2.16
is standard: see, for example, [Sta26, Tag 012Y].

Remark. Let S := Spec(R) for R a Noetherian ring. One can show that if X — S is quasi-projective
or projective, then so is the quotient X/G; see [Har92|], Chapter 10, for a sketch in the case of
varieties. For the projective case, one embeds X into [ [, g P§ — PY via the Segre embedding
for some large enough N € N and shows that the quotient is given by Proj(A®), where A is a
suitably chosen homogeneous coordinate graded R-algebra of X. The quasi-projective case then
follows by showing that X/G is an open subscheme of the quotient of the schematic closure of X
inside [ [ PS-
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3. COHOMOLOGY AND DESCENT

We collect some basic definitions and facts regarding group cohomology in low degrees. For a
comprehensive account, see, for example, [Ser02], [GS17], or [Ber10].

3.1. LOW-DEGREE GROUP COHOMOLOGY

Throughout this chapter, let G be a group.

Definition 3.1. A G-group is a group H equipped with a group homomorphism A: G — Aut(H).
We write 9h := A(g)(h) for the action of g € G on h € H. For a G-group H and n € N, an n-cochain
is a map of sets G™ — H, and we write C™(G, H) for the set of all n-cochains.

Degree 0: The set of 0-cocycles is defined as the fixed points of the action:
Z°(G,H) :=HC ={x e H:9x =xforall g € G}.

The zeroth cohomology is H°(G, H) := Z°(G, H) = HE. We also define B’(G, H) = {1}.
Degree 1: The set of 1-cocycles is

Z'(G,H) == {c € C'(G,H) : c(gf) = c(g)9c(f) forall g, f € G} .

We will often treat a cocycle ¢ € Z!(G,H) as the family (cg)gec with ¢g = c(g). With this
convention, the 1-cocycle condition is written as cgr = cg 9cy.

Note that Z! (G, H) has at least one element, namely the trivial 1-cocycle t defined by tg =1
for all g € G. We also observe that for any 1-cocycle ¢, we have ¢; = 1and cg1 = (gflcg )L

Two 1-cocycles ¢, ¢’ € Z'(G,H) are said to be cohomologous, written ¢ ~ ¢/, if there exists
an element h € H such that c; = h™lcg 9h for all g € G. One checks that this defines an
equivalence relation on Z!(G, H). The subset of 1-cocycles cohomologous to the trivial 1-cocycle is
denoted B!(G, H) and its elements are called 1-coboundaries. The first cohomology is the quotient set
H'(G,H) := Z'(G,H)/ ~. Note that H(G, H) is a pointed set with the distinguished point being
the equivalence class of the trivial cocycle.

Degree 2: Assume that H is abelian. The set of 2-cocycles is
Z*(G,H) := {c € C*(G,H) : c(g, f) c(gf, k) = Yc(f, k)c(g, fk) for all g, f, k € G} .

Using the family notation, the condition is cg ¢ cgfx = 9¢f 1k Cg k-

Two 2-cocycles ¢, ¢’ € Z%(G,H) are said to be cohomologous, written ¢ ~ ¢/, if there exists a
1-cochain u: G — H such that cé,f =ug (9us)cgr u;} for all g, f € G. The subset of 2-cocycles
cohomologous to the trivial 2-cocycle is denoted B?(G, H) and its elements are called 2-coboundaries.
The second cohomology is the quotient set H?(G, H) := Z%(G, H)/ ~. Again, H?(G, H) is a pointed
set with the trivial 2-cocycle (tg ¢ = 1 for all g, f € G) as its distinguished point.

Remark. Note that while we do not assume that the coefficients are abelian in the definitions of
the zeroth and first cohomology, when we are working with the second cohomology, we always
assume coefficients to be abelian.
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Lemma 3.2. Let H be a G-group.

(a) Define 3°: H — Z'(G,H) by 3°(h) := (g — h~'9h). Then im(3°) = BY(G,H). Assume
that H is abelian and define 3': C'(G,H) — Z?(G,H) by 3'(c) := ((g,f) cggcfcgfl). Then
im(d1) = B2(G, H).

(b) Assume that H is abelian. Then any ¢ € Z*(G,H) is cohomologous to some ¢’ € Z2(G,H) with

/ _ / _ . . .
Clq = Cg1 = 1forall g € G. In particular, we may assume every representative of a class in

H?(G, H) to be normalized.

(c) If H is abelian, C™(G,H) is an abelian group, Z™(G,H) is a subgroup, B™(G, H) is a normal
subgroup, and H™ (G, H) = Z™(G, H)/B™(G, H) is an abelian group for n = 0,1, 2. In particular,
in this case our definitions coincide with the usual abelian group cohomology.

(d) If G acts on H trivially, then Z'(G,H) = Hom(G, H) and HY(G,H) is the quotient of Hom(G, H)
by conjugation by H. In particular, if H is abelian, then H' (G, H) = Hom(G, H).

Proof. For (a), one verifies directly that 9'(c) satisfies the 2-cocycle identity for any 1-cochain,
using that H is abelian, hence the map is well-defined, and the rest is straightforward. For (b),
given c € Z?(G,H), the cocycle identity implies ¢1,4 = ¢11 and c¢g;1 = 9¢q,; for all g € G. Define
a 1-cochain ug = cié and set cg ¢ == ug (Jur) cg,r u;}. Thenc’ ~candcj  =cg; =1 (o) is
straightforward. For (d), note that with the trivial action, the cocycle identity reads c4r = c4cy, i.e.
¢ is a homomorphism, and the equivalence relation becomes cy = h~legh O

Definition 3.3. A sequence of pointed sets and maps preserving the distinguished points
e (%) > (Y,y0) * (Z,zo) = -
is exact at Yif im(f) = g~ Y(zo) ={y € Y| g(y) = zo}.

Proposition 3.4. Let A, B, C be G-groups and 1 — A B -2 C — 1 a short exact sequence of
G-equivariant group homomorphisms, so 9i(a) = i(9a) and p(9b) = 9p(b) forallge G,a € A, b € B.

(a) There exists a well-defined map of pointed sets 5y: C¢ — H'(G, A) such that
1 AS 5 BS - S 2% HI(G,A) — H!(G,B) — H'(G, C)
is an exact sequence of pointed sets.

(b) If A is central in B, there exists a well-defined map of pointed sets 61: H' (G, C) — H?(G, A) such
that
1 AS 5 BS - S 2 HI(G,A) - HY(G,B) — HY(G,C) 2 HA(G,A)

is an exact sequence of pointed sets.

Proof. (a) We sketch the definition of the map 8y and the exactness at C G H!(G,A),and H!(G, B).
For x € CS, choose b € B with p(b) = x and set ag = b~ 19b € A. Then a = (ag)geg is a
1-cocycle in Z}(G, A), and we set 8y(x) := [a] € H!(G,A). If b’ is another lift, then b’ = by for

1

somey € A, and the resulting cocycles are cohomologous via ag =y~ ag9y, so § is well-defined.

For exactness at C, if x = p(b) with b € BS, then the cocycle defining 5¢(x) is ag = b—19b =1,
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hence 8p(x) = 1. Conversely, if 8y(x) = 1, choose a lift b € B of x, so ag = b~19b € Aisa

! satisfies 9b’ = b/, and p(b’) = x, so

coboundary, say ag =y 19y withy € A. Then b’ := by~
x € p(BS). For exactness at H'(G, A), let [a] € H!(G, A) and view a as a B-valued cocycle via
i A — B. First, for any x € CG, if §9(x) = [a], then ag = b~ ! 9b is a coboundary in B for a lift b
of x, hence any class in im(8p) maps to the distinguished point. Conversely, suppose [a] maps
to the distinguished point in H'(G, B). Then there exists p € B such that ilag) = B~ 9B for all
g € G. Applying p gives p(B) 1 9p(B) = 1, so p(B) € C©. By definition of 8, using the lift 3,
we have 8(p(B)) = [al. It remains to show the exactness at H'(G, B). Any class coming from
H'(G,A) maps trivially to H!(G, C), since p|a = 1. Conversely, let [b] € H'(G,B) map to the
distinguished point of H'(G, C). Then p(bg) = ¢~ 19¢ for some ¢ € C. Choosing a lift € B of c,
the cocycle ag := Bbg(9p) ! takes values in A and is cohomologous to b as a B-valued cocycle.
Hence [b] lies in the image of H'(G,A) — H!(G, B).

(b) Again, we sketch the construction of 8; and exactness at H!(G,C). Represent [c] € H!(G,C)
by a cocycle (cy). Choose lifts by € B with p(by) = ¢4 and define ag ¢ := by 9bs bgfl. Since
p(bg) = cg, we have p(agy,f) = p(bg)gp(bf)p(bgf)*1 = ngCfcgfl = 1,50 ag s € ker(p) = A.
Moreover, ag fagex = bggbfgfbkb;}k and 9afxag = g(bffbkb]?,g)bggbfkbgflk. Since afy €
A and A is central in B, 9ay x is also central, so it commutes with by. Hence

—1 f —1
darrag e =bg?arIbscbgp =bg9be9 brb e = agragek.

Thus a € Z%(G,A). Now, we must check that [a] € H?(G,A) depends only on the class [c] €
H!(G, C). First, replacing the lifts bg by bg :=vgbg withvg € A changes ag ¢ by the 2-coboundary
of v, so [a] is independent of the choice of lifts. Second, if ¢ é =h! cg 9h for some h € C, choose
alift h € B of h and set by := h™'bgy 9h. Then p(bj) = ¢,
resulting 2-cocycle satisfies a . = h™!ag¢h = agr, where the last equality uses centrality of A

and since A is central in B, the

in B. Thus [a] depends only on [c], and we may define &1([c]) := [a]. If [a] is the distinguished
point in H?(G, A), choose u: G — A with ag ¢ = uggufugfl. Replace lifts by by := bgugl. Then
bégbé(béf)*l =1, i.e. (bg) is a B-valued 1-cocycle lifting (cg). Thus 81([c]) vanishes precisely
when c lifts to a B-valued cocycle. O

3.2. GALOIS DESCENT FOR GROUP ACTIONS ON SCHEMES

Let F: FId — Cat be a functor that takes a field k to a category F(k), and a morphism k — L to an
“extension” functor F(k) — F(L). The descent problem asks for “additional data” D on objects
and morphisms of F(L) such that J induces an equivalence between J(k) and the category & (L)?
of objects in F(L) admitting the data D. In particular, this would mean that for any X € Ob(J(L))
we can say whether it “comes from” an object in F(k) by verifying whether X admits D. See
[GS18], Chapter 2, for a more formal description of this idea in the setting of categories fibered
over the category of fields and [Vis05] for a more general setting.
The following is well-known (see [GW20], Section 14.20).

Proposition 3.5. Let L/k be a finite Galois extension with I' := Gal(L/k). The category of quasi-projective
k-schemes is equivalent to the category of quasi-projective L-schemes equipped with a semi-linear T-action.

The purpose of the remainder of this section is to extend [Proposition 3.5/to the case of quasi-

projective schemes equipped with an action of a finite group.
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Let G be a finite group. Let k be a field, k a fixed algebraic closure, kP C ka separable closure,
and L/k a field extension. If L/k is Galois, we also identify Gal(L/k) with Autgpe.(k)(Spec(L)).

Definition 3.6. Let (X, x) be an (L, G)-scheme. A k-form of (X, ) is a (k, G)-scheme (Y, 3) such
that the (L, G)-scheme (Y xj Spec(L), 3 x idy ) is isomorphic to (X, ). The set of isomorphism
classes of k-forms is denoted by FormL(X, o).

Lemma 3.7. Let f,h: X — Y be morphisms of k-schemes. Then f = h if and only if fi = hy.

Proof. Since Xp — Xis surjective, fi = h implies that f and h agree on the underlying topological
spaces. Thus we may restrict to affine open covers of X and Y, reducing the problem to the case
of k-algebras A, B. But for each k-algebra homomorphism ¢: A — B we have a commutative
diagram

A— ARy L

| e

Be—— B®k]_

where the horizontal maps are injective homomorphisms: since A (resp. B) is a k-vector space,
hence flat, and k < L is injective, the canonical map A = A ®y k — A ®x L is injective. If
@,P: A — B satisfy @1 =1, then the injectivity forces ¢ =1. Thus fy = hy implies f =h. O

Corollary 3.8. Let (X, &) bea (L, G)-scheme and (Y, 3) € Formk(X, «). Then o is faithful if and only if
B is faithful.

Proof. Let f: (Y1, Br) — (X, &) be an (L, G)-isomorphism. Since f is G-equivariant, it conjugates

Br(g) to a(g) for every g € G, hence ker(«) = ker(B1 ). Moreover, by Lemma 3.7 applied to 3(g)
and idy we have 3(g) = idy if and only if 31 (g) =idy, for g € G. Hence ker(f3) = ker(By). O

Let L/k be a finite Galois extension with I' := Gal(L/k). For o € I and an L-scheme X, write
X=X Xspec(L), o Spec(L). For any morphism of L-schemes f: Y — Z, we write o(f): °Y — “Z or
°f for its base change along o. If x: G — Auty (X) is an action, write ox(g) := o(a(g)) € Autr (°X).

Definition 3.9. Let (X, ) be an (L, G)-scheme. A G-equivariant descent datum on (X, «) is a family
of L-isomorphisms t5: “X — X such that

(1) tgr=tgo % forallo,TeT;
(2) tgo(ox)(g) =a(g)otsforalloeT, ge G.
Note that (2) says precisely that each i is an (L, G)-isomorphism (°X, cot) — (X, ).

Fix a (not necessarily G-equivariant) descent datum . = (1) for the underlying L-scheme
X. Define (0)'(g) = 0 (oa)(g) o 15! € Auty(X) for o € T, and for u € Auty (X) define the
transported action “u := 150 0(u)o 51 € Auty (X).

Theorem 3.10. Let L/k and G be as above, and let (X, ) be a quasi-projective (L, G)-scheme. The
following are equivalent:

(1) Formk(X, ) #0;
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(2) (X, «) admits a G-equivariant descent datum;
(3) there exist (L, G)-isomorphisms @ : (X, o) — (°X, o) such that @ ox = “pr0 @y forall o, T €T.
If X admits a (not necessarily G-equivariant) fixed descent datum (1), then (1)—(3) are also equivalent to:

(4) there exist a, € Auty (X) such that (ca)'(g) = a;' a(g) ag forall g € G and agr = a5 0 “ar
forallo,TeT.

Proof. (2) = (3). Assume (L¢) is a G-equivariant descent datum on (X, «). Set @ == 151 X —

-1 _

9X. Taking the inverses of both sides of the cocycle identity tsr = L5 0 %l gives @or = g7 =

(Ow) " logt = (17 o5t = %@ 0 @, where we used that base change commutes with inversion.

=1 1oafg),ie.

Conjugating the relation 1, o (ot)(g) = «(g) o Ly by 15! yields (oa)(g) o 15
(cx)(g) o @5 = @5 0 x(g). Hence @s: (X, ) — (°X, 0x) is an (L, G)-isomorphism.

(3) = (2). Conversely, assume we are given (L, G)-isomorphisms ¢s: (X, x) — (°X, oa)
such that @or = %@ 0 @4. Define 15 :== @' °X — X. Taking the inverses of both sides of

U= 150%p7!) =t 0 %y, 50

the cocycle identity for (@) yields tor = Por = @5 0 (@)™
(1s) satisfies the descent cocycle condition. Moreover, since each ¢ is G-equivariant we have
(0)(g) 0 @5 = @& 0 x(g). Composing on the left and on the right by ¢! gives 1, o (ca)(g) =
a(g) o Ly, 50 (Ly) is a G-equivariant descent datum.

(1) = (2). Choose a k-form (Y, 3) € Formt(X, «) and an (L, G)-isomorphism f: (Y, 1) —
(X, ). Let d5: °(Yr) — Y1 be the canonical descent datum on Y| coming from the k-structure
of Y,ie. 55t = 8y 0 %+. Define 1y := fodyo0% ! : °X = X. Then (1) satisfies the cocycle
condition because (84)s does. Moreover, since 3 is defined over k, the canonical descent maps 84
commute with 31 (g) forall g € G, hence

o 0 (0x)(g) =fodyo % toa(ag))
=fobdgo0(pr(g)) o
=fopBr(g)odso0 !
= afg) o Lo,
so the family is G-equivariant. Thus (X, &) admits a G-equivariant descent datum.

(2) = (1). Assume (is)¢ is a G-equivariant descent datum on (X, x). By the equivalence
(2) <= (3), a G-equivariant descent datum on (X, &) provides, in particular, a semi-linear I'-action

on the underlying L-scheme X defined by ¢ := (5 '. Hence, by [Proposition 3.5, there exists a

quasi-projective k-scheme Xy and an L-isomorphism 0: Xg x Spec(L) — X such that the induced
descent datum on X agrees with (15). By definition cx(g) = o(x(g)) as an element of Auty (°X),
hence 15 0 0(x(g)) = x(g) o s for all o € T by G-equivariance. Thus each «(g) is '-equivariant
with respect to (1), hence descends uniquely by the full faithfulness of the descent equivalence

in [Proposition 3.5/to an automorphism o(g) € Auty (Xp).

It remains to check that g — «¢(g) is a group action. For g,h € G, we have an equality of
L-automorphisms of X:

(xo(gh))r = ax(gh) = «(g) o «x(h) = (xp(g))1 o (xo(h))L = (xo(g) 0 xg(h))r.

It follows by [Lemma 3.7 that xo(gh) = xo(g) o &o(h). Similarly, (ep(1))r = «(1) = idx implies
op(1) = idx,. Hence «p: G — Autx(Xp) is a group homomorphism. Therefore (Xo, x) is a

(k, G)-scheme and (Xo, xp)r = (X, «), i.e. a k-form. Thus FormE (X, «) # 0.
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(2) = (4). Lety = (Ps) be a G-equivariant descent datum on (X, ). Define a, :=

P o gl € Auty (X), so that Py = ag o t,. Using the cocycle relations Pgr = P 0 (<) and

—1 1

gt = o(17!) o 15!, we compute:

—1
Aot = Yot 0 lyr

= (Yoo o)) o (o(tz") o tg")

= (acoto) oo(ar o) ool ) oty

=agolgoo(ag)o Lgl

=as0%a;.
For the conjugacy relation, we use the G-equivariance s o o(x(g)) = x(g) o P
1

(0x)'(g) = tg 0 o(x(g)) o 1y

- agl o(agotg)oo(a(g)) oty

1

1

=a,' oo o(x(g)) oty
=a,' ox(g)oPgoty’
= agl oa(g)oag.

1

(4) = (2). Conversely, assume there exist a, € Auty (X) such that (cx)‘(g) = a5 o x(g)oag

and agr = ag 0 “ar. Define Py := ag o tg: °X — X. The cocycle identity for (1) follows by
expanding the transported action “a-:

Yor = Aot O Lo
= (ag o %a<) o (tg 0 o(tr))
= ago(lgoo(ar)otg!) oty o o(ty)
=agolgoo(aroty)

= 1o o o).

Finally, recognizing that 15 o 0(x(g)) = (ocx)*(g) o L5 by definition, we verify G-equivariance:

Yo oo(x(g)) = asotsoo(a(g))
=ago(oa)'(g)ots
=ago(a, oafg)oas)ots
=x(g)oag oty
= alg) oo

Hence () is G-equivariant, so \ constitutes a G-equivariant descent datum on (X, o). O

Corollary 3.11. Assume given a G-equivariant descent datum v = (1) on (X, «). Let A := Autf (X, )
and define a left T-action on A by “u = ;o o(u) o ;! forall o € T, w € A. Then there is a natural
bijection of pointed sets ©,: FormL(X, o) — HY(T, A).

Proof. Note that I' does indeed act on Auty (X) by the given formula because of the cocycle

condition, and this action is on A because t is G-equivariant. Since ( is G-equivariant, we have

(0x)'(g) = s o o(ex(g)) o tg' = ax(g) forall o € T, g € G. Thus condition (4) of Theorem 3.10
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for the reference datum t reads: there exist a; € Auty(X) with a;' «(g) as = «(g) for all
g € G, and agr = ag o ar. The first condition says exactly a; € A, and the second says
(ag) € Z!(T, A). Conversely, every (c,) € Z!(T, A) satisfies these two conditions. Hence by the
equivalence (2) <= (4), the G-equivariant descent data on (X, «) are in bijection with Z!(T, A),
via ' = (cq =] 015 h).

We claim that two G-equivariant descent data (" and (" yield isomorphic k-forms if and
only if the corresponding cocycles are cohomologous. Indeed, let (Y’,3’) and (Y”, ") be the
k-forms obtained by descending (X, «) via " and (" respectively, with (L, G)-isomorphisms
0 (Y{,B{) — (X, &«)and 0”: (Y, B{) — (X, ). If P: (Y, ') = (Y”, ") is an isomorphism
of (k, G)-schemes, then 1 := 08" o o (8')~! € A. Since P is compatible with the descended

1 1,m

data, we have uwo (/. = o o(u) for all ¢ € T, and therefore ¢, = [ 15! = u Mo(u)i;! =

u~lc”%u, so the cocycles are cohomologous. Conversely, if c/; = u~! ¢/ “u for some u € A, then
0" Touod’: Y[ — Y['is an (L, G)-isomorphism. As uo () = (] o o(u), this isomorphism

is compatible with the descent data t" and (", hence by the full faithfulness of the equivalence

in [Proposition 3.5|it descends to a k-isomorphism w: Y/ — Y”. Since u € A, the base change
U = (0”)"' ouo 0’ is G-equivariant, and therefore T is G-equivariant by [Lemma 3.7 Thus it is
an isomorphism of (k, G)-schemes. Combined with Theorem 3.10} this establishes the bijection
O.: Form{;(X, «) = HY(T", A), with base-point corresponding to t. O

3.3. COHOMOLOGY OF PROFINITE GROUPS

In this section we will extend [Theorem 3.10| and [Corollary 3.11] for the case where L/k is the

separable closure. We will not go into detail and will only provide sketches of proofs. For
reference and details on cohomology of profinite groups see [RZ00]]; [NSWO08||, Chapter 1; [Ber10],
Chapter 2; [Ser02], Chapter 1. For infinite Galois theory, see [Ber10], Chapter 2; [Sta26, Tag 0BMI].

Definition 3.12. A topological group G is called profinite if it is isomorphic to the cofiltered inverse
limit of an inverse system of discrete finite groups (f){: Gj — Gi)igj indexed by (I, <), i.e.

G=1limGi = {(Qi)iel € [1Gi: fl(g;) = g foralligj} ,

iel
equipped with the subspace topology inherited from the product.
Lemma 3.13. Let G be a topological group. The following are equivalent:
(1) G is profinite;
(2) G is isomorphic to the inverse limit of an inverse system of discrete finite groups;
(3) G is Hausdorff, quasi-compact, and totally disconnected.
Proof. See [Sta26, Tag 08ZY], [Sta26| Tag OBR1]. O

In particular, we will use the following fact. If G is a profinite group and NOS(G) is the directed

set of its open normal subgroups ordered by U XV <= U2V, then G =lim -, G/U.

(G)

Proposition 3.14. The absolute Galois group of a field is profinite.
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Proof. Let k be a field, fix a separable closure k°F, and set ¢ := Gal(k*f/k). Endow [ with
the Krull topology, i.e. for each finite Galois extension L/k inside k°P, the subgroup I /1 =
Gal(k%P /L) C T is declared to be open, and these subgroups form a neighborhood basis of 1. For
such L/k, restriction defines a surjective homomorphism pr : I'c - Gal(L/k) whose kernel is
Iesp /1 - The maps pr are compatible as L varies, hence induce a homomorphism

N — lim Gal(L/k).
L /k finite Galois
This map is injective because an automorphism of k°F is determined by its restriction to the
union of the finite Galois subextensions, and it is surjective because a compatible family of
automorphisms on all finite Galois subextensions uniquely determines an automorphism of k°P.
The target is an inverse limit of finite discrete groups, hence profinite, and the above map is an
isomorphism of topological groups by construction of the Krull topology. ]

Let G be a profinite group. A discrete G-group is a group H endowed with the discrete topology
together with a continuous action map G x H — H. For a discrete G-group H, we define C™(G, H)
to be the set of continuous maps G™ — H and define Z™, H™ (n = 0, 1, 2) exactly as in the case of
discrete groups (and we assume H abelian when n = 2). In low degrees, all constructions from
the discrete case that we considered above carry over verbatim once one keeps track of continuity;
thus, by abuse of terminology and notation, we mostly suppress mentions of continuity.

Proposition 3.15. Let G = @1{ Gi with projections pi: G — Gy, and let NOS(G) be the directed set of
open normal subgroups ordered by U <V <= U D V. For n = 0,1, 2 there are natural isomorphisms
of pointed sets

Hn(G, H) = li_l’I)luGNOS(G]Hn(G/u, Hu) = li_H}Hn(Gi, err(Pi)) .

Proof. (Cf. [NSWO8]], Proposition 1.2.5.) Let U € NOS(G). For the quotient map qy: G — G/U
and ¢ € C™(G/U, HY), define the map infy (c) € C™(G, H) by

(91,---,9n) = clqulgr),...,qulgn))),

where t: HY < H is the inclusion. This sends cocycles to cocycles and respects the cohomology
relation, hence induces a map infy : H*(G/U, HY) — H™(G, H). Every continuous cocycle and
every cochain defining a coboundary factors through (G/U)™ for some U and takes values in
HY. Moreover, the maps infy; are compatible with the transition maps for V C U. It follows
that the induced map m H™(G/U,HY) - H"(G,H) is bijective. Finally, the subfamily {ker(pi)}
is cofinal in NOS(G) since every finite quotient G/U factors through some G;, so the second
isomorphism holds. O

We can extend our classification of k-forms of finite group actions on quasi-projective schemes
from finite Galois extensions to the separable closure. As in the previous section, let G be a finite
(discrete) group. Let k be a field, k a fixed algebraic closure, k°F C ka separable closure, and L/k
a field extension. If L/k is Galois, we also identify Gal(L/k) with Autspec(k) (Spec(L)).

Definition 3.16. Let I' := Gal(k®P /k) and let (X, &) be a (k°P, G)-scheme. A continuous G-equivariant
descent datum on (X, «) is a family (t5: “X — X)ser of k®P-isomorphisms satisfying conditions
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(1) and (2) of together with the following continuity condition: there exists a
finite Galois subextension L/k of k°F/k and a G-equivariant descent datum (t;)regai(1 /) On an
(L, G)-model of (X, ) such that  is the base change of L;h to k°P for every o € T

Corollary 3.17. Let (X, ) be a quasi-projective (k°P, G)-scheme and T" := Gal(k°P /k).

(a) The equivalences of (1)~(3) in[Theorem 3.10|remain valid with L = k°P, provided " G-equivariant
descent datum” is replaced by “continuous G-equivariant descent datum”. Moreover, if X admits a
fixed continuous descent datum (1), then these conditions are also equivalent to (4), where o — as
is required to be continuous and Autyse (X) is given the discrete topology.

(b) If (X, «) admits a continuous G-equivariant descent datum , set A = AutSsp(X, o) with the
l-action °u = 1, o o(u) o 15 1. Then there is a natural bijection of pointed sets Form‘]fp(X, o) =

H(T, A).

Proof. Since X is of finite type over k°F and G is finite, there exists a finite Galois extension Ly/k
inside k*F and a quasi-projective (Lo, G)-scheme (X, otg) with (Xo, oto)xse = (X, &). See [Sta26, Tag
0171], [Sta26| Tag 01ZL].

The equivalence (2) <= (3) is formal, exactly as in the families (1,) and
(@o = 5) are related by inversion, and continuity is preserved. For (1) = (2): given a k-form
(Y, B), the isomorphism (Yisp, Bisr) = (X, ) spreads out to some finite Galois L D L (that is, is
the base change of an (L, G)-isomorphism between schemes of finite type over L, since k°F is the
filtered colimit of its finite subextensions). Applying the (1) = (2) direction of
over L and base-changing to kP yields a continuous G-equivariant descent datum. For (2) = (1):
by [Definition 3.16, a continuous datum is the base change of a datum over some finite Galois L/k,
so the (2) = (1) direction of Theorem 3.10|applies directly.

For (2) <= (4): fix a continuous reference datum t. If 1\ is a continuous G-equivariant descent
datum, define ay := Py o 15! € Autyse (X). Then the same formal calculation as in
shows that (ox)'(g) = aglcx(g)ag and agr = ag o ar. Moreover, after enlarging to some
finite Galois extension L/k, both 1 and 1 are base changes of descent data over L, so 0 — a¢
factors through Gal(L/k); in particular it is continuous. Conversely, suppose given elements
as € Autys (X) satisfying the two identities above, and assume in addition that 0 — a¢ is
continuous. Since I is profinite and Autys» (X) is discrete, the image of 0 — a is finite, so after
replacing L by a finite Galois extension L/k large enough, we may assume by spreading out that:

L on an (L, G)-model (Xi, xr) of

(i) the fixed datum ( is the base change of a descent datum
(X, «); (ii) the map o — a¢ factors through Gal(L/k); and (iii) every element in the finite image
of 0 — ag is the base change of an L-automorphism of Xi. Write again a € Autr (Xy) for the
descended automorphism attached to T € Gal(L/k). Since the identities (cx)‘(g) = ag'a(g)ae,
agr = Ag © “ar hold after base change to k°, they also hold over L by [Lemma 3.7, Thus the
family (a<)recal(r k) satisfies condition (4) of for (Xi, o) with respect to -. By
it therefore defines a G-equivariant descent datum over L, and base-changing this
datum to kP yields a continuous G-equivariant descent datum on (X, o).

Now, fix a continuous G-equivariant descent datum t on (X, ) and set A := Aut]?sp (X, «) with
l-action “u := 1, o o(u) o 1;'. By part (a),  descends (X, o) to a k-form (Y, B). Fix a (kP, G)-

isomorphism 0: (Yysp, Bisr) — (X, &) inducing the datum 1. We claim that A is a discrete I'-group.
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Indeed, for any u € A, the automorphism 0 1ub of Yysr descends to some finite Galois extension
M/k because Y is of finite type over k. Then every o € Ty := Gal(k?/M) fixes 0~ 'u6, hence
°u = u. Thus the stabilizer of u is open.

For each finite Galois L/k with Ly C L C k*P, define (X, «1) = (Y,B) xx L, and let -
denote the G-equivariant descent datum on (X, &y ) for the extension L/k arising from the k-
structure of Y, and via 6, its base change to kP is 1. Base change identifies Autf (X, o) with AT,
where Il := Gal(k*P/L): an automorphism of (X, a1 ) becomes an element of A fixed by I, and
conversely any element of A’ descends to an L-automorphism of X; , which is G-equivariant by

Applying(Corollary 3.11|with the reference datum (" yields a bijection
Ou: Form{g(XL, ar) = HYGal(L/k), A™).

For L C L, the transition map on forms sends a k-form (Z,y) of (X, ar) to the same k-
form viewed as a form of (Xy/, a1/) = (Xr,ar) xp L’. The G-equivariant descent datum P
on (Xr/, ar/) induced by (Z,v) is the base change of the corresponding datum Pton (X, or).
Define the cocycle ¢, := P& o (1k)~! for T € Gal(L/k) and ¢/, := {5 o (15) ! for o € Gal(L'/k).
Then ¢/, = (cyy, )1/, which is exactly the image of (c). under the transition map in the direct

system of |[Proposition 3.15 Thus the bijections ©,1 are compatible with the transition maps.

Every k-form (Z,v) of (X, x) arises by base change from a k-form of (X, 1 ) for some finite
Galois L D Ly, by spreading out the isomorphism (Z,y)ws» = (X, &) to a finite extension. Moreover,
the transition maps Form% (Xy, o) — Formk/ (XL, xp /) are injective, since an isomorphism of k-
forms is a k-morphism independent of the extension. Hence Form}fp X, a)= ligL Formk(XL, or).

Combining with the compatible bijections above and [Proposition 3.15|gives

Form{" (X, &) = limH'(Gal(L/k),A™) = H'(T, A). O
L
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4. QUATERNION ALGEBRAS AND QUADRATIC FORMS

We collect some basic definitions and facts regarding quaternion algebras and quadratic forms.
For a general reference on which most of the material below is based, see [Voi21], Chapters 1-8;
see also [Sta26, Tag 073W].

Let k be a field. For simplicity, we assume that char(k) # 2. All k-vector spaces are assumed
to be finite-dimensional, and algebras are assumed to be finite-dimensional and unital. Note,
however, that by a field extension we do not necessarily mean a finite extension.

4.1. CENTRAL SIMPLE ALGEBRAS

Definition 4.1. A k-algebra is simple if it has no two-sided ideal besides the zero ideal and itself.
A k-algebra is central if its center is k, and a k-algebra that is both central and simple is said to be
central simple, or CSA/k for short.

Theorem 4.2 (Wedderburn). The k-algebra A is simple if and only if A = My (D) for some n € Z~¢
and a division k-algebra D. Furthermore, if A = My (D) = M(F) for some n,1 € Z~q and division
k-algebras D, F, thenn =land D = F.

Proposition 4.3. Let A be a k-algebra. The following are equivalent:
(1) the algebra A is CSA/k;
(2) the natural k-algebra homomorphism ua: A @ AP — Endy (A) is an isomorphism;
(3) for every field extension L/k, the L-algebra A @y Lisa CSA/L;
(4) we have A @y k = My, (k) for somen € Z~;

(5) there exists a field extension L/k such that A @y L = My, (L) for some n € Z~y; in this case, L/k
may be chosen of finite degree over X, finite separable or Galois.

Corollary 4.4. Let A, B be central simple k-algebras, then A ®y B is a central simple k-algebra.

Theorem 4.5 (Skolem-Noether). Let f,g: A — B be k-algebra homomorphisms. If A is simple and B is
central simple, then there exists b € BX such that f(a) = b - g(a) - b~ forall a € A. In particular, all
automorphisms of a CSA/k are inner.

Lemma 4.6. Let A, B be CSA/k. The following conditions are equivalent and define an equivalence relation
on the set of isomorphism classes of central simple k-algebras.

(1) A =My, (D)and B = M(D) for somen, 1 € Z~ and a division k-algebra D;
(2) Mi(A) = M;(B) for some i,j € Zo.

We say that two central simple k-algebras A, B are Brauer equivalent if they satisfy the conditions
of[Lemma 4.6] The absolute Brauer group of k is the set Br(k) of Brauer equivalence classes of central
simple k-algebras equipped with the group structure given by the tensor product. In particular,
Br(k) is abelian, the neutral element is given by [k], and the inverse of any [A] € Br(k) is given
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by [A°P] by |[Proposition 4.3(2). Note that for any field extension k < L there is a unique group
homomorphism Br(k) — Br(L) with [A] — [A ®y L]. We define the relative Brauer group Br(L/k)
as the kernel of this unique group homomorphism.

Proposition 4.7 (Jacobson-Noether). Let D be a central division k-algebra. If D is not commutative,
then D contains a non-trivial separable field extension of k. In particular, the Brauer group of a separably
closed field is trivial and we have Br(k) = Br(k/k) = Br(kP /k).

Proof. See [LamO1], 15.11. d

Proposition 4.8. Let L/ be a finite Galois extension. Then Br(L/k) = H?(Gal(L/k),L*). In particular,
one has Br(k) = H?(Gal(k*P /k), (kSP)*).

Proof. See [Sta26, Tag 03R7]. O

4.2. QUATERNION ALGEBRAS

Definition 4.9. A quaternion k-algebra is a CSA/k of dimension 4.
Proposition 4.10. Let A be a k-algebra. The following are equivalent:
(1) the algebra A is a quaternion k-algebra;

(2) there exist i,j € A such that 1,1,j,1j form a k-basis for A and ?=aj>=0b,ji=—ij for some
a,bek*.

(3) there exist i,j € A \ {0} that generate A as a k-algebra and satisfy i> = a, j*> = b, ji = —ij for some
a,be k.

This justifies the following convention: if A is a quaternion k-algebra, then we denote it by

(a,b)x, where a,b € k* are as in|Proposition 4.10

Lemma 4.11. Lef a,b € k*.
(a) The map which interchanges i and j gives (a, b)yx = (b, a)x.
(b) For a field extension L/k, we have (a,b)r = (a,b)i ®x L.

Definition 4.12. Let A be a quaternion k-algebra. An involution -*: A — A on A is a k-linear map
such that (1)* =1, (v*)* =v, and (vw)* = w*v* for all v, w € A. An involution is called standard
if w* e kforallv € A.

Remark. Note that any involution is an anti-automorphism. Furthermore, for a chosen basis

1,1,j,1j of A as in[Proposition 4.10, a standard involution may be given by

vi=t+xit+yj+zij—=vii=t— (xi+yj+zij).
One then has v + v* = 2t € kand w* = v*v =t?> — ax®> — by? + abz? € kfor A = (a,b);.

Remark. If a quaternion k-algebra A has a standard involution, then this involution is unique.
See [Voi21], Corollary 3.4.4.
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Definition 4.13. Let A be a quaternion k-algebra and -*: A — A be a standard involution. The
reduced trace trd: A — kon A is the map v — v 4+ v* and the reduced norm nrd: A — k on A is the
map v +— w*. We write A’ := {v € A : trd(v) = 0}and A! :={v € AX :nrd(v) = 1}.

Remark. We see that A’ C Aisa k-subspace and Al C A% is a normal subgroup, and we have
an exact sequence of groups 1 — Al 5 Ax 4 nrd(A*) — 1. Further note that k N A? =0, and

v =trd(v)/2 + (v — trd(v)/2) for any v € A, where trd(v — trd(v)/2) = 0, so we have A = k @ A.
4.3. QUADRATIC FORMS

Definition 4.14. Let V be a k-vector space. A quadratic form q is a map q: V — k such that
(1) q(ax) = a?q(x) foralla € k,x € V;
(2) themap T: V x V — kwith T(x,y) = q(x +y) — q(x) — q(y) is k-bilinear.

The pair (V, q) is called a quadratic space, and T is the associated bilinear form. We say that T is
non-degenerate if for all x € V \ {0} there exists y € V such that T(x,y) # 0, and we call q non-
degenerate if T is non-degenerate. If q is non-degenerate, the discriminant of q is the quadratic
class disc(q) =2~ 9m(V) det(T) € k*/(k*)2.

Definition 4.15. For aj,...,an € k, we write (ay, ..., an) for the quadratic form k™ — k with

(X1, Xn) = @1x3 + -+ anX3.

Remark. Note that for a quaternion algebra A = (q, b)y one has disc((—a, —b, ab)) = (ab)? = 1.

Definition 4.16. Let V, W be k-vector spaces. The quadratic forms q: V — kand q’: W — k are
called similar if there exist a k-linear isomorphism f: V — W and u € k* such that q/(f(x)) =
uq(x) for all x € V. The forms are called isometric and we write ¢ ~ q” if u = 1.

Definition 4.17. Let V be a k-vector space and q: V — k a quadratic form. The general orthogonal
group of q is GO(q, k) = {(f,u) € Aut, (V) x k* : q(f(x)) = uq(x) for all x € V} under compo-
sition. The orthogonal group O(q, k) is the subgroup of GO(q, k) consisting of pairs (f,1) and
the special orthogonal group SO(q, k) is the subgroup of O(q, k) consisting of isometries with

determinant 1.

Definition 4.18. Let V be a k-vector space, q: V — k a quadratic form, and T the associated

bilinear form.

* Letx,y € V. We say that x is orthogonal to y if T(x,y) = 0. For any S C V, we denote the
subspace of V orthogonal to the span of S by S+.

* Let a € k™. We say that q represents a if there exists x € V such that q(x) = a. In this case
we also say that x represents a. We call q universal if q represents every element of k*.

* We say that q is isotropic if there exists x € V with x # 0 and q(x) = 0. In this case we also
say that x is isotropic. If q is not isotropic, we call it anisotropic.

Lemma 4.19. Let q be a non-degenerate ternary quadratic form over k with disc(q) = 1. Then q is
isotropic if and only if q ~ (1, —1,—1).
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Proof. The form (1,—1,—1) is isotropic, since 12 -12—-0% = 0. Conversely, assume that q is

isotropic. Let bq(x,y) := T(x,y)/2 and choose a non-zero vector v € V with q(v) = 0. Since q is
non-degenerate, there exists w € V such that bq (v, w) # 0. Replacing w by w—5 bi((:)v)w)

assume in addition that q(w) = 0, while still b (v, w) # 0. After scaling w, we may further assume

Vv, we may

that bg(v,w) = 1/2. Since bq(v,w) = 1/2 # 0, the restriction of bq to (v, w) is non-degenerate.
Hence (v, w)' is 1-dimensional, so we may choose 0 # u € (v,w)™. Then (v, w,u) is a basis of V.
Moreover, u is anisotropic: if q(u) = 0, then u would be orthogonal to all of V, since it is already
orthogonal to (v, w) and to itself, contradicting the non-degeneracy of q. Thus a := q(u) € k*.
For x,y,z € k, using q(v) = q(w) =0, bgq(v,w) = 1/2, and bq(u,v) = bgq(u,w) = 0, we obtain
qixv +yw +zu) = xy + az’>. Now sete; = v+w, e = v —w, e3 = u. Then (e, ey, e3) is
again a basis, and a direct computation shows that q(xe; +yex + ze3) = x> —y? + az?. Thus
q ~ (1,—1,a). Since disc(q) = 1, we get 1 = disc((1,—1,a)) = —a in k*/(k*)2. Hence —a is a
square in k*, so there exists 1 € k* such that a = —u2. Replacing e; by u, 'e3, we conclude that
q~(1,-1,-1). 0
Definition 4.20. Let V be a k-vector space, q: V — k a quadratic form, and T the associated bilinear

T(v,x)

form. For x € V with q(x) # 0, the reflection in x is the map rx: V — V with r«(v) :==v — 169

X.

Remark. In particular, for any anisotropic x € V we have ry(x) = x—2x = —x and q(rx(v)) = q(v)
forallv € V,so det(ry) = —1 and v € O(q, k) \ SO(q, k).

Lemma 4.21. Let u, w € V be anisotropic with q(u) = q(w). Then there exists f € O(q, k) such that
f(w) = wand f is a product of at most two reflections.

Proof. If u = £w we are done, so assume that u # £tw. Define x := u —w. If q(x) # 0, we have
Tx (W) = u. On the other hand, if q(x) = 0, define y := u+w, so that q(y) = 4q(u) # 0. We obtain
Ty(W) = —u, so Ty (ry (W) = u. O

Theorem 4.22 (Weak Cartan-Dieudonné). Let (V, q) be a non-degenerate quadratic n-dimensional
space. Then every isometry f € O(q, k) is a product of at most 2n — 1 reflections.

Proof. We proceed by induction on n. The base case n = 1 is trivial. Assume that the statement
holds for all dimensions < n. Let f € O(q, k). Choose v € V with q(v) # 0 and put w := f(v),
then q(w) = q(v) # 0. By[Lemma 4.2 there exists s € O(q, k) such that s(w) = vand sisa
product of at most two reflections. Then g := s o f is an isometry with g(v) = v. Now, v! is a
non-degenerate subspace of dimension n — 1, for any anisotropic x € v, the reflection T on V
fixes v, and its restriction to v is exactly the reflection along x in v*. The restriction g |, is an
isometry of the non-degenerate (n — 1)-dimensional space v. By the induction hypothesis, there
exist anisotropic vectors x1,...,xm € v, withm < 2(n —1) — 1, such that g ly1=Tx, 0 0Ty,
as an isometry of v1. For each i, the reflection Tx; on V fixes v, since x; € v1. Hence the product

Tx, O+ 0Ty, agrees with g on both vt andv. AsV = kv @ v, it follows that g = Ty, O OTx,,

1
so g is a product of at most 2(n — 1) — 1 reflections. Since s is a product of at most two reflections,

we conclude that f = s~!g is a product of at most 2n — 1 reflections. O

Remark. The full Cartan-Dieudonné theorem states that every isometry is a product of at most n
reflections. See [Lam05], Theorem 1.7.1.
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Theorem 4.23. Let A be a quaternion k-algebra equipped with a standard involution. Then the conjugation
action Ad: AX — GL(A?), Ad(a)(x) := axa™!, induces a short exact sequence

15k = A 2% 50(nrd |10, k) — 1.

Proof. Put q := nrd |50. Note that g is a non-degenerate 3-dimensional quadratic form, and if
A = (a,b)k then q ~ (—a, —b, ab).

Let a € A*. We first show that Ad(a) preserves A% and q. If x € A?, then x* = —x, and since

* 1 _

a* = nrd(a)a !, we get (axa 1)* = (a)*x*a* = (a*) x*a* = ax*a~ —axa . Hence

axa—! e A% Moreover,

q(axail) =nrd(axa ) = (axa H(axa™)* = (axa ™ H(ax*a ) = a(xx*)a" ! = xx* = q(x).
Thus Ad(a) € O(q, k).

We next show that in fact Ad(a) € SO(q, k). Since determinants are unchanged by scalar
extension, it suffices to compute after extending scalars to a splitting field L/k of A. Then
AL = A ®x L = M;(L), and under this identification the map Ad(a) ®y L is given by X — gXg~!
for some g € GL,(L). As an L-linear endomorphism of Mj(L), this is the composition of left
multiplication by g and right multiplication by g—!. Viewing My (L) = L2 @ L? as the direct sum
of its two columns, left multiplication by g acts as g on each summand, so it has determinant

L acts on the two rows,

det(g)? as an element of GL4(L). Similarly, right multiplication by g~
giving determinant det(g—1)?. Since left and right multiplication commute, the determinant
of conjugation is the product of these determinants. Hence conjugation by g has determinant
det(g)? - det(g~!)? = 1 as an L-linear endomorphism of M (L). Since it fixes the identity and
Ar =L@ (A? @y L), its restriction to A? @y L also has determinant 1. Therefore det(Ad(a)) =1,

so Ad(a) € SO(q, k).

To prove surjectivity, let x € A with q(x) # 0. Since x* = —x, we have x ! = ﬁzx) ==
Also, for v € A?, the associated bilinear form gives T(v,x) = q(v +x) — q(v) — q(x) = —(vx + xv).
Hence the reflection ry evaluates to

T(v,x) VX + XV vx? + xvx
x(V) =v— x=v+ X=v+ ———
q(x) q(x) q(x)
Because x € AY, we have x> = —xx* = —q(x), which simplifies the above to ry(v) = :E’;‘) =

—xvx~ 1. Now, consider the composition of two reflections r, and ry for anisotropic vectors
x,y € AY. Evaluated onv € A°, we have

T (ry (V) = x(—yvy ) = —x(—yvy x T = (xy)v(xy) T = Adxy) (v).

By every element of O(q, k) is a product of reflections. Since each reflection has
determinant —1, every element of SO(q, k) must be a product of an even number of reflections.
Because the product of any two reflections lies in the image of Ad, the product of any even
number of reflections also lies in the image of Ad. Therefore, Ad is surjective onto SO(q, k).

1 — x for all x € AL. Since

Finally, the kernel of Ad consists of those a € A* such that axa™
A=kao Al any such a commutes with all of A, hence lies in the center of A, which is k.

Conversely, every element of k* acts trivially by conjugation. Thus ker(Ad) = k*. O
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Corollary 4.24. The groups GLy(k)/k* and SO(q, k) are isomorphic for q := (1,—1,—1).

=) ()

Then i> = j2 = 1and ji = —1j, 50 A = (1, 1)} is a quaternion algebra. By [Theorem 4.23| conjugation
induces an exact sequence 1 — k* — A* — SO(nrd |50, k) — 1. Since A* = GL;(k), it remains

Proof. Let A := M;(k). Define

to identify the quadratic form nrd | ,0. With respect to the basis 1, j, ij of A% the reduced norm on
(1,1)y is xi +yj + zij — —x* — y? + 22, which is isometric to (1, —1, —1). Therefore

GL,(k)/k* = SO(nrd | 0, k) = SO((1, —1,—1), k). 0

In the sequel we will use the following. See [Voi2l], Chapter 5; [GW20], Sections 8.11-8.13,
14.23; [GS17], Chapters 1, 5, for proofs.

Proposition 4.25. Let A := (a, b)k. The following are equivalent:
(1) A= (L1 =My(k);
(2) the quadratic form nrd ~ (1, —a, —b, ab) is isotropic;
(3) the quadratic form nrd |0 ~ (—a, —b, ab) is isotropic;
(4) the binary form (a,b) represents 1.

Proposition 4.26. For a quaternion k-algebra A, the map A — qa := nrd |0 induces equivalences
between:

(i) the groupoid of quaternion k-algebras with k-algebra isomorphisms;

(ii) the groupoid of non-degenerate ternary quadratic spaces of discriminant 1 with proper isometries (i.e.
isometries of determinant 1);

(iii) the groupoid of non-degenerate ternary quadratic spaces with projective similarities (i.e. k-linear
isomorphisms f with q’(f(x)) = uq(x) for some w € k*, considered up to scalars);

(iv) the groupoid of smooth conics over k with k-isomorphisms.

Since (i)~+(iv) is the most important direction for our purposes, we briefly note that the
construction works by sending a quaternion algebra A to the zero locus of the non-degenerate
ternary quadratic form g, i.e. a smooth conic in P} after choosing a basis and viewing q as a
homogeneous quadratic polynomial in three variables.
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5. REPRESENTATION THEORY

Throughout this chapter, let G be a finite group, and let k be a field. Unless stated otherwise,
we assume that char(k) 1 |G|. Let k% C k be fixed separable and algebraic closures, and set

e := Gal(k°F/k). By every o € I extends uniquely to a k-automorphism of k, so we
may view [ as acting on k.

5.1. LINEAR REPRESENTATIONS

The material of this section is standard. See, for example, [Ser77] and [JLO1]. We mostly provide
sketches of proofs only.

Definition 5.1. A representation of G over k is a group homomorphism p: G — GL(V) for some
finite-dimensional k-vector space V. The dimension of p is the dimension of V. The representation
and semisimple if it is a direct sum of irreducible subrepresentations. For k-vector spaces V and
W, the representations py, pw are isomorphic if there is a G-equivariant k-linear isomorphism
V —» W. In this case we write py =~ pw.

Theorem 5.2 (Noether—Deuring). Let L/k be any field extension. Let A be a finite-dimensional k-algebra,
and let V and W be two finite-dimensional A-modules. If the base-changed modules V @y L and W @y L
are isomorphic as (A ®y L)-modules, then V and W are already isomorphic as A-modules.

Proof. See [LamO1], 19.25. O

Definition 5.3. For any set X, a map f: G — X is said to be a class function if f(h) = f(ghg™1)
forall h,g € G. Let p: G — GL(V) be a representation. The character of p is the class function
Xp: G = k defined by x,(h) := tr(p(h)). The degree of the character x, is the dimension of p. For
class functions:p,lb: G — k, define <(E’¢> = ﬁ 2 heg @(h) P(h~1). Note ’iklat the pairing (-, -)
is a symmetric k-bilinear form on the k-vector space of class functions G — k.

Remark. By a standard abuse of notation, we will often refer to the underlying vector space V as
“the representation V” when the homomorphism p is understood from context. In particular, we
write V = W to mean that the corresponding representations are isomorphic.

Remark. Note that we assume (by definition) that all representations are finite-dimensional. From
now on, unless stated otherwise, representations are taken over k.

Theorem 5.4 (Maschke). Every k-representation of G is semisimple.

Proof. Let p: G — GL(V) be a representation and W C V a subrepresentation. Choose any
k-linear projection p: V. — W. Since char(k) { |G|, the scalar |G|~! exists in k, and the map

P = H@ 2 heG p(h)~!1p p(h) is G-equivariant. Moreover, plw = idw, so V = W @ ker(p) with
ker(p) again G-stable. An induction on dimy V now yields the claim. O

Lemma 5.5 (Schur). Let V and W be irreducible k-representations of G. Then any nonzero G-equivariant
linear map V. — W is an isomorphism. In particular, since we are working over k, any G-equivariant
linear map V — V is a scalar multiple of the identity.
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Lemma 5.6. If p and p’ are semisimple k-representations of G, then p ~ o’ if and only if xp = X In
particular, irreducible representations are determined up to isomorphism by their characters.

Proof. 1f V and W are representations with characters xv and xw, define P: Homy(V,W) —
Homk(V W) by P(f) = ‘G‘ > hegPw(h)ofo pv(h)~1. Then P is a projection onto the space
I—Iom (V, W) of G-equivariant k-linear maps, hence dimy; Hom (V,W) =tr(P) = (xw, xv). If V
and W are irreducible, Schur’s lemma gives

1, v=W,

(Xw,xv) = dimg Hom? (V, W) =
0, VZW.

Now write p >~ @; mipi, p’ =~ @; m]p; with pairwise non-isomorphic irreducibles p;. Then
mi = (Xp,Xp:)» M = (Xp’, Xpi)- Thus X, = X, implies my = m/ for all i, hence p ~ p’. The

converse is immediate. O

Definition 5.7. Let p: G — GL(V) be a k-representation and let o € I.. The Galois twist “p of p
is the representation on °V =V @y k given by “p(h) := p(h) ® 1. In a chosen basis, “p(h) is
obtained from p(h) by applying o to all matrix entries.

Lemma5.8. If o € I and h € G, then xo,(h) = o(x,(h)).

Proof. Choose a basis of V. By definition, the matrix of “p(h) is obtained from that of p(h) by
applying o entry-wise, and trace commutes with this operation. O

Lemma 5.9. Let p be an irreducible k-representation of G. Then for any o € Ty one has ®p ~ p if and
only if Xp = o(Xp).

Proof. To see that “p is irreducible, let U C °V be a non-zero G-stable subspace. Twisting by o !

yields a nonzero G-stable subspace © 'U C ' (°V) = V. Since p is irreducible, we get © 'U =V,

hence U = °V. Thus °p is irreducible.

By[Lemma 5.6, we have “p ~ p <= Xo, = X,, and by[Lemma 5.8 we have xo,(h) = o(x,(h))
for all h € G. Therefore °p >~ p <= 0(Xp) = Xp- O

5.2. PROJECTIVE REPRESENTATIONS OF As

The content of this and the next sections is based on the standard classification of finite subgroups
of PGL;(k), as presented for example in [Bea]. We refer to [Fab23] for history and an overview of
this classification.

Deﬁnition 5.10. A projective representation of G over k is a group homomorphism b G— PGL (k).

same degree are called isomorphic if they are conjugate in PGLy, (k), i.e. if there exists a € PGLy, (k)
such that, for any g € G, one has p(g) = ap’(g)a—'.

Assume for the remainder of the chapter that char(k) ¢ {2,3,5}. We write m: SLy(k) —
PGL; (k) for the natural map. Since k is algebraically closed, 7 is surjective: if A € GLy(k),
choose A € k™ with A2 = det(A)~!. Then AA € SL,(k) and [AA] = [A] € PGL, (k). Moreover
ker(m) = {£I}.
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Definition 5.11. A group G is called perfect if its abelianization G/[G, G], where [G, G] is the
subgroup generated by all the elements of the form [g, h] := ghg~'h ™!, is trivial; equivalently, if
all its abelian quotients are trivial.

Lemma 5.12. Let K be any field. If G is perfect, then every homomorphism G — K* is trivial. In
particular, every 1-dimensional representation of G is trivial.

Proof. Since K* is abelian, any homomorphism G — K* factors through the abelianization
G/[G, G], which is trivial. ]

Proposition 5.13. Up to isomorphism of central extensions, there is a unique non-split central extension
1—>{il}—>,7l;—>A5—>1.
Moreover, one has :4v5 = SL,(Fs).

Proof. The center of SLy(Fs) is {£I}, and hence
1 — {£I} = SL,(F5) — PSL,(F5) — 1
is a central extension. Since PSL;(Fs5) = As (see [Suz82], Section 3.2), this yields a central extension
1 — {£I} — SLy(F5) — As — 1.

We claim that this extension is non-split. Indeed, suppose it were split. Then there exists a
subgroup H C SL;,(Fs5) mapping isomorphically onto As. Since H N {£I} =1, we have —I ¢ H.
But —I is the unique element of order 2 in SL,(F5). To see this, let A € SLy(F5) satisfy A2 =1
Since char(Fs) # 2, the polynomial x> —1 = (x—1)(x + 1) has distinct roots, so A is diagonalizable
with eigenvalues in {+-1}. Because det(A) = 1, the eigenvalues are either (1,1) or (—1, —1), hence
A =1Ior A = —I. So H contains no involution, which contradicts the fact that .45 has involutions.

Finally, it is known that As has, up to isomorphism, a unique non-split central extension by
a cyclic group of order 2, customarily denoted 2. As; see [Suz82|, Sections 2.9 and 3.2. Since we
have already exhibited such an extension using SL,(Fs5), it follows that ,15 =2 A5 = SLy(F5). O

Corollary 5.14. The group SLy(Fs) is perfect.

Proof. Let E := SLy(F5), let Z := {+I}, and let D := [E, E]. Since E/Z = A5 and As is perfect, the
image of D in E/Z is all of E/Z. Equivalently, DZ = E. Assume for contradiction that D # E.
Then E/D is nontrivial. On the other hand, since DZ = E, the natural map Z — E/D is surjective,
so E/D = Z/(ZN D). Because |Z| = 2, it follows that |E/D| < 2. As E/D is nontrivial, we must

therefore have [E/D| =2.1f Z C D, then DZ = D, contradicting DZ =Eand D # E. Hence Z Z D.

Since |Z| = 2, this implies D N Z = 1. Therefore D — E/Z is injective, and because the image of D
in E/Z is all of E/Z = A5, this map is in fact an isomorphism D = E/Z = As. Thus the quotient
map E — E/Z = Ajs restricts to an isomorphism D — A5, so the extension1 - Z - E = A5 — 1

splits. This contradicts|[Proposition 5.13| Therefore D = E, so E is perfect. O

Lemma 5.15. Every faithful 2-dimensional k-representation of SLy(Fs) is irreducible.
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Proof. Let p: SLy(F5) — GL;(k) be faithful. If p were reducible, then Maschke’s theorem would
imply that p is a direct sum of two 1-dimensional representations. Since SL,(Fs5) is perfect by

[Corollary 5.14, by [Lemma 5.12|we obtain that every 1-dimensional representation is trivial. Hence

p would be trivial, contradicting faithfulness. O

Remark. Since char(k) { 120, Maschke’s theorem implies that k[.As] and k[SL,(FF5)] are semisimple.
As k is algebraically closed and char(k) is prime to their group orders, it is a splitting field for both
groups. Hence the irreducible degrees are the same as in characteristic 0, and the usual ordinary
character tables may be used, with the cyclotomic values taken in k. See [Isa76], Chapters 9, 15.

Remark. For the sake of completeness and reader’s convenience, the character tables for Ay, As,

and SL,(Fs) are reproduced in

Proposition 5.16. Over an algebraically closed field of characteristic prime to 60, the irreducible character
degrees of As are 1, 3, 3,4, 5. In particular, As has no faithful 2-dimensional linear representation.

Proof. This is the ordinary character table of As, see Since every representation is
semisimple by Maschke’s theorem, a 2-dimensional representation would have to be a direct sum
of irreducibles of total degree 2. As there is no irreducible of degree 2, it would be a direct sum of
1-dimensional representations. Since the only irreducible character of degree 1 is the trivial one,
such a representation would be trivial, hence not faithful. O

Proposition 5.17. Ouver an algebraically closed field of characteristic prime to 120, the group SLy(Fs)
has exactly two isomorphism classes of faithful irreducible 2-dimensional representations. Denote them by
V. and V_, with characters x4 and x_. Fix a conjugacy class of elements of order 10 in SLy(Fs), say the
class 10A in the notation of After suitable labeling, if § belongs to this class, then
1+v5 (G) 1-5

2 ’ X-\9) = 2 .
Proof. Consider the ordinary character table of SL,(FF5) = 2. A5, see(Table A.3| There are exactly
two irreducible characters of degree 2. Let p be a faithful 2-dimensional representation of SL;(Fs).

By|Lemma 5.15| p is irreducible, so its character is one of those two degree-2 characters. It remains
to check that these two irreducible 2-dimensional representations are faithful. Let x be one of

X+(9) =

the two degree-2 characters and let p, be the corresponding representation. If g € ker(py),
then py(g) = I, so x(g) = tr(Io) = 2. But from the character table one sees that the value
2 occurs only on the identity class. Therefore ker(p,) = 1, so both degree-2 irreducibles are
faithful. Denote these two representations by V and V_, with characters x; and x_. Let § be any

element of the conjugacy class 10A. Its image in SLy(Fs5) /{£I} = As has order 5, hence is a 5-cycle.
_ 1+V5
=1

x-(g) =155, O

Reading off the character table, and labeling the two rows appropriately, we get x(§)

For o € Tk and an embedding t: H < PGL;(k), we write °t: H < PGL;,(k) for the embedding
obtained by applying o to the coefficients of matrix representatives. This is well defined because
scalar matrices are sent to scalar matrices.

Proposition 5.18. Let v: As < PGLy(k) be an embedding. Then the full preimage (U As)) is
a central extension of As by {+1}, and this extension is non-split. Hence 7t~1(1(As)) = SL,(Fs). In
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particular, after identifying 7' (.(As)) with SLy(Fs) compatibly with the quotient map to As, the

inclusion gives a faithful representation p: SLy(FF5) — SLy(k) such that to p = 1o (SLy(F5) — As).
Proof. The subgroup 1 (1(Asz)) fits into an exact sequence
1—{+D =7 ((A5) = A5 = 1,

and the kernel is central. If this extension were split, then 7t (1(As)) would contain a subgroup

isomorphic to As mapping isomorphically onto t(As). Its inclusion into SL, (k) would then yield a

faithful 2-dimensional linear representation of .As, contrary to[Proposition 5.16| Thus the extension

is non-split. The last claim now follows from [Proposition 5.13| O

Lemma 5.19. Let 1, /: As < PGLy(k) be embeddings, and let p, p’: SLy(Fs) < SLy(k) be faithful lifts
as in|Proposition 5.18} Then vand ' are conjugate in PGLy (k) if and only if p ~ p’ as k-representations
Of SLZUFS).

Proof. Assume first that .’ = MM ™! for some M € PGL;,(k), and choose a lift A € GL;(k) of M.
For every § € SL,(Fs), the matrices p’(§) and Ap(§)A~! have the same image in PGL;(k), hence
differ by a scalar: we have p’(g) = A(g) Ap(§)A~! for some A(g) € k™. Since both p and p’ are
homomorphisms, A: SLy(Fs5) — kK isa group homomorphism. Because SL,(F5) is perfect by
it follows fromthat A is trivial. Thus p’(§) = Ap(§)A~! for all g, so
p~p.

Conversely, if A: p — p’ is an isomorphism of representations, then p’(§) = Ap(§)A ! for

all g, and passing to PGL; (k) shows that t and (' are conjugate. ]

Definition 5.20. Let p: G — GL(V) be a k-representation. The projectivization of p is the projective
representation p: G — PGL(V) obtained by composing p with the natural quotient map GL(V) —
PGL(V) = GL(V)/k .

Theorem 5.21. Over k, there are exactly two isomorphism classes of faithful 2-dimensional projective
representations of As. They are the projectivizations of the faithful irreducible 2-dimensional representations
V4 of SLy(Fs5), and these projectivizations factor through SLy(Fs) /{£1I} = As.

Proof. First note that the projectivizations of V. and V_ do indeed define faithful projective
representations of As. Let p4: SLy(F5) — GL(V+) be the corresponding faithful irreducible
2-dimensional representations. Since the central element —I € SL,(F5) commutes with every
group element, Schur’s lemma implies that p (—1) is a scalar. Because p is faithful and (—1)? =1,
this scalar must be —1. Conversely, if g € SLy(Fs5) maps trivially in PGL(V4.), then p (g) is scalar,
and we have p4([g, hl) = I for all h € SL,(F5). Since p is faithful, this implies that g is central in
SL,(F5), hence g € {£I}. Hence the induced homomorphism SL;(F5) — PGL(V4) kills exactly
the subgroup {+£I}, and therefore factors through SL,(F5)/{£I} = As. This gives faithful projective
representations of As, namely the projectivizations of V., and V_.

Conversely, let t: As < PGL; (k) be a faithful projective representation. By [Proposition 5.18,

it lifts to a faithful 2-dimensional representation p: SLy(F5) — SL;(k). By [Lemma 5.15| the
representation p is irreducible, hence by [Proposition 5.17|we have p ~ V_ or p ~ V_. Therefore

is isomorphic to the projectivization of V. or of V_ by [Lemma 5.19
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Finally, these two projective representations are not isomorphic. Indeed, let p+: SL,(F5) —
GL; (k) be the corresponding faithful irreducible representations. Since detop : SLy(Fs) — K~

is a homomorphism and SL,(Fs) is perfect by (Corollary 5.14} |Lemma 5.12|implies that det op is

trivial. Hence p1 in fact take values in SL;(k), so they are faithful lifts of their projectivizations
in the sense of [Lemma 5.19| If the projectivizations of V. and V_ were conjugate in PGL,(k),

then [Lemma 5.19) would imply that V. = V_ as k-representations of SL;(Fs), contradicting
[Proposition 5.17| Hence there are exactly two isomorphism classes. O

Remark. Note that|{Theorem 5.21| concerns embeddings of the abstract group As into PGLy(k) up

to conjugacy, not merely conjugacy classes of subgroups of PGL, (k) isomorphic to As. Indeed,
if H C PGL,(k) is a subgroup with H = A5, then two isomorphisms ¢1, ¢2: As — H yield
two embeddings u, 1o: As < PGL,(k), and these need not be conjugate in PGL; (k). Thus it is

possible that there is only one conjugacy class of subgroups isomorphic to As in PGL; (k) (which
is indeed the case: see [Beal], Theorem 4.2), while there are two conjugacy classes of embeddings
of As into PGL,(k). Conceptually, the two embedding classes arise because Z/2Z is the outer
automorphism group of As, though we will not explore this perspective here.

Lemma 5.22. Let ¢ € k be a primitive fifth root of unity and set t := (+ (L. Then t* +t—1 = 0.
Consequently, since char(k) # 2,5, one has t € k if and only if \/5 € k.

Proof. Using (43424 0+1 = 0, one checks that ({+ 1)2+(Z+¢1)—1 = 0. The discriminant
of X2 +x — 1 is 5, so the polynomial has a root in k if and only if v/5 € k. O

Lemma 5.23. The two faithful projective representation classes of G = As over k admit representatives
B1,P2: G— PGLz(kSp).

Proof. Since char(k) # 5, the polynomial X* + X3 + X2 + X + 1 is separable, so kP contains a
primitive fifth root of unity. Fix a primitive fifth root of unity ¢ € k°F, and for m € {1, 2} set

moee (T ) (0
Um = Cm +C m, Sm = , Tm =
1 —un o ¢cm™

and let s, tm € PGLy(kP) be the classes of Sy, Ty, (note that det(S;,) = —u2, —1 = um —2 # 0).
For m € {1,2}, the element (™ is again a primitive tifth root of unity, SO U = (™ + (™ satisfies
W tun,—1= Obym Lemma 5.22| Now S%, = (u2, + 1)Ip, so s3, = 1in PGLy(k*P). Also T3, = I,
hence t?n = 1. We claim that t,, has order 5. Indeed, T, is diagonal with eigenvalues ("™ and
(™, soits class in PGLy (k) is determined by the ratio of these eigenvalues, namely ™. For
m = 1,2, the element (*™ is again a primitive fifth root of unity, hence has order 5. Therefore t,
has order 5 in PGL,(k*P). Now, set

Moy e STy — [ 4mC ¢ .
cm *U-mc_m

Its trace and determinant are tr(M,) = wum (C™ — ¢ ™), det(My,) = —(u?, + 1). Using (¢™ —
C*m) =ul —4, wegettr(M )2 =u? (u%n—4) = u? —4u2 . Since u?, +um —1 =0, we have

—3u?, +1=0,hence u}, —4u? = —(u?, +1) = det(M,,). Therefore tr(My,)? = det(M,).
By Cayley-Hamilton, we have M?%, — tr(My )My, + det(My,)I, = 0. Multiplying by M, and
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using tr(Mm)? = det(M) yields M3 = —tr(My,) det(M,) I. Thus (s;mtm)® = 1in PGL,(kP).
Hence the assignment a — s, b — t;, defines a homomorphism f.,: A5 — PGLy(k°F) by
using the standard presentation As = (a,b | a> = b° = (ab)® = 1) (see [Suz82|, Section 3.2). This
homomorphism is non-trivial because t,, has order 5. Since As is simple, the kernel is trivial, so
Bm is faithful.

Finally, via the natural inclusion PGL,(k°P) — PGL, (k), we may also view 31 and 3, as
faithful projective representations over k. We claim that they are not conjugate in PGL; (k).
Indeed, two diagonalizable elements of PGL, (k) are conjugate if and only if they have the same
ratio of eigenvalues up to inversion, because conjugation in GL; (k) preserves eigenvalue ratios.
For Ty, this ratio is (2, so its conjugacy class corresponds to the set {C3, %) = {3, ®). For Ty, the
ratio is ¢4, so its conjugacy class corresponds to (T4, %} = {4, ). These two sets are distinct, so
t; and t, are not conjugate in PGL;(k). Hence 1 and (3, are not conjugate. By
there are exactly two faithful projective representation classes of As over k. Therefore 1 and B
represent precisely those two classes. O

Theorem 5.24. Let v: As — PGLy(k) be an embedding, and let p: SLy(Fs) — SLy(k) be a faithful lift
as in|Proposition 5.18, Then the following are equivalent:

(1) for every o € Ty, the embeddings  and °u are conjugate in PGL;(k);
(2) for every o € Ty, one has °p ~ p;

(3) V5 € k.

Proof. For each o € T, the twisted representation °p is again a faithful lift of °.. Hence the
p g

equivalence of (1) and (2) follows from Lemma 5.19

For (2) = (3), since the representation p is faithful and 2-dimensional, it is irreducible by
Hence p ~ V, or p ~ V_ by [Proposition 5.17| Let § € SLy(Fs5) be an element
of order 10 mapping to a 5-cycle in As. Then x,(§) € {%, PT*E}, so V5 = +(2xo(g) — 1).
Note that § has order 10 and char(k) 1 10, so the eigenvalues of p(g) are 10th roots of unity,
which are separable over k. In particular, x,(§) € k. If “p ~ p, then by we have
0(Xp(G)) =Xop(d) =Xp(g) for every o € I}, hence o(v/5) = /5. Therefore /5 € k.

Conversely, assume /5 € k. Twisting preserves faithfulness, irreducibility and dimension, so

9p is again a faithful irreducible 2-dimensional representation of SL;(F5). By|Proposition 5.17] it is

therefore isomorphic to either V. or V_. Since o(v/5) = v/5, we have Xop(g) = o(Xp(d)) = Xp ().
But the two characters x; and x_ have different values on g, so °p cannot be the other faithful
irreducible 2-dimensional representation. Hence “p ~ p. Thus (3) implies (2). O

Corollary 5.25. For any embedding : As — PGLy(k), the centralizer of \(As) in PGLy (k) is trivial.

Proof. Choose a faithful lift p: SL,(F5) < SL,(k) as in [Proposition 5.18| By [Lemma 5.15| the
representation p is irreducible.

Let M € PGL,(k) centralize ((As), and choose a lift A € GLy(k) of M. Then for every
g € SL,(Fs5), the matrices Ap(g)A~! and p(g) have the same image in PGL;(k), so Ap(§)A ! =
A(g)p(g) for some A(G) € k™. Asin the proof of A is a group homomorphism
SL,(F5) — k™, hence trivial by|Lemma 5.12L Therefore A commutes with p(SL;(F5)), and Schur’s

lemma implies that A is scalar. Hence M =1 in PGL; (k). O
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5.3. FINITE SUBGROUPS OF THE SPECIAL ORTHOGONAL GROUP

Throughout this section, assume that char(k) # 2. Following the conventions and definitions of
a ternary quadratic form over k is a homogeneous polynomial q(x) = x" Qx on k3, where
Q € M3(k) is symmetric. It is non-degenerate if det(Q) # 0. Its discriminant is disc(q) := det(Q) €
k> /(k*)2. Two ternary quadratic forms q, q’ are called isometric, written q ~ q’, if q’(x) = q(Ax)
for some A € GL3(k); equivalently, if their Gram matrices satisfy Q" = ATQA.

Lemma 5.26. Let q be a non-degenerate ternary quadratic form over k. For every ¢ € k* one has
disc(cq) = ¢ disc(q) in kX /(k*)2.

Proof. If Q is a Gram matrix for ¢, then cQ is a Gram matrix for cq, so det(cQ) = c3 det(Q). Since
c® and c have the same image in k* /(k*)?, the claim follows. O

Lemma 5.27. Let q be a non-degenerate ternary quadratic form over k with Gram matrix Q, and let
M € O(q,k). Then M~! = Q7'MTQ. If Pm(x) = det(xI — M) is the characteristic polynomial of M,
then P (x) = —det(M) x*Pam (1/x). In particular, if M € SO(q, k), then Pa(x) = —x3Pa (1/x).

Proof. The identity MTQM = Q is equivalent to M~! = Q!MTQ. Hence M~! is conju-
gate to MT, so M and M~! have the same characteristic polynomial. As det(M)?det(Q) =
det(MTQM) = det(Q), we have det(M) = %1, hence det(M)~! = det(M). Therefore

Py (x) = det(xI — M1 = det(M 1) det(xM — I) = —det(M) x*Pm (1/x) .
Since Pp;-1 = Pm, the formula follows. O

Corollary 5.28. Let q be a non-degenerate ternary quadratic form over k, and let M € SO(q, k). Then 1
is an eigenvalue of M. If M. is diagonalizable over k, then its eigenvalues are 1, A, A1 for some A € K. In
particular, one has tr(M) =1+ A+ A1 € k.

Proof. By|Lemma 5.27] we have Py (1) = —Pam (1). Since char(k) # 2, this gives Py (1) =0, s0 11is
an eigenvalue. Since det(M) = 1, the product of the two remaining eigenvalues is 1, so if M is
diagonalizable they are of the form A, A1, O

Definition 5.29. Let p: G — GL(V) be a k-representation. We say that p is absolutely irreducible if
the base-changed representation p: G — GL(V ®x k), g — p(g) ® 1, is irreducible over k.

Lemma 5.30. Let p: G — GL(V) be an absolutely irreducible k-representation. Then any non-zero
G-invariant (i.e. such that b(p(g)v, p(g)w) = b(v,w) forall g € G, v,w € V) symmetric bilinear form
on V is non-degenerate, and any two such forms differ by a scalar in k*. Equivalently, any two non-zero
G-invariant quadratic forms on V are similar.

Proof. Since p is absolutely irreducible, it is irreducible over k. Let b be a non-zero G-invariant
symmetric bilinear form. Its radical \/fb) ={veV]|blv,w) =0forallw € V}is a G-stable
subspace of V, so 1/(b) = 0 or /(b) = V. Since b # 0, the latter is impossible. Thus b is
non-degenerate. Now let b, b’ be two non-zero G-invariant symmetric bilinear forms. As b is
non-degenerate, there exists a unique T € Endy (V) such that b’(v,w) = b(Tv,w) forallv,w € V.
We claim that T is G-equivariant. For all g € G and v,w € V, we have

b(p(g) Tv, p(g)w) =b(Tv,w) =b’(v,w) =b'(p(g)v, p(g)w) =b(Tp(g)v, p(g)w).
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Since b is non-degenerate and p(g) is surjective, this gives p(g) T = T p(g). Hence T € Endf (V).

Since p is absolutely irreducible, Schur’s lemma applied to T®1 € End% (Verk) gives T®1 = A id
for some A € k,sob’ = Ab. Choosing a k-basis of V, the matrix of T has entries in k, while T = Aid
after base change, so A € k. O

Lemma 5.31. Assume that char(k) # 2,3, 5.

(a) Over k, the group Ay has exactly one irreducible representation of degree 3, and every faithful
3-dimensional representation of Ay is absolutely irreducible.

(b) Over k, the group As has exactly two irreducible representations of degree 3. After suitable labeling,
their character values on the class 5A are # and # respectively, and on the class 5B these two
values are interchanged. Moreover, every faithful 3-dimensional representation of As is absolutely
irreducible.

Proof. (a) From the character table of A4, see the irreducible characters of .44 have

degrees 1,1, 1, 3. In particular, there is exactly one irreducible representation of A4 of degree 3.

Now let p: A4 — GL3(k) be a faithful representation. After base change to k, the representation
Py is still faithful, and by Maschke’s theorem it is semisimple. If p- were reducible, then, because
there is no irreducible representation of degree 2, it would have to be a direct sum of three
1-dimensional representations. But the character table shows that each 1-dimensional character
of A4 takes the value 1 on the class of double transpositions. Equivalently, every 1-dimensional
representation is trivial on the normal Klein four subgroup V4 C A4. Hence any direct sum of
1-dimensional representations is also trivial on V4, and therefore is not faithful. This contradicts
the faithfulness of py. Thus py. is irreducible, so p is absolutely irreducible.

(b) By [Proposition 5.16| the irreducible degrees of As are 1, 3, 3, 4, 5, so there are exactly two
irreducible representations of degree 3. From the character table, see one also reads
that their character values are 1+2—‘/§ and # respectively on the class 5A, and these two values

are interchanged on 5B. Finally, let p: A5 — GL3(k) be a faithful 3-dimensional representation. If
Py were reducible, then by semisimplicity and the absence of irreducibles of degree 2, it would
decompose as a direct sum of three 1-dimensional representations. But 45 is perfect, so every
1-dimensional representation is trivial. Hence py would be trivial, contradicting faithfulness.
Therefore every faithful 3-dimensional representation of 45 is absolutely irreducible. O

Corollary 5.32. Let G C SO(q, k) be a finite subgroup, and let p: G — SO(q,k) € GL(k?) be the
resulting 3-dimensional representation. Assume that p is absolutely irreducible. Then the centralizer

Cso(qi)(G) of G in SO(q, k) is trivial.

Proof. By Schur’s lemma, we have Cg;, 1) (G) = k™ - L If Al € SO(q,k), then ATQ(AI) = Q
and det(AI) = 1. Hence A2 = 1 and A% = 1, therefore A = 1. O

Proposition 5.33. Assume that char(k) # 2,3, and let q be a non-degenerate ternary quadratic form over
k with disc(q) = 1. Then the following are equivalent:

(1) Ay embeds into SO(q, k);

2) q~qo:=(1,1,1) =x2 +x3 +x%
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(3) Sy embeds into SO(q, k).

Proof. Let QO C GL3(k) be the group of sighed permutation matrices of determinant 1. Then
Q C SO(qp, k) and |Q] = 24. It acts faithfully on the four lines spanned by

(1/ 1/1)/ (11_11_1)/ (_1/ 11 _1)/ (_11_1/1)

See [Cox73], Sections 3.5-3.8. Since the action on the four lines is faithful, we obtain an injection
Q — 84, and because [Q| = 24 = | Sy | this is an isomorphism Q) = Sy. In particular, Q) contains a
subgroup isomorphic to A4. For (2) = (3): if q ~ qo, choose an isometry f: (X3, q) = (K3, qo).
Conjugation by f gives SO(q, k) = SO(qo, k), and transporting QO = S4 C SO(qo, k) back along
this isomorphism yields an embedding S5 — SO(q, k). The implication (3) = (1) is immediate
since A4 C S4.

It remains to prove (1) = (2). Assume that p: A4 — SO(q, k) is an embedding. By
[Lemma 5.31]a), the resulting 3-dimensional representation is absolutely irreducible. Restricting
the embedding O = S5 C SO(qo, k) to A4 yields a faithful representation pget: Az — SO(qo, k),
which is also absolutely irreducible by a). Over k, the representation p must be
isomorphic to the base change of piet, because by [Lemma 5.31)a) there is only one irreducible
representation of A4 of degree 3. By the Noether—Deuring theorem, p and pit are already k-
isomorphic. Choose a k-linear isomorphism f: k* — k3 such that fp(g) = prt(g) f for all
g e Ag.

Define a quadratic form q’ on k® by q’(v) := qo(f(v)). Then q’ is a non-zero As-invariant
quadratic form for the representation p. Since q is also a non-zero A4-invariant quadratic form
and p is absolutely irreducible, [Lemma 5.30]implies that q” and q are similar. Thus there exists
c € kX such that q’(v) = cq(v) for all v € k*. Equivalently, one has qo(f(v)) = cq(v), so

q ~ ¢! qo. Taking discriminants and using [Lemma 5.26, we obtain 1 = disc(q) = disc(c'qg) =
¢~ disc(qo) = ¢ 'in k*/(k*)2 Hence ¢ € (k*)?, 50 q ~ qo. O

Theorem 5.34. Assume that char(k) # 2,3,5, and let q be a non-degenerate ternary quadratic form over
k with disc(q) = 1. Then the following are equivalent:

(1) As embeds into SO(q, k);

2) V5ekand q~ qo:=(1,1,1) =x2 + x5 +x3.

Moreover, if these conditions hold and As — SO(q, k) is an embedding, then its centralizer in SO(q, k)
is trivial.

Proof. Assume first that A5 embeds into SO(q, k). Since A4 C As, by |Proposition 5.33|we obtain
q = qo-

Let g € As be an element of order 5, and let M € SO(q, k) be its image. Since M?® = I, the
minimal polynomial of M divides x* — 1. As char(k) # 5, the polynomial x> —1 is separable, so the

minimal polynomial of M is a product of distinct linear factors over k, hence M is diagonalizable
over k. Since M®> = [ and M is diagonalizable, its eigenvalues are fifth roots of unity. By

(Corollary 5.28 they are 1,(, (! for some fifth root of unity ¢. Since g has order 5 and the

embedding is injective, M # I, so ¢ # 1; that is, ( is a primitive fifth root of unity. So tr(M) =

1+ ¢+ ek Hencet:=(+ ! ek, and|Lemma 5.22 yields V5 ek
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Conversely, assume that v/5 € k and q ~ qo. Let R :=Z [%,T} /(t? —t—1), and denote by T

again the image of the indeterminate in R. Since V5 € k, the polynomial x2 —x — 1 has a root in
k, so there exists a ring homomorphism 1 : R — k. Consider the subset V C R® consisting of the
twelve vectors

(0,£7,+1), (£1,0, £71), (£7,£1,0).

Under the embedding R — R sending T to %, these become the standard coordinates of a
regular icosahedron in R? (see [Cox73], Sections 3.5-3.8). Let H C SO(qo, R) be its orientation-
preserving symmetry group, then H = A5 (loc. cit.). We claim that in fact every element of H has
matrix entries in R. Choose the three vertices v; := (0,7,1), v, := (1,0,7),v3:= (7,1,0) € V, and let
B € M3(R) be the matrix having vi, v, v3 as its columns. These vectors are linearly independent,
since det(B) = 1+ 1 = 2(t + 1). Moreover, 2(t + 1) is a unit in R: indeed, 2 is invertible by
definition of R, and (T + 1)(2 — 7) = 1 because 7> — T — 1 = 0. Hence B~! € M;3(R). Now let
A € H. Since A is a symmetry of the icosahedron, it permutes the vertex set V, so the three vectors
Avi, Avy, Avz again belong to V C R3. Let C € M3(R) be the matrix with columns Avy, Avy, Avs.
Then AB = C, and therefore A = CB~! € M3(R), so A € SO(qg, R) N M3(R), proving the claim.

Any A € H satisfies the polynomial identities ATA = I, det(A) = 1 over R. Since both sides of
these identities have entries in R and their images in R agree, the same identities hold in M3(R)
because the map R — R is injective. As matrix multiplication, transpose, determinant, and scalar
multiplication are all given by polynomial expressions in the entries, after applying }: R — k
entrywise to the matrix A, we have P(A)TP(A) = I, det(P(A)) = 1, so P(A) € SO(qo, k).
Therefore applying 1 entrywise gives a well-defined group homomorphism’: H — SO(qO, k).
This homomorphism is non-trivial: for example, the cyclic permutation matrix P := <8 01 ) lies
in H, and ¢/(P) = P # I3. Since H = A5 is simple, the kernel of 1}’ is either trivial or all of
H. As ' is non-trivial, its kernel is trivial. Thus \{’ is injective, and we obtain an embedding
As = H — SO(qo, k). Transporting this subgroup along a chosen isometry q ~ (o yields an
embedding A5 — SO(q, k).

Finally, let p: A5 < SO(q, k) be such an embedding. By[Lemma 5.31(b), the corresponding
3-dimensional representation is absolutely irreducible. Hence the triviality of the centralizer

follows from [Corollary 5.32 O
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6. DESCENT FROM ALGEBRAIC CLOSURES

Throughout this chapter, let k be a field, k/k a fixed algebraic closure, k C k a fixed separable
closure, and G a finite group.

In[chapter 3| we established Galois descent for the actions of finite groups on quasi-projective
schemes when L/k is a finite Galois extension and for when L = k°. The following example
shows that in positive characteristic, if k is an imperfect field, then an analogue of [Corollary 3.17|
need not hold for the action of finite groups on quasi-projective schemes over k.

Lemma 6.1. The extension k/kF is purely inseparable. In particular, the group Autyse (k) is trivial, we
have Auty (k) = Auty (kP) :=T, and every o € T extends uniquely to a k-automorphism of k, so that T
acts canonically on k.

Proof. If k is a perfect field, then k* = k, so assume that k is imperfect and let p := char(k) be
a prime number. Every element of k is purely inseparable over kF: indeed, if « € k, then any
separable extension between kP C k°P(«) is trivial, since k°F is separably closed. Hence oP" € k°P
for some n > 0. Now, define r: Auty(k) — T, T — Tlxs». We show that r is an isomorphism.
If T € Autysr(k), then for any « € k choose n > 0 with aP" € kP. Since T fixes kP, we have
T()P" =1(aP") = «P" and therefore T() = . Thus Autyse (k) is trivial and r is injective. Now,
let o € Auty (k*P). For « € k, choose n > 0 with «P”" € k*P. Since k is algebraically closed, there
exists 5(«) € k such that &(«)P" = o(«P"), and by the above it is also unique. One checks that

this gives a well-defined field k-automorphism &: k — k that extends o. O

Remark. Let k := (F,(t))*F for a prime p > 0. Define X := Spec(klel/(eP)), Yo := Spec(k[el/(eP)),
Y1 := Spec(klu]/(uP —1t)). Equip X, Yy, Y1 with the trivial G-action. As Y; is reduced while Y is
not, we see that Yj and Y; are non-isomorphic k-forms of X. On the other hand, by the
group Auty (k) is trivial, and therefore H!'(Auty (k), Aut% (X)) is a singleton.

A natural question is whether there exists a counterexample that arises specifically because
of the group actions. Assume that k is separably closed and imperfect, and that char(k) { |G|.
Let X be a scheme over k and define X := X x Spec(k). Do there exist non-conjugate group
homomorphisms &g, x;: G — Auty(Xg) such that o, o7: G — Aut(X) are conjugate? The
purpose of this chapter is to show that the answer is no for P} using for the most part only the

tools developed so far, and to apply this result to the descent problem for the (k, G)-schemes PZ.

Lemma 6.2. Assume that k is infinite. Let W C M, (k) be a k-subspace with dim(W) =m, and L/k a
field extension. If Wi := W ®y L C My, (L) contains an invertible matrix, then W contains an invertible
matrix.

Proof. Choose a k-basis wy, ..., Wy, of W. Define S(x) := > ", x;w; € My, (klxq,...,xm]) and
F(x1,...,xm) := det(S(x)) € klx1,...,xml. Since W[ contains an invertible element, there exist
a € L™ such that S(a) = Y [, aijw; € Mp(L) is invertible. Then 0 # det(S(a)) =F(a) € L, so F
is not the zero polynomial. As a non-zero polynomial over an infinite field has a k-point where
it doesn’t vanish, there exists b € k™ such that det(B) = F(b) # 0 for B := ) _biyw; € W, so
B € GL, (k) Nn'W. O
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Remark. The proof of[Lemma 6.2]is similar to the standard proofs of the Noether-Deuring theorem
(see [LamO1], 19.25), and admits the following algebro-geometric interpretation. Identifying W
with the affine space A, the determinant induces a regular function f := det |y. The subset of
invertible elements U := {w € W : det(w) # 0} = D(f) C W is therefore a principal Zariski-open
subset. By assumption U(L) # ), which forces f 7é 0. Smce k is infinite, W(k) is Zariski-dense in
W, so any non-empty Zariski-open subset intersects W/(k), hence U(k) # 0.

Corollary 6.3. Let k be inﬁnite Any two group homomorphisms fl, fa: G — GLn (k) that are conjugate
by an element of GLy, (k) are also conjugate by an element of GLy, (k).

Proof. Consider the k-subspace W = {X € My (k) | Xfi(g) = fz( )X forall g € G}. Assume
that f;, f, are conjugate by h € GLy, (k), then h € (W ® k) N GL,, Bym we have
W N GL, (k) # 0, and any u € W N GLy, (k) conjugates f; to f. O

Remark. also follows from the Noether-Deuring theorem without the assumption
that k is infinite. Note that the assumption that G is finite is not used.

Lemma 6.4. Let char(k) =p > 0and let L/k be a purely inseparable algebraic extension. Then L* /k*
is a p-primary torsion group, i.e. every element has order p" for some 7.

Proof. By definition, for every x € L, there exists an integer n > 0 such that xP" € k. Letx € Q :=
L*/k*, then it is represented by some x € L* and there exists some n > 0 such that xP" = y for

some y € k. Since x # 0, it follows that y # 0,soy € k*. Then (x)P" = xP" [k*] = y[k*] = [k*],

so that the order of x divides p™. Therefore, the order of every element in Q is a power of p. [
Theorem 6.5. Let n € Z~. Assume that k is separably closed and at least one of the following holds:
(a) the characteristic of k is coprime to |Gl; or
(b) the characteristic of k is coprime to n.

Then any two group homomorphisms f1,fy: G — PGLy, (k) that are conjugate by an element of PGLy, (k)
are also conjugate by an element of PGLy, (k).

Proof. If k is a perfect field, then kP = k, so assume that k is imperfect and let p := char(k) be a
prime number.

Given f: G — PGLy (k), we choose lifts A4 € GL;, (k) for each g € G. These satisfy AgAy =
c(g, h)Agn fora2-cocycle c € Z2(G,k*). Suppose f1, f; are conjugate over k. Let Ag,Bg € GL, (k)
be lifts of f1(g), f2(g) respectively. The conjugacy condition implies there exists h & GL (k) such
that Bg = A(g) hAgh™ ! for some scalars A(g) € k™. Our goal is to modify the lifts By by scalars
in k* such that we can replace h € GL, (k) with an element in GL, (k).

Case (b). Assume (n,p) = 1. Since k is separably closed and p { n, the polynomial t™ — p is
separable for any p € k*, so all n-th roots of elements in k lie in k. Replace the chosen lifts A y with

Ag = det(Ag )~/ "Ag. This is well-defined because the n-th root exists in k. Now det(Ag) =1.

Similarly, we obtain E € SL, (k) for Bg. The relation Bg = A(g)hi\ h~! still holds for some new

Alg) ek” Takmgdetermmantsylelds1—det( g) =Alg )™ det(A g) =A(g)™ Thus A(g) € pn (k).

Since (n,p) = 1, the n-th roots of unity are separable over k, 0 pn (k) = pn (k) C kX,
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Define Bé = ?\(g)*lﬁg. Since A(g) € k*, Bé € GL, (k) is still a valid lift for f,. We now have
B’g = hAgh_l, and hence Béh = hf‘\g. Let W:={X &€ M (k) | BéX = XAg for all g € G}. This is
a k-subspace defined by linear equations. The matrix h € W &y k is invertible. Since k is separably
closed, it is also infinite, and by there exists an invertible matrix X € W N GL, (k).
Thus B = XA gX~!, meaning f; and f; are conjugate by the class of X in PGL,, (k).

Case (a). Assume (|G|, p) = 1. Since k/k is purely inseparable, the group Q := k™ /k* is p-primary
torsion by [Lemma 6.4, We can consider the exact sequence of cohomology groups associated with
the short exact sequence of abelian groups 1 — k* — kK — Q — 1, where G acts trivially on Q,
k*, and K

.- HY(G,Q) = H3(G,k*) = H3(G, k) — ...

Since G is finite of order coprime to p and Q is p-primary, the only group homomorphism from
G to Q is the trivial one. Specifically, since H'(G, Q) = Hom(G, Q), we obtain H'(G, Q) = 0.
Consequently, the map H?(G,k*) — HZ(G,EX) is injective.

Let c1,cy € Z%(G,k*) be the cocycles associated with the lifts Ay and By. The relation
By = ?\(g)hAgh*l implies that [co] = [cq] in HZ(G,EX ), since ¢2(g, h) = A(g)A(h)A(gh)~tcq(g, h).
By the injectivity established above, [c2] = [c1] in H2(G,k*). Thus, there exists a function
: G — kX such that cy(g, h) = p(g)u(h)ci(g, h)p(gh) !, and changing lifts to Bé = u(g)*lBg
ensures that B}, and A, satisfy the same cocycle relation. We now have B; = A’(g)hAgh ™! for
some A'(g) € k™. Since the factor sets of B’ and A are identical, the scalar term must satisfy
A'(gh) = A (g)A'(h). Thus A" is a homomorphism G — k™. The image of A’ lies in g (k). Since
(IGl,p) =1, the polynomial tl6l —1is separable, so g (k) C k. Therefore, A’(g) € k* for all g.

Finally, define By := )\’(g)*lBé € GLy (k). This is a lift of f; satisfying By = hAgh™l. Asin
case (b), we apply [Lemma 6.2]to the space W := {X € Mn (k) | ByX = XA} to find an element
X € GLy (k) conjugating Ag to B O

Remark. Let k be a separably closed field of characteristic 2 that is not perfect, let x € k be
any non-square element, and let G := Z/2Z = {1, g}. Define the maps f;,f2: G — PGL,(k) by
f1(1) =1, f1(g) == A = ((1) % ), fa(1) :=1, fa(g) := B := ((1) %‘) It is not hard to see that f1, f, are
well-defined group homomorphisms, and det(A) = 1, det(B) = «. Now, there exists § € k such
that B2 = . One checks that the matrix B has the single eigenvalue B with multiplicity 2, and
its Jordan normal form over k is B’ := 3 (é 6;1 ) Then B’ and A are conjugat in PGL, (k) by

( B(;l ‘1)>, and therefore f; and f; are conjugate over k. On the other hand, suppose they are also

conjugate over k. Since for any X € PGL,(k) the class det(X) € k*/(k*)? is well-defined and is

invariant under conjugation in PGL,(k), we would have jif[((g)) = % € (kX)?, contradicting the

assumption that « is not a square. Therefore, f; and f; are not conjugate in PGL; (k).
Similarly, the homomorphisms f1, fo: Z/2Z — PGL,(R) defined by f1(1) :=1, f1(g) := (_01 (1)),
f2(1) :=1, f2(g) == ({ ') are conjugate over C, but not over R.

The following lemma and proof are standard, establishing the well-known fact that any
Severi-Brauer curve is isomorphic to the projective line over a field with trivial Brauer group.

Lemma 6.6. Let X be a k-scheme such that Xys» = Pl If Br(k) = 0, then X = P}

In fact, any two unipotent elements of PGL; (k) are conjugate. See [Fab23], Lemma 3.2 ff.
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Proof. By b) applied with trivial G (equivalently, by [Proposition 3.5), the set of
k-forms of P}, is in natural bijection with H!(Ty, Autysp (Pesp)) = H'(T, PGL,, 1 (kP)), where

e == Gal(k®P /k). We consider the short exact sequence of I -groups

1— (k)" — GL,41(k?) — PGL,, 1 (k°P) — 1.
The associated exact sequence of pointed sets in low-degree cohomology gives
H' (T, GLn+1(k®)) — H' (N, PGLy 1 (KP)) 2 HP (T, (kP) ).

Since H! (I, GLy41(k*P)) = 1 (see [GS17], Example 2.3.4; [Ber10], Proposition II1.8.24), we see that
§ is injective. On the other hand, we have H?(T, (k?)*) = Br(k) = 0 by assumption. Therefore
H! (T, PGL,,;1(k%P)) = 1. Hence there is only one k-form of P}, up to isomorphism, namely P}
Since Xys» = P, it follows that X = P O

Lemma 6.7. Let «: G — PGLy,11(k) be a group homomorphism. If FormE(IP’%, «) # 0, then there

exists a group homomorphism (3: G — PGLy1(k*P) such that oc and B are conjugate in PGLy, 1(k).

Proof. Choose a k-form (X, ax) € FormE(IP’%, o). Then (Xysp )y = Xy = ]P’%, S0 Xysp is a k®P-form
of P, Since Br(kF) = 0, we obtain Xys» = P, by Fix such an isomorphism and
transport the G-action (ctx)kse to a homomorphism B: G — PGL,,1(kP). After base change to k,
the resulting (k, G)-scheme is isomorphic to (]P’%, «), so By and o« are conjugate in PGL;, 1 (k). O

Corollary 6.8. Let 3: G — PGLy,41(kP) be a group homomorphism, and assume that either char(k) {
|G| or char(k) { (n + 1). Then base change along kP < k induces a natural bijection

Form&” (PR, B) — FormE(IP’%, Br)-

Proof. The map is induced by sending a k-form (X, otx) of (P, B) to the same (X, xx) viewed
as a k-form of (IP%, Bx). Hence it is injective: two (k, G)-schemes (Y1, 31) and (Y», 32) that are
non-isomorphic as k-forms of (P}, 3) remain non-isomorphic as k-forms of (IP’%, B+). To prove
surjectivity, let (X, ocx) represent a class in FormE(IP)%, Bx). Then Xy is a k*P-form of P}, and
gives Xys» = P},. Transporting oux s along such an isomorphism yields a homomor-
phism Bx: G — PGL,,;1(k°P). After base change to k, the actions (j3 x )i and Py are conjugate in

PGL,, 1 (k). By[Theorem 6.5} they are already conjugate in PGL,, ;1 (k*F). Thus (X, ax) is a k-form
of (PR, B), which proves surjectivity. O

Corollary 6.9. Let 3: G — PGLy11(k°P) be a group homomorphism, let o := By, and assume that
either char(k) 1 |G| or char(k) { (n + 1). Then the following are equivalent:

(1) FormE(IP)%, ) #0;
(2) (P, B) admits a continuous G-equivariant T\.-descent datum.

Moreover, if these conditions hold and « = (1) ger, is a chosen continuous G-equivariant descent datum
on (P, B), then there is a natural bijection of pointed sets

O,: FormE(IP%, «) = HY(Ty, A),

where T, := Gal(k*P/k) and A = Autgsp (PYsp, B) is endowed with the discrete topology and with the

continuous Ty-action “u = 1, o o(u) o 151,
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Proof. By|[Corollary 3.17, the k*P-scheme (P}, 3) admits a continuous G-equivariant .-descent
datum if and only if Form}fp (PR, B) # 0. By this is equivalent to FormE(IP’%, B) #
0,1i.e. to (1).

We claim that the action of I on the discrete group A is continuous. Indeed, eachu € A C
PGL,,1(k®P) is represented by a matrix with entries in some finite separable extension of k, hence
has an open stabilizer in I. Since both ¢ — o(u) and the chosen descent datum o — 1, are

locally constant, so is 0 — ts0(u) Lgl. Now, by |Corollary 3.17(b) we have a natural bijection

Form&™ (PR, B) = H!(I',, A). Composing with the bijection of |Corollary 6.8 yields the desired
bijection Form}j(ﬂ”%, ) = HY(I, A). O

Remark. This chapter shows that, under the hypotheses above, any (k, G)-scheme (IP’%, o) ad-
mitting a k-form arises, up to isomorphism of (k, G)-schemes, from a unique k’P-model (P}, 3)
up to conjugacy in PGLy, 41 (k). Thus the descent problem over k reduces to the corresponding
Galois descent problem over k*P. To our knowledge, the statement and proof of Theorem 6.5 do
not appear explicitly in the literature, even though they are easily derivable from more general
results; see the next remark. Compare Arenas-Carmona [Arell], Theorem 2.1, who shows that
under certain coprimality hypotheses, if projective representations become conjugate over some
separable extension, then they are already conjugate over the original field.

Remark. Assume that k is a separably closed imperfect field, and char(k) 1 |G|. Let Xo be a proper
scheme over k and define X := Xy x i Spec(k). Then, by a result of Matsumura and Oort [MO67],
Theorem 3.7, the automorphism group functor Auty (Xp) is represented by a group scheme A,
locally of finite type over k.

Let ag, x1: G — Auti(Xp) be group homomorphisms such that &y, o;: G — Aut(X) are
conjugate. Regard them as k-group morphisms from the constant group scheme Gy — A. For
each g € G, define fg,hg: A = A by f4(a) = acg(g)at, hg(a) = a1(g). Define the transporter
B := (Ng4eg Eqlfg, hg). Then B is a closed subscheme of A, as group schemes over a field are
separated ([Sta26, Tag 047L]) and equalizers into a separated target are closed ([Sta26, Tag 01KM]).
Likewise, the centralizer C := () e Eq(fg,ida) of xg(G) is the closed subgroup scheme fixed
by the conjugation action. The right action of C on B is given by multiplication, and the map
BxC — BxB, (b,c) — (b, bc),is anisomorphism with the inverse given by (b, b’) — (b, b~ 1b’).
Hence for every field extension L/k we have B(L) # 0 if and only if xg, ; are conjugate over L.

Since char(k) 1 |G|, it follows from Maschke’s theorem that Gy is linearly reductive, i.e. that
all its finite-dimensional representations are semisimple. Moreover, if a linearly reductive group
acts on a smooth variety, then the fixed-point scheme is smooth (see [Mil17], Theorem 13.1). Now,
assume that A is smooth. Then by the above, the centralizer Cy is smooth over k. Since &g, o7 are
conjugate, we can choose some b € B(k). Right translation by b gives an isomorphism Cy = By,
so By is also smooth over k. As smoothness descends under faithfully flat base change ([Sta26,
Tag 02VL]), we have that B is smooth over k. Since k is separably closed and B is smooth, the
existence of a geometric point B(k) implies B(k) # 0 ([Sta26, Tag 056U]). Thus, we have that
xp, o1 are conjugate over k.

In particular, for Xo = P}, since A = PGLy, ;1 is smooth, we obtain [Theorem 6.5(a). In fact, we

can interpret[Theorem 6.5as directly showing that B(k) # 0.
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7. ICOSAHEDRAL CURVES

Throughout this chapter, let G be a finite group, let k be a field with char(k) # 2. Unless stated
otherwise, we assume that char(k) 1 |G|. Let kP C k be fixed separable and algebraic closures,
and set I, := Gal(k*P /k). By every o € I, extends uniquely to a k-automorphism of k,
so we may view [ as acting on k. By a “curve over k” we understand a k-scheme that is proper,
smooth, geometrically connected, and equidimensional of dimension one. In particular, it follows
that our curves are projective (see [Sta26, Tag 0A26]), separated, of finite type, and geometrically
integral. We will freely use the following facts:

¢ such curves of genus 0 are precisely the smooth conics, i.e. smooth projective plane curves
given, after a suitable change of coordinates, by an equation ax? + by? = z2 with a,b € k*;

¢ such curves of genus 0 are precisely the Brauer—Severi varieties of dimension one, i.e. curves
that become isomorphic to P} after base change to L, where L may be a suitable finite

extension, k°P, or k.
See [Voi21]], Chapter 5; [GW20], Sections 8.11-8.13, 14.23; [GS17], Chapter 5.

Proposition 7.1. Let X be a (k, G)-curve. Then the quotient X/G exists, is a curve, and its genus is at
most the genus of X.

Proof. Since X is projective over k, it is quasi-projective, hence admissible. Therefore the quotient

p: X = Y:=X/G exists, and by |Proposition 2.12| the scheme Y is Noetherian and proper over k,

while p is finite and surjective. Moreover, X is reduced, irreducible, and connected, so Y is reduced,
irreducible, and connected by in particular, Y is integral. To see that Y is geometrically
connected, let K/k be a field extension. Since quotient formation commutes with flat base change

by [Proposition 2.13} we have Yx = X /G. As X is geometrically connected, the scheme X is
connected, and hence Yk is connected by Thus Y is geometrically connected. Finally,
let U = Spec(B) C Y be a non-empty affine open and write p—!(U) = Spec(A). Since p is finite,
the ring A is integral over B, and therefore dim(B) = dim(A) by [Sta26, Tag 000K]. As X has
dimension 1, we get dim(Y) = 1. Since Y is integral of dimension 1, it is equidimensional of

dimension 1. It remains to show that Y is smooth. Since X is smooth and therefore normal, Y is

normal by [Proposition 2.12| Since p is surjective, we can apply [Sta26, Tag OCCWE to obtain that
Y is smooth.

~

Finally, since Y is integral with generic point 11, we obtain K(X) S = (p,Ox) T(]; = K(Y) by the
definition of the quotient. By Artin’s theorem (see e.g. [Lan02], VI.1, Theorem 1.8), the extension
K(X)/K(Y) is a finite Galois extension whose Galois group is the image of G in Aut(K(X)/K(Y)). In
particular, K(X)/K(Y) is finite separable. Therefore p is a finite separable morphism of curves. As
HO(X, Ox) = HY(Y, Oy) = k by [Sta26| Tag 0BUG], we can apply the Riemann-Hurwitz formula
(see [Sta26, Tag 0C1B]) to obtain 2g(X) — 2 = deg(p)(2g(Y) — 2) + C with C > 0. Hence

g(X)—1
deg(p)

Note that The Stacks Project’s definition of a “curve” is an integral scheme that is separated, of finite type, and of

gY) < + 1.

dimension 1 over a field, hence we can apply this result.
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If g(X) > 1, then

deg(p) <o),
so g(Y) < g(X). If g(X) =0, then
1

Since g(Y) is a nonnegative integer, it follows that g(Y) = 0. Thus in all cases g(Y) < g(X), as
required. O

From now on, we assume that char(k) ¢ {2,3,5} and set G := As.

Definition 7.2. An icosahedral curve over k is a (k, As)-curve (X, x) of genus 0 such that oc: G —
Auty (X) is injective.

Theorem 7.3.

(a) An icosahedral curve over k exists if and only if /5 € k.
(b) If\/5 € X, there are exactly two icosahedral curves over k, up to G-equivariant isomorphism.

(c) For each icosahedral curve (X, o) over k, the group Autf (X, «) is trivial. Consequently, an icosahe-
dral curve over k is unique up to unique isomorphism once the isomorphism class of the base-changed
action o is fixed.

Proof. Let (X, «) be an icosahedral curve over k. Choosing an k-isomorphism f: Xy — PL, we
can identify oq with the transported action g — f o a(g) o 1 e AutE(IP’) = PGL;(k). Then
(X, ) defines a class in FormE([Pli, o), so this set is non-empty. By there exists
an embedding : G — PGL,(k°P) such that 3+ is conjugate to o in PGL, (k). Since conjugate
homomorphisms define isomorphic (k, G)-schemes, the (k, G)-schemes (IP’%, o) and (IP’%, Br)
are isomorphic. Hence FormE(IPlf, o) # 0 if and only if FormE(]P’lf, Bx) # 0. Therefore, by
Corollary 6.9} the (k°P, G)-scheme (P]lép, ) admits a continuous G-equivariant I'c-descent datum.
Let t = (15) denote the canonical descent datum on P}, coming from P.. By Corollary 3.17(a)
(specifically, by the continuous version of [Theorem 3.10(4)), there exist a; € PGLy (k) such that
le 0 °B(g) oty = ag! B(g) as forall g € G, o € I'. After base change to k, and upon identifying
GIP’% with }P’lE via the canonical isomorphism, the automorphism 50 “3(g) o Lgl becomes the usual
Galois conjugate °(B(g)) € PGLy(k). Thus (By) is conjugate to B in PGLy (k) for every o € Ty.
By this holds if and only if V/5 € k, so we obtain v/5 € k.

Conversely, suppose V5 € k. By there exist two faithful homomorphisms
B+, B—: G — PGL;y(k*P) whose base changes to k represent the two faithful projective representa-
tion classes of G = As. Fix one of them, say 3. Since v/5 € k,implies that for every
o € T, the twist °B is conjugate to p in PGL,(k). By for each o € Ty there exists

as € PGLy(kP) such that °B(g) = a;'B(g)as for all g € G. By |Corollary 5.25| the centralizer

of B(G) in PGL,(k®P) is trivial, so this element a, is uniquely determined. Now both as. and
ag - %ar conjugate 3 to °3. By uniqueness, we obtain asr = as - ar for all 0,1 € I.. Choose
a finite Galois extension L/k inside kP such that 3 takes values in PGL,(L). If 0 € Gal(k*P/L),
then °B = 3, so uniqueness gives a, = 1. Therefore 0 — a factors through the finite quotient
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Gal(L/k), and is in particular continuous. Let t = (1) be the canonical I -descent datum on IP’isp
coming from PL. The family (a) satisfies condition (4) of with respect to : one
has (oB)'(g) = a5z'B(g)as and agr = a¢ - ®ar, with o+ a4 continuous. By this
yields a continuous G-equivariant I'c-descent datum on (]P’isp, B). By there exists a

k-form of (IP’%, Bx). Applying the same argument and |Corollary 3.8/to 3+, we have each of the
two classes descends to an icosahedral curve over k. This proves (a).

Base change along k < k induces a homomorphism Aut% (X, a) — Aut% (X%, o). This
homomorphism is injective by [Lemma 3.7 since equality of two k-automorphisms can be checked
after base change to k. Now Aut% (Xt o5) is the centralizer of a(G) in Aut(Xy) = PGL;,(k),
so it is trivial by Therefore Autg (X, «) = 1. Now fix one of the two geometric
action classes and let 3: G — PGL,(k°F) be a representative. By the converse direction proved
above, (IP’]lép, ) admits a continuous G-equivariant I-descent datum. Fix such a datum, and
set A == AutgsP (P]lép, ), endowed with the induced Tc-action. By the k-forms of
(Plz, B+) are classified by H!(T, A). Again by we have A = 1. Therefore H! (I, A)

is a singleton. So for each geometric action class there is exactly one k-form up to G-equivariant
isomorphism. Since gives exactly two geometric action classes, it follows that there
are exactly two icosahedral curves over k, up to G-equivariant isomorphism. This proves (b), and
(c) follows as well. O

Remark. Let k := Q, so that v/5 ¢ k.

* Set R := k[Ty,...,Ts] and define @4: R — R with @g4(T;) = Ty for every g € G. Let
[:'=(Ty+---+T5) C Rand set X := Spec(R/I) = Ai. It is easy to see that I is invariant
under any ¢4 and that the induced map G — Auty (X) is injective.

e SetX := }P’i. We have G — S5 — GLs(k) - PGL5(k) = Auty (X). Let i be the embedding
of G into GLs5(k), then i(G) Nk* - Is = {Is}, which gives an embedding of G into PGL5(k).

* Bring’s curve and Clebsch diagonal cubic surface are smooth projective varieties that have
the automorphism group Ss.

This shows that it is not typical, even if X is a “nice” scheme, for a faithful G-action to imply that

V5 e k.

Proposition 7.4. Let (X, o) be an icosahedral curve over k. Then the quotient X/G is isomorphic to ]P’]l<.

Proof. Let Y := X/G. By |Proposition 7.1, we have that Y is a smooth proper geometrically
connected curve over k and g(Y) = 0. We claim that Y(k) # . After base change to k°?, we have

Xy = PL,, so by [Proposition 2.13|the quotient map p: Xis» — Yy is the quotient of PL,, by an

action of As, which by is faithful.

Let x € PL,,(k), and let Gx C G be its stabilizer. Then Gy is cyclic. Indeed, after conjugating

in PGL,(k°P), we may assume that x = oo, so Gy is a finite subgroup of the affine group z — az+b.
The kernel of the projection Gx — (k°P)*, z — az + b +— a, is a finite subgroup of the additive
group kP, and since char(k) ¢ {2,3,5}, this kernel is trivial. Hence Gx embeds into a finite
subgroup of (k°P)*, and is therefore cyclic. Since we are working over kP, every k*P-rational
point of Pisp has residue field k°F, so any element of G4 acts trivially on the residue field k(x).
Hence the decomposition group and inertia group at x both coincide with the stabilizer Gy. As
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the G-action is faithful, the induced extension kP (X)/k*P(Y) is Galois with group G by Artin’s
theorem, so the ramification index at x is equal to |G|. Since the non-trivial cyclic subgroups of As
have orders 2, 3, and 5, the only possible non-trivial ramification indices are 2, 3, and 5. Moreover,
every non-trivial element of order prime to char(k) of PGL,(k*F) fixes exactly two points of Pi,
(see [Fab23|], Proposition 4.1), so each cyclic subgroup of order 2, 3, or 5 fixes exactly two points.
Now A5 has exactly 15 subgroups of order 2, 10 subgroups of order 3, and 6 subgroups of order 5.
Each such subgroup fixes exactly two points of Pi,, and two distinct non-trivial cyclic subgroups
cannot fix a common point. Indeed, if two such subgroups shared a fixed point, they would
both lie in the stabilizer of that point, which is cyclic. If both have the same prime order p, a
cyclic group has a unique subgroup of order p, giving a contradiction. If they have distinct prime
orders p, q, the cyclic stabilizer would contain an element of order pq € {6,10, 15}, but A5 has no
such elements. Therefore the points with non-trivial stabilizer split into: 30 points with stabilizer
of order 2, 20 points with stabilizer of order 3, 12 points with stabilizer of order 5. Since the
corresponding orbit sizes are 60/2 = 30, 60/3 = 20, and 60/5 = 12, there is exactly one G-orbit of
each type. Thus p has exactly three branch points ys,ys, ys € Yise (k°P) with ramification indices
2,3,5, respectively. Since p: X — Y is defined over k, the Galois group [k acts on the set of branch
points of Yy« (k°P) preserving ramification indices. Since the three branch points have distinct
ramification indices, no non-trivial permutation among them is compatible with this preservation,
so each is individually fixed by T'c, hence k-rational. Therefore ys,ys,ys € Y(k), so Y(k) # 0.
Finally, as Y is a smooth proper genus 0 curve over k with a k-rational point, we obtain Y = P}
(see [GW20], Theorem 14.93). O

Definition 7.5. Let X be a curve over k of genus 0. We define Hx to be the unique (up to k-

algebra isomorphism) quaternion k-algebra attached to X by |[Proposition 4.26, Conversely, for

any quaternion k-algebra A we define Xa to be the unique curve over k of genus 0 attached to A.

Lemma 7.6. Let A be a quaternion k-algebra, and let XA be the smooth conic attached to A. Then there
are natural isomorphisms Auty (Xa) = Auty (A) = A* /k*.

Proof. By [Proposition 4.26| the functoriality of the equivalence between quaternion k-algebras

and smooth conics over k on isomorphisms gives Auty (A) = Auty (Xa ). Since A is central simple,
every k-algebra automorphism of A is inner by Skolem—Noether. Hence the map A* — Auty(A),
a — (x = axa~!) is surjective, and its kernel consists precisely of the central elements k*.
Therefore Auty (A) = AX /k*. O

Proposition 7.7. Let (X, &) be an icosahedral curve over k, and let Hx be the quaternion algebra attached
to X. Set qx = nrdp, \H())<. Then qx ~ (1,1,1) and Hx = (—1, —1)x.

Proof. Applying|Lemma 7.6|and [Theorem 4.23| we obtain an isomorphism Auty (X) = SO(qx, k).

Since o is a faithful action of A5 on X, we obtain an embedding As — SO(qx, k). The form qx is

a non-degenerate ternary quadratic form of discriminant 1, so[Theorem 5.34/implies qx ~ (1,1,1).
By [Proposition 4.26, the map A — nrda |50 induces a bijection between isomorphism classes

of quaternion k-algebras and isometry classes of non-degenerate ternary quadratic forms of

discriminant 1. Indeed, |Proposition 4.26| gives this for proper isometry classes, and in dimension

3 every isometry is either proper or becomes proper after composition with —I, which is itself an
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isometry. Moreover, if A = (a, b)y, thennrda |50~ (—a,—b, ab). For A = (—1, —1)y, this gives
nrda [x0=~ (1,1,1). Hence the quaternion algebra corresponding to (1,1,1) is (—1, —1)x. O

Remark. By [Proposition 7.7, when v/5 € k, the two icosahedral curves from [Theorem 7.3|have
the same genus-0 curve X, namely the conic attached to the quaternion algebra (—1,—1)y, and

differ only by which of the two faithful geometric As-action classes on IP’% descends.

Theorem 7.8. Assume there exists an icosahedral curve (X, o) over k. In particular, one has V5 € k.
Then the following are equivalent:

(1) X =P

(2) X(x) # 0;

(3) Hx = Mj(k);

(4) —1is a sum of two squares in k;

(5) there exists an embedding G — PGLy(k).

Proof. The equivalence of (1) and (2) is standard: see [GW20], Theorem 14.93. The equivalence
of (1) and (3) is the bijection between isomorphism classes of smooth conics and isomorphism

classes of quaternion algebras given by [Proposition 4.26} the split smooth conic P corresponds to

the split quaternion algebra My (k).
By [Proposition 7.7, we have Hx = (—1,—1). Hence (3) is equivalent to (—1, —1)} = M;(k).
By [Proposition 4.25| this is equivalent to the ternary form (1,1,1) being isotropic, i.e. to the

existence of x,y, z € k, not all zero, such that x?> 4+ y? 4 z% = 0. Since one of x, y, z is non-zero, after
renumbering we may assume z # 0, and then —1 = (%)2 + (%)2 Conversely, if —1 = a? + b2,
then a®> + b2 +12=0,s0 (1,1,1) is isotropic. Thus (3) and (4) are equivalent.

We now prove (4) <= (5). By[Theorem 4.23|and its corollary, we have

PGL, (k) = SO((1,—1,—1),k).

Hence (5) is equivalent to the existence of an embedding As — SO((1,—1,—1),k). By
this holds if and only if V5 € kand (1,—1,—1) ~ (1,1,1). Since /5 € k, (5) is equivalent
to (1,—1,—1) ~ (1,1,1). Now a non-degenerate ternary quadratic form of discriminant 1 is
isometric to (1, —1,—1) if and only if it is isotropic by [Lemma 4.19} Thus the above condition is
equivalent to (1,1, 1) being isotropic, which is equivalent to —1 being a sum of two squares in k.
This proves (4) <= (5). O
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A. CHARACTER TABLES

Table A.1: Character table of A4: see [JLO1, p. 181]

Conjugacyclass |1 2 3A 3B
Class size 1 3 4 4
X1 11 1 1

X2 1 1 w w?

X3 1 1 w? w

X4 3 -1 0 O

Here w denotes a primitive third root of unity.

Table A.2: Character table of As: see [JLO1, p. 221]

Conjugacyclass|1 2 3 5A 5B
Class size 1 15 20 12 12

X1 11 1 1 1

X2 3 -1 0 wp" po

X3 3 -1 0 p pt

X4 4 0 1 -1 -1

X5 51 -1 0 0

Here p* = ! iz\/g.

Table A.3: Character table of SL,(Fs5): see GroupNames

Conjugacyclass|1 2 3 4 5A 5B 6 10A 10B
Class size 1 1 20 30 12 12 20 12 12
X1 1 1 1 1 1 1 1 1 1
X2 2 2 -1 0 put—1 p =1 1 put u
X3 2 2 -1 0 w—-1pu"=1 1 pu put
X4 3 3 0 -1 p N U T
X5 3 3 0 -1 u* e | T
X6 4 4 1 O —1 —1 1 -1 -1
X7 4 -4 1 O —1 —1 -1 1 1
X8 5 5 -1 1 0 0 -1 0 0
X9 6 6 0 0 1 0o -1 -1
Here u* := ! iz\/g,so ut—1= -1 jZE ﬁ
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