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Abstract

In this thesis, we give a detailed proof that the functor which assigns to a scheme X
the derived oco-category of constructible A-sheaves on the pro-étale site of X satisfies
arc-descent for certain condensed rings A. In particular, we consider the cases where
A is an algebraic extension of a disconnected local field, its ring of integers, the ring
of finite adeles of a global field or the profinite completion of the ring of integers
of a global field. Furthermore, we will show that the formation of the category of

constructible sheaves is well-behaved under localization in the coefficient ring.
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Chapter 1
Introduction

All schemes are assumed to be qcgs. Throughout this thesis, we will use cohomo-
logical notation.

In [CS] the notion of a condensed set/group/ring/... was introduced and defined
as a sheaf of sets/groups/rings/... on the pro-étale site (c. f. [BS]) of an algebraically
closed point. This is equivalently a sheaf on the category of profinite sets with finite
jointly surjective maps as covers.

Any Ti-topological space T gives rise to a condensed set via the following con-
struction: We identify T" with the sheaf that sends a profinite set S to the set of
continuous functions C(S,T"). If T is a topological group/ring/... then its associated
condensed set is in fact a condensed group/ring/...

The functor T'— (S — C(S,T)) is faithful and fully faithful when restricted to
the full subcategory of such T" which are compactly generated as topological spaces
[CS|, Proposition 1.7]. Hence, we do not strictly distinguish between the topological
rings and their associated condensed rings in the following.

In [HRS], condensed rings were used to define constructible sheaves on the pro-
étale site of arbitrary qcqs schemes. Let X be a scheme. For any condensed ring
A, there is a sheaf of rings on X.¢, denoted by Ax, given by pullback of the
canonical map of sites Xproer — *proct- Denote by D(X, A) the derived oco-category
of Ax-sheaves. This is a symmetric monoidal closed stable co-category which allows

the following definition.
Definition 1.1. Let X be a scheme and A a condensed ring.

1. A sheaf M € D(X,A) is called lisse if it is dualizable (c. f. [Lurl?, Chapter
4.6.1]).

2. Asheaf M € D(X, A) is called constructible if for any open affine U C X, there
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exists a finite subdivision of U into constructible locally closed subschemes
U, C U such that each M

constructible stratification.

v, is lisse. That is, M becomes dualizable on a

The full subcategories of D(X, A) of lisse and constructible A-sheaves, respectively,
are denoted by

Diis (X, A) C Deons (X, A).

For now, let A be one of the following topological rings, viewed as a condensed
ring:

1. A is an algebraic extension of a disconnected local field or its ring of integers.

2. A is the profinite completion of the ring of integers of a global field K.

3. A is the ring of finite adeles for some global field K.

4. A is the ring of adeles for a function field over some finite field[]

The goal of this thesis is to provide a detailed proof of the following theorem.
Theorem 1.2. The functor X + Deons(X, A) is an arc-sheaf of co-categories.

The case of coefficients in algebraic extensions of QQ, or its ring of integers was
proven in [HS, Theorem 2.2|. However, the proof is rather sketchy, hence our
aim is to fill in some of the details. It turns out that the same proof works for
algebraic extensions of a disconnected local field as well. With this result one can
conclude the case of (finite) adeles, using the work of [HRS]|, where it was shown that
constructible sheaves are well-behaved under sequential limits and filtered colimits
[HRS| Proposition 3.19 and Proposition 3.20].

Additionally, we will show that in our cases the constructible sheaves are well-

behaved under localization in the following sense.

Theorem 1.3. Let O be the ring of integers of A in case 1. and the profinite
completion of the ring of integers in the cases 3. and 4.. Then, the fully faithful

functor
Dcons(X7 O) ®O A— Dcons(X> A)

s an equivalence.

'We use the convention that every global field admits a place at co. Hence, we state this case

separately, although one could say that case 3. already includes this case.



In Chapter , we start by studying the rings of continuous functions C(S, F),
where S is an extremally disconnected profinite set and FE is a local ring or its
ring of integers. We are interested in this case, because extremally disconnected
profinite sets correspond one-to-one to affine qcqs w-contractible pro-étale covers
of an algebraically closed point. We will show that every finitely generated ideal
in C(S, E) is principal and additionally projective (Theorem and Corollary
9.11)) using [Vec83, Theorem 1]. We conclude that the rings C(S, Ok),C(S, Ax)
and C(S, Ak sn) for a global field K have these properties as well (Corollary
Theorem .

Next, we take a look at the derived category of these rings of continuous functions
in Chapter . Recall that the perfect complexes are those elements A®* € D(R)
for a ring R which are quasi-isomorphic to a bounded complex of finite projective
modules. For any multiplicative set S C R there is a functor Perfz[S™!] — Perfg-1p
given by A®* — A®* ®% S'R. By Perfpr ®grS™'R we denote its essential image.
Using the fact that finite projective modules over semi-hereditary rings are a finite
direct sum of finitely generated ideals [Lam99, Theorem 2.29]|, we show that for an
extremally disconnected profinite set S, a disconnected local field E with ring of

integers O and a global field K, the functors
Perfeis.0,) ®opE = Perfe(s k)
Perfos.o,) @0, Ak in — Perfe(s.ay )
are equivalences. If K is a global field with characteristic p > 0, then
Perfc(&@K) ®@KAK = Perfe(s a0

is an equivalence as well (Theorem [3.7)).

In Chapter [ we briefly recall some sheaf theory. We define sites, sheaves, oo-
sheaves and topoi as well as the étale and pro-étale site on a scheme and in particular
condensed sets. At last, we state the definition of the arc-topology.

In Chapter [5], we will finally introduce constructible sheaves on a scheme. In this
chapter, we will prove Theorem and Theorem using the equivalence proven
in Chapter [3]
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Chapter 2
Rings of continuous functions

In this section we will prove that the ring of continuous functions C(S, E) for a
extremally disconnected profinite set S and a local field E or its ring of integers is
Bézout, i. e. every finitely generated ideal is principal. Then one can easily show
that every finitely generated ideal is even projective. We do not require a Bézout
ring to be a domain.

We will follow [Vec83| and in addition show that we can apply the proof to
further topological rings, in particular the f-adic integers Z,, the profinite integers
7 and the ring of adeles of a global field A .

All rings are assumed to be unitary and commutative.

2.1 Functions with values in a local field

We start with some definitions [Vec83| p. 643].

Definition 2.1. Let X be a topological space and E be a Hausdorff topological

ring.

1. We say a continuous function f: X — FE is bounded, if f(X) C FE is rela-
tively compact. We denote the subring of bounded continuous functions by
C"X,E).

2. For f € C(X, E) we write V(f) := f~1({0}) for its zeroset. Its complement is
called the cozeroset of f and denoted by D(f).

3. A subspace A C X is called C}-embedded if every bounded continuous func-
tion f: A — FE can be extended to a continuous function F': X — E.

4. The space X is called E'F'-space if all cozerosets are C';,-embedded.
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We will show that the ring of continuous functions with values in a local field
E is Bézout for an EF-space. To apply this theorem to our setting, we have to
prove that extremally disconnected profinite sets are FF'-spaces. We will use the

following theorem [Eng89, Theorem 3.2.1].

Theorem 2.2. Let A be a dense subspace of a topological space X and f a con-
tinuous function over A to a compact Hausdorff space Y. The function f has a
continuous extension over X if and only if for every pair By and Bs of disjoint
closed subsets of Y the inverse images f~1(By) and f~1(Bsy) have disjoint closures
n X.

Proof sketch. The full proof can be found in [Eng89, Theorem 3.2.1].

The necessity of the condition is clear. For sufficiency, let f: A — Y be continu-
ous satisfying the condition in the theorem. For z € X denote the family B(x) of all
neighbourhoods of z in X and consider the family F(z) := (f(ANU))yepw). The
intersection of finitely many elements of F(z) is non-empty. Since Y is compact
Hausdorff, the intersection (7, V' is non-empty [Eng89, Theorem 3.1.1].

Next, one shows that the intersection consists of a single point and defines
F: X =Y via F(z) := (\ycpy V. One has F(z) = f(z) for x € A in this case.

One finishes the proof, by proving the continuity of F'. m

Corollary 2.3. Let S be an extremally disconnected, profinite set and E a non-

discrete, locally compact Hausdorff ring. Then S is an EF-space.

Proof. Let U C S be a cozeroset and f : U — F be a bounded continuous function.
Since E is Hausdorff, U C S is open and since S is extremally disconnected, U C S
is open and closed. Hence, the characteristic function xz on U is continuous. Thus,
it suffices to show, that we can extend f to f: U — E because then f X7 extends f
to the whole space.

Since S is extremally disconnected Hausdorff and U C S is closed, U is ex-
tremally disconnected as well. Since f is bounded, m C F is compact. Without
loss of generality assume U C S is dense and F is compact. Let By, By C E be
disjoint closed subsets. Since E is compact and Hausdorff, we find disjoint open
neighborhoods B; C V;. The preimages f~1(V;) = f~1(V;)NU are open and disjoint
in S. Since S is extremally disconnected, these have disjoint closures in S [Gle58,
Lemma 2.2|. By Theorem , f extends to a function on S. [

Definition 2.4. Let X be a topological space and E be a topological ring with
absolute value. Let I C C(X,FE) (or I C C*(X,E)) be an ideal and U C X a
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subset. One defines

V({I) = V()

fel

Iy :={fell|fU)=0}
The ideal I is called

e universally decomposable, if for every open partition X \ V(I) = U; U Uy,
Uy NUy = ) we have a decomposition I = I, @ Ip,. This is equivalent to
I C Iy, + Iy,,

o absolutely conver, if for all f € C(X, E),g € I with |f| < |g| we have f € I.

We recall that two subsets A, B of a topological space X are called separated by a
function, if there exists a continuous function f: X — R, such that f(A) = {0} and
f(B) = {1}. Correspondingly, we call these subsets E-separable for a topological
ring F, if there exists a continuous function f: X — FE, such that f(A) = {0} and

f(B) = {1}.

Lemma 2.5. Let X be a topological space and E be a topological Hausdorff domain.
A principal ideal (f) C C(X, E) (or C*(X, E)) is universally decomposable if and
only if the members of an open partition {U,V'} of D(f) are E-separable.

Proof. 7 = 7: Let D(f) = U UV be an open partition. Since (f) is universally
decomposable, we have (f) C (f)v + (f)v, 1. e. f = fg+ fh with (fg)(U) =0 and
(fh)(V) = 0. We conclude (fg);v = fjv and hence gy = 1 (since E is an integral
domain). Because of f(x) # 0 for all z € U we have gy = 0 and g separates U and
V.

7 «< 7 Let D(f) = UUYV be an open partition and g € C(X, E) such that

gur =0 and gy = L. Then we have f € (fg) + (f(1 —g)). Since (fg) = (P and
(f(1 = g))v = (f)v this finishes the proof. O

Next, we define what sort of fields we are interested in. We follow the definition
of [Wei95, p. 20].

Definition 2.6. A local field is a non-discrete, locally compact topological field.

Remark. In [Wei95, Chapter I, Theorem 5 and Theorem 8| it is proven that every

local field is isomorphic (as topological fields) to one of the following:

e the field of real numbers R or complex numbers C. These are the connected
local fields,
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e a finite extension of the p-adic numbers Q,. These are the disconnected local

fields of characteristic 0,

e the field of formal power series over a finite field F,((7")). These are the

disconnected local fields of characteristic p.
In particular, we see that a local field is complete with respect to an absolute value.
The absolute value of a disconnected local field is non-Archimedean.
Remark. Local fields arise naturally as completions of global fields, i. e. finite exten-

sions of Q or F,(7T") (c. f. [Neu99, Chapter II: Theorem 4.2 and Proposition 5.2|).

Definition 2.7. The ring of integers of a non-Archimedean local field £ with

normalized absolute value | - | is the ring
O:={a€FE]||a|l <1}

Lemma 2.8. Let X be a topological space and E a local field or ring of integers
in a local field. For every f,g € C(X,E) there exist p,v € C(X,E) such that
V(fe+gv) =V(f)NV(g).
Proof. The inclusion 7 D 7 is always true for any ¢ and 1, so we only need to
consider the other inclusion. If F is connected (i. e. £ = R or £ = C), we can
choose the complex conjugates ¢ = f and 1) = 3.

If F is a disconnected local field, we know that the normalized absolute value
of the non-zero elements is given by |a| = ¢~*»(*) where ¢ is the cardinality of the
residue field and v, is a discrete valuation. We choose some a € E with |a| = ¢

We set o = f and ¥ = ag. Because of the multiplicativity of the absolute value,

we have

[(fo)(@)| = f(@)?| = [f(z)” € {¢*" | n € Z} U{0},
[(g¥)(@)| = |allg(x)®| = ¢ Mg(@)]* € {7 | n € Z} U {0}

for all z € X. In particular, fop + gi» = 0 implies
(fo)(z) = —(g¥)(z)
= |f(@)* = ¢ g(=)]”
for all z € X. We conclude

[f(@)* € ({a™" [neZu{0}) n({g™ " Inez}u{o}) = {0},
¢ 'g(@)* € ({g™ [nezpu{o}) n({g™ " |neztu{o}) = {0}
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Since the kernel of | - | is trivial, it follows f(x) = g(z) = 0.
If the functions have values in the ring of integers of E, then f and « have
values in the ring of integers as well. Hence, the statement is also true for rings of

integers. [

The next theorem was proven in [Vec83, Theorem 1] for local fields E, but in

fact, we can extend the proof to our setting.

Theorem 2.9. Let E be a local field or its ring of integers and X an EF-space.
Then the following holds:

1) All ideals in C(X, E) are absolutely conver.
2) All ideals in C(X, E) are universally decomposable.

3) Every open partition of any E-cozeroset is E-separable.
4) C(X, E) is Bézout.

Proof. 1): Let I C C(X, F) be anideal and f € C(X, E), g € I with |f| < |g|. First,
consider the case where E is a local field. We define h: D(g) — E by h == f/g.
By assumption, & is bounded and can be extended to some h € C (X, E). Then we
have f = g - h. If F/ is the ring of integers of a non-Archimedean local field, we can
again define h := f/g as function to the fraction field of E. Since |f/g| < 1 we have
even h: D(g) — E. We extend h again and get f = g - h.

2), 3): Let I C C(X, E) be an ideal, S\ V(I) = U UW an open partition. Pick
f €I and set

flz) zeV(I)UU
0 xeW '

fl(x) =

This function is continuous and we set fo := f—f1. We have |f1]| < |f]| and |f2| < |f],
respectively. By 1) we have f, fo € I. Additionally, foy = 0 and fow = f. This
means fi € Iy, f € Iy and f = fi + fo € Iy + Iyy. With Lemma 2.5 we get 3).

4): Let f,g € C(S,E). We will show that (f,g) is principal. The general case
follows by induction.

For F =R or E = C we use the absolute convexity to get

[f1 < 1A+ 1l

9l < 1f] - 1ol }=>f,g€(\f\+\g\)
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and

A< 1£1
gl < 1]

and hence (f, g) = (|f| + |g])-
Now, let E be a disconnected local field or its ring of integers. We set

}jlfldgl € (f9)

U:={zeS||fx)] <l|g=)}
W= {z e S[|f(=)] > lg(=)[}
A=Az eS|f(@)=lg(@)[}

and show that A is a cozeroset.

We know that the norm of every non-zero element a € E is of the form |a| = ¢~
for some n € Z. For every n € Z we choose a 3, € E such that |5, = ¢~ We
define

2oy J B for [f()l =g
. 0 ,for f(x)=0 '

Then f € C(S,E) and |f| = |f|. Analogously, we define §. Then A = V(f — §)
and U, W are an open partition of S\ A. By 3), there exists some e € C(S, F)
with ey = 0 and ey = 1. We set h:=ef + (1 — e)g. We have hjy () = gv() and

hyv(i—e) = flv(1—e) and conclude
|f(x)| = |h(z)] forz eV
|f(2)] < |g(@)| = [h(z)] for z € U,

i. e. |f| < |h|]. Analogously, we get |g| < |h|. By absolute convexity, we get
f,g € (h). On the other hand, we have h € (f, g), so all in all (f,g) = (h). ]

Remark. In [Vec83] it is shown, that the conditions in the theorem are indeed equiv-
alent and even equivalent to .S being an EF-space. But we do not need equivalence

for our work, so for us this implication suffices.

We can conclude the following corollaries.

Corollary 2.10. Let S be an extremally disconnected profinite set and E be a local
field or its ring of integers. Then C(S, E) is a Bézout ring.
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Proof. Corollary [2.3] and Theorem O

Corollary 2.11. Let S, E be as in Corollary |2.10. Then every finitely generated
ideal in C(S, E) is principal and projective.

Proof. We use a proof from [HRS, p. 21]. By Theorem it suffices to prove the
statement for principal ideals. Let f € C(S, FE). Consider the exact sequence

0— Ann f < C(S, B) 5 (f) — 0. (2.1)

Let U := D(f). Then U C S is open and U is closed and open. Let e be the
characteristic function of S\ U, then e is continuous and ef = 0, i. e. ¢ € Ann f.
Let g € C(S,E) such that gf = 0. Then gy = 0 since E is a domain. Since
g 1(0) C S is closed, we even have gz =0 and g =g - e € (¢). Thus, Ann f = (e).

Since ¢? = e, we obtain a retract C(S,E) — Ann f via g — g -e. So the
sequence splits and (f) is a direct summand of the free module C(S, E) and

hence projective. O

Remark 2.12. We do not need F to be a local field or its ring of integers in the

proof above. The proof works for any 7;-domain.

2.2  Functions with values in the adele ring

Now, let K be a global field, i. e. a finite extension of Q or F,(T") and let O denote
its ring of integers. For each place v, we denote by K, the completion of K with
respect to v and for non-Archimedean places O, its ring of integers, respectively.
Recall that the ring of finite adeles Ak gy, is defined as the restricted product of the
K, with respect to O, (c. f. [Wei95, Chapter IV]). In other words, we have

Ak fin = {(xy),, € H K, | z, € Ok, for almost all V}

v<0o0
as a set, and for the topology we define a basis in the following way: For each finite

subset S of non-Archimedean places and each open U, C K, with v € S we define
H U, v X H OKV
ves vé¢S

to be open. Then these sets form a basis of the topology.
The ring of adeles Ak is defined as the product

AK = A}("ﬁn X H KV

V=00
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equipped with the product topology. One could also define Ag as the restricted
product over all places, since there are only finitely many places at infinity and the

restricted product topology does not depend on finitely many factors.

OKV is

open in Ak g,. In particular, if K is an algebraic number field and Ok its ring of

Remark. The topology of Ak gy, is constructed in such a way that []

v<oo

integers, then the profinite completion
CA)K = H OKV

is open and compact. For a function field K over a finite field, we define Ok this
way.
Remark. To make the proof of Theorem more readable, we use the convention
that the absolute value on F,(T) given by |f/gle := p~ (4877989 is a place at
infinity. This absolute value is the unique absolute value on F,(T") with [T, > 1
[Wei95, Chapter II, Theorem 2|. In particular, every global field admits places at
infinity.

Nevertheless, one could also define |- |, on F,(7) as a finite place. In this case,
the statements about the finite adeles (e. g. Lemma stay true.

We cite the following theorem.

Theorem 2.13 (Strong Approximation Theorem). Let K be a global field and vy
be any place of K. Then K is dense in the restricted product

I] .-
v#£vg

In particular, K is dense in Ak gy.
Proof. [Wei95l, Chapter IV, Corollary 2| O

Next, we want to prove that for an extremally disconnected profinite set S the

rings C(S, @K) and C(S, Ak) are also Bézout rings. First, we need a proposition.

Proposition 2.14. Let (A;)icr be a family of Bézout rings. then the product [[,.; A;

15 also a Bézout ring.

Proof. Let f = (fi)i»g = (9:)i € [L;c; Ai and let (f,g) be the ideal generated by f
and g. Since each A; is Bézout, we can find h; € A; such that (h;) = (fi,¢;) in A;.
Set h := (h;);. Then (f,g) = (h) in [],.; As. O
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Corollary 2.15. Let S be an extremally disconnected profinite set. Then C(S, @K)

1s Bézout.

Proof. By the universal property of the product topology and Theorem we get

C(8,0x) =C(S, [] Ox,) = T] €(5,0x.).

v<oo v<oo

For Ax we need the following lemma.

Lemma 2.16. We have

Ak fn = U ¢ ' Ok.

q€0Kk
and every compact subset A C Ak sy is contained in some ¢ 0.

Proof. Let (a,), € Aggn and let S := {v1,..., v} be the finite set of places, such
that a,, ¢ Ok, for i =1,...,m. Since K C Agg, is dense, there exists a ¢ € K
with

gl < law,],t <1 fori=1,...,m,

lql, <1 for any v ¢ S.

In particular, we have ¢ € Og. Then we have |qa,|, < 1 for all places v, i. e.
q(a,), € Ok or equivalently, (a,), € ¢ Ok,

Now, let A C Ak, be compact. For each x € A let ¢, € K be such that
z € ¢;'Ok. Then

AcC UCII_ICA)K

T€EA

is an open cover of A and by compactness, there exists a finite subcover
k
A=|Jq¢ Ok
i=1

Since |q|, < |q|, for ¢|g, we have GOk C ¢ 'Ok in this case. We define
q:= Hle ¢; and conclude A C ¢ 'Ok. ]

Now we can finally prove the Bézout property for C(S, Ag).
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Theorem 2.17. Let S be an extremally disconnected profinite set and K be a global
field. Then C(S, Ak sn) and C(S,Ak) are Bézout rings and every finitely generated

1deal is projective.

Proof. By Remark [2.12] every principal ideal is projective, so it suffices to check the
Bézout property.

At first, we consider C(S, Ak fn), as the Bézout property for C(S, Ax) then fol-
lows from Proposition Theorem [2.9 and

C(S, Ax) = C(S, Agan x [ Ko) =C(S, Axsn) x [] C(S, K,).

Let f,g € C(S,Ak ). Since S is compact, we know by Lemma that there

exists some ¢ € K, such that
F(S)Ug(S) C ¢ 'Ok

Since O and q_léK are homeomorphic, we know by Corollary [2.15| that (f,g) =
(h)isin C(S, ¢ 'Ok) and hence (f, g) = (h) in C(S, Ak gn). The general case follows
by induction. O]



Chapter 3
Perfect complexes

Throughout this thesis, we will use cohomological notation.
First, let R be an arbitrary commutative, unital ring. Denote Modg the category
of R-modules and by D(R) the derived category of complexes of R-modules equipped

with its symmetric monoidal structure ®%. We start with the following lemma.
Lemma 3.1. For A* € D(R) the following are equivalent:

1. A*® is quasi-isomorphic to a complex of finite length of finite projective R-

modules.
2. A® is compact in D(R), i. e. Hompr)(A®, —) commutes with direct sums.
3. A® is dualizable.
Proof. [Sta22l, Tag 07LT], [Sta22, Tag OFNK]. H

Definition 3.2. A complex A* € D(R) is called perfect, if it satisfies one of the
equivalent properties mentioned in Lemma . We denote Perfr C D(R) the full
subcategory of perfect objects.

An R-module M is called perfect, if the complex M[0] concentrated in degree 0

is perfect.

Let S C R be a multiplicative subset. We consider the elements of S as mor-
phisms of complexes via multiplication. We denote Perfg[S™!] the localization of
Perfr with respect to S (c. f. [Sta22, Tag 04VB]|). The goal of this chapter is to
introduce a fully faithful embedding Perfp[S™!] — Perfg-1z and to prove, that it
is an equivalence for the rings of continuous functions introduced in the previous

chapter.

17
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Consider the functor
D(R) — D(S™'R) A*w— A*®%L S'R.

For any complex A® € D(R) the complex A®* @% SR is obtained via localizing
each A® with respect to S. Since the localization of a finite projective module is a

finite projective module over the localized ring, this functor restricts to a functor
Perfrp — Perfg-1p.

By the universal property of the localization of categories this functor factors
through the functor
F: Perfg[S™'] — Perfg 1p. (3.1)

More concrete, a complex A® € Perfp[S™!| can be considered as a complex of S™! R-

modules via
a0 = s Ha- A®).
s
Lemma 3.3. For A, B € Perfg one has
HomperfR[sfl](A, B) = HOIﬂPerfR(A, B) AR ST'R.

Proof. Since S is a multiplicative system in the categorial sense [Sta22l, Tag 04VC],
morphisms in Hompe,t,(s-1)(A4, B) are given by equivalence classes of pairs of mor-
phisms f: A — B,s : B — B denoted s™'f (|Sta22, Tag 04VD| and [Sta22] Tag
04VG]). Consider the map

¢: Hompergis-11(A, B) — Hompes, , (A, B) ®p S™'R
1
s fe-.
s

To check that this is well-defined, pick another representative t~!g of the morphism.

By definition, there exists another morphism u~'h and a commutative diagram

From this we get

uf =aosf=saof=sh


https://stacks.math.columbia.edu/tag/04VC
https://stacks.math.columbia.edu/tag/04VD
https://stacks.math.columbia.edu/tag/04VG
https://stacks.math.columbia.edu/tag/04VG
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and
ug = th
analogously. Hence, we have
f® = Ot =uf®—=sh® _=h® -
and
g®%-:h®%-

To construct the inverse map
’QDZ HomPerfS_lR(Aa B) ®r S_lR — HomPerfR[Sfl](Aa B)

note, that the R-linear maps S™'R — S™!R are precisely the multiplications with
elements of S~'R. This follows from the universal property of the localization.

Hence, we define
W ® ) =5 af).
One checks, that ¢ and ¢ are inverse to each other. n
Proposition 3.4. The functor F: Perfg[S™! — Perfg-1y is fully faithful.
Proof. Let P, () € Perfr be perfect complexes. By Lemma we have

HomPerfR[Sfl](Pa Q) = HomPerfR(P7 Q) QR S_lR-

Let P = RHompg)(P, R), where R Hompg)(—, —) is the derived hom. By [Sta22)
Tag 07VI], we have

RHomp(r)(P,Q) = P @5 Q,
because P is perfect. Since localization is exact, it commutes with H™ for every
n € Z. In particular,
Hompg)(P,Q) ®r S™'R = HO(RHOIHD(R)(R Q) ®@r ST'R
HO(R Homp(s) (P.Q) @ S7'R)
H°((P" ®% Q) ®r ST'R)
HY(PY @1 S™'R) 9515 (Q 01 S )
= HO((P ®rST'R)Y @415 (Q®r ST'R))
= H(RHomps-1p) (P ®r ST'R,Q @r S™'R))
= Homps-1r)(P ®r ST'R,Q ®r ST'R).


https://stacks.math.columbia.edu/tag/07VI
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Notation. We denote Perfzr @S 'R the essential image of the fully faithful em-
bedding F': Perfz[S™!] — Perfg-1g.

The functor F' is not always an equivalence, i. e. essentially surjective. To get a

feeling for essential surjectivity of this functor, we consider some examples.

Example 3.5. 1. Let R be any ring, p C R a prime-ideal and S = R\ p. Then
S7'R is a local ring and thus any finite projective S~!R-module is finite free.
This follows from [AMG69, Proposition 2.8]. We conclude that F is essentially

surjective in this case.

2. Let R be a principal ideal domain and S C R\ {0} any multiplicative subset.
Then S™! R is also a principal ideal domain. Thus, all finite projective modules
over R or ST!R are finite free, because submodules of free modules over PIDs

are again free. In this case, F' is again essentially surjective.

3. We can generalize the former example even further. If R is a Dedekind domain
and S C R a multiplicative subset, then S™'R is again a Dedekind domain.
Any finite projective module M over some Dedekind domain is isomorphic
to a direct sum P @ @), where P is a projective module of rank < 1 and @
is a free module [Serb8| Proposition 7|. Hence, it suffices to check, that the
induced map Pic(R) — Pic(S7'R) on the Picard groups is surjective. To
check this, recall that the Picard group of a Dedekind domain is canonically
isomorphic to its ideal class group. It is easy to check, that every fractional
ideal of ST'R comes from a fractional ideal of R[] We conclude that the map
of ideal class groups induced by the localization is surjective. Hence, F' is

essentially surjective.

4. (|BS, Paragraph before Definition 1.9]) Let R be the local ring of the nodal
cubic curve at the origin over an algebraically closed field k of characteristic
0, i. e.

R= (k[X,Y]/(Y? - X+ X?))

(zy)

Since R is a local ring, the ring of formal power series R[[T]] is again a local

ring and all finite projective modules over R[[T]] are free. But the localization

LA fractional ideal in R, resp. S~ R is a finitely generated R-submodule, resp. S~! R-submodule
of the mutual fraction field K. If a finitely generated S~!R-submodule N C K is generated by
mi,...,mp € K, then M := Rmy+-- -+ Rm,, is a fractional ideal of R such that N = M ®zS™'R.
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at S := {1,T,T? ...}, the ring of formal Laurent series R((T)), has a non-
trivial Picard group, which means that the functor Perf gy [T1] — Perfr((ry
is not essentially surjective. To see this, it suffices to check that HZ (R, Z) is
non-trivial [BC22, Equation (1.2.2)]. To see that HY (R, Z) is non-trivial, let Y
be the projective nodal cubic. The normalization of Y is given by Py — Y and
we can identify Y with P} where to points are glued together. Now, consider
countably many copies (P ;)iez of P;. We construct a scheme Y, — Y by
glueing the point 0 € IP’,IM to the point co € IP’}C’Z.Jrl for each ¢ € Z. The resulting
scheme Y., — Y is a non-trivial étale Z-torsor. Base changing this torsor with
the localization map Spec R = Spec Oy,y — Y yields again a non-trivial étale
Z-torsor and we conclude Hi (R, Z) # 0.

Next, we want to prove, that F' is essentially surjective in the case where R is
one of the rings of continuous functions mentioned in Chapter 2] We start with a

lemma.

Lemma 3.6. Let X be a compact Hausdorff space, R be a compact Hausdorff topo-
logical ring, S C R a countable subset of non-zero divisors. FEquip the localization

STIR = colimyeg R with the colimit topology. Then we have
C(X,R)®r ST'R=C(X,S'R).

Proof. This follows from [BS| Lemma 4.3.7]. We will adapt the proof to our case.
Without loss of generality, we can assume S to be of the form S = {s; | i € N}

with s;|s;41. For each i € N we have
R[s7Y] = colim (R R )

equipped with the colimit topology. Since R is compact Hausdorff, (s;)"R C R
is closed for all n € N and hence, R C R[s;'] is closed. Analogously, we get
R[s;'] C R[s;'] closed whenever ¢ < j. In total, we get a countable tower of
closed immersions of Hausdorff spaces with S™'R = colim; R[s; '] and we are in the
setting of |[BS, Lemma 4.3.7]. For the sake of completeness, we will cite its proof.
For readability, we set Y; := R[s;'],Y := S7'R.

We have to show that each f: X — Y factors through some Y;. Assume, there
exists a map f: X — Y with f(X) ¢ VY; for all i € N. After reordering of S we
may assume, there exists a sequence (x;);eny with z; € Y; \ Y;_;. By the universal
property of the Stone-Cech compactification, the map ¢ — z; extends to a map

¢: PN — X. By replacing f with f o ¢, we may assume X = SN.
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Pick any z € Y\ f(N). Then z lies in Y; for some j € N. For any i > j, the
set Y; N f(N) is finite. Thus, there exists an open neighbourhood U; CY; of z such
that U; N f(N) = . Set U; := U; and inductively

Uiy1 .= (Uipn 0 (Y1 \ ) U U,

for any ¢ > j. Then U; C Y; is open, U;N f(N) =0 and U; ;1 NY; = U, for all i > j.
The union U := |J,U; C Y is an open neighbourhood of = that misses f(N). By
density of N C X this means x ¢ im f. We conclude f(X) = f(N).

At last, pick any open neighbourhood z; € U; C Y;. We can extend U; in-
ductively in the following way: For i > 1 choose open subsets z; € U; C Y; with
x; ¢ Us. Set

U; .= (U;N (Y \ Yiq)) U U,

Then each U; C Y; is an open neighbourhood of z; such that U;;; NY; = U; and
x; ¢ U;. Since X is compact, f(N) must be finite, which is a contradiction. O

Theorem 3.7. Let S be an extremally disconnected profinite set.

1. Let E be a non-Archimedean local field, O its ring of integers. Then the

functor
Perfe(s,0,) ®o0, B — Perfes k)
s an equivalence.

2. Let K be a global field. Set

@K = H OKV-

v<oo

Then the functor
Perfo g6, ®6, Ak fin — Perfe(s,ap o)
1s an equivalence.

3. If K is in particular a function field over a finite field and

@K = H OKV,

v<oo

then the functor
Perfc(S@K) ®@KAK E} PerfC’(S,AK)

1s also an equivalence.
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Proof. By Proposition [3.4 and Lemma [3.6] it suffices to show essential surjectivity.
Consider case 1. Let A® be a complex of finite length of finite projective C(S, E)-
modules. By Corollary C(S, E) is semihereditary, i. e. every finitely generated
ideal is projective. By [Lam99, Theorem 2.29] each A’ is isomorphic to a finite

direct sum of finitely generated ideals
A=Pr,
n=1

for some n; > 1.
Let (f1,...,fm) C C(S,E) be a finitely generated ideal. Since S is compact,
there exists some ¢ € Og such that f1(S)U---U f,,(S) C ¢ 'Og. Note that the

collection of all tuples (i,n) with I’ # 0 is finite. For each tuple, we choose some

Gin € Op in such a manner and we set ¢ := []; , ¢in. For I, = (F7" oo fom ) we
set
and

A= @ Jé.
n=1
This way, we obtain a bounded complex A® of finite projective C(S, O)-modules,
such that
A G0, B A%

The same proof works for the other cases as well. Therefore use Theorem [2.17]
instead of Theorem and Lemma to get a fitting g € Ok. n



Chapter 4

Sheaf theory

In this chapter, we will briefly recall definitions of sheaves, sites and topoi and

introduce the Grothendieck topologies used in Chapter [5]
Definition 4.1. Let C be a small category.
e A family of morphisms with fixed target is given by an object U € C and a
family of morphisms {U; — U }ie;.

o A coverage on C is a set Cov(C) of families of morphisms with fixed target,

called coverings of C, satisfying the following axioms:

1. If V. — U is an isomorphism then {V — U} € Cov(C).

2. It {U; — U}ier € Cov(C) and for each i we have {V;; — U;};es, € Cov(C),
then {V;; — U}icr jes, € Cov(C).

3. If {U; — U}ier € Cov(C) and V — U is a morphism then U; Xy V' exists
for all i and {U; xg V — V}ier € Cov(C).

o A site is a category C equipped with a coverage Cov(C).
Definition 4.2. Let C be a site and A be a category that has small limits.

1. A presheaf on C with values in A is a functor F': C°* — A. A morphism
of presheaves is a natural transformation between functors. We denote the
category of A-valued presheaves by PSh(C, A).

2. A presheaf F is called sheaf if for every {U; — U}ier € Cov(C) the diagram

FU) = [[FW) = [ FWU v Uy)
i i
is an equalizer diagram. A morphism of sheaves is a morphism of presheaves.
We denote the category of A-valued sheaves by Sh(C, A).

24
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3. If A is an oo-category, a presheaf F' is called an oco-sheaf if F' carries finite
disjoint unions to finite products and for every {U; — U}ie;r € Cov(C) we

have

F(U) ~ lim (HF(Ui) = [[FU <o U) 3 ) .

2'7j
Another way to write this limit is by using the Cech nerve Y/

F(U) =~ lim E(Y*/X).

Definition 4.3. Let Sch®®

qeqs,r D€ the category of qeqs schemes over some ring R

equipped with some coverage. Suppose A is an co-category that has filtered colimits.
Let F': Sch®®

qcqgs, R
tower of qeqs R-schemes (indexed over some cofiltered partially ordered set I') with

— A be an oo-sheaf. We call F' finitary if whenever {Y;}ies is a

affine transition maps, then we have
lim F(Y;) = F(limY;).
o i

In order to define a morphism of sites, we need to consider the following:
Definition 4.4. Let C, D be sites. A functor u: C — D is called continuous if
1. for every {V; = V}icr € Cov(D) we have {u(V;) = u(V)} € Cov(C) and

2. for every {V; — V},er € Cov(D) and for every morphism 7" — V in D the

morphism u(T xy V;) = w(T') xyvy u(V;) is an isomorphism.

Remark. Suppose we are given two sites C, D and a continuous functor u: D — C.

This functor induces a functor

u?: PSh(C, A) — PSh(D, A)
F = Fou.

This functor admits a left adjoint u, [Sta22l, Tag 00VC]|. We denote u*® the restriction
of u? to the subcategory of sheaves of C. Since u is continuous, u®(F) is a sheaf
whenever F is a sheaf. This functor admits a left adjoint as well, denoted us and
given by u, : G — (upg)#7 i. e. it sends G to the sheafification of u,G [Sta22, Tag
00WU].

Definition 4.5. A morphism of sites f: C — D is given by a continuous functor
u: D — C (in the other direction) such that the functor us: Sh(D, Set) — Sh(C, Set)

is exact. We write f~1 := u, and f, = u’.


https://stacks.math.columbia.edu/tag/00VC
https://stacks.math.columbia.edu/tag/00WU
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Definition 4.6. A topos is a category which is equivalent to the category of sheaves
of sets on a site. A morphism of topoi u: C — D is a pair of adjoint functors
(u*: D — C,u,: C — D), u* left adjoint, such that u* commutes with finite limits.

Remark 4.7. Given a site C, one can lift the topology to the presheaf category
PSh(C) the following way. First of all, we equip Sh(C) with the canonical topology
IGVAT2, Exp. II, Definition 2.5]. This topology is characterized by the fact that
sheaves on Sh(C) are exactly the representable sheaves. Hence, we have a canonical

isomorphism of topoi [Mak77, Lemma 1.3.14]
Sh(C) =~ Shean(Sh(C)).

A map of sheaves F' — G is a cover if and only if ' — G is an epimorphism. A
family of morphisms {F; — G},e; is called a cover if [ [, F; — G is an epimorphism.
Next, we declare a map of presheaves F' — G to be a cover if and only if
the induced map of sheaves F# — G7# is a cover. This gives PSh(C) the finest
subcanonical topology such that covers in C give rise to covers in PSh(C) [GVAT2,
Exp. II, §5].
A similar result holds for co-topoi [Lur09) Section 6.2.4].

The following sites will be of particular interest for us.

Definition 4.8. Fix a scheme X. An étale cover of X is a family of étale morphisms
{fi: Ui = X}ier such that X = J,.; fi(Us).

The étale site of X, denoted Xy, consists of the subcategory of Sch /S consisting
of étale morphisms U — X equipped with étale covers. We denote X2T the full

subcategory of affine schemes in Xg;.

Definition 4.9. Let XY be schemes. A map f: Y — X is called weakly étale if f
is flat and the diagonal map Ay: Y — Y xx Y is flat. Denote X6, the category of
weakly étale X-schemes. We equip X,,0et With a coverage by declaring the coverings
to be exactly the coverings in the fpqc topology, i. e. a family {Y; — Y };c; of maps
in Xpreet is covering family if any U C Y is mapped onto by an open affine in
Llic; Ui- We call X, 06 the pro-étale site of X.

Remark. The pro-étale site of a scheme is introduced and studied in [BS|. In this
thesis, we will ignore the set-theoretic issues. To avoid those issues, one could fix
an uncountable strong limit cardinal x with |X| < k and restrict Xp,0¢¢ to those
Y — X with |Y] < & (c. f. [BS, Remark 4.1.2]).
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Remark. Since any étale covering is also a weakly étale covering [Sta22, Tag 022C|

and any étale map is weakly étale, we obtain a morphism of topoi
v: Sh(Xproer) = Sh(Xet)
induced by the canonical morphism of sites.

Definition 4.10. Fix a scheme X. A scheme U € X, is called pro-étale affine
if we can write U = lim U with U; € X2 for a small cofiltered diagram. The full

subcategory of X0 spanned by pro-étale affines is denoted X aff

proét

aff
proét

Example 4.11. For an algebraically closed field k& we can describe (Spec k)
explicitly. A map of schemes X — Speck is étale if and only if X = [[4 Speck for
some set S [Sta22, Tag 02GL|. For X affine, this set S is finite. Hence, we obtain

an equivalence of categories via

(Spec k)2 5 FinSet
X — X(k)
H Speck < S.
s

With the embedding of the étale site into the pro-étale site, we obtain a functor
FinSet — (Speck) .. By [BS, Lemma 4.1.8], (Spec k)2 . has all small limits,

proét- proét

thus we get a functor Pro(FinSet) — (Speck)! .. via right Kan extension. By

proét
definition of (Spec k)3T, this functor is an equivalence. Via this identification a

aff
proé

profinite sets. By [BS, Remark 4.2.5], the topos Sh((Spec k)poet) is equivalent to

Sh((Spec k)2 ). Finally, we obtain the definition of condensed sets introduced in
ICS].

covering in (Spec k)" .. corresponds to a finite jointly surjective family of maps of

Definition 4.12. A condensed set (group, ring etc.) is a sheaf of sets (groups, rings

etc.) on the pro-étale site of an algebraically closed point spe¢. This is a functor
T : Pro(FinSet) — Sets / Groups / Rings ...

satisfying T'(0) = * and the two following conditions (which are equivalent to the

sheaf condition):
1. For any profinite sets Sy, Sy the canonical map
T(Sl L Sg) — T(Sl) X T(SQ)

is a bijection.


https://stacks.math.columbia.edu/tag/022C
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2. For any surjection S’ — S of profinite sets with fiber product S" xg S" with

projections pq, po the map
T(S) = {z € T(S") | pi(x) = p3(x) € T(S" x5 )}
is a bijection.

As before, this definition provides set theoretic issues. These can be solved by
only considering profinite sets with cardinality less than a fixed uncountable strong
limit cardinal. Afterwards, one takes a colimit over the poset of all uncountable
strong limit cardinals (c. f. [CS, Appendix to Lecture II]).

Remark. For any scheme Y € X|,,6 and any profinite set S we can define a scheme
Y xS € Xpost as follows (c. f. [BS, Example 4.1.9]): Let S = lim, S;. For each
S; consider the constant sheaf with value S;. In the Zariski topology, this sheaf
is the sheaf of locally constant functions 7' — S; with S; viewed as a discrete
space [Sta22] Tag 03P5]. This Zariski sheaf is representable by [[g SpecZ. As any
representable presheaf satisfies the sheaf condition for the fpqc topology [Sta22l Tag
0303| and any étale covering is a fpqc covering [Sta22, Tag 03PH|, we conclude that
[ 15, SpecZ represents the (étale) constant sheaf with value S;. Via base change we

obtain S; := [[4 X — X. Then we set S := l&nzi and finally Y x S:=Y xx S.

Definition 4.13. For any scheme X there is a morphism of sites denoted

Px: Xproét — >"proét

given by the limit preserving functor which sends a profinite set S = lim;.S; to

lim; X x S;. For a condensed ring A we denote Ax := p)_(lA.

The condensed rings we are interested in arise as follows (c. f. [HRS, Example
3.1)):

Example 4.14. Any topological Ti-ring A induces a sheaf of rings on *,.¢ via
S+ C(S,A).

By abuse of notation we donote this condensed ring A.
Let X be a scheme and px : Xproet — *proet De the morphism of sites mentioned
in Definition Let U € Xposr and S = 1&11 S; be a profinite set. We have

HomXproét (

UXxS)= Homxpmét(U,l'gl(X X S;)) = I'&nHomXpmét(U,X X S;)
= lim Homy,,,, (U, [ ] X) = limCx (U, [] %)
7 S; i Si

= @C(U, Si) =C(U,S) =C(m(U),S)


https://stacks.math.columbia.edu/tag/03P5
https://stacks.math.columbia.edu/tag/03O3
https://stacks.math.columbia.edu/tag/03O3
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because every continuous function U — S factors uniquely through mo(U) since S
is totally disconnected. This calculation shows, that the index category used to
calculate the inverse image presheaf [Sta22, Tag 00VC]| has the final object U. We
conclude that Ax is the sheafification of the presheaf given by U — C(mo(U), A)
(for U € Xproet)- For A totally disconnected, this presheaf is already a sheaf by [BS,
Lemma 4.2.12].

The last topology relevant for this thesis is the arc-topology, which was intro-
duced in [BM21].

Definition 4.15. 1. An extension of valuation rings is a faithfully flat map of

valuation rings V' — W (equivalently, an injective local homomorphism).

2. A map of qcgs schemes Y — X is an arc-cover if for any valuation ring V'
with rank V' < 1 and map SpecV — X, there is an extension of rank < 1
valuation rings V' — W and a map SpecW — Y such that the following

diagram commutes:

Spec W 3 > Y

|

SpecV —— X

3. The arc-topology on the category of schemes is the Grothendieck topology
where the covering families {f;: Y; — X}, are those families with the fol-
lowing property: for any affine open V' C X, there exist finitely many in-
dices i1,...,i, and affine opens U;;, C f;l(V) such that the induced map

LI, Ui, — V is an arc-cover in the sense of (2).


https://stacks.math.columbia.edu/tag/00VC

Chapter 5

Arc descent for constructible adic

sheaves

Recall that all schemes are assumed qcgs. We use the notation of [HRS Section
3.1] and recall some of the facts given there. For any scheme X let D(X, A) denote
the derived oo-category of the abelian category of sheaves of Ax-modules on Xoet
[Lurl7, Definition 1.3.5.8 and Remark 1.3.5.10]. This oo-category is stable and
comes with a monoidal structure denoted by — ®x, — (JLurl7, §4.8.1]) and inner

homomorphisms denoted by Hom, (-, —) such that
RHomp, (-, —) = RHompx ) (—, —) = R['(X,Hom, (—,—)).

After passing to the homotopy category, the tensor product becomes the classical
derived tensor product.
Let f: Y — X be a morphism of schemes. Then Ay = f~'Ax and the ordinary

pullback and pushforward of sheaves induce an adjunction
ff=f"1 DX,A)SDY,A): f,

with f* exact and symmetric monoidal. For a morphism of condensed rings A — A/,
the forgetful functor D(X, A’) — D(X, A) admits a symmetric monoidal left adjoint

D(X,A) = D(X,A), M Moy, Ny. (5.1)
As before, we denote the essential image of the functor (5.1)) by D(X, A) @4, Aly.

Definition 5.1. 1. A subset of a qcgs topological space is called constructible if
it is a finite Boolean combination of quasi-compact open subsets. That is, it
can be written as a finite union of subsets of the form UNV ¢ for quasi-compact
open U, V.

30
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2. A stratification of a topological space X is a decomposition X = J,., X; into
locally closed subsets X; C X.

Definition 5.2. Let X be a scheme and A a condensed ring.

1. A sheaf M € D(X,A) is called lisse if it is dualizable (c. f. [Lurl?, Chapter
4.6.1]).

2. A sheaf M € D(X,A) is called constructible if, for any open affine U C X,
there exists a finite subdivision of U into constructible locally closed sub-
schemes U; C U such that each M|y, is lisse. That is, M becomes dualizable

on a constructible stratification.

The full subcategories of D(X, A) of lisse, resp. constructible A-sheaves are denoted
by

Dlis <X7 A) - Dcons (X7 A)

Remark. The subcategories Djis(X, A), Deons(X, A) inherit the symmetric monoidal
structure from D(X, A).

For any map of schemes f: Y — X, the pullback f* preserves lisse and con-
structible sheaves. For lisse sheaves, this follows immediately from f* being symmet-
ric monoidal. For a constructible sheaf M, one covers both X = |J, U; and Y = |, V;
by finitely many (not necessarily distinct) affine opens, such that f(V;) C U;. In
this case, f|y, is continuous in the constructible topology [Sta22, Tag 0A2S| and the
preimage of the constructible stratification of U; such that M becomes dualizable
is again a constructible stratification.

Also, for a map of condensed rings A — A’, the functor (—) ®,, A’y preserves

lisse, resp. constructible sheaves.

We cite the following results for later use.

Lemma 5.3. In the oo-category Cat, of small (n,1)-categories, filtered colimits

commute with A-indexed limits, where A is the simplex category.
Proof. |BM21, Example 3.6, Lemma 3.7]. ]

Lemma 5.4. Let X be a scheme and A a condensed ring. Then one has

COHS X A U D[c(i)rlis

a<b

Proof. [HRS Lemma 3.16, Corollary 3.17]. O
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The following lemma allows us to simplify the task of testing the descent condi-

tion for constructible sheaves.

Lemma 5.5. Let X be a scheme and A = colim; A; a filtered colimit of con-
densed rings. If the functor X + Deons(X,\;) is an arc sheaf for all i, then
X — Deons(X, A) is an arc sheaf as well.

Proof. By [HRS, Proposition 3.20], the natural functor
colim; Degns (X, As) = Deons(X, A)

is an equivalence. Assume that all the categories with A;-coefficients satisfy arc
descent. For all a,b € Z,a < b, the full subcategory D% (X, A) C Deons(X, A) is a

(b—a+ 1)-category. Since the colimit is filtered, we conclude that for any arc-cover
Y - X

DI (X, A) = colim, DI (X, A,)

cons cons

= colim; lim D@t (ye/X A))

cons

cons

= lign colim; DI%E (y*/X A))

= lim Dbl (ye/X A)

cons

by Lemma [5.3] By Lemma [5.4] we are done. O

5.1 Coeflicients in disconnected local fields

For this section, ¢ will be a fixed prime number. Recall, that we do not strictly
distinguish between a topological Ti-ring and its associated condensed ring. The
goal of this section is to show that, in the case of A being a local field or its ring of
integers or the ring of finite adeles of a global field, the functor X — Dcons(X, A)
is an arc-sheaf of co-categories. The case of L-coefficients with L an algebraic
extension of Qy is proven in [HS, Theorem 2.2|, here we add some details. First, we
cite the following theorem [BM21, Theorem 5.13, Remark 5.9].

Theorem 5.6. Let X be a qcqs scheme and A a finite ring. Then the functor
X > Deons(Xet, A) is an arc-sheaf.

The oo-category Deons(Xes, A) is defined analogously to Deons(X, A). A sheaf
M € D(Xg,A) in the derived oo-category of étale sheaves of A-modules is called

lisse, if it is dualizable with respect to its monoidal structure — ®, —, and M is
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called constructible, if there exists a finite subdivision of X into constructible locally
closed subschemes X; C X such that each M|y, is lisse.

We use this to prove arc descent for Op-coefficients.

Theorem 5.7. Let L be an algebraic extension of Qg or F,((T)) for some prime
p and let O C L its ring of integers. Then the functor X + Deons(X, OL) is an

arc-sheaf.

Proof. We start with the case L/Qy. Since L = colim L’ where L’ runs over all finite
extensions of Qy, we have O = colim Oy,. By Lemma [5.5] it suffices to prove the
claim for finite extensions.

Now, assume L to be a finite extension of Q,, i. e. a disconnected local field.
Then Op, is a discrete valuation ring with finite and discrete residue field. We
conclude that Oy /¢" is finite and discrete for every n € Z with n > 1. By [HRS,
Proposition 3.40] and Theorem [5.6], we conclude that

X = Dcons(X7 OL/gn) = Dcons<Xét7 OL/gn)

is an arc sheaf. Since O, is f-adically complete [Sta22l Tag 090T| and the canonical
maps O /(" — Oy /¢" are surjective and with nilpotent kernel, (c. f. [HRS, Section
3.4.1]) we use [HRS|, Proposition 3.19], to conclude that

X — DCOHS(X7 OL) =~ lim Dcons(X7 OL/€n>

is an arc sheaf. This follows from the fact that the inclusion functor Sh(C) C
PSh(C) preserves limits for every small site C. [Lur09, Definition 6.2.2.6, Proposition
6.2.2.7).

For L/F,((T)) one just has to exchange ¢ with 7" and does the same proof
again. O

Before we continue to prove that constructible sheaves with coefficients in alge-
braic extensions of disconnected local fields satisfy arc descent, we still need to do
some preparation. We start by proving the following proposition [HS, Proposition
2.3].

Proposition 5.8. Let L be an algebraic extension of Qu, X be a scheme and let
A € Deons(X, L) be fized. Let F be the functor taking an X-scheme X' to the oo-
category consisting of pairs (Ao, ) with Ay € Deons(X', Or) and an isomorphism
a: Aglt™Y] S Alx.. Then F is a finitary arc-sheaf and admits a section over an

étale cover of X.
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Precisely, the oo-category F'(X’) for an X-scheme X’ is the oo-category given
by the fiber product of

Alx

|

Dcons(X/7 OL) —_— Dcons(X/a L)

where Deons(X', Or) — Deons(X’, L) is the functor induced by the localization map
Or — L and A|x: — Deons(X’, L) is the inclusion functor. This is well-defined since
Cats admits all small limits [Lur09, Section 3.3.3].

We think about this category as pairs of an Ay € Deons(X’, O) and an isomor-
phism a: Ay [{] = Alx. We think of a morphism between (Ay, o) and (B, ) as
a morphism f : Ay — By such that

AO > BO

N

Al

commutes up to higher morphisms.
Before we start the proof, we cite the following lemma, which is needed quite

often during the proof.

Lemma 5.9. Let X be a w-contractible qcqs scheme and A a condensed ring. There

15 a symmetric monoidal equivalence of categories
Perfp(xm = Dhs(X, A)
Proof. [HRS, Lemma 3.7. (3)]. O

Proof of Proposition[5.8, By Lemma [5.5] it suffices to prove the claim for finite
extensions L/Q,. We will structure the proof into several steps.
(1) F is an arc-sheaf: For the Ay, this is due to Theorem [5.7] For the a, it

suffices to show that the natural map
Deons(X, L) = lim Deons (Y /¥, L)

is fully faithful. To see this, let m: Deons(X, L) — Deons(X, Or) be the forgetful
functor induced by the ring map O — L. This functor is conservative, i. e. it
reflects isomorphisms, and it is right adjoint to — ®p, L.

Next, for A, B € Deons(X, L) consider the map

YnX,B

Hom, (A, B) — liin Hom, (A yox)
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in Deons(X, L) and look at the following diagram

mHom, (A, B) —— wlim Hom, (Alyex, Blyex)

! !

Hom,,, (4, B) — lim Hom,,, (A

Y'X7B Y‘X)

Since we have already proven arc descent for Op-coefficients, the lower morphism is
an isomorphism and hence the upper is also an isomorphism. Since 7 is conservative,

we conclude that

Hom, (A, B) — liin Hom; (Alyex, Blyex)

is already an isomorphism which proves the claim.

At last, it is clear that F' sends finite disjoint unions to finite products.

(2) It suffices to construct a section for A dualizable: Assume we have a section
over an étale cover for all dualizable A. Since X is qecgs there exists a finite partition
X = ]I, Xi such that each A
[Sta22l Tag 095E|. By assumption, there exists an étale cover X — X, a sheaf

x, is dualizable. The argument is the same as in

Api € Deons(X!,Or) and an isomorphism «;: Ay, [ﬂ — (Alx,) X! = A|ng for each
i. Then X' :=[[, X] — X is an étale cover. Since F' is an arc-sheaf, we conclude
that

F(x) = P X0 =[] Fex)

is non-empty.

(8) F admits a section over a pro-étale cover: Assume A is dualizable, i. e. lisse,
and let X’ — X be a w-contractible pro-étale cover (which exists by [BS, Lemma
2.4.9]). By Lemma Alx is equivalent to a perfect complex A* of C(mo(X"), L)-
modules since L is totally disconnected and every continuous function X' — L
factors canonically through 7y(X’). By [BS, Theorem 1.8, Lemma 2.4.8], mo(X")
is extremally disconnected and we conclude from Theorem that there exists a
perfect complex Ag of C(m(X’), O )-modules with &: A H 5 A°. By Lemma
this complex 1215 is again equivalent to some Ay € Dys(X’, Op) and & becomes an
identification a: Ag [1] S Aly.

(4) F is finitary: By [HRS, Lemma 3.11|, the property of being constructible
can be checked pro-étale locally. Combining this with Lemma [5.3] and Lemma [5.4]
we can assume X to be w-contractible. By (3), we can always find a section over

a w-contractible pro-étale cover. Thus, we can assume A = A;[(~!] for some sheaf
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Aq € Deons(X, O;) that we fix. Now let X' = lgll X/ be a cofiltered inverse limit of

affine X-schemes. We need to show that the functor
th(XZ’) — F(X')

is an equivalence. For fully faithfulness, take two elements of the left hand side
and choose representatives (Ao, a;), (Bo,i, 8i). Since the colimit is filtered, we can
choose both representatives with the same i. A morphism Ag;|x — Bo,|x’ such

that
AO,i ’X’ ” BO,@' |X’

Xﬂ’ /
Bi| X'

Alx

commutes is the same as giving a morphism from the mapping cone of Ay ;|x» — Alx
to the mapping cone of By;|x — A|x’. By abuse of notation, we denote these cones
by cone(a;|x/) and cone(B;|x:). Derived tensoring any Ay; with the short exact

sequence
0= 2 —Q— Qu/Z¢— 0
yields
cone(Ag; — Alxr) & Ao, ®7, Qu/Zy

which is a bounded complex of étale /-torsion sheaves, i. e. it lies in the essential
image of v*: D(X¢,Or) = D(Xproet, Or). This is due to the fact that Q,/Z, is
discrete and ¢-torsion and [HRS, Proposition 3.40]. Thus, we can calculate the
cohomology on the étale site [Sta22, Tag 099W|. Together with [Sta22, Tag 0GIT],

we conclude

Homp(xr 0,)(cone ;| x, cone fi| x/) = H°(X', Hom(cone a;|x, cone ;| x))
= H°(X’, Hom(cone a;, cone 53;)| x7)
= colim; H°( X/, Hom(cone o, cone f3;) |x1)

= colim; Hompx/ 0, )(cone a;, cone 3;).
i

Hence, the functor is fully faithful.

It remains to show essential surjectivity. Let Ay € Deons(X’, Op) with an isomor-
phism a: Ao[l~1] = Alx = Ay|x/[¢71] be given. We can find a finite stratification
of X’ into w-contractible qcqs X-schemes such that each of the three complexes

becomes dualizable. By Lemma [5.9] and Theorem we can find some power of
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¢ such that the isomorphism Ag[f~1] = A|x, restricted to the stratum comes from
a morphism Ay — A;|x, multiplied by ¢™. Since there are finitely many strata,
we can find a power of ¢ such that the isomorphism Ay[¢~!] = A|x comes from
a morphism Ay — A;|x, multiplied with this suitable power of ¢. Let B be the
mapping cone of this map Ay — Aj|x,. Then B is in Deops(X’, Or). Tensoring the

exact triangle
A() — A1|X/ — B = Ao[l]

with Q, yields B ®%ﬁ Q¢ =0, 1. e. B is killed by some power of £. We conclude that
B € Deons(X’, 0L /7) for some power of £. Again, B is an étale sheaf, now over a
finite ring. By Theorem[5.6|and [BM21, Theorem 5.6|, the sheaf X +— D(Xg, Op/¢")
is a finitary arc-sheaf, thus B = B;|xs for some B; € Deons(X/, O ). Since we have
already shown that the functor is fully faithful, the map A;|x» — B comes from a
map A1|XJ/_ — B; with B; := Bi|X§_ and i < j. Now, let Ay ; be the homotopy fiber
of A x; — Bj. Pulling back the exact triangle

AQ’]‘ — AllX]/v — Bj — Ao’j[l]
yields an exact triangle
Ao jlx = Ailxr = B = Agjlx[1]

and we conclude Ay ;|x = Ay.
(5) F admits a section over an étale cover: By finitaryness of F', the section

constructed in step (3) is already defined over some étale cover. [

Remark 5.10. In fact, Proposition [5.8| remains true if we consider algebraic exten-
sions of non-Archimedean local fields. The same proof works if we consider F,((7"))
instead of Q,. In this case, the functor F' would take an X-scheme X’ to the
oo-category consisting of pairs (Ag, ) with Ay € Deons(X’, Or) and an isomor-
phism a: Ag[T7] 5 Alxs. One only needs to adjust the form of the mapping cone
in the part where the finitaryness is proven. In this case, derived tensoring any

floﬂ- € Deons(X/, Op) with the short exact sequence
0 = F[[T]] = Fo((T) = Fo (1)) /IFq[[T]] — 0
yields
cone(Ag; — Alx,) = Ao ®IIFJq[[T]] F,((T)) /%, [[T7]].

The remaining parts of the proof works exactly the same.



38 CHAPTER 5. ARC DESCENT FOR CONSTRUCTIBLE ADIC SHEAVES

We can conclude a globalized version of Theorem

Proposition 5.11. Let R be any topological Ti-ring and S C R a multiplicative
subset. Consider the localization R — S™'R as a morphism of condensed rings.
Then the functor

DCOHS (X7 R) % DCOnS (X7 SilR)
M— M ®pg, (S_lR)X

15 fully faithful.

Proof. The proof is the same as in Proposition with the corresponding facts for
dualizable objects in D(X, R) ([Sta22, Tag 081J|, [Sta22, Tag OFPP]) and descent

for Hom-sets. O

Corollary 5.12. For any algebraic extension L of Qg or F,((T)) the functor
Dcons(Xa OL) ®OL L — Dcons(Xa L)
s an equivalence of categories.

Proof. By Proposition , we only need to prove essential surjectivity. By [HRS,
Proposition 3.20|, we can assume L/Q, to be finite.

Let A € Deons(X, L) be any constructible sheaf. By Proposition , there exists
some étale cover X’ — X and some A’ € Deons( X', Op) such that A'[(71] = A|x,. We
can pass to a finite constructible stratification X = [[, X; such that A is dualizable
and each X' x x X; — X; is finite étale [Sta22, Tag 03S0| and since fully faithfulness
is already shown, we can assume X’ — X to be finite étale.

Since the functor in Proposition[5.8]is finitary, we can use relative approximation
[Sta22, Tag 09MU| to reduce to the case where X and X' are of finite type over Z
and in particular Noetherian [Sta22 Tag 01T6|. In this case, X and X’ have finitely
many connected components [Sta22l, Tag 0BAS|, which are clopen. After replacing
X with a finite clopen cover, we can assume X to be connected. Likewise, we can
assume X' to be connected. We can refine the stratification even further such that
we can assume X and X’ to be normal.

By [HRS|, Corollary 3.29], we conclude that our definition of constructible sheaves
coincides with the one given in [BS| Definition 6.8.8] for X Noetherian. By [Sta22]
Tag 035B| and [BS, Lemma 7.3.9, Remark 7.3.10], there exists a pro-(finite étale)
cover X — X' — X such that A|; becomes a constant sheaf in each degree, which

means that Al is locally of the form A ®p, K where A is a finitely generated
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Og-module since A is dualizable. This stays true for all truncations, so we con-
clude that all truncations of A remain dualizable. Since the image of the functor
Deons(X,OL) — Deons(X, L) is closed under cones and shifts, it suffices to find a
preimage for A concentrated in degree 0.

Now, assume A is concentrated in degree 0. Since A|; is constant and dualizable,
Al; is constant with value a finite dimensional L-vector space V' and the descent
datum to X is given by a continuous representation p: 77"°%(X) — GLL(V) [BS,
Lemma 7.4.7]. Since X is normal, we can replace 7?°(X) by 7¢(X) [BS, Lemma
7.4.10]. Since 7¢*(X) is compact, it is clear that p has an invariant (’)L—latticeﬂ,
which then descends to an element Ay € Deons(X, Op) such that Ay ®p, L = A

(c. f. [BS, proof of Lemma 6.8.13]). O

Before we continue and prove arc-descent for constructible sheaves with coeffi-
cients in algebraic extensions of disconnected local fields, we will proof the following

lemma first.

Lemma 5.13. Any finitely presented arc-cover Y — X can, up to universal home-

omorphism, be refined by finite étale covers over a constructible stratification.

Proof. Consider z € X, a morphism Spec x(z) — X and some preimage y € Y of
x with a morphism Speck(y) — Y. Since all schemes are assumed qcgs, there is
some y € Y which is a closed point in the fiber Y,. By [Sta22, Tag 01TG]|, the
field extension «(y)/k(z) is finite. By replacing k() with its perfection (which is a
universal homeomorphism by [BS17, Lemma 3.8|), if necessary, we can assume that
the field extension x(y)/k(x) is finite separable and hence a finite étale refinement
of Y, — Speck(z).

Recall that the set {x} C X can be written as intersection of quasi-compact
opens and their complements. Namely, choose an affine open neighborhood Spec A

of z at first, then write the closure of = as
{=} = DU,
fépz

where p, is the prime ideal corresponding to x. At last, for every y € m, Yy # x,
choose some f, € A such that x € D(f,) but y ¢ D(f,). Then we have

{z} ={«}n () D(fy.

ye{z}
y#£T

1One uses that U := {g € 7*(X) : gI' C I'} is open for any lattice ' C V and that a finite sum

of lattices is again a lattice.
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In other words, we can write Spec k(z) as inverse limit of open resp. closed sub-
schemes.

Now, let U — Specr(x) be the (up to universal homeomorphism) finite étale
refinement constructed before. By [GVAT2, Theorem 8.10.5 and Theorem 17.7.8|,

this morphism spreads out to a locally closed constructible subset. O
Finally, we can prove [HS, Theorem 2.2].

Theorem 5.14. Let L be an algebraic extension of Q; or F,((T)). The functor
X — Deons(X, L) is an arc-sheaf.

Proof. By Lemma [5.5], we can again reduce to the case where L is a finite extension
of Q resp. F,((T)). Let Y — X be an arc-cover. We want to show that the natural

map
Dcons(Xa L) — hin Dcons (Y.X7 L)

is an equivalence.

Since the case of Op-coefficients was already proven in Theorem [5.7]and we know
DCOHS(X7 OL) ®OL L~ Dcons(Xa L)

by Corollary [5.12], we can conclude that the map is fully faithful.

For the essential surjectivity, consider some A € Deons(Y, L) equipped with a
descent datum. Let Y be the finitary arc-sheaf considered in Proposition with
Y as base scheme, i. e. Y is a functor from the category of schemes over Y. We
equip PSh(Yproet), resp. PSh(X 0et) with the topology described in Remark and
identify X and Y with their images via the Yoneda embedding. Since the pullback
functor Deons(X, L) — Deons(Y, L) is exact, the descent datum on A induces a
descent datum on Y by construction of Y. This descent datum is effective, thus it
descends to a sheaf X (c. f. [Lur(9, §6.2.4]). Since Y — Y is an arc-cover (Y is the
terminal object in PSh(Y},0¢t) as Y is the constant presheaf with a singleton value)
and the arc-cover Y — X lifts to an arc-cover in the presheaf category, the induced
map X — X is an arc-cover as well. At last, we consider that Y is a representable
sheaf in Shean (Sh(Yproet)), hence there exists a universal Ay € Deons(—, Of) over Y.
By Theorem this universal Ay descends to X. In conclusion, it is enough to
prove descent along X — X.

To reduce further, note that by relative approximation [Sta22, Tag 09MV| any
qcgs scheme over X can be written as a limit of a directed system of finitely pre-

sented X-schemes X; with affine transition maps over X. Since X is a finitary arc
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sheaf and an arc-cover of X (because Y is one), there exists a finitely presented
X-scheme X’ such that X (X’) has a section over X and X’ — X is an arc-cover.
Hence, it is enough to prove descent along finitely presented arc-covers.

Now, assume Y — X to be a finitely presented arc-cover. Since descent for
morphisms is already proven, we can restrict to a constructible stratification. By
Lemma [5.13] we can, up to universal homeomorphism, refine Y — X by finite étale
covers. In other words, we reduced to the case, where Y — X is finite étale. But by
[HRS, Lemma 3.11, Corollary 3.13|, the functor U + Deons(U, A) satisfies descent
on X6t and we are done.

]

5.2 Coefficients in the adele ring

In this section, let K denote a global field and Oy its ring of integers. For each
place v, we denote the completion of K with respect to v by K, and its ring of
integers by Ok,. By Ok we denote the profinite completion of O.

Recall that any finite place in a number field, resp. any place in a function field
over a finite field corresponds one-to-one to a non-zero prime ideal. For any place
v with corresponding prime ideal p,, one has

Ok, = 1&1@1(/133 (5.2)
n>1

By the Chinese remainder theorem one can conclude
Ok = [] Ox.
for number fields K, respectively

Ok = [] Ox.

v<oo

for function fields K over some finite field.
Theorem 5.15. The functor X + Deons(X, @K) is an arc-sheaf.

Proof. The basic idea is to apply [HRS, Proposition 3.19] to the diagram in ({5.2))
and perform the same proof as in Theorem [5.7 To do so, we need to reformulate
(5.2) in such a way that the limit diagram becomes sequential.

The number of prime ideals in O is countable. Let py,po, ... be an enumeration

of non-zero prime ideals in Og. For every m > 1, we set
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The canonical transition maps R,,.1 — R,, are surjective with nilpotent kernel.
The collection {R,, }.m>1 is a cofinal subset in the set of finite quotient rings of O

and hence, their limits coincide, i. e.

O lim Ry,

m>1

For every m, the ring R,, is finite and discrete, so we use the same approach as
in Theorem [5.7] For every m the functor

X — DCOHS(X7 Rm) = Dcons(Xét7 Rm)
is an arc-sheaf by Theorem Using [HRS, Proposition 3.19], we conclude that
X — Dcons (X7 @K) = hI>Ill Dcons (X; Rm)

is an arc-sheaf. O]

The proof also works considering only a subset of all places. Hence, in fact we

did prove the following;:

Corollary 5.16. Let S be a subset of places such that for all v € S the completion

K, is non-Archimedean. Then the functor

X+ Deans(X, [ [ Ox.)

ves

is an arc-sheaf.

To prove arc-descent for constructible sheaves with finite adelic coefficients, we
will use the following proposition which shows that constructible sheaves are well-

behaved with finite products in the coefficient ring.

Proposition 5.17. Let X be a scheme and let Ay, Ay be condensed rings. There is

an equivalence of categories
Dcons(Xa Al) X Dcons(Xa AQ) ~ Dcons(X; Al X AQ)

Proof. Given A € D(X, A1), B € D(X,Ay), the complex A x B is a complex of
(A1 x Ay)-modules with componentwise scalar multiplication. In particular, we can
view A and B as (A; X Ay)-modules via the obvious scalar multiplication.

We can find a constructible stratification X [], X; such that both A and B
become dualizable on each stratum. By Lemma [5.9] and the fact that the tensor

product commutes with finite products (which are finite direct sums), we conclude
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that Alx, x Bl|x, is dualizable for each i. Hence, A x B is constructible. This

construction is functorial, so we get a functor
Dcons(X7 Al) X Dcons(X7 AQ) — Dcons(Xa Al X AQ)

This functor is fully faithful by the universal property of the product, resp. co-
product. For essential surjectivity, let A € Deons(X, A1 X Ag). This sheaf splits
as A = A & A, with a Aj-module A; and a Ay-module A,. Both A; and A, are
dualizable on a constructible stratification with respect to the inherited monoidal
structure, i. . Ay € Deons(X, A1) and As € Deons(X, Aa). O

Now, we can prove arc-descent for constuctible sheaves with (finite) adelic coef-

ficients.

Theorem 5.18. Let K be a global field. Then the functor X +— Deons(X, Ak fin)
is an arc-sheaf. If K is a global field of characteristic p > 0, then the functor
X — Deons(X, Ag) is an arc-sheaf as well.

Proof. Let P be the set of finite places of K. For the second case, let P simply be
the set of places of K. For any finite subset S C P, we define

AK,S = HKV X H OKu'

ves végsS
v<oo

By Proposition [5.17] and Theorem [5.14], we conclude that

X = ])corlS <X7 H KV) - H DCOHS(X’ KV)

vesS ves

is an arc-sheaf. By Corollary and using Proposition [5.17] again, we get that
X = Dcons(Xa AK,S)

is an arc-sheaf.

Since we have

Axsn = lim A

ScP
finite

as topological rings, we are done by Lemma [5.5 O

At last, we want to prove Corollary for adelic coefficients.
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Theorem 5.19. Let K be a number field. Then the functor
DCOHS(X7 @K) ®(9K K — Dcons(Xa AK,ﬁn)
is an equivalence. If K is a function field over a finite field, then

Dcons(X7 OK) ®(’)K K — Dcons(X7 AK)

s an equivalence.

Proof. First, we recall some facts about the adeles. For every place v of K let

p, C Ok be the corresponding prime ideal. For every x € Ok, we have

K, iftzxzep,
OKV if x g_ﬁ po.

We conclude

OK[l'il] R0 @K = H K, x H OK,,-

TEPY xEpy

Hence, we have

Agsn = K ®0, Ok

= colimgeo, O[] ®o, Ok

= colim,¢cp, H K, x H Ok,

TEPY xEpy

as topological rings.
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With Corollary Proposition and [HRS|, Proposition 3.20], we calculate

Dcons (Xa AK,ﬁn) = Dcons X, colim H KV X H OKV
TEPY xipy

= colim D¢ops | X, H K, x H Ok,
TEPY x¢py

= colim (H Deons (X, Ky)) X Deons | X, H Ok,

TEPY xgpl’

= colim (H Deons (X, OKV) ROk OK[:L’_l]) X Deons X, H OKU

(Eepl/

= colim (H Deons (X, OKV)> X Deons | X, [] Ok, | | ®0x Oklz7"]

TEPY $¢pu
= colim Deops (X, Ok ) @0, Oz ]
- Dcons(Xa @K) ®(9K K7

where we used that the derived tensor product commutes with finite products. [J
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