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In the theory of modular forms, those of weight k = 1 are important because of their con-
nection to Galois representations. By the Theorem of Deligne-Serre [6], one can functorially
attach to each weight one newform f a continuous, odd, irreducible representation

ρf : Gal(Q/Q) −→ GL2(C).

Let ρ̃f : Gal(Q/Q) −→ GL2(C) be the associated projective representation. If the image of
ρ̃f is isomorphic to a dihedral group, then ρf is induced from a character of Gal(F/F ) for
some quadratic field F in M . We say that f or ρf is real-dihedral if F is a real quadratic
field.

A harmonic Maass form of weight k ∈ Z is a real-analytic function F : H −→ C such
that it is modular and annihilated by the hyperbolic Laplacian ∆k of weight k

∆k := y2
(
∂2

∂x2
+ ∂2

∂y2

)
− iky

(
∂
∂x

+ i ∂
∂y

)
= ξ2−k ◦ ξk,

ξk := 2iyk∂z,
(0.1)

where we write z = x+ iy. Furthermore, it is only allowed to have polar-type singularities in
the cusps. They were introduced in [2] to study theta-liftings. Every harmonic Maass form

F can be written canonically as the sum of a holomorphic part f̃ and a non-holomorphic
part f ∗. The holomorphic part f̃ is also known as a mock-modular form, which has been
extensively studied by many people [1, 3, 7] after Zwegers’ groundbreaking thesis [12] (see
[11] for a good exposition) and has connections to many different areas of mathematics
(see [8] for a comprehensive overview). When k = 1, we call F real-dihedral if ξ1(F) is a
real-dihedral newform.

We are interested in studying a family of real-dihedral harmonic Maass forms and re-
late their Fourier coefficients to CM-values of Hilbert modular functions. Suppose D ≡ 1
(mod 4), p ≡ 5 (mod 8) are primes satisfying conditions

F = Q(
√
D) has class number one,

pOF = pp′,

ordp(u
(p−1)/4
F − 1) > 0,

where uF > 1 is the fundamental unit of F . Let χD(·) =
( ·
D

)
be the quadratic character

of conductor D and φp the character of conductor p and order 4. The space of cusp forms
S1(Dp, χDφp) is one-dimensional and spanned by a newform

(0.2) fϕ(z) :=
∑
a⊂OF

ϕ(a)qNm(a) =
∑
n≥1

cϕ(n)qn,
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where q = e2πiz and ϕ is a ray class group character of F . When D = 5, p = 29, the form
fϕ was studied by Stark in the context of producing explicit generators of class fields of
real-quadratic fields from special values of L-functions [9, 10].

Since S1(Dp, χDφp) is one-dimensional, there exists a harmonic Maass form Fϕ(z) such

that ξ1(Fϕ) = fϕ and its holomorphic part f̃ϕ has the following Fourier expansion at infinity

f̃ϕ(z) = c+
ϕ (−1)q−1 + c+

ϕ (0) +
∑
n≥2

χD(n) 6=−1

c+
ϕ (n)qn.

Furthermore, with a mild condition on the growths of Fϕ at other cusps of Γ0(Dp), the
form Fϕ is unique and the coefficients c+

ϕ (−1), c+
ϕ (0) can be written explicitly as algebraic

multiples of log uF .
Let F2 = Q(

√
p), OF2 its ring of integers and XF2 the open Hilbert modular surface

whose complex points are SL2(OF2)\H2. It is a connected component of the moduli space
parametrizing isomorphisms of abelian surfaces with real multiplication. Let M8 denote the
field fixed by ker ρ̃ϕ. It contains two pairs of CM extensions K4/F2 and K̃4/F̃2, which are

reflex fields of each other under the appropriate CM types Σ = {1, σ} and Σ̃ = σ3Σ =
{1, σ−1}. Here, σ is an element of order 4 in the dihedral group Gal(M8/Q) ∼= D8 of order
8.

Let Cl0(K4) be the kernel of the norm map Nm : Cl(K4) −→ Cl(F2) on class groups. Each
class in Cl0(K4) gives rise to an isomorphism class of abelian surfaces on XF2 with complex
multiplication by (K4,Σ), which is a “big” CM point in the sense of [4]. For A ∈ Cl0(K4), let
ZA,Σ ∈ XF2(C) denote the corresponding CM point. Since the 2-rank of Cl(K4) is 1, it has
a unique quadratic character ψ2. Then we could define the twisted CM 0-cycle CM(K4, ψ2)
by

CM(K4,Σ, ψ2) :=
∑

A∈Cl0(K4)

ψ2(A)ZA,Σ,(0.3)

CM(K4, ψ2) :=
3∑
j=0

CM(K4, σ
jΣ, ψ2).(0.4)

It is algebraic and defined over the real quadratic field F . For m ∈ N, let Tm be the mth

Hirzebruch-Zagier divisor on XF2 . Given any normalized integral Hilbert modular function
Ψ(z1, z2) on XF2 in the sense of Theorem 1.1 in [5] with divisor

∑
m≥1

gcd(pD,m)=1

c(−m)Tm,
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where c(−m) ∈ Z, we will show that the value of Ψ at CM(K4, ψ2) are related to the
coefficients c+

ϕ (n) by

(0.5) log |Ψ(CM(K4, ψ2))| = −
cϕ(p)h+

F̃2

hF̃2

∑
m≥1

c(−m)bϕ(m),

where hF̃2
and h+

F̃2
are the class number and narrow class number of F̃2 = Q(

√
Dp) respec-

tively, and

bϕ(m) :=
∑
d|m

aϕ

(
m2

d2

)
φp(d),(0.6)

aϕ(n) :=
∑
k∈Z

c+
ϕ

(
Dn− pk2

4

)
δD(k),(0.7)

δD(k) :=

{
1 D 6| k,
2 D | k.

(0.8)
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