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Abstract. The integral model of a GU(n−1, 1) Shimura variety carries
a universal abelian scheme over it, and the dual top exterior power
of its Lie algebra carries a natural hermitian metric. We express the
arithmetic volume of this metrized line bundle, defined as an iterated
self-intersection in the Gillet-Soulé arithmetic Chow ring, in terms of
logarithmic derivatives of Dirichlet L-functions.
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1. Introduction

The explicit calculation of arithmetic volumes of Shimura varieties began
with the work of Kühn [Kuhn01] and Kramer (independently, in unpublished
work). Over the moduli stack X → Spec(Z) of elliptic curves there is a line
bundle of weight one modular forms, characterized as the dual Lie algebra
of the universal elliptic curve. This line bundle carries a natural hermitian
metric, and so determines a class in the codimension one arithmetic Chow
of X , in the sense of Gillet-Soulé. Working on a suitable compactification,
Kühn and Kramer computed the self-intersection multiplicity of this hermit-
ian line bundle, and gave a simple formula for it in terms of the logarithmic
derivative of the Riemann zeta function at s = −1.
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More generally, if X is an integral model of a PEL type (or even Hodge
type) Shimura variety, then X carries a Hodge bundle: the dual of the top
exterior power of the Lie algebra of the universal abelian scheme over X .
The Hodge bundle again carries a natural hermitian metric, and one can
ask if its arithmetic volume, defined as the dim(X )-fold self-intersection
in the Gillet-Soulé arithmetic Chow group, is again related to logarithmic
derivatives of Dirichlet L-functions.

In some instances this is known. If X is the integral model of a quater-
nionic Shimura curve, the volume was computed by Kudla-Rapoport-Yang
[KRY06]. Hilbert modular surfaces and the Siegel threefold were consid-
ered by Bruinier-Burgos-Kühn [BBK07] and Jung-von Pippich [JvP], re-
spectively. The arithmetic volumes of GSpin(n, 2) Shimura varieties, which
include all of the above examples as special cases, were computed (up to
a Q-linear combination of logarithms of certain bad primes) by Hörmann
[Hor14].

The present paper deals with the case of GU(n− 1, 1) Shimura varieties.
The overall strategy is similar to that used in [BBK07] and [Hor14], in that
it uses the theory of Borcherds products to express the metrized Hodge
bundle as a linear combination (in the arithmetic Chow group) of smaller
unitary Shimura varieties embedded as divisors. This allows one to compute
the arithmetic self-intersection of the Hodge bundle using induction on the
dimension of the ambient Shimura variety.

The added complications in the GU(n − 1, 1) case come mainly from
the primes of bad reduction of the Shimura variety; that is to say, from
primes dividing the discriminant of the quadratic imaginary field used to
define the unitary group. At such primes, the divisors of Borcherds products
include quite complicated linear combinations of vertical divisors, which then
appear as correction terms when one expresses the Hodge bundle as a linear
combination of smaller Shimura varieties. These vertical components in
the divisors of Borcherds products, which have no analogue in [BBK07] or
[Hor14], were calculated explicitly in [BHK+a], making the present work
possible.

1.1. Statement of the main result. Let k ⊂ C be an imaginary quadratic
field of odd discriminant

−D = disc(k).

Given an integer n ≥ 2, there is a regular Deligne-Mumford stack

M(n−1,1) → Spec(Ok),

flat of relative dimension n− 1, parametrizing principally polarized abelian
schemes A, endowed with an action Ok → End(A), and extra data encoding
a signature (n− 1, 1) condition on Lie(A). See §4.1 for details.

This stack admits a decomposition

M(n−1,1) =
⊔
W

MW
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into open and closed substacks indexed by strict similarity classes of relevant
k-hermitian spaces (W,h) of signature (n − 1, 1), in such a way that the
generic fiber of MW is a Shimura variety for the unitary similitude group
GU(W ). Here relevant means that W contains an Ok-lattice a ⊂ W that
is self-dual, in the sense of (1.3.1). The notion of strict similarity is defined
in §4.1, but the important fact is that there is a dichotomy between the
cases of n odd and n even. If n is odd the relevant W form a single strict
similarity class, and the disjoint union has a single term. If n is even then
strict similarity is equivalent to isometry, and the number of terms in the
disjoint union is 2o(D)−1, where

o(D) = #{prime divisors of D}.

Fix a relevant W as above, and consider the restriction π : A →MW of
the universal abelian scheme. Its relative dimension is n = dim(A), and its
metrized Hodge bundle

ω̂Hdg
A/MW

∈ P̂ic(MW )

is ωHdg
A/MW

= π∗Ω
dim(A)
A/MW

endowed with the hermitian metric

(1.1.1) ‖sz‖2 =

∣∣∣∣∣ 1

(2πi)dim(A)

∫
Az(C)

sz ∧ sz

∣∣∣∣∣
for any z ∈MW (C) and sz ∈ ωHdg

A/MW ,z
∼= H0(Az,Ω

dim(Az)
Az/C ).

The stack MW has a canonical toroidal compactification M̄W , with
boundary a Cartier divisor smooth over Ok. Although the Hodge bundle has
a distinguished extension to the compactification, the metric on it does not
extend smoothly. Instead, the metric is pre-log singular along the boundary,
in the sense of Definition 1.20 of [BBK07]. This implies the integrability of
its Chern form: the smooth (1, 1) form on MW (C) defined locally by

(1.1.2) ch(ω̂Hdg
A/MW

) =
1

2πi
∂∂ log ‖s‖2 = −ddc log ‖s‖2

for any nonzero holomorphic section s. Define the complex volume of the
metrized Hodge bundle

volC(ω̂Hdg
A/MW

) =

∫
MW (C)

ch(ω̂Hdg
A/MW

)n−1

as the (orbifold) integral of the top exterior power of its Chern form.
The pre-log singular conditions also allow us to view

ω̂Hdg
A/MW

∈ ĈH
1
(M̄W ,Dpre)

as a class in the codimension one arithmetic Chow group of Burgos-Kramer-
Kühn [BKK07]. These arithmetic Chow groups come with intersection pair-
ings, and in codimension n = dim(M̄W ) there is an arithmetic degree

d̂eg : ĈH
n
(M̄W ,Dpre)→ R.
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This allows us to define the arithmetic volume

v̂ol(ω̂Hdg
A/MW

) = d̂eg
(
ω̂Hdg
A/MW

· · · ω̂Hdg
A/MW

)
as the arithmetic degree of the n-fold iterated intersection.

Our main result is the calculation of these complex and arithmetic vol-
umes in terms of Dirichlet L-functions. To state it, for any place ` ≤ ∞
denote by

inv`(W ) = (detW,−D)`

the local invariant of W . Our assumption that W contains a self-dual Ok-
lattice implies that inv`(W ) = 1 for all finite primes ` - D. As inv∞(W ) =
−1, and the product of all local invariants is 1, we obtain

(1.1.3)
∏
`|D

inv`(W ) = −1.

The quadratic Dirichlet character determined by k/Q is denoted

ε : (Z/DZ)× → {±1}.
For an integer k ≥ 1 set

(1.1.4) ak(s) =
Dk/2Γ(s+ k)L(2s+ k, εk)

2kπs+k
,

where, if k is even, we understand L(s, εk) = ζ(s). Define

AW (s) = a1(s) · · ·an(s)

×

{∏
`|D
(
1 +

(−1
`

)n
2 inv`(W )`−s−

n
2

)
if n is even

1 if n is odd.
(1.1.5)

If n is odd there is no dependence on W beyond its dimension.
All ak(0) are positive rational numbers, and hence so is AW (0). The

following is our main result. It appears in the text as Theorem 8.5.1.

Theorem A. The metrized Hodge bundle has complex volume

volC(ω̂Hdg
A/MW

) = AW (0) ·

{
2n−1 if n is odd

2n−o(D) if n is even

and arithmetic volume

v̂ol(ω̂Hdg
A/MW

) =

(
2
A′W (0)

AW (0)
− nC0(n) + log(D)

)
· volC(ω̂Hdg

A/MW
),

where we have set

C0(n) = 2 log

(
4πeγ√
D

)
+ (n− 4)

(
L′(0, ε)

L(0, ε)
+

log(D)

2

)
.

Theorem A is closely related to a conjecture of Kudla-Rapoport [KR14]
on the arithmetic degrees of 0-cycles on integral models of unitary Shimura
varieties. Briefly, to a k-hermitian space V of signature (n − 1, 1) one can
attach a Shimura variety SV (see the discussion in §1.2 below), which carries
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a family of arithmetic 0-cycles ẐV (T ) indexed by n× n hermitian matrices
T . The conjecture of Kudla-Rapoport predicts that the arithmetic degrees
of these 0-cycles should agree with the Fourier coefficients of the derivative
of an Eisenstein series on the quasi-split unitary group U(n, n).

For those 0-cycles with det(T ) 6= 0, and supported at primes p - D, the
Kudla-Rapoport conjecture is now a theorem of Li-Zhang [LZ19]. The rel-
evance of Theorem A is to the degenerate cases in which det(T ) = 0, and
especially to the most degenerate case T = 0. In this case the associated
arithmetic 0-cycle is, up to some correction factors at the primes p | D,

the n-fold iterated intersection of a certain hermitian line bundle L̂V on
SV . In other words, the Kudla-Rapoport conjecture predicts that the arith-

metic volume of L̂V is essentially the constant term of the derivative of an
Eisenstein series.

The calculation of the arithmetic volume of L̂V , which is intertwined
with the proof of Theorem A, can be found in Corollary 8.4.5. We have not
attempted to compare this formula with the constant term of an Eisenstein
series, in part because it is not clear precisely which Eisenstein series one
should work with. The Eisenstein series should be constructed from local
data, and it remains an open problem to determine precisely which data one
should choose at p | D in order to make the Kudla-Rapoport conjecture true
for all choices of T . Similarly, because of subtleties at the primes dividing

D, the precise relation between the arithmetic degree of ẐV (0) and the

arithmetic volume of L̂V is not completely clear.
We expect that the proof of Theorem A makes accessible more degenerate

cases of the Kudla-Rapoport conjecture, beyond the most degenerate case
T = 0. For example, it seems likely that our methods could be used to
approach cases in which T has small rank, or in which

T =

(
T ′

0n−d

)
with T ′ a nonsingular d × d hermitian matrix that is not too complicated
(e.g. squarefree determinant). We hope to return to these questions in future
work.

1.2. Outline of the paper. Fix a k-hermitian space V of signature (n −
1, 1), and a self-dual Ok-lattice L ⊂ V .

We construct in §2 an Eisenstein series EL(τ, s, n) of weight n, valued in
a finite dimensional representation of SL2(Z). Its Fourier coefficients can be
expressed in terms of local representation densities of the lattice L, which
we then compute in order to make the coefficients completely explicit.

In §3 we introduce a complex Shimura variety ShK(H,D) associated to
the unitary group H = U(V ). It carries a family of special divisors Z(m)

indexed by positive m ∈ Z, and a metrized line bundle L̂. To a harmonic
Maass form f of weight 2− n we attach a divisor Z(f), defined as a linear
combination of Z(m)’s. We then construct a Green function Φ(f) for Z(f)
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using the machinery of regularized theta lifts, and show in Theorem 3.4.2
that the normalized integral

(1.2.1) I(f)
def
= volC(L̂)−1

∫
ShK(H,D)

Φ(f) ch(L̂)n−1

can be expressed in terms of the Fourier coefficients of the derivative of
EL(τ, s, n) at s0 = (n− 1)/2. The proof follows ideas of Kudla [Ku03], who
computed similar integrals on orthogonal Shimura varieties.

The complex Shimura variety ShK(H,D) is not a moduli space of abelian
varieties, but it can be covered by another Shimura variety that does have
a moduli interpretation. In §4 we work with k-hermitian spaces W0 and W
of signatures (1, 0) and (n − 1, 1). The Shimura varieties associated to the
unitary similitude groups GU(W0) and GU(W ) have moduli interpretations,
which can be used to construct regular integral models MW0 and MW

over Ok. We recall the definition of these integral models, their toroidal
compactifications, and the structure of their reductions at p | D. Then we
recall those aspects of the Gillet-Soulé arithmetic intersection theory (as
extended by Burgos-Kramer-Kuhn [BKK07]) that are needed in the sequel.

In §5 we choose W0 and W so that

V ∼= Homk(W0,W )

as hermitian spaces. This allows us to define an open and closed substack

SV ⊂MW0 ×Ok
MW ,

which is an integral model of the Shimura variety associated to the subgroup
G ⊂ GU(W0) × GU(W ) of pairs for which the similitude characters agree.
There is a natural surjection G→ H, which induces a finite étale cover

(1.2.2) SV (C)→ ShK(H,D).

We next define the family of Kudla-Rapoport divisors ZV (m) on SV . The
complex fibers of these divisors are the pullbacks of the divisors already

defined on ShK(H,D). Similarly, we define a metrized line bundle L̂V on
SV , compatible with the one already defined on ShK(H,D). There is another
metrized line bundle on SV : the universal abelian scheme over MW pulls
back to an abelian scheme A → SV , which determines a metrized Hodge

bundle ω̂Hdg
A/SV .

The main result of §5 is Theorem 5.5.1, which explains the precise connec-

tion between L̂V and ω̂Hdg
A/SV . What we prove is that, up to numerical equiv-

alence (Definition 4.5.1), they differ by shifting the metrics by an explicit
constant, and adding vertical divisors supported in characteristics p | D.
Going back and forth between these line bundles, in order to exploit the
most desirable properties of each, is key to the proof of Theorem A. More

precisely, we introduce in Theorem 5.5.1 a third metrized line bundle K̂V ,

constructed so that it enjoys the best properties of ω̂Hdg
A/SV and L̂V . In the

generic fiber, it agrees with the square of L̂V , so one can construct rational
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sections of it using the theory of Borcherds products. On the other hand,
like the metrized Hodge bundle, it has trivial arithmetic intersection with all
components of the exceptional divisor ExcV ⊂ SV of Definition 5.1.5. This
implies that certain error terms that appear in later calculations disappear

after taking arithmetic intersection with K̂V .
In §6 we prove Theorems 6.1.2 and 6.1.3, which are essential to the in-

duction arguments used to prove Theorem A. The idea is that if p is a
prime split in k, the Kudla-Rapoport divisor ZV (p) should be closely re-
lated to a Shimura variety SV ′ defined in the same way as SV , but with
dim(V ′) = dim(V ) − 1. This is true, up to some error terms coming from
divisors supported in characteristics dividing pD. Using such a relation,

we are able to express the height of the divisor ZV (p) with respect to K̂V
in terms of the arithmetic volume of the metrized line bundle K̂V ′ on the
lower-dimensional Shimura variety SV ′ . A similar relation holds with K̂V
replaced by ω̂Hdg

A/SV . Because of the many subtleties in the moduli problem

defining the integral models, this is perhaps the most technical part of the
proof of Theorem A.

In §7 we recall the Borcherds products on SV , which were studied in detail
in [BHK+a]. Given a meromorphic modular form f(τ) =

∑
m�0 c(m)qm of

weight 2 − n and level Γ0(D), holomorphic outside the cusp ∞, one can
construct a Borcherds product ψ(f). This is a rational section of a suitable

power L⊗k(f)
V on the toroidal compactification S̄V , whose divisor is

(1.2.3) div(ψ(f)) =
∑
m>0

c(−m)ZV (m),

up to an error term consisting of a linear combination of boundary compo-
nents and vertical divisors in characteristics dividing D.

In Theorem 7.1.2 we show that f may be chosen so that the Borcherds
product has many desirable properties: the weight k(f) is nonzero and can
be expressed in terms of the functions (1.1.4), the only divisors ZV (m) ap-
pearing in (1.2.3) are those with m a prime congruent to 1 modulo D, no
boundary components appear in div(ψ(f)), and the vertical divisors ap-
pearing in the error term have a particularly simple form. See especially
Proposition 7.3.2.

In §8, we put everything together to prove Theorem A via induction on
n ≥ 2 (the case n = 1 can be deduced from the Chowla-Selberg formula; see
the proof of Theorem 8.5.1). When n = 2 the Shimura variety SV is closely
related to a modular curve or quaternionic Shimura curve, and Theorem A
can be deduced from the results of Kühn, Kramer, and Kudla-Rapoport-
Yang alluded to above; this is carried out in [How20].

Because of the relations between ω̂Hdg
A/SV , L̂V , and K̂V worked out in §5, in

order to prove Theorem A in general, it suffices to compute the complex and

arithmetic volumes of K̂V , which can be found in Theorems 8.3.2 and 8.4.1.

To do this, we use the fact that K̂V agrees with L̂⊗2
V in the generic fiber to
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view the Borcherds product ψ(f)⊗2 as a rational section of K̂⊗k(f)
V . In the

codimension one arithmetic Chow group of SV , this allows us to represent

a multiple of K̂V by the divisor (1.2.3) endowed with the Green function
ΦV (f) obtained by pulling back via (1.2.2) the Green function appearing
in (1.2.1), up to some contributions from vertical divisors in characteristics
dividing D (known by the results of §7).

Thus the arithmetic volume of v̂ol(K̂V ) can be computed by intersecting

the codimension n − 1 arithmetic cycle K̂n−1
V against the divisor (1.2.3)

endowed with ΦV (f). This intersection can then be expressed in terms of

the arithmetic heights of the ZV (m)’s with respect to K̂n−1
V , and the integral

I(f) of (1.2.1). Using the results of §6, the arithmetic heights are essentially
the arithmetic volumes of Shimura varieties in one dimension lower, which
can be expressed in terms of the functions ak(s) of (1.1.4) by the induction
hypothesis. The integral I(f) was expressed in terms of the coefficients of
EL(τ, s, n) in §3, and the formulas from §2 for these coefficients allow us to
write I(f) in terms of the functions ak(s). Thus the arithmetic volume of

v̂ol(K̂V ) can be expressed in terms of ak(s), and so the same is true of both

the metrized Hodge bundle and L̂V .

1.3. Notation and conventions. Throughout the paper k ⊂ C is a qua-
dratic imaginary field of discriminant −D, and ε : (Z/DZ)× → {±1} is the
associated quadratic character.

The symbol V always denotes a k-hermitian space of signature (n− 1, 1)
with n ≥ 1, and the hermitian form is denoted 〈−,−〉. Hermitian forms are
always linear in the first variable and conjugate-linear in the second, and
are assumed to be nondegenerate.

Beginning in §4, and continuing for the rest of the paper, we assume
that D is odd and the hermitian space admits an Ok-lattice L ⊂ V that is
self-dual, in the sense that

(1.3.1) L = {x ∈ V : 〈x, L〉 ⊂ Ok}.

These restrictions are not imposed in §2 and §3 unless stated explicitly.
The term stack means Deligne-Mumford stack.

2. Eisenstein series and theta functions

Fix a k-hermitian space V of signature (n − 1, 1), with n ≥ 1. After
reviewing some basics of Eisenstein series, theta functions, and the Siegel-
Weil formula, we attach a particular Eisenstein series to a lattice L ⊂ V ,
and express its Fourier coefficients in terms of representation densities. We
then compute these representation densities in the case of a self-dual lattice,
and so obtain explicit formulas for the Fourier coefficients; these formulas
have a different shape depending on whether n is even or odd.
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2.1. A seesaw dual reductive pair. Let V0 be the unique symplectic
space over Q of dimension 2, and denote the symplectic form by 〈x, y〉0.
Set V0k = V0 ⊗Q k, and extend the symplectic form k-linearly in the first
argument and k-conjugate-linearly in the second argument. This defines a
skew-hermitian form on V0k.

The Q-vector space underlying V carries a Q-bilinear form

(2.1.1) [x, y] = trk/Q〈x, y〉

of signature (2n− 2, 2), with associated quadratic form

(2.1.2) Q(x) = 〈x, x〉.
This data determine a seesaw dual reductive pair

G = U(V0k) H ′ = O(V )

G′ = Sp(V0) H = U(V ).

In particular, there are compatible Weil representations of G(A)×H(A) and
G′(A)×H ′(A) on the space S(V (A)) of Schwartz-Bruhat functions on V (A).
This will be made explicit in §2.3.

Let e, f be a basis of V0 with Gram matrix
(

0 1
−1 0

)
, and use this to identify

G ∼= U(1, 1)
def
=

{
g ∈ Resk/Q GL2 : g

(
0 1
−1 0

)
tḡ =

(
0 1
−1 0

)}
and G′ ∼= SU(1, 1) ∼= SL2. Let P = NM be the parabolic subgroup of G
with Levi factor

M =

{
m(a) =

(
a 0
0 ā−1

)
: a ∈ Resk/QGm

}
and unipotent radical

N =

{
n(b) =

(
1 b
0 1

)
: b ∈ Ga

}
.

For each prime p ≤ ∞ of Q, let Kp ⊂ G(Qp) be the maximal compact
subgroup defined by

Kp =

{
G(Qp) ∩GL2(Ok,p), if p <∞,

G(R) ∩U(2,R), if p =∞,

and put K =
∏
p≤∞Kp. If we let k1 be the torus of norm one elements in

k× = Resk/QGm, there is a natural homomorphism

SU(1, 1)× k1 (g,a) 7→g·m(a)−−−−−−−−→ U(1, 1),

and the image of k1 is the center of U(1, 1). This homomorphism induces
an isomorphism

SO(2,R)×U(1,R)/{±1} ∼= K∞.
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Let H be the complex upper half-plane. The first isomorphism in

H ∼= SL2(R)/ SO(2,R) ∼= G(R)/K∞.

sends τ = u+ iv ∈ H to the element

(2.1.3) gτ = n(u)m(v1/2) ∈ SL2(R)

satisfying gτ · i = τ . The second is induced SL2(R) = G′(R) ⊂ G(R).

2.2. Eisenstein series for U(1, 1). Given an s ∈ C and a character χ :
A×k /k

× → C×, let

I(s, χ) = Ind
G(A)
P (A)(χ| · |

s
Ak

)

be the induced representation, realized on the space of smooth K-finite
functions Φ on G(A) satisfying

Φ(n(b)m(a)g, s) = χ(a)|a|s+
1
2

Ak
Φ(g, s)

for b ∈ A and a ∈ A×k . Here |a|Ak
denotes the norm on A×k . In particular,

at the archimedian place we have the normalized absolute value |a|∞ = aā.
Recall that a section of I(s, χ) is called standard if its restriction to K is

independent on s. For a standard section Φ of I(s, χ), the associated Siegel
Eisenstein series

E(g, s,Φ) =
∑

γ∈P (Q)\G(Q)

Φ(γg, s)

converges absolutely for Re(s) > 1/2, and defines an automorphic form on
G(A). The Eisenstein series has meromorphic continuation to all s ∈ C. We
now describe this Eisenstein series in more classical terms, by restricting it
to the subgroup SL2

∼= G′ ⊂ G.
Assume that Φ(s) = Φ∞(s)⊗Φf (s) is a factorizable standard section with

Φf = ⊗p<∞Φp(s), and that Φ∞ is a normalized standard section of weight
` ∈ Z. In other words, Φ∞(1, s) = 1, and for all

k =

(
a b
−b a

)
∈ SO(2,R) ⊂ K∞

we have Φ∞(gk, s) = Φ∞(g, s) · k`, where

(2.2.1) k = a+ ib ∈ C×.

Abbreviate Γ = SL2(Z) ⊂ G(A), and let Γ∞ = P (Q) ∩ Γ be is subgroup
of upper triangular matrices.

Lemma 2.2.1. If Φ∞ is a normalized standard section of weight ` ∈ Z as
above, then

E(gτ , s,Φ) = j(gτ , i)
−`

∑
γ∈Γ∞\Γ

Im(γτ)s+
1
2
− `

2 · j(γ, τ)−` · Φf (γ).

Here gτ ∈ SL2(R) is as in (2.1.3), and j(γ, τ) = cτ+d the usual automorphy
factor associated to γ =

(
a b
c d

)
∈ SL2(R).
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Proof. For γ =
(
a b
c d

)
∈ Γ we write γgτ = n(β)m(α)k with β ∈ R, α ∈ R+,

and k ∈ SO(2,R). Then a computation shows that

α =
v1/2

|cτ + d|
, k =

cτ̄ + d

|cτ + d|
,

and hence

Φ∞(γgτ , s) = v`/2 · vs+
1
2
− `

2

|cτ + d|2s+1−` · (cτ + d)−`.

The inclusions Γ ⊂ SL2(Q) ⊂ G(Q) induce bijections

Γ∞\Γ ∼= (P (Q) ∩ SL2(Q))\ SL2(Q) ∼= P (Q)\G(Q),

and hence

E(gτ , s,Φ) =
∑

γ∈Γ∞\Γ

Φ∞(γgτ , s)Φf (γ)

= v`/2
∑

γ∈Γ∞\Γ

Im(γτ)s+
1−`
2 · (cτ + d)−` · Φf (γ)

= j(gτ , i)
−`

∑
γ∈Γ∞\Γ

Im(γτ)s+
1−`
2 · j(γ, τ)−` · Φf (γ),

as desired. �

2.3. The Siegel-Weil formula. Write ψ for the standard additive charac-
ter of A/Q, satisfying ψ∞(x) = e2πix. Let

εA : A×/Q× → {±1}

be the idele class character determined by the quadratic extension k/Q, and
fix a character

χ : A×k /k
× → C×

such that χ|A× = εnA.
As explained in [HKS96] and [Ich07], the choices of ψ and χ determine

a Weil representation ω = ωψ,χ of the group G(A) ×H(A) on the space of
Bruhat-Schwartz functions S(V (A)). Recalling the Q-bilinear form (2.1.1)
and associated quadratic form (2.1.2), the action is given by the formulas

ω(m(a))ϕ(x) = χ(a)|a|n/2Ak
ϕ(xa),

ω(n(b))ϕ(x) = ψ(bQ(x))ϕ(x),

ω(

(
0 1
−1 0

)
)ϕ(x) =

∫
V (A)

ϕ(y)ψ([x, y]) dy,

ω(h)ϕ(x) = ϕ(h−1x)

for ϕ ∈ S(V (A)) and x ∈ V (A). Here a ∈ A×k , b ∈ A, h ∈ H(A), and the
Fourier transform is taken with respect to the self-dual measure dy on V (A).
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To a Schwartz function ϕ there is an associated theta function

(2.3.1) θ(g, h, ϕ) =
∑

x∈V (Q)

ω(g, h)ϕ(x).

Abbreviating s0 = (n− 1)/2, there is a G(A)-intertwining operator

λ : S(V (A))→ I(s0, χ)

defined by λ(ϕ)(g) = (ω(g, 1)ϕ)(0). We extend λ(ϕ) to a standard section
of I(s, χ) by setting

λ(ϕ)(g, s) = |a(g)|s−s0Ak
(ω(g, 1)ϕ)(0).

The following theorem is a case of the Siegel-Weil formula; see [Weil65] or
Theorem 1.1 of [Ich07].

Theorem 2.3.1. Assume that n > 2, or that V is anisotropic. For ϕ ∈
S(V (A)) and g ∈ G(A) we have

E(g, λ(ϕ), s0) = κ

∫
H(Q)\H(A)

θ(g, h, ϕ) dh,

where Haar measure is normalized by vol(H(Q)\H(A)) = 1, and

(2.3.2) κ =

{
1 if n > 1

2 if n = 1.

2.4. A special Eisenstein series. We consider Eisenstein series constructed
from particular Schwartz functions on V (A). At the archimedian place we
take the Gaussian associated to a majorant and at the non-archimedian
places we take the characteristic function of a coset of an Ok-lattice.

Let L ⊂ V be an Ok-lattice on which the hermitian form is Ok-valued.
Its dual lattice under the Q-bilinear form (2.1.1) is denoted

(2.4.1) L′
def
= {x ∈ V : [x, L] ⊂ Z}.

For µ ∈ L′/L let

ϕµ = char(µ+ L̂) ∈ S(V (Af ))

be the characteristic function of µ + L̂ ⊂ V (Af ), and denote by SL the
subspace of S(V (Af )) generated by all ϕµ with µ ∈ L′/L. Hence we may
identify

SL ∼= C[L′/L].

The restriction to Γ = SL2(Z) of the Weil representation of SL2(Af ) ⊂
G(Af ) takes the subspace SL to itself, giving rise to a representation

ωL : Γ→ Aut(SL).(2.4.2)

The corresponding dual representation

ω∨L : Γ→ Aut(S∨L)
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is given by ω∨L(γ)(f) = f ◦ω−1
L (γ) for f ∈ S∨L . On the space SL we also have

the conjugate representation ω̄L defined by

ω̄L(γ)(ϕ) = ωL(γ)(ϕ̄)

for ϕ ∈ SL. If we use the standard C-bilinear pairing

(2.4.3)
〈∑

µ

aµϕµ,
∑
µ

bµϕµ

〉
=
∑
µ

aµbµ

to identify SL ∼= S∨L as C-vector spaces, then ω̄L = ω∨L, and this agrees with
the representation denoted ρL in [Bo98], [Br02], and [BY09].

For ` ∈ Z and τ ∈ H, we define an SL-valued Eisenstein series

EL(τ, s, `) =
∑

γ∈Γ∞\Γ

Im(γτ)s+
1−`
2 (cτ + d)−` · ω̄L(γ)−1ϕ0(2.4.4)

of weight ` and representation ω̄L. Note that this Eisenstein series has a
slightly different normalization than the Eisenstein series in equation (2.17)
of [BY09], since it is adapted to the unitary setting.

Recall the Maass lowering and raising operators in weight ` defined by

L` = −2iv2 ∂

∂τ̄
, R` = 2i

∂

∂τ
+ `v−1.

They lower (respectively raise) the weight of an automorphic form by 2. It
is easily seen that

L`EL(τ, s, `) =

(
s+

1− `
2

)
EL(τ, s, `− 2)(2.4.5)

R`EL(τ, s, `) =

(
s+

1 + `

2

)
EL(τ, s, `+ 2).

The Eisenstein series EL(τ, s, `) is an eigenform of the hyperbolic Laplacian
∆` of weight ` (normalized as in (3.1) of [BF04]) with eigenvalue ( `−1

2 )2−s2.
The following is a consequence of (2.4.5).

Lemma 2.4.1. Assume that n > 2, or that V is anisotropic. The Eisenstein
series EL(τ, s0, n) of weight n = dim(V ) at s0 = (n − 1)/2 is holomorphic
in τ . Its derivative

E′L(τ, s0, n)
def
=

∂

∂s
E′L(τ, s, n)

∣∣
s=s0

satisfies

Ln(E′L(τ, s0, n)) = EL(τ, s0, n− 2).

Remark 2.4.2. The Eisenstein series EL(τ, s, n − 2) is coherent as it arises
via the Siegel-Weil formula from the global hermitian space V . On the other
hand, the Eisenstein series EL(τ, s, n) is incoherent as it is associated to the
incoherent collection of local hermitian spaces obtained by replacing V∞ by
the positive definite hermitian space of dimension n and keeping the non-
archimedian part. In particular, at s = 0, the center of symmetry of the
functional equation, the Eisenstein series EL(τ, s, n) vanishes identically.
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2.5. Coefficients of Eisenstein series. When the weight of the Eisenstein
series (2.4.4) is n = dim(V ), we denote its Fourier expansion by

EL(τ, s, n) =
∑

µ∈L′/L

∑
m∈Z+〈µ,µ〉

B(m,µ; s, v)qmϕµ.(2.5.1)

We summarize some well-known facts about the coefficients; details can be
found in [BrKu03] and [KY10].

If m 6= 0, there is a factorization

B(m,µ; s, v) = B(m,µ, s) · Wm(s, v)(2.5.2)

in which the non-archimedian contribution B(m,µ, s) is independent of v.
The second factor is the archimedian Whittaker function

Wm(s, v) = (4π|m|v)−n/2e2πmv ·Wsgn(m)n
2
,s(4π|m|v),(2.5.3)

where

Wκ,µ(z) = e−z/2z1/2+µU(
1

2
+ µ− κ, 1 + 2µ, z)

denotes the classical confluent hypergeometric function as in [AbSt84, Chap-
ter 13], and

U(a, b, z) =
1

Γ(a)

∫ ∞
0

e−ztta−1(1 + t)b−a−1 dt(2.5.4)

for <(a) > 0, | arg(z)| < π/2.
If m = 0, the Fourier coefficient has the form

B(0, µ; s, v) = δµ,0 · vs+
1
2
−n

2 +B(0, µ, s) · v−s+
1
2
−n

2 ,(2.5.5)

where B(0, µ, s) is independent of v, and δµ,0 is the Kronecker delta.

Remark 2.5.1. Note that our normalization of the archimedian Whittaker
function in (2.5.3) differs from the normalization in [KY10, Proposition 2.3].
The normalizing factor Γ(s + n

2 + 1
2)−1 for m > 0, and Γ(s − n

2 + 1
2)−1

for m < 0, appears in loc. cit. In our case this factor is included in the
normalization of the B(m,µ, s), since this leads to slightly cleaner formulas
in Theorem 3.4.2.

The integral representation (2.5.4) can be used to describe the asymptotic
behavior of the Whittaker function as v →∞, which is given by

Wm(s, v) =

{
1 +O(v−1) if m > 0

O(e−4π|m|v) if m < 0,

locally uniformly in s and m.
We will also require the following lemma on the value at s0 = (n − 1)/2

of the Whittaker function and its derivative W ′m(s0, v) = ∂
∂sWm(s, v) |s=s0 .

Lemma 2.5.2. The special value at s0 of the Whittaker function is

Wm(s0, v) =

{
1 if m > 0

Γ(1− n, 4π|m|v) if m < 0.
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For m > 0 we have

W ′m(s0, v) =
n−1∑
j=1

(
n− 1

j

)
Γ(j)

(4πmv)j
.

In particular,

W ′m(s0, v) = O(v−1), for v →∞.

Proof. We only prove this for m > 0 and leave the similar case when m < 0
to the reader. According to (2.5.3) and (2.5.4), we have for m > 0 that

Wm(s, v) =
(4πmv)s−s0

Γ(s− s0)
·
∫ ∞

0
e−4πmvtts−s0−1(1 + t)s+s0 dt

= 1 +
(4πmv)s−s0

Γ(s− s0)
·
∫ ∞

0
e−4πmvtts−s0−1((1 + t)s+s0 − 1) dt,

where the latter integral converges absolutely for <(s) > s0 − 1. We imme-
diately see that Wm(s0, v) = 1, and in addition that

W ′m(s0, v) =

∫ ∞
0

e−4πmvt((1 + t)n−1 − 1)
dt

t

=
n−1∑
j=1

(
n− 1

j

)∫ ∞
0

e−4πmvttj
dt

t

=

n−1∑
j=1

(
n− 1

j

)
Γ(j)

(4πmv)j
.

This gives the claimed formula and the bound for v →∞. �

We now turn to the explicit calculation of the factor B(m,µ, s) in (2.5.2),
using formulas from [BrKu03] and [KY10]. Fix µ ∈ L′/L, and let

dµ = min{b ∈ Z+ : bµ = 0}

be the order of µ. For m ∈ Z +Q(µ) and a ∈ Z, we denote by Nm,µ(a) the
modulo a representation number

Nm,µ(a) = #{r ∈ L/aL : Q(r + µ) ≡ m (mod aZ)}.

For a prime p, set

L(p)
m,µ(p−s) = (1− p−s+2n−1)

∞∑
ν=0

Nm,µ(pν)p−νs(2.5.6)

so that
∞∑
a=1

Nm,µ(a)a−s = ζ(s− 2n+ 1)
∏
p

L(p)
m,µ(p−s).
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Proposition 2.5.3. For nonzero m ∈ Z +Q(µ) we have

B(m,µ, s) = −2nπs+
n
2

+ 1
2√

|L′/L|
·


|m|s+

n
2
− 1

2

Γ(s+ n
2 + 1

2)

∏
p

L(p)
m,µ(p−2s−n) if m > 0

|m|s+
n
2
− 1

2

Γ(s− n
2 + 1

2)

∏
p

L(p)
m,µ(p−2s−n) if m < 0.

Proof. This is obtained from Proposition 3.2 of [BrKu03] by noticing that
our Eisenstein series EL(τ, s, n) is 1/2 the Eisenstein series E0(τ, s− n

2 + 1
2)

of [BrKu03] with κ = n and r = 2n. �

According to equation (3.20) of [BrKu03], the Euler factors L
(p)
m,µ(p−s) are

polynomials in p−s. Moreover, by (3.23) of [BrKu03], if p does not divide
d2
µm|L′/L| then

L(p)
m,µ(p−s) = 1− χF (p)pn−1−s,

where χF is the quadratic Dirichlet character associated to the quadratic
extension Q(

√
(−1)n|L′/L|). This implies that the Euler product in Propo-

sition 2.5.3 converges absolutely for Re(s) > 0 and that B(m,µ, s0) is ra-
tional if n > 1 (so that s0 = n−1

2 lies in the region of convergence). In this
case it is nonpositive for positive m and vanishes for negative m.

Later we will require the following lemma on the behavior of the coeffi-
cients of the Eisenstein series in the limit v →∞.

Lemma 2.5.4. Assume that n > 2, or that V is anisotropic. The coeffi-
cients B′(m,µ; s0, v) of E′L(τ, s0, n) satisfy

lim
v→∞

(
B′(m,µ; s0, v)−κδm,0δµ,0 log v

)
=


B′(m,µ, s0) if m > 0

B′(0, µ, s0) if m = 0 and n = 1

0 if m = 0 and n > 1

0 if m < 0.

Proof. For m 6= 0 the assertion follows from Proposition 2.5.3 together with
Lemma 2.5.2 on the asymptotic behavior of the Whittaker functionWm(s, v)
and its derivative at s = s0.

For m = 0, we consider the Laurent expansion of B(0, µ; s, v) at s = s0,
which is given by

B(0, µ; s, v) = δµ,0 +B(0, µ, s0)v−2s0

+
(
δµ,0 log(v)−B(0, µ, s0) log(v)v−2s0 +B′(0, µ, s0)v−2s0

)
(s− s0)

+O((s− s0)2).

If n > 1, then the holomorphicity of EL(τ, s0, n) implies that B(0, µ, s0) = 0.
Since 2s0 > 0, the term involving v−2s0 vanishes in the limit v → ∞, and
we obtain the assertion.
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If n = 1 then s0 = 0 is the center of symmetry of the functional equation
of the incoherent Eisenstein series, and hence EL(τ, 0, n) vanishes. The
vanishing of the constant Fourier coefficient implies

B(0, µ, 0) = −δµ,0,
and consequently

B′(0, µ; 0, v) = 2δµ,0 log(v) +B′(0, µ, s0).

This concludes the proof of the lemma. �

2.6. Self-dual lattices. In this subsection we assume the Ok-lattice L ⊂ V
is self-dual (1.3.1) under the hermitian form, and that D = −disc(k) is odd.
The first of these assumptions implies that (2.4.1) satisfies L′ = d−1

k L, where
dk ⊂ Ok is the different. We will determine the coefficient B(m,µ, s) from
(2.5.2) more explicitly.

To compute the Euler factors L
(p)
m,µ(p−s) in Proposition 2.5.3, we need

to determine the representation numbers Nm,µ(pν). We now derive explicit
formulas for these quantities using finite Fourier transforms and formulas
for certain lattice Gauss sums. As we will only compute the coefficients for
µ = 0, we abbreviate Nm(pν) = Nm,0(pν).

Fix an a ∈ Z. For c ∈ Z+, consider the Gauss sum

G(a, c) =
∑

x∈Ok/cOk

e

(
aN(x)

c

)
.

We are mainly interested in the case when c = pν is a prime power.

Lemma 2.6.1. Let pν be a prime power. If we write gcd(a, pν) = pα with
0 ≤ α ≤ ν and a = pαa′ with a′ ∈ Z, then

G(a, pν) =


p2ν if α = ν

pα+ν
(
−D
p

)ν−α
if α < ν and p - D

εpp
α+ν+ 1

2

(
a′

p

)(
D′

p

)ν−α−1
if α < ν and p | D.

Here, in the final case, we have set D′ = D/p and

εr =

{
1 if r ≡ 1 (mod 4)

i if r ≡ 3 (mod 4).

for any odd positive integer r.

Proof. It is easily seen that

G(a, pν) = p2αG(a′, pν−α).

Hence we may assume that a is coprime to p. Now, if p is odd, the assertion
can be easily deduced from the classical Gauss sum∑

x∈Z/cZ

e

(
ax2

c

)
= εc
√
c
(a
c

)
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for odd positive c with gcd(c, a) = 1.
For p = 2 and a odd we have

G(a, 2ν) =
∑

x,y∈Z/2νZ

e

(
a
x2 + xy + 1+D

4 y2

2ν

)
,(2.6.1)

where we have used that D is odd. If ν = 1 the asserted formula is easily
checked. Hence, assume that ν ≥ 2. Then we use the classical Gauss sum

∑
x∈Z/2νZ

e

(
a
x2 + xy

2ν

)
=


0, 2 - y,

e

(
−a y2

2ν+2

) ∑
x∈Z/2νZ

e

(
a
x2

2ν

)
, 2 | y,

to rewrite (2.6.1) as follows:

G(a, 2ν) =
1

2

∑
x,y∈Z/2νZ

e

(
a
x2 +Dy2

2ν

)
.

Inserting the evaluation of the Gauss sum∑
x∈Z/2νZ

e

(
a
x2

2ν

)
= (1 + i)ε−1

a 2ν/2
(

2ν

a

)
,

we finally find that

G(a, 2ν) = 2ν
(

2ν

D

)
= 2ν

(
−D

2

)ν
,

concluding the proof of the lemma. �

Lemma 2.6.2. Let pν be a prime power. If we write gcd(a, pν) = pα with
0 ≤ α ≤ ν and a = pαa′ with a′ ∈ Z, then the Gauss sum

GL(a, pν) =
∑

x∈L/pνL

e

(
a〈x, x〉
pν

)
is given by

GL(a, pν) =


p2nν if α = ν

pnα+nν
(
−D
p

)n(ν−α)
if α < ν and p - D

εnp invp(V )pnα+nν+n
2

(
a′

p

)n (
D′

p

)n(ν−α−1)
if α < ν and p | D,

where εp and D′ have the same meaning as in Lemma 2.6.1.

Proof. The Gauss sum GL(a, pν) only depends on Lp = L ⊗Z Zp. If we let
b1, . . . , bn be an orthogonal Ok,p-module basis of Lp (which exists because
of our hypothesis that D is odd), then

GL(a, pν) = G(a〈b1, b1〉, pν) · · ·G(a〈bn, bn〉, pν),
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and the claim follows from Lemma 2.6.1. Note that in the case p | D,
standard formulas for the Hilbert symbol imply

invp(V ) =

(
〈b1, b1〉
p

)
· · ·
(
〈bn, bn〉

p

)
. �

Proposition 2.6.3. Assume that n is even, and m ∈ Z is nonzero. Fix a
prime p, and factor m = pβm′ with gcd(m′, p) = 1. If p - D then

L(p)
m (p−s) = (1− pn−s−1)

β∑
γ=0

p(n−s)γ .

If p | D then

L(p)
m (p−s) = 1−

(
−1

p

)n
2

invp(V )p
n
2 pn−1−s

+

(
−1

p

)n
2

invp(V )p
n
2
(
1− pn−1−s) β∑

γ=1

p(n−s)γ .

Proof. We compute the representation number Nm(pν) using the identity

Nm(pν) =
1

pν

∑
a∈Z/pνZ

GL(a, pν)e
(
− am

pν

)

=
1

pν

ν∑
α=0

∑
a′∈(Z/pν−αZ)×

GL(pαa′, pν)e
(
− a′m

pν−α

)
.

As n is even, Lemma 2.6.2 implies

GL(a, pν) =


p2nν if α = ν

pnα+nν if α < ν and p - D(
−1
p

)n/2
invp(V )pnα+nν+n

2 if α < ν and p | D.

If p - D we obtain

Nm(pν) = pnν−ν
ν∑

α=0

pnα
∑

a′∈(Z/pν−αZ)×

e
(
− a′m

pν−α

)

= pnν−ν
ν∑

α=0

pnα
∑

d|gcd(pν−α,m)

µ
(pν−α

d

)
d

= pnν−ν
ν∑

α=0

pnα
min(ν−α,β)∑

γ=0

µ
(
pν−α−γ

)
pγ .



20 JAN H. BRUINIER AND BENJAMIN HOWARD

Here we have used the evaluation of the Ramanujan sum. Consequently, the
Euler factor (2.5.6) is

L(p)
m (p−s) = (1− p2n−s−1)

∞∑
ν=0

Nm(pν)p−νs

= (1− p2n−s−1)

β∑
γ=0

∞∑
α=0

∞∑
ν=α+γ

pnα+γµ(pν−α−γ)p(n−1−s)ν

= (1− pn−s−1)

β∑
γ=0

p(n−s)γ .

In the case p | D we find

Nm(pν) = p2nν−ν +

(
−1

p

)n/2
invp(V )pnν−ν+n

2

ν−1∑
α=0

pnα
∑

a′∈(Z/pν−αZ)×

e
(
− a′m

pν−α

)

= p2nν−ν +

(
−1

p

)n/2
invp(V )pnν−ν+n

2

ν−1∑
α=0

pnα
∑

d|gcd(pν−α,m)

µ
(pν−α

d

)
d

= p2nν−ν +

(
−1

p

)n/2
invp(V )pnν−ν+n

2

ν−1∑
α=0

pnα
min(ν−α,β)∑

γ=0

µ
(
pν−α−γ

)
pγ .

Consequently, the Euler factor L
(p)
m (p−s) of (2.5.6) is

(1− p2n−s−1)
∞∑
ν=0

Nm(pν)p−νs

= 1 +

(
−1

p

)n
2

invp(V )p
n
2 (1− p2n−s−1)

∞∑
ν=1

p(n−1−s)ν
ν−1∑
α=0

min(ν−α,β)∑
γ=0

pnα+γµ(pν−α−γ)

= 1 +

(
−1

p

)n
2

invp(V )p
n
2 (1− p2n−s−1)

β∑
γ=0

∞∑
α=0

∑
ν≥α+γ
ν≥α+1

p(n−1−s)νpnα+γµ(pν−α−γ).

The contribution of γ = 0 to the latter sum is given by

(1− p2n−s−1)
∞∑
α=0

∑
ν≥α+1

p(n−1−s)νpnαµ(pν−α) = −pn−1−s.



ARITHMETIC VOLUMES OF UNITARY SHIMURA VARIETIES 21

The contribution of γ ≥ 1 is equal to

(1− p2n−s−1)

β∑
γ=1

∞∑
α=0

∑
ν≥α+γ

pnα+γp(n−1−s)νµ(pν−α−γ)

= (1− p2n−s−1)

β∑
γ=1

∞∑
α=0

pnα+γ
(
p(n−1−s)(α+γ) − p(n−1−s)(α+γ+1)

)

=
(
1− pn−1−s) β∑

γ=1

p(n−s)γ .

Putting the terms together, we find

L(p)
m (p−s) = 1−

(
−1

p

)n
2

invp(V )p
n
2 pn−1−s

+

(
−1

p

)n
2

invp(V )p
n
2
(
1− pn−1−s) β∑

γ=1

p(n−s)γ .

This concludes the proof of the proposition. �

Proposition 2.6.4. Assume n is odd, and m ∈ Z is nonzero. Fix a prime
p, and factor m = pβm′ with gcd(m′, p) = 1. If p - D then

L(p)
m (p−s) =

(
1−

(
−D
p

)
pn−s−1

) β∑
γ=0

(
−D
p

)γ
p(n−s)γ .

If p | D then

L(p)
m (p−s) = 1 + invp(V )

(
−1

p

)n−1
2
(
D′

p

)β (m′
p

)
p(β+3/2)n−1/2−(β+1)s,

where we have set D′ = D/p.

Proof. We argue in the same way as in the proof of Proposition 2.6.3, using
the identity

Nm(pν) =
1

pν

∑
a∈Z/pνZ

GL(a, pν)e
(
− am

pν

)
and the value of the Gauss sum GL(a, pν) computed in Lemma 2.6.2. If we
write a = pαa′ with a′ coprime to p, we have

GL(a, pν) =


p2nν if α = ν

pnα+nν
(
−D
p

)ν−α
if α < ν and p - D

εnp invp(V )pnα+nν+n
2

(
a′

p

)(
D′

p

)ν−α−1
if α < ν and p | D.
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If p - D we obtain

Nm(pν) = pnν−ν
ν∑

α=0

pnα
(
−D
p

)ν−α ∑
a′∈(Z/pν−αZ)×

e
(
− a′m

pν−α

)

= pnν−ν
ν∑

α=0

pnα
(
−D
p

)ν−α ∑
d|gcd(pν−α,m)

µ
(pν−α

d

)
d

= pnν−ν
ν∑

α=0

pnα
(
−D
p

)ν−α min(ν−α,β)∑
γ=0

µ
(
pν−α−γ

)
pγ .

Here we have used the evaluation of the Ramanujan sum. Hence, the Euler
factor (2.5.6) is

L(p)
m (p−s) = (1− p2n−s−1)

∞∑
ν=0

Nm(pν)p−νs

= (1− p2n−s−1)

β∑
γ=0

∞∑
α=0

∞∑
ν=α+γ

pnα+γ

(
−D
p

)ν−α
µ(pν−α−γ)p(n−1−s)ν

=

(
1−

(
−D
p

)
pn−s−1

) β∑
γ=0

(
−D
p

)γ
p(n−s)γ .

When p | D we find

Nm(pν) = p2nν−ν + εnp invp(V )pnν−ν+n
2

×
ν−1∑
α=0

(
D′

p

)ν−α−1

pnα
∑

a′∈(Z/pν−αZ)×

(
a′

p

)
e
(
− a′m

pν−α

)
.

The latter Gauss sum is equal to pν−α−
1
2 εp

(
−m′
p

)
if β = ν − α − 1 and is

zero otherwise. Inserting this we find that Nm(pν) is equal to

p2nν−ν ·

1 + invp(V )
(
−1
p

)n+1
2
(
D′

p

)β (−m′
p

)
p(1−n)(β+1/2) if ν > β

1 if ν ≤ β,

and hence L
(p)
m (p−s) is equal to

(1− p2n−s−1)
∞∑
ν=0

Nm(pν)p−νs

= 1 + invp(V )

(
−1

p

)n+1
2
(
D′

p

)β (−m′
p

)
p(1−n)(β+1/2)p(2n−1−s)(β+1)

= 1 + invp(V )

(
−1

p

)n−1
2
(
D′

p

)β (m′
p

)
p(β+3/2)n−1/2−(β+1)s.
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This concludes the proof of the proposition. �

Recall the function an(s) of (1.1.4), and abbreviate s0 = (n − 1)/2. We
now express the coefficients B(m, 0, s) in terms of

an(s− s0) =
Dn/2Γ

(
s+ n

2 + 1
2

)
L (2s+ 1, εn)

2nπs+
n
2

+ 1
2

.

Corollary 2.6.5. Assume that n ≥ 2 is even. If m > 0 then

B(m, 0, s) = − ms+n
2
− 1

2

an(s− s0)
·
∏
p-D

vp(m)∑
γ=0

p−2sγ ·
∏
p|D

L
(p)
m (p−2s−n)

1− p−2s−1
.

If m > 0 is prime to D then

B(m, 0, s) = −m
s+n

2
− 1

2σ−2s(m)

an(s− s0)
·
∏
p|D

1−
(
−1
p

)n
2

invp(V )p
n
2
−1−2s

1− p−2s−1
,

where σs(m) =
∑

d|m d
s is the usual divisor sum.

Proof. Combine Propositions 2.5.3 and 2.6.3. �

Corollary 2.6.6. Assume that n ≥ 1 is odd. If m > 0 then

B(m, 0, s) = − ms+n
2
− 1

2

an(s− s0)
·
∏
p-D

vp(m)∑
γ=0

ε(p)γp−2sγ ·
∏
p|D

L(p)
m (p−2s−n).

If m > 0 is prime to D, then

B(m, 0, s) = −m
s+n

2
− 1

2σ−2s,ε(m)

an(s− s0)
·
∏
p|D

(
1 +

(
−1

p

)n−1
2
(
m

p

)
invp(V )p

n−1
2
−2s

)
,

where σs,ε(m) =
∑

d|m ε(d)ds is the usual divisor sum.

Proof. Combine Propositions 2.5.3 and 2.6.4. �

Remark 2.6.7. If n = 1, then s0 = 0 is the center of symmetry of the
functional equation of the incoherent Eisenstein series EL(τ, s, 1). Hence
EL(τ, s, 1) vanishes identically (to odd order) at s = 0. For all positive
m this implies that the coefficients B(m,µ, s0) also vanish. Consequently,
in view of Proposition 2.5.3, there must be at least one prime p < ∞ for

which the local factor L
(p)
m (p−1) is zero. According to Proposition 2.6.4, this

happens exactly when

invp(V ) = −


(
−D
p

)β
, if p - D,(

D′

p

)β (
m′

p

)
, if p | D,

where we have used the notation of the cited proposition. In terms of the lo-
cal Hilbert symbol this is equivalent to the condition invp(V ) = −(−D,m)p,
which means that Vp does not represent m.
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The derivatives B′(m, 0, s0) of the coefficients can be computed as follows.
Let V be the incoherent hermitian space over Ak whose non-archimedian
contribution is given by V ⊗Q Af and whose archimedian contribution is
V ⊗Q R with the positive definite hermitian form −〈·, ·〉. Following [Ku97]
we define the ‘Diff set’ associated with V and m ∈ Q× by

Diff(V,m) = {p ≤ ∞ | Vp does not represent m}.
This is a finite set of places of Q of odd cardinality. When m > 0 it only

consists of finite primes. The above argument shows that L
(p)
m (p−1) = 0 if

and only if p ∈ Diff(V,m). Hence B′(m, 0, s0) 6= 0 if and only if Diff(V,m)
consists of a single prime q. By Proposition 2.5.3 we find for m ∈ Z+ in this
case that

B′(m, 0, 0) = − 2π√
D
·
∏

p prime
p 6=q

L(p)
m (p−1) · d

ds
L(q)
m (q−2s−1)

∣∣
s=0

.

This expression can be evaluated explicitly by means of Proposition 2.6.4.
For instance, when (m,D) = 1 and m = qβm′ with m′ coprime to q, we
see that invq(V ) = 1, the prime q must be inert in k, and β must be odd.
Under these conditions we find that

B′(m, 0, 0) = −2o(D)+1π σ0,ε(m
′)√

DL(ε, 1)
(β + 1) · log(q),

where o(D) denotes the number of prime factors of D.

Regardless of whether n is even or odd, we have the following lower bound
for the coefficients of the Eisenstein series EL(τ, s0, n).

Corollary 2.6.8. Assume that n ≥ 2. There is a constant C > 0, depending
only on L, such that

−B(m, 0, s0) > C ·mn−1

for all m ∈ Z+.

Proof. This follows easily from Corollary 2.6.5 and Corollary 2.6.6. �

3. Automorphic Green functions

Keep V as in §2. We recall the family of special divisors on the complex
Shimura variety associated to the unitary group U(V ), and derive a geomet-
ric variant of the Siegel-Weil formula. Using this, we compute the integrals
of automorphic Green functions for the special divisors.

3.1. A complex Shimura variety. The fixed embedding k ⊂ C identi-
fies k ⊗Q R ∼= C, and allows us to distinguish between the two orthogonal
idempotents ε, ε ∈ k ⊗Q C, which we label in such a way that

(α⊗ 1)ε = (1⊗ α)ε, (α⊗ 1)ε = (1⊗ α)ε

for all α ∈ k.
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Viewing V (R) = V ⊗Q R as C-hermitian space of signature (n − 1, 1),
define a hermitian symmetric domain

(3.1.1) D = {negative definite complex lines z ⊂ V (R)}.

The natural map

V (R) ↪→ V (C) = εV (C)⊕ εV (C)
proj−−→ εV (C)

is a C-linear isomorphism, and identifies

(3.1.2) D = {z ∈ P(εV (C)) : [z, z] < 0}.

Here we have endowed V (C) = V ⊗Q C with the C-bilinear extension of the
Q-bilinear form [−,−] of (2.1.1), and z 7→ z is the complex conjugation on
the second factor in the tensor product. Under either interpretation, there
is an evident action of the real points of

H = U(V )

on D by holomorphic automorphisms.
Fix an Ok-lattice L ⊂ V on which the hermitian form is Ok-valued.

Choose a compact open subgroup K ⊂ H(Af ) that stabilizes L, and hence
acts on the finite dimensional vector space SL = C[L′/L] of §2.4. This choice
determines a complex Shimura variety

ShK(H,D) = H(Q)\D ×H(Af )/K,(3.1.3)

which we view as a complex orbifold of dimension n−1. If we write H(Af ) =⊔
j H(Q)hjK as a finite disjoint union, then

(3.1.4) ShK(H,D) =
⊔
j

(H(Q) ∩Kj)\D,

where Kj = hjKh
−1
j stabilizes the lattice Lj = hjL.

The Shimura variety carries a family of special divisors

Z(m) ∈ Div(ShK(H,D))

indexed by positive integers m, which we describe in terms of the decompo-
sition (3.1.4). For each x ∈ V with 〈x, x〉 > 0, define an analytic divisor

D(x) = {z ∈ D : x ⊥ z}

where ⊥ means orthogonal with respect to the hermitian or bilinear form,
depending on whether the reader prefers the model (3.1.1) or (3.1.2). The
pullback of Z(m) via the uniformization

D → (H(Q) ∩Kj)\D ⊂ ShK(H,D)

is the locally finite analytic divisor∑
x∈Lj
〈x,x〉=m

D(x) ∈ Div(D).
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More generally, given a positive m ∈ Q and a K-fixed function ϕ ∈ SL,
there is a special divisor

Z(m,ϕ) ∈ DivC(ShK(H,D))

whose pullback via the above uniformization is∑
µ∈L′/L

ϕ(µ)
∑

x∈µj+Lj
〈x,x〉=m

D(x) ∈ DivC(D),

where µj is the image of µ under hj : L′/L→ L′j/Lj . Taking ϕ = ϕ0 to be

the characteristic function of 0 ∈ L′/L recovers Z(m).
Let L be the tautological line bundle over D whose fiber over a point

z ∈ D is the complex line Lz = z. Denote by L̂ the tautological line bundle
endowed with the hermitian metric ‖ · ‖ defined as follows: if we use the
interpretation (3.1.1) to view z ∈ D as a line in V (R), then

‖s‖2 = −〈s, s〉
4πeγ

for every s ∈ Lz. If we instead use (3.1.2) to view z as a line in εV (C), the
metric is the same, but with 〈−,−〉 replaced by [−,−]. The Chern form

ch(L̂) is an H(R)-invariant Kähler form on D. The metrized tautological
bundle descends to ShK(H,D), and its holomorphic sections are hermitian
modular forms of weight 1. As in the introduction, we abbreviate

volC(L̂) =

∫
ShK(H,D)

ch(L̂)n−1.

In the subsections below we will recall the construction of Green func-
tions for certain linear combinations of special divisors, and compute their

integrals with respect to the volume form ch(L̂)n−1.

Remark 3.1.1. Although we will not need it, we note that

volC(L̂)−1

∫
Z(m,ϕ)

ch(L̂)n−2 = −
∑

µ∈L′/L

ϕ(µ)B(m,µ, s0)

exactly as in the case of orthogonal Shimura varieties [Ku03]. On the right
hand side the notation is that of §2.5.

3.2. A geometric variant of the Siegel-Weil formula. For z ∈ D and
x ∈ V (R), let

ϕ∞(z, x) = exp
(
− 2π〈xz⊥ , xz⊥〉+ 2π〈xz, xz〉

)
be the Gaussian. Here we are using the model (3.1.1), so that z determines
an orthogonal decomposition V (R) = z⊥ ⊕ z, and the vectors xz⊥ and xz
are the projections of x to the two summands.

As in §2.1, let G = U(1, 1) be the quasi-split unitary group over Q, so
that SL2 ⊂ G. Fix a base point z0 ∈ D and consider the Schwartz function

ϕ∞(x)
def
= ϕ∞(z0, x) ∈ S(V (R)).
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It has weight n − 2 under the action of the Weil representation (§2.3) of
SL2(R). In other words, using the notation of (2.2.1),

ω(k)(ϕ∞) = kn−2ϕ∞

for all k ∈ SO(2,R).
A choice of ϕf ∈ S(V (Af )) determines a Schwartz function ϕ∞ ⊗ ϕf ∈

S(V (A)). Applying the construction (2.3.1) yields a corresponding theta
function θ(g, h, ϕ∞⊗ϕf ) of the variables (g, h) ∈ G(A)×H(A). Restricting
the first variable to g ∈ SL2(R) ⊂ G(A), we obtain the Siegel theta function

θ(g, h, ϕ∞ ⊗ ϕf ) =
∑

x∈V (Q)

ω(g, 1)ϕ∞(z0, h
−1
∞ x) · ϕf (h−1

f x),

where h = h∞hf ∈ H(A).
We may view this theta function as a function of the variables

(τ, z, hf ) ∈ H ×D ×H(Af )

as follows. Let gτ ∈ SL2(R) be as in (2.1.3), and choose an h∞ ∈ H(R) with
h∞z0 = z, so that ϕ∞(z0, h

−1
∞ x) = ϕ∞(z, x). Now set

θ(τ, z, hf , ϕf ) = v1−n
2 θ(gτ , h∞hf , ϕ∞ ⊗ ϕf )(3.2.1)

= v
∑

x∈V (Q)

e
(
〈xz⊥ , xz⊥〉τ − 〈xz, xz〉τ̄

)
· ϕf (h−1

f x).

In the variable τ , we have the transformation law

θ(γτ, z, hf , ϕf ) = (cτ + d)n−2θ(τ, z, hf , ω(γ)−1ϕf )(3.2.2)

for γ ∈ Γ. In the variable z, we have the transformation law

θ(τ, δz, δhf , ϕf ) = θ(τ, z, hf , ϕf ).(3.2.3)

for δ ∈ H(Q),
Now suppose that ϕf ∈ SL = C[L′/L] is fixed by the action of K. Using

(3.2.1) and (3.2.3), we see that the Siegel theta function (3.2.1) descends
to a function on H × ShK(H,D). We are interested in the geometric theta
integral

I(τ, ϕf ) = volC(L̂)−1

∫
ShK(H,D)

θ(τ, z, hf , ϕf ) ch(L̂)n−1(3.2.4)

as a function of τ ∈ H.

Proposition 3.2.1. Assume that n > 2 or that V is anisotropic. Recalling
the notation of (2.3.2) and (2.4.4), we have

κ · I(τ, ϕf ) = 〈EL(τ, s0, n− 2), ϕf 〉 ,

where the pairing on the right is (2.4.3).
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Proof. We rewrite the integral in (3.2.4) as an integral over the quotient
H(Q)\H(A). To this end, we normalize the Haar measure on the compact
subgroup H(R)z0 ⊂ H(R) so that the volume is 1. Then we normalize the
Haar measure dh∞ on H(R) so that the induced measure on the quotient

H(R)/H(R)z0
∼= D agrees with the measure defined by ch(L̂)n−1. Finally,

we normalize the Haar measure dhf on H(Af ) so that vol(H(Q)\H(A)) = 1.
Setting

vol(K) =

∫
K
dhf ,

we then have the identities

volC(L̂) =

∫
H(Q)\H(A)/H(R)z0K

dh∞dhf = vol(K)−1.

Using (3.2.1) we obtain

I(τ, ϕ) = vol(K)

∫
ShK(H,D)

θ(τ, z, hf , ϕf ) ch(L̂)n−1

= v1−n
2

∫
H(Q)\H(A)

θ(gτ , h∞hf , ϕ∞ ⊗ ϕf ) dh∞dhf ,

and applying the Siegel-Weil formula of Theorem 2.3.1 shows

κ · I(τ, ϕ) = v1−n
2E(gτ , λ(ϕ∞ ⊗ ϕf ), s0).

As ϕ∞ has weight n− 2, Lemma 2.2.1 implies

E(gτ , λ(ϕ∞ ⊗ ϕf ), s0)

= v
n
2
−1

∑
γ∈Γ∞\Γ

Im(γτ)s0+ 1
2
−n−2

2 (cτ + d)2−n · (ωL(γ)ϕf )(0)

= v
n
2
−1

∑
γ∈Γ∞\Γ

Im(γτ)s0+ 1
2
−n−2

2 (cτ + d)2−n · (ω∨L(γ)−1δ0)(ϕf ).

Here δ0 ∈ S∨L denotes the functional ϕf 7→ ϕf (0). Since the Weil represen-
tation is unitary, we have

(ω∨L(γ)−1δ0)(ϕf ) = 〈ω̄L(γ)−1ϕ0, ϕf 〉.

To complete the proof, substitute this equality into the final expression
above, and recall the definition of EL(τ, s, n− 2) from (2.4.4). �

3.3. Automorphic Green functions. Let σ be a finite dimensional rep-
resentation of Γ = SL2(Z) on a complex vector space Vσ, and assume that
σ factors through a finite quotient. In our applications, σ will be the Weil
representation

ωL : Γ→ Aut(SL)

of (2.4.2), or its complex conjugate, or its dual.
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For k ∈ Z, denote by Hk(σ) the vector space of (weak) harmonic Maass
forms of weight k for the group Γ with representation σ as in [BY09]. We
write

Sk(σ) ⊂Mk(σ) ⊂M !
k(σ)

for the subspaces of cusp forms, holomorphic modular forms, and weakly
holomorphic modular forms, respectively.

A harmonic Maass form f ∈ Hk(σ) has a Fourier expansion

f(τ) =
∑
m∈Q

m�−∞

c+(m)qm +
∑
m∈Q
m<0

c−(m)Γ(1− k, 4π|m|v)qm(3.3.1)

with coefficients c±(m) ∈ Vσ. Here τ = i+ iv ∈ H, q = e2πiτ , and

Γ(s, x) =

∫ ∞
x

e−tts−1dt

is the incomplete gamma function. The coefficients are supported on rational
numbers with uniformly bounded denominators. The first summand on the
right hand side of (3.3.1) is denoted by f+ and is called the holomorphic
part of f , the second summand is denoted by f− and is called the non-
holomorphic part.

As in [BF04], there is a surjective conjugate-linear differential operator

(3.3.2) ξk : Hk(ωL)→ S2−k(ω̄L)

defined by

ξk(f)(τ) = 2ivk
∂f

∂τ̄
.

Its kernel is M !
k(ωL).

Suppose f ∈ H2−n(ωL) is K-fixed with Fourier coefficients c±(m) ∈ SL.
Define the special divisor associated to f by

Z(f) =
∑
m>0

∑
µ∈L′/L

c+(−m,µ)Z(m,ϕµ) ∈ DivC(ShK(H,D)).(3.3.3)

Here c±(m,µ) ∈ C is the value of c±(m) at µ ∈ L′/L, and ϕµ is the charac-

teristic function of the coset µ+ L̂.
We recall from §3 of [BHY15] the construction of an automorphic Green

function for Z(f). Using (3.2.1), define an SL-valued Siegel theta function

(3.3.4) θL(τ, z, h) =
∑

µ∈L′/L

θ(τ, z, h, ϕµ)ϕµ

for τ ∈ H, z ∈ D, and h ∈ H(Af ). The transformation law (3.2.2) implies
that it defines a non-holomorphic modular form for Γ of weight n−2 with rep-
resentation ω̄L, and so, using the notation (2.4.3), the pairing 〈f, θL(τ, z, h)〉
is Γ-invariant as a function of τ ∈ H.
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Following [Bo98] and [BF04], we consider the regularized theta lift

Φ(z, h, f) =

∫ reg

Γ\H
〈f, θL(τ, z, h)〉 dµ(τ)(3.3.5)

of f , where dµ(τ) = du dv
v2

is the invariant measure. Here the integral is
regularized as in [Bo98] and [BHY15]. The main properties of

Φ(f) = Φ(z, h, f),

viewed as a function on ShK(H,D), are summarized in the following theo-
rem, see Theorem 3.3.1 and Proposition 3.3.4 of [BHY15].

Theorem 3.3.1. The Green function Φ(z, h, f) is smooth on ShK(H,D) r
Z(f). It has logarithmic singularities along Z(f), and it is integrable over
ShK(H,D) if n > 2 or if V is anisotropic. The corresponding current on
smooth compactly supported (n− 1, n− 1)-forms on ShK(H,D) satisfies the
Green equation

ddc[Φ(f)] + δZ(f) = [ddcΦ(f)].

3.4. Integrals of Green functions. In this subsection we assume that
either n > 2, or that n ≥ 1 and V is anisotropic. Choose an SL-valued
harmonic Maass form

f ∈ H2−n(ωL)

fixed by the action of the compact open subgroup K ⊂ H(Af ) on SL.
The main result of this subsection expresses the integral

I(f) = volC(L̂)−1

∫
ShK(H,D)

Φ(f) ch(L̂)n−1(3.4.1)

in terms of the derivatives B′(m,µ, s0) at s0 = (n− 1)/2 of the coefficients
(2.5.2) of EL(τ, s, n). The proof follows the argument of [Ku03] in the or-
thogonal case, which is based on the Siegel-Weil formula. In fact, we slightly
generalize this argument by allowing harmonic Maass forms for the inputs
of the regularized theta lift. Let κ ∈ {1, 2} be as in (2.3.2).

Lemma 3.4.1. We have

I(f) = lim
T→∞

(
1

κ

∫
FT
〈f, EL(τ, s0, n− 2)〉 dµ(τ)− c+(0, 0) log(T )

)
.

Here FT = {τ ∈ F : Im(τ) ≤ T} is the truncation at height T of the standard
fundamental domain F for Γ.

Proof. Exactly as in Proposition 2.5 of [Ku03], on ShK(H,D) r Z(f) we
have the equality

Φ(z, h, f) = lim
T→∞

(∫
FT
〈f, θL(τ, z, h)〉 dµ(τ)− c+(0, 0) log(T )

)
.

The integral I(f) is therefore given by the limit as T →∞ of

volC(L̂)−1

∫
ShK(H,D)

∫
FT
〈f, θL(τ, z, h)〉 dµ(τ) ch(L̂)n−1 − c+(0, 0) log(T ).
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As FT is compact, we may interchange the order of integration. Inserting
(3.3.4) and (3.2.4), we find that I(f) is the limit as T →∞ of

volC(L̂)−1

∫
FT

〈
f,

∫
ShK(H,D)

θL(τ, z, h) ch(L̂)n−1

〉
dµ(τ)− c+(0, 0) log(T ),

which we rewrite as∫
FT

∑
µ∈L′/L

f(τ)(µ) · I(τ, ϕµ) dµ(τ)− c+(0, 0) log(T ).

Applying Proposition 3.2.1 completes the proof. �

Theorem 3.4.2. If n > 2, or if n = 2 and V is anisotropic, the integral
(3.4.1) satisfies

I(f) =
∑

µ∈L′/L

∑
m∈Q
m>0

c+(−m,µ)B′(m,µ, s0).

If n = 1, the integral (3.4.1) satisfies

I(f) =
1

2

∑
µ∈L′/L

∑
m∈Q
m≥0

c+(−m,µ)B′(m,µ, s0).

Proof. Abbreviate

AT (f) =

∫
FT
〈f, EL(τ, s0, n− 2)〉 dµ(τ),

so that Lemma 3.4.1 becomes

I(f) = lim
T→∞

(
AT (f)

κ
− c+(0, 0) log(T )

)
.(3.4.2)

Using Lemma 2.4.1 we see that

EL(τ, s0, n− 2) dµ(τ) =
(
LnE

′
L(τ, s0, n)

)
dµ(τ) = −∂̄E′L(τ, s0, n) dτ,

and so

AT (f) = −
∫
FT

〈
f, ∂̄E′L(τ, s0, n)

〉
dτ

= −
∫
FT
d
(〈
f, E′L(τ, s0, n)

〉
dτ
)

+

∫
FT

〈
(∂̄f), E′L(τ, s0, n)

〉
dτ.

Applying Stokes’ theorem to the first term, and

(∂̄f)dτ = −(L2−nf) dµ(τ)
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to the second, we obtain

AT (f) = −
∫
∂FT

〈
f, E′L(τ, s0, n)

〉
dτ −

∫
FT

〈
L2−nf, E

′
L(τ, s0, n)

〉
dµ(τ)

=

∫ 1

u=0

〈
f(u+ iT ), E′L(u+ iT, s0, n)

〉
du

−
∫
FT

〈
ξ2−n(f), E′L(τ, s0, n)

〉
vndµ(τ),

where ξ2−n is the differential operator (3.3.2). Inserting the Fourier expan-
sions (3.3.1) and (2.5.1) of f and the Eisenstein series yields

AT (f) =
∑

µ∈L′/L
m∈Q

c+(−m,µ)B′(m,µ; s0, T )

+
∑

µ∈L′/L
m∈Q+

c−(−m,µ)Γ(n− 1, 4π|m|T )B′(m,µ; s0, T )

−
∫
FT

〈
ξ2−n(f), E′L(τ, s0, n)

〉
vndµ(τ).

The exponential decay of the incomplete gamma function and the polyno-
mial growth of the coefficients c−(m,µ) imply that the second term goes to
zero in the limit T →∞. The third term converges to the Petersson scalar
product of ξ2−n(f) and E′L(τ, s0, n). But since ξ2−n(f) is cuspidal and hence
orthogonal to Eisenstein series, this Petersson scalar product vanishes. In-
serting this into (3.4.2), we find

I(f) = lim
T→∞

(
1

κ

∑
µ∈L′/L
m∈Q

c+(−m,µ)B′(m,µ; s0, T )− c+(0, 0) log(T )

)
.

The exponential decay of the coefficients B′(m,µ; s0, T ) in (2.5.2) for m <
0 and the subexponential growth of the coefficients c+(−m,µ) imply that
the contribution of all m < 0 in the above term vanishes. If n > 1 we obtain
by virtue of Lemma 2.5.4 that

I(f) =
1

κ

∑
µ∈L′/L
m>0

c+(−m,µ)B′(m,µ, s0),

as desired. When n = 1, again by Lemma 2.5.4, there is an additional
contribution to the sum from m = 0. �

4. Integral models and arithmetic intersection theory

We recall the integral models of GU(n−1, 1) Shimura varieties constructed
by Pappas and Krämer, and the arithmetic intersection theory of Gillet-
Soulé and Burgos-Kramer-Kühn on their toroidal compactifications.

From here until the end of the paper, we assume D = −disc(k) is odd.
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4.1. Moduli problems. For any n ≥ 1, work of Pappas [Pap00] and
Krämer [Kra03], as summarized in §2.3 of [BHK+a], provides us with a
regular and flat Ok-stack

M(n−1,1) → Spec(Ok)

with reduced fibers. For an Ok-scheme S, the objects of the groupoid
M(n−1,1)(S) are quadruples (A, ι, ψ,F) in which

• A→ S is an abelian scheme of dimension n,
• ι : Ok → End(A) is an Ok-action,
• ψ : A → A∨ is a principal polarization whose induceded Rosati

involution restricts to complex conjugation on the image of ι,
• F ⊂ Lie(A) is an Ok-stable hyperplane1 satisfying the signature

(n− 1, 1) condition of Krämer [Kra03]: the actions of Ok on F and
on Lie(A)/F are through the structure morphism iS : Ok → OS and
its complex conjugate, respectively.

Remark 4.1.1. The stack M(n−1,1) is denoted MKra
(n−1,1) in [BHK+a].

Remark 4.1.2. One does not know a good theory of integral modelsM(n−1,1)

if 2 is ramified in k, and this lack of knowledge is the main reason for
restricting to quadratic imaginary fields of odd discriminant.

Definition 4.1.3. A finite dimensional k-hermitian space W is relevant if it
admits a self-dual Ok-lattice a ⊂W . Two relevant hermitian spaces W and
W ′ are strictly similar if there is a k-linear isomorphism W ∼= W ′ identifying
the hermitian forms up to scaling by a positive rational number.

Proposition 4.1.4. Let o(D) denote the number of prime divisors of D.

(1) Any two self-dual Ok-lattices in a relevant k-hermitian space are
isometric everywhere locally.

(2) There are 2o(D)−1 isomorphism classes of relevant hermitian spaces
of any fixed signature (r, s). If r + s is odd all lie in the same strict
similarity class, but if r+s is even all lie in different strict similarity
classes.

Proof. The first claim is a theorem of Jacobowitz [Jac62], which uses our
assumption that D is odd. The second claim is Lemma 2.11 of [KR14]. �

As in Proposition 2.12(i) of [KR14], there is a decomposition

(4.1.1) M(n−1,1) =
⊔
W

MW ,

where the disjoint union is over the strict similarity classes of relevant her-
mitian spaces W of signature (n−1, 1), and the generic fiber of eachMW is
a Shimura variety of type GU(W ). When n is odd, Proposition 4.1.4 implies
that the disjoint union has a single term. When n is even, the disjoint union
is over the 2o(D)−1 isomorphism classes of relevant k-hermitian spaces.

1That is to say, an OS-module local direct summand of rank n− 1
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Denote by

M(1,0) → Spec(Ok)

the moduli stack of elliptic curves with CM by Ok. More precisely, the
functor of points assigns to an Ok-scheme S the groupoid M(1,0)(S) whose
objects are pairs (A0, ι0) in which

• A0 → S is an elliptic curve,
• ι0 : Ok → End(A0) is an Ok-action satisfying the signature (1, 0)

condition: the induced action of Ok on Lie(A0) is through the struc-
ture morphism iS : Ok → OS .

As A0 is an elliptic curve, there is a unique principal polarization

• ψ0 : A0 → A∨0 ,

and the induced Rosati involution on End(A0) restricts to complex conjuga-
tion on the image of ι0. By Proposition 5.1 of [KRY99] or Proposition 2.1.2
of [How15], M(1,0) is finite étale over Ok.

Remark 4.1.5. For ease of notation, we usually write objects ofM(1,0) simply
as A0, suppressing the remaining data from the notation. Similarly, objects
of M(n−1,1) will usually be written simply as A.

When n = 1, the data of ψ and F in the moduli problem M(n−1,1) are
uniquely determined, andM(0,1) classifies pairs (A, ι) over Ok-schemes S in
which A→ S is an elliptic curve and ι : Ok → End(A) is an action such that
the induced action of Ok on the OS-module Lie(A) is through the conjugate
of the structure morphism Ok → OS . Replacing ι by its conjugate therefore
defines a canonical isomorphism

M(0,1)
∼=M(1,0).

In particular, there is a decomposition of M(1,0) analogous to (4.1.1),
but this statement is vacuous, as the decomposition has a single term by
Proposition 4.1.4. If W0 is the unique, up to strict similarly, relevant k-
hermitian space of signature (1, 0), it will be convenient to set

MW0 =M(1,0).

Fix relevant k-hermitian spaces (W0, h0) and (W,h) of signatures (1, 0)
and (n−1, 1), and self-dual Ok-lattices a0 ⊂W0 and a ⊂W . The hermitian
forms induce alternating Q-bilinear forms

(4.1.2) e0(a, b) = Trk/Q

(
h0(a, b)√
−D

)
, e(a, b) = Trk/Q

(
h(a, b)√
−D

)
on W0 and W , and a0 and a are self-dual with respect to these forms.

Definition 4.1.6. Suppose we are given an integer N ≥ 1 and an Ok-
scheme S with N ∈ O×S . A level N -structure on A0 ∈ MW0(S) is a pair
(η0, ζ0) consisting of isomorphisms

η0 : A0[N ] ∼= a0/Na0, ξ0 : µN ∼= Z/NZ
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of étale sheaves on S that identify the Weil pairing on A0[N ] induced by the
principal polarization with the pairing on a0/Na0 induced by e0. Similarly, a
level N -structure on A ∈MW (S) is a pair (η, ζ) consisting of isomorphisms

η : A[N ] ∼= a/Na, ξ : µN ∼= Z/NZ

that identify the Weil pairing on A[N ] with the alternating pairing on a/Na.

Over Ok[1/N ], we obtain finite étale covers

(4.1.3) MW0(N)→MW0/Ok[1/N ], MW (N)→MW/Ok[1/N ]

by adding level structures to the moduli problems. By the first claim of
Proposition 4.1.4, these are independent of the choices of a0 and a.

4.2. The exceptional divisor. Now assume n ≥ 2. We recall some more
constructions from §2.3 of [BHK+a], following work of Pappas [Pap00] and
Krämer [Kra03].

There is a normal and flat Ok-stack

MPap
(n−1,1) → Spec(Ok)

defined as the moduli space of triples (A, ι, ψ) whose components are as
in the definition of M(n−1,1). However, instead of including a hyperplane
F ⊂ Lie(A) as part of the moduli problem, we demand that the action of
Ok on Lie(A) satisfy a Kottwitz-style signature (n−1, 1) condition, and the
wedge conditions of Pappas. We refer the reader to §2.3 of [BHK+a] for the
precise definitions.

Forgetting the hyperplane F ⊂ Lie(A) defines a morphism

(4.2.1) M(n−1,1) →M
Pap
(n−1,1),

which can be realized as a blow-up. To interpret it as such, define the
singular locus

(4.2.2) Sing(n−1,1) ⊂M
Pap
(n−1,1),

as the reduced locus of nonsmooth points. It is a proper Ok-stack of dimen-
sion 0, supported in characteristics dividing D.

The morphism (4.2.1) can be identified with the blow-up of the singular
locus, and so there is a canonical cartesian diagram

(4.2.3) Exc(n−1,1)
//

��

M(n−1,1)

��

Sing(n−1,1)
//MPap

(n−1,1)

in which the upper left corner is the exceptional divisor. In particular, (4.2.1)
is relatively representable and projective, and restricts to an isomorphism

M(n−1,1) r Exc(n−1,1)
∼=MPap

(n−1,1) r Sing(n−1,1).
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Remark 4.2.1. If p ⊂ Ok is a prime above p | D with residue field Fp, the

Falg
p -points of the singular locus are those

A ∈MPap
(n−1,1)(F

alg
p )

for which the action of Ok on the Falg
p -vector space Lie(A) is through the

reduction map Ok → Falg
p . At such a point, any hyperplane F ⊂ Lie(A) is

Ok-stable and satisfies Krämer’s signature condition, and the fiber over A
of the left vertical morphism in (4.2.3) is the projective space parametrizing
all such F .

4.3. Toroidal compactification. We turn to the study of compactifica-
tions of M(n−1,1). When n = 1 this stack is finite (hence proper) over Ok,
and so we set

M̄(0,1) =M(0,1).

For the rest of this subsection, assume n ≥ 2.
One finds in §2 of [How15] the construction of a toroidal compactification

M(n−1,1) ⊂ M̄(n−1,1),

obtained by imitating the constructions of Faltings and Chai [FC90]. If
one works over Ok[1/D], these are special cases of the constructions of Lan
[Lan13]. The compactification is regular, and is smooth outside the excep-
tional divisor of (4.2.3).

The universal abelian scheme A→M(n−1,1) extends uniquely to a semi-
abelian scheme

Ā→ M̄(n−1,1)

with Ok-action. At a geometric point of the boundary, this semi-abelian
scheme is an extension of an abelian variety by a torus of rank two. The
universal hyperplane F ⊂ Lie(A) overM(n−1,1) extends uniquely to an Ok-
stable hyperplane

(4.3.1) F̄ ⊂ Lie(Ā),

which again satisfies Krämer’s signature (n− 1, 1) condition.

There is a similar toroidal compactification ofMPap
(n−1,1) (now only normal

instead of regular), and a Cartesian diagram

(4.3.2) Exc(n−1,1)
//

��

M̄(n−1,1)

��

Sing(n−1,1)
// M̄Pap

(n−1,1)

extending (4.2.3). The vertical arrow on the right is the blow-up along the
closed immersion in the bottom row.
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Remark 4.3.1. For general Shimura varieties, a toroidal compactification
depends on a choice of rational polyhedral cone decomposition of a convex
cone sitting inside the real points of a Q-vector space. For our GU(n− 1, 1)
Shimura varieties, the vector space in question is one-dimensional. Hence
the rational polyhedral cone decomposition is uniquely determined, and the
toroidal compactifications are canonical.

Let An be the moduli stack of principally polarized abelian schemes of
dimension n. There are canonical morphisms

(4.3.3) M(n−1,1)
(4.2.1)−−−−→MPap

(n−1,1) → An/Ok
,

in which the first arrow is projective, and the second is finite.

Lemma 4.3.2. If Ān is any choice of smooth Faltings-Chai toroidal com-

pactification, M̄Pap
(n−1,1) is canonically identified with the normalization of

(4.3.4) MPap
(n−1,1) → Ān/Ok

.

See §29.53 of [Sta18] for normalization.

Proof. By [How15], the universal abelian scheme A → MPap
(n−1,1) extends

(necessarily uniquely) to a semi-abelian scheme Ā over the compactification.
This extension satisfies a universal property: Suppose S is an irreducible
normal scheme with generic point η → S, and we are given a morphism

η →MPap
(n−1,1).

If the pullback Aη extends to a semi-abelian scheme over S, then this ex-
tension is the pullback of Ā via a (necessarily unique) morphism

S → M̄Pap
(n−1,1)

restricting to the given morphism at the generic point.
This extension property is analogous to Theorem IV.5.7(5) of [FC90], but

the statement is simplified by the uniqueness of the rational polyhedral cone
decomposition of Remark 4.3.1. If one works over Ok[1/D], the extension
property is a special case of Theorem 6.4.1.1(6) of [Lan13]. The proof over
Ok is exactly the same.

On the other hand, Theorem 11.4 of [Lan16] shows that the compactifica-

tion ofMPap
(n−1,1) defined by normalization also carries a semi-abelian scheme

satisfying the same universal property, and the lemma follows. �

Fix an MW as in (4.1.1). We need compactifications of the étale covers

MW (N)→MW/Ok[1/N ]

of (4.1.3). Rather than repeat the constructions of [How15] with level struc-
ture, we will appeal to the results of [Lan16] and [MP19], in which com-
pactifications of quite general Shimura varieties are constructed as normal-
izations of Faltings-Chai compactifications of Siegel moduli spaces. These
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results cannot be applied directly to the covers above, as the failure of the
first arrow in (4.3.3) to be finite (it contracts the entire exceptional divisor

to a 0-dimensional substack) implies the failure of Lemma 4.3.2 if MPap
(n−1,1)

is replaced byM(n−1,1). Thus the proof of Proposition 4.3.3 below requires

the roundabout step of first compactifying covers of MPap
(n−1,1).

For any N ≥ 1, define M̄W (N) as the normalization of

MW (N)→ M̄(n−1,1)/Ok[1/N ].

Proposition 4.3.3. The stack M̄W (N) is regular, flat, and proper over
Ok[1/N ], and is a projective scheme if N ≥ 3. It is smooth away from its
exceptional divisor

Exc(n−1,1) ×M̄(n−1,1)
M̄W (N).

In particular, it is smooth in a neighborhood of its boundary, which is a
Cartier divisor smooth over Ok[1/N ].

Proof. There is a decomposition

MPap
(n−1,1) =

⊔
W

MPap
W ,

exactly as in (4.1.1). We may add N ≥ 1 level structure, exactly as in
Definition 4.1.6, to obtain a finite étale cover

MPap
W (N)→MPap

W/Ok[1/N ].

This cover has a compactification M̄Pap
W (N) defined as the normalization of

MPap
W (N)→ M̄Pap

(n−1,1)/Ok[1/N ],

which, by Lemma 4.3.2, is the same as the normalization of

(4.3.5) MPap
W (N)→ Ān/Ok[1/N ].

The properness, flatness, and normality of M̄Pap
W (N) follow from its con-

struction as the normalization of a proper, flat, and smooth Ok[1/N ]-stack.
It is not regular (as this is not true even of its interior). However, its singular
locus

SingW (N) = Sing(n−1,1) ×MPap
(n−1,1)

MPap
W (N)

is proper over Ok[1/N ], and the smoothness of

MPap
W (N) r SingW (N)

implies the smoothness of

M̄Pap
W (N) r SingW (N).

This is a consequence of the following principle, found in §14 of [Lan16]

and Theorem 1 of [MP19]: if U ⊂ M̄Pap
W (N) is an open neighborhood of
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the boundary ∂M̄Pap
W (N), then the singularities of U are no worse than the

singularities of U r ∂M̄Pap
W (N).

By the same principle (and its proof), the smoothness of M̄Pap
W (N) near

the boundary implies the smoothness of the boundary divisor itself. This
is actually a particular feature of our GU(W ) Shimura varieties. For more
general Shimura varieties the boundary has a canonical stratification by
locally closed substacks (see Theorem 4.1.5 of [MP19] or §9 of [Lan16]), and
the above cited principle tells us that each stratum is smooth. In our special
case each boundary stratum is a divisor, and is simply a union of connected

components of ∂M̄Pap
W (N). Hence the entire boundary is a Cartier divisor

smooth over Ok[1/N ].
Using the characterization of (4.3.2) as a blow-up, one may identify

M̄W (N) with the blow-up of M̄Pap
W (N) along its singular locus. As the

singular locus does not meet the boundary, it follows that M̄W (N) is it-
self proper and flat with boundary a smooth Cartier divisor. Moreover,
this shows that M̄W (N) is smooth away from the exceptional divisor of the
blow-up, and in particular in an open neighborhood of its boundary. As
the interior is regular, being étale over the regular stack MW , we find that
M̄W (N) is regular.

Finally, when N ≥ 3 we claim that both the source and target of

M̄W (N)→ M̄Pap
W (N)

are projective schemes. As this morphism is a blow-up, it suffices to prove
this for the target. For this, we use the results of Chapter V.5 of [FC90].
Adding principal level structure yields a finite étale cover

An(N)→ An/Z[1/N ],

and the compactification Ān may be chosen so that (4.3.5) factors as

MPap
W (N)→ Ān(N)→ Ān/Ok[1/N ],

where Ān(N) is the smooth projective scheme obtained by normalizing

An(N)→ Ān/Ok[1/N ].

This realizes M̄Pap
W (N) as the normalization of the first arrow in the com-

position, and hence provides us with a finite and relatively representable
morphism

M̄Pap
W (N)→ Ān(N).

As the target is a projective scheme, so is the source. �

Remark 4.3.4. One could avoid the constructions of [How15] and [Lan13]
altogether, and define M̄(n−1,1) from the start as a blow-up of the normal-
ization of (4.3.4). All properties that we need to know about this compact-
ification could then be deduced from [Lan16] and [MP19], except for the
extension (4.3.1) of the universal hyperplane across the boundary (which
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is needed in the proof of Proposition 5.2.1). For this one needs detailed
information about the local charts near the boundary, as found in [How15].

4.4. Arithmetic Chow groups. We summarize the arithmetic intersec-
tion theory of Gillet-Soulé [GS90, SABK] and Burgos-Kramer-Kühn [BBK07,
BKK07] for the Shimura varieties MW of (4.1.1), mostly for the purposes
of fixing normalizations of arithmetic degrees, heights, and volumes.

As usual, denote by P̂ic(MW ) the group of isomorphism classes of her-
mitian line bundles on MW , and similarly for the toroidal compactification
M̄W . In order to account for metrics that do not extend smoothly across
the boundary, when we work on the compactification M̄W we must relax
the notion of a hermitian metric.

Accordingly, denote by P̂ic(M̄W ,Dpre) the group of isomorphism classes
of pre-log singular hermitian line bundles on M̄W , in the sense of Definition
1.20 of [BBK07]. Exactly as in Proposition 5.2.1 of [How20], the natural
restriction maps

(4.4.1) P̂ic(M̄W )→ P̂ic(M̄W ,Dpre)→ P̂ic(MW )

are injective.
Fix an integer N ≥ 3, so that the toroidal compactification M̄W (N) of

Proposition 4.3.3 is a regular scheme of dimension n, projective and flat
over Ok[1/N ]. For 0 ≤ d ≤ n, we have a homomorphism of arithmetic
Chow groups

ĈH
d

GS(M̄W (N))→ ĈH
d
(M̄W (N),Dpre)

from Theorem 6.23 and (7.49) of [BKK07]. The domain is the arithmetic
Chow group of Gillet-Soulé [GS90, SABK], while the codomain is the arith-
metic Chow group of Burgos-Kramer-Kühn [BBK07, BKK07]. In both
groups elements are rational equivalence classes of pairs (Z, g) in which
Z is a codimension d cycle on M̄W (N). In the Gillet-Soulé construction g
is a (d− 1, d− 1) current on M̄W (N)(C) satisfying the Green equation

ddcg + δZ = [ω]

of currents for some smooth (d, d) form ω. In the Burgos-Kramer-Kühn
construction g is a more elaborate Green object, allowed to have pre-log-log
singularities along the boundary of the compactification.

Whenever N | N ′ the map M̄W (N ′)→ M̄W (N) induces a pullback

ĈH
d
(M̄W (N),Dpre)→ ĈH

d
(M̄W (N ′),Dpre),

allowing us to define, exactly as in §6.3 of [BKK07],

ĈH
d
(M̄W ,Dpre) = lim←−

N≥3

ĈH
d
(M̄W (N),Dpre).

There is an arithmetic intersection pairing

ĈH
d1

(M̄W ,Dpre)⊗ ĈH
d2

(M̄W ,Dpre)→ ĈH
d1+d2

(M̄W ,Dpre)Q,
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an arithmetic Chern class map

P̂ic(M̄W ,Dpre)→ ĈH
1
(M̄W ,Dpre),

and an arithmetic degree

d̂eg : ĈH
n
(M̄W ,Dpre)→ R

induced by the analogous structures on the arithmetic Chow group of each
scheme M̄W (N) with N ≥ 3.

Remark 4.4.1. The conventions for delta currents, currents associated to
smooth forms, and Green forms used in [BKK07] and [BBK07] differ from
those of Gillet-Soulé [GS90, SABK] by powers of 2 and 2πi. We will always
use the conventions of Gillet-Soulé. For example, the arithmetic Chern

class map sends a pre-log singular hermitian line bundle L̂ to the arithmetic
divisor

d̂iv(s) = (div(s),− log ‖s‖2)

for any nonzero rational section s.

To make explicit the normalization of the arithmetic degree, first note
that for each N ≥ 3, the finite étale cover MW (N) → MW/Ok[1/N ] has
constant fiber degree, in the sense that there is a dN ∈ Z satisfying

(4.4.2)
dN

# Aut(x)
= #{geometric points y →MW (N) above x}

for every geometric point x→MW/Ok[1/N ]. Now suppose we have a class

Ẑ = (ZN , gN )N≥3 ∈ ĈH
n
(M̄W ,Dpre).

If we write each ZN =
∑

imN,iZN,i as a Z-linear combination of 0-dimensional
irreducible closed subschemes on M̄W (N), then the real number

d̂egN (ZN , gN ) =
∑
i

mN,i ·#ZN,i(Falg
i ) · log(#Fi) +

∫
MW (N)(C)

gN ,

where Fi is the residue field of the unique prime of Ok[1/N ] below ZN,i, is
well-defined up to adding a Q-linear combination of {log(p) : p | N}, and

(4.4.3) d̂eg(Ẑ) =
1

dN
· d̂egN (ZN , gN )

up to the same ambiguity.

Remark 4.4.2. There is no 1/2 in front of the integral, in apparent dis-
agreement with §3.4.3 of [GS90]. In fact there is no disagreement. For
us MW (N)(C) means the set of all morphisms Spec(C) → MW (N) as k-
schemes, whereas Gillet-Soulé would take morphisms as Q-schemes. Thus
for Gillet-Soulé the domain of integration would be ourMW (N)(C) together
with its complex conjugate, yielding an integral twice as big as ours.
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4.5. Volumes and heights. For a pre-log singular hermitian line bundle

L̂ ∈ P̂ic(M̄W ,Dpre),

define the arithmetic volume by

v̂ol(L̂) = d̂eg(L̂n).

Here L̂n is the n-fold iterated intersection of the arithmetic Chern class

L̂ ∈ ĈH
1
(M̄W ,Dpre).

Let Z be a divisor on M̄W , and assume that Z intersects the boundary
∂M̄W properly in the generic fiber. As in the discussion following Theorem
7.58 of [BKK07], one can then define the arithmetic height (or Faltings

height) of Z with respect to L̂, denoted

htL̂(Z) ∈ R.
To make it explicit, fix N ≥ 3. Choose a pair (Y, gY) representing the
iterated intersection

L̂n−1 ∈ ĈH
n−1

(M̄W (N),Dpre),

and do this in such a way that the supports of ZN and Y do not intersect
in the generic fiber, where ZN is the pullback of Z via

M̄W (N)→ M̄W/Ok[1/N ].

Now form the intersection

ZN · Y ∈ CHn
ZN∩Y(M̄W (N))Q

in the Chow group with support along the closed subset Sppt(ZN )∩Sppt(Y).
As this closed subset is supported in finitely many nonzero characteristics,
there is a natural change-of-support map

CHn
Z∩Y(M̄W (N))→

⊕
p⊂Ok
p-NOk

CHn
p (M̄W (N))

where CHn
p (M̄W (N)) is the Chow group with support in the mod p fiber of

M̄W (N). For each p there is a degree map

degp : CHn
p (M̄W (N))→ Z

sending a reduced and irreducible codimension n subscheme (a.k.a., a closed
point) C ⊂ M̄W (N) supported at p to

degp(C) = #C(Falg
p )

where Fp = Ok/p. The arithmetic height satisfies

dN · htL̂(Z) =
∑
p⊂Ok
p-NOk

degp(ZN · Y) · log(#Fp) +

∫
ZN (C)

gY

up to a Q-linear combination of {log(p) : p | N}, where dN is as in (4.4.2).
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A choice of pre-log singular hermitian metric on the line bundle O(Z)
determines a class

Ẑ ∈ P̂ic(M̄W ,Dpre).

If we view the constant function 1 as a global section of O(Z) and set
gZ = − log ‖1‖2, the arithmetic Chern class of this hermitian line bundle is

(Z, gZ) ∈ ĈH
1
(M̄W ,Dpre),

and Proposition 7.56 of [BKK07] gives the relation

(4.5.1) d̂eg(Ẑ · L̂n−1) = htL̂(Z) +

∫
MW (C)

gZ · ch(L̂)n−1.

From the point of view of arithmetic volumes and heights, some hermitian
line bundles are essentially indistinguishable.

Definition 4.5.1. We say that

L̂1, L̂2 ∈ P̂ic(MW )

are numerically equivalent if the difference Ê = L̂1−L̂2 lies in the subgroup

P̂ic(M̄W ,Dpre) ⊂ P̂ic(MW )

of (4.4.1) and satisfies d̂eg(Ẑ · Ê) = 0 for all Ẑ ∈ ĈH
n−1

(M̄W ,Dpre).

Lemma 4.5.2. If L̂1 and L̂2 are numerically equivalent, then their Chern
forms are equal. Moreover,

(4.5.2) v̂ol(L̂1) = v̂ol(L̂2) and htL̂1(Z) = htL̂2(Z)

for any divisor Z as above.

Proof. Set Ê = L̂1 − L̂2. If g is any smooth (n− 2, n− 2) form on M̄W (C),
the arithmetic cycle class

Ẑ = (0, g) ∈ ĈH
n−1

(M̄W ,Dpre)

satisfies

0 = d̂eg(Ẑ · Ê) =

∫
MW (C)

ch(Ê) ∧ g.

As this holds for all choices of g, we must have ch(Ê) = 0. This proves the
desired equality of Chern forms. The first equality of (4.5.2) is clear from

v̂ol(L̂1) =
n∑
i=0

d̂eg(L̂n−i2 · Ê i),

as every term with i > 0 vanishes. The second equality follows from (4.5.1)
and the equality of Chern forms already proved. �



44 JAN H. BRUINIER AND BENJAMIN HOWARD

If Z is a Cartier divisor on M̄W supported in nonzero characteristics,
the line bundle O(Z) is canonically trivialized in the generic fiber by the
constant function 1. For any real number c, denote by

(4.5.3) (Z, c) ∈ P̂ic(M̄W )

the line bundle O(Z) endowed with the constant metric characterized by
− log ‖1‖2 = c. In particular, adding (0, c) to a hermitian line bundle just
rescales ‖ · ‖2 by e−c. The following lemma describes the effect of this on
arithmetic volumes.

Lemma 4.5.3. For any L̂ ∈ P̂ic(M̄W ,Dpre) and any constant c ∈ R, we
have

v̂ol
(
L̂+ (0, c)

)
= v̂ol(L̂) + nc

∫
MW (C)

ch(L̂)n−1,

where ch(L̂) is the Chern form (1.1.2).

Proof. A trivial induction argument shows that

L̂k−1 · (0, c) = (0, c · ch(L̂)k−1) ∈ ĈH
k
(M̄W ,Dpre)

for all k > 0. As (0, c) · (0, c) = 0 we deduce(
L̂+ (0, c)

)k
= L̂k + kL̂k−1 · (0, c)

= L̂k + k(0, c · ch(L̂)k−1).

Setting k = n and taking the arithmetic degree completes the proof. �

5. A Shimura variety and its line bundles

For the rest of this paper we fix a k-hermitian space V of signature (n−
1, 1), with n ≥ 1, and assume that V admits a self-dual Ok-lattice (1.3.1).
We will associate to V an n-dimensional open and closed substack

SV ⊂M(1,0) ×Ok
M(n−1,1),

construct some interesting hermitian line bundles on it, and explain the
relations between them.

5.1. A special Shimura variety. To attach a Shimura variety to our fixed
V , choose relevant (Definition 4.1.3) hermitian spaces (W0, h0) and (W,h)
of signatures (1, 0) and (n− 1, 1), respectively, in such a way that

(5.1.1) V ∼= Homk(W0,W )

as k-hermitian spaces, where the hermitian form 〈−,−〉 on the right satisfies

(5.1.2) 〈x, y〉 · h0(w0, w
′
0) = h(x(w0), y(w′0))

for all w0, w
′
0 ∈W0 and x, y ∈ V .

Remark 5.1.1. Such W0 and W always exist: take W0 = k with its norm
form, and W = V . They are not uniquely determined by V , but their strict
similarity classes are.
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As in §2.2 of [KR14], if S is a connected Ok-scheme and

(A0, A) ∈MW0(S)×MW (S),

then HomOk
(A0, A) carries a positive definite hermitian form

(5.1.3) 〈x, y〉 = ψ−1
0 ◦ y

∨ ◦ ψ ◦ x ∈ EndOk
(A0) ∼= Ok,

where ψ0 : A0 → A∨0 and ψ : A→ A∨ are the principal polarizations.
As in §2.3 of [BHK+a], there is an open and closed substack

(5.1.4) SV ⊂MW0 ×Ok
MW

characterized by its points valued in algebraically closed fields, which are
those pairs

(A0, A) ∈MW0(F )×MW (F )

for which there exists an isometry

V ⊗Q`
∼= HomOk

(
T`(A0), T`(A)

)
⊗Q`

of k`-hermitian spaces for every ` 6= char(F ). Here the hermitian form on
the right is defined as in (5.1.3). When F = C this is equivalent to the
existence of an isometry of k-hermitian spaces

V ∼= Homk

(
H1(A0,Q), H1(A,Q)

)
.

Remark 5.1.2. When n is even the inclusion (5.1.4) is an isomorphism.

Remark 5.1.3. The projection SV → MW is a finite étale surjection, and
the fiber over a geometric point x ∈MW (F) satisfies∑

y∈SV,x(F)

1

|Aut(y)|
=
|CL(k)|
|O×k |

·

{
1 if n is even

21−o(D) if n is odd.

Remark 5.1.4. The stack SV is denoted SKra in [BHK+a]. Later we will want
to vary V , and so we have included it in the notation to avoid confusion. As
explained in [loc. cit.], the generic fiber of SV is a Shimura variety for the
subgroup G ⊂ GU(W0) × GU(W ) of pairs (g0, g) for which the similitude
factors of the two components are equal.

Definition 5.1.5. If n ≥ 2, define the exceptional divisor

ExcV ⊂ SV
as the pullback of the exceptional divisor (4.2.3) via SV →M(n−1,1). Equiv-
alently, it is defined by the cartesian diagram

(5.1.5) ExcV //

��

SV

��

Sing(n−1,1)
//MPap

(n−1,1).
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Definition 5.1.6 ([KR14]). For any positive m ∈ Z, the Kudla-Rapoport
divisor ZV (m) is the Ok-stack classifying triples (A0, A, x) consisting of a
pair

(A0, A) ∈ SV (S)

and an x ∈ HomOk
(A0, A) satisfying 〈x, x〉 = m.

The natural forgetful morphism

ZV (m)→ SV
is finite and unramified, with image of codimension 1. We denote again by
ZV (m) the image of this morphism, viewed as a divisor on SV in the usual
way (that is to say, each irreducible component of ZV (m) contributes an
irreducible component of the image, counted with multiplicity equal to the
length of the local ring of its generic point). Denote by

Z̄V (m)→ S̄V
the normalization of ZV (m) → S̄V , and denote in the same way its image,
viewed as a divisor on S̄V . In other words, take the Zariski closure of ZV (m).

Loosely speaking, each Kudla-Rapoport divisor is a union of unitary
Shimura varieties associated to k-hermitian spaces of signature (n − 2, 1).
In §6 we will make this more precise, at least when m is a prime split in k.

Definition 5.1.7. Let N be a positive integer, and let S be an Ok-scheme
with N ∈ O×S . A level N -structure on a pair (A0, A) ∈ SV (S) consists of
level N -structures (η0, ξ0) and (η, ξ) on A0 and A, in the sense of Definition
4.1.6, such that ξ0 = ξ.

Adding level structure to pairs (A0, A) defines a finite étale cover

SV (N)→ SV/Ok[1/N ],

and (5.1.4) lifts to a canonical open and closed immersion

SV (N) ⊂MW0(N)×Ok[1/N ]MW (N).

Define a toroidal compactification

(5.1.6) S̄V (N) ⊂MW0(N)×Ok[1/N ] M̄W (N)

as the Zariski closure of SV (N), or, equivalently, as the normalization of

SV (N)→ M̄W/Ok[1/N ].

When N = 1 we abbreviate this to S̄V .

Remark 5.1.8. As (5.1.6) is an open and closed immersion, andMW0(N) is
finite étale over Ok[1/N ], the compactification S̄V (N) inherits all the nice
properties of M̄W (N). In particular, Proposition 4.3.3 holds word-for-word
with MW replaced by SV , and the same is true of the entire discussion of
arithmetic intersection theory in §4.4 and §4.5.
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5.2. Construction of hermitian line bundles. The construction (1.1.1)
associates to the universal CM elliptic curve A0 → MW0 = M(1,0) its
metrized Hodge bundle

(5.2.1) ω̂Hdg
A0/MW0

∈ P̂ic(MW0).

Similarly, the universal A→MW determines a metrized Hodge bundle

(5.2.2) ω̂Hdg
A/MW

∈ P̂ic(MW ).

Pulling back the universal objects via projection to the two factors in
(5.1.4) yields a universal pair (A0, A) of polarized abelian schemes (of relative
dimensions 1 and n) over SV . As in §2.4 of [BHK+a] there is a metrized line
bundle of modular forms

(5.2.3) L̂V ∈ P̂ic(SV ).

The line bundle underlying (5.2.3) has inverse

(5.2.4) L−1
V = Lie(A0)⊗ Lie(A)/F ,

where F ⊂ Lie(A) is the universal hyperplane satisfying Krämer’s signature
condition (§4.1). The hermitian metric is defined as in §7.2 of [BHK+a]: if
we use Proposition 2.4.2 of [BHK+a] to identify

(5.2.5) LV,z ⊂ Homk(H1(A0,z,Q), H1(Az,Q))⊗Q C ∼= V ⊗Q C

at a complex point z ∈ SV (C), the line LV,z is isotropic with respect to the
C-bilinear extension of the Q-bilinear form [x, y] = Trk/Q〈x, y〉 on V , and

(5.2.6) ‖s‖2 = − [s, s]

4πeγ

for any s ∈ LV,z. Note that our L̂V is denoted ω̂ in [BHK+a, BHK+b].

Proposition 5.2.1. The hermitian line bundles (5.2.2) and (5.2.3) lie in
the subgroups

P̂ic(M̄W ,Dpre) ⊂ P̂ic(MW ) and P̂ic(S̄V ,Dpre) ⊂ P̂ic(SV ),

respectively, of (4.4.1).

Proof. The extension to M̄W of the line bundle

ωHdg
A/MW

∼= det(Lie(A))−1

underlying (5.2.2) is part of (4.3.1). The fact that the hermitian metric
has a pre-log singularity along the boundary is a special case of Theorem
6.16 of [BKK05]. Note that this also uses Proposition 3.2 of [Fr09], which
shows that any rank one log-singular hermitian vector bundle in the sense
of [BKK05] is also a pre-log-singular hermitian line bundle in the sense of
Definition 1.20 of [BBK07]. This proves the claim for (5.2.2), and the proof
for (5.2.3) is the same. �
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Pulling back the hermitian line bundles (5.2.1) and (5.2.2) via projection
to the two factors in (5.1.6), we obtain three hermitian line bundles

(5.2.7) ω̂Hdg
A0/SV , ω̂

Hdg
A/SV , L̂V ∈ P̂ic(S̄V ,Dpre).

In the remaining subsections we will make explicit the relations between
them. The reader may wish to skip directly to Theorem 5.5.1 for the main
results.

5.3. An application of the Chowla-Selberg formula. We will prove
that, up to numerical equivalence (Definition 4.5.1), the first line bundle
in (5.2.7) is just the trivial line bundle with a constant metric. The con-
stant defining the metric is an interesting quantity in its own right. Recall
the Chowla-Selberg formula: the Faltings height, normalized as in §5.2 of
[BHK+b], of any elliptic curve with CM by Ok is

(5.3.1) hFalt
k = −1

2

L′(0, ε)

L(0, ε)
− 1

4
log(4π2D).

Proposition 5.3.1. The metrized line bundles

ω̂Hdg
A0/SV ∈ P̂ic(SV ) and (0, C1) ∈ P̂ic(SV )

are numerically equivalent, where C1 = log(2π) + 2hFalt
k , and we are using

the notation of (4.5.3).

Proof. Fix an N ≥ 3. As MW0(N) is finite étale over Ok[1/N ], there is an
isomorphism

MW0(N) ∼=
⊔
i

Xi

with each Xi ∼= Spec(Oki [1/N ]) for a finite field extension ki/k unramified
outside N . For each Xi, consider the metrized Hodge bundle

ω̂Hdg
A0/Xi ∈ P̂ic(Xi)

of the universal A0 → Xi. The underlying line bundle can be identified with
an element in the ideal class group of Oki [1/N ], and hence some power of it
admits a trivializing section

si ∈ H0
(
Xi, (ωHdg

A0/Xi)
⊗di
) ∼= H0(A0,Ω

⊗di
A0/Xi).

Comparing (1.1.1) with the definition of the Faltings height, normalized as
in §5.2 of [BHK+b], shows that

−1

#Xi(C)

∑
x∈Xi(C)

log ‖si,x‖2 = di · C1,

up to a Q-linear combination of {log(p) : p | N}.
Letting d be the least common multiple of all di’s, we see that(

ω̂Hdg
A0/SV (N)

)⊗d ∈ P̂ic(S̄V (N))
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admits a trivializing section s with − log ‖s‖2 constant on every connected
component of S̄V (N)(C), and such that the average value of − log ‖s‖2 over
any Aut(C/k)-orbit of components is d · C1, up to a Q-linear combination
of {log(p) : p | N}.

If we represent

d · ω̂Hdg
A0/SV (N) ∈ ĈH

1
(S̄V (N))

by the arithmetic divisor d̂iv(s) = (0,− log ‖s‖2), then for any

(ZN , gN ) ∈ ĈH
n−1

(S̄V (N))

the vanishing of the Chern form of − log ‖s‖2 implies the ∗-product formula

[− log ‖s‖2] ∗ gN = − log ‖s‖2 ∧ δZN ,

which implies the intersection formula

d · d̂egN
(
(ZN , gN ) · ω̂Hdg

A0/SV (N)

)
= −

∑
x∈ZN (C)

log ‖sx‖2

up to a Q-linear combination of {log(p) : p | N}.
Let L ⊂ C be a finite Galois extension of k large enough that all complex

points of ZN are defined over L, and rewrite the equality above as

d · d̂egN
(
(ZN , gN ) · ω̂Hdg

A0/SV (N)

)
=
−1

[L : k]

∑
x∈ZN (L)
σ∈Gal(L/k)

log ‖sxσ‖2.

The right hand side is dC1 ·#ZN (C), and hence

d̂egN
(
(ZN , gN ) · ω̂Hdg

A0/SV (N)

)
= C1 ·#ZN (C) = d̂egN

(
(ZN , gN ) · (0, C1)

)
up to a Q-linear combination of {log(p) : p | N}. Varying N shows that

d̂eg
(
Ẑ · ω̂Hdg

A0/SV

)
= d̂eg

(
Ẑ · (0, C1)

)
for every Ẑ ∈ ĈH

n−1
(S̄V ), and the claim follows. �

5.4. Another hermitian line bundle. In order to relate the hermitian
line bundles of (5.2.7), we recall from §5.1 of [BHK+b] a fourth hermitian
line bundle. Denote by

H1
dR(A) = R1π∗Ω

•
A/SV

the first relative algebraic deRham cohomology of π : A → SV , a rank
2n vector bundle on SV . The action of Ok on A induces an action on
HdR

1 (A) = H1
dR(A)∨, which is locally free of rank n over Ok ⊗Z OS . If

HdR
1 (A)→ V
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denotes the largest quotient on which the action of Ok is through the struc-
ture morphism Ok → OSV , then V is a rank n vector bundle on SV , equipped
with a morphism

det(V)−1 →
∧n

H1
dR(A)→ Hn

dR(A).

Given a complex point z ∈ SV (C) and a vector sz ∈ det(Vz)−1, we view sz
as an element of Hn(Az,C), and define

‖sz‖2 =

∣∣∣∣∣
∫
Az(C)

sz ∧ sz

∣∣∣∣∣ .
This defines a hermitian metric on det(V)−1, and hence we obtain a hermit-
ian line bundle

(5.4.1) det(V) ∈ P̂ic(SV ).

Proposition 5.4.1. Assume n ≥ 2. Recalling the exceptional divisor of
Definition 5.1.5 and the notation (4.5.3), we have the equality

2L̂V = ω̂Hdg
A/SV + 2ω̂Hdg

A0/SV + det(V) + (ExcV , C2)

in P̂ic(SV ), where

C2 = 2 log

(
2eγ

D

)
+ (2− n) log(2π).

In particular, det(V) ∈ P̂ic(S̄V ,Dpre) by (5.2.7).

Proof. This is a restatement of Proposition 5.1.2 of [BHK+b], keeping in
mind that the metric on

det(Lie(A))−1 = ωHdg
A/SV

used in [loc. cit.] differs from (1.1.1) by a power of 2π. �

It is an observation of Gross [Gro] that the hermitian line bundle det(V)
behaves in the generic fiber, for all arithmetic purposes, like the trivial
bundle with a constant metric. This observation was extended to integral
models in §5.3 of [BHK+b], whose results are the basis of the following
proposition.

Proposition 5.4.2. The Chern form of det(V) is identically 0. If n > 2
then, up to numerical equivalence,

det(V) = (0, C3),

where

C3 = (4− 2n)hFalt
k + log(4π2D).
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Proof. Fix an integer N ≥ 3. As in Theorem 1 of [Gro], the C-vector space
H0(SV (N)/C, det(V)) has dimension 1, and the norm of any global section
is a locally constant function on SV (N)(C). The vanishing of the Chern
form follows. Moreover, one can choose a nonzero global section t defined
over a finite Galois extension k′/k, and then for every k-algebra embedding
σ : k′ → C the norm ‖tσ‖ must again be locally constant.

If n > 2 then2 Theorem 5.3.1 of [BHK+b] allows us to choose t so that it
extends to a nowhere vanishing section

t ∈ H0
(
SV (N)/Ok′ [1/N ], det(V)

)
.

Setting d = [k′ : k] and taking the tensor product of all Gal(k′/k)-conjugates
of t, we obtain a section

s ∈ H0(SV (N),det(V)⊗d)

such that div(s) = 0, and such that − log ‖s‖ is locally constant. Let

cX = − log ‖s‖2

denote its value on the connected component X ⊂ SV (N)/C.
Fix a finite Galois extension L/k contained C large enough that every

component X ⊂ SV (N)/C is defined over L. We may further enlarge L to
assume that each X admits an L-point

x ∈ X(L) ⊂ SV (N)(L)

that extends to
x : Spec(OL[1/N ])→ SV (N).

For example, start by fixing a complex point x ∈ X(C) corresponding to
a pair (A0, A) for which A has complex multiplication. Then enlarge L so
that both A0 and A (along with their level N -structures) are defined over
L and have everywhere good reduction.

Applying Corollary 5.3.2 and Proposition 5.3.3 of [BHK+b] to x, we find

−1

[L : k]

∑
σ∈Gal(L/k)

log ‖sxσ‖2 = dC3

up to a Q-linear combination of {log(p) : p | N}, and hence

1

[L : k]

∑
σ∈Gal(L/k)

cXσ = dC3

up to the same ambiguity.
We have now shown that the average value of− log ‖s‖2 over any Aut(C/k)

orbit of connected components in SV (N)(C) is dC3, up to a Q-linear com-
bination of {log(p) : p | N}. The proposition follows from this, by the same
argument used in the proof of Proposition 5.3.1. �

2The assumption n > 2 is mistakenly omitted in Theorem 5.3.1 of [BHK+b], whose

proof requires thatMPap
(n−1,1) has geometrically normal fibers. The normality is a theorem

of Pappas when n > 2, but is false when n = 2.
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5.5. Comparison of hermitian line bundles. We now come to the main
results of §5.

The exceptional divisor of Definition 5.1.5 is a recurring nuisance, in part

because it has nontrivial arithmetic intersection with L̂V . This will be ex-
plored more fully in §5.6 below. The following proposition allows us to

avoid this nuisance by slightly modifiying L̂V , and also clarifies the relation
between the second and third line bundles in (5.2.7).

Theorem 5.5.1. Assume n ≥ 2. Recalling the notation (4.5.3), the her-
mitian line bundle

K̂V
def
= 2L̂V − (ExcV , 0) ∈ P̂ic(S̄V ,Dpre)

enjoys the following properties.

(1) Every irreducible component E ⊂ ExcV satisfies

(E, 0) · K̂V = 0

in ĈH
2
(S̄V ,Dpre)Q, as well as the height relation

htK̂V (E) = 0.

The same equalities hold if we replace K̂V with ω̂Hdg
A/SV or ω̂Hdg

A0/SV .

(2) We have the equality of Chern forms

ch(ω̂Hdg
A/SV ) = 2 ch(L̂V ) = ch(K̂V ).

(3) If n > 2 then, up to numerical equivalence,

K̂V = ω̂Hdg
A/SV + (0, C0(n)) ∈ P̂ic(SV ),

where C0(n) is the constant of Theorem A. In particular, up to nu-
merical equivalence,

2L̂V = ω̂Hdg
A/SV + (ExcV , C0(n)).

Proof. For (1), they key observation is that the abelian scheme A→ SV is a

pullback via the vertical arrow on the right in (5.1.5). In particular, ωHdg
A/SV

is isomorphic to the pullback of

ωHdg

A/MPap
(n−1,1)

∈ Pic(MPap
(n−1,1)).

If MPap
(n−1,1) were a scheme we could trivialize this latter line bundle over a

Zariski open neighborhood of the (0-dimensional) singular locus. This would

pull-back to a trivialization of ωHdg
A/SV over an open neighborhood of ExcV ,

and in particular over an open neighborhood of any irreducible component
E ⊂ ExcV .
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To account for the stackiness, simply fix an integer N ≥ 3 and apply the

same reasoning with level N -structure to see that ωHdg
A/SV (N) is trivial in some

Zariski open neighborhood of

E(N) = E ×SV SV (N).

This implies the arithmetic intersection formula (E(N), 0) · ω̂Hdg
A/SV (N) = 0

and varying N proves

(E, 0) · ω̂Hdg
A/SV = 0.

The line bundle (5.4.1) is also a pullback via the vertical arrow on the right
in (5.1.5), hence the same argument shows

(E, 0) · det(V) = 0.

The proof of Proposition 5.3.1 shows that, for any N ≥ 3, there is a
positive multiple of

ω̂Hdg
A0/SV (N) ∈ ĈH

1
(S̄V (N),Dpre)

that can be represented by a purely archimedean arithmetic divisor (0, g).
Any such arithmetic divisor satisfies (E(N), 0) · (0, g) = 0, and varying N
shows that

(E, 0) · ω̂Hdg
A0/SV = 0.

Rewriting the relation of Proposition 5.4.1 as

(5.5.1) K̂V = ω̂Hdg
A/SV + 2ω̂Hdg

A0/SV + det(V) + (0, C2),

we have shown that the right hand side has trivial arithmetic intersection
with (E, 0), and hence so does the left hand side. This proves the first
equality of (1). The second is a formal consequence of this and (4.5.1).

The first equality of (2) follows from (5.5.1), as the Chern forms of the
final three terms on the right vanish by Lemma 4.5.2, Proposition 5.3.1, and
Proposition 5.4.2. The second equality of (2) is clear from the definitions.

Claim (3) also follows from (5.5.1), using Proposition 5.3.1, Proposition
5.4.2, and the equality C0(n) = 2C1 + C2 + C3. �

Remark 5.5.2. If n > 2 then part (3) of Theorem 5.5.1 implies

2n · v̂ol(K̂V ) = v̂ol
(
ω̂Hdg
A/SV + (0, C0(n))

)
= v̂ol

(
ω̂Hdg
A/SV

)
+ nC0(n)

∫
SV (C)

ch(ω̂Hdg
A/SV )n−1

where we have used Lemma 4.5.2 for the first equality, and Lemma 4.5.3 for
the second. In Proposition 8.1.1 we will show that this equality also holds
when n = 2.
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5.6. Volume of the exceptional divisor. In this subsection we assume
n ≥ 2, and fix an irreducible (= connected) component E of the exceptional
divisor of Definition 5.1.5. Recalling the notation (4.5.3), our goal is to
compute the arithmetic volume of

(E, 0) ∈ P̂ic(S̄V ).

By definition of the exceptional divisor, there is a commutative diagram
with cartesian squares

E //

��

e

��
ExcV //

��

M(1,0) ×Ok
Sing(n−1,1)

��

SV //M(1,0) ×Ok
MPap

(n−1,1)

in which e is a connected component of the 0-dimensional reduced and irre-
ducible Ok-stack M(1,0) ×Ok

Sing(n−1,1). In particular, e is supported in a

single characteristic p | D, and admits a presentation as a stack quotient

e ∼= ∆\Spec(F′p),

in which p ⊂ Ok is the prime above p, F′p is a finite extension of Fp = Ok/p,
and ∆ is a finite group acting on F′p. Define a rational number

mE
def
=

∑
z∈e(Falg

p )

1

|Aut(z)|
=

[F′p : Fp]

|∆|
.

Proposition 5.6.1. The iterated intersection

L̂−1
V · · · L̂

−1
V · (E, 0) ∈ ĈH

n
(S̄V ,Dpre)

has arithmetic degree m̂E = mE log(p)

Proof. After Remark 4.2.1, one might expect that E is isomorphic to the
projective space of hyperplanes in an n-dimensional vector space. In par-
ticular, there should be a universal hyperplane F ⊂ OnE , with the property

that the restriction of L−1
V to E is isomorphic to OnE/F .

The obstruction to this being true is due to stacky issues, which can
be removed by fixing an integer N ≥ 3 prime to p and adding level N -
structure to the universal pair (A0, A) over e. Let e(N)→ e be the scheme
classifying such level structures, and consider the cartesian diagram (this is
the definition of the upper left corner)

E(N) //

��

e(N)

��
E // e.
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The scheme e(N), being a reduced scheme finite over Fp, is a disjoint union
of finitely many spectra of finite extensions of Fp.

Fix a connected component E′ ⊂ E(N), and let

Spec(F′p) = e′ ⊂ e(N)

be the connected component below it. As in Remark 4.2.1, E′ is precisely
the projective space over e′ classifying hyperplanes F ⊂ Lie(A|e′). Moreover,
after fixing a trivialization Lie(A0|e′) ∼= F′p, the isomorphism (5.2.4) identifies

L−1
V |E′ = Lie(A|E′)/F ∈ Pic(E′) ∼= CH1(E′)

where F ⊂ Lie(A|E′) is the universal hyperplane. A routine exercise then
shows that the iterated intersection

(L−1
V |E′) · · · (L

−1
V |E′) ∈ CHn−1(E′) ∼= Z

is represented by the cycle class of any F′p-valued point of E′. In other words,
the cycle class of any section to E′ → e′.

Now allow the connected component E′ ⊂ E(N) to vary. If we fix any
section to E(N) → e(N), and use it to view e(N) as a 0-cycle on E(N),
then

e(N) = (L−1
V |E(N)) · · · (L−1

V |E(N)) ∈ CHn−1(E(N)).

This implies the arithmetic intersection formula

(e(N), 0) = L̂−1
V · · · L̂

−1
V · (E(N), 0) ∈ ĈH

n
(S̄V (N),Dpre)Q.

Finally, recalling (4.4.3), we deduce

d̂eg
(
L̂−1
V · · · L̂

−1
V · (E, 0)

)
=

#e(N)(Falg
p )

dN
log(p) =

∑
z∈e(Falg

p )

log(p)

|Aut(z)|

up to a Q-linear combination of {log(p) : p | N}. Varying N completes the
proof. �

Corollary 5.6.2. The hermitian line bundle (E, 0) ∈ P̂ic(S̄V ) has arith-
metic volume

v̂ol(E, 0) = (−2)n−1 · m̂E .

Proof. Part (1) of Theorem 5.5.1 implies the second equality in

(E, 0) · (E, 0) = (ExcV , 0) · (E, 0) = 2L̂V · (E, 0) ∈ ĈH
2
(S̄V ,Dpre)Q.

This implies the iterated intersection formula

(E, 0) · · · (E, 0) = 2n−1L̂V · · · L̂V · (E, 0) ∈ ĈH
n
(S̄V ,Dpre)Q,

and claim follows using Proposition 5.6.1. �
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6. Kudla-Rapoport divisors at split primes

Assume n > 2, and let SV be the Shimura variety (5.1.4) associated to
a k-hermitian space V of signature (n− 1, 1) containing a self-dual lattice.
Fix a prime p split in k, and factor

pOk = pp.

We explain how the Kudla-Rapoport divisor ZV (p)→ SV of Definition 5.1.6
is related to a Shimura variety SV ′ with V ′ of signature (n− 2, 1).

6.1. Statement of the results. Let V ′ denote the k-hermitian space of
signature (n− 2, 1) whose local invariants satisfy

(6.1.1) inv`(V
′) = (p,−D)` · inv`(V )

for all places ` ≤ ∞. Equivalently, V ′ is the orthogonal complement to the
k-span of any x ∈ V of hermitian norm 〈x, x〉 = p.

Lemma 6.1.1. The hermitian space V ′ admits a self-dual Ok-lattice.

Proof. Suppose ` is a rational prime unramified in k. If ` 6= p then p ∈ Z×` ,
and hence is a norm from the unramified extension k`. If ` = p then p is
again a norm from k` ∼= Qp × Qp. In either case, (p,−D)` = 1, and so the
local invariants of V and V ′ agree at all unramified primes.

In general, a k-hermitian space over k admits a self-dual Ok-lattice if and
only if it has local invariant 1 at every prime unramified in k. As V satisfies
this condition by hypothesis, so does V ′. �

Lemma 6.1.1 allows us to form the Ok-stacks

SV ′ ⊂ S̄V ′ ⊂M(1,0) ×Ok
M̄(n−2,1)

analogous to
SV ⊂ S̄V ⊂M(1,0) ×Ok

M̄(n−1,1),

but in one dimension lower. The stack SV ′ is endowed with its own her-
mitian line bundle L̂V ′ as in (5.2.3), its own exceptional divisor ExcV ′ as
in Definition 5.1.5, and its own universal pair (A′0, A

′) of polarized abelian
schemes with Ok-actions.

The following theorems, whose proofs will occupy the remainder of §6, lie
at the core of the inductive arguments of §8.

Theorem 6.1.2. If we set

K̂V = 2L̂V − (ExcV , 0) ∈ P̂ic(S̄V ,Dpre)

as in Theorem 5.5.1, and similarly with V replaced by V ′, then∫
ZV (p)(C)

ch(K̂V )n−2 = (pn−1 + 1) volC(K̂V ′).

Moreover, there is a rational number a(p) such that

htK̂V (Z̄V (p))

pn−1 + 1
= v̂ol(K̂V ′) + a(p) log(p).
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Theorem 6.1.3. There is a rational number b(p) such that

ht
ω̂Hdg
A/SV

(Z̄V (p))

pn−1 + 1
= v̂ol(ω̂Hdg

A′/SV ′
) + b(p) log(p)

+ (1− n)

(
L′(0, ε)

L(0, ε)
+

log(D)

2

)
volC(ω̂Hdg

A′/SV ′
).

The proofs are rather long, so we summarize now the key steps. The
central idea is to make precise the impressionistic relation

ZV (p)“ = ”(pn−1 + 1) · SV ′ ,
by decomposing

(6.1.2) ZV (p)/Ok[1/p] = U0 t Up t Up
as a disjoint union of open and closed substacks (Proposition 6.2.2 below).
The stacks on the right hand side are related to SV ′ by closed immersions

ip : SV ′/Ok[1/p] → Up, ip : SV ′/Ok[1/p] → Up,
and by a diagram

SV ′/Ok[1/p] TV ′oo i0 // U0

in which the leftward arrow is a finite étale surjection of degree pn−1−1, and
the rightward arrow is a closed immersion. See (6.5.11) for the definition of
the stack TV ′ .

Recalling the exceptional locus of Definition 5.1.5, denote by

Snexc
V = SV r ExcV

the (open) nonexceptional locus of SV , set

Znexc
V (p) = ZV (p)×SV S

nexc
V ,

and make the same definitions with V replaced by V ′. Set

Unexc
� = U� ∩ Znexc

V (p)

for � ∈ {0, p, p}, and

T nexc
V ′ = TV ′ ×SV ′ S

nexc
V ′ .

We will show that the closed immersions i0, ip, and ip are close to being
isomorphisms. More precisely, i0 restricts to an isomorphism

i0 : T nexc
V ′

∼= Unexc
0 ,

while ip and ip restrict to isomorphisms

ip : Snexc
V ′/Ok[1/p]

∼= Unexc
p and ip : Snexc

V ′/Ok[1/p]
∼= Unexc

p .

After taking compactifications into account, both theorems above will follow
easily from these isomorphisms. Note that it suffices to work only over
the nonexceptional locus, as part (1) of Theorem 5.5.1 guarantees that the
hermitian line bundles in questions have trivial arithmetic intersection with
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all components of the exceptional divisor (which is why we work with K̂V
in Theorem 6.1.2 instead of L̂V ).

6.2. Decomposing the Kudla-Rapoport divisor. The decomposition
(6.1.2) is a geometric reflection of a result of linear algebra.

As in (5.1.1), choose an isomorphism

V ∼= Homk(W0,W )

in which (W0, h0) and (W,h) are relevant hermitian spaces of signatures
(1, 0) and (n − 1, 1). Fix self-dual Ok-lattices a0 ⊂ W0 and a ⊂ W . Any
vector

x ∈ HomOk
(a0, a) ⊂ V

with 〈x, x〉 = p determines an orthogonal decomposition

W = W̃0 ⊕W ′

with W̃0 = x(W0), and a corresponding decomposition

V = kx⊕ V ′

with V ′ = Homk(W0,W
′).

Lemma 6.2.1. The Ok-lattice ã0 = a ∩ W̃0 satisfies exactly one of

ã0 = x(a0), ã0 = p−1x(a0), ã0 = p−1x(a0).

Proof. Use x to identify W0 = W̃0, and hence a0 ⊂ ã0 ⊂ a. Recalling the
symplectic forms

e0 : W0 ×W0 → Q, e : W ×W → Q

of (4.1.2), the relation (5.1.2) implies that e|W0 = p · e0. The inclusion

e0(pã0, a0) = e(ã0, a0) ⊂ e(a, a) = Z,

together with the self-duality of a0 under e0, shows that pã0 ⊂ a0. If equality
held we would have

e0(a0, a0) = p−1e(a0, a0) ⊂ pe(ã0, ã0) ⊂ pe(a, a) ⊂ pZ,

contradicting a0 being self-dual under e0.
As ã0 is Ok-stable with a0 ⊂ ã0 ( p−1a0, it is a0, p−1a0, or p−1a0. �

Proposition 6.2.2. Let (A0, A, x) be the universal triple over ZV (p)/Ok[1/p],
so that x ∈ HomOk

(A0, A) satisfies 〈x, x〉 = p. There is a decomposition
(6.1.2) into open and closed substacks in which

• U0 is the locus of points where ker(x) = 0,
• Up is the locus of points where ker(x) = A0[p],
• Up is the locus of points where ker(x) = A0[p].
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Proof. Recalling (5.1.3), the relation 〈x, x〉 = p implies that multiplication-
by-p factors as

A0
x−→ A ∼= A∨

x∨−→ A∨0
∼= A0,

and so ker(x) ⊂ A0[p]. Both of these group schemes are finite étale over
ZV (p)/Ok[1/p], which implies that each of U0, Up, and Up is open and closed.
It only remains to prove that every geometric point s → ZV (p)/Ok[1/p] is
contained in one of them.

Abbreviate T0 = Tp(A0s) and T = Tp(As). Applying the snake lemma to
the diagram

0 // T0
//

xs

��

T0 ⊗Qp
//

xs

��

A0s[p
∞] //

xs

��

0

0 // T // T ⊗Qp
// As[p

∞] // 0,

and using the vertical arrow on the left to identify T0 ⊂ T , we find that

ker(xs) ∼= T̃0/T0,

where T̃0 = T ∩ T0Qp .
After fixing an isomorphism Zp ∼= Zp(1) of étale sheaves on s, there are

unique Ok,p-valued hermitian forms h0 and h on T0 and T , respectively,
related to the Weil pairings e0 and e by (4.1.2). Thus we may apply Lemma

6.2.1 with a0 and a replaced by T0 and T , to see that T̃0 must be one of
T0, p−1T0, or p−1T0. These three cases correspond to ker(xs) being trivial,
A0s[p], or A0s[p]. �

6.3. Analysis of Up. In this subsection we study the structure of the sub-
stack Up of (6.1.2), and make explicit its relation to SV ′ . The analogous
analysis of Up is obtained by replacing p by p everywhere.

Return to the situation of Lemma 6.2.1, so that x ∈ HomOk
(a0, a) with

〈x, x〉 = p determines an orthogonal decomposition

W = W̃0 ⊕W ′.
Set ã0 = a ∩ W̃0.

Lemma 6.3.1. If ã0 = p−1x(a0), there is an orthogonal decomposition

a = ã0 ⊕ a′ ⊂W
in which a′ = a ∩W ′.

Proof. If we use x to identify W0 = W̃0, the assumption ã0 = p−1a0 implies
that ã0 is self-dual with respect to the hermitian form h|W̃0

= ph0. The
desired decomposition then follows by elementary linear algebra. �

The lemma suggests that if (A0, A, x) ∈ Up(S) for an Ok[1/p]-scheme S,
then x : A0 → A should determine an Ok-linear splitting

(6.3.1) A = Ã0 ×A′
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of principally polarized abelian schemes. Indeed, this is the case. If we set

Ã0 = A0/A0[p]

and recall that ker(x) = A0[p], the morphism x : A0 → A factors as

A0 → Ã0
y−→ A

for some y ∈ HomOk
(Ã0, A) satisfying 〈y, y〉 = 1. In other words, the

composition

Ã0
y−→ A ∼= A∨

y∨−→ Ã∨0
∼= Ã0

is the identity. This implies that the composition

A ∼= A∨
y∨−→ Ã∨0

∼= Ã0
y−→ A

is a Rosati-fixed idempotent in EndOk
(A), and A admits a unique split-

ting (6.3.1) of principally polarized abelian schemes over S such that this
idempotent is the projection to the first factor.

Apply the above construction to the universal triple (A0, A, x) over Up,
and recall that A comes equipped with an Ok-stable hyperplane F ⊂ Lie(A)
satisfying Krämer’s signature condition. Using the decomposition

Lie(A) = Lie(Ã0)⊕ Lie(A′)

of vector bundles on S, denote by U†p ⊂ Up the largest closed substack over

which Lie(Ã0) ⊂ F .

Proposition 6.3.2. There is a canonical isomorphism

ip : SV ′/Ok[1/p]
∼= U†p .

Proof. As above, let S be an Ok[1/p]-scheme. Given a point (A0, A, x) ∈
U†p (S), the splitting (6.3.1) determines

A′ ∈M(n−2,1)(S),

where we have endowed A′ with the Ok-stable hyperplane

F ′ = F/Lie(Ã0) ⊂ Lie(A)/Lie(Ã0) ∼= Lie(A′).

satisfying Krämer’s condition. The pair (A0, A
′) defines an S-point of

SV ′ ⊂M(1,0) ×Ok
M(n−2,1),

and we have now constructed a morphism

(6.3.2) U†p
(A0,A,x)→(A0,A′)−−−−−−−−−−−→ SV ′/Ok[1/p].

Conversely, start with an S-point

(A′0, A
′) ∈ SV ′(S).

First define elliptic curves A0 = A′0 and Ã0 = A0/A0[p]. Then define an
abelian scheme A by (6.3.1), and endow A with its product principal po-
larization and product Ok-action. Recalling that A′ comes equipped with
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a hyperplane F ′ ⊂ Lie(A′) satisfying Krämer’s condition, we endow A with
the hyperplane

F = Lie(Ã0)⊕F ′ ⊂ Lie(A).

It is easy to check that A, with its extra data, defines an S-point ofM(n−1,1),
and that (A0, A) defines an S-point of the open and closed substack

SV ⊂M(1,0) ×Ok
M(n−2,1).

If we define x ∈ HomOk
(A0, A) as the composition

A0 → Ã0 ↪→ Ã0 ×A′ = A,

where the first arrow is the quotient map, then 〈x, x〉 = p and ker(x) = A0[p].

The triple (A0, A, x) defines an S-point of U†p , and the morphism

SV ′/Ok[1/p]
(A′0,A

′)→(A0,A,x)
−−−−−−−−−−−→ U†p

is inverse to (6.3.2). �

Proposition 6.3.2 gives us a commutative diagram
(6.3.3)

SV ′/Ok[1/p]
//

��

SV/Ok[1/p]

��(
M(1,0) ×Ok

MPap
(n−2,1)

)
/Ok[1/p]

//
(
M(1,0) ×Ok

MPap
(n−1,1)

)
/Ok[1/p]

in which the top horizontal arrow is the composition

SV ′/Ok[1/p]
ip−→ U†p ↪→ ZV (p)/Ok[1/p] → SV/Ok[1/p],

and the bottom horizontal arrow sends (A′0, A
′) 7→ (A0, A), where

(6.3.4) A0 = A′0, Ã0 = A0/A0[p], A = Ã0 ×A′.

Both horizontal arrows are finite and unramified.

Proposition 6.3.3. The homomorphism

P̂ic(SV/Ok[1/p])Q → P̂ic(SV ′/Ok[1/p])Q

induced by (6.3.3) sends

ω̂Hdg
A/SV 7→ ω̂Hdg

A′0/SV ′
+ ω̂Hdg

A′/SV ′
,

where (A′0, A
′) is the universal pair over SV ′. The same map also sends

L̂V 7→ L̂V ′ and (ExcV , 0) 7→ (ExcV ′ , 0).

Proof. It follows from (6.3.4) that the top horizontal arrow in (6.3.3) sends

ω̂Hdg
A/SV 7→ ω̂Hdg

Ã0/SV ′
+ ω̂Hdg

A′/SV ′
.
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As we have inverted p on the base, the degree p quotient map A′0 → Ã0

induces an isomorphism on Lie algebras, and hence an isomorphism

ωHdg

Ã0/SV ′
∼= ωHdg

A′0/SV ′
.

This isomorphism does not respect the metrics (1.1.1), but one can easily
check that

ω̂Hdg

Ã0/SV ′
= ω̂Hdg

A′0/SV ′
+ (0,− log(p))

as elements of P̂ic(SV ′/Ok[1/p]). The correction term (0,− log(p)) is torsion
in the arithmetic Picard group, as

2(0,− log(p)) = (div(p),− log(p2)) = 0,

and the first claim follows.
For the second claim, let S be anOk[1/p]-scheme, fix an S-point (A′0, A

′) ∈
SV ′(S), and let (A0, A) ∈ SV (S) be its image under the top horizontal arrow
in (6.3.3). Tracing through the construction of ip in Proposition 6.3.2, we
see that

Lie(A)/F ∼= Lie(A′)/F ′.
It follows immediately from this and (5.2.4) that LV |S ∼= LV ′ |S . At a com-
plex point s ∈ S(C) we have a decomposition

H1(As,Q) = H1(Ã0s,Q)⊕H1(A′s,Q),

which induces an isometric embedding

Homk(H1(A0s,Q), H1(A′s,Q)) ⊂ Homk(H1(A0s,Q), H1(As,Q))

of k-hermitian spaces. Recalling (5.2.5), this isometric embedding restricts
to the isomorphism LV ′,s ∼= LV,s just constructed, which therefore preserves
the metrics defined by (5.2.6).

Finally, we show that under the top horizontal arrow in (6.3.3), the excep-
tional divisor ExcV ⊂ SV pulls back to the exceptional divisor ExcV ′ ⊂ SV ′ .
These divisors are, by Definition 5.1.5, the pullbacks of the singular loci

M(1,0) ×Ok
Sing(n−1,1) ⊂M(1,0) ×Ok

MPap
(n−1,1)(6.3.5)

M(1,0) ×Ok
Sing(n−2,1) ⊂M(1,0) ×Ok

MPap
(n−2,1)(6.3.6)

of (4.2.2) under the vertical arrows in (6.3.3), and so it suffices to prove
that the first singular locus (6.3.5) pulls back to the second singular locus
(6.3.6) under the bottom horizontal arrow in (6.3.3). Moreover, as each of
(6.3.5) and (6.3.6) is a reduced Ok-stack of dimension 0, and as the bottom
horizontal arrow in (6.3.3) is finite and unramified, it suffices to check this
on the level of geometric points. This is an easy exercise in linear algebra,
using the characterization of the singular locus found in Remark 4.2.1. �

Proposition 6.3.4. The nonexceptional locus Unexc
p ⊂ Up satisfies

Unexc
p ⊂ U†p ,
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and the isomorphism of Proposition 6.3.2 restricts to an isomorphism

Snexc
V ′/Ok[1/p]

∼= Unexc
p .

Proof. Suppose S is an Ok[1/p]-scheme,

(A0, A, x) ∈ Unexc
p (S),

and let A′ be the abelian scheme of (6.3.1). In particular,

Lie(A) = Lie(Ã0)⊕ Lie(A′).

The natural map

Unexc
p →M(n−1,1) r Exc(n−1,1)

endows A with a hyperplane F ⊂ Lie(A), and results of Krämer, as summa-
rized in Theorem 2.3.3 of [BHK+a], shows that this hyperplane is actually
determined by the Ok-action on A using the following recipe: If we fix a
π ∈ Ok such that Ok = Z[π], and let

εS = π ⊗ 1− 1⊗ iS(π) ∈ Ok ⊗Z OS ,

where iS : Ok → OS is the structure map, then

F = ker(εS : Lie(A)→ Lie(A)).

On the other hand, the action of Ok on the Lie algebra of A0 is through
the structure morphism iS , and so the same is true of Ã0 = A0/A0[p]. This

implies that εS annihilates Lie(Ã0), and hence Lie(Ã0) ⊂ F . Having shown

(A0, A, x) ∈ U†p (S),

the first claim of the proposition is proved. The second claim follows from
the first and Proposition 6.3.3. �

Proposition 6.3.5. The closed immersion ip : SV ′/Ok[1/p] → Up of Propo-
sition 6.3.2 extends uniquely to a proper morphism

S̄V ′/Ok[1/p] → Ūp,

where the codomain is defined as the Zariski closure of

Up ⊂ Z̄V (p)/Ok[1/p].

or, equivalently, as the normalization of Up → S̄V/Ok[1/p].

Proof. For ease of notation, we omit all subscripts Ok[1/p] in the proof.
As the exceptional locus of S̄V ′ does not meet the boundary, it suffices to

construct the extension over its complement

S̄nexc
V ′ = S̄V ′ r ExcV ′ .

Consider the universal pair (A0, A
′) over Snexc

V ′ , and let

x : A0 → A = Ã0 ×A′
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be as in the proof of Proposition 6.3.2. In other words, the triple (A0, A, x)
over Snexc

V ′ determines the isomorphism ip : Snexc
V ′

∼= Unexc
p . of Proposition

6.3.4.
The discussion of §4.3 shows that A′ extends to a semi-abelian scheme

over S̄nexc
V ′ . The elliptic curve A0 extends to an elliptic curve S̄nexc

V ′ , and so

the same is true of its quotient Ã0. It follows that A extends to a semi-
abelian scheme over S̄nexc

V ′ , and the extension property used in the proof of
Lemma 4.3.2 provides us with a morphism

ip : S̄nexc
V ′ →M(1,0) ×Ok

M̄Pap
(n−1,1)

taking values in the open subscheme

M(1,0) ×Ok

(
M̄Pap

(n−1,1) r Sing(n−1,1)

) ∼=M(1,0) ×Ok

(
M̄(n−1,1) r Exc(n−1,1)

)
.

This provides us with a morphism

ip : S̄nexc
V ′ →M(1,0) ×Ok

M̄(n−1,1),

taking values in the open and closed substack S̄V .
We now have a commutative diagram of solid arrows

Snexc
V ′

ip //

��

Ūp

��
S̄nexc
V ′

//

==

S̄V

in which the vertical arrow on the right is integral, and hence affine, by its
construction as a normalization; see Lemma 29.53.4 of [Sta18]. To complete
the proof of the proposition, it suffices to show that there is a unique dotted
arrow making the diagram commute. This immediately reduces to the cor-
responding claim for affine schemes, in which we are given homomorphisms
of rings

R′ Boo

~~
R̄′

OO

Aoo

OO

with B integral over A, and R̄′ ⊂ R′ is an inclusion of normal domains with
the same field of fractions. The image of any b ∈ B under B → R′ is integral
over R̄′, hence contained in R̄′. Thus there is a unique dotted arrow making
the diagram commute. �

6.4. Two lemmas on abelian schemes. For use in the next subsection,
we prove two lemmas on abelian schemes. The first is a criterion for deter-
mining when a polarization descends to a quotient. The second is a criterion
for the existence of an extension as a semi-abelian scheme.
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Lemma 6.4.1. Suppose f : X → Y is an isogeny of abelian schemes over
a Noetherian scheme S, and ψX : X → X∨ is a polarization whose degree d
is invertible in OS. The following are equivalent.

(1) The kernel of f is contained in ker(ψX), and is totally isotropic with
respect to the Weil pairing

e : ker(ψX)× ker(ψX)→ µd.

(2) There exists a (necessarily unique) polarization ψY : Y → Y ∨ mak-
ing the diagram

X
ψX //

f
��

X∨

Y
ψY

// Y ∨

f∨

OO

commute.

Proof. This is routine. See, for example, Proposition 10.4 of [Pol03]. �

Lemma 6.4.2. Suppose S is a normal Noetherian scheme, U ⊂ S is a dense
open subscheme, and f : X → Y is an isogeny of abelian schemes over U
whose degree d is invertible in OS. If X extends to a semi-abelian scheme
over S then so does Y , and both extensions are unique.

Proof. The uniqueness claim follows from Proposition I.2.7 of [FC90], so we
only need to prove the existence of a semi-abelian extension of Y .

Consider the morphisms ker(f) → X[d] → U. The second arrow and the
composition are both étale, as d ∈ O×U , and so the first arrow is also étale by
[Sta18, Tag 02GW]. As the first arrow is also a closed immersion, we deduce
that ker(f) ⊂ X[d] is a union of connected components.

If X∗ → S denotes the semi-abelian extension of X, the multiplication
map [d] : X∗ → X∗ is quasi-finite and flat. Indeed, by Lemma 37.16.4
of [Sta18] flatness can be checked fiberwise on S, where it follows from
Proposition 3.11 of Exposé VI.B of [SGA70], and the surjectivity of [d] on
any extension of an abelian variety by a torus. The group scheme X∗[d]→ S
is therefore quasi-finite and flat. Using our assumption that d ∈ O×S , and
Lemma 29.36.8 of [Sta18], we deduce that it is étale.

As we assume that S is normal, so is X∗[d]. As the connected components
of a normal scheme are the same as its irreducible components, it follows
that the Zariski closure of ker(f) in X∗[d] is an open and closed subscheme
ker(f)∗ ⊂ X∗[d]. In particular ker(f)∗ → S is quasi-finite étale.

By Lemma IV.7.1.2 of [MB85], the fppf quotient Y ∗ = X∗/ker(f)∗ pro-
vides a semi-abelian extension of Y to S. �

6.5. Analysis of U0. In this subsection we study the substack U0 of (6.1.2),
and make explicit its relation with SV ′ .

https://stacks.math.columbia.edu/tag/02GW


66 JAN H. BRUINIER AND BENJAMIN HOWARD

Return to the situation of Lemma 6.2.1, so that x ∈ HomOk
(a0, a) with

〈x, x〉 = p determines an orthogonal decomposition

(6.5.1) W = W̃0 ⊕W ′.
Set ã0 = a ∩ W̃0.

Lemma 6.5.1. Assume that ã0 = x(a0). If we set b = a ∩ W ′ and let
b∨ ⊂W ′ be its dual lattice with respect to h|W ′, the Ok-lattice

a′ = p · b∨ + b,

is self-dual with respect to h|W ′. Moreover, there are inclusions of Ok-lattices

(6.5.2) ã0 ⊕ a′
p
⊃ ã0 ⊕ b

p2

⊂ a

in W of the indicated indices, and a canonical Ok-linear injection

(6.5.3) p−1ã0/ã0
∼= p−1b/b

t−→ p−1a′/a′.

Proof. Throughout the proof, we use x to identify W0 = W̃0, so that h|W0 =
ph0. The projections to the two factors in (6.5.1) induce isomorphisms

a/(a0 ⊕ b)→ a∨0 /a0, a/(a0 ⊕ b)→ b∨/b,

where a∨0 = p−1a0 is the dual lattice of a0 with respect to h|W0 . Composing
these isomorphisms yields an Ok-linear isomorphism

(6.5.4) p−1a0/a0
∼= b∨/b

respecting the p−1Ok/Ok-valued hermitian forms induced by h|W0 = ph0

and h|W ′ . It follows that p · (b∨/b) ⊂ b∨/b is maximal isotropic with respect
to h|W ′ , and so a′ is self-dual under h|W ′ .

Consider the inclusions b ⊂ a′ ⊂ b∨ of Ok-modules. The first is an
isomorphism everywhere locally except at p, while the second is an isomor-
phism everywhere locally except at p. In particular, the first induces an
isomorphism

p−1b/b ∼= p−1a′/a′.

Restricting (6.5.4) to an isomorphism of p-torsion submodules defines (6.5.3).
The inclusions of (6.5.2), with the indicated indices, are clear from what we
have said. �

Just as Lemma 6.5.1 is more complicated than Lemma 6.3.1, the analysis
of U0 is more complicated than that of Up.

Let S be an Ok[1/p]-scheme. Given Lemma 6.5.1, one expects that any
S-point (A0, A, x) ∈ U0(S) should determine a diagram of abelian schemes
with Ok-actions

(6.5.5) Ã0 ×A′ Ã0 ×B
deg=poo deg=p2 // A

in which the arrows are Ok-linear isogenies of the indicated degrees. There
should also be a canonical Ok-linear closed immersion

(6.5.6) Ã0[p] ∼= B[p]
t−→ A′[p],
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and the morphism x : A0 → A should factor as

A0
∼= Ã0 ↪→ Ã0 ×B → A.

Moreover, these abelian schemes should come with polarizations with the
following properties. The elliptic curve Ã0 is equipped with its unique po-
larization of degree p2, B is equipped with a polarization of degree p2, and
A′ is equipped with a principal polarization. The pullback of the product
polarization on Ã0 × A′ via the leftwards arrow in (6.5.5) is the product

polarization on Ã0 × B, and similarly for the the pullback of the principal
polarization on A via the rightward arrow.

Here is how to construct the data above from (A0, A, x). As in the proof
of Proposition 6.2.2, at any geometric point s → S we may apply Lemma
6.5.1 with a0 and a replaced by the p-adic Tate modules of A0s and As to
obtain Ok-lattices

(6.5.7) Tp(Ã0s)⊕ Tp(A′s) ⊃ Tp(Ã0s)⊕ Tp(Bs) ⊂ Tp(As).
analogous to (6.5.2), along with an Ok-linear injection

(6.5.8) p−1Tp(Ã0s)/Tp(Ã0s) ∼= p−1Tp(Bs)/Tp(Bs)
t−→ p−1Tp(A

′
s)/Tp(A

′
s).

To be clear, we have not yet constructed the abelian schemes Ã0, A′, and
B, only lattices in Tp(As)[1/p] that we choose to call Tp(Ãs), Tp(A

′
s), and

Tp(Bs). However, as p ∈ O×S and both inclusions in (6.5.7) have finite index,
there are abelian schemes C and D over S with Ok-actions and Ok-linear
isogenies

D C
p2 //poo A

of the indicated degrees that identify

(6.5.9) Tp(Cs) = Tp(Ã0s)⊕ Tp(Bs), Tp(Ds) = Tp(Ã0s)⊕ Tp(A′s).
The condition that 〈x, x〉 = p implies that

A0
x−→ A ∼= A∨

x∨−→ A∨0
∼= A0

is multiplication by p, which implies that the composition

A ∼= A∨
x∨−→ A∨0

∼= A0
x−→ A

is a Rosati-fixed element α ∈ EndOk
(A)[1/p] such that α ◦ α = pα. In

particular, we obtain an idempotent

p−1α ∈ EndOk
(A)[1/p] ∼= EndOk

(C)[1/p] ∼= EndOk
(D)[1/p],

whose induced actions on Tp(Cs)[1/p] and Tp(Ds)[1/p] are just the projec-
tions to the first summands in (6.5.9). It follows that we in fact have

p−1α ∈ EndOk
(C) ∼= EndOk

(D).

These idempotents are the projections to the first factors for unique decom-
positions

C = Ã0 ×B, D = Ã0 ×A′
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of abelian schemes with Ok-actions, and the image of x under

HomOk
(A0, A)[1/p] ∼= HomOk

(A0, C)[1/p]→ HomOk
(A0, Ã0)[1/p]

is an isomorphism A0
∼= Ã0. In particular, we now have Ok-linear isogenies

(6.5.5) such that taking p-adic Tate modules recovers (6.5.7), and (6.5.8)
induces the closed immersion (6.5.6).

If we pullback the principal polarization via Ã0 × B → A, we obtain a
polarization on Ã0 × B of degree p4. As the idempotent p−1α constructed
above is Rosati-fixed, this polarization of Ã0 × B splits as the product of
polarizations Ã0 → Ã∨0 and B → B∨. By examining the induced Weil
pairing on p-adic Tate modules, one can show that each polarization has
kernel isomorphic, étale locally on S, to Ok/(p), and that

ker(B → A′) = ker(B → B∨)[p]

is totally isotropic under the Weil pairing on ker(B → B∨). Hence, by
Lemma 6.4.1, B → B∨ descends to a principal polarization on A′. This
completes the construction of the abelian schemes (6.5.5) with all of their
expected extra structure.

Now apply this construction to the universal triple (A0, A, x) over U0. As
p ∈ O×U0 , the p-power isogenies (6.5.5) induce an isomorphism

(6.5.10) Lie(A) ∼= Lie(Ã0)× Lie(A′)

of rank n vector bundles on U0. Recalling that A comes equipped with an
Ok-stable hyperplane F ⊂ Lie(A), denote by

U†0 ⊂ U0

the largest closed substack over which Lie(Ã0) ⊂ F
Define a finite étale cover

(6.5.11) TV ′ → SV ′/Ok[1/p]

of degree pn−1 − 1 as follows: for any Ok[1/p]-scheme S, let TV ′(S) be the
groupoid of triples (A′0, A

′, t) in which

(A′0, A
′) ∈ SV ′(S) and t : A′0[p]→ A′[p]

is an Ok-linear closed immersion of group schemes over S.

Proposition 6.5.2. There is a canonical isomorphism i0 : TV ′ ∼= U†0 .

Proof. The morphism U†0 → TV ′ is essentially described above. Suppose S
is an Ok[1/p]-scheme and

(A0, A, x) ∈ U†0(S).

We can use the isomorphism (6.5.10) to endow the abelian scheme A′ of
(6.5.5) with the rank one local direct summand

F ′ = F/Lie(Ã0) ⊂ Lie(A)/Lie(Ã0) = Lie(A′)
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to obtain a point A′ ∈ M(n−2,1)(S). Setting A′0 = Ã0, this defines a mor-
phism

U†0
(A0,A,x) 7→(A′0,A

′)
−−−−−−−−−−−→ SV ′/Ok[1/p],

and the closed immersion (6.5.6) defines the desired lift to U†0 → TV ′ .
Now we construct the inverse. Start with a point (A′0, A

′, t) ∈ TV ′(S).
Denote by B the abelian scheme dual to

B∨ = A′/Im(t).

Using the principal polarization to identify A′ with its dual, the quotient
map A′ → B∨ dualizes to a morphism B → A′, and the composition

B → A′ → B∨

is a degree p2 polarization (it is the pullback via B → A′ of the principal
polarization on A′). It has the property that each factor on the right hand
side of

ker(B → B∨) = ker(B → B∨)[p]× ker(B → B∨)[p]

has order p, and the second factor is the kernel of B → A′. In particular,
the induced map B[p]→ A′[p] is an isomorphism, and the closed immersion

A′0[p]
t−→ A′[p] ∼= B[p]

has image ker(B → B∨)[p]. Setting Ã0 = A′0, the resulting isomorphism

Ã0[p] ∼= ker(B → B∨)[p]

admits a unique Ok-linear extension to an isomorphism

t : Ã0[p] ∼= ker(B → B∨)

identifying the Weil pairings on source and target.
The antidiagonal subgroup

∆
def
= Ã0[p]

a0 7→(−a0,t(a0))−−−−−−−−−−→ Ã0 ×B.

is totally isotropic under the Weil pairing induced by the product polar-
ization (where Ã0 is given the polarization of degree p2), which therefore
descends, by Lemma 6.4.1, to a principal polarization on the quotient

A = (Ã0 ×B)/∆.

As p ∈ O×S , there is an induced isomorphism of Lie algebras (6.5.10), which
allows us to define a corank one local direct summand F ⊂ Lie(A) as the
product

F = Lie(Ã0)×F ′.
This defines a point A ∈M(n−1,1)(S). Setting A0 = Ã0, the composition

A0 = Ã0 ↪→ Ã0 ×B → A

defines x ∈ HomOk
(A0, A) with 〈x, x〉 = p
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The above construction determines a morphism

TV ′
(A′0,A

′,t)→(A0,A,x)
−−−−−−−−−−−−→ ZV (p)

taking values in the open substack U†0 , which is inverse to the map U†0 → TV ′
constructed above. �

Proposition 6.5.2 gives us morphisms

(6.5.12) SV ′/Ok[1/p] TV ′ //(6.5.11)oo SV/Ok[1/p]

in which the arrow on the right is the (finite and unramified) composition

TV ′
i0−→ U†0 ↪→ ZV (p)/Ok[1/p] → SV/Ok[1/p],

sending (A′0, A
′, t) 7→ (A0, A), where A0 = A′0, and A is related to A′ by a

diagram (6.5.5).

Proposition 6.5.3. The hermitian line bundles

ω̂Hdg
A′0/SV ′

+ ω̂Hdg
A′/SV ′

∈ P̂ic(SV ′)

and ω̂Hdg
A/SV ∈ P̂ic(SV ) have the same images under the homomorphisms

P̂ic(SV ′) // P̂ic(TV ′)Q P̂ic(SV )oo

induced by (6.5.12). The same is true of (ExcV ′ , 0) and (ExcV , 0), and of

L̂V ′ and L̂V .

Proof. If (A′0, A
′) denotes the pullback of the universal object via the left

arrow in (6.5.12), and (A0, A) denotes the pullback of the universal object
via the right arrow in (6.5.12), examination of the proof of Proposition 6.5.2
shows that there is a quasi-isogeny

f ∈ Hom(A′0 ×A′, A)[1/p]

of degree deg(f) = p. As in the proof of Proposition 6.3.3, this implies that

ω̂Hdg
A/TV ′

= ω̂Hdg
A′0/TV ′

+ ω̂Hdg
A′/TV ′

+ (0,− log(p))

as elements of P̂ic(TV ′), and the term (0,− log(p)) is torsion. The first
claim follows from this. The remaining claims are essentially the same as in
Proposition 6.3.3, and we leave the details to the reader. �

Proposition 6.5.4. The nonexceptional locus Unexc
0 ⊂ U0 satisfies

Unexc
0 ⊂ U†0 .

Moreover, the morphism of Proposition 6.5.2 restricts to an isomorphism

Snexc
V ′/Ok[1/p]

∼= Unexc
0 .

Proof. The proof is essentially the same as Proposition 6.3.4, and the details
are left to the reader. �
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Proposition 6.5.5. Denote by T̄V ′ the normalization of TV ′ → S̄V ′/Ok[1/p].
The closed immersion i0 : TV ′ → U0 of Proposition 6.5.2 extends to a proper
morphism

T̄V ′ → Ū0,

where the codomain is defined as the Zariski closure of

U0 ⊂ Z̄V (p)/Ok[1/p],

or, equivalently, as the normalization of U0 → S̄V/Ok[1/p].

Proof. Consider the universal triple (A0, A
′, t) over TV ′ , and let (A0, A) be

the pullback of the universal pair over SV via the composition

TV ′
i0−→ U0 → SV .

We know that A′ extends to a semi-abelian scheme over T̄V ′ , obtained as a
pullback via

T̄V ′ → S̄V ′ → M̄(n−2,1),

and that A0 extends to an elliptic curve over T̄V ′ , obtained as a pullback via

T̄V ′ → S̄V ′ →M(1,0),

Using Lemma 6.4.2 and the isogenies (6.5.5), we deduce that A also extends
to a semi-abelian scheme over T̄V ′ . With this extension in hand, the proof
is essentially identical to that of Proposition 6.3.5. �

6.6. Proof of Theorems 6.1.2 and 6.1.3. Define an Ok[1/p]-stack

Z†V (p) = TV ′ t SV ′/Ok[1/p] t SV ′/Ok[1/p].

Propositions 6.3.2 and 6.5.2 provide us with a canonical closed immersion

Z†V (p)
i=i0tiptip−−−−−−−→ U0 t Up t Up = ZV (p)/Ok[1/p]

with image the closed substack U†0 t U
†
p t U

†
p . Hence we have a diagram

(6.6.1) Z†V (p)
i //

α

��

ZV (p)/Ok[1/p]

β

��
SV ′/Ok[1/p] SV/Ok[1/p]

in which α is a finite étale surjection of degree pn−1 + 1, and β is finite.

Lemma 6.6.1. As divisors on SV/Ok[1/p], we have

ZV (p)/Ok[1/p] = Z†V (p) + E,

where Z†V (p) has no irreducible components contained in the exceptional divi-
sor ExcV/Ok[1/p] ⊂ SV/Ok[1/p] of Definition 5.1.5, and E is supported entirely
on the exceptional divisor.
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Proof. The exceptional locus of Z†V (p) is the preimage of the exceptional
divisor under α, and an irreducible component of it is exceptional if it
is contained in the exceptional locus. Similarly, the exceptional locus of
ZV (p)/Ok[1/p] is the preimage of the exceptional divisor under β, and an ir-
reducible component of it is exceptional if it is contained in the exceptional
locus.

The final claims of Propositions 6.3.4 and 6.5.4 show that i restricts to
an isomorphism between the non-exceptional loci of the source and tar-
get. In particular, it establishes a bijection between the generic points of
non-exceptional irreducible components, and corresponding non-exceptional
generic have local rings of the same (finite) length.

However, the morphism α is finite étale, so no irreducible component of
the source can map into the exceptional divisor of the target. Thus the closed
immersion i actually establishes a bijection between irreducible components
of the source and non-exceptional irreducible components of the target, in a
way that matches up their multiplicities. The claim follows immediately. �

Propositions 6.3.5 and 6.5.5 imply that the diagram above extends to

(6.6.2) Z̄†V (p)
i //

α

��

Z̄V (p)/Ok[1/p]

β

��
S̄V ′/Ok[1/p] S̄V/Ok[1/p],

where we have defined

(6.6.3) Z̄†V (p) = T̄V ′ t S̄V ′/Ok[1/p] t S̄V ′/Ok[1/p].

Equivalently, this is the normalization of

α : Z†V (p)→ S̄V ′/Ok[1/p].

For any N ≥ 1 prime to p, we can add level structure to T̄V ′ by defining

TV ′(N) = TV ′ ×SV ′ SV ′(N),

and letting T̄V ′(N) be the normalization of

TV ′(N)→ T̄V ′/Ok[1/N ].

Equivalently, this is the normalization of

TV ′(N)→ S̄V ′(N)/Ok[ 1
Np

].

Lemma 6.6.2. The stack T̄V ′(N) is regular, flat, and proper over Ok[ 1
Np ],

and is a projective scheme if N ≥ 3. It is smooth in a neighborhood of its
boundary

∂T̄V ′(N) = T̄V ′(N) r TV ′(N),

which is a Cartier divisor smooth over Ok[ 1
Np ].
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Proof. The proof is similar to that of Proposition 4.3.3, and is again based
on the results of [Lan16] and [MP19].

Recall from Remark 5.1.4 that the generic fiber of SV ′ is the Shimura
variety associated to a reductive group G′ and a certain compact open sub-
group of G′(Af ), and one can easily check that the generic fiber of the finite
étale cover

(6.6.4) TV ′(N)→ SV ′(N)/Ok[ 1
Np

]

is obtained by shrinking compact open subgroup.
Recall from §5.1 that SV ′(N) is constructed as an open and closed sub-

stack

SV ′(N) ⊂MW0(N)×Ok[1/N ]MW ′(N).

In this construction, we may replace MW ′(N) with the stack MPap
W ′ (N)

appearing in the proof of Proposition 4.3.3 to obtain a blow-down

SPap
V ′ (N) ⊂MW0(N)×Ok[1/N ]M

Pap
W ′ (N).

Repeating the construction of (6.6.4) with SV ′(N) replaced by SPap
V ′ (N)

yields a finite étale cover

T Pap
V ′ (N)→ SPap

V ′ (N)/Ok[ 1
Np

],

and TV ′(N) is the blow-up of the normal stack T Pap
V ′ (N) along its proper

and 0-dimensional locus of nonsmooth points.
As in the proof of Proposition 4.3.3, we now have morphisms

T Pap
V ′ (N)→ SPap

V ′ (N)/Ok[ 1
Np

] →M
Pap
W ′ (N)/Ok[ 1

Np
] → Ā/Ok[ 1

Np
],

and we may define T̄ Pap
V ′ (N) as the normalization of the composition. We

may now apply the results of [Lan16] and [MP19] to deduce properties of

T̄ Pap
V ′ (N) from properties of its interior. Arguing exactly as in the proof of

Proposition 4.3.3, this compactification is normal and flat, and is a projective
scheme if N ≥ 3. Its boundary is a smooth Cartier divisor. The nonsmooth
locus has dimension 0, and does not meet the boundary. As T̄V ′(N) can be

identified with the blow-up of T̄ Pap
V ′ (N) along its nonsmooth locus, it has all

the same properties, and is also regular (being smooth near the boundary
and regular in the interior). �

Lemma 6.6.2 and Remark 5.1.8 provide us with an Ok[ 1
Np ]-stack

Z̄†V (p,N)
def
= T̄V ′(N) t S̄V ′(N)/Ok[ 1

Np
] t S̄V ′(N)/Ok[ 1

Np
],
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with all the nice properties enumerated in Proposition 4.3.3. Thus (6.6.3)
has its own theory of pre-log singular hermitian line bundles and Burgos-
Kramer-Kühn arithmetic Chow groups

ĈH
d
(Z̄†V (p),Dpre) = lim←−

N≥3
p-N

ĈH
d
(Z̄†V (p,N),Dpre),

exactly as in §4.4. These Chow groups include notions of arithmetic heights
and volumes as in §4.5, taking values in the abelian group R/Q log(p).

One can repeat the construction of the diagram (6.6.2) with level struc-
tures, and so obtain pullbacks

ĈH
d
(S̄V ′ ,Dpre)

α∗ // ĈH
d
(Z̄†V (p),Dpre) ĈH

d
(S̄V ,Dpre)

(β◦i)∗oo

and

P̂ic(S̄V ′ ,Dpre)Q
α∗ // P̂ic(Z̄†V (p),Dpre)Q P̂ic(S̄V ,Dpre)Q

(β◦i)∗oo

Lemma 6.6.3. If two pre-log singular hermitian line bundles

P̂ ′ ∈ P̂ic(S̄V ′ ,Dpre) and P̂ ∈ P̂ic(S̄V ,Dpre)

have the same pullback to P̂ic(Z̄†V (p),Dpre)Q then∫
ZV (p)(C)

ch(P̂)n−2 = (pn−1 + 1)

∫
SV ′ (C)

ch(P̂ ′)n−2.

Moreover, there is an a(p) ∈ Q such that

htP̂(Z̄V (p)) = (pn−1 + 1) · v̂ol(P̂ ′) + htP̂(E) + a(p) log(p),

where E is the divisor of Lemma 6.6.1.

Proof. As in the proof of Lemma 6.6.1, the closed immersion i in (6.6.1)
restricts to an isomorphism of non-exceptional loci, and hence induces an
isomorphism in the generic fiber. Thus∫

ZV (p)(C)
β∗ ch(P̂)n−2 =

∫
Z†V (p)(C)

(β ◦ i)∗ ch(P̂)n−2

=

∫
Z†V (p)(C)

α∗ ch(P̂ ′)n−2

= (pn−1 + 1)

∫
SV ′ (C)

ch(P̂ ′)n−2.

The second claim follows from Lemma 6.6.1 and the equalities

htP̂(Z̄†V (p)) = v̂ol((β ◦ i)∗P̂) = v̂ol(α∗P̂ ′) = (pn−1 + 1) · v̂ol(P̂ ′)
in R/Q log(p), where the first and last equalities are obtained directly by
unpacking the definitions of pullbacks, heights, and arithmetic intersections
in [BKK07], and using the fact that α is (away from the boundary) a finite
étale surjection of degree pn−1 + 1. �
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Proof of Theorems 6.1.2 and 6.1.3. Propositions 6.3.3 and 6.5.3 imply that
the hypotheses of Lemma 6.6.3 are satisfied by

P̂ ′ = K̂V ′ and P̂ = K̂V
which therefore gives the equality∫

ZV (p)(C)
ch(K̂V )n−2 = (pn−1 + 1)

∫
SV ′ (C)

ch(K̂V ′)n−2,

and the equality

htK̂V (Z̄V (p)) = (pn−1 + 1)v̂ol(K̂V ′) + htK̂V (E)

up to a rational multiple of log(p). The second term on the right vanishes
by claim (1) of Theorem 5.5.1, completing the proof of Theorem 6.1.2.

Similarly, Propositions 6.3.3 and 6.5.3 show that the hypotheses of Lemma
6.6.3 are satisfied by

P̂ ′ = ω̂Hdg
A′0/SV ′

+ ω̂Hdg
A′/SV ′

and P̂ = ω̂Hdg
A/SV ,

and so

ht
ω̂Hdg
A/SV

(Z̄V (p)) = (pn−1 + 1) · v̂ol(ω̂Hdg
A′0/SV ′

+ ω̂Hdg
A′/SV ′

) + ht
ω̂Hdg
A/SV

(E)

up to a rational multiple of log(p). One again, the second term on the right
vanishes by claim (1) of Theorem 5.5.1. For the first term on the right,
Proposition 5.3.1 and Lemmas 4.5.2 and 4.5.3 imply

v̂ol(ω̂Hdg
A′0/SV ′

+ ω̂Hdg
A′/SV ′

) = v̂ol((0, C1) + ω̂Hdg
A′/SV ′

)

= v̂ol(ω̂Hdg
A′/SV ′

) + (n− 1)C1

∫
SV ′ (C)

ch(ω̂Hdg
A′/SV ′

)n−2,

where

C1 = log(2π) + 2hFalt
k = −L

′(0, ε)

L(0, ε)
− log(D)

2
.

This proves Theorem 6.1.3. �

7. Borcherds products

We continue to work with the Shimura variety SV of (5.1.4) associated
to a k-hermitian space V of signature (n− 1, 1), and now assume n ≥ 2.

After explaining the connection between the complex orbifold SV (C) and
the Shimura variety (3.1.3) associated to the unitary group U(V ), we will
use the results of §3.3 to construct Green functions for certain linear com-
binations of the Kudla-Rapoport divisors ZV (m)→ SV .

We then recall the arithmetic theory of Borcherds products on SV from
[BHK+a], and show that one can produce Borcherds products whose divisors
are linear combinations of only those ZV (p) with p a prime congruent to 1
modulo D, up to a linear combination of vertical divisors which can be
computed explicitly.
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7.1. Green functions and Borcherds products. Write

V ∼= Homk(W0,W )

as in §5.1, fix self-dual Ok-lattices a0 ⊂W0 and a ⊂W as in §4.1, and define
a self-dual Ok-lattice

(7.1.1) L = HomOk
(a0, a) ⊂ V.

The subgroup G ⊂ GU(W0) × GU(W ) of Remark 5.1.4 acts on both W0

and W via unitary similitudes, and we denote by K ⊂ G(Af ) the largest
compact open subgroup fixing the lattices a0 and a. Recalling the hermitian
symmetric domain D of §3.1, we identify

SV (C) ∼= G(Q)\D ×G(Af )/K

as in §2 of [BHK+a].
The group G also acts on V , defining a surjective homomorphism

G→ H = U(V )

with kernel the diagonally embedded Resk/QGm. Denoting again by K the
image of the above compact open subgroup under G(Af ) → H(Af ), and
recalling the complex Shimura variety (3.1.3), we obtain a finite cover

(7.1.2) SV (C)→ ShK(H,D).

Let H∞2−n(D, εn) denote the space of C-valued harmonic Maass forms f
of weight 2− n, level Γ0(D), and character εn such that

• f is bounded at all cusps of Γ0(D) different from the cusp ∞,
• f has polynomial growth at ∞, in sense that there is a

Pf =
∑
m≤0

c+(m)qm ∈ C[q−1]

such that f − Pf = o(1) as q goes to 0.

Such a harmonic Maass form has a Fourier expansion analogous to (3.3.1)
with Fourier coefficients c±(m) ∈ C.

Fix an f ∈ H∞2−n(D, εn) with Fourier coefficients c±(m). This form can
be lifted to a vector valued harmonic Maass form, in the sense of §3.3, by
setting

f̃ =
∑

γ∈Γ0(D)\ SL2(Z)

(f |2−nγ)(ωL(γ)−1ϕ0) ∈ H2−n(ωL),(7.1.3)

where ϕ0 ∈ SL = C[L′/L] is the characteristic function of 0 ∈ L′/L. We

denote the Fourier coefficients of f̃ by c̃±(m,µ) for µ ∈ L′/L and m ∈ Q.

The coefficients of f̃ can be computed in terms of the coefficients of f , and
for m < 0 we have

c̃+(m,µ) =

{
c+(m) if µ = 0

0 if µ 6= 0
(7.1.4)

as in Proposition 6.1.2 of [BHK+a] or §5 of [Sch09].
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Under the covering map (7.1.2), the divisors Z(m) and the hermitian line

bundle L̂ of §3.1 pull pack to the divisors ZV (m) and L̂V of §5.1. This
allows us to apply the construction (3.3.5) to the vector valued form (7.1.3)

to obtain a Green function Φ(z, h, f̃) for the analytic divisor

Z(f) =
∑
m>0

c+(−m)Z(m) ∈ DivC(ShK(H,D))

of (3.3.3), which we pull back to a Green function ΦV (f) for the divisor

ZV (f) =
∑
m>0

c+(−m)ZV (m) ∈ DivC(SV ).

If n > 2, or if n = 2 and V is anisotropic, then

(7.1.5) volC(L̂V )−1

∫
SV (C)

ΦV (f) ch(L̂V )n−1 =
∑
m>0

c+(−m)B′(m, 0, s0)

by Theorem 3.4.2 and (7.1.4). Here, as always, s0 = (n− 1)/2.
Now consider the subspace of weakly holomorphic forms

M !,∞
2−n(D, εn) ⊂ H∞2−n(D, εn).

These are meromorphic modular forms of the indicated weight, level, and
character that are holomorphic outside the cusp ∞ of Γ0(D). If we fix an

(7.1.6) f(τ) =
∑

m�−∞
c(m)qm ∈M !,∞

2−n(D, εn)

in such a way that c(m) ∈ Z for all m then, after possibly replacing f by
a nonzero integer multiple, Theorem 5.3.1 of [BHK+a] provides us with a
Borcherds product ψ(f). This is a rational section of the hermitian line

bundle L⊗k(f)
V on S̄V satisfying

(7.1.7) ΦV (f) = − log ‖ψ(f)‖2,
whose divisor (at least if n > 2) is

(7.1.8) Z̄V (f) =
∑
m>0

c(−m)Z̄V (m)

plus an explicit (but complicated) linear combination of boundary compo-
nents and vertical divisors in characteristics p | D.

Remark 7.1.1. The integer k(f), called the weight of the Borcherds prod-
uct, is given as follows: Applying the construction (7.1.3) yields a weakly
holomorphic vector valued form

f̃ =
∑
m∈Q

m�−∞

c̃(m)qm ∈M !
2−n(ωL)

as in (3.3.1), with coefficients c̃(m) ∈ SL = C[L′/L]. The weight

(7.1.9) k(f) = c̃(0, 0)

is the value of c̃(0) at the trivial coset in L′/L.
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The space of all forms (7.1.6) is an infinite dimensional C-vector space.
As evidenced by the following theorem, this gives us a great deal of freedom
to choose a Borcherds product ψ(f) with prescribed properties.

Theorem 7.1.2. Assume n > 2. Given any infinite subset A ⊂ Z+, there
is a weakly holomorphic form (7.1.6) satisfying

(1) c(m) ∈ Z for all m ∈ Z,
(2) c(−m) = 0 for all positive integers m 6∈ A ,
(3) k(f) 6= 0,
(4) up to a vertical divisor supported in characteristics p | D, the divisor

of ψ(f) is equal to (7.1.8).

In particular, the divisor of ψ(f) contains no irreducible components sup-
ported on the boundary.

The proof will occupy the entirety of the next subsection.

7.2. Borcherds products with prescribed properties. As L′ ⊂ V is
the dual lattice of L with respect to the quadratic form 2.1.2, any µ ∈ L′/L
determines a coset Z − Q(µ) ⊂ Q. Denote by P (ωL) the space of finite
Fourier polynomials ∑

µ∈L′/L

∑
m∈Z−Q(µ)

m≤0

c(m,µ)ϕµ · qm

valued in SL = C[L′/L], whose coefficients satisfy c(m,µ) = c(m,−µ). As
n ≥ 2, we may view H2−n(ωL) ⊂ P (ωL) by sending a harmonic Maass form
(3.3.1) to its principal part∑

m≤0

c+(m) · qm =
∑

µ∈L′/L

∑
m≤0

c+(m,µ)ϕµ · qm.

In particular, this allows us to view M !
2−n(ωL) ⊂ P (ωL).

Denote by SL[[q1/D]] the space of SL-valued formal power series in the

variable q1/D, and denote by

ϑ
def
= q

d

dq
: SL[[q1/D]]→ SL[[q1/D]]

the Ramanujan theta operator. For any k ∈ Z, taking q-expansions allows
us to view Mk(ω̄L) ⊂ SL[[q1/D]].

Following [BF04] we consider the C-bilinear pairing

{−,−} : P (ωL)× SL[[q1/D]]→ C

defined by

{p, g} =
∑
m≥0
µ∈L′/L

c(−m,µ)b(m,µ),

where c(m,µ) and b(m,µ) denote the coefficients of p and g, respectively.



ARITHMETIC VOLUMES OF UNITARY SHIMURA VARIETIES 79

Proposition 7.2.1. For any

p =
∑

µ∈L′/L

∑
m<0

c(m,µ)ϕµ q
m ∈ P (ωL),

the following are equivalent:

(1) There exists a weakly holomorphic modular form f ∈ M !
2−n(ωL)

whose principal part agrees with p up to a constant in SL.
(2) We have {p, g} = 0 for every g ∈ Sn(ω̄L).

When these conditions holds, the constant term c(0, 0) of f is related to the
value of the Eisenstein series

(7.2.1) EL = EL(τ, s0, n) ∈Mn(ω̄L)

of 2.5.1 at s0 = (n− 1)/2 by

−c(0, 0) = {p,EL} =
∑

µ∈L′/L

∑
m>0

c(−m,µ)B(m,µ, s0).(7.2.2)

Proof. See [Bo99], or Corollary 3.9 of [BF04]. �

Proposition 7.2.2. Let A ⊂ Z+ be any infinite subset. If n > 2, there
exists a weakly holomorphic form f ∈ M !

2−n(ωL) whose Fourier coefficients
c(m,µ) are integers satisfying the following properties:

(i) if c(−m,µ) 6= 0 with m > 0, then µ = 0 and m ∈ A ,
(ii) c(0, 0) 6= 0,
(iii) {f, ϑ(g)} = 0 for all g ∈Mn−2(ω̄L).

Proof. We generalize the argument of [Br17, Proposition 3.1]. It follows from
the main result of [McG03] that the space M !

2−n(ωL) has a basis of weakly
holomorphic modular forms with integral coefficients. Hence, it suffices to
show the existence of an f ∈ M !

2−n(ωL) with rational coefficients satisfying
the stated properties.

Write Mn(ω̄L,Q) for the Q-vector space of modular forms in Mκ(ω̄L)
with rational coefficients, and Sn(ω̄L,Q) for the subspace of cusp forms with
rational coefficients. To lighten notation, throughout the proof we denote
by M the finite dimensional Q-vector space

M = Mn(ω̄L,Q)⊕ ϑMn−2(ω̄L,Q) ⊂ SL[[q1/D]],

and by S the subspace

S = Sn(ω̄L,Q)⊕ ϑMn−2(ω̄L,Q) ⊂M.

The Q-duals are denoted M∨ and S∨, and we denote by

pr : M∨ → S∨.

the surjection induced by S ⊂M .
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For µ ∈ L′/L and m ∈ Z + Q(µ), denote by am,µ ∈ M∨ the linear
functional sending

g =
∑

ν∈L′/L

∑
`≥0

b(`, ν)ϕν · q` ∈M

to the Fourier coefficient am,µ(g) = b(m,µ). Let M∨A ⊂M∨ be the subspace
generated by all functionals am,0 with m ∈ A , and fix e1, . . . , ed ∈M∨A such
that pr(e1), . . . ,pr(ed) is a basis of the subspace pr(M∨A ) ⊂ S∨.

For every m ∈ A there is a unique tuple

r(m) = (r1(m), . . . , rd(m)) ∈ Qd

such that

pr(am,0) = r1(m) · pr(e1) + . . .+ rd(m) · pr(ed).

The linear combination

ãm,0
def
= am,0 − (r1(m) · e1 + · · ·+ rd(m) · ed) ∈M∨A

clearly lies in the kernel of pr.

Lemma 7.2.3. There is an m ∈ A such that the Eisenstein series (7.2.1)
satisfies ãm,0(EL) 6= 0.

Proof. We assume on the contrary that ãm,0(EL) = 0 for all m ∈ A . In
other words, that the coefficients (2.5.2) satisfy

B(m, 0, s0) = r1(m) · e1(EL) + . . .+ rd(m) · ed(EL)(7.2.3)

for all such m.
Let ‖r‖ be the euclidian norm of a vector r ∈ Rd, and denote by ‖ · ‖

a norm on S∨ ⊗Q R, say the operator norm with respect to a fixed norm
on the finite dimensional vector space S ⊗Q R. Since pr(e1), . . . ,pr(ed) are
linearly independent, there exists an ε > 0 such that

ε‖r‖ ≤ ‖r1 pr(e1) + . . .+ rd pr(ed)‖

for all r = (r1, . . . , rd) ∈ Rd. Taking r = r(m), we obtain

ε · ‖r(m)‖ ≤ ‖pr(am,0)‖.

On the other hand, (7.2.3) implies that there is a constant c > 0 such that

|B(m, 0, s0)| ≤ c · ‖r(m)‖.

Combining these last two inequalities, we find

|B(m, 0, s0)| ≤ c

ε
· ‖ pr(am,0)‖(7.2.4)

for all m ∈ A .
The Hecke bound for the coefficients of (scalar valued) cusp forms of

weight n for Γ(D) implies that

| pr(am,0)(g)| = O(mn/2),
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as m→∞ for any g ∈ Sn(ω̄L). On the other hand, an elementary estimate
shows that

|pr(am,0)(g)| = O(mn−2+δ),

as m→∞ for any δ > 0 and any g ∈ ϑ(Mn−2(ω̄L)). As n > 2, these bounds

imply ‖ pr(am,0)‖ = O(mn−3/2). Combining this with (7.2.4) shows that

|B(m, 0, s0)| = O(mn−3/2)

for m ∈ A and m→∞, contradicting Corollary 2.6.8. �

We now complete the proof of Proposition 7.2.2. The lemma provides us
with an a = ãm,0 ∈ M∨A satisfying pr(a) = 0 and a(EL) 6= 0. By definition
of M∨A , we may expand a as a finite linear combination

a =
∑
m∈A

c(m, 0)am,0

with c(m, 0) ∈ Q, and then form the Fourier polynomial

p =
∑
m∈A

c(m, 0)ϕ0 · qm ∈ P (ωL).

The condition pr(a) = 0 implies that {p, g} = 0 for all g ∈ Sn(ω̄L), and
{p, ϑ(g)} = 0 for all g ∈ Sn−2(ω̄L). In particular, Proposition 7.2.1 provides
us with a form f ∈ M !

2−n(ωL) whose principal part agrees with p up to a
constant, satisfies

{f, ϑ(g)} = {p, ϑ(g)} = 0

for all g ∈ Sn−2(ω̄L), and has constant term {p,EL} = a(EL) 6= 0. �

As a special case of the following proposition, the form f of Proposition
7.2.2 lies in the image of the lifting map

(7.2.5) M !,∞
2−n(D, εn)

h7→h̃−−−→M !
2−n(ωL)

defined by (7.1.3).

Proposition 7.2.4. Assume n > 2, and let f ∈M !
2−n(ωL) be a form whose

Fourier coefficients c(m,µ) satisfy c(m,µ) = 0 for all (m,µ) with m < 0

and µ 6= 0. In the notation of (7.1.3), there exists an h ∈M !,∞
2−n(D, εn) with

principal part ∑
m<0

c(m, 0)qm + constant,(7.2.6)

and such that h̃ = f .

Proof. Using the basis {ϕµ}µ∈L′/L of SL, any form g(τ) ∈ Sn(ω̄L) can be
written as g(τ) =

∑
µ∈L′/L gµ(τ)ϕµ. Taking the component corresponding

to µ = 0 defines a linear map

Sn(ω̄L)
g 7→g0−−−→ Sn(D, εn).
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We claim that the map g 7→ g0 is surjective. Indeed, this is equivalent
to the injectivity of the adjoint map Sn(D, εn)→ Sn(ω̄L), which is just the
map g 7→ g̃ of (7.1.3). This injectivity follows from the explicit formula for
the Fourier expansion of g̃ found in Proposition 3.3.2 of [BHK+b], along
with the fact that the Q/Z-valued quadratic form on L′/L represents all
elements of 1

DZ/Z primitively.
Now suppose we are given a cusp form

(7.2.7)
∑
m>0

b(m)qm ∈ Sn(D, εn).

If we choose a g ∈ Sn(ω̄L) such that g0 =
∑

m b(m)qm, then∑
m>0

c(−m, 0)b(m) = {f, g} = 0,

where the first equality follows from our hypotheses on the coefficients of f ,
and the second follows from the residue theorem. As this vanishing holds
for all forms (7.2.7), it follows from Serre duality on the modular curve

X0(D) that there exists an h ∈M !,∞
2−n(D, εn) with principal part (7.2.6). In

particular, it follows from (7.1.4) that h̃− f is holomorphic at ∞. As h̃− f
has negative weight, it is identically 0. �

Proof of Theorem 7.1.2. First pick a vector-valued form f̃ ∈ M !
2−n(ωL) as

in Proposition 7.2.2, and then apply Proposition 7.2.4 to pick a scalar-valued
form

f(τ) =
∑

m�−∞
c(m)qm ∈M !,∞

2−n(D, εn)

that maps to it under (7.2.5). It follows from the relation (7.1.4) between

the coefficients of f and f̃ that for all m > 0 the coefficient c(−m) is an
integer, and vanishes unless m ∈ A .

Now we use the fact that M !,∞
2−n(D, εn) has a basis of forms with integer

coefficients3. For any σ ∈ Aut(C/Q), it follows that the formal q-expansion

fσ again lies in M !,∞
2−n(D, εn). The difference f(τ)− fσ(τ) is then holomor-

phic at every cusp with weight n− 2 < 0, and so vanishes identically. Thus
all coefficients of f(τ) are rational, and we may replace f(τ) by a positive
integer multiple to assume that c(m) ∈ Z for all m ∈ Z.

As we chose f̃ so that its constant term c̃(0, 0) is nonzero, the associated
Borcherds product ψ(f) has nonzero weight by Remark 7.1.1.

It only remains to verify property (4) in Theorem 7.1.2. For this we appeal
to Theorem 5.3.3 of [BHK+a], which tells us that

(7.2.8) div(ψ(f)) = Z̄V (f) +
∑
m>0

c(−m)B(m),

3One can deduce this from the corresponding statement for holomorphic modular forms,
by multiplying weakly holomorphic modular forms by powers of Ramanujan’s discriminant
to kill the poles at ∞
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up to a linear combination of divisors supported in characteristics p | D.
Here, as in (5.3.3) of [BHK+a],

(7.2.9) B(m) =
m

n− 2

∑
Φ

ρL0(m) · SV (Φ),

where the sum is over a finite set {Φ} indexing the irreducible boundary
components SV (Φ) ⊂ ∂S̄V , each of which is connected and smooth over Ok.
Inside the sum, each L0 is a self-dual hermitian Ok-module (which depends
on Φ) of signature (n− 2, 0), and

ρL0(m) = #{x ∈ L0 : 〈x, x〉 = m}

is the number of times that lattice represents m.
As explained in §3.1 of [BHK+a], each Φ is an equivalence class of pairs

(I, g) in which I ⊂ V is an isotropic k-line, and g ∈ G(Af ). This data
determines a filtration

a ⊂ a⊥ ⊂ gL
by Ok-module direct summands, with a = I ∩ gL isotropic of rank one and
a⊥ = {x ∈ gL : 〈x, a〉 = 0}. The quotient L0 = a⊥/a inherits a self-dual
hermitian form from that on gL ⊂ V , and the filtration admits a (non-
canonical) splitting

gL = a⊕ L0 ⊕ b

in which b is rank one and isotropic, and a⊕ b is orthogonal to L0.
As L0 and gL are themselves self-dual hermitian Ok-modules, we may

form modular forms valued in the finite dimensional vector spaces SL0 =
C[L′0/L0] and SgL = C[(gL)′/(gL)], exactly we did for L. The action of
g ∈ G(Af ) defines a canonical bijection L′/L ∼= (gL)′/(gL), which induces
an isomorphism SL ∼= SgL respecting the Weil representations on source and
target.

To each Φ, we may attach the SL0-valued theta series

ΘΦ(τ) =
∑

µ∈L′0/L0

ΘΦ,µ(τ)ϕµ ∈Mn−2(ω̄L0)

where ΘΦ,µ(τ) =
∑

x∈µ+L0
q〈x,x〉. As in Theorem 4.1 of [Sch15], there is an

induced SgL-valued modular form

indL(ΘΦ) =
∑

µ∈L′0/L0

β∈d−1
k a/a

ΘE,µ(τ)ϕµ+β ∈Mn−2(ω̄gL),

and we use SL ∼= SgL to view indL(ΘΦ) ∈Mn−2(ω̄L).

Using the relation (7.1.4) between the coefficients of f̃ and f , we see that∑
m>0

mc(−m)ρL0(m) = {f̃ , ϑ(indL(ΘΦ))} = 0,
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where the second equality follows from condition (iii) in Proposition 7.2.2.
Comparing with (7.2.9) shows that

∑
m>0 c(−m)B(m) = 0, and property

(4) of Theorem 7.1.2 follows by comparison with (7.2.8). �

7.3. A carefully chosen Borcherds product. Recalling the functions
ak(s) of (1.1.4), set bV,1(s) = a1(s). For k ≥ 2 even, set

bV,k(s) = ak(s)
∏
`|D

(
1 +

(
−1

`

) k
2

inv`(V )`−s−
k
2

)
.

For k ≥ 3 odd, set

bV,k(s) = ak(s)
∏
`|D

(
1 +

(
−1

`

) k−1
2

inv`(V )`−s+
1−k
2

)−1

.

When k > 1 we have bV,k(s)bV,k+1(s) = ak(s)ak+1(s), which implies that
the function (1.1.5) factors as

(7.3.1) AV (s) = bV,1(s) · · ·bV,n(s).

Now suppose n > 2, abbreviate

A = {primes p ≡ 1 (mod D)},
and assume that the weakly modular form

f(τ) =
∑

m�−∞
c(m)qm ∈M !,∞

2−n(D, εn)

of (7.1.6) is chosen as in Theorem 7.1.2. In particular, the divisor of the
Borcherds product ψ(f) contains no components of the boundary, and so

(7.3.2) div(ψ(f)) = Z̄V (f) + Vert(f)

in which

Z̄V (f) =
∑
p∈A

c(−p)Z̄V (p),

and Vert(f) is supported in characteristics dividing D.

Remark 7.3.1. The notation Vert(f) is slightly misleading, as Z̄V (f) may
itself have vertical components. Any such components are supported on the
exceptional divisor ExcV ⊂ S̄V , by Corollary 3.7.3 of [BHK+a].

Proposition 7.3.2. The Borcherds product ψ(f) has weight

k(f) =
1

bV,n(0)

∑
p∈A

c(−p)(pn−1 + 1),

and, recalling the notation (4.5.3), satisfies

(Vert(f), 0) = (E, 0)− k(f)
∑
`|D

(
0,

log(`)

1 + β`

)
∈ P̂ic(SV )Q,
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where E is a divisor (which may depend on f) supported on the exceptional
divisor of Definition 5.1.5, and

(7.3.3) β` = (−1)n+1 ·


(−1
`

)n
2 inv`(V )`

n
2 if n is even(−1

`

)n−1
2 inv`(V )`

n−1
2 if n is odd.

.

Proof. The proof requires a short digression on Eisenstein series.
For any divisor r | D set r′ = D/r. Our assumption that D is odd implies

that the quadratic character ε : (Z/DZ)× → {±1} determined by k is

ε(a) =
( a
D

)
.

Hence we may factor ε = εr · εr′ with

εr(a) =
(a
r

)
and εr′(a) =

( a
r′

)
.

Define the quadratic Gauss sum

τ(εr) =
∑

a∈(Z/rZ)×

εr(a)e2πia/r =

{√
r if r ≡ 1 (mod 4)

i
√
r if r ≡ 3 (mod 4),

and similarly with r replaced by r′.

Lemma 7.3.3. For every divisor r | D there is an Eisenstein series

Er =
∑
m≥0

er(m) · qm ∈Mn(Γ0(D), εn)

whose Fourier coefficients are as follows. The constant term is

er(0) =

{
1 if r = 1

0 otherwise.

If n is even the coefficients indexed by m > 0 are

er(m) =
rn/2(−2πi)n

DnΓ(n)LD(n, εn)

∑
c|m
c>0

gcd(m/c,r)=1

cn−1
∑

d|gcd(c,r′)

dµ(r′/d).

If n is odd the coefficients indexed by m > 0 are

er(m) = εr(r
′)
rn/2(−2πi)nτ(εr′)

DnΓ(n)LD(n, εn)

∑
c|m
c>0

gcd(m/c,r)=1

εr(m/c)εr′(c) · cn−1.

In both formulas LD(s, εn) is the Dirichlet L-function with Euler factors at
all ` | D removed.
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Proof. For each s, t ∈ Z/DZ define an Eisenstein series

G(s,t)(z) =
∑
c,d∈Z

(c,d)6=(0,0)
(c,d)≡(s,t) (mod D)

(cz + d)−n.

Theorem 7.1.3 of [Miy89] shows that

Er(z) =
εnr (r′)

2rn/2LD(n, εn)

∑
s,t∈Z/DZ

εnr (s)εnr′(t)G(s,t)(r
′z)

has the desired Fourier expansion. �

Suppose r | D, and set r′ = D/r. If n is even, set

a =
(−2πi)nµ(D)

DnΓ(n)LD(n, εn)
and br = rn/2µ(r).

If n is odd, set

a =
(−2πi)nτ(ε)

DnΓ(n)LD(n, εn)
and br =

rn/2εr(r
′)τ(εr′)

τ(ε)
.

One may check directly that br =
∏
`|r b`, where the product is over all

primes ` | r, and that when p ∈ A the formulas of Lemma 7.3.3 simplify to

(7.3.4) er(p) = abr · (pn−1 + 1).

For any prime ` | D, abbreviate

γ` = ε−n` · (D, `)
n
` · inv`(V ),

where ε` ∈ {1, i} is as in Lemma 2.6.1. For a divisor r | D, set γr =
∏
`|r γ`.

Lemma 7.3.4. If we set βr =
∏
`|r β` for any divisor r | D, then

1

bV,n(0)
= −a

∏
`|D

(1 + β`) = −a
∑
r|D

βr

and βr = γrbr. Here the product is over all prime divisors of D, while the
sum is over all positive divisors of D.

Proof. This is an elementary calculation. For the reader interested in work-
ing out the details, we remark that one needs the equality∏

`|D

(
−1

`

)
inv`(V ) = 1,

which follows from (1.1.3) and our hypothesis that D is odd, hence congruent
to 3 (mod 4). �
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For any divisor r | D, let cr(0) be the constant term of f(τ) at the
cusp ∞r, in the sense of Definition 4.1.1 of [BHK+a]. According to §5.3 of
[BHK+a] the weight of ψ(f) is given by

k(f) =
∑
r|D

γrcr(0).

On the other hand, according to Proposition 4.2.2 of [BHK+a],

(7.3.5) cr(0) = −
∑
p∈A

c(−p)er(p).

Combining these with (7.3.4) and Lemma 7.3.4 shows

k(f) = −
∑
r|D

∑
p∈A

γrc(−p)er(p)

= −a
∑
r|D

βr
∑
p∈A

c(−p)(pn−1 + 1)

=
1

bV,n(0)

∑
p∈A

c(−p)(pn−1 + 1),

proving the first claim of the proposition.

Now we turn to the second claim of the proposition. In P̂ic(SV )Q we have
the relation

(div(
√
−D), 0) = (0, log(D)).

Similarly, if ` | D and l ⊂ Ok is the unique prime above it, then

(SV/Fl
, 0) = (0, log(`))

where Fl = Ok/l. Theorem 5.3.3 of [BHK+a] tells us that

Vert(f) = E − k(f) · div(
√
−D) +

∑
r|D

γrcr(0)
∑
`|r

SV/Fl
,

where E is a divisor supported on ExcV , and so

(7.3.6) (Vert(f), 0) = (E, 0) +
(

0,−k(f) · log(D) +
∑
r|D

γrcr(0) log(r)
)
.

Combining (7.3.4), (7.3.5), and the above formula for k(f) shows that

∑
r|D

γrcr(0) log(r) = −a

∑
p∈A

c(−p)(pn−1 + 1)

∑
r|D

βr log(r)


= −abV,n(0)k(f)

∑
r|D

βr log(r).
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Using Lemma 7.3.4 we may rewrite this as

∑
r|D

γrcr(0) log(r) = k(f)

∏
`|D

1

1 + β`

∑
r|D

βr log(r)


= k(f)

∑
`|D

β`
1 + β`

log(`).

It follows easily that

−k(f) · log(D) +
∑
r|D

γrcr(0) log(r) = −k(f)
∑
`|D

log(`)

1 + β`
,

and plugging this into (7.3.6) completes the proof of Proposition 7.3.2. �

Remark 7.3.5. There is another proof the first claim of Proposition 7.3.2
that uses the Eisenstein series EL(τ, s, n) of (2.4.4) in place of the Eisenstein
series Er of Lemma 7.3.3. Briefly, combining (7.1.9) with (7.2.2) and (7.1.4)
gives

−k(f) = −c̃(0, 0) =
∑
m>0
µ∈L′/L

c̃(−m,µ)B(m,µ, s0) =
∑
p∈A

c(−p)B(p, 0, s0),

where s0 = (n− 1)/2. Corollaries 2.6.5 and 2.6.6 imply

B(p, 0, s0) = −p
n−1 + 1

bV,n(0)

for all p ∈ A , yielding the desired formula for k(f).

8. The volume calculations

We continue to work with the Shimura variety SV of §5.1.4 defined by a
k-hermitian space V of signature (n−1, 1) containing a self-dual Ok-lattice,
and maintain the assumption that D is odd imposed since §4.

We will use induction on n to compute the complex and arithmetic vol-

umes of the hermitian line bundle L̂V of (5.2.3), and from this deduce The-
orem A.

8.1. Comparing volumes. Suppose n ≥ 2. In what follows, our main
interest lies in the hermitian line bundles

ω̂Hdg
A/SV , L̂V ∈ P̂ic(S̄V ,Dpre)

of (5.2.7), but we will make systematic use of the hermitian line bundle

(8.1.1) K̂V = 2L̂V − (ExcV , 0) ∈ P̂ic(S̄V ,Dpre)

of Theorem 5.5.1 and Theorem 6.1.2. Our first goal is to clarify the relation
between their arithmetic volumes.
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The intersection formula K̂V · (ExcV , 0) = 0 of Theorem 5.5.1 implies the
second equality in

2n · v̂ol(L̂V ) = v̂ol(K̂V + (ExcV , 0))

= v̂ol(K̂V ) + v̂ol(ExcV , 0),(8.1.2)

and the arithmetic volume of (ExcV , 0) was computed in §5.6. Thus it

remains to compare the arithmetic volumes of K̂V and ω̂Hdg
A/SV .

Proposition 8.1.1. We have the arithmetic volume relation

v̂ol(K̂V ) = v̂ol(ω̂Hdg
A/SV ) + nC0(n) volC(ω̂Hdg

A/SV ),

where C0(n) is the constant of Theorem A.

Proof. If n > 2, the stated formula is Remark 5.5.2. We will fill in the
missing case n = 2 using descending induction, and so assume that n = 2
in all that follows. In other words, V has signature (1, 1).

Fix a prime p split in k. Let V [ be the k-hermitian space of signature
(2, 1) whose local invariants satisfy

inv`(V ) = (p,−D)` · inv`(V
[)

for all places ` ≤ ∞, so that the discussion of §6.1 applies with the pair
(V [, V ) replacing (V, V ′). Define Hp ∈ R by the relation

(p+ 1)Hp = htK̂
V [

(Z̄V [(p))− ht
ω̂Hdg

A[/S
V [

(Z̄V [(p)).

On the one hand, part (3) of Theorem 5.5.1 and Lemma 4.5.2 imply

(8.1.3) htK̂
V [

(Z̄V [(p)) = ht
ω̂Hdg

A[/S
V [

+(0,C0(3))
(Z̄V [(p)).

In the codimension 2 arithmetic Chow group of S̄V [ we have the relation(
ω̂Hdg

A[/S
V [

+ (0, C0(3))
)2

=
(
ω̂Hdg

A[/S
V [

)2
+
(

0, 2C0(3) ch(ω̂Hdg

A[/S
V [

)
)
,

as in the proof of Lemma 4.5.3. Directly from the definition of arithmetic
height in §4.5, it follows that the right hand side of (8.1.3) is equal to

ht
ω̂Hdg

A[/S
V [

(Z̄V [(p)) + 2C0(3)

∫
Z
V [

(p)(C)
ch(ω̂Hdg

A[/S
V [

).

Combining the first claim of Theorem 6.1.2 with the equality of Chern forms
of Theorem 5.5.1, we find∫

Z
V [

(p)(C)
ch(ω̂Hdg

A[/S
V [

) = (p+ 1) volC(ω̂Hdg
A/SV ).

Putting all of this together allows us to rewrite (8.1.3) as

htK̂
V [

(Z̄V [(p)) = ht
ω̂Hdg

A[/S
V [

(Z̄V [(p)) + 2C0(3)(p+ 1) volC(ω̂Hdg
A/SV ),
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which is equivalent to

(8.1.4) Hp = 2C0(3) volC(ω̂Hdg
A/SV ).

On the other hand, the height formulas of Theorems 6.1.2 and 6.1.3 imply

Hp = v̂ol(K̂V )− v̂ol(ω̂Hdg
A/SV ) + 2

(
L′(0, ε)

L(0, ε)
+

log(D)

2

)
volC(ω̂Hdg

A/SV )

= v̂ol(K̂V )− v̂ol(ω̂Hdg
A/SV ) + 2(C0(3)− C0(2)) volC(ω̂Hdg

A/SV )

up to a rational multiple of log(p), and combining this with (8.1.4) proves

v̂ol(K̂V )− v̂ol(ω̂Hdg
A/SV )− 2C0(2) volC(ω̂Hdg

A/SV ) ∈ Q log(p).

The only way this can hold for all primes p split in k is if this real number
is 0, completing the proof when n = 2. �

8.2. Shimura curves. The following proposition is a consequence of the
main result of [How20], which is itself a consequence of the calculation of
arithmetic volumes of modular curves and quaternion Shimura curves due to
Kühn [Kuhn01], Bost (unpublished), and Kudla-Rapoport-Yang [KRY06].

Proposition 8.2.1. Suppose n = 2. The metrized Hodge bundle of A→ SV
has complex volume

volC(ω̂Hdg
A/SV ) =

|CL(k)|2

2o(D)−1 · 12 · |O×k |2
∏
`|D

(1 + `∗)

and arithmetic volume

v̂ol(ω̂Hdg
A/SV ) =

−2− 4ζ ′(−1)

ζ(−1)
−
∑
`|D

1− `∗

1 + `∗
· log(`)

 volC(ω̂Hdg
A/SV ),

where CL(k) is the class group of k, o(D) is the number of prime divisors
of D, and we abbreviate

`∗ =

(
−1

`

)
inv`(V )`.

Proof. As in (5.1.4), we realize

SV ⊂MW0 ×Ok
MW

as a union of connected components, where W has signature (1, 1).

The GU(W ) Shimura datum defining the generic fibers ofMPap
W andMW

actually has reflex field Q rather than k, and in §4 of [How20] one finds the
definition of a regular and flat Deligne-Mumford stack

XW → Spec(Z)

such that MPap
W
∼= XW/Ok

, and such that the universal abelian surface over

MPap
W descends to A → XW . The stack XW has its own canonical toroidal
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compactification and its own theory of arithmetic Chow groups, and Theo-
rem A of [How20] implies

(8.2.1) volC(ω̂Hdg
A/XW ) =

|CL(k)|
2o(D)−1 · 12 · |O×k |

∏
`|D

(1 + `∗)

and
(8.2.2)

v̂ol(ω̂Hdg
A/XW ) =

−1− 2ζ ′(−1)

ζ(−1)
− 1

2

∑
`|D

1− `∗

1 + `∗
· log(`)

 volC(ω̂Hdg
A/XW ).

The composition

SV →MW →MPap
W
∼= XW/Ok

extends to a proper morphism

ϕ : S̄V → X̄V/Ok
,

which, using Remark 5.1.3, restricts to a finite étale surjection of degree

deg(ϕ) = |CL(k)|/|O×k |
from S̄V r ExcV to smooth locus of X̄V/Ok

.

If L̂ is any pre-log singular hermitian line bundle on X̄V , and L̂/Ok
is its

base change to X̄V/Ok
, then unpacking the definitions shows that4

volC(ϕ∗L̂/Ok
) = deg(ϕ) · volC(L̂)

and
v̂ol(ϕ∗L̂/Ok

) = 2 · deg(ϕ) · v̂ol(L̂).

The proposition follows by applying these to the hermitian line bundles

L̂ = ω̂Hdg
A/XV , ϕ∗L̂/Ok

= ω̂Hdg
A/SV

and using (8.2.1) and (8.2.2). �

We now express the complex and arithmetic volumes of K̂V in terms of
the entire function AV (s) defined by (1.1.5). This will form the base case
of the inductive proofs of Theorems 8.3.2 and 8.4.1 below.

Corollary 8.2.2. Suppose n = 2. The hermitian line bundle (8.1.1) has
complex volume

volC(K̂V ) =
|CL(k)|

2o(D)−2|O×k |
·AV (0),

and arithmetic volume

v̂ol(K̂V ) =

(
2
A′V (0)

AV (0)
+ log(D)

)
volC(K̂V ).

4The factor of 2 appears in the second equality because it is the degree of the finite
flat morphism XW/Ok

→ XW . It does not appear in the first equality because, under the

conventions of Remark 4.4.2, this morphism induces an isomorphism on complex points.
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Proof. Replacing W by V in (1.1.3), and using D ≡ 3 (mod 4), we find∏
`|D

(
−1

`

)
inv`(V ) = 1.

Using this and (1.1.5) proves the first equality in

AV (0) =
D

1
2L(1, ε)ζ(2)

8π3

∏
`|D

(1 + `∗) =
|CL(k)|
24 · |O×k |

∏
`|D

(1 + `∗) .

Comparing this with Proposition 8.2.1, and using the equality of Chern
forms of Theorem (5.5.1), shows

volC(K̂V ) = volC(ω̂Hdg
A/SV ) =

|CL(k)|
2o(D)−2|O×k |

·AV (0).

For the second claim, taking the logarithmic derivative of (1.1.5) yields

A′V (0)

AV (0)
=

a′1(0)

a1(0)
+

a′2(0)

a2(0)
−
∑
`|D

log(`)

1 + `∗

=
a′1(0)

a1(0)
+

a′2(0)

a2(0)
− 1

2
log(D)− 1

2

∑
`|D

(
1− `∗

1 + `∗

)
log(`).

One can use the functional equation of L(s, εk) to see that

(8.2.3)
a′k(0)

ak(0)
= −2

L′(1− k, εk)
L(1− k, εk)

− Γ′(k)

Γ(k)
+ log

(
4π

D

)
+ (−1)k log(D)

for all k ≥ 1. Recalling the constant C0(2) of Theorem A, and using the
well-known formulas Γ′(1)/Γ(1) = −γ and Γ′(2)/Γ(2) = 1− γ, we find

a′1(0)

a1(0)
+

a′2(0)

a2(0)
= −1 + C0(2)− 2

ζ ′(−1)

ζ(−1)
.

Putting this all together gives

2
A′V (0)

AV (0)
− 2C0(2) + log (D) = −2− 4

ζ ′(−1)

ζ(−1)
−
∑
`|D

(
1− `∗

1 + `∗

)
log(`),

and comparing with Proposition 8.2.1 shows that

v̂ol(ω̂Hdg
A/SV ) =

(
2
A′V (0)

AV (0)
− 2C0(2) + log(D)

)
volC(ω̂Hdg

A/SV ).

The second claim follows from this using Proposition 8.1.1 and the equality
of Chern forms of Theorem 5.5.1. �
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8.3. Complex volumes. We can now compute the complex volumes of L̂V
and K̂V for all n ≥ 2 using induction. The calculation requires the following
lemma, in which

A = {primes p ≡ 1 (mod D)}.

Lemma 8.3.1. Assume n > 2. For any weakly holomorphic form

f(τ) =
∑

m�−∞
c(m)qm ∈M !,∞

2−n(D, εn)

as in Theorem 7.1.2, we have

volC(L̂V ) =
1

k(f)

∑
p∈A

c(−p)
∫
ZV (p)(C)

ch(L̂V )n−2.

Proof. Recall from §7 that the Borcherds product ψ(f) has nonzero weight
k(f), divisor (7.3.2), and satisfies (7.1.7). It follows that

ddcΦV (f) = k(f) ch(L̂V )

and, by Lemma 1.21 of [BBK07], we have the equality of currents

k(f)[ch(L̂V )] = ddc[ΦV (f)] +
∑
p∈A

c(−p)δZ̄V (p)

on S̄V (C). In particular∫
SV (C)

ϕ ∧ ch(L̂V ) =
1

k(f)

∑
p∈A

c(−p)
∫
ZV (p)

ϕ

for any closed form ϕ on S̄V (C) of type (n− 2, n− 2).

We would like to apply this last equality with ϕ = ch(L̂V )n−2, but cannot
do so directly because the Chern form does not extend smoothly across the
boundary. However, one can find a closed form ϕ, smooth on all of S̄V (C),
and a smooth form α on the interior SV (C) satisfying

ϕ = ch(L̂V )n−2 + dα,

and such that α is a pre-log-log form, in the sense of Definition 7.3 of
[BBK07], with respect to the boundary ∂S̄V (C). Indeed, this follows from
Proposition 5.2.1: simply choose any hermitian metric on LV , smooth on
all of S̄V (C), and let ϕ be the (n− 2)-fold exterior power of its Chern form.

If β is any pre-log-log form on S̄V (C) of type (n−2, n−2), the current on
S̄V (C) associated to β satisfies [dβ] = d[β] by Proposition 7.6 of [BKK07],
and evaluating both sides of this equality on the constant function 1 shows

that the integral of dβ vanishes. Applying this to β = α ∧ ch(L̂V ) shows
that ∫

SV (C)
dα ∧ ch(L̂V ) = 0.
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The pullback of α to Z̄V (p)(C) is again a pre-log-log form, by Proposition
7.12 of [BKK07], and so the same reasoning shows that∫

ZV (p)(C)
dα = 0.

Putting everything together, we find∫
SV (C)

ch(L̂V )n−1 =

∫
SV (C)

ϕ ∧ ch(L̂V )

=
1

k(f)

∑
p∈A

c(−p)
∫
ZV (p)

ϕ

=
1

k(f)

∑
p∈A

c(−p)
∫
ZV (p)(C)

ch(L̂V )n−2. �

Theorem 8.3.2. If n ≥ 2, the complex volumes of (5.2.3) and (8.1.1) are

volC(L̂V ) =
|CL(k)|

2o(D)−1|O×k |
·AV (0)

and

volC(K̂V ) =
|CL(k)|

2o(D)−n|O×k |
·AV (0).

In particular, both are positive rational numbers.

Proof. The two claims are equivalent, by the equality of Chern forms of
Theorem 5.5.1, and both hold when n = 2 by Corollary 8.2.2. Hence we
assume n > 2.

Let V ′ be the hermitian space over k of signature (n−2, 1) with the same
local invariants as V . If p ∈ A the Hilbert symbol (p,−D)` is trivial for
all finite primes `, and so this V ′ agrees with (6.1.1). By the first claim of
Theorem 6.1.2, and the equality of Chern forms of Theorem 5.5.1,∫

ZV (p)(C)
ch(L̂V )n−2 = (pn−1 + 1) volC(L̂V ′).

Plugging this into the equality of Lemma 8.3.1, and recalling the formula
for k(f) from Proposition 7.3.2, we find

volC(L̂V ) =
1

k(f)

(∑
p∈A

c(−p)(pn−1 + 1)

)
volC(L̂V ′)

= bV,n(0) volC(L̂V ′).

To complete the proof, apply the induction hypothesis

volC(L̂V ′) =
|CL(k)|

2o(D)−1|O×k |
·AV ′(0),
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and note that for our particular choice of V ′ the factorization (7.3.1) implies

AV (s) = bV,1(s) · · ·bV,n−1(s)bV,n(s)(8.3.1)

= bV ′,1(s) · · ·bV ′,n−1(s)bV,n(s)

= AV ′(s)bV,n(s). �

8.4. The key volume calculation. At last we come to the technical core

of this work: the calculation of the arithmetic volume of K̂V via induction.

Theorem 8.4.1. Assume n ≥ 2. The hermitian line bundle (8.1.1) satisfies

v̂ol(K̂V ) =

(
2
A′V (0)

AV (0)
+ log(D)

)
volC(K̂V ).

Proof. Define C(V ) by the relation

(8.4.1) v̂ol(K̂V ) = C(V ) volC(K̂V ).

We will prove by induction on n that

(8.4.2) C(V ) = 2
A′V (0)

AV (0)
+ log(D).

The base case n = 2 is Corollary 8.2.2, so from now on assume n > 2.
Once again, abbreviate A = {primes p ≡ 1 (mod D)} and let

f(τ) =
∑

m�−∞
c(m)qm ∈M !,∞

2−n(D, εn)

be as in Theorem 7.1.2. In particular, the Borcherds product ψ(f), a rational

section of L⊗k(f)
V , has nonzero weight k(f).

It follows from (7.1.7) and (7.3.2) that the relations

k(f)L̂V =
(
div(ψ(f)),− log ‖ψ(f)‖2

)
=
(
Z̄V (f) + Vert(f),ΦV (f)

)
hold in the codimension one arithmetic Chow group of S̄V . Recalling (8.1.1),
claim (1) of Theorem 5.5.1 implies

K̂V · K̂V = 2L̂V · K̂V
in the codimension 2 arithmetic Chow group, and therefore

k(f)K̂nV = 2
(
Z̄V (f) + Vert(f),ΦV (f)

)
· K̂n−1

V

holds in the codimension n arithmetic Chow group. Taking the arithmetic
degree of both sides and using (4.5.1) yields

k(f)

2
· v̂ol(K̂V ) = htK̂V (Z̄V (f)) + htK̂V (Vert(f))

+

∫
SV (C)

ΦV (f) ch(K̂V )n−1.(8.4.3)

We will compute each term on the right hand side separately.
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Consider the finite set

Af = {p ∈ A : c(−p) 6= 0}.

Lemma 8.4.2. If V ′ denotes the k-hermitian space of signature (n − 2, 1)
with the same local invariants as V , then

htK̂V (Z̄V (f)) =
k(f)C(V ′)

2
volC(K̂V ),

up to a Q-linear combination {log(p) : p ∈ Af}.

Proof. For any p ∈ A , the hermitian space V ′ satisfies (6.1.1). Thus we
may apply Theorem 6.1.2 to see that

htK̂V (Z̄V (f)) =
∑
p∈Af

c(−p)htK̂V (Z̄V (p))

= v̂ol(K̂V ′)
∑
p∈Af

c(−p)(pn−1 + 1),

up to a Q-linear combination {log(p) : p ∈ Af}. Combining this with
Proposition 7.3.2 shows that

htK̂V (Z̄V (f)) = k(f)bV,n(0)v̂ol(K̂V ′)

= k(f)bV,n(0)C(V ′) volC(K̂V ′),

up to the same ambiguity. Using the factorization bV,n(s)AV ′(s) = AV (s)
of (8.3.1), Theorem 8.3.2 implies

bV,n(0) volC(K̂V ′) =
1

2
volC(K̂V ),

completing the proof. �

Lemma 8.4.3. We have

htK̂V (Vert(f)) = −k(f) volC(K̂V )
∑
`|D

log(`)

1 + β`
,

where β` is defined by (7.3.3).

Proof. Combining the second claim of Proposition 7.3.2 with the intersection
formula

K̂V · (E, 0) = 0

of Theorem 5.5.1 shows that

(Vert(f), 0) · K̂V = −k(f)
∑
`|D

(
0,

log(`)

1 + β`

)
· K̂V ∈ ĈH

2
(S̄V ,Dpre)Q.

As in the proof of Lemma 4.5.3, this implies the equality

(Vert(f), 0) · K̂n−1
V = −k(f)

(∑
`|D

log(`)

1 + β`

)
(0, ch(K̂V )n−1)
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in the codimension n arithmetic Chow group. Taking the arithmetic degree
of both sides and using (4.5.1) yields the desired equality. �

Lemma 8.4.4. We have the equality∫
SV (C)

ΦV (f) ch(K̂V )n−1 = k(f) volC(K̂V )

b′V,n(0)

bV,n(0)
+
∑
`|D

log(`)

1 + β`


+ volC(K̂V )

∑
p∈Af

c(−p)(pn−1 − 1) log(p)

bV,n(0)

where β` is defined by (7.3.3), and bV,n(s) is the function of (7.3.1).

Proof. Consider the Eisenstein series

EL(τ, s0, n) ∈Mn(ω̄L)

of (2.4.4) at s0 = (n − 1)/2 associated to the self-dual lattice (7.1.1), and
its coefficients B(m,µ, s0) defined by (2.5.2). The equality (7.1.5) and the
equality of Chern forms of Theorem 5.5.1 imply

(8.4.4) volC(K̂V )−1

∫
SV (C)

ΦV (f) ch(K̂V )n−1 =
∑
p∈Af

c(−p)B′(p, 0, s0)

For any p ∈ A , Corollaries 2.6.5 and 2.6.6 imply

B(p, 0, s0) = −p
n−1 + 1

bV,n(0)

and
B′(p, 0, s0)

B(p, 0, s0)
= −

b′V,n(0)

bV,n(0)
−
∑
`|D

log(`)

1 + β`
+

1− pn−1

1 + pn−1
log(p).

In particular

B′(p, 0, s0) = −p
n−1 + 1

bV,n(0)

B′(p, 0, s0)

B(p, 0, s0)

=
pn−1 + 1

bV,n(0)

b′V,n(0)

bV,n(0)
+
∑
`|D

log(`)

1 + β`

+
(pn−1 − 1) log(p)

bV,n(0)
.

The lemma follows by plugging this last expression into (8.4.4) and using
the formula

k(f) =
1

bV,n(0)

∑
p∈A

c(−p)(pn−1 + 1)

of Proposition 7.3.2. �

Substituting the equalities of Lemmas 8.4.2, 8.4.3, and 8.4.4 into (8.4.3)
shows that

(8.4.5) v̂ol(K̂V ) = e(f) +

(
C(V ′) + 2

b′V,n(0)

bV,n(0)

)
volC(K̂V ),
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in which e(f) is a Q-linear combination of {log(p) : p ∈ Af}. Here we are
using rationality of bV,n(0), and of the integrals in Theorem 8.3.2. Every
term in (8.4.5) except e(f) is a priori independent of the choice of f , and
hence so is e(f). Using Theorem 7.1.2, we may choose a second weakly
holomorphic form f ′ as above in such a way that Af ∩Af ′ = ∅. The equality
e(f) = e(f ′) and the Q-linear independence of {log(p) : p ∈ Af ∪Af ′} then
imply e(f) = 0.

Comparing (8.4.1) with (8.4.5) now shows that

C(V ) = C(V ′) + 2
b′V,n(0)

bV,n(0)
,

and the equality (8.4.2) follows from the induction hypothesis

C(V ′) = 2
A′V ′(0)

AV ′(0)
+ log(D)

and the factorization AV ′(s)bV,n(s) = AV (s) of (8.3.1). �

Corollary 8.4.5. We have the arithmetic volume formulas

v̂ol(ω̂Hdg
A/SV ) =

(
2
A′V (0)

AV (0)
− nC0(n) + log(D)

)
volC(ω̂Hdg

A/SV )

and

v̂ol(L̂V ) =

(
A′V (0)

AV (0)
+

log(D)

2

)
volC(L̂V ) +

(−1)n−1

2

∑
E⊂ExcV

m̂E ,

where the sum is over all connected components E ⊂ ExcV and, if E is
supported in characteristic p, m̂E = mE log(p) is the constant of §5.6.

Proof. The first equality follows from Theorem 8.4.1, using Proposition 8.1.1
and the equality of Chern forms of Theorem 5.5.1.

For the second equality, combine Theorem 8.4.1 with the equality

2n · v̂ol(L̂V ) = v̂ol(K̂V ) + v̂ol(ExcV , 0)

of (8.1.2) and the equality of Chern forms of Theorem 5.5.1 to obtain

v̂ol(L̂V ) =

(
A′V (0)

AV (0)
+

log(D)

2

)
volC(L̂V ) +

v̂ol(ExcV , 0)

2n
,

and then use Corollary 5.6.2. �

8.5. Volume of the Hodge bundle. We now compute the complex and
arithmetic volumes of the metrized Hodge bundle of the universal abelian
scheme

A→M(n−1,1)
∼=
⊔
W

MW ,

where, as in (4.1.1), the disjoint union is over the strict similarity classes of
relevant k-hermitian spaces of signature (n − 1, 1). Recall that if n is odd

there is a unique such class, and if n is even there are 2o(D)−1 such classes.
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Theorem 8.5.1. Fix n ≥ 1. For any MW in the decomposition above, we
have

volC(ω̂Hdg
A/MW

) = AW (0)×

{
2n−1 if n is odd

2n−o(D) if n is even

and

v̂ol(ω̂Hdg
A/MW

) =

(
2
A′W (0)

AW (0)
− nC0(n) + log(D)

)
volC(ω̂Hdg

A/MW
),

where C0(n) is the constant of Theorem A.

Proof. First assume n ≥ 2. Let W0 be any k-hermitian space of signature
(1, 0), and define a hermitian form on V = Homk(W0,W ) as in (5.1.2).
It is easy to see that V and W lie in the same strict similarity class. In
particular, if n is even they are isomorphic. Recalling (1.1.5), we therefore
have AW (s) = AV (s) both for even and odd n.

As in Remark 5.1.3, there is a finite étale surjection SV →MW of degree

tn =
|CL(k)|
|O×k |

×

{
1 if n is even

21−o(D) if n is odd.

Denote again by A → SV the pullback of A →MW via this morphism, so
that

volC(ω̂Hdg
A/MW

) =
1

tn
volC(ω̂Hdg

A/SV )

and

v̂ol(ω̂Hdg
A/MW

) =
1

tn
v̂ol(ω̂Hdg

A/SV ).

Using these formulas, the theorem for n > 2 follows from Theorem 8.3.2 and
Corollary 8.4.5, along with the equality of Chern forms of Theorem 5.5.1.

It remains to treat the case n = 1, so that

MW
∼=M(0,1)

∼=M(1,0).

In this case AW (s) = a1(s). Dirichlet’s class number formula implies

a1(0) =
|CL(k)|
|O×k |

,

while (8.2.3) and (5.3.1) imply

2
a′1(0)

a1(0)
− C0(1) + log(D) = −L

′(0, ε)

L(0, ε)
− log(D)

2
= log(2π) + 2hFalt

k .

The theory of complex multiplication implies

volC(ω̂Hdg
A/M(1,0)

) =

∫
M(1,0)(C)

1 =
∑

x∈M(1,0)(C)

1

|Aut(x)|
=
|CL(k)|
|O×k |

= AW (0),
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while the argument of Proposition 5.3.1, which is essentially the Chowla-
Selberg formula, implies the first equality in

d̂eg(ω̂Hdg
A/M(1,0)

) = d̂eg(0, log(2π) + 2hFalt
k )

= (log(2π) + 2hFalt
k )

∫
M(1,0)(C)

1

=

(
2
A′W (0)

AW (0)
− C0(1) + log(D)

)
volC(ω̂Hdg

A/M(1,0)
).

This completes the proof when n = 1. �
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