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ABSTRACT. We study special cycles on integral models of Shimura varieties associated
with unitary similitude groups of signature (n — 1,1). We construct an arithmetic theta
lift from harmonic Maass forms of weight 2 — n to the arithmetic Chow group of the
integral model of a unitary Shimura variety, by associating to a harmonic Maass form
f a linear combination of Kudla-Rapoport divisors, equipped with the Green function
given by the regularized theta lift of f.

Our main result is an equality of two complex numbers: (1) the height pairing of
the arithmetic theta lift of f against a CM cycle, and (2) the central derivative of the
convolution L-function of a weight n cusp form (depending on f) and the theta function
of a positive definite hermitian lattice of rank n — 1. When specialized to the case n = 2,
this result can be viewed as a variant of the Gross-Zagier formula for Shimura curves
associated to unitary groups of signature (1,1). The proof relies on, among other things,
a new method for computing improper arithmetic intersections.

CONTENTS
1. Introduction 1
2. Hermitian spaces and modular forms. 8
3. Divisors on unitary Shimura varieties 10
4. Green functions for divisors 17
5. Complex multiplication cycles 32
6. The metrized cotautological bundle 45
7. The intersection formula o1
References 64

1. INTRODUCTION

Let £ C C be an imaginary quadratic field of odd discriminant dg, and let g be the
different of k. Let x% be the quadratic Dirichlet character determined by k/Q.

1.1. Motivation: heights of Heegner points. To motivate the results of this paper, we
first recall the famous results of Gross and Zagier [GZ]. Fix a normalized new eigenform

g € So(Lo(N)),
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and assume that N and k satisfy the usual Heegner hypothesis: every prime divisor of
N splits in k. This allows us to fix an ideal n C O satisfying Ok /n = Z/NZ. For any
fractional Og-ideal a, the cyclic N-isogeny of elliptic curves

Ya = [C/a — C/n"'q]

defines a Heegner point on Xo(N)(H), where H is the Hilbert class field of k. If we define
a weight 2 cuspform
¢"et(r) = 3 Trnlyo, — o) - "
m>1
valued in Jo(N)(H), where the T,, are Hecke operators, then the Petersson inner product

¢"1°%(g) = (¢"°%, g)per € Jo(N)(H) ® C

is essentially the projection of the divisor yo, — oo to the g-isotypic component of the
Jacobian Jo(N).

After endowing the fractional ideal a with the self-dual hermitian form (z,y) = N(a) 127,
we may construct the weight one theta series

Oa(T) = Zq@’x) € Mi(To(|dkl), Xk)-
rea
The Rankin-Selberg convolution L-function L(g, 8, s) satisfies a functional equation forcing
it to vanish at s = 1, and the Gross-Zagier theorem implies

[d)Heeg(g) *Ya — OO} NT — c- Ll(ga 90.7 1)
Here ¢ is some explicit nonzero constant, and the pairing on the left is the Néron-Tate
height.

The goal of this paper is to obtain similar results when g is replaced by a cusp form of
weight n > 2, the weight 1 theta series 6, is replaced by a weight n—1 theta series determined
by a hermitian lattice of rank n — 1, and the Heegner points on modular curves are replaced
by special cycles on Shimura varieties associated to groups of unitary similitudes. There
are earlier results of Zhang [Zh] and Nekovéar [Nek] on Gross-Zagier theorems for higher
weight modular forms, but those results differ from ours in two essential ways: (1) those
authors work with height pairings of cycles on Kuga-Sato varieties fibered over modular
curves, while we work with height pairings on unitary Shimura varieties, and (2) they work
with theta series of weight 1, while we work with theta series of weight n — 1.

1.2. Statement of the main result. Our main result will be a Gross-Zagier-type formula
for the central derivative of the convolution L-function of a cusp form of any weight n > 2
with a theta series of weight n — 1. This formula will involve the intersection multiplicities
of special cycles on a unitary Shimura variety. We begin by describing the Shimura variety.

For a pair of nonnegative integers (p, ¢), denote by M, ;) the moduli space of principally
polarized abelian varieties A — S over k-schemes, equipped with an action of Oy satisfying
the signature (p,q) condition: every a € O acts on Lie(A) with characteristic polynomial
(T — a)P(T — @)?. We require also that the Rosati involution on End(A) ® Q restrict to
complex conjugation on the image of Or. The moduli space M, ;) is a Deligne-Mumford
stack, smooth over k of dimension pq, and is a disjoint union of Shimura varieties associated
to unitary similitude groups.

The theory of integral models of the stacks M, 4) remains incomplete, but we only need
two special cases:

1) there is a smooth and proper stack M, ¢y over Ok with generic fiber M, q,
(p,0) g (»,0)
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(2) there is a regular and flat stack M, 1y over Oy with generic fiber M, 1).
The product
M = M1,0) Xo, Mn-1,1)

is an n-dimensional regular algebraic stack, flat over O, and is typically disconnected.
Moreover, M has a canonical toroidal compactification M*, whose boundary is a smooth
divisor.

Let A be a positive definite self-dual hermitian lattice of rank n — 1; that is, a projective
Og-module of rank n — 1 endowed with a positive definite hermitian form (-, -) inducing an
isomorphism A = Homp, (A, Ok). The Og-stack

Y = M,0) X0, M@,1) X0, M(n-1,0
is smooth and proper of relative dimension 0, and the morphism ) — M defined by
(A(),Al,B) — (Ao,Al X B)

allows us to view ) as a 1-dimensional cycle on M. To every geometric point (A, A1, B) of
Y there is an associated self-dual hermitian Og-module Home, (Ao, B) of signature (n—1, 0),
whose isomorphism class is constant on each connected component of ). Let Yy C Y be
the union of all connected components on which Home, (Ao, B) = A.

To a hermitian module V over the adele ring Ay, there is an associated invariant inv(V) €
{%1}, defined as a product of local invariants. If inv(V) = 1 then V is coherent, in the sense
that V arises as the adelization of a hermitian space over k. Otherwise, V is incoherent.
In Section 2.1 we define the notion of a hermitian (kg, (5k)—module L. Essentially, L. is an
integral structure on a hermitian Ag-module. It consists of an archimedean part L,, which
is a hermitian space over kg = k®gR, and a finite part L.y, which is a hermitian @k-module.

As explained in Section 3, to each point of the moduli space M there is associated an in-
coherent hermitian (kg, @k)—module, whose isomorphism class is constant on the connected
components of M. Thus we obtain a decomposition M = | || My where L runs over all
incoherent self-dual hermitian (kg, @k)—modules of signature (n,0), and similarly for the
compactification

M =] M.
L
The stack Y5 admits an analogous decomposition
Ya = |_|y(L0,A),
Lo

where Ly runs over all incoherent self-dual hermitian (kg, @k)—modules of signature (1,0).
From now on we fix one such Ly, and set L. = Ly & A; for the meaning of the direct sum,
see Remark 5.1.3. The morphism Yy — M™ restricts to a morphism

(1.2.1) Vo.n) = My,
which allows us to view Y4y as a cycle on My of dimension 1.

Let éﬁé(Mfﬁ) be the codimension one arithmetic Chow group with complex coefficients,
defined, as in the work of Gillet-Soulé [SABK], as the space of rational equivalence classes of
divisors on M endowed with Green functions. In fact, we use the more general arithmetic
Chow groups defined by Burgos-Kramer-Kiithn [BKK], which allow for Green functions with
log-log singularities along the boundary. The map (1.2.1) induces a linear functional

CHp (M) = C
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called the arithmetic degree along Y, r), and denoted Z [ZA S Ve,

The hermitian form on the Og-module Ly determines a Q/Z-valued quadratic form on
the finite discriminant group 9, 'L /L. If we denote by Sy, the (finite dimensional) space
of complex valued functions on this finite quadratic space, there is a Weil representation

wr, : SLy(Z) — Aut(SL).

Let Hy_,,(wy) be the space of harmonic Maass forms for SLy(Z) of weight 2 — n with values
in the vector space Sr, transforming according to wr.
As explained in Section 4, there is an arithmetic theta lift of harmonic Maass forms

—1
H2—n(w]L)A — CHC(ME)v

denoted f +— Op(f), whose definition is roughly as follows. There is a theta lift from
functions on the upper half plane to functions on the Shimura variety My (C). If one
attempts to lift an element f € Hy_,(wp)®, the theta integral diverges due to the growth
of f at the cusp. There is a natural way to regularize the divergent integral in order to
obtain a function ®p(f) on My (C), but the regularization process introduces singularities
of logarithmic type into the function @y, (f); see [Bol] and [BF]. In fact @y (f) is a Green
function for a certain divisor Zr.(f)(C) on My (C), which can be written in an explicit way
as a linear combination of the complex Kudla-Rapoport divisors Zg,(m, t)(C) introduced in
[KR1] and studied further in [KR2], [Ho2], and [Ho3]. Here v is an Og-ideal dividing 0y,
and m € N(r)~!Z is positive. The complex Kudla-Rapoport divisors are defined in terms
of a moduli problem, and so have natural extensions to the integral model My,. Thus we
obtain an extension of Z,(f)(C) to the integral model as well. The result is a divisor Z,(f)
on My, together with a Green function ®@y,(f). The arithmetic theta lift of f is then defined
by first adding boundary components with appropriate multiplicities in order to define a
compactified arithmetic divisor

~ 1
Z{%(f) € CH (My),
and then adding a certain multiple (depending on the constant term of f) of the metrized
cotautological bundle 7;* of Section 6.2 to obtain
~ /\1
OL(f) € CH (My).
Remark 1.2.1. One of the minor miracles of the construction of ®y,(f) is that, despite having
a logarithmic singularity along Zy,(f), it is defined at every point of the complex Shimura
variety Mp(C). Expressed differently, the smooth function @ (f), initially defined on the
complement of Zy,(f), has a natural discontinuous extension to all points. The behavior of

O (f) at the points of Z1,(f), as described in Corollary 4.2.2, plays an essential role in our
calculation of improper intersections.

Remark 1.2.2. The Green functions used here are constructed as regularized theta lifts of
harmonic Maass forms, as in [Brl], [BF], and [BY], and so are different from the Kudla-style
Green functions used in [Ho2] and [Ho3].

Let S, (@1.) be the space of weight n cusp forms for SLy(Z) with values in Sg,, transforming
according to the complex conjugate representation wy,. Denote by A the automorphism
group of the finite group D,:l]L r/Ly with its Q/Z-valued quadratic form. Any A-invariant
cusp form

g(r)= Y a(m)q™ € Sp(@)®

meQxo
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has Fourier coefficients a(m) € S£. Similarly, the space Sx of complex valued functions on
9, 'A/A has a natural action wa : SLa(Z) — Aut(Sy), and there is a vector valued theta
series
oa(r) = 3 Ralm)g™ € My 1(w)
meQso
taking values in the dual space SY, whose m-th Fourier coefficient Ry (m) : Sy — C is the
representation number
Ra(m,0) = > ().

PYSI RN
A A)y=m

We define the Rankin-Selberg convolution L-function
s {a(m), Ra(m)}
meQso
where the pairing {-, -} is the tautological pairing between Sy, and S}, and Rj (m) is viewed
as an element of S}’ using the natural surjection Si, — Sx. The L-function (1.2.2) satisfies
a simple functional equation in s — —s, which forces it to vanish at s = 0.
As in [BF], there is a A-invariant surjective differential operator

€ : Hgfn(w]L) — Sn(w]L)
defined by

() = 20022

where 7 = u + v is the variable on the upper half-plane.
The following is our main result. It is stated in the text as Theorem 7.1.2.

Theorem A. Fiz a g € S,(wL)?, and let f € Hy_,,(wp)® be any harmonic form satisfying
&(f) = g. The arithmetic theta lift of f and the L-function (1.2.2) are related by

(1.2.3) [OL(f) : Vo) = — dege Vo) - L'(9,04,0).
The constant appearing on the right is
1
d = E - .
b Vo) [ Aut(y)]

YEV(Lg,n)(C)

An explicit formula for this constant is given in Remark 5.5.1.

We prove Theorem A by first verifying (1.2.3) for certain distinguished harmonic Maass
forms f = fi,« satisfying Z1.(f) = ZL(m,t). The calculation of the left hand side of (1.2.3)
is seriously complicated by the fact that the cycles Zy(m,t) and Yy, a) typically intersect
improperly. Calculations of improper intersection have been done in some low-dimensional
situations elsewhere in the literature (for example in [GZ], [KRY2|, and [Hol]), but our
methods are new, and seem considerably more flexible than the laborious calculations of
earlier authors. The idea is to use deformation theory to show that the metrized line bundle

(1.2.4) Z2(m,t) = ZL(fme) @ T, 200

on My, acquires a canonical nonzero section o, when restricted to Y, a). To compute
the intersection multiplicity of (1.2.4) with ), a), it suffices to compute the degree of the
0-cycle div(opm,c) on Yry,a), and the norm ||o, ||, at each y € Vi, a)(C). The divisor
div(o,,.) turns out to be exactly the divisor obtained by intersecting Zp(m,t) N Yy )
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and then throwing away all components of the intersection having dimension > 0. In other
words, it is the proper part of the intersection, which can be computed directly using results
of Gross. The norm ||oy, ||, turns out to be the value of the Green function @ (fy,.) at
y, even when y lies on Z,(m,t), the singularity of the Green function! Thus we are able
to compute the intersection multiplicity of (1.2.4) with Y, Ay by computing only proper
intersections and the CM values of Green functions.

1.3. Applications and further directions of study. In the spirt of [Ku4], let us consider
only those Kudla-Rapoport divisors

ZiOtal(m, t) _ Zﬁotal(fm7t)

with v = Ok, and form the formal generating series

o) =T+ 3 21 (m, Ok) - ™ € CH (M) [g]).
m>0
When n = 2 there is some mild ambiguity in the choice of harmonic Maass form f, ., and
hence in the choice of Green function in the arithmetic divisor Z{°*(m, t). See Lemma
3.3.3 and the remark that follows it. Because of this technical issue, in this subsection we
assume that n > 2.

Conjecture B. The formal generating series ¢ is a modular form of weight n, level To(|dkl),
and character xj.. In other words

—~ /\1
¢ € CHe(M;) @ My, (Do(|di|), x7)-

This conjecture should be taken with a small grain of salt: to achieve modularity it may
be necessary to slightly modify the formal generating series by vertical divisors on Mj
supported at the primes dividing 0. In any case, some form of this conjecture is certainly
true, and is the subject of ongoing investigations of Kudla, Rapoport, and the three authors.
Indeed, if one replaces the unitary Shimura variety by an orthogonal Shimura variety, and
works only in the Chow group of the generic fiber rather than in the arithmetic Chow group
of an integral model, the corresponding modularity result is due to Borcherds [Bo2].

In fact, Theorem A gives evidence for Conjecture B as it is currently stated. Indeed,
the theorem implies that [@]L(f) : Vwo,my] = 0 forall f e Hy_,(wp)?® with £(f) = 0. The
following corollary of Theorem A can be deduced from this and the modularity criterion
[Bo2] of Borcherds. We omit the details of the proof, as we expect to prove some form
Conjecture B in the near future.

Theorem C. The formal q-expansion

[6(7) : Vo)) = T2 s Vo] + 3 [ZL(m, Ok) : Vion)] - 4™

m>0

defines an element of M, (Lo(|dkl), x3)-

Suppose that Conjecture B is true. Given a scalar valued form go € S, (To(|dk]), X3) we
may then imitate [Kud] and form the Petersson inner product

3(90) = (3, go)per € CHe(ML).

The form g¢ determines a vector valued form

g(7) = Yo (gl w0 € Sul@n)®,

Y€l (D)\ SL2(Z)
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where g € Sy, is the characteristic function of 0 € D;lLf/Lf. Now pick any f € Hn,g(w]L)A
satisfying &(f) = g. Using [BF, Theorem 1.1] one can show that Or(f) = ¢(go) and so,

assuming Conjecture B, Theorem A may be restated as

[0(g0) = Vro,a)) = —dege Viwy.a) - L'(g,04,0).
Under some mild restrictions (for example, assuming that n is even and that go is a newform)
the L-function on the right can be expressed in terms of the classical Rankin-Selberg L-
function of the scalar valued form gy and the scalar valued theta series

3" a™N € M1 (Tolldiel), ).
AEA

The statement and the proof of the precise relation between L-functions are slightly involved.
We hope to explore this reformulation of Theorem A in terms of scalar valued holomorphic
forms in a future work, after Conjecture B has been proved.

Apart from providing evidence for Conjecture B, our methods have applications to
Colmez’s conjectural extension [Co] of the Chowla-Selberg formula to CM abelian vari-
eties of arbitrary dimension. Very roughly, the idea is this: after fixing a totally real field
F/Q of degree n, one can replace the cycle Y, a) by a cycle Yg on Mj formed from
abelian varieties with complex multiplication by the CM field F = k ®g F. It is expected
that a variant of Theorem A holds for this new cycle Vg, and some results in this direction
can be found in [Ho2]. However, the proof of Theorem A uses the Chowla-Selberg formula
in an essential way, and so without a priori knowledge of Colmez’s conjectural extension,
one cannot complete the proof of the desired variant of Theorem A without using some
additional tools. The results of [Ya] suggest that Conjecture B is the new tool needed, and
that a proof of new cases of Colmez’s conjecture can be deduced as a byproduct of the proof
of the variant of Theorem A. In short, once Conjecture B is proved, the methods of this
paper will yield the proof of Colmez’s conjecture for all CM abelian varieties that appear as
points of the moduli space M(,,_; 1). Again, this application is being investigated by Kudla,
Rapoport, and the three authors.

1.4. Notation and terminology. We write H for the complex upper half plane. For a
complex number z we put e(z) = 2™, As usual, we denote by A the ring of adeles of Q
and write Ay for the finite adeles.

The quadratic imaginary field k and its embedding k < C are fixed throughout the
paper, and 0, and dg denote the different and discriminant of k. In Section 4 we make no
restriction on dg, but throughout the rest of the paper we assume that dg is odd. Write Ok,
Ay and Ay s for the ring of integers, adeles, and finite adeles of k, respectively. The class
number of k is hg, and wy, = |pu(k)| is the number of roots of unity in k. Denote by o(dg)
the number of distinct prime divisors of dg, and by

Xk - A — {:l:l}
the quadratic character determined by the extension k/Q. For any m € Qs define
(1.4.1) p(m) =|{b C O : N(b) = m}|.

Obviously p(m) = 0 unless m € Zsg. Abbreviate kr = k ®g R. For a positive integer m we
denote by o1(m) the sum of the positive divisors of m, and set o1(0) = —1/24.

Acknowledgements. We thank the referee for his/her careful reading of our manuscript
and for the insightful comments.
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2. HERMITIAN SPACES AND MODULAR FORMS.

This section contains some basic definitions and notation concerning hermitian spaces,
theta series, and vector valued modular forms.

2.1. Invariants of hermitian spaces. A hermitian Og-module is a projective Ox-module
L of finite rank equipped with a hermitian form (-,-) : L x L — Of. Our convention is that
hermitian forms are Og-linear in the first variable and Og-conjugate-linear in the second
variable. All hermitian forms are assumed to be nondegenerate. For an Og-ideal v | 0,
every vector x € v~1L satisfies
(2.1.1) (z,z) € N(v)"'z,
and Q(z) = (z,z) defines a dj,'Z/Z-valued quadratic form on 9, 'L/L. A hermitian O-
module L is self-dual if it satisfies

L={2ze€L®;Q: (x,L) C O}

We can similarly talk about self-dual hermitian @k—modules, and hermitian spaces over k,
over its completions, and over Ag.
If 2y and 2 are hermitian Og-modules with hermitian forms hg, and hg, the Og-module

(2.1.2) L(Ap,2A) = Homo, (Ao, 2A)
carries a hermitian form (-, ) characterized by the relation

(£,9) - hao (z,y) = ha(f(z),9(y))

for all z,y € Ay. If Ap and A are self-dual then so is L(lp,2A). Of course a similar discussion
holds for hermitian @k—modules.

A hermitian space V over Ag has an archimedean part V., and a nonarchimedean part
Vy= Hp Vp, which are hermitian spaces over kg and Ay r, respectively. The archimedean
part is uniquely determined by its signature, while each factor V,, is uniquely determined
by its dimension and the local invariant

inv, (V) = yip(det(V,)) € {£1}.

Of course the invariant is also defined for p = oo, but carries less information than the
signature. The invariant of V is the product of local invariants:

inv(V) = H inv, (V).

p<oo

If inv(V) = 1 then there is a hermitian space V over k, unique up to isomorphism, satisfying
V =V ®gA. In this case we say that V is coherent. If instead inv(V) = —1 then no such
V exists, and we say that V is incoherent.

We will need a notion of a hermitian space over A with an integral structure.

Definition 2.1.1. A hermitian (kg, @k)—module is a hermitian space V over Ag together
with a finitely generated Og-submodule Ly C V; of maximal rank on which the hermitian
form is Og-valued.

Equivalently, we could define a hermitian (kR,@k)—module as a pair L = (Lo, Ly) in
which L is a hermitian space over kg, and L = Hp L, is a hermitian space over @k of the
same rank as L.,. One recovers the first definition from the second by setting Vo, = L
and Vy =Ly ®; Ay. We use the following terminology.

(1) The signature of a hermitian (kg, Ok )-module L is the signature of Lo,
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(2) Lis self-dual if Ly is a self-dual hermitian Op-module,
(3) L is coherent (or incoherent) if V is.

Obviously, every hermitian Og-module L gives rise to a coherent hermitian (kg, O)-
module L. determined by Loc = L ®z R and Ly = L ®z Z. Conversely, for each hermitian
(kR,@k)—module L there is a (possibly empty) finite collection of hermitian Og-modules
that give rise to it. This finite collection is the genus of L, and is denoted

[ isomorphism classes of Le=L®zR
(2.1.3) gen(L) = { hermitian Og-modules L ~ Ly~ L®yZ

The genus is nonempty if and only if L is coherent, and any two L,L’ € gen(L) satisfy
L ®7 Q=L ®7Q as hermitian spaces over k.

Remark 2.1.2. Given a hermitian space V over A and a rational prime p nonsplit in k, there
is a nearby hermitian space V(p) over Ay determined up to isomorphism by the conditions
(1) V(p)e =V, for every place £ # p,
(2) V(p)p 2 Vp.
In other words, V(p) is obtained from V by changing the local invariant at p, and so
inv(V(p)) = —inv(V).

If instead we take p = oo then there is no single notion of V(co). However, in the applications
V will be positive definite, and V(oco) will be obtained from V by switching the signature
from (n,0) to (n —1,1).

2.2. Theta functions and vector valued modular forms. Let (M, Q) be an even inte-
gral lattice, that is, a free Z-module of finite rank equipped with a non-degenerate Z-valued
quadratic form @. For simplicity we assume here that the rank of M is even. We denote
the signature of M by (b*,b7). Let M’ be the dual lattice of M. The quadratic form @
induces a Q/Z-valued quadratic form on the discriminant group M’'/M.

Let w be the restriction to SLy(Z) of the Weil representation of SLy(Q) (associated with
the standard additive character of A/Q) on the Schwartz-Bruhat functions on M ®y Q. The
restriction of w to SLs(Z) takes the subspace Sjy; of Schwartz-Bruhat functions which are
supported on M’ and invariant under translations by M to itself. We obtain a representation
wps : SLe(Z) — Aut(Sys). Throughout we identify Sy, with the space of functions M’ /M —
C. Let Sy, be the dual space of Sy, and denote by

{,-}:Suyx8Sy —C
the tautological C-bilinear pairing. The group SLy(Z) acts on Sy, through the dual repre-

sentation wy,, given by wY,(7)(f) = fowm(y™!) for f € SY;. On the space Sy we also
have the conjugate representation wjy; given by

W (7)) = wm (7)(®)
for ¢ € Sp;. Note that @y is the representation denoted pys in [Bol], [Brl], [BF]. The
same construction can also be applied in slightly greater generality. For instance, in later
applications we will use it when M is a quadratic module over 7.
Let Gr(M) be the Grassmannian of negative definite b~ -dimensional subspaces of M ®zR.
For z € Gr(M) and A € M ®7 R, we denote by A, and A, the orthogonal projection of A
to z and 2z, respectively. If ¢ € Syr, and 7 € H with v = Im(7), we let

On(T,2,0) = b /2 Z QO()\)e(Q()\zJ.)T + Q()\z)?)

reM’
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be the associated Siegel theta function. For v € SLy(Z) it satisfies the transformation law

bt

Ou(rm 2.0) = (e7 +d) T O (7, z,w0m (1)),
Following [Ku3], we view the Siegel theta function as a function
H x Gr(M) — SY;, (1,2) = Op (T, 2).

The above transformation law implies that ©/(7,z) transforms as a (non-holomorphic)
modular form of weight (b* —b7)/2 for the group SLy(Z) with values in SY,.

Let k € Z, and let o be a finite dimensional representation of SLy(Z) on a complex vector
space V,, which factors through a finite quotient of SLy(Z). We denote by Hy (o) the vector
space of harmonic Maass forms' of weight k for the group SLo(Z) with representation o
as in [BY]. We write M} (o), My(c), and Si(o) for the subspaces of weakly holomorphic
modular forms, holomorphic modular forms, and cusp forms, respectively. Taking V, = M
and o to be the Weil representation, the natural action of the orthogonal group of M on
S commutes with the action of SLo(Z), and hence there is an induced action on the above
spaces of Sys-valued modular forms.

A harmonic Maass form f € Hj (o) has a Fourier expansion of the form

(2.2.1) fr)y= Y et m)g™+ Y (m)I(1 - k,4x|m|v)g™
meQ meQ
m>>—o00 m<0

with Fourier coefficients ¢*(m) € V,. Here ¢ = ¢*™7, and I'(s,x) = [~ e "t*~1dt denotes
the incomplete gamma function. The coefficients are supported on rational numbers with
uniformly bounded denominators. The first summand on the right hand side of (2.2.1) is
denoted by f* and is called the holomorphic part of f, the second summand is denoted by
f~ and is called the non-holomorphic part.

Recall from [BF] the conjugate-linear differential operator & : Hy(war) — S2—k (@)
defined by

(2.2.2) &k (f)(7) = 2iv iT

The kernel of & is equal to M} (wy). According to [BF, Corollary 3.8] there is an exact
sequence

0 —= M} (war) —> Hi(wnr) —2= Sy 4 (@n) —0 .

If f € Hi(wa) has Fourier coefficients ¢*(m) € Sy as in (2.2.1), we abbreviate ¢*(m, u) =
ct(m)(p) € C for all p € M'/M.

3. DIVISORS ON UNITARY SHIMURA VARIETIES

In this section we introduce the arithmetic Shimura variety M on which we will be doing
intersection theory, and introduce the Kudla-Rapoport divisors on M. Recall that dj is
odd. This hypothesis will be used in several places, but the primary reason for imposing it
is that without this assumption the integral model M is not known (or necessarily expected)
to be flat or regular.

IMore precisely, these are the harmonic weak Maass forms of [BY]. For simplicity we omit the adjective
‘weak’.
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3.1. The stack M and the Kudla-Rapoport divisors. We first define Og-stacks M ,, o)
and M, 1) as moduli spaces of abelian schemes with additional structure.

Definition 3.1.1. Let M, oy be the algebraic stack over O whose functor of points assigns
to an Og-scheme S the groupoid of triples (4,1, 1), in which

e A is an abelian scheme over S of relative dimension m,

e 1y : A— AV is a principal polarization,

e i: Ok — End(A4) is an action of Ok on A.
We insist that the polarization 1) be Og-linear, in the sense that v o i(Z) = i(x)Y o4 for
every x € Ok. We further insist that the action of Oy satisfy the signature (m,0) condition:
the induced action of Of on the Og-module Lie(A4) is through the structure morphism
Ok — 05.

We usually just write A € M, 0)(S) for an S-valued point, and suppress ¢ and 4 from
the notation. It is proved in [Ho3] that the stack M, o) is smooth and proper of relative
dimension 0 over Ok. The stack Mg ) is defined in the same way, but the signature
condition is replaced by the signature (0,m) condition: the induced action of O, on Lie(A)
is through the complex conjugate of the structure morphism O — Og.

Definition 3.1.2. Let M, 1) be the algebraic stack over O whose functor of points assigns
to an Og-scheme S the groupoid of quadruples (A, , 4, F) in which

A is an abelian scheme over S of relative dimension m + 1,

¢ A— AV is a principal polarization of A,

i: O — End(A) is an action of O on A,

F C Lie(A) is an Og-stable Og-submodule, which is locally an Og-module direct
summand of rank m.

We again insist that ¢ be Og-linear, and that the subsheaf F satisfy Krdmer’s signature
(m, 1) condition: the action of Ok on F is through the structure morphism O — Og,
while the action of Ok on the line bundle Lie(A)/F is through the complex conjugate of the
structure morphism.

When no confusion will arise, we denote S-valued points simply by A € M, 1)(S). By
work of Pappas [Pa] and Krémer [Kr], the stack M, 1y is known to be regular and flat over
Oy, of relative dimension m, and to be smooth over Og[1/dg].

From now on we fix an integer n > 2 and define a regular and flat Og-stack

M = Ma,0) X0, Mn-1,1)
of dimension n. If S is a connected Og-scheme and (Ag, A) € M(S), the Og-module
L(AQ, A) = HOIII(Q,c (Ao, A)

carries a positive definite hermitian form (x,y) = ¢y Lo yY 04 oz, where the composition
on the right is viewed as an element of O = Endp, (Ao).

In the special case where S = Spec(F) for an algebraically closed field F, and ¢ # char(F)
is a prime, the Ok ¢-module Home, ,(T;(Ao),T¢(A)) carries a hermitian form defined in a
similar way. Here T} denotes f-adic Tate module.

The following proof is left for the reader; compare with Proposition 2.12(ii) of [KR2].

Proposition 3.1.3. For every algebraically closed field F and every (Ao, A) € M(F), there
is a unique incoherent self-dual hermitian (kg, @k)-module L(Ap, A) of signature (n,0) sat-
isfying

L(Ao, A)g =~ HOmOk,e (Tg(Ao), Tg(A))
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for every prime £ # char(F). Furthermore, (A, A) depends only on the connected compo-
nent of M containing (Ao, A), and not on (Ao, A) itself.

From Proposition 3.1.3 we obtain a decomposition

(3.1.1) M= My
L

where L runs over all incoherent self-dual hermitian (kg, 5k)—modu1es of signature (n,0),
and My, is the union of those connected components of M for which IL(A4g, A) = L at every
geometric point (Ao, A).

If (Ag, A) € M(C) then we may form the Betti homology groups
(3.1.2) Ao = H1(4(C), Z), A= H,(A(C),Z).

Each is a self-dual hermitian Og-module. Indeed, the polarization on Ag induces a perfect Z-
valued symplectic form 1y on Ay, and there is a unique hermitian form hg, on 2y satisfying
¢0(1’» y) = Trk/QhQ[o ((;]:1I7 y)a
where 0, = \/dy, is the square root lying in the upper half complex plane?. Similarly 2 is

equipped with a perfect symplectic form ¢, and a hermitian form hg satisfying
(313) ’l/)(il’,y) = Trk/Qth(élzlxay)'
The hermitian O-modules 2y and 2 have signatures (1,0) and (n — 1,1). As in (2.1.2),
the Op-module
L(Qlo, Q[) = Hom@k (9[0, Q[)
carries a self-dual hermitian form of signature (n—1, 1), and the pair (A4g, A) lies on My, (C)
if and only if
(3.1.4) L(2o,2) = Ly.
We now define divisors on M following Kudla-Rapoport [KR2].

Definition 3.1.4. For each positive m € Q and each t | 0, define the Kudla-Rapoport
divisor Z(m,t) as the algebraic stack over O whose functor of points assigns to every
connected Og-scheme S the groupoid of triples (Ag, A, \) in which

o (Ao, A) € M(5),

o A€t 1L(Ag, A) satisfies (\,\) = m.
We further require that the morphism dgA : Ag — A induce the trivial map
(3.1.5) Ok : Lie(Ag) — Lie(A)/F,
where dy, is any Og-module generator of 0.

Remark 3.1.5. Of course (2.1.1) implies that Z(m,t) = () unless m € N(v)~1Z.

Remark 3.1.6. The vanishing of (3.1.5) is automatic if N(xr) € OF. Indeed, if N(r) € OF
then any A\ € t7!L(Ap, A) induces an Og-linear map A : Lie(4g) — Lie(A)/F. The action
of Ok on the image of this map is through both the structure map O — Og and through
its conjugate, and so the image is annihilated by all @ — @ with a € Of. These elements
generate the ideal 0 = JxO.

2More precisely, there is a choice of ¢ = v/—1 such that ¥ (iz,z) and 9 (iz, z) are positive definite, and
we choose Jg to lie in the same connected component of C \ R as i
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The forgetful map j : Z(m,t) — M is finite, unramified, and representable, as in [KR2,
Proposition 2.9]. By [Vi, Lemma 1.19], any geometric point of M admits an étale neighbor-
hood U — M such that Z(m,t),; — U restricts to a closed immersion of schemes on each
connected component of Z(m,t),;;. Moreover, each of these components is locally defined
by a single equation (when v = O this is proved in [Ho3]; the general case is similar), and
so defines a divisor on U. Adding them up defines a divisor Z(m,t),y on U, which by
étale descent defines a divisor on M. When no confusion is possible we use the same letter
Z(m,t) to denote the stack, the associated divisor, and the associated line bundle. For any
L as in (3.1.1), define 21 (m,t) = Z(m, t) X o My, so that

Z(m,x) =| | ZL(m,x).
L

3.2. Complex uniformization. Fix one L as in (3.1.1). Here we recall the uniformization
of the smooth complex orbifold My, (C) and its Kudla-Rapoport divisors. The complex
uniformization is explained in [KR2] and [Ho2], and so we only sketch the main ideas.

Recalling that L has signature (n, 0), let L(co) be the coherent hermitian (kg, O )-module
with archimedean component of signature (n — 1, 1), but with the same finite part as L. To
each point (Ag, A) € ML(C) there is an associated pair (g, 2d) of self-dual hermitian Op-
modules as in (3.1.2), and a self-dual hermitian Og-module L(2ly,2) of signature (n —1,1).
In the notation of (2.1.3), the isomorphism (3.1.4) is equivalent to

L(2p,2A) € gen(L(oc0)).

The pair (2p,2) depends on the connected component of My, (C) containing (Ag, A), but
not on (Ap, A) itself, and the formation of (A, 2) from (Ag, A) establishes a bijection from
the set of connected components of My, (C) to the set of isomorphism classes of pairs (2(g,2()
in which

e 2y is a self-dual hermitian Og-module of signature (1,0),

e 2l is a self-dual hermitian Og-module of signature (n — 1, 1),

o L(Ap,A) € gen(LL(c0)).

We now give an explicit parametrization of the connected component of My, (C) indexed

by one pair (2o, ). Let Dy, o be the space of negative kg-lines in L(Ro, A)r. The group

Ly, = Aut(g) x Aut(2)
sits in a short exact sequence
1= p(k) = T g2 — Aut(L(Ao,2A)) — 1

in which the arrow (k) — T'(g,,21) is the diagonal inclusion, and I, o) — Aut(L(2lo,2l))
sends (79,7) to the automorphism X\ v o X oyt
There is a morphism of complex orbifolds

T 219,20 \D (210, 20) = ML(C)

defined by sending the negative line z € D(g, o) to the pair (Ao, A.), where Ao(C) = Aor /Ao
and A,(C) = Ar/2 as real Lie groups with Og-actions. The complex structure on Ay(C) is
defined by the natural action of kg = C on 2(gr, but the complex structure on A, (C) depends
on z. A choice of nonzero vector ag € 2y determines an isomorphism L(2(, A)g — Ar by
A+ Aag). The image of z under this isomorphism is a negative line z C 20g, which does not
depend on the choice of ag. Of course g inherits a complex structure from its Og-action
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and the isomorphism kg = C, but this does not define the complex structure on A,(C).
Instead, define an R-linear endomorphism I, of g by

>. . J_
Iz(a){l a ifae€z

—i-a ifa€z

and use this new complex structure I, to make A,(C) into a complex Lie group. The
symplectic form ¢ on 2 defined by (3.1.3) defines a polarization on A, (C), and the subspace

2t C A = Lie(A,)

satisfies Krdmer’s signature (n — 1,1) condition. From the discussion above we find the
complex uniformization

(3.2.1) Mu(©) 2 || Tt )\ Diato 20
(2Ao,21)

Remark 3.2.1. Assume that either n > 2, or that L(co) contains, everywhere locally, a
nonzero isotropic vector. The strong approximation theorem implies that

lgen(L(c0))| = ol=oldi)p, .

For each L € gen(IL(00)) there are exactly hy pairs (2o, 2) satisfying L(o,2) = L, and
hence My (C) has 2'=°(@)h2 components.

Now we turn to the complex uniformization of the Kudla-Rapoport divisors. For any m €
Q>0 and any t | 0, the algebraic stack of Definition 3.1.4 admits a complex uniformization

(3.2.2) 2m)02 || Paw\ L Pawn),
(RA0,20) Aer T L(Ap,2)
(A A)=m
in which Dg(, 20)(A) C Deaiy,0) is the space of negative lines orthogonal to A. The essential
point is that Dy, o)(A) is precisely the locus of points z € Dyg, 2 for which the R-linear
map A : Agr — Agr is C-linear relative to the complex structure I,.

3.3. Divisors attached to harmonic Maass forms. Fix an L as in (3.1.1). The hermit-
ian form (-,-) on L, defines a Z-valued quadratic form Q(A) = (A, A). The dual lattice is
D,;llh t, and there is an induced d;lZ /Z-valued quadratic form @ on the discriminant group
D,:lILf/ILf. Let A denote the automorphism group of O,;l]Lf/]Lf with its quadratic form.
The group A acts on the space Si, of complex-valued functions on D,;llL r/Ly, and commutes
with the Weil representation
wr, : SLa(Z) — Aut(SL).

To every A-invariant harmonic Maass form f € Hy_p,(wr) we will construct a divisor Zg,(f)
on My, as a linear combination of Kudla-Rapoport divisors.

Definition 3.3.1. We will say that 9, 'LL;/L; is isotropic if 9, 'L, /L, represents 0 non-
trivially for every prime p dividing dg. This condition is equivalent to the existence of an
isotropic element of order |dg| in 95 'L /L;.

Remark 3.3.2. If n > 2 then 0, 'LL;/L; is always isotropic. If n = 2 then 0, 'L;/L; is
isotropic if and only if L. represents 0 nontrivially everywhere locally; this is equivalent to
all connected components of My, being noncompact.
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For every m € Q/Z and every t | 0, define a A-invariant function ¢, . € SL as the
characteristic function of the subset

{Aerv'Ly /Ly Q(N\) =m} C o, Ly/Ly.

Using [Se73, Chapter IV.1.7], it is easy to check that ¢,, . # 0 if and only if m € N(x)~1Z/Z.
By Witt’s theorem the finitely many nonzero ¢, ’s form a basis of S]LA.

Lemma 3.3.3. For any m € Qs and any v | dg, there is an fu. € Hapn(wp)® with
holomorphic part of the form

;717(7—) = Omye-q¢ "+ Z C'r—:,,t(k) ’ qu
k€Q>o

for some ¢}, (k) € Su. Furthermore
(1) if n > 2, then fum ¢ is unique;
(2) ifn=2 and D,:lLf/]Lf is not isotropic, then fy, . is again unique;
(3) if n = 2 and 9, 'Ly /Ly is isotropic, then any two such fy, . differ by a constant,
and fr . 15 uniquely determined if we impose the further condition that cﬁm(()) €Sy

vanishes at the trivial coset of 9, 'Ly /L. That is to say, o (0,0) = 0.

Remark 3.3.4. In order to make the notation f,, . unambiguous, when n = 2 and D,;l]Lf/]Lf
is isotropic we always choose fy,« so that ¢;f, .(0,0) = 0.

Proof. The existence statement follows from [BF, Proposition 3.11]. To prove the unique-
ness statement when n > 2, we note that a harmonic Maass form f € Hy(wy) with vanishing
principal part is automatically holomorphic [BF, Proposition 3.5]. Since the weight is neg-
ative, it vanishes identically. Now suppose that n = 2. Using the same argument as for
n > 2, we see that any two f,, . differ by an element of My(wy)?, that is, by an element of
Si. which is invariant under the action of the group SL2(Z) x A.

If 9, 'IL;/IL; is not isotropic then it is easily seen that My(wy)® = 0. If 0, 'L;/L; is
isotropic then it follows from [Sch, Theorem 5.4] that the space of invariants Mo (wy,)® has
dimension 1, and that the map My(wp)® — C given by evaluation of the constant term at
the trivial coset of D;lL ¢/Ly is an isomorphism. ]

Fix f € Hy_p,(wp)®. An argument similar to the uniqueness part of Lemma 3.3.3 shows
that f may be decomposed as a C-linear combination

(3.3.1) f(7) = const + Z Qe frm,e(T)
meQxo
tlbk
where “const” is a constant form in Mg,n(wL)A. This constant form is necessarily 0, except
when n = 2 and 0,;1]L #/Ly is isotropic. Define a divisor on My, with complex coefficients

(3.3.2) ZUf) = Y e Zulm,).

meQso
|0k

Obviously ZL(fm,c) = ZL(m, ).

Remark 3.3.5. Although the decomposition of (3.3.1) is not unique, the divisor (3.3.2) does
not depend on the choice of decomposition. This amounts to verifying that Zp(m,t) =0
whenever f,, . = 0, which is clear: if f,,. = 0 then ¢,, . = 0, which implies that m ¢
N(r)~'Z. Thus Zp(m,t) = 0 by Remark 3.1.5.



16 JAN H. BRUINIER, BENJAMIN HOWARD, AND TONGHAI YANG

3.4. Compactification. The moduli space M, _ 1) defined in Section 3.1 admits a canon-
ical toroidal compactification
Mp-11) = Mzknfl,l)'
Over O[1/dg] the construction is found in [Lan]; the extension to O is in [Ho3]. The
Op-stack
M* = M0y X M1 1)

is regular, proper and flat over Oy, of relative dimension n — 1, and smooth over Og[1/dg].
It contains M as a dense open substack, and the boundary M* ~\. M, when endowed with
its reduced substack structure, is proper and smooth over Oy of relative dimension n — 2.
Exactly as in (3.1.1), there is a decomposition M* = | || M} in which M is, by definition,
the Zariski closure of My, in M*.

Fix a A-invariant f € Hy_,(wr) with holomorphic part

frr= Y. c¢tmygm,
meQ
m>—o0

so that ¢t (m) € Sp. We will define a divisor BL(f) on M;j, supported on the boundary
OMy = Mj ~ My. Start with a component B of the geometric fiber My jpaie. This
component lies on some connected component of M; Skl which, as in Section 3.2, is indexed
by a pair (2,%). As in [Ho3], the component B corresponds to the I'(g, )-orbit of an
isotropic Og-direct summand a C L(,A) of rank one, and by [Ho3, Proposition 2.6.3]
there is a decomposition
L&y, A)=EDadb

in which b is an isotropic Og-submodule of rank one, and a* = a @ E. Under any such
decomposition, E is a self-dual hermitian Og-module of signature (n — 2,0).

The multiplicity of B with respect to f is defined as follows. Regard ¢*(m) as a function
on

0, 'Ly/Ly 20, 'E/E® 0, 'a/a® 0, b/b.

If n > 2 then
m
multg(f) = Z — Z Z ct(=m, A+ p).
meQ>o Xev 'E pevgta/a
(AA)y=m

When f = f, . this simplifies to

multg(fm,«) = Tzl\i(;)

If n = 2 then E = 0, and we instead define

multp(f)=-2 > Y ¢ (=m,por(m).

mEL>o0 ev, ta/a

A evIE L (AN = ml].

In the next section (see Remark 4.5.3 and Corollary 4.5.4) we will show that the above
multiplicities of the boundary components with respect to f are given by regularized theta
lifts of f to positive definite hermitian spaces of signature (n — 2,0).

Exactly as in [Ho3, Section 3.7], the isomorphism class of the hermitian module F is
constant on the Gal(k®®/k)-orbit of B, and so summing over all geometric components B
yields a divisor

Bu(f) =" mults(f) - B
B
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on Mi/kalg which descends to Mi/k. Denote in the same way the divisor on M;j obtained
by taking the Zariski closure.

Definition 3.4.1. Let Z[(f) be the Zariski closure in M; of the Kudla-Rapoport divisor
ZL(f), and define the total Kudla-Rapoport divisor on M} by

Zi°(f) = ZL(f) + BL(f).

1
Let CHi(M;]) be the arithmetic Chow group with real coefficients and log-log growth
along the boundary in the sense of Burgos-Kramer-Kiithn [BKK, BBK] (see also [Ho3] for a
rapid review of the essentials), and set

—1 —1
CHg (M) = CHg(M) ®r C.

In the next section (see especially Section 4.7) we will construct a Green function ®r(f),
which will allow us to define an arithmetic cycle class

Z\Jf‘otal(f) — (ZﬁOtal(f% (D]L(f)) S éﬁé(M]i)

4. GREEN FUNCTIONS FOR DIVISORS

Here we consider the analytic theory of Shimura varieties associated to hermitian spaces of
signature (n— 1, 1) over imaginary quadratic fields. We also study their special divisors and
define automorphic Green functions for special divisors as regularized theta lifts of harmonic
Maass forms. In Section 4.5 we study these Green functions on toroidal compactifications,
and show that they are log-log Green functions in the sense of [BKK] for linear combinations
of special divisors and boundary divisors. We prove that the multiplicities of the boundary
divisors are given by regularized theta lifts of harmonic Maass forms to hermitian spaces of
signature (n — 2,0). To this end we compute Fourier-Jacobi expansions of Green functions
and analyze the different terms at the boundary. We use these results to construct Green
functions for Kudla-Rapoport divisors on the complex orbifold M (C) studied in Section 3.

Since it does not cause any extra work, and for future reference, we make no restriction
on dg in the present section and allow it to be even. Moreover, we work with Shimura
varieties of arbitrary level structure.

Let V' be a hermitian space over k equipped with a hermitian form (-,-). Throughout
we let Vg = V ®g R and assume that the signature of V' is (n —1,1). We write (-,-)q for
the symmetric bilinear form (z,y)q = trg/g(z,y). The associated quadratic form over Q is
Q(z) = 3(z,2)g = (z,z). Note that the Weil representations of SL, C U(1,1) associated
to the quadratic form over Q and the hermitian form are the same.

4.1. Hermitian spaces and unitary Shimura varieties. We realize the hermitian sym-
metric space associated to the unitary group U(V) as the Grassmannian D of negative
kg-lines in Vg. It can be viewed as an open subset of the projective space P(Vg) of the
complex vector space Vg. The domain D is not a tube domain unless n = 2, in which case it
is isomorphic to the complex upper half plane H. In general, D has a realization as a Siegel
domain as follows. B _

Let ¢ € V be a nonzero isotropic vector and let ¢ € V be isotropic such that (¢,¢) = 1.
The orthogonal complement

W=¢tnt
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is a positive definite hermitian space over k of dimension n—2, and we have V. = W@ k/ Pkl
If z € D, then (z,¢) # 0. Hence z has a unique basis vector of the form

s+ TVl + 1

with 3 € Wg and 7 € C. We denote this vector by the pair (3,7). The condition that the
restriction of the hermitian form to z is negative definite is equivalent to requiring that

NG, 7) =—((3,7), 3, 7)) = 2/ldie| Im(7) — (3, 3)

is positive. Consequently, D is isomorphic to

Hy7=1{G,7) € Wr x H: 2y/|dk|Im(7) > (3,5)}-

For z € D and A € Vi we let A\, and X, be the orthogonal projections of A to z* and z,
respectively. Then the majorant

<>‘a ,LL>Z = <)‘zi ) /~in> - <)‘zv :uz>
associated to z defines a positive definite hermitian form on Vg. If 0 # 2y € z, we have

(A, 20)[?

A = (A A) +2 el

The hermitian domain D carries over it a tautological bundle, whose fiber at the point
z € D is the negative line z. The hermitian form on Vg induces a hermitian metric on
the tautological bundle, whose first Chern form Q is U(V)(R)-invariant and positive. It
corresponds to an invariant Kahler metric on D and gives rise to an invariant volume form
dp(z) = Q" 1. In the coordinates of H, ; we have

Q= —dd°logN(z, 7).

Let L C V be an Og-lattice, that is, a finitely generated Og-submodule such that V =
L ®z Q and such that the restriction of (-,-) to L takes values in 9, '. With the quadratic
form Q(x) = (z,z), we may also view L as a lattice over Z. Throughout we assume that L
is even as a lattice over Z, that is, (z,z) € Z for all z € L. This condition is automatically
fulfilled if the hermitian form on L takes values in O. Let

L'={zeV:{(z,y)g€Zforallye L}
o, ={z eV :(z,y) € O forall y e L}

be the Z-dual and the Og-dual of L, respectively, so that L' = D,;lL’Ok > L.
Let T be a finite index subgroup of the unitary group U(L) of L. The quotient

Xp =T\D.

is a complex orbifold of dimension n — 1. It is compact if and only if V' is anisotropic. In
particular, if n > 2, then Xt is non-compact. We define the volume of Xt by vol(Xr) =
er Q"1 and the degree of a divisor Z on Xt by

deg(Z):/ZQ”_Q.
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4.1.1. Special divisors. For any vector A € V of positive norm we put
DA ={z€D:{z,\) =0}.

Let S1, be the complex vector space of functions L'/L — C. In the spirit of [Ku2], for
@ € S, and m € Qs we define the special divisor

Z(m,0)= Y ¢\DN).
AeL’
(MA)y=m
We write Z(m) for the element of
Home (Sg,, Dive(D)) 2 Dive (D) ¢ S}‘/

given by ¢ +— Z(m, ). If ¢ is invariant under T', then Z(m, ¢) is a I'-invariant divisor and
descends to a divisor on the quotient X, which we will also denote by Z(m, ¢).

4.2. Regularized theta lifts. In this subsection we define automorphic Green functions
for special divisors as regularized theta lifts of harmonic Maass forms. These Green functions
turn out to be harmonic if the degree of the corresponding divisor vanishes.

Let 7 = w+1iv be the variable in the upper half plane H. The Og-lattice L together with
the symmetric bilinear form (-,-)g is an even Z-lattice of signature (2n — 2,2). Let wy, be
the corresponding Weil representation on Sy, as in Section 2. For z € D fixed, the Siegel
theta function ©f (7, z) is a non-holomorphic modular form of weight n — 2 for SLo(Z) with
representation wy .

Let f € Hy_,(wr), and denote its Fourier coefficients by ¢*(m) € Sy, as in (2.2.1). Note
that ¢*(m, ) = ¢*(m, —p) for u € L'/L, by [BF, Section 3]. The pairing {f, O (7,2)} is a
function on H, which is invariant under SLy(Z). Following [Bol] and [BF], we consider the
regularized theta lift

reg

(12.1) )= [ (10w )du(r)

SL2(Z)\H
of f, where du(r) = d’:}—g” is the invariant measure. The integral is regularized by taking
the constant term in the Laurent expansion at s = 0 of the meromorphic continuation of

(I)(Zafvs) = lim {fa eL(Tvz)}visdﬂ’(T)'
T—o00 Fr
Here Fr denotes the standard fundamental domain for SLy(Z) truncated at height T. If
Re(s) > 0, the limit exists and defines a smooth function in z on all of D, which is invariant
under the action of I' if f is invariant under I". It has a meromorphic continuation in s to
C; see [Bol] or [BF]. The function ®(z, f) is defined on all (!) of D, but it is only smooth
on the complement of the divisor

Z(f) = Y_{ct(=m), Z(m)}.
m>0

To describe the behavior near this divisor, we extend the incomplete Gamma function
0,t) = ftoo e_”‘%’ to a function on R by defining it as the constant term in the Laurent

. . . . oo _
expansion at s = 0 of the meromorphic continuation of fl e~y S%.

- {F@JL if t >0,

Hence we have

FO0=1, ift=0

The following result is a slight strengthening of [Bol, Theorem 6.2] in our setting.
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Theorem 4.2.1. For any zy € D there exists a neighborhood U C D such that the function
Bz f) = D T=ANN VT, 4] (A, A:))
NEL Nzy

is smooth on U. Here ¢ (m,\) stands for the value ¢ (m)(X\) of ¢™(m) at X + L.

Proof. We begin by noticing that L' N 27" is a positive definite Og-module of rank < n — 1.
Hence the sum on the right hand side is finite.

Arguing as in the proof of [Bol, Theorem 6.2] (see also [Brl, Theorem 2.12]), we see that
there exists a small neighborhood U C D of zy on which the function

(oo}
Oz, f) = Y T (=(AA)A)CTemg [/ 64’T<AZ’A”>”v_‘“’_1dv}
NeL' Nzt v=l

is smooth. Here CT,—¢[-] denotes the constant term in the Laurent expansion in s at 0.
Inserting the definition of I'(0,¢) we obtain the assertion. O

Corollary 4.2.2. For any zg € D we have

BGo.f) = Jim 00N+ Y NN loglaalhn M) - T')].

Z—20
2¢Z(f) AeL'Nzg
A#£0
Proof. Using the fact that I'(0,¢) = —log(t) + I'"(1) + o(¢t) as t — 0, the corollary follows
from Theorem 4.2.1. O

By a Green function for a divisor D on a complex manifold X we mean a smooth function
G on X ~\ D with the property that for every point zy € X there is a neighborhood U and a
local equation ¢ = 0 for D on U such that G + log |¢|? extends to a smooth function on all
of U. Using this definition, we may rephrase Theorem 4.2.1 and the corollary by saying that
®(z, f) is a Green function for Z(f). In fact, the difference of log [(\., \.)| and log |¢y|? for
any local equation ¢, = 0 of D()) extends to a smooth function. In the next subsection we
will study the growth of ®(z, f) at the boundary of a toroidal compactifaction of X and
show that it can also be considered as a Green function for a suitably ‘compactified’ divisor
there.

Remark 4.2.3. Corollary 4.2.2, together with Theorem 5.3.6, will be used in Section 7.4
to compute the height pairing of a hermitian line bundle corresponding to an arithmetic
Kudla-Rapoport divisor with a CM cycle.

Proposition 4.2.4. Let Ap be the U(V)(R)-invariant Laplacian on D. There exists a
non-zero real constant ¢ (which only depends on the normalization of Ap and which is
independent of f), such that

Ap®(z, f) = c-deg Z(f)
on the complement of the divisor Z(f).

Proof. This can be proved in the same way as [Brl, Theorem 4.7]. (]

Proposition 4.2.5. Let f € Hy_p,(wr) be I'-invariant.

(1) If n > 2, then the Green function ®(z, f) belongs to LP(Xt, Q") for every p < 2.
(2) If n > 3, then ®(z, f) belongs to L*(Xr, Q" 1).

We will prove this Proposition at the end of Section 4.5.
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Theorem 4.2.6. Assume that n > 2 and that f € Hy_p(wp) is T-invariant. Let G be a
smooth real valued function on Xr ~ Z(f) with the properties:

(1) G is a Green function for Z(f),

(2) ApG = constant,

(3) G € L'™(Xr, Q" 1) for some e > 0.
Then G(z) differs from ®(z, f) by a constant.

Proof. The difference G(z) — ®(z, f) is a smooth subharmonic function on the complete
Riemann manifold Xr which is contained in L'*¢(Xp,Q"~!). By a result of Yau, such a
function must be constant (see e.g. [Brl, Corollary 4.22]). O

For n = 2 one can obtain a similar characterization by also requiring growth conditions
at the cusps of Xr (if there are any).

4.3. The toroidal compactification. The orbifold X = I'\D can be compactified as
follows. Let Iso(V') be the set of isotropic one-dimensional subspaces I C V. The group
I acts on Iso(V) with finitely many orbits. The rational boundary point corresponding to
I € Iso(V) is the point Iy = I g R € P(Vg). It lies in the closure of D in P(Vg). The
Baily-Borel compactification of X is obtained by equipping the quotient

F\(D U{lg:1I€ Iso(V)})

with the Baily-Borel topology and complex structure. The boundary points of this com-
pactification are usually singular. In contrast, here we work with a canonical toroidal com-
pactification of X, which we now describe; see also [Hof, Chapter 1.1.5] and [Ho3, Section
3.3]. It can be viewed as a resolution of the singularities at the boundary points of the
Baily-Borel compactification.

Let I € Iso(V) be a one-dimensional isotropic subspace. Let £ € I be a generator, and
let £ € V be isotropic such that (Z,Z} = 1. For € > 0 we put

0= {seDi 25 > 2}

In the coordinates of H, ;7 we have
Ue() ={(G,7) € H,7: N5, 7) > 1/e}.
The stabilizer U(V'), of £ acts on this subset. Let I'y = T NU(V),. If € is sufficiently small,
then
(4.3.1) TA\U-(¢) — Xr

is an open immersion. The center of U(V), is given by the subgroup of translations Ty, for
a € Q, where

T.(A) = X+ a(\, O)\/dt
for A € V. It is isomorphic to the additive group over Q. The action of the translations on
H, 7 is given by T,(3,7) = (3,7 + a). The center of I'; is of the form
Lyr={T,:a€r’}

for a unique 7 € Q-q, which is sometimes called the width of the cusp Ig. If we put
¢ = €>™7/7 then (3,7) — (3, ¢,) defines an isomorphism from Ty 7\U.(¢) to

Vi) = {sa) e xi0 <l <o (—-m (G +1/0) ) }.

||
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Hence T'y 7\U:(¢) can be viewed as a punctured disc bundle over C"~2. Adding the origin
to every disc gives the disc bundle

7.0 = {0 € ©2 x i lal <o (- (G +1/2) |-

The action of I'; on V.(£) extends to an action on V.(¢), which leaves the boundary divisor
¢r = 0 invariant, and which is free if " is sufficiently small. We obtain an open immersion
of orbifolds

(4.3.2) TA\Ue(¢) — (Te/Ter) \V=(0).

It can be used to glue the right hand side to Xr to obtain a partial compactification, which
is smooth if I" is sufficiently small. For a point (30,0) € V-(¢) and § > 0, we put

(4.33) Bs(30,0) = {(5:ar) € Va(0) : (5= 30,5 = 30) < 6, lar| < 0.

The images of the Bj(30,0) for 6 > 0 under the natural map to (I';/T's 1) \V=(¢) define a
basis of open neighborhoods of the boundary point given by (3¢, 0).

We let X[\ be the compactification of Xr obtained by gluing the right hand side of
(4.3.2) to Xr for every I'-class of Iso(V). We denote by B; the boundary divisor of X}
corresponding to I € Iso(V).

The behavior of the special divisor Z(m, ) near the boundary can be described as follows.
Let I € Iso(V) and let £ € I be a generator. Let 0 < e < ﬁ be small enough so that (4.3.1)
defines an open immersion. Then Lemma 4.3.1 below implies that the pullback of Z(m, ¢)
to U (¢) is given by the local special divisor

Zim,p) = Y p(ND).
AeL'net
(M A)=m
Lemma 4.3.1. If z is a generator of z € D and A € V ®qg R, we have

[\, O] {20, 20)]

(A A). > 2] (20, 0) 2

Proof. The right hand side is independent of the choice of the generator zy, and so we may
assume (zg,¢) = 1. Moreover, both sides of the inequality remain unchanged if we act on
A and zp by elements of the stabilizer of ¢ in U(V)(R). Using this observation, one may

reduce to the case zg = 7V dpl + {. The remaining computation we leave to the reader. [

4.4. Regularized integrals. Let k € Z>, and let (M, Q) be an even integral lattice as
in Section 2. Following [Bol], for f € H_j(wp) and g € My (wy,) we define a regularized
Petersson pairing by

(4.4.1) (rars= [ ), () du(r)

L2(Z)\H

= lim [ {f(7),9(7)}dp(r).
Fr

T—o0

In Section 4.5 such integrals will occur as multiplicities of the boundary components, where
g will be the theta function of a positive definite hermitian lattice given by a quotient of L.
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In the special case when k = 0 and g is constant, this integral is evaluated in [Bol,
Theorem 9.1]. Here we describe how the integral can be computed when k > 0. We denote
the Fourier expansion of g by

9(r) = 3 bm)g™,

m>0
with coefficients b(m) € SY,. We let ¢ = qd% be the Ramanujan theta operator on g-series.

Recall that the image under ¥ of a holomorphic modular form g of weight & is in general
not a modular form. However, the function

d(g) = V(g) - %gEz

is a holomorphic modular form of weight k£ + 2. Here

T)=-24 Z o1(m)q

m>0

denotes the non-modular Eisenstein series of weight 2 for SLy(Z). If R, = 22’8% + % denotes
the Maass raising operator and E3(7) = E»(7) — = the non-holomorphic (but modular)
Eisenstein series of weight 2, we also have

k

(14.) 39) = — - Bulo) - g
If h(q) € C((q)) is a (formal) Laurent series in ¢, we denote by CT]h] its constant term.

Theorem 4.4.1. Let f € H_g(wpr) and g € My(wy,) be as above.
(1) If k>0, then

(.97 = T CTUS 01 = 3 m{e (=m), blom)}
(2) If k =0 (so that g is constant), then
(f:9)"*® = 5 CT[{/ ", gE2)}] = —8n > ou(m) - {ct(=m),g}.

m>0
Proof. (1) We use the identity 9(E3dr) = —2du(r) to obtain
- reg . .
(143 (rhoys =5 [ {f(r).0(F5dn)}

3 JsLy(z)\H

Ej.

In view of (4.4.2), we have
_ 3 _
d(gE3dr) = —H(‘)(Rk(g)dT).

Putting this into (4.4.3), we get

(0% = % [ ueamny

Lo (Z)\H

1 im / AF (7). Rul)dr) — /SL o 1O Ritg)ar)

k T—oo

L im / (F(u+ T4, R(g)(u+ T4)}du

kT—)oo 0

l vk+2 -
5 L o D Rl ),
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The second summand on the right hand side is a Petersson scalar product which is easily
seen to vanish. The first summand is equal to %X CT[{fT,9(g)}]. This concludes the proof
of the £ > 0 case.

(2) If k = 0, and f € M{(wyz), the assertion follows from [Bol, Theorem 9.2]. If f €
Hy(wy,) it can be proved in the same way. O

4.5. Automorphic Green functions at the boundary. Let I € Iso(V') be an isotropic
k-line. Then a = I N L is a projective Og-module of rank 1. The Og-module

D= (LNab)/a

is positive definite of rank n — 2. Let £ € a be a primitive (that is, Q¢ N a = Z{) isotropic
vector. We write a = agf with a fractional ideal ay C k, and we let €V be isotropic such
that (£,0) = 1.

The lattice D can be realized as a sublattice of L as follows. The lattice a* = L’o’c NIt
is a projective Og-module of rank n — 1. The quotient L{, /a* is an Og-module of rank 1,
which is projective since it is torsion free. Hence there is a projective Og-module b C L’Ok
of rank 1 such that Ly, = a* @ b. We have (a, Ly, ) = (a,b) = O and (b, L) = Or. We
put

E=Lnatnet.

Lemma 4.5.1. With a and b defined as above,
(1) LNat =E®a and D 2 E;
(2) if L is Og-self-dual then L=E ® a® b;
(3) if L is Og-self-dual and dy, is odd then in (2) we may chose b to be isotropic.

Let f € Hy_p(wp). By analogy with [Bol, Theorem 5.3|, the harmonic Maass form f
induces an Sp-valued harmonic Maass form fp € Ha_p,(wp). It is characterized by its
values on v € D’/D as follows:

(4.5.1) fomw)= > fr)w.
ueL’/L
p|LNat=v

Here p | LN at denotes the restriction of u € Hom(L,Z) to LNat, and we consider v € D’
as an element of Hom(L N at,Z) via the quotient map L Nat — D.

Let ¢ > 0 such that (4.3.1) is an open immersion. For a boundary point (30,0) € Vz(¢)
and § > 0, we consider the Green function ®(z, f) in the open neighborhood Bjs(30,0)
defined in (4.3.3). The pullback of the special divisor Z(f) to Bs(30,0) is given by the linear
combination of local special divisors

Zo(f) =Y {e"(=m), Ze(m)} .
m>0

Note that Z;(m) is invariant under the subgroup of translations I'y 7 C T'y. The support of
Zy(m) on V(£) is the union of the sets {(3,q.) : (3 +¢,\) = 0} for A € (L' N ¢1) /Ty with
(A A) =m.

Theorem 4.5.2. Let f € Ho_,(wr) and denote its Fourier coefficients by ¢t (m). Let
(30,0) € V(¢) be a boundary point. The set

Sp={AeL'ntr: (\A) >0, ¢t (—(AA),A) #0 and (30 + £, \) = 0}
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is finite. If 6 > 0 is sufficiently small, then the function

D
; .
8z, 1)+ 22 ) 100 14, 4+ (0,0)log log [av | +2 3 e+ (= (A A), A log |G + £ M)
27TN(C1(]) xeS;

has a continuation to a continuous function on Bs(30,0). It is smooth on the complement
of the boundary divisor q. = 0, and its images under the differentials 0, 0, 00 have log-log
growth along the divisor q,. = 0 in the sense of [BBK, Definition 1.2]. Here

" (fp) = (fp,Op)™*
is the reqularized Petersson pairing of fp and the theta function ©p as defined in (4.4.1).
We postpone the proof of the theorem to Section 4.6.

Remark 4.5.3. Let c¢5(m) € Sp be the coefficients of fp, and write © p(7) = Ym0 Bp(m)q™,
where the representation numbers Rp(m) € S}, are given by

Rp(m, o)=Y @)

AeD’
QA)=m
for ¢ € Sp. If n > 2, then according to Theorem 4.4.1 we have
4 a7
®P(fp) =~ CT[{[,9(Op)}) =~ 3 m - {ch(=m), Rp(m)}.

m>0
If n = 2, then D is trivial, and we have

P (fp) = *CT[fD Es] ——SWZCD m)oi(m).

m>0

We now associate a boundary divisor to the harmonic Maass form f € Ho_,(wy). We

define the multiplicity of the boundary divisor By with respect to f by
r®P(fp)

47T N(Clo)
If the principal part of f has rational coefficients, then according to Remark 4.5.3, this
multiplicity is rational. In the special case that dg is odd, L is Og-self-dual, and ' = U(L),
we have in view of Lemma 4.5.1 that r = N(ag), and therefore multg, (f) = £=®7(fp). We
define the boundary divisor associated with f by

B(fy= Y multg,(f)Br.

I€lso(V)/T

multg, (f) =

Theorem 4.5.2 implies the following corollary.

Corollary 4.5.4. The function ®(z, f) is a logarithmic Green function on X{: for the divisor
Z(f)+ B(f) with possible additional log-log growth along the boundary divisors Bj.

4.6. The Fourier-Jacobi expansion. Here we compute the Fourier-Jacobi expansion of
the automorphic Green function ®(z, f) using [Hof], [Bol] and [Brl], and we provide the
proofs of Theorem 4.5.2 and Proposition 4.2.5.

The natural embedding of D into the Grassmannian of negative definite 2-dimensional
oriented real subspaces of Vi is compatible with the actions of the unitary group U(V/ (-, ))
and the orthogonal group O(V, (-,-)g). We may calculate the theta lift of f € Ha_,(wr)
to Xp by lifting to the orthogonal group O(V, (-, -)g) and then pulling back to the unitary

group.
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We continue to use the setup of Section 4.5. In addition we introduce the following
notation. We fix ¢/ € L’ such that (¢, )g = 1. We denote by N the positive integer which
generates the ideal (L,¢)qg C Z. We write ¢+Q for the orthogonal complement of ¢ with
respect to the bilinear form (-,-)g, and put K = (L N¢+Q)/Z¢. Then K is an even lattice
over Z of signature (2n — 3,1).

For z € Vg we put 22 = (z,2)g and |z| = /|22 Let (3,7) € H,7 and let z be the
corresponding point in D. We have ’

2
[P
N(3,7)
where the quantity N(3,7) = —((3,7), (3, 7)) is positive. We also view z as a two-dimensional

(oriented) real subspace of Vg. The vector £, spans a one-dimensional real subspace of z,
whose orthogonal complement in z with respect to (-, -)g we denote by w, so that z = w®RL,.

The real line w is generated by the vector wg(z) = —i(3,7) = —i(3 + 7v/dgl + £), which we
use to define an orientation on w. Hence we obtain a map

(4.6.1) D — GrH(K)
to the Grassmannian Gr™ (K) of oriented negative lines in K ®z R. If A € K ®7 R, we have
(—i(3,7), \)g = 2Im{(3,7), ). The orthogonal projection of A to w is given by
Awl
€|

= [Im((3, 7), V|-

We also define the vector
4, n £
202 26;

=L+
in LN 52, Tt is easily checked that

(1 Ao = Re((3, 7), A)-
For w € Grt(K) and X\ € K ®7 R, we write (w, A\)g > 0 if {(wp, \)g > 0 for a vector wg € w
defining the orientation.
Let f € Hy_p(wr). Similarly as in (4.5.1), according to [Bol, Theorem 5.3], the har-
monic Maass form f induces an Sk-valued harmonic Maass form fx € Ho_p(wk). It is
characterized by its values on v € K'/K as follows:

kW)=Y f@)w.
neL’/L
plLnet =y
Here p | L N ¢+Q denotes the restriction of u € Hom(L,Z) to L N ¢+2, and we consider
v € K’ as an element of Hom(L N ¢+Q, Z) via the quotient map L N ¢+ — K.
Finally, following [Brl, (3.25)], we define a special function for A, B € R by

)
V”(Aa B) = /F(Tl — 1,A2y)e*32y*1/yy73/2 dy
0
According to [Brl, p. 74] we have

n—2 4op

A
V(A B)=2(n—2)!y 7(A2 + BHYVATT2K, | 5(27/ A2 + B2).
r=0

The following result is now an immediate consequence of [Brl, Theorem 3.9].
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Theorem 4.6.1. Let f € Hy_,,(wz) and denote its Fourier coefficients by ¢*(m) € Sr. Let
2z € DN Z(f) with |2] < ﬁ, where mo = max{m € Q : ¢t (—m) # 0}. Then the Green
function ®(z, f) is equal to

<I>K(w7 fr)+Cf + ¢"(0,0)log |£§|

1
VL]
2 Y Y N log (1 e g+ (Ao + ilAul/IE])

AeK’'~{0} vel'/L

v|Lnet Q=X
2 - 1, ‘ T 75 A
=Y oo ((A,A),V)Z,e(]<y,£’>Q+j</\,u>Q)Vn( gl \, z[ |>,
VT AEK' vel'/L jzlj | z| €|

(XNA)>0 u|LﬂEJ“Q:>\
where

Cr=—c"(0,0) (log(2m) + T"(1)) =2 > ¢™(0,al/N)log |1 — e(a/N)|.
a€Z/NZ
a#0
Here ® (w, frc) denotes the function on GrT(K) given by the reqularized theta lift of fx
for the orthogonal group of K as in [Brl, Chapter 3.1]. We view it as a function on D via
the map (4.6.1). Finally, log(z) stands for the principle branch of the complex logarithm. O

Remark 4.6.2. If f € M} _, (wr) is weakly holomorphic and has integral principal part,
then according to [Hof, Theorem 4.2.1] there exists a meromorphic modular form ¥(z, f)
of weight ¢*(0,0)/2 for the group I' (with a multiplier system of finite order) such that
—2log | ¥(z, f)||* = ®(z, f) and div(¥(z, f)) = £Z(f). Here | - | denotes the suitably
normalized Petersson metric. The above Fourier expansion of ®(z, f) leads to the Borcherds
product expansion

U(z, f) =e((G ) ow)) ]I I (-ewtio+ <(377)’>\>))c+(7<A,,\>,y)’
AeK' vel'/L
(W \)a>0 | pret@=x

which converges for N(3,7) > 4mg. Here W C Gr(K) denotes a Weyl chamber corre-
sponding to f (that is, a connected component of the complement of the singular locus of
O (w, f)), and ow C K ®7Q denotes the corresponding Weyl vector. Moreover (W, A)g > 0
means that (w, A\)g > 0 for w € W, see [Hof, Section 4.1.2].

We now turn to the proof of Theorem 4.5.2. We begin with two technical lemmas. The
first one gives an estimate for the majorant of the lattice K. For 0 < C' < 1 we define

Sc ={G,7) €H,7: C-2y/|di|Im(7) > (5,5)}-
For A € K @z R and (3,7) € H, ;7 we define
h((ﬁvT)’ )‘) - N(577)<)" /\> + 2(Im<(3’7—)7 /\>)2

Lemma 4.6.3. Let 0 < C <1 There exists an € > 0 such that for any (3,7) € S¢ and
any X\ = A\p — a/dgl — ﬁﬂ € K®zR (where A\p € D®z R and a,b € R), we have

h((3,7),A) > € (a®|di| + b* Im(7)* + N(3,7)(Ap, Ap)) -
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Proof. This result can be viewed as a lower bound for the majorant (A1, Ay )o— (Aw, Aw)o
associated to the negative line w = Rwg(z) € Gr*(K). It directly follows from [Brl, Lemma
4.13]. Note that in the proof of this lemma, of the equalities defining R; we only need that

l¢(Yp)| < By1ye with B = % and t > 0. O
Corollary 4.6.4. Let 0 < C < 1. There exists an € > 0 such that for any (3,7) € Sc and
any A = A\p — a/dgl — \/Ldiké € K®zR (where A\p € D @z R and a,b € R) with (A, \) <0,
we have
(Im((3,7), A))* = & (a®|di| + b* Im(7)* + N(5,7)(Ap, Ap)) -
The following lemma is a useful variant of the corollary.

Lemma 4.6.5. Let A > 0 and 0 < B < 1. Assume that Im(7) > %, Then we

have
Im((3,7),A) — AN = B (ald| + bIm(r)
for all A = Ap — a/dil — £=l € K @R with b>0 and (\,\) <0.
Proof. We have
Im((3,7), \) = Im(3, Ap) + av/|dk| + bIm(7)
> - %\/\D\ |31+ av/|dg| + bIm(7).
Since 0 > (\,A) = (Ap, Ap) — 2ab, we also have |A\|?> < 4ab and |Ap|? < 4ab. Consequently,
Im((3,7), A) — AIA| = av/|de| + blm(r) — Vab- (|3] +24)
> B (a|dg| + bIm(7))
+ (1= B) (aldi| + bIm(7)) — Vab - ([3| + 24).
The quantity in the latter line can be interpreted as a binary quadratic form in y/a and Vb,

(l3]+2A)?

Tde[(=B) " This implies the assertion. (]

which is positive definite if Im(7) >

Proof of Theorem 4.5.2. 1t is easily seen that Sy is finite. To obtain the claimed analytic
properties of ®(z, f) on Bj(30,0), we consider the different terms of the Fourier expansion
given in Theorem 4.6.1.

Step 1. We begin with the term

- T, . THAL 7| Al
Z Z c (_<)">‘>7V)j§2:1je(]<V7£>@+]<>\aN>Q>Vn( A ) 2| )

AEK' vel'/L
AA>0 4 pnetQ=x

According to [Brl, equality (3.26)], the function V,, (A, B) is bounded by a constant multiple

of e=VA*+B% Moreover, for A € K’ with (\,\) > 0 we have

A2 A2 A2 |A2)|
20 > 2—2

2" e e e

If we write A = Ap — a/dpl — ﬁ? (where A\p € D ®z Q and a,b € Q), then in view of

Lemma 4.6.3 there exists an ¢’ > 0 such that

1B i Aw .
Vh (ﬁ‘;' ||, 7TJ£ | |> < exp (—6'3\/a2|dk| + b2 Im(7)? +N(3,T)<)\D,)\D>) )

2

=h((3,7), 7).
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Since the coefficients ¢~ (m, ) have only polynomial growth as m — —oo, we find that the
above sum over A € K’ converges uniformly on Bs(30,0) to a function which is bounded
by O(exp(—¢”+/—1logl¢:|)) as ¢ — 0 for some £’ > 0. Hence this sum converges to
a continuous function on Bj(30,0) which vanishes along the divisor ¢, = 0. Analogous
estimates hold for all iterated partial derivatives with respect to (3,7). Using the fact that

dr = #%, we obtain that the differentials 0, 0, 99 of this function have log-log growth
along ¢, = 0.

Step 2. For the term ¢*(0,0) log |¢2|, we notice that
log |€2] = —log(N(3,7)/2)
= —log (V/Jdw|Im(r) - (3,3)/2)

rIdel | (3,3) ) .

= —log (—log |g|) — log ( o 21og |q,|

The second summand on the right hand side extends to a continuous function on Bs(30,0)
whose differentials have log-log growth along the boundary divisor ¢, = 0.
Step 3. Next, we consider the term

> Yo AN log (1 —e((r, ) + (A g +ilAul/IE:]))

AeK'~{0} wvel'/L
v|Lnet =)

= Z Z (=), v)log (1 —e((v,£)g + Re((3,7), A) + i Im((3,7), A)])) -

AeK'~{0} wveL'/L
v|LNet9=x

There exists a constant C' > 0 such that ¢t (m,v) = O(eY™) for m — oo. Hence it follows
from Corollary 4.6.4 and Lemma 4.6.5, that the sum over A € K’ with (A, \) < 0 converges
uniformly on Bs(30,0) to a function which is bounded by O(exp(—¢”+/—1loglqr|)) as ¢ — 0
for some €” > 0. Observe that (A, A\) < 0 implies that (A, £) # 0.

Moreover, Lemma 4.6.3 implies that, if ¢ is sufficiently small, the sum over A € K’ with
(A, A) > 0 and (X, £) # 0 converges uniformly on Bs(30,0) to a function which is bounded
by O(exp(—¢”+v/—1og|q,])) as ¢. — 0 for some £’ > 0. Analogous estimates hold for all
iterated partial derivatives with respect to (3,7). Hence, up to a continuous function with
log-log growth differentials, the above sum is equal to

(4.6.2) > D (=N log (1= e((n.)g + (A g + il Awl/[E2]))
AeK'~{0} wveL'/L
(N0)=0 p|Lne-%=x

= 3 M= AAA log (1 —e(Re(3+0,\) + i Tm(3 +Z,A>|)) .

XeL'net/ze
AF£0

Notice that the this sum does not depend on 7. We let Ty be the finite set
Ty ={Ne L'nl)Z0: (\A) >0, ¢ (—=(\A), A) # 0 and Tm (30 + £, A) = 0}.

It is an analogue for the integral lattice K of the set S; defined in Theorem 4.5.2. Let va
be a fixed system of representatives for Ty /{£1}. If ¢ is sufficiently small, then on the the
right hand side of (4.6.2), the sum over those A which do not belong to Ty defines a smooth
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function on Bj(30,0). Hence, up to a smooth function, (4.6.2) is equal to

> (=) M log (1= e(Refs + 2. A) + il Tm( + 2, N)]))

XET;
= AN og[ —e(GHEN)| tar S AN Il + L.
XeTy XeTy

Irn(;,+t7,)\)<0
We find that (4.6.2) is the sum of a smooth function on Bj(30,0) and
(46.3) D (=AM log|GG+ LN H4r Y T (=LA, N I+ 4 ).

AES; ATy
Im(3+£,A) <0

7 25w, fi). Let by € (KINL) /2 = a/ZL
be a primitive vector. Then a = Z{x + Z¢. If we write i = af with a € k, we have a = apf
with ag = Za + Z C k and

Step 4. It remains to consider the quantity

2Im(a)
Vdi|

The positive definite lattice (K N Ej‘(’Q)/ZEK is isomorphic to the Og-lattice D = LNat/a.
We use the Fourier expansion given in [Brl, Chapter 3.1] with respect to the primitive
isotropic vector £k, to describe the behavior on Bs(30,0). The vector

67
2N(,7)

(4.6.4) = N(ao).

wp = —

is the unique positively oriented vector in the real line w of length —1. For A € D ®z R we
have

w _ V2Im(, )

e Ne= "G
Vv21Im(a)
wi, ) = Sl
v e = R

Let ¢} € K’ such that (¢%,¢x)o = 1. According to [Brl, p. 68], we have in our present
notation that

K (w _ 1
% (w1, fr) \/§<w17£K>Q¢)
CITNEES DI DI IO (e RNy

w1, £
XeD’ vel’/L 1 lk)e
v|Lnet =X

vz <<U115K>> Z Z (=N, AP

AeD'~{0} wveL'/L
v|LNet=x

<305 (A e ) Ko (L)

= (w1, lk)o w1, LK)

P(fp)
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Here By (z) denotes the 1-periodic function on R which agrees on 0 < z < 1 with the second
Bernoulli polynomial By(z) = 2% — 2 + 1/6, and K, (z) denotes the K-Bessel function.
Because of the exponential decay of the K-Bessel function, we find that

1 _ VNG 7)

_N(57T)(I>D(fD)+47rIm(a) > c+(—<)\7)\>7>\)IEBz<Im<3w>+8(37T),

~ 41Im(a) reLmt/a Im(a)

where s(3,7) is a continuous function on Bs(30,0) with log-log growth differentials. If § is
sufficiently small, then the second summand on the right hand side is the sum of a smooth
function on Bj(30,0) and

st > cH(=(AA N ImG+ L),
\eTy
Im(34+£,A) <0
Note that this term is the negative of the contribution coming from the second quantity
in (4.6.3). We obtain that up to a continuous function on Bj(30,0) with log-log growth

differentials, the term \/illf |<I>K (w, fi) is equal to

r®”(fp) N
,mlog lgr| + 87 /\;f (=0 A, ) Tmds + 2.

Im(34€,2)<0

Here we have also used (4.6.4).
Step 5. Adding together all the contributions, we find that if ¢ is sufficiently small, then

roP ~
Bz f) + G2 ogg,| + ¢ (0.0)og loglar | +2 3 ¢ (~(A ). V) log G+ 7.%)
AESy

has a continuation to a continuous function on Bs(30,0). It is smooth on the complement
of the boundary divisor ¢, = 0, and its images under the differentials 9, 0, 90 have log-log
growth along the divisor ¢, = 0. ]

Proof of Proposition 4.2.5. We only prove that for n > 3 the Green function ®(z, f) belongs
to L?(X}, Q" 1) = L*(Xp, Q" 1). The other assertion can be proved analogously. Since
X7 is compact, it suffices to show this locally for a small neighborhood of any point of X7.
Since ®(z, f) has only logarithmic singularities outside the boundary, and since Q"~! is
smooth outside the boundary, this is clear outside the boundary points.

Therefore it suffices to show that for any primitive isotropic vector £ € L and any bound-
ary point (30,0) € V-(¢) the function ®(z, f) is square integrable with respect to the measure
Q"~! in a small neighborhood Bs (3¢, 0).

It is easily seen that there exists a non-zero constant ¢ such that

Q" =c.N(,7) "d3yd3dr dT

r2¢ (/1dulr " dg.dg,
< |7Tk‘ 1og|qr|—<3,z>> dyd3 .

T an? g2
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Here we have put dj = d31 - - - d3,—2. Hence, according to Theorem 4.5.2, it suffices to show
that log |g,| is square integrable on Bs(30,0) with respect to the measure 2"~1. Since n > 3,
this is now easily seen. O

4.7. Automorphic Green functions for Kudla-Rapoport divisors. Fix L and f €
Hy ,(wp)® as in Section 3.4. We will construct a Green function for the total Kudla-
Rapoport divisor of Definition 3.4.1.

Using the uniformization (3.2.1), fix a connected component I, o)\ D(aiy,21) of ML(C).
In particular,

L(o,2) = Ly

as hermitian Op-modules. Exactly as with Ly, the Z-module 2, ' L(Ag,A)/L(Ao,A) is
equipped with a d,;lZ /Z-valued quadratic form whose automorphism group we again denote
by A, and there is an isomorphism of quadratic spaces

(4.7.1) 0, L (A, A) /L (Ao, A) = 0, 'Ly /Ly

Such an isomorphism identifies Sy, with the space S (g, 2 of complex valued functions on
the left hand side of (4.7.1). This identification depends on the choice of (4.7.1), but the
restriction

(4.7.2) SPmo.) = St

to A-invariants is independent of the choice. This allows us to view the function f as a A-
invariant Sy (g, 2)-valued harmonic Maass form. The construction (4.2.1) defines a function
@1 210,20 (f) on T'aqy 00 \D(21y,20) With logarithmic singularities along the divisor Z(f)(C).

By repeating the above construction on every connected component of My, (C) we obtain
a Green function @y, (f) for the divisor Z1,(f) on My,. By Corollary 4.5.4, the pair

(47.3) 2R 8) = (2, o)
defines a class in éﬁ(lc(/\/l]’ﬁ)

5. COMPLEX MULTIPLICATION CYCLES

In this section we study a 1-dimensional cycle Y — M of complex multiplication points,
and begin the calculation of its intersection with the Kudla-Rapoport divisors.

5.1. Definition of the CM cycle. For an Og-scheme S, an S-valued point

(A1, B) € (M(0,1) X0, M(n-1,0))(5)
determines an S-valued point A; x B € M(,,_1,1)(S), where A; x B is implicitly endowed
with the product polarization, the product action of O, and the Og-stable Og-submodule
Lie(B) C Lie(A4; x B) satisfying Kramer’s signature (n — 1,1) condition. In other words,
the construction (Aj, B) — A; x B defines a morphism

M1y X0, Mn-1,0 = Mmn_1,1)-

The algebraic stack

V=M, X0, M0,1) X0, M(n-1,0)
is smooth and proper of relative dimension 0 over Ok, and admits a finite and unramified
morphism ) — M defined by (A, A1, B) — (Ao, A1 x B). The algebraic stack ) is a CM
cycle, in the sense that for any triple (Ao, A1, B) € Y(5) the entries Ay and A; are elliptic
curves with complex multiplication, while B is isogenous to a product of elliptic curves with
complex multiplication.
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For any S-valued point (Ag, A1, B) € Y(S) there is an orthogonal decomposition
(511) L(A(),Al X B) gL(z‘lo,Al)QBL(A(),_B),
where L(Ap, A1) = Homoe, (Ao, A1) and L(Ap, B) = Homoe, (Ao, B).
Theorem 5.1.1 (Canonical lifting theorem). Let S be an O-scheme, and let S — S be a
closed subscheme defined by a nilpotent ideal sheaf. Suppose k and ¢ are positive integers.

Every pair
(B1, Ba) € (Mr,0) X0, M(z,09) (S)

admits a unique deformation to an S-valued point
(B1,B2) € (Mr.0) X0, Me,0)) (5),
and the restriction map Hom@k(él, Eg) — Homp, (B, B2) is an isomorphism.

Proof. The analogous statement for p-divisible groups, proved using Grothendieck-Messing
theory and assuming that p is locally nilpotent on S, is [Ho2, Proposition 2.4.1]. To prove
the lemma, combine the argument of [loc. cit.] with the proof of [Ho3, Proposition 2.1.2],
which is based instead on algebraic de Rham cohomology, and so is valid for abelian schemes
over an arbitrary base. O

Proposition 3.1.3 has the following analogue, whose proof we again leave to the reader.
Proposition 5.1.2. Let S = Spec(F) be the spectrum of an algebraically closed field, and
suppose (Ag, A1, B) € Y(F).

(1) There is a unique incoherent self-dual hermitian (kg, Og)-module Lo(Ag, A1) of sig-
nature (1,0) satisfying
Lo (Ao, A1)¢ = Homo, ,(Te(Ao), Te(A1))
for every prime £ # char(F).
(2) The hermitian Og-module L(Ag, B) is self-dual of signature (n — 1,0).
Moreover, the modules Lg(Ap, A1) and L(Ag, B) depend only the connected component of Y
containing (Ao, A1, B), and not on the point (Ao, A1, B) itself.

From Proposition 5.1.2 we have a decomposition

(5.1.2) V=] Yo,
(LO»A)
where the disjoint union is over the isomorphism classes of pairs (Lo, A) consisting of

e an incoherent self-dual hermitian (kg, Og)-module Lq of signature (1,0),
e a self-dual hermitian Og-module A of signature (n — 1,0).

The stack Yy, ) is the union of those connected components of ) along which Lo (Ao, A1) =
LO and L(Ao,B) ~A.

Remark 5.1.3. Each pair (Lg,A) as above determines an incoherent self-dual (kg,Og)-
module Lo & A of signature (n,0), whose archimedean and finite parts are, by definition,

(Lo ®A)os =Looe ® (A®zR)
(Lo EBA)f =Los® (A ®z 2)

For the rest of Section 5, fix one pair (g, A) as in (5.1.2), and set L. = Lo @ A. The
morphism ) — M restricts to a morphism Y, 2y — ML.
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5.2. Decomposition of the intersection. There is a cartesian diagram (this is the defi-
nition of the upper left corner)

Z1(m,©) N Ve, ) — V(Lo,A)

| |

Z]L(m,t) M[L,

and our goal is to decompose the intersection Zp,(m,t) Ny, into smaller, more manage-
able substacks.

Given my,my € Q30 and t | 0g, denote by X1, a)(m1,m2,t) the algebraic stack over
O whose functor of points assigns to a connected Og-scheme S the groupoid of tuples
(Ao, Al, B, Al, )\2) in which

L4 (A07 A17 B) S y(]Lo,A)(S)7
o )\ €t 1L(Ap, Ay) satisfies (A, A1) = my,
e )Xy € v 1L(Ay, B) satisfies (A2, \2) = ma,
and the map dg A1 : Ag — A7 induces the trivial map
(521) 5kA1 : Lle(AQ) — Lle(Al)
for any generator o, € 9. As in Remark 3.1.6, vanishing of (5.2.1) is automatic if N(t) € OgF.

Proposition 5.2.1. For every m € Q¢ and every t | Dk, there is an isomorphism of
Oy -stacks

(5.2.2) Z1,(m,t) N y(]LoyA) = I_l X(]LO,A)(mla Mo, t).

m1,m2€Q>0
mi+mo=m

Proof. Suppose S is a connected Og-scheme. An S-valued point on the left hand side of
(5.2.2) consists of a pair of triples
(Ao, A, A) € Z1(m,x)(5) (Ao, A1, B) Ey(LovA)(S)
together with an isomorphism A & A; x B identifying Lie(B) with the subsheaf F C Lie(A).
Under the orthogonal decomposition (5.1.1), A € t='L(Ag, A) decomposes as
A=A+ X € tilL(Ao, Al) D tilL(Ao, B)

in such a way that (A, A) = (A1, A1) + (A2, A2). If we set my = (A, A1) and ma = (Ag, A2)
then the quintuple (Ao, A1, B, A1, A2) defines an S-valued point of X, a)(m1,m2,t). This
defines the desired isomorphism. O

Now we completely determine the structure of the stacks appearing in the right hand side
of (5.2.2). We will see momentarily that each has dimension 0 or 1, depending on whether
my > 0 or my; = 0. For any m € Q>¢ and any v | 9, define the representation number

(5.2.3) Ra(m,v) = |[{A € v A (A, A) = m}|.
For m € Q- define a finite set of odd cardinality
(5.2.4) Diffy, (m) = {primes p of Q : m is not represented by Lo, ®z, Q,}.

Note that every p € Diffr, (m) is nonsplit in k.

Theorem 5.2.2. Fiz myi,mg € Q>g with my > 0, and v | 0. Abbreviate

X = X(]LO,A) (ml,mg,t).
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(1) If |Diffr,(mq)| > 1, then X = 0.

(2) If Diffy,, (m1) = {p}, then X has dimension 0 and is supported in characteristic p.
Furthermore, the étale local ring of every geometric point of X has length

1/2 if p is inert in k,

— ord )
vp(ma) = ordy (pma) {1 if p is ramified in k,

and the number of geometric points of X (counted with multiplicities) is

1 _ he Ra(ma,x) miN(s)
029 PO e R PV G

z€X (F3'8)

where p is the unique prime of k above p, Fglg is an algebraic closure of its residue
field, p is defined by (1.4.1), s =t/(v 4+ p) is the prime-to-p part of v, and

B {1 if p is inert in k,

(5.2.6) . . .
0 if p is ramified in k.

Proof. If X # ) then there is some point (Ao, A1, B, A1, A2) € X(F), where F is either C or
F;lg for some prime p. Let A; be the elliptic curve A;, but with the action of Oy, replaced
by its complex conjugate. Thus \; : Ag — A; is an Oy-conjugate-linear degree m; quasi-
isogeny between elliptic curves with complex multiplication, and Oy, acts on the Lie algebras
of Ag and A; through the same homomorphism O — F. The only way such a conjugate
linear quasi-isogeny can exist is if F' has nonzero characteristic, p is nonsplit in k, and Ag
and A; are supersingular elliptic curves. In particular

Homgz, (Tg(Ao)7 Tg(Al)) = HOIn(Ao, A1) Rz Ly
for every prime £ # p, and hence also
]L()’g = LQ(A(), Al)g = Homow (Tg(Ao),Tz(Al)) = L(Ao, Al) X7z Zz

as hermitian Ok -modules. As (A, A1) = my by definition of the moduli space X, we
have now shown that Lo, represents m; for all finite primes ¢ # p. Therefore Diffy,, (m1)
contains at most one prime, p. We have already remarked that this set has odd cardinality,
and therefore Diff,,(my) = {p}.

Next we compute the lengths of the local rings.

Lemma 5.2.3. The étale local ring of X at every point
(AO; Ala 37 A17 )‘2) € X(Fglg)
is Artinian of length v,(mq).

Proof. We reduce the proof to calculations of Gross [Gr]. The tuple (Ao, A1, B, A1, A2)
corresponds to a morphism z : Spec(Fglg) — X, and by composing with the structure mor-
phism we obtain a geometric point Spec(F?lg) — Spec(Oy). Let W be the completion of
the étale local ring of Spec(Oy) at this point. Let R be the completed étale local ring
of X at (Ao, A1, B, A1, A2). This ring pro-represents the deformation functor of the tuple
(Ao, A1, B, A1, A2) to Artinian local W-algebras with residue field Fglg. Theorem 5.1.1 im-
plies that (Ag, B, A2) admits a unique lift to any such W-algebra. Thus the data of B and Ay
can be ignored in the deformation problem, and R pro-represents the deformation functor
of (Ao, A1, \1). Equivalently, R pro-represents the deformation functor of (Ag, A1, \1).
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By the Serre-Tate theorem we may replace Ay and A; in the above deformation problem
by their p-divisible groups, which are O ,-linearly isomorphic. Call the common p-divisible
group G, so that

A1 € v End(G)
is O p-conjugate-linear, dx A1 : G — G induces the trivial map on Lie algebras, and
ord,(Nrd(Aq1)) = ord,(m;)

where Nrd is the reduced norm on the quaternion order End(G). The ring R pro-represents
the functor of deformations (G, A1) of (G, A1) with A\; € t=! End(G) and

(5.2.7) kA1 : Lie(G) — Lie(G)

equal to zero.

Suppose first that N(t) € Z,. Then A\; € End(G), and Remark 3.1.6 implies that the
vanishing of (5.2.7) is automatically satisfied for any deformation. In this case, Gross’s
results immediately imply that R is Artinian of length v, (m1).

Now suppose N(t) ¢ Z), so that tO y = 0xOkp. If we set y = dpA; € End(G), then
the ring R pro-represents the functor of defomations (G, ) of (G,y) with § € End(G) and
Y Lie(é) — Lie(é) equal to zero. Let R’ be the ring pro-representing the same deformation
problem, but without the condition that § : Lie(G) — Lie(G) vanish. By Gross’s results
R' = W/p**! where

k = ord,(Nrd(y)) = vp(ma).

Let (Gry1,yk+1) be the universal deformation of (G,y) to W/p**+1 and let (G, yx) be its
reduction to W/p*. To show that R = W/p* it suffices to prove that

(5.2.8) Ye+1 : Lie(Gry1) — Lie(Gry1)
is nonzero, but that

(5.2.9) yi : Lie(Gy) — Lie(Gy)
vanishes.

For any ¢, let G, denote the canonical lift® of G to R, = W/p’, and let D(Gy) be the
Grothendieck-Messing crystal of Gy evaluated at Ry. Thus D(Gy) is a free Ok ®7 Rg-module
of rank one, and sits in an exact sequence free Ry-modules

0 — Fil(D(Gy)) — D(Gy) — Lie(G¢) — 0.
Fix any II € Oy, such that O = Z[I1]. The proof of [Ho2, Proposition 2.1.2] shows that
Fil(D(Gy)) = JD(Go),

where
J=NI®1-1xIl € O, ®z Ry

generates (as an Ry-module), the kernel of the natural map Ok ®z Ry — Ry. Note that the
image of
J=T®1-1x1c O @z Ry

in Ry is II — II, which generates the maximal ideal pR,.

3in the sense of [Gr], so Gy is the unique defomation of G, with its action of Oy y, to Ry
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Suppose we are given an Og-conjugate-linear endomorphism yy—1 € End(Gy—1). By
Grothendieck-Messing theory, such an endomorphism induces an endomorphism 7,1 of
D(Gy), and y,—1 lifts to End(Gy) if and only if the composition

Fil(D(Gy)) — D(Gy) 2% D(Gy) — Lie(Gy)
is trivial. It is now easy to see that each of the following statements is equivalent to the
next one:
) ye—1 lifts to End(Gy),
2) the image of Jy—1(JD(Gy)) = Jye(D(Gy)) in Lie(Gy) is trivial,
3) the image of §,_1(D(Gy)) in Lie(Gy) lies in p*~'Lie(Gy),
4) the composition

(1
(
(
(

Yo—1

(Gg) — D(Gg) — Lle(Gp) — Lle(Gg 1)

vanishes,
(5) the composition

D(Go_1) L5 D(Gy_y) — Lie(Go_1)

vanishes,
(6) ye—1 : Lie(Gy—1) — Lie(Gy—_1) is trivial.
Thus ye—1 lifts to End(Gy) if and only if it induces the zero endomorphism of Lie(Gy_1),
and the nonvanishing of (5.2.8) and vanishing of (5.2.9) follow immediately. O

To complete the proof of Theorem 5.2.2, it only remains to prove (5.2.5). We do this
through a sequence of lemmas.

Lemma 5.2.4. Abbreviating y = V(Lo,), we have

Rp,(my,s)Ra(ma, )
5.2.10 >
(5.2.10) > e VDD iAo A, B)
zeX(F28) Lo (Ag,A1,B)EV(F3')
L(A() Al) L()

where the outer sum on the right is over all hermitian Og-modules Ly of rank one, and the
representation number Rp,(m1,s) is defined in the same way as (5.2.3).

Proof. Directly from the definitions, we have

) 1
e DS > 2 Rt A B))

ZEX (F') (Ao,A1,B)EY(Fa'E) A1€x ™' L(Ag,A1) Aa€r™ ' L(Ao,B)
(A1,A1)=m (A2,A2)=m2
Lie(dxA1)=0

where the condition Lie(dgA1) = 0 refers to the vanishing of (5.2.1).
We claim that

{)\ €t L(Ap, Ay) : Lie(ék)\) =0} =5 'L(A, 4A)

for all Ay € M1,y (F} ) and A; € Mo (F ) If A\ € s71L(Ag, Ay) then, as s is prime to
p, A induces a morphlsm of Lie algebras A : Lle(Ao) — Lie(A;1). By the argument of Remark
3.1.6, the image of this map is annihilated by d, and so Lie(dgA) = 0. Conversely, suppose
we start with A € v71L(Ay, A1) satisfying Lie(dx\) = 0. Let G be the connected p-divisible
group over F;lg of height 2 and dimension 1, and set Op = End(G). Thus Op is the maximal
order in a quaternion division algebra over Q,. We may fix an embedding O, — End(G)
and isomorphisms Ao[p™] =2 G = A;[p*] in such a way that the first is Oy, p-linear, and the
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second is O ,-conjugate-linear. The hypothesis A € vt='L(Ag, A1) implies that S\ € Op,
but we cannot have dA € O (for then o\, and also Lie(dxA), would be an isomorphism).
Therefore dx A lies in the unique maximal ideal of Opg, and hence

A € Op = Hom(4o[p™], A1[p™]).
This implies that
PNS tilL(Ao, Al) N HOHl(AQ[pOO], Ay [poo]) = SilL(AQ, Al)

as desired.
We have now shown that

h 1
3 Tt = > > > | Aut(Ag, Ay, B)|’

z€X (F3'8) (Ao,A1,B)EY(Fa) A1 €5~ L(Ag,A1) AaEr™ ' L(Ao,B)
1,A1)=my (A2,A2)=mq

On the right hand side, each L(Ag, A1) is a hermitian Og-module of rank one, while
L(Ap, B) 2 A. The lemma follows immediately. O

Let Vi be the incoherent hermitian space over Ay determined by Lg, and recall from
Remark 2.1.2 that for every prime p nonsplit in k there is a unique coherent hermitian
space Vo(p) that is isomorphic to Vg everywhere locally away from p. We now repeat this
construction on the level of (kg, Ok)-modules. Define a new hermitian (kg, Oj)-module
Lo(p) by setting Lo(p)e = Lo ¢ for every place £ # p. For the p-component Lo(p),, take the
same underlying O ,-module as Lg ,, but replace the hermitian form (-, ), , on Lg, with
the hermitian form

{5 Moy, = (oo
where
. {any uniformizing parameter of Z,, if p is inert in k,
b=

any element of Z; that is not a norm from or if p is ramified in k.

k.p’

The resulting coherent (kg, O )-module Lo(p) has Vo(p) as its associated hermitian Aj-
module. Note that if p is inert in k then Lo(p) is not self-dual.

Lemma 5.2.5. Any triple (Ao, A1, B) appearing in the final sum of (5.2.10) satisfies
L(Ao, A1) € gen(Lo(p)).
Proof. 1t is easy to see that
Lo(p)e = Lo,e = Lo(Ao, A1)e = Homo, ,(T;(Ao), T¢(Ar)) = L(Ao, A1) @z Zyg
for all primes ¢ # p, and that
Lo(p)oo = L(Ag, A1) @z R,

as both sides are positive definite. In particular the coherent Ag-hermitian spaces Vi (p)
and L(Ap, A1) ®z A are isomorphic at all places away from p, and by comparing invariants
we see that

(5.2.11) Vo(p)p = L(Ao, A1) ®2 Qp
as kp-hermitian spaces. In order to strengthen (5.2.11) to an isomorphism
(5.2.12) Lo(p)p & L(Ag, A1) ®z Zy,

fix O p-module generators x and y of the left hand side and right hand side, respectively,
of (5.2.12), and define p-adic integers o = (z, z) and 8 = (y, y).
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Let G be the unique connected p-divisible group of height 2 and dimension 1 over Fdlg
and fix an action of Ok, on G in such a way that the induced action on Lie(G) is through

the structure map O, — F;lg. There is an O p-linear isomorphism G = Ay[p™], and
an Oy, p-conjugate-linear isomorphism G = A; [p>]. These choices identify L(Ag, A1) ®z Z;
with the submodule of Oy, ,-conjugate-linear endomorphisms

Endg, (G) C End(G),

and identify the quadratic form (-, -) on L(Ag, A1) ®zZ, with a Z, -multiple of the restriction
to Endg,  (G) of the reduced norm on the quaternionic order End(G). A routine calculation
with quaternlon algebras, as in [KRY1, pp. 376-378], now implies that

ord,(8) = {

Comparing with the definition of Lo(p) then shows that ord,(a) = ord,(3). The isomor-
phism (5.2.11) implies that k() = Xk p(8), and this information is enough to guaran-
tee that «/8 is a norm from O,f)p. This proves (5.2.12), and completes the proof of the
lemma. (|

1 if pis inert in k,
0 if p is ramified in k.

Lemma 5.2.6. For each Ly € gen(Lg(p)) there are hy isomorphism classes of triples
(Ao, Ay, B) € V(F3'®) such that L(Ag, A1) = Lo. Any such triple satisfies

| Aut(Ao, A1, B)| = wg - | Aut(A)].
Proof. Let R be any complete local Noetherian ring with residue Fglg. Using Theorem 5.1.1
and Grothendieck’s formal existence theorem [FGA, Section 8.4.4], the triple (Ao, A1, B)
lifts uniquely to R, as do all of its automorphisms. Using this, we are easily reduced to the

corresponding counting problem in characteristic 0, which is easily solved using the linear
algebraic description of Y(C) found in Section 5.3 below. O

Lemma 5.2.7. Still assuming that Diffy,, (mq) = {p}, we have
1 miN(s
wr Z Rp,(my,s) =p (16()> )
® Locgen(Lo(p)) u
Proof. As Vy(p) is coherent, we may fix a hermitian space Vj over k such that
Vo @g A = Vo(p).

Note that Diffy,(m1) = {p} implies that V; represents m;. Pick one vector Ao € Vj such
that ()\0, Aoy = mq, and an Og-lattice Ly C Vp such that Ly € gen(Lo( ).
Let k! denote the group of norm one elements in k*, and define O}c in the same way. As

h varies over k! / Ok, the lattices h - Ly C Vy, with the hermitian forms restricted from Vj,
vary over gen(LLo(p)). Thus

1
o Z Rpy(ma,s Z Lps—11,(o),
k Loegen(Lo(p)) hekl/O}

where 1 denotes characteristic function. If we fix any @k—linear isomorphism (5k = Eo, the
hermitian form on Ly is identified with (z,y) = zypu for some u € Oy, and now

LY Rume= Y 16,07

k — =
Loegen(Lo(p)) hek!/OL
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where \g € k> satisfies uN(Ng) = m1/p, and s € k> satisfies s@k =735. The equality
_ m1N(s
Y. 15, (h sk =p (p())
hek!/OL
is easily checked, as both sides admit a factorization over the prime numbers, and the
prime-by-prime comparison is elementary. O

Combining (5.2.10) and the four lemmas shows that
Z 1 _ Z Z RLO(ml,E)RA(mQ,t)
L[ Aut(z)] | Aut(Ag, A1, B)|
zeX (Fa'%) Lo€egen(Lo(p)) (Ao,A1,B)EV(FA'E)
L(Ag,A1)2Lg

_ hg Z Rp,(m1,5)Ra(ma,t)

U L cgeaiolo) | Aut(A)]
_ hy . Ry (ma,t) _ (mlN(E))
Twe TAw@) P\ )
and completes the proof of Theorem 5.2.2. O

Theorem 5.2.2 implies that &g, r)(m1,m2,t) has dimension 0 whenever m; > 0. Now
we turn to the case of m; = 0.

Proposition 5.2.8. Fiz a positive m € Q and ¢ | 0.
(1) If Ry(m,xt) = 0 then X,,.2)(0,m,t) = 0.
(2) If Ra(m, ) # 0 then X1, 4)(0,m,t) is nonempty, and is smooth of relative dimen-
sion 0 over Ok. In particular, it is a regular stack of dimension 1.

Proof. The morphism Y, r) — Spec(Og) is smooth of relative dimension 0, and Theorem
5.1.1 implies that the map X{r,,2)(0,m,t) = V1, a) defined by

(A()»AlanOv)\Q) = (A07A17‘B)

is formally étale. Hence the composition X(g,, a)(0,m,t) — Spec(Og) is smooth of relative
dimension 0.

It only remains to show that X{r, A)(0,m,t) is nonempty if and only if Rx(m,t) # 0. If
X(1y,4)(0,m,t) is nonempty then we may pick any geometric point

(Ao, A1, B, A1, A2) € X(r,a)(0,m, t)(F).

Using L(Ag, B) = A, the homomorphism Ay defines an element of A satisfying (A2, A2) = m,
and in particular Ry (m,t) # 0. Conversely, if Rx(m, t) # 0 then pick some Ay € A satisfying
(A2, X2) = m. It follows from the uniformization (5.3.1) below that Y, 4)(C) # 0, and for
any choice of (Ao, A1, B) € Y1,,4)(C) the vector Ay defines an element of A = L(A, B).
Setting A\; = 0, the tuple (Ao, A1, B, A1, A2) defines a complex point of X, 4)(0,m,t). O

Remark 5.2.9. Tt follows from (5.2.2) and Theorem 5.2.2 that if Rx(m,t) = 0, the intersec-
tion Z(m,t) N YVr,,a) is isomorphic to the zero dimensional stack

(5.2.13) |_| X(Lo,a) (M1, M2, ).

m1€Q>o0
m2€Q>o
mi+mo=m

On the other hand, if R (m,t) # 0 then Z(m,t) N Yy, ) is the disjoint union of the zero
dimensional stack (5.2.13) with the one dimensional stack (g, (0, m,t).
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5.3. The CM value formula. Let L(c0) be obtained from IL by changing the signature at
the archimedean place from (n,0) to (n — 1,1). Similarly, let Lo(co) be obtained from L
by switching the signature at the archimedean place from (1,0) to (0, 1).

As in Section 3.3, the finite Z-module D,:lLf/Lf is equipped with a d;lz/Z—Valued
quadratic form, and we denote by A its automorphism group as a finite quadratic space.
The space SL, of complex valued functions on D;lL #/Ly is equipped with an action of A and
a commuting action wy, of SLo(Z) defined by the Weil representation. In exactly the same
way, the finite Z-modules D,;lILO, +/Lo,s and D,;lA/ A are equipped with quadratic forms (still
denoted @), and the spaces Sy, and Sy are equipped with actions wr, and wp of SLy(Z).
Moreover, the obvious isomorphism

Sy, = S]Lo Rc Sa

is SLy(Z)-equivariant. Fix a A-invariant harmonic form f € Hy_,(wr). In this subsection
we compute the value of the Green function ®(f) at the points of Y1) (C).
First we must describe the complex uniformization of the CM cycle Y1, a). Fix a triple
(p,21,B) in which
e 2y and 24 are self-dual hermitian Og-modules of signatures (1,0) and (0, 1), respec-
tively, satisfying L(o, ;) € gen(Lo(c0)),
e B is a self-dual hermitian Og-module of signature (n—1,0) satisfying L(2(,B) = A.
We attach to this triple the point (Ao, A1, B) € Y1,,4)(C), where
AO ((C) = Q[OR/Q[O
A1(C) =24r /U4
B(C) = B /B
as real Lie groups with Og-actions. The complex structure on Ag(C) is given by the natural
action of kg = C on Apg, and similarly for the complex structure on B(C). The complex
structure on A;(C) is given by the complex conjugate of the natural action of kg = C on ;g.
The elliptic curves Ay and A; are endowed with their unique principal polarizations, while B
is endowed with the polarization determined by the symplectic form ¥ 5 on B = H;(B(C), Z)
defined as in (3.1.3).
The construction (g, 2A1,B) — (Ao, A1, B) establishes a bijection from the set of isomor-

phism classes of all such triples to the set of isomorphism classes of the category Yz, 4)(C),
and defines an isomorphism of 0-dimensional complex orbifolds

(5.3.1) Vio,n)(C) = |_| Lag,200,) {0,203
(Ao,211,B)
where y(2(,,21,,%) is a single point on which
Loty 20,,) = Aut (Ao, A1, B)

acts trivially. The morphism Y1, 2)(C) — My(C) is easy to describe in terms of (5.3.1)
and (3.2.1). For each triple (g, A1,B) we set A = A; © B, and send the point ya, o, )
to the point of D(g, o) defined by the negative kg-line L(%o,%1)r C L(2Ao,A)r.

Remark 5.3.1. The uniformization (5.3.1) implies that Y, a)(C) has 2'7°(%)h2 points,
each with w - | Aut(A)| automorphisms. Thus the rational number

1
dege Viwg.a) = Z | Aut(y)|
YEV(14,0)(C)
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is given by the explicit formula

hi 21—0(dk)
degc y(]LO,A) = U)il% . m

Moreover, we have the following proposition.

Proposition 5.3.2. Assume that either n > 2, or n = 2 and L(o0) contains, everywhere
locally, a monzero isotropic vector.

1) The rule Lo — Lo ® A establishes a bijection
( j
gen(Lo(00)) — gen(L(c0)).
(2) The set Y(1,,a)(C) has exactly one point on every connected component of My(C).

Proof. (1) Since both sets have 2! =°(@%) ;. elements (see Remark 3.2.1), it suffices to show
that the map is injective. For any hermitian Og-modules L, L, € gen(ILg(co)) there are
fractional ideals b and b’ such that b = Ly and b’ = Lj, where the hermitian forms on b
and b’ are defined by —ay. If Lo ® A = Ly @ A, then taking top exterior powers (in the
category of Og-modules) shows that Ly = L{, as Og-modules. But this implies that b and
b’ lie in the same ideal class, and hence are isomorphic as hermitian Og-modules. Therefore
Lo = Lj, as hermitian Og-modules. Claim (2) is an easy consequence of (1). O

Let P C SLy(Z) be the subgroup of upper triangular matrices. For each ¢ € S, define
an incoherent Eisenstein series of weight 1

(5.3.2) EL,(7,8,0) = Z wio (7)p(0) - (er +d) =t - Tm(vy7)3.
Y€P\ SL2(Z)

Here v = (‘; Z), 7 =wu+1v € H, and s is a complex variable with Re(s) > 0. The Eisenstein

series has meromorphic continuation to all s, and is holomorphic at s = 0. As (5.3.2) is
linear in ¢, it may be viewed as a function Ep,(7,s) taking values in the dual space SHYO.
This particular Eisenstein series was studied in [Scho] and [BY, Section 2]. Indeed, if we
pick any Lo € gen(LLg(c0)) then (5.3.2) is precisely the Eisenstein series denoted Er, (7, s,1)
in [BY], and depends only on the genus of Lo, not on Lyg itself.

By [BY, Proposition 2.5], the completed Eisenstein series

E]Ito (TV 87 QD) = A(in? S + 1) : E]L() (T7 S; 90)
satisfies the functional equation EY (7, —s,¢) = —Ef (7,5, ), where

s+ 1

s+1

Alxk, s) = |de|2m™ 2 T(

)L(xk» 5)-

In particular £y, (7,0) = 0. The central derivative Ej (7,0) at s = 0 is a harmonic Maass
form of weight 1 with representation w]]\_/o, whose holomorphic part we denote (as in [BY,

(2.26)]) by
(5.3.3) EL (1) = Z aﬂ'o (m) - q™.

m>—00

Up to a change of notation, the following proposition is due to Schofer [Scho]; see also
[BY, Theorem 2.6]. Be warned that both references contain minor misstatements. The
formula of part (4) is misstated in [Scho], but the error is corrected in [BY]. The formula
of (2) is correct in [Scho], but is misstated in [BY].



HEIGHTS OF KUDLA-RAPOPORT DIVISORS 43

Proposition 5.3.3. Recall the finite set Diffy,(m) of odd cardinality from (5.2.4), and the
function p of (1.4.1). The coefficients af:o (m) € SHYO are given by the following formulas.

(1) If m <0 then aﬂ'o(m) =0.
(2) The constant term is

0. (0,0) = p(0) - <7 +log

|y 00)

die L(xk,0)
for every ¢ € Sy,. Here v = —TI"(1) is Euler’s constant.

(3) If m >0 and |Diffy, (m)| > 1, then af, (m) = 0.

(4) If m > 0 and DiffL,(m) = {p} for a single prime p, then

Yk (m|dk|) -ord,(pm) - log(p) Z 25 ().

_% -
p €V, Lo, 5 /Lo, ¢
Q(p)=m

af, (m, ) =

On the right hand side, s(u) is the number of primes q | dy such that pg = 0, € is
defined by (5.2.6), and Q(n) = m is understood as an equality in Q/Z.

Define a coherent Eisenstein series of weight —1 associated to Ly(oc) by
(5.3.4) Eiyo(ms9)= Y wi(e(0)- (7 +d) - Im(y7) E
yE€P\ SL2(%Z)

This is the Eisenstein series denoted E, (7, s, —1) in [BY, Section 2], for any choice of Ly €
gen(LLy(co)). The following relationship between the coherent and incoherent Eisenstein
series was first observed by Kudla [Ku3, (2.17)], and is a special case of [BY, Lemma 2.3].

Proposition 5.3.4. For any ¢ € Sy, the Eisenstein series (5.5.2) and (5.3.2) are related
by the equality
-2 ~5(E]£0 (7,0,9)d7) = ELj(c0) (7,0, ) - v 2du A dv
of smooth 2-forms on H.
Suppose Ly € gen(LLg(c0)). Exactly as in (4.7.2), there is an SLa(Z)-equivariant isomor-

phism SLAO" = S]LAO °  which allows us to define a non-holomorphic theta series 61, : H —
(S, by

Oo(r0) =v Y @(\)emONT,
xev, 'Lo

for any ¢ € S]LAO”. The following proposition follows from [BY, Proposition 2.2].

Proposition 5.3.5 (Siegel-Weil formula). The coherent Eisenstein series (5.3.4) is related
to the above theta series by

90(dk)

> 00(7) = Bry(o) (1,0).

Loegen(Lo(0))

For each ¢ € Sy define

Ram,o)= > o).
PYSI RN
(ANA)=m
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These representation numbers are the Fourier coefficients of a holomorphic Sy-valued mod-
ular form
Or(T,0) = > Ra(m,p) - q™ € M, _1(w)).
meQ
Given any F € S, () with Fourier expansion

F(r)= Y b(m)-q™,

meQ>o

define the Rankin-Selberg convolution L-function

s b(m), Ra(m)
(5.3.5) L(F,0),s) = F(5 +n—1) Y W
meQxo
On the right hand side the pairing is the tautological pairing between Sy, and its dual. The
inclusion b,:lA/A — 0,;1114 7/Ly; determines a canonical surjection Sy, — Sa, and hence an
injection on dual spaces. In particular, this allows us to view Ry (m) as an element of S}’.
The usual unfolding method shows that

L(F,04,s) :/

{F(T>7 E]Lo (T7 S) oY HA(T)} V"2 du dv,
SL2(Z)\H

where 7 = u + v and Ep, (7, s) is the incoherent Eisenstein series of (5.3.2). On the right
hand side we are using the canonical isomorphism S}/ = Sy @ SY to view Ep,(7,s) ® 0x(T)
as an Sp’-valued function. Of course L(F,0,,0) = 0, as the Eisenstein series vanishes at
s=0.

Theorem 5.3.6. For every f € Hay_,(wp)® the CM value

Py, f
OL(Vwo,n), f) = Z |1£1(1t(y))|
YEV(1Lg,n)(C)

satisfies
1

degeVion) DL (Viwo.n), f) = =L (£(f),04,0) + CT [{fT, &L, @ Or}].
Here the differential operator
& Hy_p(w) — Sp(wr)
is defined by (2.2.2), and CT[{fT,EL, ® Oa}| is the constant term of the q-expansion of
{fT,EL, ®0Op}.

Proof. This is really a special case of [BY, Theorem 4.7], but beware that the statement
of [loc. cit.] contains a sign error. We sketch the main ideas for the convenience of the
reader. Recall from Section 3.2 that the complex points of YV, a) are indexed by triples
(%o, A1,B). If we fix such a point yea, 2,,3) € Vw,,a)(C) and abbreviate Lo = L(o, A1)
and L = A® Ly, then the theta function O (7, z) appearing in (4.2.1) admits a factorization

OL(T, yo.20,,3)) = Oa(T) ® 0L, (T)

at 2z = yai,,2,,3). Hence

reg

PL(Y(o,2,,3)5 f) =/ {f, 00 @01} du(r).
SL2(Z)\H
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Summing over all complex points of Yy, a) yields

1 reg

PL(Viwo,a): f) = {00 ® Oro20)} dia(7)
0 (%lelm) | Aut (Ao, A1, B)| Js,znm 0
L(20,21)€ELo (00)
L(2,B)~A
hk /reg
e {f,00 ® 0L} du(7)
w| Aut(A)| LOEge%o(w)) SL2(Z\H 0
d reg
_ dege Vo) / {£(7),04(7) ® Biq (o) (7, 0)} dps(7)
2 SL2(Z)\H

by the Siegel-Weil formula (Proposition 5.3.5) and Remark 5.3.1. Applying Proposition
5.3.4 and Stokes’ theorem, a simple calculation, as in the proof of [BY, Theorem 4.7], shows
that

1
degc Vwo.n)
reg .

. / (1,05 ® BEL (,0)dr}

S

Lo (Z)\H

O (Viwo,a)s f)

reg
_ / d{f,0n @ EL (r,0)dr} — / (7). 0n ® EL (r,0)}0" du(r)
SLo(Z)\H SL2(Z)\H

= CTHfT(7), 0a(7)ELo (1)} — L'(6(F). 04, 0),

as claimed. O

Remark 5.3.7. Let ¢, € S, be the characteristic function of
tilLf/Lf C D;l]Lf/Lf.

By abuse of notation we denote again by ¢, the similarly defined elements of Sy, and Sj.
If Ais an element of Sy, Sy, or SY abbreviate A(r) = A(p,). For example

Ra(m,t) = Ra(m, ) = Z 1.

Aec A
AA)y=m

The following is a restatement of Theorem 5.3.6 in the case f = fy, ..

Corollary 5.3.8. The harmonic form fn, . of Lemma 3.3.3 satisfies

1 + +
m ' (I)]L(y(]LmA)? fm,t) = _L/(g(fm,t)v 91\’ 0) + Cm,t(()? O) s A, (07 t) ! R/\(Oa t)

+ > af (ma,v) - Ra(ma,v).

m1,m2€Q>0
mi1+me=m

6. THE METRIZED COTAUTOLOGICAL BUNDLE

In this section we recall some generalities on metrized line bundles, and introduce the
metrized cotautological bundle. Fix a pair (Lo, A) as in (5.1.2), and let L = Lo @ A as in
Remark 5.1.3.



46 JAN H. BRUINIER, BENJAMIN HOWARD, AND TONGHAI YANG

6.1. Metrized line bundles. As in [Ho3], the canonical map Vwo,a) — My induces a
linear functional

(6.1.1) CH(M}) = C

called the arithmetic degree along Y,,.a), and denoted Zs [ZA : y(LO,A)}. Because V1,,,2)
is proper over Oy, it does not meet the boundary of Mj. Thus the arithmetic degree along
Y(wo,a) can be defined and computed entirely on the open Shimura variety My,. This is
most easily done using the language of metrized line bundles, which provides a rudimentary
intersection theory on My,.

A metrized line bundle £ = (L, ]| -||) on My consists of a line bundle £ and a hermitian
metric || - || on the complex points £(C). The isomorphism classes of metrized line bundles

form a group Pic(My) under tensor product. An arithmetic divisor Z= (Z,®) is a pair
consisting of a divisor (with integral coefficients) Z on My, and a Green function on My, (C)
for the complex fiber Z(C). The arithmetic divisors form a group ﬁR/(ML) under addition.
If we start with an arithmetic divisor Z , the constant function 1 on My, defines a rational
section s of the line bundle £ = O(Z) associated to Z, and there is a unique metric ||-|| on
L satisfying —log ||s||> = ®(z). This establishes a surjection

Div(My) — Pic(My).

A similar discussion holds with My, replaced by YV, a), and the morphism YV, a) — ML
induces a pullback homomorphism

Pic(My) — Pic(Vga))-
As in [KRY?2, Chapter 2.1] there is a linear functional, called the arithmetic degree,
(Te?; : PAic(y(LO’A)) — R.
The composition
(6.1.2) ISI\C(M[L) — lsi\c(y(]LO’A)) dﬂ} R,

is again denoted [ - : Y1, a)]- Taking f = fy, ¢ in (4.7.3) and restricting to the open Shimura
variety My, defines an arithmetic divisor

Z1(fme) = (ZL(fn), ®L(fime)) € Div(My)
satisfying R R
[Z]L(fm,t) : y(]LO,A)] = [Zﬁoml(fm,t) : y(]LO,A)]'

The pairing on the left is (6.1.2), while the pairing on the right is (6.1.1). If the intersection
X = Z(m,t) N Yr,,a) has dimension 0, we have the explicit formula

[Z1(fone)  Yirony)] = L(ZL(m, %) = Yo .ny) + PLViwo.a)s frme)

where the first term is the finite intersection multiplicity®

I(ZL(m,v) : Vo) = Y log(N(p)) >

pCOk yEX (F'®)

lengthy, (Oxy)
|Aut(y)|

and the second term is defined as in Theorem 5.3.6.

4As both Z and Y are Cohen-Macaulay, the finite intersection multiplicity agrees with the more natural
Serre intersection multiplicity defined as in [SABK, p. 11] or [Ho3, Section 3.1]. This follows from [Se00,
p. 111].
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6.2. The cotautological bundle. Let S be a scheme and 7w : A — S an abelian scheme.
As in [Lan, Section 2.1.6], define a coherent Og-module, the algebraic de Rham cohomology
of A, as the hypercohomology H)p(A) = ]Riﬂ'*(Q;l/S) of the de Rham complex

0= 04— Q5= e
The algebraic de Rham homology H{¥(A) = Homeg (H}x(A), Og) sits in an exact sequence
0 — Fil(A) — HIE(A) = Lie(A) — 0,

and Fil(A) is canonically isomorphic to the Og-dual of Lie(AY). Let (AS™MY, A™iV) denote
the universal object over M, and recall that A"V is endowed with an Og-stable Ou-
submodule F'"V C Lie(A"™V) such that the quotient Lie(A"Y)/FunV is locally free of
rank one.

Definition 6.2.1. The cotautological bundle on M is the line bundle
T = Homp,, (Fil(Ag™Y), Lie(A"™Y) /FmY),
Denote by Tr, the restriction of T to M.

The universal abelian scheme A™"V — M(,—1,1) extends to a semi-abelian scheme A* —
M, _1 1y, and the universal subsheaf Funiv C Lie(A"V) extends canonically to a subsheaf
F* C Lie(A*) by [Ho3, Theorem 2.5.2]. The cotautological bundle T therefore extends to a
line bundle

T* = Homo,,. (Fil(A§™Y), Lie(A*)/F*)
on M*, and the restriction of 7* to Mj is denoted 7;*.

Recall from Section 3.2 that each connected component of My, (C) admits a uniformiza-
tion Dg(y 0 — ML(C), where Dg( ) is the space of negative kg-lines in L(%o, (). The
hermitian symmetric domain D(g, g carries a tautological bundle whose fiber at a point z
is the line z, made into a complex vector space using the fixed isomorphism kr = C. The
following proposition explains the connection between this bundle and the cotautological
bundle.

Proposition 6.2.2. At any point z € Dy, 2 there is a canonical complex-linear isomor-
phism
BY : TL.. = Homg(z, C).

Proof. Identify k ®g C =2 C x C in such a way that + ® 1 — (z,T), and define idempotents
e = (1,0) and e = (0,1). If X is any complex vector space with a commuting action of
k, then k acts on eX through the fixed embedding kK — C, and acts on €X through the
conjugate embedding.
Let (Ao, Az) € ML(C) be the image of z under Dg(, oy — MrL(C). The map
Aoc = H{(Ao) = eH{™ (4y) = Fil(Ao)
restricts to a kgr-linear isomorphism 20pr = Fil(Ag), while the quotient map
Ac = HIR(A,) — Lie(A,)
restricts to a kg-linear isomorphism 2g = Lie(A,). Thus we obtain isomorphisms
L(Qlo, Q()R = HomkR (Q[OR, Q[]R) = Homkm (FII(A()), Lle(A)Z),

and tracing through the constructions of Section 3.2 shows that their composition identifies
2t with Homg, (Fil(Ag), F.). The surjection

LA, A)r — Homy, (Fil(Ap), Lie(A,)/F,)
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therefore has kernel 2+, and identifies z = Homg, (Fil(A), Lie(A.)/F.). The inverse of this
map is a kg-linear isomorphism

(6.2.1) By Tin sz

which is not C-linear. The point is that the signature conditions imposed on Lie(A§™Y)

and Lie(A"V)/F"iY imply that the action of kg on the fiber 7y, is through the complex
conjugate of the fixed isomorphism kg = C. Thus 3, complex-conjugate-linear. The map

BY TL,» = Home(z,C)

defined by 3 (s) = (-, 8:(s)) defines the desired complex-linear isomorphism. O
We use (6.2.1) to metrize the cotautological bundle 7y: the norm of a section s is

(6.2.2) [Is]1Z = —dme™ - (B:(s), B=(s)),

where v = —I"(1) is Euler’s constant. The cotautological bundle endowed with the above

metric is denoted
TL € PiC(M]L).

Proposition 6.2.3. For any nonzero rational section s of T*, the arithmetic divisor
div(s) = (div(s), - log]|s|*)

defines a class

(6.2.3) 7 € CHy(My),

which does not depend on the choice of s.

Proof. The only thing to check is that the Green function — log ||s||? has at worst the log-log
error terms at the boundary allowed in the Burgos-Kramer-Kiihn theory [BKK, BBK].

Using the complex coordinates of Section 4.3, it suffices to show that for any primitive
isotropic vector £ € L(p, ) and any boundary point (30,0) € V-(¢) the function

log [¢2] = —1og(N(3,7)/2)
determining the metric and its differentials have log-log growth along ¢, = 0 on the neigh-
borhood Bs(30,0) for some § > 0. This is done in Step 2 of the proof of Theorem 4.5.2. [
6.3. The Chowla-Selberg formula. This section is devoted to studying the image of ﬁ
under the arithmetic intersection

[ B y(LovA)] : PiC(ML) — R

of Section 6.1. The main result is the following theorem, whose proof ultimately rests on
the Chowla-Selberg formula.

Theorem 6.3.1. For any ¢ € Sy,, the metrized cotautological bundle satisfies
©(0) - [TL : Yiwo,n)] = — dege Vv a) - af, (0, ¢),

where aﬂfo(O) € Sy, is defined by (5.3.3), and degc V(wvy,a) is defined in Remark 5.3.1.
If we take ¢ to be the characteristic function of t71L07f/L0,f, as in Remark 5.3.7, this
formula reduces to

[ﬁ@RA(m,t) : y(MA)] = —degc V(o0 - airo (0,t) - Ra(m, )
for allm € Qx¢ and v | dg.
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The proof requires some preparation. First we state the Chowla-Selberg formula in a form
suited to our purposes. Suppose E is an elliptic curve over C with complex multiplication
by Ok. Fix a model of E over a finite extension K/Q contained in C and large enough that
E has everywhere good reduction, and let w : £ — Spec(Of) be the Néron model of E over
Ok. Let w be a nonzero rational section of the line bundle W*Q}T/OK on Spec(Og) with
divisor

div(w) =Y m(q) -q,
q
where the sum is over the closed points q € Spec(Of). The Faltings height of E is defined
h (E)—L > "log(N(g)) - m( )—1 > o
Falt = K : Q] - gliN{g q B g

as
/ wh AWT ) .
7:K—C £7(C)

It is independent of the choice of K, the model of E over K, and the section w. The
Chowla-Selberg formula implies [Co] that

Ll(Xk’ 0)
L(Xka O) .

Recall that Y1, a) carries over it a universal triple of abelian schemes (Af™Y, AyY, BUiv),
Define a line bundle

1
(6.3.1) —2hpat(E) = log(2m) + 3 log |dg| +

: univy __ 1
coLie(4g™) = W*QAB‘“‘V/J/(LO,A)

on Yi,,a), where 7 : AJ™Y — YV, a) is the structure morphism. A vector w € coLie(A‘é,r;;V)
in the fiber at a complex point y € Y1,,4)(C) is a global holomorphic 1-form on ABEJN ©),
and we denote by

coLie(AJ™) € Pic(Vwo.a))

the line bundle coLie(A8™") endowed with the metric
/ _ WAW |.
)

(6.3.3) deg coLie( ALY = 3
(Ao,A1,B)EYV(1y.A)
Of course Lie(AY"Y) is isomorphic to the dual of coLie(A§™"). Denote by
(6.3.4) Lie(A§™) € Pic(Vry.4)
the line bundle Lie(A§™Y) with the metric dual to (6.3.2). More explicitly, if we endow

Ao = Hl(ABE}V((C), Z) with its hermitian form hg, as in Section 3.1, then Lie(Ab‘E}V) = Apr

(6.3.2) 2 =

With this definition,

2hpa1s (Ao)
o, TRy, A1, B)

as real vector spaces, and [[v]|2 = |dg|~ 2 hay, (v, v) for any v € Lie(Agh).

Lemma 6.3.2. The metrized line bundle I/li\e(AgniV) satisfies
o
degc Vivo,a)

L/(Xk:v 0)

— . 1
-deg Lie(A§™") = log(2 —log |d —.
o8 Lie(43"™) = log(2m) + 5 oglds| + T

Of course we may define I/Ji\e(A‘fniV) in the same manner as (6.3.4), and the stated equality
holds with AS™Y replaced by AY™Y.

Proof. Combine (6.3.3) and the Chowla-Selberg formula (6.3.1). O
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For any positive ¢ € R, define the twisted trivial bundle
1(c) € Pic(Vr,n))

as the structure sheaf Oy, endowed with the metric ||f|[7 = c-[f(y)|*. It is clear from
the definitions that

(6.3.5) deg 1(c) = —log(c) - dege Vizg.a)-
Lemma 6.3.3. There is an isomorphism

Tilye, ) = Lie(A§™Y) @ Lie(A™) © 1 (16m%¢")
of metrized line bundles on YL, A)-

Proof. Recall that My, carries a universal pair of abelian schemes (A§™Y, A"V) and that
A" comes with a universal Oay, -submodule F"™V C Lie(A"™"). By definition of the
morphism Y, o) — My, the universal objects over My, and Y1, a) are related® by
(Agniv7Auniv)/y(LovA) o~ (A8n1v7A|ilniv % Buniv)7
and the isomorphism

Lie(Auniv) ~ Lie(Alimiv % Buniv)
identifies F' univ|y%’ N = Lie(B""Y). In particular there is a canonical isomorphism

Rly(LU,A) = HOHI(FH(AIOIHiV)’ Lie(AlllI]iv)>.

‘y(]LO,A)

For any elliptic curve Ag — Spec(R) over a ring, the short exact sequence
0 — Fil(Ag) — HIE(Ay) — Lie(Ay) — 0
of R-modules is dual to
0 — H°(Ag, Y, g) = Hip(Ao) = H' (A9, 0a,) = 0,
and there is a canonical identification H'(Ag, O4,) = Lie(Ay). In particular there is canon-

ical perfect pairing Lie(AY) ®g Fil(4g) — Og, and identifying Lie(Ag) = Lie(Ay) via the
unique principal polarization, we obtain a perfect pairing
(6.3.6) Lie(Ag) ®r Fil(4g) — R.
Applying this with Ay = A§™V yields the second isomorphism in
Tl & Hom(Fil(Ag™Y), Lie(A1™Y)) = Lie(Ag™Y) ® Lie(AY™Y).
All that remains is to keep track of the metrics under this isomorphism. This is routine,
once one knows an explicit formula for the pairing (6.3.6) when Ag € My )(C) is the

complex elliptic curve with homology 2y = H;(A¢(C),Z), as in the discussion surrounding
(3.1.2). Taking e and € as in the proof of Proposition 6.2.2, the compositions

Aor — Aoc = HE(Ag) S eHIR(Ag) = Lie(Ap)
and B
Aor — Aoc = HIF(Ay) S eHI(Ap) = Fil(Ay)
are kg-linear isomorphisms. Thus the pairing (6.3.6) corresponds to a pairing
Agr X Aor — C,

5There is a mild abuse of notation: we are using Agniv to denote both the universal elliptic curve over
My, and the universal elliptic curve over V(1 a)-
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which is hermitian with respect to the action of kg = C. Using the proof of [Hol, Proposition
4.4], one can show that this pairing is 27|dg| /2 - hey,. The rest of the proof is elementary
linear algebra, and is left to the reader. O

Proof of Theorem 6.3.1. Combining Lemmas 6.3.2 and 6.3.3 with (6.3.5) shows that
7L Vig.n)] = deg Lie(AS"Y) 4 deg Lie(A{™™) + deg 1 (167%¢7)

L/(Xkao) dk
2R 4 oo |2 | —
Liw.0) % lax| )

and comparing with Proposition 5.3.3 completes the proof. (]

= degc y(LmA) (2

7. THE INTERSECTION FORMULA

Again, fix a pair (g, A) as in (5.1.2), and set L = Lo @ A as in Remark 5.1.3. Recall from
Section 3.3 the finite dimensional C-vector space 51, endowed with the Weil representation
wr, : SL2(Z) — Aut(SL), and a commuting action of a finite group A.

7.1. The main result. Let f € Hs_,(wr) be a A-invariant harmonic Maass form with
holomorphic part

meQ
m>—0o0

Let ¢ (0,0) denote the value of ¢*(0) € Sy, at the trivial coset in 9, 'L;/Ly. Attached to
this f we have, from Sections 3.4 and 4.7, an arithmetic divisor

Bie(f) € CHe(M;).
Definition 7.1.1. The arithmetic theta lift of f is the class
BL() = ZE(f) + ¢ (0,0)- T € CH(My),
where 7" is the metrized cotautological bundle (6.2.3).

The main result of this paper is the following formula, which relates an arithmetic inter-
section multiplicity to the derivative of an L-function. The proof will occupy the remainder
of Section 7.

Theorem 7.1.2. The arithmetic theta lift satisfies

(OL(f) : Vi) = — dege Viwo.n) - L' (6(1), 64, 0),
where & : Ho_p(wr) — Sn(WL) is the complex-conjugate-linear homomorphism of (2.2.2),

and the L-function on the right is (5.3.5).

7.2. A special case. We will prove Theorem 7.1.2 by first verifying it for the forms f, .
of Lemma 3.3.3, in which case the claim is that

(7.2.1) [ZL(fime) : Viron)) + €5.0(0,0) - [T2 s Vo] = — dege Viwg,a) - L' (€(fmue). 4, 0).

We have enough information now to prove this equality under some restrictive hypotheses.
Fix my1,ma € Q>¢. In Section 5.2 we defined an Og-stack X(r, r)(m1,m2,t) equipped
with a finite, unramified, and representable morphism

X,y (M1, m2,t) = Vig.A)-
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If m; > 0, then XLo,n) (mq, ma,t) has dimension zero, and defines a divisor on Vwo,n)s
necessarily supported in nonzero characteristic. By endowing this divisor with the trivial
Green function, we obtain an arithmetic divisor

(7.2.2) )?(LO,A)(mlv ma,t) € I/)i;(y(Lo,A))-

Proposition 7.2.1. Suppose m = m; +mq with m; € Qs and ma € Q>¢. The arithmetic
divisor (7.2.2) satisfies

deg X(r,,a)(m1,ma,t) = — dege Viioa) ~af (ma,v) - Ra(ma, ).
Proof. This follows by comparing Theorem 5.2.2 with Proposition 5.3.3. Abbreviate
X = X(]LO’A)(ml, mao, t).

If |Diffr, (m1)| > 1 then both sides of the desired equality are 0, so assume Diffy (m;) = {p}
for a prime p, necessarily nonsplit in k, and let p be the prime of k above p. Theorem 5.2.2
implies

Z length(Ox )

deg zi’\(LO,A) (m1,me, ) = log(N(p)) | Aut(z)|

€ X (F3'®)

_ _hwlog(p) miN(e)
_Umw.ordp(pml).RA(mg,t).p<1p€)7

where s is the prime-to-p part of v, and € is defined by (5.2.6). On the other hand, Proposition
5.3.3 tells us that

]
ai (ma,x) = _ 2 og(p) ~ord,(pmy) - p (mldkl) S 2We(p),

2hg €
P NEDZILO,f/]LO,f
Q(p)=m1

where ¢, is the characteristic function of t_lLO,f/LO’f - DglLo’f/LO,f.
The proposition follows from the above equalities and Remark 5.3.1, once we prove

p (”if’“) Z QS(M)%(H) = 200dx) 5 <m1N(5)) )

pE
pEV, Lo, s /Lo, s
Q(p)=m1

Both sides factor as a product of local terms, and the equality of local terms for primes not
dividing dg is obvious. It therefore suffices to prove, for every prime £ | dg, the relation

(7.2.3) pelmaldiel) D 2Won(n) = 200(miN(s)),

MED,:I]LO,Z/]LO,Z
Q(p)=m1

where p;(k) is the number of ideals in Ok ¢ of norm kZ,,

0 otherwise,

and ¢, ¢ is the characteristic function of v=1Lg ¢/Lg ¢ C D;lLQ’g/]LO’[.

Case 1: If ordg(mq) > 0, then only the term p = 0 contributes to the left hand side of
(7.2.3), both sides of the equality are equal to 2, and we are done.

Case 2: If ordg(my) < —1, then pe(m1|dg|) = pe(miN(s)) = 0, and we are done.
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Case 3: If ordg(mi1) = —1 and ¢ 1 N(x), then pe(m1N(s)) = 0. On the left hand side of

(7.2.3), the assumption ordy(m;) = —1 implies that any p appearing in the sum
must be nonzero, and hence ¢, (¢) = 0. Thus in this case both sides of (7.2.3)
vanish.

Case 4: If ords(my) = —1 and ¢ | N(s), then pe(m1|dg|) = pe(miN(s)) = 1. Let [ C O be
the prime determined by (O = [2. As ¢ ¢ Diffy,(m1), the rank one k-hermitian
space Lo ¢ ®z, Q¢ represents m;. It follows from the self-duality of Ly , that D;lLo’e
represents mq, and from this it is easy to see that the rank one Oy /l-quadratic space
D;lLo’(/Lo,g has two distinct nonzero solutions to Q(u) = my. Thus

Z 9se(t) — 9

pEd, o e /Lo,
Q(u)=m1
and again (7.2.3) holds.

Case 5: If ords(m;) = —1 and ¢ = p, then p;(m1N(s)) = 0. On the left hand side of (7.2.3),
the sum over p is empty: any p € D;lLo’p/Lo’p representing my € Q,/Z, could be
lifted to p € D,;l]LOJ; representing m; € Q,, contradicting p € Diffy, (my). Thus
both sides of (7.2.3) vanish.

This exhausts all cases, and completes the proof. O

We can now prove (7.2.1) under the simplifying hypothesis R (m,t) = 0. Recall from
Remark 5.2.9 that under this hypothesis

Zr(m, ) N Vwe,n) = |_| XLo,n) (M1, M2, ),
m1€Qxo

m2€Q>0
mi+mo=m

and each stack appearing on the right has dimension zero. Proposition 7.2.1 shows that

1 1 —
L I(Zu(m):Y R deg X, ay(ma,ma,t
dege V(Lo,n) (ZLm D) Vo) dege V(ro,n) m%w (Lo, (m1,m2, )

m2€Q>0
mi1+mo=m

== > aff (mi,x) Ra(ma,v),
m1€Qso
m2€Q>0
mi+ma=m
while Corollary 5.3.8 shows that
1

- m,t) = -L m,t 79 A y “af '
degc y(]Lo,A) L(y(L(MA)?f s ) (g(f , ) AaO) +Cm,t(0 0) a’]LO(Oat) RA(Oat)

+ ) af (ma,r) - Ra(ma,v).
m1€Q>o
m2€Q>0
mi+me=m
Adding these together gives
1

- [z . =t cat . -
degcy(]]_‘oy/\) [Z]L(fm,t) . y(]LO,A)] cmﬁ(ovo) a]LD(Oat) RA(Ovt) L (5(fm,t)79A70)7

and an application of Theorem 6.3.1 completes the proof. Proving (7.2.1) in general requires
treating improper intersections, and requires a bit more work.
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7.3. The adjunction formula. The proof of (7.2.1) in full generality revolves around the
study of a canonical section

(731) Om,x € F(Zﬂ?(mvtﬂy(mo,m)
of the line bundle
(7.3.2) 27 (m,v) = Zi(m,x) @ T2 00

restricted to Yr,,a). This subsection is devoted to the construction of (7.3.1), and the
calculation of its divisor, which the reader may find in Proposition 7.3.8 below.

Because of the minor nuisance that the natural maps Y — M and Z(m,t) — M are not
closed immersions, the section (7.3.1) will be constructed by patching together sections on
an étale open cover. Accordingly, we define a sufficiently small étale open subscheme of My,
to be a scheme U together with an étale morphism U — My, such that

(1) on each connected component Z C Zp(m,t),y the natural map Z — U is a closed
immersion,
(2) on each connected component Y C Y, a)/v the natural map Y — U is a closed
immersion, and the universal object (Ag, A1, B) over Y satisfies L(Ag, B) = A.
As in the discussion following Definition 3.1.4, the stack My, admits a finite cover by suffi-
ciently small étale open subschemes.
Fix a sufficiently small étale open subscheme U — My, and connected components

(7.3.3) Z C Zi(m,v) u
Y CVwon v

The smoothness of V1, a) over Ok, together with our hypotheses on U, imply that Y is
a reduced and irreducible one-dimensional closed subscheme of U. The closed subscheme
Z C U is perhaps neither reduced nor irreducible, but an easy deformation theory argument
shows that the generic fiber of Zp(m,t) is smooth, and hence Z/, is a smooth variety of
dimension n — 1. The intersection ZNY = Z Xy Y is a closed subscheme of Y, and hence
is either all of Y or is of dimension 0.

Definition 7.3.1. Given connected components (7.3.3), we say that
(1) Zis Y-proper if ZNY has dimension 0,
(2) Zis Y-improper it ZNY =Y.
Proposition 7.3.2. The number of Y -improper components Z C Z1.(m,t) i is Ra(m,t).

Proof. Let n € Y be the generic point, so that k(n) is a finite extension of k, and let 7 — n
be the geometric generic point above 7. Denote by (Ag ), A1,y, By) and (Ao, A1 5, By) the
pullbacks to n and 7 of the universal object over Y, ). The fiber

Zi(m,v)g = Z(m,v)u xu M
is a disjoint union of copies of 7, one for every
A E 'C_IL(AO’H, Al’ﬁ X Bﬁ)

satisfying (A, A\) = m. Under the decomposition 5.1.1, any such A takes the form A = A\ 4+ Ao.
The map A1 : Ag — A1z must vanish because of signature considerations, and so all such
A lie in

v L(Ao 7, By) 2 v A.
It follows that Zy,(m, )5 is a disjoint union of R (m, t) copies of 77. Moreover, our definition
of a sufficiently small étale open guarantees that v='L(Ag,, B,) =t !A, and so all such A
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are already defined over 7. In other words, Zi(m,t), is a disjoint union of R (m,t) copies
of n, and the claim follows easily. O

As in the proof of Lemma 5.2.3, write O = Z[II] and define elements of Oy ®z Oy by
J=II®l-1xII, J=II®l-1xII.

An elementary calculation shows that the sequence

L O 0y L Or 000 L Or 0z 00 L -
is exact.

Lemma 7.3.3. Every geometric pointy — Y admits an affine étale neighborhood Spec(R) —
U with the following property: letting A denote the pullback to R of the universal object via
U— M= M1, the R-module Lie(A) is free, and admits a basis €1, . .., e, such that

(1) €1,...,€n—1 is a basis for the universal subsheaf F C Lie(A),
(2) the operator J € O @z R on Lie(A) has the form

0 - 0 5
(7.3.4) J=1: .. ¢ ] eMy(R)
0 - 0 j,
for some j1,...,jn € R satisfying (j1,...,jn) = (Jn) = kR,

(3) there is unique Jo € R™ such that J = 0k o Jy as endomorphisms of Lie(A)/F,
where 0, € Oy is any generator of 0.

Proof. Certainly there is an affine étale neighborhood over which
0 — Fil(A) — H{®(A) — Lie(A) — 0

is an exact sequence of free R-modules. If ... ¢, is any basis of H{f(A) such that
€1...,6n—1 generates F, then the matrix of J is (7.3.4) for some ji,...,j, € R, simply
because JF = 0. Futhermore, J acts on the quotient Lie(A)/F through the complex
conjugate of the structure map O — R, and so j, = II — II. It is easy to check that
(IT — 1) Ok, = Ok, and so (j,) = 0xR.

To prove that (j1, ..., jn) = 0k R, after possibly shrinking the étale neighborhood Spec(R),
it suffices to prove this equality after replacing R by the completion of the étale local ring
at y. The proof of [Ho3, Proposition 3.2.3] shows that the ideal (j1,...,J,) is principal.
Everything we have said so far holds for any geometric point of U. Now we exploit the
hypothesis that y is a geometric point of Y. Let I C R be the ideal defining the closed
subscheme Y X Spec(R) C Spec(R), and let A’ be the reduction of A to R/I. By definition
of the morphism ) — M, the abelian scheme A’ comes with a decomposition A’ = A; x B,
and the subsheaf 7/ C Lie(A’) is 7' = Lie(B). In particular, 7' admits the Og-stable,
and hence J-stable, Oy-direct summand Lie(Ag). Thus there is some basis of Lie(A’) with
respect to which

J= | o | e My(R/D).
0 -+ 0 jn

As the ideal of R/I generated by the entries of J is independent of the choice of basis, we
see that (j1,...,4n) = (Jn) = (d) in R/I. Now pick a generator v € R of the principal
ideal (j1,...,Jn). We have shown that (k) C (), with equality after reducing modulo I.
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Furthermore, R/I is an integral domain of characteristic 0, as Y is reduced, irreducible, and
flat over Ok. It follows that if we write d; = wy with « € R, then u is a unit in R/I, and
hence is also a unit in the local ring R. This shows that (ji,...,7,) = (k) in R.

For the existence and uniqueness of the unit Jy € R* note that M, hence also R, is flat
over O, and so d; € R is not a zero divisor. Thus j, is uniquely divisible by the image of
0 under O, — Endg(Lie(A)/F)) = R. Dividing j, by this image defines the desired unit
Jo- |

Keeping Z and Y as in (7.3.3), denote by Zz C Oy the ideal sheaf defining the closed
subscheme Z < U, and by O(Z) = Z,* the line bundle on U determined by the divisor
Z. Let Ty C Oy be the ideal sheaf defining the closed subscheme Y < U. The first order
infinitesimal neighborhood of Y is the closed subscheme Y < U defined by the ideal sheaf
T¢ C Oy. The picture is

&

U4>M]L

|

/i

where Y N Z =Y xy Z. Let (Ap, A, \) be the pullback to Y of the universal object over
Z1.(m, ). Of course the pair (Ag, A) has a canonical extension (Ag, A) to Y, obtained by
pulling back the universal pair over M via Y 5 U — M, but there is no such canonical
extension of A to Y. Indeed, Y N Z is the maximal closed subscheme of Y over which A
extends to an element of ¢ 1L(Ao, A) satisfying the vanishing condition of (3.1.5).

Recall that, by virtue of the moduli problem deﬁmng Mn-1,1), the Ogp-module Lle(A)

comes equipped with a corank one submodule F. We will now construct a canonical Ogp-
module map

obst()) : Fil(Ay) — Lie(A)/F,

the obstruction to deforming A\, whose zero locus subscheme is Y N Z. The scheme U may
be covered by open subschemes {U;} with the property that on each U; either N(t) € Of}i
or tOy, = 0,Oyp,. In the construction of obst(\) we are free to assume that U itself satisfies
one of these two properties.

First assume N(tr) € Of. Under this hypothesis, A determines an Op-linear map A :
H{R(Ap) — H{E(A) of Oy-modules, which, by the deformation theory of [Lan, Proposition
2.1.6.4] extends canonically to an O-linear map X : HIE(Ay) — HIE(A) of Og-modules.
Define obst(\) as the composition

(7.3.5) Fil(Ag) — HIR(Ay) X HIR(A) — Lie(A)/F.

Now assume tOpy = 0xOpy. As above, by deformation theory the map dgA : Ag — A
induces a map

Oih - HiE(Ag) — HIR(A).
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Once again using Fil(Ag) = JH(A), as in the proof of [Ho2, Proposition 2.1.2], define
obst()\) as the composition

(7.3.6) Fil(Ag) = JHIR(Ay) L2 gaR(4) - Lie(A)/F 22 Lie(A)/F,
where Jy € O is as in Lemma 7.3.3.

Remark 7.3.4. To see that (7.3.6) is well-defined, suppose Js; = Jsy. This implies that
51— 89 € JHE (Ao) The signature condition on F implies that J annihilates Lie(A)/F,
and therefore 6k)\(31) = 5k/\(52) in Lie(A)/F.

Remark 7.3.5. If both conditions N(tr) € Of and tOy = 0,0y are satisfied then 0 € O,
and the relation J = dg o Jy guarantees that the compositions (7.3.5) and (7.3.6) agree.

Lemma 7.3.6. The zero locus subscheme of obst(\) is Y N Z.

Proof. First assume that N(r) € O. Using the notation of (7.3.5), denote by obst*(\) the
composition

Fil(Ag) — H{%(Ay) 2 H{"(A) - Lie(A),
so that obst(\) is the composition

Fil(Ag) 2" Y, Lie(A) — Lie(A)/F.
By deformation theory, the zero locus subscheme of obst*()) is the maximal closed sub-
scheme of Y over which A extends to an element of t’lL(ﬁO7 ﬁ) For this extension the
vanishing of (3.1.5) is automatic by Remark 3.1.6, and the hermitian norm of the extension
is equal to the hermitian norm of A. It follows that the zero locus subscheme of obst*()\) is
Y N Z. Thus we are reduced proving that obst*()\) and obst(\) have the same zero locus
subscheme.
If di, € Of; the argument is simple, and exploits the splitting

Ok ®z Of, = Of/ X Of,.

The orthogonal idempotents on the right hand side induce a splitting N = eN ®eN of any
O ®z Op-module N, in which eN is the maximal submodule on which O acts through
the structure map Op — Ogp, and €N is the maximal submodule on which O acts through
the complex conjugate. Kramer’s signature condition on F implies that F = 6Lie(;{),
and so F admits a canonical complementary summand eLle(A) on which Oy acts through
the complex conjugate of the structure morphism. The image of obst*(\) is contained in
eLie(A) = Lie(A)/F. Thus obst*(\) vanishes if and only if obst()\) vanishes, as desired.

Returning to the general case (but still assuming N(r) € Of), fix a geometric point
Yy € Y(]F) and let R be the étale local ring of Y at y. Denote by (Ao, A) the pullback of
(Ao, A) through Spec(R) — V — Y, and similarly denote by

X: HiR(Ag) — HiR(A)

the pullback of X : HIE(Ay) — HIE(A). Using Lemma 7.3.3, there is an R-basis €y, ..., €,
of Lie(A) such that €j,...,€e,_1 generates the corank one R-submodule F4 C Lie(A), and
J acts on Lie(A) as
0 - 0 #n
J=1|: .. 1 | eM,R),
0 - 0 Jjn
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where ji,...,Jn € R satisfy (j1,...,4n) = (jn). Fix an Ok ®z R-module generator o €
H{E(Ap), and write
A(0) = Mer + -+ + Apey € Lie(A)
with A\; € R. Using
Fil(Ag) = JHF(Ay) = Jo,
the image of obst()\)|r is generated by

X Jo) = A\pjnen € Lie(A)/Fa,
while the image of obst*(\)|g is generated by
A(Jo) = J-A(0) = An(jrer + -+ + jnen) € Lie(A).
As A\(J1,- -5 9n) = An(Jn), the maximal quotient of R in which obst(\)|g vanishes is the
same as the maximal quotient in which obst*(\)|g vanishes.

Now assume that tOpy = 0,Op. The zero locus subscheme of obst*(\) is the maximal
closed subscheme of Y over which \ extends to an element of t=! L( Ay, A) satisfying the van-
ishing of (3.1.5). By deformation theory, this is the same as the maximal closed subscheme
over which the compositions

Fil(Ay) — HIE(Ay) 222 HIR(A) — Lie(A)
and -
HIR(Ay) 22 HIR(A) - Lie(A) — Lie(A)/F
vanish. Using JF = 0 and Fil(Ag) = JHE(A), one easily checks that the vanishing of
the second composition implies the vanishing of the first. As Jy € R*, the vanishing of the
second composition is equivalent to the vanishing of obst()\). Thus obst(\) and obst*()\)
have the same zero locus subscheme. O

The following result is reminiscent of the classical adjunction isomorphism as in [Liu,
Lemma 9.1.36], however our result is particular to the moduli space M. Indeed, it is
a statement about the cotautological bundle 7, which we have defined using the moduli
interpretation of M.

Theorem 7.3.7 (Adjunction). Assuming that Z is Y -improper, there is a canonical iso-
morphism

(7.3.7) O 2)ly = TLly
of line bundles on Y .

Proof. View the obstruction
obst()\) : Fil(Ay) — Lie(A)/F

as a section obst()\) € I'(TL|y) with zero locus subscheme Y N Z. Under the inclusion
Oy C O(Z) of Oy-modules, the constant function 1 on U defines a section s € T'(O(Z))
with zero locus subscheme Z. Hence the restriction sl € T'(O(Z)[s) also has zero locus

subscheme Y N Z.

After passing to a Zariski open cover of U, we are free to assume that U = Spec(R) is
affine, and that the line bundles O(Z) and Tp |y are trivial. Fix isomorphisms of R-modules
I'(O(Z)) 2 R and I'(TL|y) = R, and let I C R be the ideal defining the closed subscheme
Y C U. Note that R/T = Oy is an integral domain of characteristic 0, and hence I is
prime. Let f,g € R/I* be the elements corresponding to the sections obst(\) and s|y. As
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these sections have the same zero locus subscheme, (f) = (¢) and we may write f = vg and
g = uf for some u,v € R/I?. In particular g - (1 — uv) = 0.

We claim that if x € R/I? satisfies gr = 0, then x € I/I?. Suppose not. The element
g € R/I? comes with a lift to R, defined by s, and we fix any lift of  to R, necessarily with
x ¢ I. In particular x is a unit in the localization R;. Therefore ¢ € I?R; and the natural
surjection Ry — R;/(g) induces an isomorphism on tangent spaces. This is a contradiction,
as we know from the smoothness of the generic fibers of U and Z that R; and R;/(g) are
smooth k-algebras of dimensions n — 1 and n — 2, respectively.

If we apply the above to x = 1 — uv we see that 1 = uv in R/I. Therefore the map

L(Tily) = R/I? = R/T* = T(0(Z)l3),

which takes obst(\) — s|, becomes an isomorphism after tensoring with R/I = Oy.
Although g = uf does not determine u uniquely, any other such u has the same image in
R/I. In view of the discussion above, the desired isomorphism (7.3.7) may be defined as
follows: Zariski locally on Y there is a homomorphism

Ty = O(2)|y

satisfying obst(\) — s|5. Such a homomorphism is not unique, but any two have the same
restriction to Y. This restriction is an isomorphism, and these isomorphisms patch together
over a Zariski cover. ]

At last we construct the promised section (7.3.1). Fix one connected component Y C
V(Lo,A)/U»> and regard Zp,(m, ) as a line bundle on M. Its pullback to a line bundle on U
satisfies

Z1(m,v)|v = Q) 0(2),

where the tensor product is over all connected components Z C 2p,(m, t) ;7. Combining the
adjunction isomorphism (7.3.7) with Proposition 7.3.2 yields an isomorphism

,FLRA(m,t)|Y A ® o)y,

Y-improper Z

and hence an isomorphism
Zumoly 2"y e @ 02)y,
Y -proper Z
which we rewrite as
(7.3.8) ZPmoly= Q) 02y
Y -proper Z

Each line bundle O(Z) D Oy on U has a canonical section s € T'(O(Z)), corresponding to
the constant function 1 in Oy, satisfying

div(s|ly) =div(s)NY =2ZnNY
as divisors on Y. Therefore (7.3.8) determines a section
y € D(Z (m,v)ly)
corresponding to the section ®s|y on the right hand side of (7.3.8), and this section satisfies

(7.3.9) diviomedy) = > (ZnY).

Y -proper Z

Om,¢
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Note that each s|y appearing in the tensor product is nonvanishing at the generic point of
Y, precisely because the tensor product is over only the Y-proper Z’s. In particular o, |y
is nonzero.

By repeating the above construction on each connected component Y of Y, a)y/v we
obtain a section of the pullback of ZH? (m,t) to Y(wy,ay/v- As U varies over a cover of M,
by sufficiently small étale opens, these sections (being truly canonical) agree on the overlaps,
and the desired section (7.3.1) is defined by patching them together.

Proposition 7.3.8. As divisors on Y, a), we have

diV(o‘m7t) = Z X(]LO,A) (ml,mg,t).
m1€Q>0
m2€Q>o
mi+me=m
Proof. As in the construction of o, ., fix a sufficiently small étale open subscheme U —
My, and a connected component Y C Y,,ay/v- It follows from (5.2.2) that there is an

isomorphism of Y-schemes

|_|(ZOY) = |_| X(Lo,n) (M1, M2, %) )y

Z m1,m2€Q>0
mi+me=m

where the disjoint union on the left is over all connected components Z C Zi,(m,t),y. Each
side of this isomorphism has a well-defined 0-dimensional part: the disjoint union of all its
0-dimensional connected components. Taking the 0-dimensional parts, using Theorem 5.2.2
and Proposition 5.2.8 for the right hand side, and then viewing the 0-dimension parts as
divisors on Y, we find

Z (ZNnY)= Z X(]LO’A)(ml,mg,t)/y.

Y -proper Z mi1€Qxo
m2€Q>o
mi1+mo=m

Combining this with (7.3.9) shows that

div(om,.) )y = Z XLo,n) (M1, m2,t) )y,
m1€Q>o
m2€Q>o
mi+mo=m

and the claim follows immediately. |
7.4. Adjunction in the complex fiber. Fix one point y € Y,,4)(C). We will give
a purely analytic construction of the fiber of o, . at y using the complex uniformization
(3.2.1). Recall from Section 3.2 that to the point y there is associated a triple (2,2, B)
of hermitian Og-modules such that L(2ly,B) = A and

L(Ap,21) € gen(Lo(0)).
Set A = 2A; @ B so that L(Ap,A) € gen(IL(c0)) and
L(2Ap,A) = L(Ap, A1) ® A.
Recall that the connected component of My, (C) containing y admits an orbifold presentation
N\D — My(C)

in which D is the space of negative lines in L(2(, ), and that under this presentation the
point y corresponds to the negative line L(2dp,2A1)r C L(™o,A)g.
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Denote by Z(m, t) the pullback to D of the divisor Z1,(m,t). By (3.2.2) the corresponding
line bundle is

(7.4.1) Zmv= Q@  OWN).

AerT L(Ao,A)

(MA)=m

On the right hand side O()) is the line bundle on D defined by the divisor D(\) of negative
lines orthogonal to A. We must explain the meaning of the infinite tensor product on the
right. Denote by s(\) the constant function 1 on D, viewed as a section of O(\). For
any open set U C D with compact closure there are only finitely many A\ € v=1L(%lg,2A)
satisfying (A, A\) = m for which D(A)NU # (). For A not in this finite set the section s(}) is
nonvanishing on U, and defines a trivialization of O(X). Thus, after restricting to any such
U all but finitely many of the factors of (7.4.1) are trivialized, and the meaning of (7.4.1) is
clear. The line bundle (7.4.1) has a canonical section

Sm,x = ® S(A)

AErT L(2Ap,2)
(MA)=m

corresponding to the constant function 1 in Op C Z(m, ).
Let T denote the pullback of the cotautological bundle 7y, to D. The irreducible compo-
nents of the divisor Z(m,t) passing through y are indexed by the set
(7.4.2) Aer™ A (AN =m) C L(Ao,A).
Recall from Proposition 6.2.2 that at every point z € D there is a canonical isomorphism
T. = Home(z, C),

which was called 8Y, but which we now suppress from the notation. For each z € D and
each A in (7.4.2), denote by A, the orthogonal projection of A to z. There is a unique
holomorphic section obst**(\) € T'(D,T) whose fiber at every point z satisfies

obst?"(A) = (-, \,).

Of course the zero locus of obst®()) is the divisor D(\), and hence there is a unique
isomorphism of line bundles O(\) = T satisfying s(\) — obst®*(\). This isomorphism is
the analytic analogue of the adjunction isomorphism of Theorem 7.3.7.

Define a holomorphic section

obsty) = ® obst™ ()

AeeT1A
(M A)=m
of
TR = &) T
Aee A
(A A)=m
The pullback of (7.3.2) to D is
(7.4.3) Z%(m,¢) = Z(m,t) @ T Ealme)

which has the holomorphic section s, . ® (obst2' )~

Lemma 7.4.1. The fiber aty of Sy, ® (ob.st;“;?)t)_1 agrees with the fiber at y of the section

Om-
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Proof. The main thing to explain is the relation between the analytically constructed section
obst®™ () and the algebraically constructed section obst(\) of the previous subsection. We
will express both constructions in terms of parallel transport with respect to the Gauss-
Manin connection. Let R = @D,y be the completion of the ring of germs of holomorphic
functions at y. Equivalently, R is the completed étale local ring of My ¢ at y, a power
series ring over C in n — 1 variables. Let (Ag, A) € My (C) be the pair represented by the
point y, and let (Ao, A) be the universal deformation of (Ap, A) over R. If m C R is the
maximal ideal, set R = R/m?. Thus Spec(é) is the first order infinitesimal neighborhood
of y. Denote by (Ao, A) the reduction of (Ag, A) to R. Let

T = Hompg(Fil(Ay), Lie(A)/Fa)

be the pullback to R of the cotautological bundle, and let T be its reduction to R.
Each A in the set (7.4.2) determines a C-linear map X : H{f(A4y) — H{E(A), which,
using the Gauss-Manin connection, has a canonical deformation

At H{(Ag) — H{(A)

defined by parallel transport. See [Lan] and [Vo] for the Gauss-Manin connection, and
[BeOg] for the algebraic theory of parallel transport. The composition

Fil(Ao) — HIF(Ag) 2 HIE(A) — Lie(A)/Fa,

viewed as an element of T, is precisely the pullback of obst®(X) to T. On the other hand,
the reduction of A to R is precisely the map

X: HIR(Ay) — HIR(A)

appearing in (7.3.5). Thus the reduction map T — T sends obst™(\) — obst(\). With
this in mind, the rest of the proof follows by tracing through the definitions of the two
sections in question. O

Define a metrized line bundle on My, by
(7.4.4) Z2(fne) = Blfn) @ T 0,

Proposition 7.4.2. For any point y € Y,2)(C), the section o, . constructed in Section
7.8 satisfies

—log ||0'm,r”324 = (I)]L(y» fm,t)
with respect to the metric on 2 (fm.o)|y determined by (7.4.4).
Proof. The metrized line bundle (7.4.4) pulls back to a metrized line bundle on D, whose
underlying line bundle is (7.4.3). It is easy to compute the norm of the section s,, . ®

(obstﬁi‘yt)*l with respect to this metric. For any z € D not contained in the support of
Z(m,t), the section s, . satisfies

—log Hsm,rllﬁ = &p (2, fm,t)v

by definition of the metric on E]L( fm.,c), while

logllobstiy |2 =) logllobst™(N)[[Z= Y (log|(A:,A.)| +log(dm) + ),

AErTIA A€riA
(A )=m (A A)=m
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by definition (6.2.2) of the metric on 7. It follows that

—log [|lo,c|[; = lim (— log|lsm,l|2 +log |lobst; [|2)

= lim (@u(z fme) + > (logl{As, Ao} + log(4m) +7) ).

z—=yY
A€t A
(A A)=m
By Corollary 4.2.2, this is the value at y of the (discontinuous) function @g,(z, fom x)- O

7.5. Completion of the proof. Again we consider the metrized line bundle

é\]l(‘?(f’ﬂl,t) = él(fm,t) ® ﬁ@—R,\(m7r)

on M. Its restriction to Y, ) has a canonical nonzero section (7.3.1), which determines
an arithmetic divisor

div(on.c) = (div(em.e), ~10g|lom.el[*) € Div(Viea.n)
satisfying
(25 (Fmc) : Vo] = deg div(om,e).
Proposition 7.3.8 implies that the arithmetic divisor

Ji:"ﬁn(o'm,t) = (diV(O’m’t), 0)

satisfies

(7.5.1) deg diven (om,) = Z deg é?(LO,A)(ml,mg,t).
m1€Q>o
m2€Q>o

mi+mo=m
On the other hand, it is immediate from Proposition 7.4.2 that the arithmetic divisor
diveo (T ,e) = (0, = 1og [[om,c[*)
satisfies
(7.5.2) deg diVOO(O'm,r) = (I)L(y(LO,A)7 fm,r)-

At last we have all the necessary ingredients to prove the main result.

Proof of Theorem 7.1.2. First we treat the case f = fy, . Combining (7.5.1) with Proposi-
tion 7.2.1 shows that

deg diven(om,.) = —dege Viwy,a) Z af, (m1,t) - Ry(ma, ).
m1€Qxso
m2€Q>0
mi1+meo=m
The m; = 0 term absent from the right hand side instead appears in the equality
~@RA(m,
[T,2580mD Y0 a0 = — dege Vo ) - aif (0,1) - Ra(m, )

of Theorem 6.3.1, and combining all of this with (7.5.2) gives the final equality in
[Z1(fme) Vo )] = (T2 Vg ] + (2 () Vit )]
= [T Yy )] + deg divin(0m.c) + deg divee (om,e)
= BL(V(o.A)> fre) — dege Viig.a) Z afo (my,t) - Rp(ma, ).

m1,m2€Q>0
mi+mo=m
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Corollary 5.3.8 shows that

1 — _7/ + +
deg(c y(LD,A) (I)L(y(]LO,A)a fm,t) =-L (5(fm,t)7 91\7 O) + Cm,t(()? O) a]LO (07 t) RA(Oa t)

+ Z ago(mht) : RA(m27t)7

m1,m2€Q>0
mi+mo=m

and hence
1

dege V(Lo,0)
Another application of Theorem 6.3.1 then shows that
[ZL(frme) * Vo) = —dege Vo) - L' (E(Fmie) 04,0) = ¢, +(0,0) - [TL : Vg n))-

This completes the proof of (7.2.1), and hence the proof of Theorem 7.1.2 when f = fp, ¢.
If f=c"(0) is a constant function (this can only happen when n = 2) then Z,(f) =0
and Theorems 5.3.6 and 6.3.1 imply

[OL(f) : Vo) = PLVwo,n), f) +¢7(0,0) - 75 - Vo,n)]
= —degc Vwg.a) - L'(E(f),04,0)
+ dege Vo a) - {¢7(0), €L, @ O} +¢7(0,0) - 71 : Viwo,n))
= —degc Vwo.a) - L'(E(f),04,0).

Thus Theorem 7.1.2 also holds for constant forms. The decomposition (3.3.1) implies that
the space Hy_,(wp)? is spanned by the constant forms and the fm,’s, and so the desired
equality follows by linearity. O

. [gi(fm,t) : y(]Lo,A)] =-L (f(fm,t)7 01\’ 0) + er_L,t(O7 O) . a]lJAro (0, t) . RA(Oﬂ t)'
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