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ABSTRACT. Generalizing work of Gross—Zagier and Schofer on singular moduli, we study
the CM values of regularized theta lifts of harmonic Whittaker forms. We compute the
archimedian part of the height pairing of arithmetic special divisors and CM cycles on
Shimura varieties associated to quadratic spaces over an arbitrary totally real base field.
As a special case, we obtain an explicit formula for the norms of the CM values of those
meromorphic modular forms arising as regularized theta lifts of holomorphic Whittaker
forms.

1. INTRODUCTION

The values of the classical j-function at complex multiplication points (CM points) are
known as singular moduli. They play an important role in number theory, for instance,
they are algebraic integers that generate Hilbert class fields of imaginary quadratic fields,
and they parametrize elliptic curves with complex multiplication. Gross and Zagier found
a beautiful explicit formula for the prime factorization of the norm of (the difference of
two) singular moduli [GZ1]. A striking consequence is that the prime factors are small: If
E is an elliptic curve with complex multiplication by the maximal order of an imaginary
quadratic field of discriminant A < 0, then any prime dividing the norm of j(F) must
divide §(—3A — 2?) for some integer z with |z| < y/3|A] and 2* = A (mod 4).

The work of Gross and Zagier has inspired a lot of subsequent research in different
directions. For instance, Dorman relaxed some technical assumptions [Dol], and obtained
an analogue for rank 2 Drinfeld modules [Do2]. Elkies considered Hauptmodules on certain
genus zero compact Shimura curves and computed (partly numerically) some of their CM
values [Ell], [EI2]. Lauter found a conjecture on the primes occuring in the denominators
of the CM values of Igusa’s j-invariants on the moduli space of principally polarized abelian
surfaces. Bounds for the denominators of these invariants have interesting applications for
the construction of CM genus 2 curves in cryptography. See [GL1], [GL2], [Ya3] for results
in this context.

The j-function is an example of a Borcherds product for the group SLy(Z), and the dif-
ference j(z1) — j(z2) of two j-functions is an example of a Borcherds product for SLy(Z) x
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SLy(Z). Therefore it is natural to ask whether similar factorization formulas can be ob-
tained for such modular forms in greater generality. An affirmative answer was given by
the authors of the present paper for the values of Borcherds products on Hilbert modular
surfaces at ‘big’” CM cycles [BY1], and by Schofer for the values of Borcherds products at
‘small” CM cycles [Scho].

The argument of Schofer is very natural and is based on a method introduced in [Ku5].
It employs the construction of Borcherds products as regularized theta lifts [Bol], the idea
of see-saw dual pairs [Kul], and the Siegel-Weil formula [We2], [KR]. As an application,
Errthum derived factorization formulas for the norms of CM values of Hauptmodules on
Shimura curves of genus zero associated to quaternion algebras over Q [Err]. In particular,
he verified the numerical values computed by Elkies for such Shimura curves. The authors
of the present paper extended Schofer’s approach to compute the CM values of automor-
phic Green functions [Brl], [BF], yielding a direct link between certain height pairings and
central derivatives of Rankin-Selberg L-functions, see [BY2]. As an application, they ob-
tained a new proof of the Gross-Zagier formula for the canonical heights of Heegner points
on modular curves [GZ2].

Borcherds products are certain meromorphic modular forms for the orthogonal group of
a quadratic space over Q of signature (n,2), which are constructed as regularized theta
lifts of weakly holomorphic elliptic modular forms of weight 1 — n/2. It was already
pointed out by Borcherds in [Bol] that a direct analogue of his construction for totally real
number fields other than QQ cannot exist. This would be a lifting from weakly holomorphic
Hilbert modular forms of typically negative weight to meromorphic modular forms for the
orthogonal group of a quadratic space over a totally real number field F. But according
to the Koecher principle, any weakly holomorphic Hilbert modular form is automatically
holomorphic at the cusps as well.

As a solution to this problem the first author proposed in [Br2] to use harmonic “Whit-
taker forms” (see Section 3.2) as input data for a regularized theta lift over an arbitrary
totally real field F'. He constructed a map which produces meromorphic modular forms and
automorphic Green functions on orthogonal groups and which reduces to the Borcherds lift
in the special case where the ground field is Q. For instance, for a Shimura curve associated
to a quaternion algebra over a totally real field, one obtains meromorphic modular forms
whose whose zeros and poles lie on CM points.

In the present paper we find an explicit formula for the CM values of regularized theta
lifts of harmonic Whittaker forms, thereby extending the results of [Scho] and the results
of [BY2] on archimedian height pairings to quadratic spaces over arbitrary totally real base
fields F'. Although the basic idea is the same as in Schofer’s work, several new aspects
arise. For instance, the regularized integral is not defined as an integral over a (truncated)
fundamental domain for the Hilbert modular group, but as an integral over a fundamental
domain for the subgroup of translations. Moreover, since the Shimura variety we work with
is defined over F', the archimedian height pairing consists of several local contributions.
For the individual pieces we obtain an integral representation (Theorem 6.3), which cannot
be evaluated in finite form. Only if we piece together the local heights at all archimedian
places, we obtain a finite expression, which yields (for weakly holomorphic input) the prime
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factorization of the norm of a CM value (Theorem 7.2). As an example we compute the
CM values of the Hauptmodule on a Shimura curve considered by Elkies associated to a
quaternion algebra over the maximal totally real field subfield of Q((7).

We now describe the main results of this paper in more detail. Let F' be a totally real
number field of degree d and discriminant D. Let oy, ...,04 be the different embeddings
of Finto R. We write OF for the ring of integers and O for the different of F. Let (V, Q)
be a quadratic space over I’ of dimension ¢ = n + 2. We assume that V' has signature
(n,2) at the place o1 of F', and that V' is positive definite at all other archimedian places.
Throughout we assume that V' is anisotropic over F' or has Witt rank over F' less than n.
By the assumption on the signature this is always the case if d > 1 or n > 2.

We consider the algebraic group H = Resp/q GSpin(V') over Q given by Weil restriction
of scalars. We realize the hermitian symmetric space associated to H(R) as the Grassman-
nian [D of oriented negative 2-planes in V ®pg,, R. For a compact open subgroup K C H (Q)
we consider the Shimura variety

X1 =HQ\D x HQ))/K.

It is a complex quasi-projective variety of dimension n, which has a canonical model over
o1(F), see [Shih]. To simplify the exposition we assume throughout this introduction that
K stabilizes an even unimodular Op-lattice L C V', that n is even, and that the Shimura
variety X ; is connected. These assumptions are not required in the body of the paper.

It is a special feature of such Shimura varieties that they come with a large supply of
algebraic cycles given by quadratic subspaces of V', see [Ku4]. For instance, let W C V' be
a totally positive definite subspace of dimension n defined over F'. Then the orthogonal
complement W+ is definite of dimension 2, and we obtain two points zf,?/ € D given by
wt ®rs R with the two possible choices of an orientation. Let Hy be the pointwise
stabilizer of W in H, so that Hy = Resp/g GSpin(W*). The natural map

Hyw (Q\{z5} x Hw(Q)/(Hw(Q) N K) — Xx,1

defines a dimension 0-cycle Z; (W) on Xk 1, which is rational over o (F'), see [Ku4]. Since
GSpin(W+) can be identified with k* for a totally imaginary quadratic extension k of F,
the cycle Z; (W) is called the CM cycle associated to W.

A principal part polynomial is a Fourier polynomial of the the Form

P= Z c(m)qg™™,
mE@El
m>0

where ¢ = e2™(m7) for + € HY. We let Z,(P) = > om0 €(m)Z1(m) be the corresponding
linear combination of special divisors Z; (m) on X 1, see Sections 2.1 and 7.1. The principal
part polynomial is called weakly holomorphic, if

> e(m)b(m) =0,

m>0
for all Hilbert cusp forms g =, b(m)g™ of parallel weight 1 + n/2 for SLy(Op).
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It is proved in [Br2], that if P is a weakly holomorphic principal part polynomial with
integral coefficients ¢(m), then there exists a meromorphic modular form Rp(z,h) on Xk
with divisor Z;(P), which is defined over F, and whose logarithm is essentially given
by a regularized theta lift of a weakly holomorphic Whittaker form corresponding to P,
see also Theorem 7.4. The weight of Rp is given by the degree of the divisor Z;(P), or
equivalently by the coefficients of a certain Hilbert Eisenstein series of weight 1+ n/2. In
this introduction we assume for simplicity that deg(Z;(P)) = 0, so that Rp has weight
zero. One of our main results (see Corollaries 7.5 and 7.6) describes the norm of the CM
value

Rp(Zi(W))= [ Rrlzh) €ai(F).
[2,h]€Z1 (W)

Theorem 1.1. Let P and W be as above and assume that Zy(W) and Z,(P) do not
intersect on Xy 1. Then the norm of the CM value Rp(Z1(W)) is given by

log | N, ()0 Rp(Z1(W))| = deg(Z:1(W)) (10g(0) _ ECTUp, Op @ EJ(VO)>> '

Here Op is the (vector valued) theta function of the totally positive definite lattice P =

WnNL, and 5](\?) 1s the ‘holomorphic part’ of a parallel weight 1 incoherent Hilbert Fisenstein
series associated to the lattice N = W+ N L, see Section 4. Moreover, CT(-) denotes the
constant term of a q-series, and C' € Ry 1s a normalizing constant which only depends on

P (and not on W ).

The constant C' can often be determined by specifying the value of Rp at some special
CM point (see Section 8.3). As a consequence, we find that the prime factors of the norm
of the CM value are small (see Corollary 7.5), in analogy to the situation for the classical
j-function.

Corollary 1.2. Let S(N) be the set of finite primes p of F' for which Ny is not unimodular,
and let S(P) be the set of totally positive m € z" such that c(m) # 0. We have

log | No, (#)/0 Rp(Z1(W))| = deg(Z1(W)) log(C) + > oy, log(p)

p prime

with coefficients oy, € Q, and oy, = 0 unless there is a prime p of F' above p which belongs
to S(N) or p|(m — Q(v))0r for some m € S(P) and v € P" with m — Q(v) > 0 (totally
positive). In particular, o, = 0 unless p < max(M(P),|N'/N|, D), where

M(P) = max{N(m)D; m € S(P)}.

In Section 8, we consider the Shimura curve X associated to the triangle group G 37 as
an example. It is a genus zero curve with a number of striking properties. For instance, the
minimal quotient area of a discrete subgroup of PSLy(R) is 1/42, and it is only attained
by the triangle group Gs 3 7. Elkies constructed a generator ¢ of the function field of X and
computed its values at certain CM points, see [Ell, Section 5.3] and [El2, Section 2.3].

Let F' = Q(¢7)™ be the maximal totally real subfield of the cyclotomic field Q({7), where
(7 = €?™/7. Then F is a cubic Galois extension of Q which is generated by a = (7 + (7 .



CM VALUES OF AUTOMORPHIC GREEN FUNCTIONS 5

Let B be the (up to isomorphism unique) quaternion algebra over F' which is split at the
first infinite and all finite places and ramified at the second and the third infinite place.
Let Op be a fixed maximal order of B, and let O} be the group of norm 1 elements. The
Shimura curve X can be described as the quotient X = OL\H. It can also be described as
a Shimura variety X ; associated to the three-dimensional quadratic space over F' given
by the trace zero elements of B with the reduced norm as the quadratic form.

The elliptic fixed points Ps, Py, P; of orders 3, 2, and 7 are rational CM points of
discriminant —3, —4, and —7, respectively. Elkies considered the rational function ¢ on X
that has a double zero at Py, a septuple pole at P;, and that takes the value 1 at P3. Here we
show that this function is a regularized theta lift in the sense of Theorem 7.4. Employing
Theorem 1.1, we verify some of Elkies’ computations and determine some further CM
values of t. The results are summarized in Table 1 at the end of this paper. For instance,
for the CM point P;; of discriminant —11, we obtain that

73 11-43%-127%- 1392 - 307% - 659°

t(Py) = +
(Pr) 33.137.837 ’

agreeing with the computation of Elkies.

Besides CM values of meromorphic modular forms that arise as liftings of weakly holo-
morphic Whittaker forms, we compute CM values of automorphic Green functions associ-
ated to special divisors (see Section 6 and Theorem 7.2 in Section 7). In this more general
situation the CM value is essentially given by the sum of two terms. The first term is the
right hand side of the formula of Theorem 1.1. The second term is the central derivative
L'(&(P), W,0) of a Rankin convolution L-function of the theta function ©p and a Hilbert
cusp form &(P) of parallel weight 1 4 n/2 associated to the principal part polynomial P.
Similarly as in [BY2, Section 5], the first term should be the negative of a finite intersec-
tion pairing, so that the second term should be the height pairing of an arithmetic special
divisor and a CM cycle. Note that our approach also gives a formula for the integrals of
automorphic Green functions analogously to [Ku5|, [BK], see Remark 7.8.

This paper is organized as follows: In Section 2 we set up the notation and define
the Shimura variety and its special cycles. In Section 3 we recall from [Br2] some facts
on Whittaker forms, and in Section 4 we collect some material on Siegel theta functions,
Eisenstein series, and the Siegel-Weil formula. In particular we carefully analyze incoherent
Hilbert Eisenstein series. Section 5 deals with the regularized theta lift of Whittaker forms,
and Section 6 contains a preliminary result on CM values of automorphic Green functions
(Theorem 6.3). In Section 7 we put together the computations at the different archimedian
places to obtain our main result, Theorem 7.2. It is convenient to formulate it using the
concept of incoherent adelic quadratic spaces. Finally, in Section 8 we consider the example
studied in [Ell, Section 5.3].

It is a pleasure to dedicate this paper to Steve Kudla on the occasion of his 60th birthday.
It is clear that this paper is greatly influenced by many beautiful ideas appearing in his
work. We thank him for his constant support. Moreover, we thank the referee, N. Elkies,
and J. Voight for useful comments.
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2. QUADRATIC SPACES AND SHIMURA VARIETIES

We use the same setup and the same notation as in [Br2]. Let F' be a totally real number
field of degree d over Q. We write O for the ring of integers in F', and write 0 = O for
the different ideal of F. The discriminant of F' is denoted by D = N(9) = #Or/0. Let
01,...,04 be the different embeddings of F' into R. We write Ag for the ring of adeles of
F and F for the subring of finite adeles.

Let (V, Q) be a non-degenerate quadratic space of dimension ¢ = n + 2 over F. We put
Vo, =V Qpg, R and identify V(R) =V ®g R = @@, V,,. We assume that V' has signature

((n,2),(n+2,0),...,(n+2,0)),

that is, V;, has signature (n,2) and V, has signature (n+2,0) for i = 2,...,d. Throughout
we assume that V' is anisotropic over F' or has Witt rank over F' less than n. By the
assumption on the signature this is always the case if d > 1 or n > 2.

Let GSpin(V) be the ‘general’ Spin group of V, that is, the group of all invertible
elements ¢ in the even Clifford algebra of V such that gV g~ = V. It is an algebraic group
over I, and the vector representation gives rise to an exact sequence

1 — F* — GSpin(V) — SO(V) — 1.

We consider the algebraic group H = Resp/g GSpin(V') over Q given by Weil restriction of
scalars. So for any Q-agebra R, we have H(R) = GSpin(V)(R ®q F'). In particular, H(Q)
can be identified with GSpin(V')(F).

We realize the hermitean symmetric space corresponding to H as the Grassmannian D of
oriented negative definite 2-dimensional subspaces of V,,. Note that D has two components
corresponding to the two possible choices of the orientation.

For K ¢ H(Q) compact open we consider the Shimura variety

(2.1) Xk = HQ\(D x H(Q))/K.

It is a complex quasi-projective variety of dimension n, which has a canonical model over
o1(F"), see [Shih]. It is projective if and only if V' is anisotropic over F.

Let L. C V be an Opg-lattice, that is, a finitely generated Op-submodule such that
L ®p, F =V. We assume that L is even, that is, Q(L) C 0~'. Then Qg(z) = trp/q Q(z)
defines an even Z-valued quadratic form on L. Let L’ be the Z-dual lattice of L with
respect to the quadratic form Qq. It is also an Op-lattice. The finite Op-module L'/L is
called the discriminant group of L. The lattice L is called unimodular if L'=L.

We write L = L ®7 Z, where Z = [, Z,. Recall that H(Q) acts on the set of lattices
M CV by M — hM := (hM) N V(F). This action induces an isomorphism M’/M —
(hM)'/(hM), and hM lies in the same genus as M. Throughout we assume that the
compact open subgroup K ¢ H (Q) fixes the lattice L C V' and acts trivially on L'/L.

2.1. Special cycles. Here we recall the special cycles on X which were introduced by
Kudla in [Ku4]. Let W C V be a subspace of dimension r which is defined over F' and
totally positive definite. We write W+ for the orthogonal complement of W in V and
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Hyy for the pointwise stabilizer of W in H. So Hy = Resp/q GSpin(W+). The sub-
Grassmannian

Dy ={z€D; 2 L W}
defines an analytic submanifold of D). For h € H(Q) we consider the natural map
)

w(Q\Dw x Hy (Q)/(Hw (Q) N hKh™

Its image defines a cycle Z(W, h) of codimension r on X, which is rational over oy (F),
see [Kud].

In the present paper we are interested in two particular cases of this construction. First,
if = n, then W is a maximal totally positive definite subspace and W+ is definite of
signature

— XK, (Z, hl) (g (Z, hlh)

((0,2),(2,0),...,(2,0)).
The Grassmannian Dy, consists of 2 points z%,, given by Wt ®p,, R with the two possible
choices of the orientation. The group GSpin(IW+) can be identified with k* for a totally
imaginary quadratic extension k of F'. For this reason the corresponding dimension 0 cycle
Z(W) = Z(W,1) is called the CM cycle associated to .

Second, if z € V is a vector of totally positive norm, we may consider the one-dimensional
subspace Fo C V. For h € H(Q) we obtain a divisor Z(Fz,h) on Xgx. We consider
certain sums of these divisors, called weighted divisors. They generalize Heegner divisors
on modular curves. Let m € F be totally positive, and let ¢ € S(V(F))¥ be a K-invariant
Schwartz function. If there is an zq € V(F) with Q(z9) = m, we define the weighted
divisor

Z(m,¢) = > o(h ' 20)Z(Fxo, h).
h€Hao (Q\H(Q)/K

The sum is finite, and Z(m, ) is a divisor on Xy with complex coefficients. If there
is no zo € V(F) with Q(zo) = m, we put Z(m,p) = 0. If p € L'/L is a coset, and
= char(p + L) € S(V(F))¥ is the characteristic function, we briefly write

Z(m, ) = Z(m, x,.).

3. THE WEIL REPRESENTATION AND WHITTAKER FORMS

Let H be the upper complex half plane. We use 7 = (7,...,74) as a standard variable
on H? and put u; = R(7), v; = (). For a d-tuple (w1, ..., wy) of complex numbers,
we put tr(w) = >, w; and N(w) = [[, w;. We view C? as a R%“module by putting Aw =
(Awi, ..., Aqwg) for A = (Aq,...,Ng) € R For x € F we briefly write 7; = o;(x) and
identify z with its image (z1,...,24) € R% The usual trace and norm of z coincide with
the above definitions. Moreover, the inclusion F' — R¢ defines an F-vector space structure
on C?,
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3.1. The Weil representation. We are interested in certain vector valued Hilbert mod-
ular forms for the group G = Resp/gSLy. For g € SLy(F) = G(Q), we briefly write
g; = 0i(g). So the image of g in G(R) = SLy(R)? is given by (gi,...,94). The group G(R)
acts on HY by fractional linear transformations. We denote by Gy the twofold metaplectic
cover of G(A). Let Gy be the full inverse image in G of G(R). We will frequently realize
Gr as the group of pairs

(9,0(7)),

where g = (2%) € G(R) and ¢(7) is a holomorphic function on H? such that ¢(7)? =
N(cr 4 d). The group law is defined in the usual way. Let I' be the full inverse image in
Gr of the Hilbert modular group

I = SLy(Op) C G(R).

It follows from Vaserstein’s theorem [Va] that T is generated by the elements

By slight abuse of notation, we write
(3.1) T :={T, - (1,+1); beOp}

for the subgroup of translations of T'. Note that I's is not the full stabilizer of the cusp oo
when d > 1. R X

Let L C V be an Op-lattice. For p € L'/L we write x,, = char(u + L) € S(V(F')) for
the characteristic function of the coset. Associated to the reductive dual pair (SLy, O(V))
there is a Weil representation w = wy of G on the Schwartz space S(V (Ar)), where 1 is
the standard additive character of F\Ap with ¢ (x) = e(trz) [Wel]. The subspace

Si= @ Cx < SV(E))

nweL’/L

is preserved by the action of éig{@p), the full inverse image in G, of SLy(Or) C G(Q).
The canonical splitting G(F') — G4 defines a homomorphism

[ — SLy(Op), ~— 4,

where 7 is the unique element such that 7% is in the image of G(F). This induces a
representation pp of I' on Sy by

pr(V)p =w(7), ~el.
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See [Br2, Section 3.2|, for explicit formulas for the action of T,, S, N. We denote the
standard C-bilinear pairing on Sy (the L? bilinear pairing) by

(3.2) (a,b) = Z a,b,

neL'/L

for a,b € Sp. The representation py, is unitary, that is, we have (pra, prb) = (a,b).

3.2. Whittaker forms. Here we recall some facts on Whittaker forms, see [Br2, Sec-
tion 4] for details. Let k& = (ki,...,kq) € (3Z)* be a weight. Throughout we assume
that k = (£,...,%) (mod Z%). We define a Petersson slash operator in weight & for the
representation py, on functions f : H¢ — S;, by

(f Ly (9:0))(7) = (ermy + da) M2 (cqrg + da) "M Po (1) prlg, )" f(g7),

where (g, ¢) € Gg and g = (2b). The Petersson slash operator for the dual representation
pr is defined analogously. We write Sy, ,, for the space of vector valued Hilbert cusp forms
of weight k for T’ with representation py,.

We have the usual hyperbolic Laplace operators in weight £ acting on smooth functions
on H? They are given by

; 0? o? 0 0
3.3 AP = — k; —
(8:3) ¢ (au +aj)“ ”J(a —H@v])
for j =1,...,d. Moreover, we have the Maass lowering operators
, 8
LU — —9; _
w i 97,

which lower the weight of an automorphic form in the j-th component by 2.
We recall some properties of Whittaker functions, see [AbSt, Chap. 13 pp. 189] or [Erl,
Vol. I Chap. 6 p. 264]. Kummer’s confluent hypergeometric function is defined by

(3.4) M(a,b,z) = Z (a)”i

(b),, n!’
n=0
where (a), =I'(a+n)/I'(a) and (a)o = 1. The Whittaker functions are defined by
(3.5) M, (2) = e 22N (1)2 + o — v, 1+ 2u, 2),
I'(—2p) I'(2u)
3.6 W, = M, M, _ .
( ) 7/»‘(2) F<1/2 — - I/) ?/‘L(Z) + F(1/2 + - V) ) /—L(Z)

They are linearly independent solutions of the Whittaker differential equation. The M-
Whittaker function has the asymptotic behavior

(3.7) M, .(2) = 2"T2(1 + O(2)), z — 0,

I'(142u)
I'(p—v+1/2)

(3.8) M, .(z) = e*/?5 (1+0(z), 2 — 00,
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while W, ,(2) is exponentially decreasing for real 2 — oo and behaves like a constant times
2z~ #+1/2 a5 z — 0. For convenience we put for s € C and v; € R:

(3.9) Mi(v1) = Jor| ™2 Magaony 2, s72(|0n]) - €772,

The special value at so = 1 — ky is of particular interest. If v; < 0 we have

F(l — ]{51,47T’m1|1]1) eivl
T(1— &)

where I'(a, ) = f;o e ' 1dt denotes the incomplete gamma function.

(3.10) Moy () =T(2 — ) (1 -

A Whittaker form of weight k and parameter s (for I, pr, and o1) is a finite linear
combination of the functions

(3.11) Jmu(7,8) == C(m, k, s) Ms(—4dmmqvy)e(tr(—mT))x,

forpe L'/L, m € 7'+ Q(u), and m > 0. Here C(m, k, s) denotes the normalizing factor
(dmmg)k2=L . (drmg)het

s+ 1)k —1)---T(kg—1)

A harmonic Whittaker form is a Whittaker form with parameter so = 1 — k;. We denote

by Hj, 5, the C-vector space of harmonic Whittaker forms of weight % for [ and pL-
So any f € Hyp, is a finite linear combination of the functions

(3.13) fm,u(T) = fm,u(Tv 50)

(3.12) C(m,k,s) =

I'l—kq,4
= C(m, k,50)[(2 — k) (1 _ T ZS““)) ¢4 e(tr(—m 7)) X,
for p € L'JL, m € 7' + Q(n), and m > 0. A harmonic Whittaker form f satisfies
AS) f =0 and is antiholomorphic in the variables 7, ..., 74.

We define the dual weight for k by k = (2 — k1, ka, ..., kq). We consider the differential
operator 6 = (5,(:) on functions f : H?Y — S, given by

(3.14) 5(f) =P LO f(7).
If f € Hyp,, then §(f) is a holomorphic function satisfying f(7,7) = pr(13) f(7) for all
b € Op. In particular, we have

(4rmy)==L . (drmy)Ret
3.15 5(F,, _
( ) (f ’M)(T) F(Iil - 1) . F(ﬂd - 1)

For the rest of this section we assume that x; > 3/2 for j = 1,...,d. We define an

e(tr(mr))x,.-

operator £ = 5,(:) taking Hj 5, to S ,, by

(3.16) §N =2 0D lepm
’Yefoo\f
When k; > 2for j = 1,...,d, the Poincaré series on the right hand side converges normally

and defines a holomorphic cusp form. When x; > 3/2 it has to be regularized using “Hecke
summation”. According to [Br2, Proposition 4.3], the map & is surjective.
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A Whittaker form f is called weakly holomorphic if it is harmonic and satisfies £(f) = 0.
We denote by M, ,'C 5, the subspace of weakly holomorphic Whittaker forms in Hy, 5, . So we
have the exact sequence

(317) OHM]L”aL H-[{k:,[)L $Sﬁ,pL H0 .

Recall that the Petersson scalar product of f,g € Sy ,, is given by
1
Pet = ﬁ gz
durdvy  dugdvg

i ig the invariant measure on H? and v* is understood in
and Hj;, by

(3.18) (f.9) (f; g)v" du(r),

where du(t) =

multi-index notation. We define a bilinear pairing between the spaces S,
putting

(3.19) {9.1} = (9. €()) ey

for g € S, and f € Hy 5, . The pairing vanishes when f is weakly holomorphic, and the
induced pairing between S, ,, and Hy, ;, /M ,L 5, 1s non-degenerate. The pairing can also be
computed using Fourier expansions. We define the principal part of

F= 2 > clm ) fuulr) € Hip,

pEL’ /L m>0

»PL

to be the Sp-valued Fourier polynomial

(3.20) P = Y D clmma "X

neL’/L m>0

where ¢™ = e(tr(m7)). Then for g € S, ,, with Fourier expansion g = > b(n,v)q"x,
we have

(3.21) {9.f}=CTUP(f).9) = D Y clm,m)b(m, p).

weL’/L m>0

Here CT(-) denotes the constant term of a holomorphic Fourier series. With this formula
it can be checked whether a harmonic Whittaker form is weakly holomorphic.

4. SIEGEL THETA FUNCTIONS AND EISENSTEIN SERIES

Let (V, Q) be the quadratic space as in Section 2 and let L be an even Op-lattice. Let
g be the canonical unramified additive character of Q\A such that ¢ (z) = e(x), and let
¥ = Pgotrr/g. Let w = wy, be the Weil representation of Gy on S(V(A)). In this section,
we will review Siegel theta functions, coherent and incoherent Eisenstein series associated
to L, and their their relations. We will also study the Fourier expansion of the derivative of
the incoherent Eisenstein series. Let x = xy = ((—l)mz_ 2 det V,-)a be the quadratic Hecke
character of F' associated to V', where det V' is the determinant of the Gram matrix of the
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bilinear form on V' with respect to a fixed basis. Let so = § = %(dim V' —2). Throughout
we assume that V' is anisotropic over F' or has Witt rank over F' less than n. We put
n+2 n+2
5 S 5 )7
n—2 n+2 n+ 2
9 9 T 9 )
4.1. Eisenstein series. Let P = NM be the standard Borel subgroup of G = SLy(F)
with

k=kKy = (

=Ry =(

P=NM = {n(b)m(a); a € F*,be F}.

=0 0) o= 1) m@=(G2)

Let I(s,x) = Indgﬁ x|-|° be the induced representation of G4 (see for example [KRY?2], [KR],
[Ku5]). A section ® € (s, ) is factorizable if & = @®,, with local sections ®,, € (s, xw)
at the places w of F', and it is standard if its restriction to the standard maximal compact
subgroup of G, is independent of s. For a standard factorizable section ® = @®,, € I (s, x),
the Fisenstein series

(4.1) E@Gs®) = Y. ®(3s)

~EP\ SLa(F)

Here

is absolutely convergent for Js > 0, has a meromorphic continuation to the whole complex
planes with finitely many possible poles, and satisfies a functional equation

(4.2) E(g,s,®) = E(g,—s, M(s)®),
where

M(s)q)(g,s):/ O(Jn(b)g, s)db

Ap
is the intertwining operator. The Eisenstein series has a Fourier expansion

E(3,5,®) =Y Eu(js ),
meF
where

En(,5,®) = [] Winaw(Gu: 5, )
w<oo

for m # 0, and the constant term is given by

Eo(§,s,®) = ®(g,5) + M(s)®(7,5) = ®(3,5) + | [ Wou(Gu, 5, Pu)

Here

Wi (i, 5, Du) = / B (T1(B) G )b (—mb) b

w

is the local Whittaker function, and db is the Haar measure on F,, which is self-dual with
respect to .
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When w = o; is an infinite prime, we identify F, = F ®,, R with R. Then I(s, x.,) is
generated by the functions

O ([kg, 1)) = €92, —m < <,

with 7; = %2 (mod 2). Here

b cosf) sind
7 \—sinf cosf)’

and [g, €] is the normalized coordinate system to write Gy, as Gy, x {£1}, see [KRY2]. For

k= (ki - ka) = ("2, 22) (mod 2), we write O = I q)ﬂkg € 1(8, Xoo)-

4.2. The map ). Let w be a place of F'. Locally, for a quadratic space (V,,, Q) of dimension
n + 2 with quadratic character x,,, there is a SLy(F,,)-equivariant map

(4.3) A S(V(FW)) = I(s0, xw),  Me)(9) = w(g)$(0).

We will also write A(¢) for the unique standard section in I(s, x.,) whose value at s = sg

is M(¢). When (V,Q) is a global quadratic space over F', we have a SLy(Ap)-equivariant
map

A S(V(Ap)) = I(so,x),  AM@)(9) = w(9)0(0).

The following local facts are well-known.

Lemma 4.1. Let V' be a quadratic space over R of signature (p, q) with a specific orthogonal
decomposition V.=V T @V~ into a positive definite space V™ and a negative definite space
V=. Let

PP (x) = e 2mQ(z+)+2mQ(z-) S(V),

where x =x, +x_ € V with xy € V. Then

NCOET S

Lemma 4.2. Let p be a finite prime of F', and assume that L, is a unimodular lattice in
Ve Let xo € S(V,) be the characteristic function of Ly. Then @g = A(xo0) is the spherical
section in 1(so, xp) with X(xo)(1) =1, i.e., for all k € K, = SLy(OF,) we have

4 (gk) = ©4(7)-

When n is odd, p has to be an odd prime of F'; and there is a canonical splitting from
K, into the metaplectic cover In the above identity, we viewed k as an element of the
metaplectic cover via the canonical splitting.
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4.3. Siegel theta functions and Siegel-Weil formula. A point z € D gives rise to an
orthogonal decomposition V,, =V ®p,, R = 2@ z*. So an element = € V,, can be written
as r = x, + x,. with respect to this decomposition. Let

(4.4) 61(2,2) = ¢"2(z) = e 2 (Q.0)=QE)  p ey L eD,
¢j(x) = ¢"t20(2) = e 90 1€ Vo d>1
as in Lemma 4.1. For z = (z1,...,24) € V(R) let
(bOO(‘T: Z) = ¢1(JI1, 2) H ¢]($])
i>1
Then Lemma 4.1 implies that
(4.5) Moo 2)) = P

for any z € D. For a Schwartz function ¢ € S(V(F)), we definite its Siegel theta function
of weight K as

(4.6) O(r, 2, h; ¢5) = v "2 Z W(Gr)too(, 2) 0 (b1 ).
zeV(F)

Here §, = [n(u)m(y/v),1] € Gg for 7 = u +iv € H. Tt is a (non-holomorphic) Hilbert
modular form for some congruence subgroup of SLy(F'). A simple calculation shows that

(4.7) O(r,z,h; df) = vy Z qbf(h_lx)e(tr Q(z,1)T + tr Q(wz)?‘)
z€V(F)
Let
(4.8) Or(r,z,h) = Z O(7, 2, hy X ) Xu
pneL’/L

be the Sp-valued Siegel theta function associated to L. It is a Sy -valued Hilbert modular
form of weight & with representation pr, see also [Br2, Section 3.3]. Note that compared
to [Br2] we have dropped the subscript S from the notation (since there will be only theta
functions of this type in the present paper) and have added a subscript L referring to the
lattice (since there will be theta functions for different lattices).

Another way to construct such a modular form is via the coherent Eisenstein series

(49) E(T787¢f7’%) - U_k/2E<§Tvs7/\<¢f) ®(I)§o)7
(410) EL<T7 S, ’%) = Z E(TaSan/%)Xu-
weL'/L

Under our assumption on V', the Eisenstein series Fy (7, s, &) is holomorphic in s at sq, and
its value at s = sy is a Sp-valued Hilbert modular form of weight & with representation py.

Let Q be the invariant Kéhler form on D normalized as in [Br2]. Then Q" is an invariant
volume form on Xr. We denote

VOl(XK) = / Q.
XK
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If n > 1 and C'is a divisor on X, we define its degree as

deg(C)) = /C Q-

When n = 0, D consists of two points z* given by V,, with the two possible choices of an
orientation. Let k = F'(v/—det V') be the quadratic extension of F' associated to xy. It is
a CM number field with maximal totally real subfield ', and H = Resy g G, as algebraic

groups. Under this identification, K C H ((@) is a compact open subgroup of I%X, and
(4.11) X = kK\{zF} x /K = {z%} x K\k* /K

consists of two copies of the idele class group kx\l%x/ K. For arithmetic reasons, it is
convenient to count each point in Xy with multiplicity 2/wg, where wg is the number of
roots of unity which are contained in K under the embedding £* C k*. In this case, the
‘volume’ with respect to the counting measure is

4 ~
(4.12) vol(Xg) = —|k*\k™ /K]|.
Wk
When K = (’},:, then wx = wy, is the number of roots of unity in O and
4
(413) VOI(XK) = —hk,
Wi,

where hy, is the ideal class number of k.

Lemma 4.3 (Siegel-Weil formula). Let the notation be as above. Then
c
E k) = ——— S h)§Y".

Herec=1 form > 1, and c = 2 for n = 0. In particular, when n =0, X s of dimension
zero and one has

2
4.14) FE 0, K E Or(1,2,h) g —0 h).
[z,h|€X Kk [z,h]€supp(X k)

Here each point counts with multiplicity -2 Pt

Proof. For a Schwartz function ¢ € S(V(Ar)), let 0(g,t,$) be the corresponding theta
function on Gy x SO(V)(Ar). We fix a base point zg € D and let ¢oo = ¢oo(+, 20). Taking
into account (4.5), the Siegel-Weil formula (see [Kub, Theorem 4.1], [KR]) asserts that

E(g, s0, A(xu) ® ®5,) = IS0 /SO(V)] 0(7,t, X @ doo)dL.

Here [SO(V)] = SO(V)(F)\ SO(V)(AF), and dt is an invariant measure on [SO(V)] induced
by a Haar measure on SO(V)(Ap).

We write 0(g, h, ¢) = 6(g, m(h), ¢) for h € H(A) where 7 is the canonical surjection from
H(A) = GSpin(V)(Ar) to SO(V)(AFr). Notice that

HQN\H(A)/ KoK = Xk, [hoshy] = [hoy(20), hy]
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is an isomorphism of manifolds, where K, is the stabilizer of 2 in H(R) =[], GSpin(V,)).
Then it is easy to see that

'U_R/Qe(gﬂ hfh’ooa )‘(Xﬂ ® Cboo) = 9(7—’ % hf’ X,u)

with 2 = hoo(20). Now the lemma follows from a change of variables. O

4.4. Incoherent Eisenstein series. Here we consider the following Eisenstein series of
weight x associated to L:

(415) EL<T7S7"€): Z E<7—7$7M7/§)X,u7
peL'/L
(1.16) B(r,5,1,8) = 0B (G 5, A(x) © B).

It is incoherent in the sense that it comes from an incoherent quadratic space over Ap (see
Section 7 for details) in a natural way. Let V =[] ..V, be the ‘incoherent’ quadratic
space over Ap obtained from V by taking V,, = V,, for every place w # oy, and letting
V., be positive definite of dimension n + 2. In particular, V= [Lcoo Vo is equal to V.

Let L be the image of L in V. Then L'/L = L'/L, and X, = char(p + L) € S(V). For
r€Vy = HjVUj we let

d
QbV,oo(x) _ H6727TQ(90]~).
j=1

Then Lemma 4.1 implies that A(¢y ) = @5 . So
(4.17) E(r, s, 1K) = v E(Gr, 5, \(Xp @ $v,00)).

The coherent Eisenstein series £ (7, s, &) and the incoherent Eisenstein series Ep (7, s, k)
are related by the Maass lowing operator in 7; as follows (see [Ku5|, [Br2]):

1
(4.18) LYEL(,5,K) = 5(8 +1—k1)EL(T, 8, k).
In particular, we have
(4.19) 2LV B} (1, 50, ) = Er(7, S0, ).
For the rest of this section, we will study the the derivative E’ (7, so, k).

4.5. The local Whittaker functions. For an integer » > 0 and a finite prime p of F|,
let L, = L, ® H", where H = Og is the standard quadratic lattice with with the quadratic
form Q(x,y) = (5;19@, where ¢, is a generator of J,. Let V, = L, ®, F}, be the associated
quadratic space. Notice that H is unimodular (with respect to ¢,), and so L;./L, = L/ Ly,.
The same calculation as in [Ku3, Appendix| gives

(4.20) Winp(L, 8, X0) = V(i) [Lp = L] 2 (02 Wi(s,m, 1),
where (V}) is an 8-th root of unity called the local Weil index (see [Ku2]), and
(4.21) Wit +smep) = [ [ 6,0(@) — m)dad

Fy Jp+Ly
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for any integer » > 0. Here we normalize the Haar measure such that
vol(L,,dx) =1, vol(O,,db) = 1.
The local Weil indices have the product formula:
(4.22) I V) = ] 7(Va) = 1.
w< oo w< oo

The same calculation as in [Yal, Sections 2-4] (see also [KY]) gives the following lemma.
Lemma 4.4. Let p be a finite prime of F. Then Wy(s,m, ) = 0 unless m € Q(u) + 0, .
Assume this condition, and let N(p) be the cardinality of the residue field of F,.

(1) Wy(s,m,p) is a polynomial of N(p)*°~° with coefficients in Q.

(2) If Ly is unimodular and n is even, then X(xo) is a spherical section in (s, xy),
i.e., it is SLo(Oy)-invariant. In this case, one has

ordy (mdy)
1 .
Wy(s,m,0) = —— Xp(p) N(p)~*)".
om0 = T 3 Gl NG)
Here w, is a uniformizer of Fy,, and
Ly (s, Xp)
Wo(s,0,0) = — 22 2P
p( ) LP(S+ 17Xp)

(3)  When Ly is unimodular and n is odd, X(xo) is a spherical section in I(s,xp). In
this case, one has

0 ifm ¢ 0",
Wy(s,m,0) = { Letax™)y 50 o L1y it £m € 91
PAZy 15 C‘Z(Z)SH) pA&p!los 2 p
625 P
&0t D) ifm=0.

Here X;m) = (2am, -)y is a quadratic twist of x, if xp = (@, )y, and

1 — v, N(p)™* 4 v, N(p)k~ (14205 _ N(p) (kD) (1-2s)

bp(apmv s) = 1 — N(p)i—2s

with k = k(m) = [M], and

)0 if ord,(mo,) =
TV ) if ordy(md,)

1 (mod 2),
0 (mod 2).

(4)  When V, is anisotropic, one has
Wy (s0,0, 1) = 0.

Proof. We sketch a proof of the formula in (3) and leave the others to the reader. We write
L =L, and O = O, in the proof. Let § = d, be a uniformizer of Op, and ¢ (z) = (6 ).
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Then P s unramified. Let L be the lattice L but equipped with the quadratic form
Q(z) = 0Q(z). Then L is unimodular with respect to 1. So one has

n+1

2
L=0O"?, QF) =e’+ ) yz,
j=1

for some € € O*. Using this notation, one sees that x; = (2¢,-),. So € = 2ad mod (F,).
Let L(0) = O with quadratic form ez?. Then one has by definition

Wy (r + s0,m, 0) = /F /L L UelbQENE vy b

r+”T+1
:/Fp /(9n+2+2?" O (bx?)da ]1;[1 ?ﬂ(byjzj)l;Idyj dz; (—dmb)db

= W,(r + s0,6m, 0).

Notice that the last integral Wp(r + 59, m,0) is the same normalized Whittaker function
as the one defined in (4.21) but with respect to L(0) and 7. It is also the local density
function studied in [Yal] with respect to L(0) and ¢ when F, = Q,. The argument
and the formula works for general F, when p { 2. Applying [Yal, Theorem 3.1}, one
obtains the formula. Indeed, the integral is zero if dm ¢ O. When 0 # md € O, and
a := ordy(mé) = ord,(dym) > 0 is even, X,(Jm) is unramified, and [Yal, Theorem 3.1] gives
(X =g " and ¢ = N(p))

1 B .o
Wp(r—i,ém,O)zl—ir(l—q Y Z (gX)* + vpg2 X

0<k§g

L(r, xy™)
= ————2by(dm,r
Cp(27’) P( )

as claimed. When a is odd, X,(Jm) is ramified and L(s, X;(am)) =1, and v, = 0. In this case,

[Yal, Theorem 3.1] gives

. 1 - - .
Wy(r = 5,0m,0) =1+ (1 —g7") > (@XM =g (gX?)H!
0<k<ezt
1_qa72LlXa+1
1—qX?

as claimed. O

=(1-X?)

Let

1 o0
U(a,b;z) = oy 2 / e (r+ 1)b_a_17’“_1dr
0
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be the standard confluent hypergeometric function of the second kind [Le|, where a > 0,
z > 0 and b is any real number. It satisfies the functional equation [Le, p. 265]

U(a,b;2) = 27"U(1+a—b,2—b;2).
For convenience, we also define

U(0,b;2) = ali)r&\l/(a,b; z) = 1.

So ¥(a,b; z) is well-defined for z > 0, @ > min{0,b — 1}. Finally, for any number n, we
define )

U, (s,2) =V (z(1+n+s),s+1;2).

2
Then (2.7) implies that U, (s, z) = 27V, (—s, z). Set
n+2
Wm‘ o B 7(1) 2
(4.23) Wo,(75,8,m, k) = 1075, P )e(—mﬁj),

’Y(Vaj)
with m; = o;(m). Then [KRY1, Proposition 15.1, (15.10) and (15.11)] gives the following
lemma.

Lemma 4.5. (i) For m; > 0, we have

s=s0 o U _g—1(s, 4mmyv;)
W, (75,8,m, k) = 2w v; > (2mm) f‘(m n 1; J
)

J

Moreover,

27 (2mm;)%0
o j ) ) ) = —]7

W J(T] S0, M, K) e

W(;-j (Tja Sp, M, ’i) 1

= — |1 ) —
ng(Tj,So,m, K/) 2 |:Og(7rmj)

where (fort >0, a € R)

F,<SO + 1)
[(sg+1)

+ J(So, 4’/ij/l)j) s

J(a,t) ::/ e’mwdm
0

x
(1t)  For mj <0, we have
U 11(s, —4mm;v;)

ey

2

Wo,(75,8,m, k) = v (—2mm;)° emmivi

In particular, W, (7}, 50, m, k) = 0. Moreover,
W;j(Tj, 80, M, k) = 270w v T'(—s9, —4mmjv;),
where I'(a,t) denotes the incomplete gamma function.
(i)  Form =0,
—L(s+s0) 27°T(s)

TR RS

Wo,(75,8,m, k) = 21 v
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In particular, for n > 0, one has Wy, (7,50, m, k) = 0, and
T

—s0

, J—
W, (75, 50,m, K) ST v;

Forn =0, one has

s AT

Wo, (75, 8,m, k) = v, We . (75,0,m, k) = 7.

F(SJQrQ) ) J
Using the above notation and (4.22) we have
(4.24) E(7,s, 1, K ZBvsmu
meF
where
1 d
(4.25) B(v,s,m, ) = ——————— H Wy(s,m, p) - HWU].(T]', s, m, k),
([L': LID)> p<oo j=1
for m # 0 and
szMMMmeWW[ HmwuHMWNm
p<oo

4.6. The derivative of E(7,s, k), the case n > 1. In this subsection, we assume n > 1,
so so =n/2 > 0.

Proposition 4.6. Assume that V' is anisotropic or has Witt rank over F less than n.
Then E(T, so, i, k) s a holomorphic Hilbert modular form of weight k. Write B(m,p) =
B(v, sg,m, 1).

(1) When m > 0, one has

d
B'(v, sg,m, ) ZJ so, 4mmgv;) + B(m, p)
7j=1

or some number $(m, p) independent of v.
ber 3 independ
(2)  When there is a j with m; < 0, one has

B'(v, 50, m, 1) = D(m, p)v; *T(—s9, —4mm;v;)
for some constant D(m, p) independent of v. Moreover, D(m,u) = 0 if more than one
m; < 0.
(3)  The constant term is given by B(0, u) = x,(0) and

B'(v, 50,0, 1) = %XH(O) log N(v) + D(0, s1) N(v)~*

for some constant D(0, ) independent of v. Finally, D(0, ) = 0 unless d =1 and V is
1so0tropic.
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Proof. We first assume that n is even and m # 0. Let S(m) be the set of finite primes p of
F for which L, is not unimodular or ord,(md) > 0. This is a finite set. Lemma 4.4 implies
(write C = —([L' : L]D)~'/? temporarily) that

d
C
B(U S m M) LS(m)(S + 1 X) Ws(m)(SJ m? /’[‘) H W(Tj (Tj7 87 m? K’)'
Here for a finite set S of finite primes of F', we denote
X) = H Lp(5> Xp)a

pES

WS(S7 m, ILL) = H WP(S7 m, ILL)
pes

When m > 0 is totally positive, Lemma 4.5 implies that

(271.)(1(804*1) N(m)SOC
[(sp+ 1)4L5M) (59 + 1,

B(m7 :u) = B(U7807maﬂ) = )WS(m)<507m7:U’)

is independent of v = (7). If Ws(m)(s0,m, p) = 0, i.e., B(m,p) = 0, then
(271.)d(so+1) N(m)SOC
[(so + 1)L (s + 1, )

is independent of v, so (1) holds with B(m,u) = 0 and G(m,u) = B'(v,so,m,u). If
Ws(m)(s0,m, ) # 0, i.e., B(m, p) # 0, then Lemma 4.5 implies

B/(U7 SOammu) = Wé(m)(smmau)

B'(v,so,m,p) L5 (s+1,x) Wi (s0,m, 1) Z (75,80, m, K)
W

B<m7,u> o Ls(m)(so + 17X) WS (m) 507m ,u Tja 507m7"€)
1 B(m, p)
= 5 Zj: J(30,47rmjvj) + m

for some constant (3(m, u). This proves the case m > 0.
When m; < 0, then W, (75,50, m,x) = 0 and

W, (75, 50, m, k) = 27 v; % I'(=sg, —4wm;v;)

by Lemma 4.5. Since L(so+ 1, x) # 0, the case m; < 0 is now clear,
Finally we consider the case m = 0. The constant term is by Lemma 4.4 and Lemma
4.5 given by

EO(Ta S; My H) = Xu(()) N(U)% + M(S, /L) N(U)fﬁ%,
with
A(s)?

2

L5(s,x)

B AT R

WS<5> 07 M)
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Here S is the set of finite primes of F* where L, is not unimodular, and

2l=s+sor(s

2

So
EO(T7 S0, K, ’i) = XM(O) + M(S()v :u) N(U>_SO7
and .
Eo(7, 50, 1 ) = 5 (xu(0) + M(s0, 1)) 1og N(v) + M’ (50, ) N(v) ™.
Now we have to analyze ords—s, M (s, 1) case by case.
Case 1: When n > 2 or n = 2 with x non-trivial, the L-functions in M (s, ) have no
zeros or poles at sg, so
ords—s, M (so, pt) > d.

Consequently, M(sg, ) = 0. Moreover M'(sg,pu) = 0if d > 1. When d = 1 and V is
anisotropic, V' has to be anisotropic at some finite prime p (since it is isotropic at infinity).
This implies
Wp(la S0, M) = 07
and
ordg—g, M(s,p0) > 1+1=2.

Case 2: When n = 2 and Y is trivial, L%(s, x) = ¢°(s) has a simple pole at s = sy = 1,

and one has also
ords—s, M (so, 1) = d — 1+ ords—s, Ws(s,0, p).

When d > 2, one has again M (s, 1) = M'(so, 1) = 0.

Let CT(V) be the even Clifford algebra of V over F. Then C*(V) = B x B for a

quaternion algebra B over F' by [KRa, Lemma 0.2], since the quadratic extension k/F
associated to xy = x is F' X F. Furthermore, [KRa, Lemma 0.3] implies that

(V,Q) = (B, adet)

for some a € F'*, where det is the reduced norm of B. Our assumption on the signature
of V implies that B is split at oy, and ramified at the other infinite primes.

If d = 2, then there is at least one finite prime p € S such that B is ramified, i.e, V}, is
anisotropic. This implies

Wp(80707u) = 07 WS(‘SO?OHM) = 07
and consequently
ords—g, M(s,0, 1) > 2.

If d =1, then B is either M5(Q) or a division quaternion algebra. But B = M(Q)
implies that the Witt rank of V' is 2, contradicting our assumption. So B is an indefinite
division algebra, and there are at least two finite primes p and ¢ at which V' is anisotropic.
This implies

Wp(SOJ 0) /“L) - Wq(807 07 M) - 07
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and so
ords—s, M (s, ) = ords—s, Ws(s,0, p) > 2.
In summary we have proved for n even and under our assumption on V' that M (sg, 1) = 0.
Hence
Eo(7, 50, pb, &) = x,(0)
is holomorphic, and thus E(7, sq, i1, ) is holomorphic. Moreover,

1 s
Ey (7, 50,11, 5) = 5x4(0) Iog N(o) + D(0, ) N(o)

with D(0, p) :== M'(sp, ) = 0 unless d = 1 and V' is isotropic. This proves the assertion
when n is even.

Next, we assume that n is odd. The proof is similar with a slight change due to the
different L-functions showing up in the formulas in Lemma 4.4. We deal with the constant
term which is trickier and leave the other cases to the reader. By Lemma 4.4 and Lemma
4.5 we have

Eo(7, 5, 1, ) = xu(0) N(v) =" + M(s, ) N(v)~ 2",
with 29 Aoy
25 S
M) = Cgsias 1) o0 O

for some constant C;. Here A(s) and S are the same as above. The case n > 1 or d > 2
is clear, notice that V' is always isotropic when d = 1 and n > 3. Now assume that n =1
and d = 1,2. In this case, (¥(2s) has a simple pole at s = sy = %, and so

ords—sy M (s, 1) =d — 1+ ords—s, Ws(s,0, u).

Since dim V' = 3, C*(V) = B is a quaternion algebra over F and (V, Q) = (B° a det) for
some o € F'*, where B is the subspace of B of trace zero elements.
When d = 2, B is split at o, and ramified at 0. So B has to be ramified at some finite
prime p, and V' is anisotropic at p. This implies that p € S, and
WP(SOa()?M) = 07 WS(80707M) = 0.

So ords—s, M (s, 1) > 2.

When d = 1, B has to be an indefinite division quaternion over QQ since V' is anisotropic
by our assumption in this case. So B has to be ramified at least at two finite primes p and
q, i.e., V is anisotropic at p and ¢. So

ords—s, M (s, ) = ords—s, Ws(s,0, p) > 2.
This proves that
EO(Ta S0, W, K’) = X,U(O)
is holomorphic, and

1
Ey(7, 50: 11, £) = 5x(0) log N(v) + D(0, 1) N(0) ™
with D(0, u) = M’(sg, 1) = 0 unless d = 1 and V is isotropic. O
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Corollary 4.7. Let the notation and assumption be as in Proposition 4.6. Write
EL(T) = B (1, 50, K).

Then we have
d

Er(r)=> &7,

j=0

where, for j >0,

&P(r) ——10g(vg)><o+N() > D0, w)x,

peL’/L

1 m
+5 Z Z Br.(m, p)J (s, 4mm;v;)q™ X,

REL' /L meQ(u)+0~1
m>0

+ Z Z D(m, p)v; T (=s0, —=4mm;v;)q"™ X,
peEL' /L meQ(u)+0~!
mj<0
m; >0 fori#j

is holomorphic in all 7; with i # j (but non-holomorphic in 7;), and

EV(r) = Er(r) = EP () = = EP(P) + (d = DN@)™ Y D0, )X,

peL' /L
is holomorphic in 7. Finally, D(0, ) = 0 unless d =1 and V' is isotropic.

Proof. Everything is immediate from Proposition 4.6 except the claims about holomor-
phicity. One has by Proposition 4.6 that

00 = S B

uweL'/L m>?/OL
which is visibly holomorphic.
When d > 2, one has D(0, 1) = 0, and thus £Y)(7) is holomorphic in 7; for i # j. When
d =1, the claim on £Y) is empty for j = 1. O

4.7. The derivative of E (7, sg, k), the case n = 0. The case n = 0 is special and has a
particularly nice formula. For a non-zero m € F, let Diff(V,m) be the set of primes w of
F such that V,, does not represent m, following Kudla [Ku3] (V is defined in Section 4.4).
Then Kudla proved that | Diff (V,m)| is finite and odd, and for every w € Diff(V,m), the
local Whittaker function Wy (s, m, 1) (when w = p < oo) or W, (75,5, m, k) (when w = 0;)
vanishes at the center so = 0. Let k be the totally imaginary quadratic extension of F
associated to x = xy = xv. It is easy to check that w € Diff(V,m) implies that w is
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non-split in k. We normalize

-1 Wio(l, s,
(4.27) W o(8:Xu) = 10Dy ply * Ly(s + 1, Xp)—’p( Xp)
’Y(Vp)
L 1
= (8+ >XP) le(S,m,,u),
([L;3 : Lp]]Dk/F|p)2
and
. Wino,; (T, 8, @;)
(4.28) W0, (7558, 6) = Lo (s + 1, Xo,) e(—m;T;)

V(Vaj)
= Lo, (5 +1,X0;)Wo, (75, 5,m, K).

Here Dy, is the relative discriminant of k/F (we also denote 0y, for the relative different),

and

s+1 S+1
e .
(=)

Then we have the following result due to Howard and the second author [HY, Theorem
6.2.7].

LO’j (8’ Xo'j) =m

Lemma 4.8. Let the notation be as above.

(1) One has Wy, ,(0,x,) € Q, and W,/,(0, x,.) € QlogN(p).

(2)  One has Wy, (0, x,) € Z unless jp & Ly and p|2.

(3)  When (Ly, Q) = (Opyp,&pxT) with ord,&, = —ord,d, one has W,'h(0,x,) €
ZlogN(p), unless u ¢ Ly, and p|2.

Proof. Let 6 € F, with 60, = 0. Let Yp(x) = 1bp(672), and let V, = V, with a different
quadratic form Q(z) = Q(dz). Then

(4.29) WVP’% = w@pﬂ[}p'

If ¢ € S(V,), we view it also as a function in S(V,). Then their images in I(0, x,) are the
same, and thus the associated Whittaker functions are related via
1

(4.30) 1612 W5 (g, 5,0) = Wis(g. 5, ).

Here we use the super script ¥ to indicate the dependence of the local Whittaker functions
on 1. So one has

(4.31) Wi (5 X0) = Wi (5, X)

m,p
where the right hand side is the normalization in[HY, Section 6]. Now our lemma is just
[HY, Theorem 6.2.7]. O

Let S = S(L) be the set of finite primes of F' such that L, is not unimodular (with
respect to 1), and for a non-zero m € F let S(m) be the union of S and the set of finite
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primes of F' dividing md. Then Lemma 4.4 and Lemma 4.5 imply that

W o(0,x,) =1 if p & S(m),p < oo,
(4.32) Wio (75,0, 6) =2 if m; > 0,
Wlo (75,0, ) = I'(0, —47mj;v;) if m; < 0.

Let A = Np/g(0Dy/r) = DNpg(Dy/r) where Dy p is the relative discriminant of k/F,
and let

SH

A<37X) = A% H Lp(57Xp) Laj(37XUj)

p<oo 7=1
be the complete L-function of x. Then A(s,x) = A(1 — s,x) and A(1,x) € Q. Finally,
define
(4.33) W m,p) = T W0, ),
peS(m)
W, p) = T Wi(0,0).
p'eS(m),p'#p

Proposition 4.9. Let the notation and assumption be as above. Then Er(1,0,k) = 0.
Write for p € L'/IL = L'/L as in (4.24):

E(7,s,p, k) = Z B(v,s,m, 11)q" X,
meQ(u)+0~1
(1) When Diff(V,m) = {p} consists of a unique finite prime p of F, then
241og N(p) Wiip(0, 1)
B'(v,0,m, p) = ———=-—L2 W) () R
0 0ma ) = =R T ) T Ny)
Moreover,
W;L’/P(Oa :u) 1
—r L = (1 dp(mo
10gN<p) 2( +or P(m ))
if p ¢ S(m).

(2)  When Diff(V,m) = {o;}, one has in particular m; = o;(m) < 0 and my > 0 for
l# 7, and

2d71 -
B'(v,0,m, u) = N W) (m, u)T(0, —4mm;u;).
(3)  When |Dift(V,m)| > 1, one has B'(v,0,m, u) = 0.

(4)  One has
B/(Uv 0, Ovu) = XM(O) log N(U) + ﬁ(oa M)

for some constant 5(0, p).
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Proof. We have already shown B(v,s,m, ) = 0 unless m € Q(u) + 07!, So we assume
this condition throughout the proof. Since w € Diff(V,m) implies W, (7,0, u, k) = 0,
one sees immediately that B(7,0,m, u) = 0 for all m # 0. Thus we have

E(r,0,p,k) = B(1,0,u,k) =0
since it is of weight k = (1,--- ,1). Moreover, it implies B'(,0,m, x) = 0 if | Diff(V, m)| >
1 for m # 0. Since
B(v, 5,0, 1) = xu(0) N(v)2 + N(v) " f(s)
for some function f(s) which is holomorphic at s = 0, we see f(0) = —x,(0), and
B'(v,0,0, 1) = x,(0)log N(v) + f'(0).
This proves (3) and (4). To prove the other assertions, we notice for m # 0 that

s

_ AP :
B<U,87m,ﬂ)_A(S+]_,X) H ’Y(Vw)l;[w S, 1 HW T%S?"i

w<oo
Bl N
=5+ g s LW 500
Here we used (4.22). Now (1) and (2) follow from (4.32) and (4.33). O

Corollary 4.10. Let the notation and assumption be as in Proposition 4.9. Write
Er(r) = EL(7, 80, K).

Then we have
d

Er(r) =D & (7).
§=0
Here for 7 >0,
Sg)(T) = x,(0)logv; — Z Z W) (m, 1)T(0, —Amm;v;)q™ X s
ueL'/L meQ(u)j(L)a 1
m;<

m; >0 fori#j

is holomorphic in 7; for all i # j (but non-holomorphic in 7;), and

2d * m
> B0, )X, — A > Br(m, 11)q"™ X
/ (1’X) /
peL' /L pEL' /Lm0
meQ(u)+0~"

1s holomorphic in 7. Here for m > 0 we have

W) (m, )Wl (0, 1) if Diff(V, m) = {p},
0 otherwise.

ﬁf(”% HJ) = {
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In particular

Brm ) = {O otherwise,

for some constant a, € Q. Furthermore a, = 0 unless p is non-split in k satisfying the
additional condition that ord, mo > 0 is odd orp € S(L).

Remark 4.11. Notice that the incoherent Eisenstein series Ep (7, s, ) depends only on
L C V. For this reason, we will sometimes write Ey, for By, & for £, and 5]1(‘] ) for Sg ).

Example 4.12. Let k be a totally imaginary quadratic extension of F' which is unramified
at primes of F" above 2, and let x = x;,r be the quadratic Hecke character of I associated

to k/F. Suppose that &, = &y € AX = F*FX satisfies

(4.34) E0p=07", &:=¢&,>0, x(&)=-1
Then (V,Q) = (ka,&azZ) is an incoherent quadratic space over Ap, which is positive
definite at all infinite places, and yy = x. It is easy to check that p € Diff(V,m) if and
only if x,(&m) = —1.
Let . = Oy, then
L'/L 2 8,/ Ok.
Let
E]L(Tasv’{) = Z E(T,S,,u, “)Xu
HED, 1o/ Ok,

be the incoherent Eisenstein series in Proposition 4.9, and write

V)= > B0, m)xu — A(fx) Y Bm e .

HED, 1/ Ok HED, 10/ O;m>>0
meQ(u)+0~"

as in Corollary 4.10. Then we have:

Proposition 4.13. Let the notation and assumption be as above. Let o(p) be the number
of prime tdeals U of F' which ramify in k and for which g € O . Moreover, for an ideal a
of F', we let
pla) = {2 C Ox; Ny/p() = a}f.

Assume that m € F is totally positive. If | Diff(V,m)| > 1 orm ¢ Q(u) + 9!, we have
Bi.(m; p) = 0.

If Diff(V,m) = {p} and m € Q(u) + 07!, then p is non-split in k, and B;(m,u) €
ZlogN(p) is given by

(mODy rp~t)log N(p), if p is inert in k,

* — 9om)-1(1 d 0 p



CM VALUES OF AUTOMORPHIC GREEN FUNCTIONS 29

Proof. This is a generalization of [Scho, Theorem 4.1] and [BY2, Theorem 2.6] and follows
from Proposition 4.9 and local results in [Ya2] and [HY, Section 6]. Indeed, using the
notation in the proof of Proposition 4.8, we have

* *9
Wm,p(‘S? X/i) = W&m,?g(‘s’ Xﬂ)

by (4.31), which is zero unless md € D,;/IFP. Here § is an O,-generator of d,, and ¢, (z) =

Yy(0x) is unramified. Moreover, (L, Q) = (Oy.p, 06,2%) with 6¢, € O,. Denote N =
ord,(md) = ord,(md), let 7, be a uniformizer of Fy, and assume m € (9,Dy/pp) "
When p is unramified in &, [Ya2, Proposition 1.1] (also [HY, Proposition 6.2.2]) gives

N

Wi o(5:X00) = Y (xp(mp) N(p) ™).
Consequently,
W:@,p(oa Xu) = Z(Xp(”p))n = pp(m(?)

is the number of ways to write m0 as the norm of integral ideals of k, (to F},). In particular,
it vanishes if and only if p € Diff(V,m), that is, xp({m) = xp(dm) = —1. In such a case,
one has

. 1
Wiy(0.x) = (1 + ordy(m)) log N(p).

When p is ramified in &, and p, € Ly, = O p, one has by [Ya2, Proposition 1.3] (see also
[HY, Proposition 6.2.4]) that

W;z,p(& Xp) = 1+ xp(&m) N(p)_s(fzﬂr]\f)7
where f = ord, Dy/p. So

0 if p € Diff(V,m),

Wonp(0: Xu) = {2 if p ¢ Diff(V, m).

When p € Diff(V,m), one has
W0, xu) = (f + ord, md) log N(p).
Finally, when p 1 2 is ramified in &, and p, ¢ L, = Oy, one has by [HY, Proposition 6.2.6]
that
W;L,p(87 X,u) = Char(Q(,u) + ap_l)<m) =1

Now our formula follows pretty easily. Indeed, if | Diff(V,m)| > 1 or m ¢ Q(u) + 071,
then 3¢ (m, ) = 0. So we may assume that Diff(V,m) = {p} and m € Q(u) +0~'. This
implies in particular that p € Oy, and p is non-split in k.



30 JAN H. BRUINIER AND TONGHAI YANG

When p is inert in &, the above formulas and Proposition 4.9 imply that

B (m, ) = 2°W7L(1 + ord,(md)) H pi(m0) log N(p)
WDy

= 2271 + ordy(m0)) p(mdp~") log N(p)

as claimed. Here we used the fact that for an integral ideal a of F'
a) =[] pi(w)
[

and
1 if [ is ramified in k,
pi(a) = ¢ HEUTNYip (s inert in ,
1+ord;a if [is split in k.

When p is ramified in k, the above formulas and Proposition 4.9 imply that

B (m, 1) = 2771 (f, + ordy(md)) [ [ pu(md) log N(p)
l#p

= 2°W=1(1 4 ord,(md))p(md) log N(p)

as claimed, since f, = 1 under our assumption that k/F is unramified at primes above 2
This proves the proposition. U

5. AUTOMORPHIC GREEN FUNCTIONS

Here we briefly recall from [Br2] the construction of automorphic Green functions for
special divisors on Xy as regularized theta lifts of Whittaker forms. For background on
Arakelov theory we refer to [SABK], [BKK].

5.1. Regularized theta lifts of Whittaker forms. Let L C V be an even Op-lattice.
Recall from Section 4.3 that there is a corresponding Siegel theta function Oy (7, z, h) for
T €H% 2 €D, and h € H(Q). Tt has weight &.

For any 1 € L'/ L and any totally positive m € 0~ '+Q(p), let f,, (7, s) be the Whittaker
form of weight of weight
2—n 24n 2+n

2 7 2 72 )
with parameter s defined in (3.11). The automorphic Green function ®,, ,(z, h, s) for the
divisor Z(m, p) is defined as the regularized theta lift of f,, .(7,s),

<fm7u(7-> 5)? @L(Tv 2 h)> (UZ T Ud)z/Q d:u(7->

k=

reg

\/_ [0 \H
1

— - T y o)t 20
B \/E vE(Rx0)? (/UEOF\Rd<fm“u( ’S)’@L< ’Z7h)> du) (U Ud) N(”)Q

D, (2, hys) =
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The regularized integral converges if R(s) > so + 2, where sy = n/2. It is proved in [Br2]
that ®,, (2, h, s) has a meromorphic continuation to the whole s plane with a simple pole
at s = sg. It satisfies a functional equation relating the values at s and —s.

Now let f € Hy 5, be a harmonic Whittaker form and write

(5.1) F=> > clm,p) fru(7).
weL! /L m>0

The regularized theta lift ®(z, h, f) of f is defined as the constant term in the Laurent
expansion at s = 5o of

O(z,h,s, f) = Z Z c(m, )@y (2, b, S).
peL! /Lm0
It has a logarithmic singularity along the divisor —2Z(f), where
(5.2) Z(5)= >, > clm,w)Z(m, p).
peL /L m>0

In view of [Br2, Corollary 5.16], the function ®(z,h, f) is an Arakelov Green function for
the divisor Z(f). Recall that the degree of Z(m, p) is given by

deg(Z(m, )
vol(Xg)

where B (m, 1) denotes the (m, p1)-th coefficient of the Eisenstein series Ep (T, so, k) as in
Section 4.6 (see e.g. [Br2, Remark 6.5]). If we put

(5.4) B(f)= Y_ > clm,u)Bg(m,p),
peL! /L m>0

then by [Br2, Corollary 5.9] the residue of ®(z, h,s, f) at sq is equal to —2B(f). Conse-
quently, we have

(5.5) O(z,h, f) = lim (@(z,h,s,f)

S$—S0

(5.3) Br(m,p) =

20

S — 8o

5.2. A variant of the theta integral. We now give a different regularized integral rep-
resentation for ®,, ,(z, h,s) which converges at so. It also leads to a new integral repre-
sentation for the Green function ®(z, h, f). The idea is the same as in [Br2, Section 6.2]:
We subtract the “Eisenstein contribution” of the Siegel theta function ©. The remaining
“cuspidal contribution” satisfies a better growth estimate as v; — 0 and therefore leads to
a larger domain of convergence. As before we assume that V' is anisotropic over F' or that
its Witt rank is smaller than n.
We define the cuspidal part of the Siegel theta function by

(5.6) OL(1,2,h) = OL(7, 2,h) — EL(7, 50, &).

It follows from Lemma 4.3 that the constant terms at all cusps of [ of this function vanish
or are rapidly decreasing. Consequently, O (7, z, h) is rapidly decreasing.
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Proposition 5.1. Assume the above hypothesis on V.
(i) The function ©L(t, z, h)v™? is bounded on HY.

(ii) For v; — 0 we have uniformly in u that O (T, z, h) = O(v=/?).

2

(iii) The m-th Fourier coefficient of O (T, z, h) is bounded by O(vl%) as v; — 0.

Proof. Since O (7,2, h) is rapidly decreasing at all cusps of T, (i) and (ii) follow by the
usual argument. It remains to prove (iii). The behavior of the Fourier coefficients as v; — 0
is a direct consequence of (ii). Moreover, since O (7, z, h) is holomorphic in 7s,.. .,

Fourier coefficients are bounded as v; — 0 for : = 2,...,d.

Proposition 5.2. We have that
1 reg

ﬁ B (frnu(T,8), (:)L(Tv z,h))(vg - - ?Jd)e/Q du(T)

N 2n deg(Z(m, p))
(s2 — sg)F(% +1) vol(Xk)

Here the reqularized theta integral converges for R(s) > 1.

Q,, (2, by 5) =

Proof. By definition we have
1 reg

\/_ oo \H4

/7‘69 (fu(7,8), EL(T, 50, R )><U2"'Ud)e/2 du(T).
r

oo \H4

Oz, hy 5) = (frnu(7,5), OL(7, 2, ) (v2 -+ va) 72 dpa(7)

In view of Lemma 4.3, the second summand on the right hand side is equal to

—1 - T,S T, Z Vg - vg)? ) Q"
VD vol(Xkg) /XK /foo\Hd<fm’”( :8), OL(7, 2, 1)) (v2 - va) " dp(7) Q2
1 n
- %S /XK Do, hy5) 0
_ 2n deg(Z(m, 1))
(s2 =T (552 4+ 1) vol(Xk)

Here the last equality follows from Theorem 5.7 of [Br2] applied with the test function
1. This proves the identity of the proposition. The convergence statement follows from
Proposition 5.1 and the asymptotics for Whittaker forms, see Section 3.2 and [Br2, Sec-

tion 4].
Let f € Hy 5, be a harmonic Whittaker form. If n > 2, we define

(5.7)  ®(z,h, f) =

1 reg

\/_ Foo\]H[d
- 75 7),0L( 2 2
- \/B vE(R>0)4 (/UEOF\Rd <f< >’ @L< 1 %5 h)> du) (Uz Ud)

(f(7), ©r(T, 2, 1)) (vz -~ va)"? dpu(T)
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Note that the regularized integral converges. If n > 1, we define (f(z, h, f) as the value at
s’ = 0 of the holomorphic continuation in s’ of
1 reg

\/E Moo \HA

Here the regularized integral converges for ZTT" < R(s') < 1. The fact that it has a

continuation in s’ can be deduced from the continuation in s of ®(z, h, s, f).

(5.8) (f(7), 017, 2, 1)) (2 - va)"* N(v)* dpa(7).

Corollary 5.3. Let f € Hy,;, be a harmonic Whittaker form. We have
(2, h, f) = (2, h, f) + B(F)(I'(1) +2/n).

Remark 5.4. By construction, ®(z, h, f) is normalized such that
/ d(z,h, ) =0,
XK

6. CM VALUES OF AUTOMORPHIC GREEN FUNCTIONS

Let W C V be a maximal totally positive definite subspace. Recall that the CM cycle
Z(W) is given by

~ A

Hy (Q\Dw x Hw(Q)/(Hw(Q) N K) — Xk.

If f € Hyp, is a harmonic Whittaker form, we aim to compute the CM value

(6.1) QZW), f)= Y O(zh f)= > lcp(z,h,f).

[2,h]€Z(W) (s h]esapp(2(W)) UK

Recall that each point in Z (W) is counted with multiplicity 2/wg (see Section 4.3).
By means of the splitting V = W @ W+, we obtain Op-lattices

P=LAW,
N=LNnW".
The lattice P is totally positive definite, while N has signature ((0,2),(2,0),...,(2,0)).

Then N @ P C L is a sublattice of finite index. As in [BY2, Lemma 3.1], we may view f
as a Whittaker form fpgy for the sublattice P & N. We have

(6.2) (f,01) = (fran, Oran),

so we may assume below that L = P & N if we replace f by fpan-.
For any cusp form g € S, ,, we define an L-function by means of the convolution integral

(6.3) L(g,W,s) = (0p(1) @ En(7,5,kn), 9(T)) poy

where En(T, s, ky) denotes the incoherent Eisenstein series of weight vy = (1,...,1) as-
sociated to the lattice N C W+ defined in Section 4.4. The Petersson scalar product
is normalized as in [Br2, (4.21)]. The meromorphic continuation of the Eisenstein series
EN(T, s, kn) leads to a meromorphic continuation of L(g, W, s) to the whole complex plane.
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At s = 0, the center of symmetry, L(g, W, s) vanishes because the Eisenstein series vanishes
at that point by Proposition 4.9. Let

(6.4) g(r) = > D> blm,m)d X,

weL'/L m>0
(6.5) Op(T) = > > r(m,puq"xu
uweEP'/P m

be the Fourier expansion of g and ©p, respectively. Using the usual unfolding argument,
one obtains a Dirichlet series expansion of L(g,W,s). For instance, if the narrow class
number of F' is one, we have

(6.6) L(g,W,s) = (4) 4etm/2r (i")d Z Z r(m, p)b(m, 1) N(m)~¢t72,

med—1/(0%)2 neP'/P

Here the first sum runs through the orbits of 9! modulo the action of (O})?, the group
of units which are a square.
Before stating our main result we need the following lemmas.

Lemma 6.1. Let m € F be totally positive. The m-th Fourier coefficient of Op @ EN —2E],
is O(v™"/%) as v; — 0.

Proof. Let Exo(7) denote the Sy-valued constant term of the Fourier expansion of Ey(7)
at the cusp oo. Let &£ (7) denote the Sy -valued constant term of the Fourier expansion
of £,(7) at the cusp oco. Then Ex — Eno and &, — € are rapidly decreasing at the cusp
0o. Consequently,

OpREN —26, =Op@ENo — 280+ Ry
= Xo+r Q@ Eno — 2E10 + Ro,

where Ry and R, are rapidly decreasing at the cusp oo. It follows from Proposition 4.6
and Proposition 4.9 that the log(N(v)) parts of xo+p ® Eno and 2& ¢ cancel. Hence

Xo+pr & 5N70 — 25[/70 = ﬁ +« N(U)_SO
for some Sp-valued constants 3 and a. Moreover, @« = 0 when n = 1. Consequently, near
the cusp oo, the function ©p ® Ex — 2&; is the sum of a constant and a function that
decays at least as O(aN(v)~*0). The same analysis applies to the other cusps. Hence there
exists a linear combination G' of holomorphic Fisenstein series of weight « for the group
[ such that ©p ® Ey — 2, — G decays as O(aN(v)~*0) at all cusps. (When o« = 0 it is
rapidly decreasing.) Therefore |Op @ Ex — 2€, — G|v"™/? is bounded on H?. This implies
the assertion. U

Lemma 6.2. Let m € F be totally positive, and let j € {1,...,d}. The m-th Fourier
coefficient of ©Op ® 5'](\?) - 25]9) is O(1), as v; — 0 fori # j. It is O(v™"/2) as v; — 0.

Proof. The function ©p ®51(Vj) — 25£j ) is holomorphic in 7; for ¢ # j. Hence its m-th Fourier
coefficient is independent of 7;, and therefore bounded as v; — 0.
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Moreover, we have
Op 0 Y — 26 = (Op@&x —26,) - (Op @ (e — &) - 28, - ).

The second quantity on the right hand side is holomorphic in 7;, and therefore its m-th
Fourier coefficient is bounded as v; — 0. Hence the growth in v; follows from Lemma 6.1.

O

Theorem 6.3. Let f € Hyy, and assume that Z(W) and Z(f) do not intersect on Xr.
If n > 2 then the the value of the automorphic Green function ®(z,h, f) at the CM cycle
Z (W) is given by
~ deg(Z(W e ——
O(Z(W), f) = _ deelZ(V)) / (5(f), ©p ®5](\}) - 25£1)>U”dp(7')
vD oo\ B4

If n > 1 then the CM value ®(Z(W), f) is given by the value at s' = 0 of the holomorphic
continuation in s’ of

_ deg(Z(W))
VD

Here the reqularized integral converges for QTT” < R(s') < 1.

. /F G0, 0r @ EY — 26D Y0t N(w) du(r).

oo \H

Proof. First, we assume that n > 2 so that we can use the integral representation (5.7). In
view of (6.2) we may also assume without loss of generality that L = P& N. By definition
we have

(6.7) d(Z(W / (f(7) ),0.(r, zw,h)>(02---vd)z/2 du(T).
Too\H [, h]eZ W)
For z =z, and h € HW(@), the Siegel theta function O (7, z, h) splits up as a product
(6.8) OL(T, 2, h) = Op(T) ® ON(T, 237, h).

Here ©p(7) = Op(7,1) is the holomorphic Sp-valued theta function of parallel weight n/2
associated to the totally positive definite lattice P. On the other hand, according to the
Siegel Weil formula (4.14) we have

(6.9) Z Or(1,2,h) =

[z,h]€eZ(W)

deg(Z deg(Z2(W))

EN(Ta S, RN))

where En(T, s, ky) denotes the coherent Hilbert Eisenstein series defined in Section 4.3 of
weight &y = (—1,1,...,1) associated to the lattice N C W, Inserting this into (6.7) we
obtain

H(Z(W). f) = dei(zf(w”
) /reg <f(T)7@P( ) ® Ex(7,0,kn) — 2EL(T, 35, ~V)> (vg -+ - vg)"2 dp().

[oo\H
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In view of (4.19), if we write n = (vy - --vg)"2drdu(r) - - - du(y), we have the following
identities of differential forms on H¢:

—20E1 (7)n = —20.En (T = En (7,0, Fn ) (ve - - - va) 2 dp(7),
—20EM (7 = —20.E(T)n = Ep(7,n)2, Ry ) (vs - - - vg) 2 dpu(7).
Consequently, we find
(2w )= L7 [ (10).0(000) 0 80 ) 22 )
_deg(Z(W)) [T
VD

= d{f,0pc&Yn 26"
D B\ <f> PRENT L 77>

_deg(Z(W)) [ = (1) _ 96 (7)) dp(r
TR (. en o) 22 mprintr

where 0 is the differential operator on harmonic Whittaker forms defined in (3.14). We
have used that d(fn) = —(f)v*du(r), see [Br2, (6.2)].
We now show that the quantity
1 reg

ﬁ oo \HA
vanishes. For 7' > 0 we let Ry C R, be the rectangle
Ry =[1/T,T) x -+~ x [1/T,T].

(6.10) a(f.0p 0 &\ —26"n)

Using the invariance of the integrand under translations, we find by Stokes’ theorem that
(6.10) is equal to

— lim Op Y — 28t
D T*)OO /BRT /(;F\Rd f " >

Notice that only the parts of the boundary 0 Ry where v; = 1/T or v; = T give a non-zero
contribution. Carrying out the integration over u, we see that (6.10) is equal to

lim go(v)(vg - - -vd)é/2_2 dvy . .. dvg
U170 g, 0a=0
(6.11) — lim go(v)(vg - - -vd)é/z’2 dvy . .. dug,
V170 S, 0q=0

where go(v) denotes the constant term of the Fourier series

g(r) = (f.or@ ey — 261"},

Using Lemma 6.1 and the asymptotic behavior (3.7) for harmonic Whittaker forms, we see
that

go(r) = O™/
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as v; — 0. Taking into account our assumption that n > 2, this implies that the first
summand in (6.11) vanishes. Moreover, it follows from the Fourier expansions of £ ](\%) and
Sél) that

/ Go(v) (v - vg)* 2 dvy . .. dvg = O(vi?)
V2,...,0q3=0

as v; — oo. In fact, for the contribution from 52” this follows from the decay of the
function J(a,t) occurring in the Fourier coefficients. We have J(a,t) = O(t™!) as t — oo

for a > 0. The contribution from Op ® 51(\/}) is actually exponentially decreasing due to the
exponential decay of the incomplete gamma function occurring in the Fourier coefficients
of £ ](\]1 ). Hence the second summand in (6.11) valishes as well. This concludes the proof of
the theorem when n > 2.

Finally, we note that for n < 2, we may use the integral representation (5.8), and argue
similarly with the appropriate modifications taking into account the extra N(v)* term. [

7. SHIMURA VARIETIES ASSOCIATED TO INCOHERENT QUADRATIC SPACES

Actually, the complex manifold X = H(Q)\D x H(Q)/K studied in the previous
sections is just one complex piece of a Shimura variety Xx over F: We have X =
Xk Xpo, C. To study the arithmetic of Xx, we need also the complex points of Xy with
respect to the other embeddings o; : F' — C and its integral structures at the finite primes
of F'. They are associated to ‘companion quadratic spaces’ of V over F'. A more convenient
way to describe these quadratic spaces is to use the notion of incoherent quadratic spaces
first described by Kudla [Ku3].

A quadratic space over A is a free Ap-module V of finite rank together with a non-
degenerate quadratic form ) : V. — Ap. If w is a place of I, then V,, = V®,, I, together
with the induced quadratic form @, : V,, — F,, is a quadratic space over the local field
F,. We may view V as the restricted product

V=]] Ve

w<oo

The determinant of V defines an element of the idele group A%. Let ¢ denote the rank of V,
2(6—1)

and let xv, = ((—1)" 2z  detV,,-) be the quadratic character of V,, given by the Hilbert
symbol. Then xv = [[, Xv.w is a well defined character Ay — {£1}. At a finite place
w < oo the local quadratic space V,, is determined up to isometry by ¢, the character xv .,
and the Hasse invariant Hasse(V,,). At an infinite place w, the local space is determined
by the signature. We have Hasse(V,,) = 1 for all but finitely many places. We define

Hasse(V) = H Hasse(V,,) € {£1}.

A quadratic space V over Ap is called admissible if xv is trivial on F*. Such a space
is called coherent if there exists a global quadratic space V' over F' such that V(Ap) =
V ®@p Ap = V. In this case V' is uniquely determined up to isometry, and we will identify
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V with V(Ap). If there exists no such global space, V is called incoherent. An admissible
quadratic space V is coherent if and only if Hasse(V) = 1.

Let (V, Q) be an admissible incoherent quadratic space over A which is totally positive
definite of dimension ¢ = n + 2. For every real embedding o; there is an up to isome-
try unique quadratic space V; over F, called the neighboring quadratic space of V at o;
(following Kudla), such that

Ve, for w # o,

R™?  for w = 0.

(7.1) Viw =V; ®p Fy = {

Here R™? denotes the standard quadratic space over R of signature (n,2), that is R™"*2
with the quadratic form « +— 27 + - + 22 — 22, — 22, ,. We fix the neighboring spaces

V;, and we also fix isometries
(72) v V — ‘?},

where V = [I,<oo Vp and V,=V,®pF.
We let H; = Resp/g GSpin(V;) be the algebraic group over Q given by Weil restriction
of scalars. We also consider the restricted direct product

H = GSpin(V) = ] GSpin(V,).

p<oo

Via the isomorphism (7.2) we will identify H with GSpin(V;)(Q).

Let D = D™? be the Hermitian symmetric domain of oriented negative definite 2-planes
in R™2. It has two components corresponding to the two possible choices of the orientation.
The group GSpin(V;) acts on I through the isomorphism Vj, = R™?. Let K C H be a
compact open subgroup. The Shimura variety

Xy = H(Q\D x H;(Q)/K = H;(Q\D x H/K
associated to (V}, K') has a canonical model X ; defined over o;(F") C C, see [Shih].

Lemma 7.1. Let the notation be as above. There is a quasi-projective variety Xg defined
over F' such that for each embedding o; : ' — R C C, the base change Xg X o, 0;(F) is
equal to X ;. We call Xi the Shimura variety associated to (V, K).

Proof. By the theory of conjugates of Shimura varieties [Mi, Section 4], the base change
oo, IXKJ is equal to Xg ;. So the variety Xig = oy IXKJ is the desired Shimura variety
associated to (V, K). O

If we view Xx as a scheme over Q via Xx — Spec(F) — Spec(Q), we have that
Xk X C = ]_[j Xk j.- Note that we may take for the quadratic space V' of the previous
sections the space V] of the present section. Then we may identify the Shimura variety
X of the previous sections with the component X ; in the setup of the present section.
In the context of arithmetic intersection theory (see e.g. [SABK], [BKK]) it is important
to consider all Galois conjugates X ; of Xk 1 simultaneously.
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7.1. Special cycles. A coherent (positive definite) subspace of V is defined to be a tuple
W = (W, ¢, (¢;)) where W is a totally positive definite quadratic space over F' of dimension
r < n together with embeddings

(7.3) L W(Ap) —V, W — 1V},
which are compatible with the isomorphisms v;, that is, such that
W—=V
Vi

commutes for every j = 1,...,d. Let W= (W (Ar)) C V and write W+ for its orthogonal
complement in V. We denote by Hy, the pointwise stabilizer of W in H. Analogously, let
Wf be the orthogonal complement of W in Vj, and denote by Hyy; the pointwise stabilizer
of W; in H;. Then Hy,; = RespjqGSpin(W;"), and Hy;(Q) is isomorphic to Hy, via
the isomorphism induced by v;. We write Dy; for the sub-manifold of D of given by the
oriented negative definite 2-planes in R™?* which are orthogonal to W;,, C Vj, = R™2

For any h € H = H,;(Q) let Z;(W,h) = Z;(W,v;(h)) be the special cycle on Xk,
defined in Section 2 (with respect to V' =V}). It is a cycle of codimension r defined over
o;(F) C C. Analogously to Lemma 7.1, there is an algebraic cycle Z(W, h) on Xf defined
over F' whose image under the base change to X ; via 0; is equal to Z;(m, ) for all j.

In the present paper we are interested in two particular cases of this construction. First,
if 7 = n, then WL is totally positive definite of dimension 2, and I/le has signature (0, 2)
at the place o; and signature (2,0) at all other infinite places. In this case, Dy;; consists
of two points z;tv’j, which are W]%Uj with the two possible choices of an orientation. The
group GSpin(W+) can be be identified with A} for a totally imaginary quadratic extension
k of F. The corresponding dimension zero cycle Z(W) = Z(W, 1) is called the CM cycle
associated to W. According to (4.12), deg(Z;(W)) is independent of j, and is equal to
ﬁ]kx\EX/KW] with Ky = kX N K. We define deg(Z(W)) := deg(Z;(W)) as the degree
of Z(W).

The second case we are interested in is » = 1. For a totally positive definite quadratic
space W over F' of dimension 1 together with compatible embeddings, and for h € H,
we have a divisor Z(W,h) on Xg. We consider certain sums of these divisors, called
weighted divisors. They generalize Heegner divisors on modular curves. Let m € F' be
totally positive, and let ¢ € S (V)K be a K-invariant Schwartz function. First, assume
that there is a totally positive definite quadratic space W over F' of dimension 1 together
with compatible embeddings ¢, (¢;) as in (7.3) that represents m. Then let xy € W with
Q(z9) = m and define

Z(m,p) = Z p(h~ o) Z(Fxo, h).
heHw\H/K
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The sum is finite, and Z(m, ) is a divisor on Xy with complex coefficients. If there is no
such space W representing m, we put Z(m, p) = 0. We write Z;(m, ¢) for the divisor on
Xk,; obtained from Z(m, ¢) by base change via ¢;. This is a special divisor as in Section 2
associated to V; and ¢.

Let IL be a lattice in V, that is, a free O p-submodule such that L@ F' = V. Assume that
K fixes L and acts trivially on L'/LL, where " denotes the dual lattice. For p € L'/, we
let x, = char(p+L) e S (V)K be the characteristic function. We briefly write

Z(m, p) = Z(m; Xu),

Then its complex component Z;(m, p) with respect to o; is the special divisor defined in
Section 2 with respect to the quadratic space V.

7.2. Automorphic Green functions for the divisors Z;(m, ;). Here we briefly de-
scribe how the construction of automorphic Green functions of Section 5 can be adapted
in order to obtain Green functions for the divisors Z;(m, p). Let L; C V; be the lattice
given by v;(L) N V;(F). We write © 1,(7,2,h) for the corresponding Siegel theta function
as in (5.6).

Let k(j) be the d-tuple whose j-th component is T” and whose i-th component is
for all i # 7. For u € L'/L and m € 07! 4+ Q(u) totally positive, we have a harmonlc
Whittaker form £, of weight k(j) which is defined as in (3.13) but with the M-Whittaker
function at the j- th place instead of the first, that is,

n+2

j N(47Tm)50 T ;U =
M) = s (N o) = sy e (7))
Let &)%)u(z, h) be the regularized theta integral
reg ) - N(U)Z/Z
W) (z,h 9 (1), O, (7, 2, h d
W2 h) = \/— roo\Hd<fm’”(T)’ 1, (7,2, h) —75— N p(7)

J

of f39) m.u analogously to (5.7). It is a Green function for the divisor Z;(m, ) on X ;.

7.3. Archimedian height pairings and CM values. A principal part polynomial is a
Fourier polynomial of the the Form

(7.4) P = Z Z c(m, p1)g " xp-

pEL /L med 1 4+Q (1)

m>0
For j =1,...,d there are harmonic Whittaker forms
= D D elm ) ()
pel! /L m>0

of weight k(j) (for pr and T') associated to P. We put &(P) = f(fg)), where &( 7(5)) is
defined as in (3.16). This is a cusp form in S, , which is is independent of the choice of j.
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The principal part P is called weakly holomorphic if £(P) = 0. Moreover, we consider the

divisor
= Z Z c(m, p)Z(m, p1)

p€EL! /L m>0

on X corresponding to P. We let ®(z, h, P) be the unique Green function for Z(P)(C) on
Xk(C) =11 ; Xk,; whose restriction to the component Xk ; is equal to the Green function

U zhf ZZ c(m, p)® zh)

pEL! /L m>0

Let W = (W, ¢, (¢;)) be a totally positive definite coherent subspace of V of dimension
n. It defines a CM cycle Z(W) on Xx. We now compute the value of ®(z, h, P) at Z(W).
We put

P=/:YL)nwW,
N=W'nNnL.

Then P is a totally positive definite lattice of dimension n and N is a 2 dimensional Or
sublattice of L. Associated to P we have a theta series ©p, and associated to N and L. we
have incoherent Eisenstein series as in Section 4. Notice that Ep(7,s,k) = Er,(7,5,k) is
independent of j.

Theorem 7.2. Assume the above notation. Let P be a principal part polynomial and
assume that Z(W) and Z(P) do not intersect on Xx(C). The value of the automorphic
Green function ®(z,h,P) at the CM cycle Z(W) is given by

H(Z(W), P) = deg(Z(W)) (CT(P,0p @ &) — 2CT(P, L") — L'(§(P), W,0)) .

Here L'(§(P), W, s) denotes the derivative with respect to s of the L-series (6.3) associated
to the cusp form £(P). Moreover, CT(-) denotes the constant term of a holomorphic Fourier
series.

Remark 7.3. Note that there is a sign error in [BY2, Theorem 4.7]. It should read
“—L'(&(f),U,0)”. In the proof the sign in line 3 on page 655 is wrong. The same sign
error occurs in the statement of Conjecture 5.2, Conjecture 1.1, and Theorem 1.2.

Proof of Theorem 7.2. Here we give a detailed proof in the case when n > 2. The case
n = 1,2 is treated analogously taking into account the additional N(v)* term in the integral
representation of Theorem 6.3.
By definition we have
d
B(Z(W),P) =Y dD(Z (W), £).
j=1
Theorem 6.3 is adapted in a straightforward way to give formulas for the values of the Green
functions ®\)(z, h, fg )) at the cycles Z;(W) on Xk ;. We essentially have to exchange the
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roles of the indices 1 and j. In that way we obtain

L 4 deg(Z,(W)) [0 —- - N, s
80 (z,07), ) = - [T G, 0p e e 26t

Summing over j we find

b(zw),p) = ~<ETED [T G, 000 & 260 ()

deg(Z(W))
M/

Notice that d( 7(>1)) = 5(f7(,j)) for all j. In the first summand, the function Op ® &y — 2&, is
modular. By means of the unfolding argument we see that the first summand is equal to

-~ dex(21) [ \H (€FD), Op @ & — 28 )0 du(r)
= —deg(Z(W)) (O ® &, §(P)) pey + 2deg(Z(W)) (€L, §(P)) pey
= —deg(Z(W))L'(£(P), W, 0).

In the last equality we have used that the Petersson scalar product of a cusp form and an
Eisenstein series vanishes.
We now compute the quantity

reg P —
/ (0(£5)), ©p @ & — 2607 )v*du(),
I

oo \H?

1 reg -

VD Jr (0()), ©p ® EF — 267 Yo du(7).

Here we use that Op ® SISJ) — 25150) is holomorphic on H?. As in the proof of Theorem 6.3,
we obtain by Stoke’s theorem that (7.5) is equal to

(7.5)

L[ ) (0) (0)
——= | a{f.ere&ln—26"n)
\/E B \H P N L
= lim go(v)(vg - - -vd)2/2’2 dvy . .. dvg
V170 Jg,...ug=0
— lim Go(v)(vg - - vg)* 2 dusy . . . dug,
V120 Jo .., vg=0

where go(v) denotes the constant term of the Fourier series
g(r) = (15" 0p 2 & — 26"},
Since go(v) = O(v?ﬁ), as v; — 0, the limit v; — 0 vanishes. The limit v; — oo is equal to
CT <7>, Op @&l - 251§0)> .

This concludes the proof of the theorem. [l
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We now state the main result of [Br2] in a form which is convenient for the present
paper.
Theorem 7.4. Let P be a principal part polynomial as in (7.4) with integral coefficients
c(m, p) € Z. Assume that P is weakly holomorphic, that is, (P) = 0. Then there exists a
function W9 (z, h, P) on D x H;(Q) with the following properties:
(1) ¥ is @ meromorphic modular form for H;(Q) of level K, with a unitary multiplier
system of finite order, of weight —B(P)/2, where

Z Z C(mv M)Bl(mv :u)'

peL’' /L m>0

Here By (m, p) is the (m, u)-th coefficient of the Fisenstein series Ey (T, so, k).
(ii) The divisor of 9 is equal to 1Z;(P).
(iii) The Petersson metric of W) (normalized as in [Br2]) is given by

—2log WD (2, h, P)||3,, = D9 (2, h, fI)) + 2CT(P, 7).

Note that WU (z, h, P) is uniquely determined up to a locally constant multiple of mod-
ulus 1.

Let P be a weakly holomorphic principal part polynomial as in (7.4) with integral coeffi-
cients and assume that B(P) = 0. Then there is a positive integer r such that ¥ (z, h, rP)
is a rational function on X ; for j = ,d. Replacing P by P, we may assume without
loss of generality that » = 1. We erte \If(z h,P) for the rational function on X (C) whose
restriction to Xg ; is equal to W) (2, h,P). The following corollary generalizes the main
result of [Scho] to quadratic spaces over totally real fields.

Corollary 7.5. Let P be as above and assume that Z(W) and Z(P) do not intersect on
Xk (C). Then the value of V(z, h,P) at the CM cycle Z(W) is given by

log [W(Z \—Zlog\‘lf W), Pl

_deg(Z (W)
4

Let S(N) be the set of finite primes p of F' for which N, is not unimodular (with respect
to 1y ), and let S(P) be the set of totally positive numbers m € F such that c(m, p) # 0 for
some p € L' /L. We have

log [U(Z(W),P)| = > a,log(p)

p prime

.CT(P,0p @ ).

with coefficients oy, € Q, and oy, = 0 unless there is a prime p of F' above p which belongs to
S(N) orp|(m—Q(v))0d for some m € S(P) and v € P" with m — Q(v) > 0. In particular,
a, =0 unless p < max(M(P),|N'/N|, D), where

M(P) = max{N(m)D; m € S(P)}.



44 JAN H. BRUINIER AND TONGHAI YANG

Proof. The first part is a direct consequence of Theorem 7.2 and Theorem 7.4. By defini-
tion, one has

2 .
CT(P,0p® 5§O)> = Ry g c(m, p) E re(n,v)G5(n', V'),
X meS(P) veP' /Py eN' /N,
weL'/L pu=v+v'
m=n—+n’

where rp(n,v) is the number of vy € v + P with Q(v1) = n (son = 0 or n > 0 is
totally positive), and B(n', ') is the (n/,')-th coeflicient of 5&0) (1) defined in Corollary
4.10 (son’ =0 or n’ > 0). Since Z(W) and Z(P) do not intersect in X (C), we have
n' =m —n > 0 when ¢(m, u) # 0. In such a case, Corollary 4.10 implies that

Br(n' V') = a,logp
for some rational number a, € Q. Moreover, a, = 0 unless Diff(N,n") = {p} for some

prime of F' above p, and p € S(N) or ordy(m —n)0 > 0 is odd. Now the second part
follows. g

Since Xx and Z(P) are defined over F, there exists a rational function Rp on Xy defined
over F' such that the corresponding functions o;(Rp) on Xk ; satisfy

0;(Rp)(z,h) = Cj(z, h)TY) (2, h, P),

where C; : Xk ; — C is a locally constant function. We let C' : X (C) — C be the locally
constant function whose restriction to X ; is equal to C;. It is an interesting question
whether one can choose Rp such that all values of C' have modulus 1. Then C' could be

absorbed in the normalizing constants of the functions W) (z, h, P).
The CM value

Rp(Z(W)) := H Rp(a) := H Rp(a)ﬁ

aEZ(W) a€supp(Z(W))

lies in F'. The following corollary describes the prime factorization of the norm of this
quantity.

Corollary 7.6. Under the above assumptions we have

deg(Z(W))

Niyo Rp(Z(W)) = £|C(Z(W))] - exp (— CT(P, 0y ® eé%) |

where C(Z(W)) = I1; C;(Z;(W)).
Proof. The norm of Rp(Z(W)) is given by
Nrjg Rp(Z2(W)) = [T os(Re(Z(W)))

=C(ZW)) - ¥ (Z(W),P).

Hence the statement follows from Corollary 7.5. O
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Remark 7.7. The map
Z;(W) — Xij — m0(Xij) = F\F* Ju(K)

is surjective when F* = v(K)N(k*)F*, where v is the spinor norm on H, and F is the
subgroup of F* of the totally positive elements. This is for instance the case if there is a
prime p of F' ramified in k such that O C v(K). In such a case

C(2(W)) = N(C) ™,
where N(C') denotes the product of the values of C' over the connected components of
Xk (C), and r = |my(Xk,;)| does not depend on j.

Remark 7.8. Note that for d = 1 the formulas of Theorem 7.2 and Corollary 7.5 are com-
patible with [Scho], [BY2] and [Ku5]. The Green function ®(z, h,P) in the present paper
is equal to the Green function in the other papers only up to an additive constant which
can be fixed by specifying fXK ) ®(z, h, P)Q". The Green function ®(z, h, P) has vanishing
integral over Xy 1 and in the formula for the CM values the extra term — deg(Z(W))a(P)

occurs, where a(P) = QCTUJ,EH(JO)). Hence the Green function ®(z, h, P) + a(P) has in-
tegral vol(X g 1)a(P) over Xk and no extra term in the CM value formula. This Green
function has the same additive normalization as the ones in [Scho], [BY2] and [Ku5].

8. EXAMPLES

As an example we consider the Shimura curve X associated to the triangle group Ga 37,
see [El1] Section 5.3 and [El2] Section 2.3. It is a genus zero curve with a number of striking
properties. For instance, the minimal quotient area of a discrete subgroup of PSLy(R) is
1/42, and it is only attained by the triangle group G 37. Elkies constructed a generator ¢
of the function field of X and computed its values at certain CM points. Here we show that
this function is a regularized theta lift in the sense of Theorem 7.4. Employing Corollary
7.6, we verify some of Elkies’ computations and determine some further CM values of .
The results are summarized in Table 1 below!.

Let F' = Q(¢7)™ be the maximal totally real subfield of the cyclotomic field Q((7), where
(7 = €2™/7. Then F is a Galois extension of Q which is generated by a = ¢; + ;. The
minimal polynomial of « is 2 4+ 22 — 22 — 1, and the ring of integers Op of F is given by
Z[a]. The field F' has narrow class number 1 and discriminant 49. The prime ideal above
the totally ramified prime 7 is generated by (1 — (;)(1 — ;') = 2 — a. The different has
the totally positive generator § = (2 — ).

Let 01,09,03 be the three real embeddings of F'. Let B be the (up to isomorphism
unique) quaternion algebra over F' which is ramified exactly at the two infinite places o9
and o3. Let Op be a fixed maximal order of B. We will identify B with M(F) in such a
way that Op is identified with Matg(@ r). We consider the quadratic space

V={zeB; trx =0}, Q)=0"deter =5 "'2?

LA Magma program for the explicit evaluation of the formula of Corollary 7.6 can be obtained from the
authors.
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where det x is the reduced norm. The Op-lattice L = V N Op is even and integral. We
have

ZA—J: {'I: (I;—ab) ) a,b,CE @F}a
and L'/L = Op/20r = Fg, since the prime 2 is inert in F. In this case, H = GSpin(V)
can be identified with Resp/qg B*, which acts on V' by conjugation. The compact open
subgroup K = OF = GLy(Op) C H(Q) preserves L and acts trivially on L'/L. The
associated Shimura curve X = X ; over C is given by

X = B\\H* x B*/K = OL\H
by the strong approximation theorem. Here Ok is the group of norm one elements in Oy
and H denotes the usual upper complex half plane. The Shimura curve X has a canonical
model over F', and its Galois conjugates are Xk o and Xk 3 as discussed in Section 7. It
can be shown that X has actually a model over Q, see [Ell, Section 5.3], and that the
curves X ; are isomorphic to each other. We remark that in the setting of Section 7, the

Shimura curve X is associated to the incoherent quaternion algebra B which is split at all
finite places and ramified at all infinite places.

8.1. CM cycles. For a totally imaginary quadratic field extension k of F', we write Oy =
Or + Opy for some v € O, and define an embedding i : k — B = Maty(F) by

(8.1) (7};) —i(r) G) . forrek

Then it is easy to see that Z‘l(@B) = @k. We choose and fix an embedding ¢, : koo — Boo.
This gives an embedding ¢ = i1, : Ay, — B(Ap), and induces an embedding ¢ : k — B. To
simplify the notation, we drop the embedding ¢ and view Oy as a subring of Opg, and write

(8.2) B(Ar) = Ay ® Aréa,

for some &, = £€o € B(Ap) such that €2 € A%, € = (5 9)), and &4 = 7€, for any r € Ay
We consider the totally positive definite subspace

W=Vnk={z€k tryr=0}, Qz)=0"22=-6"2"

We write k = F(v/A) for some square-free totally negative element A € Op. We obtain
the sublattices

(8.3) P=WnNL=0s/A, N=W"NL.

Then we have

~ A, ra L
and
(8.5) (N,Q) = (Onf, 57" det) = (Op, —67'r7), N' 2§k

In this section, we denote the CM cycle Z(W) corresponding to W by
Z(0x) = K*\{zi} x k*/OF,
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and identify it with its image in X. Notice that zI“,—LV collapse to one point in X. So Z(Oy) has
hy points and each point is counted with multiplicity wik. When k = F(v/—4), F(v/-3),
F(V/=T) = Q(¢&), F(v/-8), F(v/—11), we have h, = 1. We denote the corresponding
unique point in Z(Oy) by Py, Ps, P;, Ps, and Pj; respectively (counted with multiplicity
1). Note that the point Py is denoted by P in [Ell]. According to [Ell], these points are
all defined over Q.

8.2. The divisors Z(m,u). The discriminant group L'/L = %OF/OF > Fg is a field,
and the Fg-valued quadratic form on L'/L induced by @ is given by the Frobenius auto-
morphism. Consequently, if m € %OF is totally positive, then there exists at most one
p € L'/L such that m € Q(u) + 0~'. So we will simply write Z(m) = Z(m,u). By a
similar argument as in [BY2, Lemma 7.2], one sees that if m = —4% such that kg = F(V/d)
is a CM number field with relative discriminant dy,r = dOF, one has

as divisors on X. Here we have briefly written Oy for the ring of integers Oy, C kqy.

8.3. Elkies’ rational function. By the above discussion, one sees that Z(;5) is Elkies’
CM point P, with multiplicity 1, and Z (Z—g) with d; = 2 — « is Elkies” CM point P with
multiplicity % We consider the principal part polynomial

_4 _dz
P =2q"% X0 =79 % Xur,
where i € L'/L is the unique coset such that % —Q(n) € 9~*. The corresponding divisor
is given by
4 dr

Z(P)=22(g5) ~ T2(35) = 2P — 2Py,

We aim to lift P to a rational function on X by means of Theorem 7.4.

First, we need to know that P is weakly holomorphic, i.e., that {(P) € S, ,, vanishes. In
fact, we have that Sy ,, = {0}, which can be seen as follows: If g =~ g,X, € S, then
g(7) :== >, 9,(47) is a scalar valued Hilbert cusp form of weight  for the group I'g(4) in
the sense of Shimura. Its Shimura lift S(g) is a scalar valued Hilbert cusp form of weight
2k — 1 for the group I'g(2), see [Sh2]. Moreover, the maps g — § — S(g) are injective. A
dimension computation shows that S5(I'9(2)) vanishes. This proves the claim.

Second, we have to compute the weight of the lift W(z, h,P). According to (5.3), it is

given by
B(P) 4 7. (dr
‘—?‘—‘BLCE”)+§BLC5MO

deg(Z(5.0)) 7 deg(Z(%. ur)
VOl(XK) 2 VOI(XK)
= 0.
Hence, the lift ¥(z, h,P) of P is a rational function on X with a double zero at P; and a
septuple pole at P;. It must agree with Elkies’ function ¢ (see [Ell, Section 5.3]) up to a
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constant multiple. Since Elkies’ function is defined over QQ, we can take it for the function
Rp in Corollary 7.6. We obtain in that way:

Proposition 8.1. Let ¢ be Elkies’ rational function on X with a double zero at Py, a pole
of order 7 at P;, and t(P3) = 1. Putt=2°-3°-t. Then for any CM cycle Z(W) which is
disjoint from div(t), we have

(8.6) Nijo (HZ(W))) = exp (_w CT(P,0p ® 5}%)
= II  II e Galm - Q),z)" .

4 dy P’
melas a5t Qg;a:e)<<m

Here c(-) = 2, (&) = —7, and By (m, p) denote the coefficients of 51(\(,)) given in Corol-

lary 4.10 and Proposition 4.13.

Proof. Since the X ; are connected, Corollary 7.6 and Remark 7.7 assert that there is a
positive constant C', independent of W, such that

deg Z(W)
4

The constant C' can be determined by evaluating at Z(W) = Z(O_3) = 2P;. The norm of

the value of ¢ at this cycle is 2'2-35. On the other hand, evaluating our formula, we obtain
|U(Z(0_3),P)| =235 so that C = 1. This implies the first formula.

The second formula follows by inserting the Fourier expansion of £ ](\(,)) (Corollary 4.10)
and the formula deg Z(Oy) = wikhk (see (4.13)) in the exponential. Note that using the

class number formula

Npt(Z(W)) = £098Z0W) exp (— CT(P,0p ® 5}3’)) :

2 hy Ry 2 Ry
( 7Xk/F) Wy hF RF Wi RF7

and the fact that %’; = 4, we see that

= . = = 1.
4 A(l, X) Wi, QhkRk Rk

0

Table 1 contains the values of ¢ at CM cycles 1Z(0y) for a few (mainly) odd relative
discriminants d € Op. The values for d = —8 and d = —11 were previously computed by
Elkies. We evaluated the formulas of Corollary 7.6 and Proposition 4.13 by means of a
Magma program. Since we use Proposition 4.13, we have to assume that d is coprime to
2 (otherwise we can only compute the CM value up to a power of 2). There are exactly
6 rational primes p < 1000 that split in O and for which there exists a totally negative
prime element d € Of such that dOr N7Z = (p) and such that k;/F is unramified at 2.
These are the primes 167, 239, 251, 379, 491, 547. The CM values corresponding to the
first three primes of this list are given at the end of the table. Recall that o = (7 + ¢! in
the table.
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TABLE 1. Values of ¢ at the CM cycles 1Z(0,)

(1
d h(l{?d> 2/wkd NF/Qt <§Z(Od)>
-3 1 1/3 26.33
—4| 1 1/2 0
a—-2] 1 1/7 o0
2*.79.1675.2395
-8 1 1 g
218.79.113.436.1276.1396.3075-6596
—11] 1 1 s
-15 92 1 318.718.116.4312.7112.8396.9116.20996.23396
1342.4121.25115
~19 3 1 254.193.716.1276.2116.2236.7435.9116.10916.1399%.23396.26596.26876.35716.47876.51675
324.1363.4121.16721.30721
—93 9 1 769.1112.196.233.4354.25112.50312.74312.9116.10916.51675-58396
8318.9721.18121.41921.104921
QA2 43%.712.832.167
1 —8a 1 1 37
2 _ 77.432.712.1392.239
a®—8 1 1 E
18 422.712.Q22. 4
4o — 7 1 1 2'°-43 7113812}l 127*-251

Some further examples can be constructed in this case as follows. If k/F is a CM
extension as above, and d is a totally negative generator of the discriminant of k/F, then

taz) = [ (tz) —#(a))

aEZ(Od)

is a rational function on X with divisor Z(O,;)—deg(Z(Oy4))- Pr. Up to a constant multiple,
it is the regularized theta lift W(z,P) of the principal part polynomial P = ¢¥*y, —
7deg(Z(0))g~ 9% ... Therefore the CM values of this function can be determined using
Corollary 7.6. Note that t_, = t.

The values of t_g(z) = £(z) — #(Ps) at the CM points in Elkies’ list can be computed
using his data. On the other hand, for the odd discriminants d = —3, —11 we computed
these values with our formula and found that the results agree.

Finally, we remark that it would be interesting to study the examples in [Vo, Section 7]
in a similar way.
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