FALTINGS HEIGHTS OF CM CYCLES AND DERIVATIVES OF
L-FUNCTIONS
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ABSTRACT. We study the Faltings height pairing of arithmetic special divisors and CM
cycles on Shimura varieties associated to orthogonal groups. We compute the archimedean
contribution to the height pairing and derive a conjecture relating the total pairing to the
central derivative of a Rankin L-function. We prove the conjecture in certain cases where
the Shimura variety has dimension 0, 1, or 2. In particular, we obtain a new proof of the
Gross-Zagier formula.

1. INTRODUCTION

Let E be an elliptic curve over Q. Assume that its L-function L(FE,s) has an odd
functional equation so that the central critical value L(F,1) vanishes. In this case the
Birch and Swinnerton-Dyer conjecture predicts the existence of a rational point of infinite
order on E. It is natural to ask if is possible to construct such a point explicitly. The
celebrated work of Gross and Zagier [GZ] provides such a construction when L'(E, 1) # 0.
We briefly recall their main result, the Gross-Zagier formula, in a formulation which is
convenient for the present paper.

Let N be the conductor of E, and let X(/N) be the moduli space of cyclic isogenies of
degree N of generalized elliptic curves. Let K be an imaginary quadratic field such that
N is the norm of an integral ideal of K, and write D for the discriminant of K (we may
assume D < —4 for simplicity in the introduction). Gross and Zagier consider the divisor
Z(D) on Xo(N) given by elliptic curves with complex multiplication by the maximal order
of K. By the theory of complex multiplication, this divisor is defined over K, and its degree
h is given by the class number of K. Hence the divisor y(D) = trg/o(Z(D) — h - (00)) has
degree zero and is defined over Q. By means of the work of Wiles et al. [Wi], [BCDT], one
obtains a rational point y¥(D) on E using a modular parametrization Xo(N) — E. The
Gross-Zagier formula states that the canonical height of y(D) is given by the derivative
of the L-function of E over K at s = 1, more precisely

(y"(D),y"(D))nr = CV/IDIL'(E,1)L(E, xp,1).
Here C'is an explicit non-zero constant which is independent of K, and L(E, xp, s) denotes
the quadratic twist of L(FE,s) by the quadratic Dirichlet character xp corresponding to

K/Q. It is always possible to choose K such that L(E, xp,1) is non-vanishing. So, in this
case, y¥(D) has infinite order if and only if L'(FE, 1) # 0.
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The work of Gross and Zagier triggered a lot of further research on height pairings of
algebraic cycles on Shimura varieties. For instance, Gross and Keating computed the inter-
section numbers of three Hecke correspondences on the product of two copies of the modular
curve X (1) over Z [GK]. Zhang considered heights of Heegner type cycles on Kuga-Sato
fiber varieties over modular curves in [Zh1], and the heights of Heegner points on compact
Shimura curves over totally real fields in [Zh2]. Kudla, Rapoport and Yang investigated
Arakelov intersection numbers of special cycles on Shimura varieties of orthogonal type
and related them to derivatives of Siegel Eisenstein series and modular L-functions, see
e.g. [Ku2], [Ku5], [KRY2]. In most of this work, the connection between a height pairing
and the derivative of an automorphic L-function comes up in a rather indirect way.

In the present paper we consider a different approach to obtain identities between certain
height pairings on Shimura varieties of orthogonal type and derivatives of automorphic L-
functions. It is based on the Borcherds lift [Bol] and its generalization in [Br2], [BF]. We
propose a conjecture for the Faltings height pairing of arithmetic special divisors and CM
cycles. We compute the archimedean contribution to the height pairing. Using this result
we prove the conjecture in certain low dimensional cases. We now describe the content of
this paper in more detail.

Let (V,Q) be a quadratic space over Q of signature (n,2), and let H = GSpin(V).
We realize the hermitian symmetric space corresponding to H(R) as the Grassmannian
D of oriented negative definite two-dimensional subspaces of V(R). For a compact open
subgroup K C H(Ay) we consider the Shimura variety

Xg = H(Q)\(D X H(Af)/K).

It is a quasi-projective variety of dimension n, which is defined over Q.

It is an important feature of such Shimura varieties that they come with natural families
of algebraic cycles in all codimensions, see e.g. [Ku3]. These special cycles arise from
embeddings of rational quadratic subspaces V' C V of signature (n’,2) with 0 < n’ < n. It
is an interesting problem to consider height pairings of arithmetic versions of special cycles
in complementary codimension, see [Kub]. In the present paper we study this problem for
special divisors (where n’ = n — 1) and special 0-cycles (where n' = 0). The latter are also
called CM cycles since they are associated to CM number fields.

We define CM cycles on X following [Scho]. Let U C V be a negative definite two-
dimensional rational subspace of V. It determines a two point subset {z;;} C D given
by U(R) with the two possible choices of orientation. Let V, C V be the orthogonal
complement of U. Then V. is a positive definite subspace of dimension n, and we have
the rational splitting V' =V, @ U. Let T = GSpin(U), which we view as a subgroup of H
acting trivially on V., and put K+ = K NT(Af). We obtain the CM cycle

Z(U) = T(QN\({z5} x T(Ap)/Er) — Xk.

We aim to compute the Faltings height pairing of Z(U) with arithmetic special divisors
on X that are constructed by means of a regularized theta lift. We use a similar setup as
in [Ku4]. Let L C V be an even lattice, and write L’ for the dual of L. The discriminant
group L'/L is finite. We consider the space Sy, of Schwartz functions on V(A) which are
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supported on L' ® 7, and which are constant on cosets of L = L ® Z. The characteristic
functions ¢, = char(u+L) of the cosets p € L/ L form a basis of S;,. We write IV = Mp,(Z)
for the full inverse image of SLy(Z) in the two fold metaplectic covering of SLo(R). Recall
that there is a Weil representation py, of IV on Sy, see (2.7).

Let k € %Z. We write M ,L o, for the space of Sp-valued weakly holomorphic modular
forms of weight k& for I with representation p;. Recall that weakly holomorphic modular
forms are those meromorphic modular forms whose poles are supported at the cusps. The
space of weakly holomorphic modular forms is contained in the space Hy ,, of harmonic
weak Maass forms of weight k& for I with representation p; (see Section 3 for precise
definitions). An element f € Hy ,, has a Fourier expansion of the form

=3 3w+ S S e (DL -k dxlnfv) 6,

peEL’'/L neQ ueL’/L neQ
n>>—oo n<0

where I'(a,t) denotes the incomplete Gamma function, and v is the imaginary part of
7 € H. Note that ¢*(n,u) = 0 unless n € Q(u) + Z, and that there are only finitely
many n < 0 for which ¢ (n,u) is non-zero. There is an antilinear differential operator
§: Hy,, — So—ikp, to the space of cusp forms of weight 2 — £ with dual representation. It
is surjective and its kernel is equal to M ,'C or*

Assume that K C H(Ay) acts trivially on L'/L. Recall that for any p € L'/L and for
any positive m € Q(u) + Z there is a special divisor Z(m, u) on Xk, see Section 4. An
arithmetic divisor on X is a pair (z,g,) consisting of a divisor z on Xy and a Green
function g, of logarithmic type for x. For the divisors Z(m,u) we obtain such Green
functions by means of the regularized theta lift of harmonic weak Maass forms. For 7 € H,
zeDand h € H(Ay), let 0,(7, 2, h) be the Siegel theta function associated to the lattice
L. Let f € Hi_/55, be a harmonic weak Maass form of weight 1 —n/2, and denote its
Fourier expansion as above. We consider the regularized theta integral

(b, ) = / ), 0007, 2, b)) dia(r).

F

This theta lift was studied in [Br2], [BF], generalizing the Borcherds lift of weakly holo-
morphic modular forms [Bol]. It turns out that ®(z, h, f) is a logarithmic Green function

for the divisor
Z(f) = Z Z C+(_m7 M)Z(m7 :U’)
neL'/L m>0
in the sense of Arakelov geometry (see [SABK]). It is harmonic when ¢*(0,0) = 0. The
pair Z(f) = (Z(f), ®(-, f)) defines an arithmetic divisor on Xx. We obtain a linear map

Hl—n/2,ﬁL -— ZI(XK)(& [ Z(f)

to the group of arithmetic divisors on X . Using the Borcherds lift [Bol], we see that this
map takes weakly holomorphic modular forms with vanishing constant term to arithmetic
divisors which are rationally equivalent to zero.

Let X — Spec(Z) be a regular scheme which is projective and flat over Z, of relative
dimension n. An arithmetic divisor on X’ is a pair (z,g,) of a divisor z on X and a



4 JAN H. BRUINIER AND TONGHAI YANG

logarithmic Green function g, for the divisor z(C) induced by x on the complex variety
X(C), see [SABK]. Recall from [BGS]| that there is a height pairing

CH'(X) x 2"(X) — R

between the first arithmetic Chow group of X and the group of codimension n cycles.

When z = (z,g,) € C/I\—II(X) and y € Z"(X') such that = and y intersect properly on the
generic fiber, it is defined by

<‘%7y>Fal = <x7y>f2n + <‘i'7y>007

where (Z,9)o0 = 39.(y(C)), and (z,y) s denotes the intersection pairing at the finite
places. The quantity (,y) gy is called the Faltings height of y with respect to z.

We now give a conjectural formula for the Faltings height pairing of arithmetic special
divisors and CM cycles (see Section 5 for details). We are quite vague here and ignore
various difficult technical problems regarding regular models. Assume that there is a
regular scheme Xy — SpecZ, projective and flat over Z, whose associated complex variety
is a smooth compactification of Xx. Let Z(m, 1) and Z(U) be suitable extensions to Xx
of the cycles Z(m, pu) and Z(U), respectively. Such extensions can be found in many cases
using a moduli interpretation of Xk, see e.g. [Kub|, [KRY2], or by taking flat closures as
in [BBK]. For an f € Hy_pn2,5,, we set Z(f) = > >, ¢ (=m,p)Z(m, ). Then the
pair

Z(f) = (Z(f),®(- f))

defines an arithmetic divisor in C/I\{l()( i )c. The pairing of this divisor with the CM cycle
Z(U) should be given by the central derivative of a certain Rankin type L-function which
we now describe.

Using the splitting V =V, & U, we obtain definite lattices N = LNU and P = LNV,.

Let
Op(r) = > > r(m,m)q" b,

HEP! /P m>0

be the Fourier expansion of the Sp-valued theta series associated to the positive definite
lattice P. For a cusp form g € Si4y/2,, With Fourier expansion g = ZM Y om0 0(mM, )™
we consider the Rankin type L-function

L) LU = (@) R (52) Y ST wm b g,

m>0 HEP'/P

where ¢ is considered as an Spgy-valued cusp form in a natural way (via Lemma 3.1).
This L-function can be written as a Rankin-Selberg convolution against an incoherent
Eisenstein series FEn(7,s;1) of weight 1 associated to the negative definite lattice N,
see Section 4.1. Under mild assumptions on U, the completed L-function L*(g,U,s) :=
A(xp,s+1)L(g,U, s) satisfies the functional equation

L*(g,U,s) = —L"(g,U, —s).
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Consequently, it vanishes at s = 0, the center of symmetry, and it is of interest to describe
the derivative L'(g, U, 0).

Conjecture 1.1. Let f € Hi_,25,, and assume that the constant term ¢*(0,0) of f

vanishes. Then
(1) (). 20)) ru = B pie(p),000),

In Section 4 we compute the archimedean contribution to the height pairing, see Theo-
rem 4.7.

~

Theorem 1.2. The archimedean height pairing (Z(f), Z(U))s is given by

La(z). 1) = X v (i 0p 0 ) + e, U.0).

2

Here fT denotes the “holomorphic part” of the harmonic weak Maass form f and Ey(7)
is the holomorphic part of the derivative E(7,0;1) of the Eisenstein series associated to
N, see (2.26). Moreover, CT(-) means the constant term of a holomorphic Fourier series.
In the proof we combine the approach of Kudla and Schofer to evaluate regularized theta
integrals on special cycles (see [Ku4], [Scho]) with results on harmonic weak Maass forms
and automorphic Green functions obtained in [BF]. The basic idea is to view the evaluation
of ®(z, h, f) on Z(U) as an integral over T(Q)\T'(As)/Kr. Then the CM value ®(Z(U), f)
can be computed using a see-saw identity, the Siegel-Weil formula, and the properties of
the Maass lowering and raising operators on Eisenstein series and harmonic weak Maass
forms.

When f is actually weakly holomorphic then £(f) = 0 and Theorem 1.2 reduces to the
main result of [Scho]. Moreover, the Borcherds lift of f gives rise to a relation which shows
that the arithmetic divisor Z (f) is rationally equivalent to zero. Hence the Faltings height
in Conjecture 1.1 vanishes. Therefore the archimedean contribution to the height pairing
must equal the negative of the contribution from the finite places. This leads to a general
conjecture for the finite intersection pairing of Z(m,pu) and Z(U) (see Conjecture 5.1)
which motivates Conjecture 1.1:

Conjecture 1.3. Let pp € L'/L, and let m € Q(u)+7Z be positive. Then (Z(m, ), Z(U)) fin

deeZW) times the (m, p)-th Fourier coefficient of 0p @ En .

is equal to —==5

In view of Theorem 1.2, this conjecture is essentially equivalent to Conjecture 1.1. We
discuss this in detail in Section 5, where we also give a slight generalization and derive
some consequences.

In Section 6 we consider the case n = 0 where V is negative definite of dimension 2.
Then we have U = V. The even Clifford algebra of V' is an imaginary quadratic field
k = Q(v/D), and H = GSpin(V) = k*. For simplicity we assume that the lattice L is
isomorphic to a fractional ideal a C k with the scaled norm — N(-)/ N(a) as the quadratic
form. We take K = @,’;, which acts on L’/L trivially. Then X is the union of two copies
of the ideal class group Cl(k). An integral model over Z can be found by slightly varying
the setup of [KRY1]. It is given as the moduli stack C over Z of elliptic curves with complex
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multiplication by the ring of integers of k. The special divisors can be defined on C by
considering CM elliptic curves whose endomorphism ring is larger, and therefore equal to
an order of a quaternion algebra. They are supported in finite characteristic.

In this case the lattice P is zero-dimensional and the L-function L(£(f), U, s) vanishes
identically. Therefore Conjecture 1.1 reduces to the statement that the arithmetic degree
of the special divisor Z(f) on C should be given by the negative of the average of the
regularized theta lift of f. We prove this identity using Theorem 1.2 and the results
obtained in [KRY1], respectively their generalization in [KY1]. More precisely we show
(see Theorem 6.5):

Theorem 1.4. Let f € Hy;, and assume that the constant term of f vanishes. Then

dg(Z()=—5 O ®hf)

In Section 7 we consider the case n = 1. We let V' be the rational quadratic space of
signature (1,2) given by the trace zero 2 x 2 matrices with the quadratic form Q(z) =
N det(z), where N is a fixed positive integer. In this case H = GLy. We chose the lattice
L C V and the compact open subgroup K C H(Ay) such that Xy is isomorphic to the
modular curve I'o(/NV)\H. The special divisors Z(m, ) and the CM cycles Z(U) are both
supported on CM points and therefore closely related.

The space S3/9,, can be identified with the space of Jacobi cusp forms of weight 2 and
index N. Recall that there is a Shimura lifting from this space to cusp forms of weight 2
for I'y(N), see [GKZ]. Let G be a normalized newform of weight 2 for I'o(/N') whose Hecke
L-function L(G, s) satisfies an odd functional equation. There exists a newform g € S3/2,,
corresponding to GG under the Shimura correspondence. It turns out that the L-function
L(g,U, s) is proportional to L(G, s + 1), see Lemma 7.3.

We may choose f € Hy; with vanishing constant term such that £(f) = |lg[| %9
and such that the principal part of f has coefficients in the number field generated by
the eigenvalues of G. Then Z(f) defines an explicit point in the Jacobian of Xy(V),
which lies in the G isotypical component, see Theorem 7.6. In this case Conjecture 1.1
essentially reduces to the following Gross-Zagier type formula for the Neron-Tate height of
Z(f) (Theorem 7.7).

Theorem 1.5. The Neron-Tate height of Z(f) is given by
2vV'N

- gl

The proof of this result which we give in Section 7.3 is quite different from the original
proof of Gross and Zagier and uses minimal information on finite intersections between
Heegner divisors. Instead, we derive it from Theorem 1.2, modularity of the generating se-
ries of Heegner divisors (Borcherds’ approach to the Gross-Kohnen-Zagier theorem [Bo2]),
and multiplicity one for the subspace of newforms in S35 ,, [SZ]. Another crucial ingre-
dient is the non-vanishing result for coefficients of weight 2 Jacobi cusp forms by Bump,
Friedberg, and Hoffstein [BFH]. Employing in addition the Waldspurger type formula

(Z(1), Z2(f))nr L'(G,1).
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for the coefficients of g [GKZ], we also obtain the Gross-Zagier formula as stated at the
beginning.

We conclude Section 7 with a proof of Conjectures 1.1 and 1.3 in this case, which can
be used to give another proof of Theorem 1.5. It relies on the computation of the finite
intersection pairing of Z(f) and Z(U) by pulling back to Z(U) and employing the results
for the n = 0 case obtained in Section 6. Finally, in Section 8 we use the same idea to
prove Conjecture 1.3 in certain special cases for n = 2. Here we consider the case where
the CM O-cycle lies on the diagonal in a Hilbert modular surface. The normalization of
the Hirzebruch-Zagier divisor given by the diagonal is the modular curve of level 1. We
may pull back the divisor Z(f) to this modular curve and compute the intersection there
using the results of Section 7 (see Theorem 8.1).

The paper is organized as follows. In Section 2 we collect important facts on theta
series, Eisenstein series and the Siegel-Weil formula. In Section 3 we recall some results
on vector valued modular forms and harmonic weak Maass forms. In Section 4 we define
the regularized theta lift and compute the CM values of automorphic Green functions.
Section 5 contains the conjectures on Faltings heights. In Section 6 we consider the case
n = 0, in Section 7 the case n = 1, and in Section 8 the case n = 2.

We thank W. Kohnen and S. Kudla for very helpful conversations. Moreover, we thank
the referee for detailed comments which improved this paper. Part of the paper was written,
while the first author was visiting the Max-Planck Institute for Mathematics in Bonn. He
thanks the institute for providing a stimulating environment. The second author thanks
the AMSS and the Morningside Center of Mathematics at Beijing for providing a wonderful
working environment during his visits there, where part of this work was done.

2. THETA SERIES AND EISENSTEIN SERIES

Here we fix the basic setup taken from [Kul], [Ku4]. We present some facts on theta
series, Eisenstein series, and the Siegel-Weil formula.

Let (V,Q) be a quadratic space over Q of signature (n,2). Let H = GSpin(V), and
G = SL,, viewed as an algebraic groups over Q. Recall that there is an exact sequence of
algebraic groups

1—G,, — H—SO(V) — 1.

Let A be the ring of adeles of Q. We write G, for the twofold metaplectic cover of G(A).
We frequently identify G, the full inverse image in G’ of G(R), with the group of pairs

(9, 6(7))
where g = (2%) € SLy(R) and ¢(7) is a holomorphic function on the upper complex half
plane H such that ¢(7)? = c¢r + d. The multiplication is given by (g1, ¢1(7))(g2, ¢2(7)) =

(9192, 1(927) P2(7)).- .

Let K’ be the full inverse image in Gy of K = SLo(Z) C G(Ay). Let K. be the full
inverse image in G of Ko = SO(2,R) C G(R). We write Gf, for the image in Gy of G(Q)
under the canonical splitting. We have G, = GG K’ and

[ = SLy(Z) = Gy N GRK'.
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We write I = Mp,(Z) for the full inverse image of SLy(Z) in G. Then for every 1" € I
there are unique elements v € I' and 4" € K’ such that

(2.1) v=7""

The assignment 7' +— ~” defines a homomorphism I — K’. Let ¢ be the standard non-
trivial additive character of A/Q. The groups G, and H(A) act on the space S(V(A)) of
Schwartz-Bruhat functions of V(A) via the Weil representation w = wy.

For ¢ € S(V(A)) we have the usual theta function

Wg hio) = D (wlg, h)e)(@),
2eV(Q)

where g € Gy and h € H(A). It is left invariant under Gg by Poisson summation, and it
is trivially left invariant under H(Q).

Here we consider the following specific Schwartz functions. We realize the hermitean
symmetric space corresponding to H(R) as the Grassmannian

D={zCV(R); dim(z)=2andQ |.<0}
of oriented negative definite 2-dimensional subspaces of V(R). For any z € D, we may
consider the corresponding majorant
(l’,l’)z = (lea‘mzi-) - (:Uz;xz)a

which is a positive definite quadratic form on the vector space V(R). The Gaussian

§000<x7 Z) = exp(—ﬂ(x, I)Z>

belongs to S(V(R)). It has the invariance property ¢o(ha, hz) = pu(x,2) for any h €
H(R). Moreover, it has weight n/2 — 1 under the action of the maximal compact subgroup
K! C Gi. Let ¢ € S(V(Ayf)). We obtain a theta function on Gy x H(A) by putting

(2:2) 0(g, h; o5) = V(9. h; oo+, 20) @ 01(+)),

where zg € D denotes a fixed base point. This theta function can be written as a theta
function on H x D in the usual way. For z € D we chose a h, € H(R) such that h,z, = z.
Notice that w(h,)@oo(+, 20) = @oo(+, 2). Moreover, choosing i as a base point for H, we put

(1w (W20
gr = 0 1 O v71/2

for 7 = u+ iv € H and write ¢, = (¢,,1) € G. So we have g.i = 7. We then obtain the
theta function

(23) Q(Ta 2, hf; QOf) = U_n/4+1/219<g;—7 (hz7 hf); Qooo(a ZU) ® Sof())
= v 2N (g (ool 2) @ whp)py) ()
zeV(Q)

for hy € H(Ayf). Using the fact that
v 20(g7) (000 2)) (2) = ve(Q (1) + Q(a:)7),
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we find more explicitly

(2.4) O(1,z, hg;0p) =0 Z e(Qz,0)T+ Q(z.)7) ® @f(h}lx).

zeV(Q)

By means of the argument of [Ku4, Lemma 1.1], we obtain the following transformation
formula for 6(7, z, hy; py) under I'V. Let v/ = ((¢4),¢) € I, and write v = 7'y” as in (2.1).
Then we have

(2.5) 0 ((Z Z) 7,2, hy; cpf) = ¢(7)"%0 (T, z, hf;u)f(’y”)_l(pf) )

If we view 0 (7, z,hy;-) as a function on H with values in the dual space S(V(Ay))Y of
S(V(Ay)), we see that (7, z, hy;-) transforms as a (non-holomorphic) modular form of
weight n/2 — 1 with representation wj.

Let L C V be an even lattice and write L' for the dual lattice. The discriminant group
L'/L is finite. We consider the subspace S;, of Schwartz functions in S(V(Af)) which are
supported on L' ® 7 and which are constant on cosets of L = L ® Z. For any u € L'/L,
the characteristic function

A

¢, = char(p + L)

belongs to Sy, and we have

S.= P Co.C S(V(Af).

nweL’/L

In particular, the dimension of Sy is equal to |L'/L|. The space Sy is stable under the
action of K’ via the Weil representation (see [Ku4]).
We define a Sp-valued theta function by putting

(2.6) O(T, 2, hy) = Z@Tzhfgbugb

neL'/L

If we identify S, with the group ring C[L'/L] by mapping ¢, to the standard basis ele-
ment ¢, of C[L'/L], then 6., z,1) is exactly the Siegel theta function O (7, z) considered
by Borcherds in [Bol] §4 for the polynomial p = 1. (Under this identification of S,
with C[L'/L] the L? scalar product on Sy, corresponds to the standard scalar product on
C[L'/L]. The convolution product corresponds to the usual product in C[L'/L].) Let
v =((2%),¢) € I'. We write v =~"7" as in (2.1) and put

(2.7) p(v) = @5 (7").

Then p;, defines a representation of IV on Sy. The transformation formula (2.5) implies
that

2.5) ou (& 8) 7ot ) = 000 20n0 (7200,
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Let T = (({1),1), and S = ((9 '), +/7) denote the standard generators of I'". Recall
that the action of py is given by

(2'9) pL(T)(Cbu) = e(ﬂ2/2)¢u>

(2.10) p(8)(y) = ACZ/8)

|L//L‘ Z 6(—(#, I/))(bln

vel//L

see e.g. [Bol], [Ku4]|, [Br2].

2.1. The Siegel-Weil formula. Here we briefly recall the Siegel-Weil formula in our
setting (see [We|, [KR1], [KR2], [Kul]). We assume that n is even, which is sufficient
for our purposes. In this case the dimension of V' is even so that the Weil representation
factors through G = SLs.

For a € G,, we put m(a) = (%,% ), and for b € G, we put n(b) = (§}). Let P =

0a !
MN C G be the parabolic subgroup of upper triangular matrices, where
(2.11) M ={m(a); a € G},
(2.12) N ={n(b); b€ G,}.

Let xy denote the quadratic character of A*/Q* associated to V given by

xv (@) = (z, (=1)"™ V2 det(V)) .

Here det(V') denotes the Gram determinant of V' and (-,-) is the Hilbert symbol on A*.
For s € C we denote by I(s, xy) the principal series representation of G(A) induced by
Xv| - |°. It consists of all smooth functions ®(g, s) on G(A) satisfying

o(n(b)m(a)g, s) = xv(a)lal**'d(g,s)
for all b € A, a € A*, and the action of G(A) is given by right translations. There is a
G(A)-intertwining map

(2.13) A S(V(A)) — I(so,xv),  AMe)(g) = (wlg)e)(0),

where 5o = dim(V)/2 — 1. A section ®(s) € I(s, xv) is called standard, if its restriction to
KK is independent of s. Using the Iwasawa decomposition G(A) = N(A)M(A)K K,
we see that the function A(¢) € I(sg, xv) has a unique extension to a standard section
A, s) € I(s, xv) such that A(p, so) = A(y).

We give an example at the archimedean place. For ¢ € Z, let x, be the character of K
defined by

Xe(ko) = €,
where ky = (%9 %) € K. Let ®(s) € I(s, xv) be the unique standard section
such that

(I)ﬁoa{?@, S) = Xg(k’g) = eiw.

In terms of the Iwasawa decomposition we have

(2.14) ¢ (n(bym(a)ky, s) = xv(a)|a] e,
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Then it is easily seen that for the Gaussian we have
(2.15) Moo (Poo(+, 2)) = P (s0).

For any standard section ®(s), the Eisenstein series

E(g,s®)= Y  ®(yg,5)

YEP(Q\G(Q)

converges for R(s) > 1 and defines an automorphic form on G(A). It has a meromorphic
continuation in s to the whole complex plane and satisfies a functional equation relating
E(g,s;®) and E(g,—s; M(s)®). In our special case, the Siegel Weil formula says the
following (see [We|, [Ku4, Theorem 4.1]).

Theorem 2.1. Let V be a rational quadratic space of signature (n,2) as above. Assume
that V' is anisotropic or that dim(V') — ro > 2, where 1o is the Witt index of V. Then
E(g,s;M)) is holomorphic at sy and

«

2 /SO<V)(@>\SO<V)<A)
Here dh is the Tamagawa measure on SO(V)(A), and a =2 ifn =0, and o =1 if n > 0.

V(g, h; p) dh = E(g, s0; A(¢))-

Note that the theta integral on the right hand side converges absolutely by Weil’s con-
vergence criterion.

2.2. Quadratic spaces of signature (0,2). Here, as in [Scho|, we are interested in the
special case, where V' is a definite space of signature (0,2). Then (V, Q) is isometric to
(k, —cN(+)) for an imaginary quadratic field & with the negative of the norm form scaled
by a constant ¢ € Q. The group H(Q) can be identified with the multiplicative group k*
of k, and SO(V) is the group of norm 1 elements in k. The homomorphism H — SO(V') is
given by h +— hh~!, and SO(V) acts on k by multiplication. Moreover, the Grassmannian D
consists of the two points 27, and 2y, given by V(R) with positive and negative orientation,
respectively. We want to compute the integral of the theta function 0 (7, zv, hy) in (2.6),
where 2y € D. To this end, for ¢ € Z, we define a Sy -valued Eisenstein series of weight ¢
by putting

(2.16) Ep(r,s:0) =v™"* > E(gr, 5,05 ® \s(,)) 0y
neL’'/L

We normalize the measure on SO(V)(R) = SO(2,R) such that vol(SO(V)(R)) = 1.
This determines the normalization of the measure dhy on SO(V)(Af). Note that in this
normalization we have vol(SO(V)(Q)\ SO(V)(Af)) = 2. By Theorem 2.1 and (2.15) we
obtain:

Proposition 2.2. We have

/ QL(T,Zv,hf) dh:EL(T,O;—l).
SO(V)(@N\SO(V)(Ay)
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Following [Kul, §IV.2], we write down this Eisenstein series more classically. It is easily

seen that P(Q)\G(Q) = ', \I', where I'o = P(Q) NT". Hence we have
E(g,5:®) = Y ®(ygr,9).
YET o \I'

For v = (2%) € T" we consider the Iwasawa decomposition vg, = nm(a)ky, where o € R
and 6 € R. A calculation shows that

a=v"?|er +d| 7,
0w cT+d
let +d|
Inserting this into (2.14), we see that
B (1gr, 5) = vV (er 4+ d) et +d|'

Therefore we obtain

L s
E(gr,5, 9% @ M(0) = D (em +d) gm Ap(du)(7)
YEL s \I'
» US/2+1/2 .
= Z (cr +d) m'(éﬁm(% (7)) ¢0)-
V€L \T

Here (-,-) denotes the L? scalar product on S. Consequently, for the vector valued Eisen-
stein series we find

(2.17) Er(r,s:0) = > [S(M9200] |, v,

YEL\I

where |;,, is the usual Petersson slash operator of weight ¢ for the representation pr. In
particular we see that this Eisenstein series coincides up to a shift in the argument with
the Eisenstein series considered in [BK, §3].

Recall that the Maass lowering and raising operators in weight ¢ are defined by

(2.18) Ly = —21@2%,
.0 1
(2.19) R, = 225 + v

They lower (respectively raise) the weight of an automorphic form by 2. It is easily seen
that

1
LyE(T,8:0) = 5(3 +1—-0)EL(r,s0 —2),
1
RyEp(T,8;0) = 5(8 + 14+ 0OEL(T, 80+ 2)
(see also [Ku4, Lemma 2.7]). In particular, we see that

(220) LlEL(Ta S35 1) - gEL(Ta S35 _1)
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Since Er (7, s; —1) is holomorphic at s = 0 by Theorem 2.1, we find that E (7, s; 1) vanishes
at s = 0, the center of symmetry. This corresponds to the fact that E.(7,s;1) is an
incoherent Eisenstein series, see [Ku2], because it is constructed at all finite places from
the data corresponding to the quadratic space (V,Q), but at the archimedean place one
takes (V, —@Q). In particular Ep (7, s; 1) satisfies an odd functional equation under s — —s,
which explains the vanishing at s = 0 (see also Proposition 2.5). The identity (2.20) implies
that

1
(2.21) LBy (7, 051) = SE(r,0: 1),

where E’ (7, s;1) denotes the derivative of E(7,s;1) with respect to s. This identity can
be written in terms of differential forms as follows.

Lemma 2.3. We have
—20 (B} (7,0;1)dr) = Er(7,0; —1) du(T).

As in [Scho] we write the Fourier expansion of the Eisenstein series in the form

(2.22) (1,5;1) Z ZA s,m,v)q" Py,

ueL’/L meQ

where ¢ = €*™7 as usual. The coefficients A,(s,m,v) are computed in [KY2], [KRY1],
[Scho], and [BK]. The formulas we will need later are summarized in Theorem 2.6 below.
Notice that A,(s,m,v) = 0 unless m € Q(u) + Z. Since the Eisenstein series vanishes at
s = 0, the coefficients have a Laurent expansion of the form

(2.23) Au(s,m,v) = by(m,v)s + O(s?)
at s = 0, and we have
(2.24) Ep(m,0:1) = > > bum,v)g
pEL' /L meQ
For the evaluation of an automorphic Green function at a CM cycle, the following quantities
play a key role:
lim, o0 by (M, v), if m 0 or pu#0,

2.25 =
(2.25) wlm. p) {limv_m bo(0,v) —log(v), if m =0 and p=0.

According to [Scho, Proposition 2.20 and Lemma 2.21], (see also [Ku4, Theorem 2.12)),
the limits exist. If m > 0, then b,(m, v) is actually independent of v and equal to x(m, ).
We also have x(m, ) = 0 for m < 0 or m = 0, p # 0. Using the quantities x(m, u) we
define a holomorphic Sy, valued function on H by

(2.26) E(r)= D Y rlm,pm)q" b,

peL’/L meQ

This function is clearly periodic, but it is not invariant under the |, ,, -action of S € I".
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Remark 2.4. Another way of interpreting (2.21) is that E7(7,0;1) is a harmonic weak

Maass form (see Section 3.1) of weight 1 which is mapped to v 'Ey(7,0; —1) under . The
function £ (7) is simply the holomorphic part of Ej (7,0;1).
Now we assume that (L, Q) = (a, —%) where a is a fractional ideal of an imaginary

quadratic field k = Q(v/D) with fundamental discriminant D =1 (mod 4). We denote by
O, the ring of integers in k, and write 0 for the different of k. In this case, V = k, the
dual lattice is given by L' = 0~ 'a, and

L'/L=0"'a/a~0"/O,=7/DZ.

Proposition 2.5. Let the notation be as above. Let xp be the quadratic Dirichlet character
associated to k/Q, and let

A(xp,s) = |D|*Ta(s + 1)L(xp,s), Tr(s) =7 2T(5)
be its complete L-function. Let
Ej(r,s) = Axp,s+ 1)EL(T,s),

then
EZ<T7 S) = _EZ(Ta _S>‘

Proof. Tt is equivalent to prove the equation for each E(7, s, u) = E(7, s, P, @ At(4,). By
Langlands’ general theory of Eisenstein series, one has

E(g,s,®) = E(g,—s, M(s)®).

Here M(s) = [[,<, My(s) : I(s,xp) — I(—s,xp) is the usual intertwining operator given
by (when R(s) > 0)
2.27) My(5)8(5.5) = [ @wn(b)g.s)ab

Qv

for ®, € I,(s, xp), where I,(s, xp) is the local principal series.
When p = oo, it is well-known that

(2.28) Moo(8)P2 (9, 8) = Coo(5) P9, —5)

with

(2.29) Coo(8) = Myo(s)®L (1, 5).

It is also known (see for example [KRY1, Proposition 2.6]) that
o FR(S + ]_)

where 75, (V) = —7s(=V) = ¢ is the local Weil index associated to the local Weil rep-
resentation wy of SLy(R) on the Schwartz space S(V ® R) with respect to the dual pair
(O(V),SLy). The fact we need here is that v, (V) = —7(—V), not the explicit formula,
and ®!_ coming from the dual pair (O(—V), SLy).
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When p { Doo, L is unimodular, and it is well-known (see [KRY1, Section 2]) that

(2.31) My(s)®.(g,s) = Cp(s)Pulg, —5)
with
(2.32) C,(s) = %

When p|D and p = 0, the intertwining operator is also computed in [KRY1, Sections 2, 3].
We do it here in general. Let

b
Folp) = {9 = ( d) € SLo(Z,): =0 (mod p)).
Every g € Ky(p) can be written as product
g =n_(pon(b)m(a), n_(c)=(19), nbd)=(§}), mla)=(§,%)
with a € Z3, b,c € Z,. Let w = ({'), then
SLZ( p) = K0<p> U B(Zp)wN(ZP>7

where

B(Zy) = {m(a); a € Z;}a N(Zp) = {n(b); b € Zy}.
Notice also that SL2(Q,) = B(Q,) SL2(Z,). So ®, € I(s,xp) is determined by its value in
K, = SLy(Z,). Recall locally that

(9, 5) = a(9)*(wv (9)0,)(0),

where ¢, = char(p + L,) is the p-part of ¢, and |a(g)| = |a| if ¢ = n(b)m(a)k with
k € SLy(Z,). One can check that

@, (gn(b)) = Y (bQ(1)Pulg), b€ Zy,
(2.33) B,(gm(@) = Xp(@)®s 1,(0), a2,
®u(gn-(pc)) = ulg), ¢ € Zy,
,(gw) = (V) vol(Ly) Y tp(—(1, 1) ®a(9),
NeL, /Ly
since wy(g)¢, satisfies similar equations. Here ¢ = [ ¢, is the ‘canonical’ additive
character of Q, and vol(L,) = [L;, : Lp]_% is the measure of L, with respect to the

self-dual Haar measure on L, (with respect to v¢,). By definition, it is easy to see that
®,.(g9,—s) = M(s)®,(g,s) € I,(—s,xp) satisfies the same equations. So both ®, and ®,
are determined by their values at ¢ = 1. A simple computation gives

(i)u(l) = 7p(V) vol(Ly)dy0 = 1p(V) vol (L) Py(1).

Since both functions satisfy the same set of equations and are determined by their values
at g = 1, one has

(2.34) Mp(s)q)u(g> s) = (I)u(ga —s8) =p(V) V01<Lp)q)u(9> —s).
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Combining (2.28)—(2.34) together with
[[vouz,) =02 J[w(V)=1
plD p<oo

one sees that

Alxp, s)

mE(g,—S,‘P; ® Ar(@n))-

E(g, s, ® Af(,)) =
This proves the proposition since A(xp, s) = A(xp, 1 — s). O

We end this section with a theorem of Schofer [Scho, Theorem 4.1], which will be used
later.

Theorem 2.6. Let the notation be as above, and let hy, be the class number of k = Q(v/D).
Write x = (D, )a = Hp Xp as a product of local quadratic characters. Let p € L'/L and
m > 0 such that m € Q(u) +Z. Then

—A(xp, V)k(m, p) = no(m, 1) Y _ (ord,(m) + 1)p(m|D|/p)log p

p inert

+ p(m[D]) Y 1y(m, ) (ord, (m) + 1) log p

p|D

where

mp(m, 1) = (1= xp(=mN(a)) [ 1+ x(-mN(a))),

q\D%ﬁp
mo(m, ) = J] (1 + xqg(—mN(a))).
qI_DO

Here we take no(m, ) =1 and n,(m, pu) =0 if p, # 0 for all q|D. Finally,
p(n) = #{b C O; N(b) =n}.
We also have
A/(XDa O)
A(XD7 0) ‘
Proof. The formula for £(0,0) follows from [Scho, Lemma 2.21]. The other formula is

[Scho, Theorem 4.1] when D < —3. Looking into his proof, the formula is true in general
for D =1 (mod 4) if we replace hy by A(xp,1). Notice that

k(0,0) = log |D| — 2

(2.35) Alxp,1) = @L(XD; 1) = ihk-
™ Wi

Here wy, is the number of roots of unity in k. U
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3. VECTOR VALUED MODULAR FORMS

Let (V, Q) be a quadratic space as in Section 2, and let L C V' be an even lattice. In this
section we make no restriction on the signature (b",07) of V. We consider the subspace
S, of Schwartz functions in S(V(Ay)) which are supported on L' = L' ® Z and which are
constant on cosets of L. For any p € L'/L, we write ¢, for the characteristic function of
w+ L.

We use 7 as a standard variable on H and write u for its real and v for its imaginary part.
If f:H — Sy is a function, we write f = ZMeL,/L fu®, for its decomposition in components
with respect to the standard basis (¢,) of S. Let k € %Z, and assume for simplicity that

k= b+;b_ (mod 2). Let p = pr be the Weil representation of IV = Mp,(Z) on Sy, see
(2.7). We denote by Ay, , the space of S;-valued C* modular forms of weight & for I with
representation p. The subspaces of weakly holomorphic modular forms (resp. holomorphic
modular forms, cusp forms) are denoted by M. ,L , (tesp. My, Sk,). We need a few facts
about such vector valued modular forms.

If fe Ay,and g € A_j;, then the scalar valued function

(3.1) (f(1).9() = D fulr)gu()

weL'/L

is invariant under I". For f, g € Ay ,, we define the Petersson scalar product by

32 (Fg)ra= [ (F.0* dutr),
f
provided the integral converges. Here du(t) = % is the invariant measure on H, and

F ={r € H; |u| <1/2and |r| > 1} denotes the standard fundamental domain for the
action of I' on H.

Let K and L be even lattices. Then the Weil representation pgey is isomorphic to
the tensor product of px and pr. Moreover, if f = Z;},EK’/K fubu € Aip, and g =

ZVGL’/L gu¢l/ S AlyPL’ then
f ®g= Z f/.tgllgb/,t—i-y S Ak‘HaPK@L'

J7R%

Let M C L be a sublattice of finite index, then a vector valued modular form f € Ay ,,
can be naturally viewed as a vector valued modular form in Ay ,,,. Indeed, we have the
inclusions M C L C L' C M’ and therefore

L/M c L'/M c M'/M.
We have the natural map L'/M — L'/L, u— .
Lemma 3.1. There are two natural maps

respn  Akpy — Akpns [ fur

and

trons: Akpys = Akpy, 91— 9"



18 JAN H. BRUINIER AND TONGHAI YANG

such that for any f € Ay, and g € A,

(f.9%) = (far, 9).
They are given as follows. For pe€ M'/M and f € Ay, ,

far ifnE LM,
(far)u = . ,
0, ifpe¢l'/M.
For any i € L'/L, and g € Ay.p,,, let pu be a fized preimage of i in L' /M. Then

Z ga+,u~

a€L/M

Proof. See [Sche, Proposition 6.9] for the map res; ;. The assertion for try, can be
proved analogously. U

Remark 3.2. The following fact about the trace map and theta functions, which is easy
to check, will be used in Section 4:

(3.3) 0r, = (Om)".

3.1. Harmonic weak Maass forms. Now assume that £ < 1. A twice continuously
differentiable function f : H — Sy, is called a harmonic weak Maass form (of weight k with
respect to IV and py) if it satisfies:

(1) f lkp, v = f forally eI
(ii) there is a Sp-valued Fourier polynomial

> ) b,
neL’/L n<0

such that f(7) — Ps(1) = O(e™*") as v — oo for some € > 0;
(iii) Agf =0, where

A-—_ a_2+8_2 +‘]€ 2+£
FE 0\ 0w T a0) T\ ou T o

is the usual weight k& hyperbolic Laplace operator (see [BF]).
The Fourier polynomial Py is called the principal part of f. We denote the vector space
of these harmonic weak Maass forms by Hy,, (it was called H, , in [BF]). Any weakly
holomorphic modular form is a harmonic weak Maass form. The Fourier expansion of any
f € Hy,, gives a unique decomposition f= fJr + f ~, where

(34&) Z Z ¢/L>

weL'/L nGQ
(3.4b) Z Zc n, W)W (2rnv)q" ¢,
ueL’/LnEQ
and W(a) = Wy(a) := [7 e t™"dt = I'(1 — k,2[a|) for a < 0. We refer to f* as the

holomorphic part and to f~ as the non-holomorphic part of f.
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Recall that there is an antilinear differential operator § = &, : Hy ,, — Sa—i 5, , defined
by
(3.5) f(1) = &(f)() == 0" 2L f (7).
Here Lj, is the Maass lowering operator defined in (2.18). The kernel of ¢ is equal to M IL or-
By [BF, Corollary 3.8], the sequence

(3.6) 0—— M,!WL — Hy,, _t So—kp, —= 0

is exact.
There is a bilinear pairing between the spaces M,_y, 5, and Hy, ,, defined by the Petersson
scalar product

(37) {97 f} = (97 g(f))Pet

for g € My_;, and f € Hy,, . If g has the Fourier expansion g = Z}m b(n, 1)q"¢,, and
we denote the Fourier expansion of f as in (3.4), then by [BF, Proposition 3.5] we have

(3.8) {o.f3}= "> D " (n,mb(—n,p).
neL’/L n<0

Hence {g, f} only depends on the principal part of f. The exactness of (3.6) implies that
the induced pairing between Sy_y 5, and Hy, ,, /M, ,L o, 18 non-degenerate.

Lemma 3.3. Let f € Hy,, and assume that Py is constant. Then f € My, .

Proof. 1t follows from the assumption and (3.8) that

(£Cf)s €(F)) poy = LE(H), fY = 0.

Hence £(f) = 0 and f is weakly holomorphic. Since Py is constant we find that f €
My,, - d

Lemma 3.4. Let p € L'/L, and let m € Q~¢ such that m = —Q(p) (mod 1). There exists
a harmonic weak Maass form f,, € Hy,, whose Fourier expansion starts as

fru(T) = %(qm¢u +q¢ "p_,)+0(1), v— o0

Proof. This is an immediate consequence of [BF, Proposition 3.11]. U

4. REGULARIZED THETA INTEGRALS

Let (V, Q) be a quadratic space over Q of signature (n,2). We use the setup of Section 2.
In particular, L C V is an even lattice. Let K C H(Ay) be a compact open subgroup acting
trivially on S7. We consider the Shimura variety

(4.1) X = HQ)\(D x H(As)/K),

It is a quasi-projective variety of dimension n defined over Q.
On Xk we consider the following special divisors (cf. [Bol], [Br2], [Ku4]). We follow
the description in [Ku4, pp. 304]. Let z € V(Q) be a vector of positive norm. We write
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V, for the orthogonal complement of z in V and H, for the stabilizer of x in H. So
H, = GSpin(V,). The sub-Grassmannian

(4.2) D, ={z€D; z Lz}

defines an analytic divisor of D. For h € H(Ay) we consider the natural map

(43)  HAQ\D, x Ha(Ap)/(Ho(Ag) VRER™) — Xpe,  (2,h1) > (2, huh),

Its image defines a divisor Z(z, h) on Xk, which is rational over Q. For m € Q¢ let
(4.4) Qp={ze€V; Qz) =m}

be the corresponding quadric in V. If Q,,(Q) is non-empty, then by Witt’s theorem, we
have €2,,(Q) = H(Q)zo and Q,,(Ay) = H(Af)zo for a fixed element zy € ,,(Q). For a
Schwartz function ¢ € S, we may write

(4.5) supp () N (Ay) = H K&t

as a finite disjoint union, where §; € H(Af). This follows from the fact that supp(y) is
compact and €,,(Ay) is a closed subset of V(Af). We define a weighted special divisor by
putting

(4.6) Z(m,p) = Z 90(5]11‘0)2(550; &j)-

This definition is independent of the choice of xy and the representatives ;. For p e L'/L
we briefly write Z(m,p) := Z(m,¢,). The following lemma is a special case of [Ku3,
Proposition 5.4].

Lemma 4.1. Assume that H(Ay) = H(Q)K and put I'x = H(@Q) N K. Then
Zim,p)= > elx)pr(Dg,1),

€l kK \Qm (Q)

where pr: D x H(Ay) — Xk denotes the natural projection. O

Let f € Hi_,/2;, be a harmonic weak Maass form of weight 1 —n/2 with representation
pr for I, and denote its Fourier expansion as in (3.4). We consider the regularized theta
integral

(4.7) (= h, f) = / ), 00, 2, ) )

]:
for z € D and h € H(Ay). The integral is regularized as in [Bol], [BF], that is, ®(z, h, f)
is defined as the constant term in the Laurent expansion at s = 0 of the function

(4.8) lim (f(1),00(1,z,h)) v °du(T).

T—o00 Fr

Here Fr = {1 € H; |u| <1/2, |r| > 1, and v < T} denotes the truncated fundamental
domain. The following theorem summarizes some properties of the function ®(z,h, f) in
the setup of the present paper (see [Br2], [BF]).
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Theorem 4.2. The function ®(z, h, f) is smooth on Xx\Z(f), where
(4.9) Z(f) = > > cH(=m,p)Z(m, p).

peL’ /L m>0
It has a logarithmic singularity along the divisor —2Z(f). The (1,1)-form dd°®(z,h, f)
can be continued to a smooth form on all of Xx. We have the Green current equation

(4.10) dd’[®(z, h, f)] + 0z(p) = [dd°®(z, h, )],

where 0z denotes the Dirac current of a divisor Z. Moreover, if A, denotes the invariant
Laplace operator on D, normalized as in [Br2], we have

(4.11) AD(z, h, f) = % -¢7(0,0).

In particular, the theorem implies that ®(z, h, f) is a Green function for the divisor Z(f)
in the sense of Arakelov geometry in the normalization of [SABK]. (If the constant term
¢™(0,0) of f does not vanish, one actually has to work with the generalization of Arakelov
geometry given in [BKK], see also [BBK].) Moreover, we see that ®(z, h, f) is harmonic
when ¢(0,0) = 0. Therefore, it is called the automorphic Green function associated with
Z(f). Observe that the divisor Z(f) has coefficients in the field of definition of the principal
part of f.

In the special case when f is weakly holomorphic, ®(z, h, f) is essentially equal to the
logarithm of the Petersson metric of a Borcherds product ¥(z,h, f) on Xkx. Note that
®(z, h, f) has a finite value for every z € D, even on Z( f), where it is not smooth, see [Scho].
Similar Green functions are investigated from the point of view of spherical functions on real
Lie groups in [OT]. The following theorem gives a characterization of ®(z, h, f). Although
it is not needed in the rest of the paper, we include it here to provide some background.

Theorem 4.3. Assume that the Witt rank of V' over Q is smaller than n. Let G be a
smooth real valued function on X\ Z(f) with the properties:

(i) G has a logarithmic singularity along —2Z(f),
(ii)) A.G = constant,
(iii) G € L'"(X g, du(z)) for some e > 0.
Then G(z, h) differs from ®(z,h, f) by a constant.

Here dyu(z) is the measure on X induced from the Haar measure on the group H(A). If
the Witt rank of V' is equal to n, one can obtain a similar characterization by also requiring
growth conditions at the boundary of Xg. The constant could be fixed, for instance, by
adding a condition on the value of the integral | x, Gdp(z).

Idea of the proof. First, we notice that ®(z, h, f) satisfies the properties (i)—(iii). The first
two are contained in Theorem 4.2. The third can be proved using the Fourier expansion
of ®(z,h, f) (see [Br2]) and the ‘curve lemma’ as in [Br3, Theorem 2].

Hence the difference G(z, h) — ®(z, h, f) is a smooth subharmonic function on the com-
plete Riemann manifold X, which is contained in L'*¢(X, du(z)). By a result of Yau,
such a function must be constant (see e.g. [Br2, Corollary 4.22]). O
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4.1. CM values of automorphic Green functions. We define CM cycles on Xx as
follows. Let U C V be a negative definite 2-dimensional rational subspace of V. It
determines a two point subset {z:F} C D given by U(R) with the two possible choices of
orientation. Let V., C V be the orthogonal complement of U over Q. Then V, is a positive
definite subspace of dimension n, and we have the rational splitting

(4.12) V=V,aU.

Let T' = GSpin(U), which we view as a subgroup of H acting trivially on V., and put
Ky =KNT(Af). We obtain the CM cycle

(4.13) Z2(U) = T(Q\ ({25} x T(As)/Kr) — Xk.
Here each point in the cycle is counted with multiplicity ﬁ, where wir = #(T(Q)NK7r).

s

It is our goal to compute the value of ®(z, f) on Z(U). In the special case when f
is weakly holomorphic this was done by Schofer [Scho], whose argument we will extend
here. The related problem of computing the integrals of logarithms of Petersson norms of
Borcherds products is considered in [Ku4], [BK].

We fix the Tamagawa Haar measure on SO(U)(A) so that vol(SO(U)(R)) = 1, and
vol(SO(U)(Q)\ SO(U)(Ay)) = 2. We also fix the usual Haar measure on A% so that

vol(Zy) = 1. So vol(Z*) = 1, and vol(Q*\A%) = 1/2. We then use the exact sequence
1— A} — T(Ay) — SOU)(Ay) — 1
to define the Haar measure on T'(Af). The following is a special case of [Scho, Lemma 2.13].

Lemma 4.4. With the notation as above, one has

2
(4.14) LW )= —— 3 )
Wk, T
z€supp(Z(U))
A
-2 O b, f) dh

2 Jresow)@\sow)a)
and
(4.15) deg Z(U) = ——

' s = vol(Kr)’

Proof. Taking B(h) = ®(zi,h, f) and B(h) = 1 in [Scho, Lemma 2.13], one gets (4.14)
and (4.15), respectively. O

Using the splitting (4.12), we obtain definite lattices
N=LNU P=LNV..

Then N @ P C L is a sublattice of finite index. Since Opgy = 0p @ Oy, and 01, = (Opgn)*
by (3.3), Lemma 3.1 implies that

(f,00) = (fran,0p @ On).

So we may assume in the following calculation L = P & N if we replace f by fpan-
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For z = 2 and h € T(Ay), the Siegel theta function 6 (7, z, h) splits up as a product
(4.16) 0L(7, 25, h) = 0p(T) @ On(T, 25, ).

Here 0p(7) = 0p(7,1) is the holomorphic Sp-valued theta function of weight n/2 associated
to the positive definite lattice P.

For the computation of the CM value ®(Z(U), f) it is convenient to write the regularized
theta integral as a limit of truncated integrals by means of the following lemma. If S(q) =
Y nez Gng™ is a Laurent series in ¢ (or a holomorphic Fourier series in 7), we write

for the constant term in the g-expansion.

Lemma 4.5. If we define
(4.18) Ag = CT({f (), 0p(T) ® do+n)),

we have

T—o00

B(zE,h, f) = lim [/f (F(7), 0p(7) @ O (. 225, 1)) du(7) — Ao log(T) |

Proof. We use the splitting f = f* + f~ of f into its holomorphic and non-holomorphic
part. If we insert it into the definition (4.7), we obtain

reg

@19) @b f) = [0 ) du() + [ ()00 56 ) du().
F F

Since f~ is rapidly decreasing as v — o0, the second integral on the right hand side

converges absolutely. For the first integral on the right hand side we insert the factorization

(4.16) of 0 (T, z(j},h) and argue as in [Scho, Proposition 2.19] or [Ku4, Proposition 2.5].

We find that it is equal to

T—o00

i | [ (). 00(7) © (5. ) ) — Autog(7)|.

Adding the two contributions, we obtain the assertion. Il

Lemma 4.6. We have

deg(Z(U))

H(Z(U), ) = lim { | e ep<r>®EN<T,o;—1>>du<T>—2Aolog<T>],

T—o0

where En(7,0;—1) denotes the Eisenstein series defined in (2.16).

Proof. We insert the formula of Lemma 4.5 into the Definition (4.14). The evaluation
of ®(z,h, f) at the CM cycle is a finite sum, which may be interchanged with the limit.

Consequently, the lemma follows from Lemma 4.4 and the Siegel-Weil formula, see Propo-
sition 2.2. O
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For any g € Si4n/2,, we define an L-function by means of the convolution integral

(4.20) L(g,U,s) = (0p(7) ® Ex(7,s;1), 9(7—))13@'

The meromorphic continuation of the Eisenstein series En (7, s; 1) leads to the meromorphic
continuation of L(g,U, s) to the whole complex plane. At s = 0, the center of symmetry,
L(g,U, s) vanishes because the Eisenstein series En(7,s; 1) is incoherent. Proposition 2.5
gives the following simple functional equation for

L*(9,U,s) == AMxp, s+ 1)L(g, U, s)

when N 2 (a, N(a 7) for a fractional ideal a of k = Q(VD):
(4.21) L*(g,U,s) = —L"(g,U, —s).
Let
(422) = > D bmma" e,
neL’'/L m>0
(4.23) Op(T) = Z Zr m, 1)q" o,
HEP'/P m=>0

be the Fourier expansion of g and 6p, respectively. Using the usual unfolding argument,
we obtain the Dirichlet series expansion

(120)  L(g.U.s) = (dm)
m>0 neP! /P

Theorem 4.7. The value of the automorphic Green function ®(z,h, f) at the CM cycle
Z(U) is given by
(Z(U), f) = deg(Z(U)) - (CT ({f*(7), Op(7) ® En(T))) + L'(&(f), U, 0)) .

Here En(T) denotes the function defined in (2.26), and L'((f),U,s) the derivative with
respect to s of the L-series (4.20).

)m—(s-l-n)/Q.

Proof. In view of Lemma 4.6 we have

deg(Z(U))

(4.25) ®(Z(U), f) = lim [I7(f) — 2Aolog(T)],

T—oo

where
In(f) = /f (7). () ® Ex(r, 0 —1)) dpu(r).

We compute Ir(f) combining the ideas of [Scho] and [BF]. According to Lemma 2.3, we
have

I(f) = =2 [ (1), 6p(r) 0 37,051 )
_ —z/f AU (7). 6p(r) ® Ely(r,0:1) d7) +2/F (BF), Op(r) @ Ely(r,0: 1) dr).
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Using Stokes’ theorem and the definition of the Maass lowering operator, we get
() ==2 [ (10). 60(r) ® Ex(r,051) )
OFr
+2 [ {Liapf. 60(1)® Ep(r.0:1)) du(7)
f
iTil
2 [ ), bp(r) © By (05 1) r

=iT

5 / EF), 0p(7) ® El(r,0: 1)) v+ 2dpu (7).
Fr

If we insert this formula into (4.25), we obtain

H(Z(U), f) = deg(Z(U)) lim [ [ ). 00y Byt 051 dr — Aglog(1)

T—o0 —iT

T deg(Z(1))) / EF). bp(7) ® Ely(r,0: 1)) o/ 2dp(7).

F

The second summand on the right hand side leads to L'(£(f), U, 0) via the integral repre-
sentation (4.20). For the first summand, we may replace f by its holomorphic part f*,
since f~ is rapidly decreasing as v — oo. Inserting the Fourier expansion of E'\(7,0;1)
and the definition of Ag, we get

lim [ / ), 0p(r) © Be(r, 0 1)) dr — A, log(T)]

T—oo | Jr=iT

iT+1
- Tlgrolo <f+ Z Z — 0,,00m,0 log (v ))qm¢u> dr

T=iT ,ueN’/N meQ
Here 6, . denotes the Kronecker delta. The limit is equal to

T ((f*(7), Op(7) ® En(T))) -

This concludes the proof of the theorem. O

In the special case when f is weakly holomorphic we have £(f) = 0. Hence the L-function
term vanishes and the above formula reduces to [Scho, Theorem 1.1].

Remark 4.8. If the principal part Py is constant, then
(Z(U), f) = deg(Z(U))c™(0,0)x(0,0).

Proof. In view of Lemma 3.3 the assumption implies that f € M;_, /55, . Hence {(f) = 0
and the assertion follows. O
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5. FALTINGS HEIGHTS OF CM CYCLES

Let X — Spec(Z) be an arithmetic variety, that is, a regular scheme which is projective
and flat over Z, of relative dimension n. Let Z%(X) denote the group of codimension d
cycles on X. Recall that an arithmetic divisor on X is a pair & = (z,g,) of a divisor
on X and a Green function g, for the divisor z(C) induced by x on the complex variety
X (C). So g, is a smooth real function on X'(C) \ z(C) with a logarithmic singularity on
x(C) satisfying the current equation

ddc[g;t] + 6:0((3) = [wit]

~ 1
with a smooth (1,1)-form w, on X(C). We write CH (&) for the first arithmetic Chow
group of X, that is, the free abelian group generated by the arithmetic divisors on X
modulo rational equivalence, see [SABK]. Moreover, if F' C C is a subfield we put

—~1 —~ 1
CH (X)r = CH (X) ®z F.
Recall from [BGS, Section 2.3| that there is a height pairing
CH'(X) x Z"(X) — R.

When # = (z,9,) € 61\-11(2\,’) and y € Z"(X) such that = and y intersect properly, it is
defined by

A

<~ray>Fal = <x>y>fin + <£>y>007
where

(#, ) = 50:(5(C)),

and (z,y) s, denotes the intersection pairing at the finite places. When z and y do not
intersect properly, one defines the pairing by replacing & by a suitable arithmetic divisor
which is rationally equivalent. The quantity (Z, y) re is called the Faltings height of y with
respect to Z (see also [BKK, §6.3]). When y € Z"(X) is a horizontal cycle, the condition
that x and y intersect properly means that on the generic fiber y(C) is disjoint from z(C).

Theorem 4.7 and the examples of the next sections lead to the following conjectures.
We are quite vague here and ignore various difficult technical problems regarding integral
models. Assume that there is a regular scheme X — SpecZ, projective and flat over Z,
whose associated complex variety is a smooth compactification X§ of Xx. Let Z(m, u)
and Z(U) be suitable extensions to Xy of the cycles Z(m, u) and Z(U), respectively. Such
extensions can be found in many cases using a moduli interpretation of Xk, see e.g. [Kub],
[KRY?2]. (When n > 0 one can often also take the flat closures in X of Z(m, u) and Z(U),
respectively.) For an f € Hy_,/5 5, , the function ®(-, f) is a Green function for the divisor

Z(f). Set Z(f) =32, > o ¢ (=m, ) Z(m, p). Then the pair
Z(f) = (2(f), @(- 1))

—~ 1
defines an arithmetic divisor in CH (Xx)c. (When Xk is non-compact, one has to add
suitable components to the divisor Z( f) which are supported at the boundary, see Section 7.
Moreover, if the constant term ¢ (0,0) of f does not vanish, one actually has to work with
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the generalized arithmetic Chow groups defined in [BKK].) Theorem 4.7 provides a formula

for the quantity
4 1
(5.1) (Z(1):2U)ee = 52(2(V), f)-

Now suppose that f is weakly holomorphic with coefficients ¢t (m, u) € Z for all m < 0
and constant term ¢™(0,0) = 0. Then Z(f) should be rationally equivalent to a torsion
element, the relation being given by the Borcherds lift of f. Assuming this, we would have

7?5 1
0=(2(f), 2U))ra = (2(f), Z2(U)) sin + 52(Z(U). [)-
Theorem 4.7 then implies that

62 (2020w 22D or (140), () @ £4(7)

Expanding both sides would suggest the following conjecture on the arithmetic intersection.

Conjecture 5.1. Let pp € L'/ L, and let m € Q(u)+7Z be positive. Then (Z(m, ), Z(U)) fin

is equal to —degTZ(U) times the (m, p)-th Fourier coefficient of 0p @ En, that is,

(Emo). 2O o = - SBLOD S S m tma o)

2
weP' /P m;€Q>q
/JQENI/N mi1+mo=m
p1tp2=p (L)

Here r(m, p) is the (m, u)-coefficient of Op, and k(m, p) is the (m, u)-th coefficient of En.
This conjecture and Theorem 4.7 would imply the following conjecture.

Conjecture 5.2. For any f € Hi_,/25,, one has

53) () ZO)ea = HIY)

In view of Lemma 3.4, for p € L'/L and m € Q(u) + Z positive, there is an f,,, €

Hy_p /25, such that Z(fn,.) = Z(m, p). Evaluating Conjecture 5.2 for Z(fm,.) and using
Theorem 4.7, we see that the two conjectures are equivalent.
Conjecture 5.2 has also the following consequence. Let Q_ C P(V(C)) be defined by

(5.4) Q- ={w e V(C); (w,w) =0, (w,w) <0}/C".

It is isomorphic to D via w = v; — w9t maps to the oriented negative 2-plane z with oriented
R-basis {vy,v9} (see e.g. [Bol], [Br2], and [Ku4]). The restriction to )_ of the tautological
line bundle on P(V(C)) induces a line bundle w on Xk. In certain low dimensional cases
it can be identified with the Hodge bundle. We define the Petersson metric on w via

(¢+(0,0)5(0,0) + L'(¢(f), U, 0)) .

a _
(5.5) [wl[pe = =5 (w, @).
Here a := 2me™" is a normalizing factor (which is inserted to make (5.6) hold without
any extra constant), and v = —I"(1) is Euler’s constant. Rational sections of w* can be

identified with meromorphic modular forms W(z, h) of weight k and level K for SO(V).
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The Petersson metric coincides with the usual Petersson metric for a modular form (due
to our choice of the normalizing factor a). Let us assume that it has an integral model
which we still denote by w. Using the Petersson metric, we get a metrized line bundle

W = (w, || - ||pet). An integral modular form ¥ of weight k can be viewed as a section of w,
and we have

—~1
(5.6) ke (@) = (div ¥, —log || ¥|/%,,) € CH (Xk).

Now let f be a weakly holomorphic modular form for I with ¢*(0,0) # 0 and ¢ (m, u) € Z
for m < 0. Let W(z, h, f) be its Borcherds lifting which is a meromorphic modular form of
weight ¢*(0,0)/2 for SO(V) of level K, see [Bol]. Then we have

(I)(Z, h, f) = —2log ”\I](Z? h, f)”%’et?
see [Bol, Theorem 13.3]. Consequently,
¢t (0,00a1(@) = Z(f).
So Conjecture 5.2 leads to the following conjecture.

Conjecture 5.3. One has
1

. 1
m(waz((]»mz = §f<¢(070)-

It is interesting that the right hand side depends only on K;. When Kp = @*D for a
fundamental discriminant D < 0,

A (xp,0)
A(xp,0)

is four times the Faltings height of an elliptic curve with complex multiplication by Op.
This follows from the Chowla-Selberg formula as reformulated by Colmez [Co]. When
n =1 and Xg = Yy(N), the sections of w* actually correspond to weight 2k modular
forms in the usual sense, and Z(U) is the moduli stack of CM elliptic curves with CM by
Op (see Section 7). In this case, the conjecture is simply the the celebrated Chowla-Selberg
formula just mentioned. When n = 2, and Xy is a Hilbert modular surface, sections of w*
correspond to weight £ Hilbert modular forms, and the left hand side of the conjecture is the
Faltings height of a CM abelian surface of the CM type (K, ®) where K = Q(v/A, /D) is a
biquadratic CM quartic field with real quadratic subfield F' = Q(v/A), and ® = Gal(K/kp)
as a CM type of K. In this case, the conjecture is a special case of Colmez’ conjecture and
follows from the Chowla-Selberg formula (see for example [Yal, Proposition 3.3]).

x(0,0) =log |D| — 2 = 4hpy(F)

Remark 5.4. In view of Conjectures 5.2 and 5.3, we can consider the degree 0 divisor
Z(f)° = Z(f) = ¢*(0,0)2.
Then Conjecture 5.2 (assuming Conjecture 5.3) becomes
_ deg(Z(U))

(57) (2 2(U))pu = —=5 L (E(F), U 0).
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6. THE n = 0 CASE

Here we consider the case n = 0 where V' is negative definite of dimension 2. Then U =V
and the even Clifford algebra C°(V) of V is an imaginary quadratic field k = Q(v/D). For
simplicity we assume that (L, Q) = (a, —%) for a fractional ideal a C k as in the end of
Section 2. So I/ = 9 'a. In this case H = T = GSpin(V) = k*. We take

(6.1) K =Ky = O;,
which acts on L'/L trivially. So
Xic = 2(U) = K\{z5} x k5/0; = {2} x Cl(k)

is the union of two copies of the ideal class group Cl(k) (a finite collection of points). It
has the following integral model over Z.

Let C be the moduli stack over Z representing the moduli problem which assigns to every
scheme S over Z the set C(S) of the CM elliptic curves (£, ) where E is an elliptic curve
over S and ¢ : Oy — Endg(E) =: O is an Og-action on F such that the main involution
on Op gives the complex conjugation on k. Indeed, let C* be the moduli stack over Oy
defined in [KRY1], representing the moduli problem which assigns to every scheme S over
Oy, the set C*(S) of CM elliptic curves (E, ) over S such that the CM action ¢ : Oy, — Op
gives rise to the structure map Oy — Og on the lie algebra Lie(E). Then C is the restriction
of coefficients of C* in the sense of Grothendieck, i.e., it is C* but viewed as a stack over
Z: C = (C* — Spec(Oy) — Spec(Z)).

Lemma 6.1. One has a bijective map between C(C) and X.

Proof. 1t is well-known that every elliptic curve with CM by Oy over C is isomorphic to
E, = C/a for some fractional ideal a of k, and that the isomorphism class of F, depends
only on the ideal class of a. On the other hand, E, has two O-actions induced by

L (r)z=rz, 1_(r)z=rz,
respectively. So (zi, [a]) — (E,, t+) gives a bijection between Xy and C(C). O
For (E,t) € C(9), let
(6.2) V(E, 1) ={z € Og; t(a)r = zi(a) for all & € O, and trz = 0}

be the space of ‘special endomorphisms’ with the definite quadratic form N(x) := degx =
—x?, see [KRY1], [KY1]. When S = Spec(F) for an algebraically closed field F', then
V(E,¢) is empty if F' = C or F' =T, for a prime p which is split in k. When p is non-split
in k£, then O is a maximal order of the unique quaternion algebra B which is ramified
exactly at p and co. In this case V/(E, ) is a positive definite lattice of rank 2 and N(z) is
the reduced norm of x.

For p € L'/L = 9 'a/a and m € Qsq, consider the moduli problem which assigns to
every scheme S (over Z) the set Z(S) of triples (E, ¢, 3) where

(i) (E,1) € C(S), and
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(i) B € V(E, )0 'a such that
NB=mNa, up+p3e¢€O0ga.
It is empty unless m € Q(u) + Z.
Lemma 6.2. Let the notation be as above, and assume that m € Q(u) + Z. Then the
above moduli problem is represented by an algebraic stack Z(m,a, p) of dimension 0. Fur-

thermore, the forgetful map (E,1,B) — (E,¢) is a finite étale map from Z(m,a, p) into
C.

We will view Z(m,a, u) as a cycle in C by identifying it with its direct image under the
forgetful map. It is supported at finitely many primes which are non-split in k.

Proof. Consider the similar moduli problem which assigns to each scheme S over Oy the
set Z7(S) of the triples (E, ¢, 3) where (F,:) € C*(S) and 3 satisfies the same conditions
as above. Choose a A € a~!/0a~! such that the multiplication by \ gives an isomorphism

O ta/a=0"'/O, 1z 1.
Then Z7%(5) consists of the triples (F, ¢, 3) where (E,¢) € CT(S5),
BeV(E,)(0a ), N@a')NB=m|D|,
and B
A+ 2B € Op.
It is proved in [KY1] that this moduli problem is represented by a DM-stack Z*(m, a, )
(denoted there by Z(m|D|,da=', A\, A\u)). Let Z(m,a, ) be the restriction of coefficients

of Z¥(m,a, ), then Z(m,a, u) represents the moduli problem S — Z(S). The forgetful
map is clearly a finite étale map. O

Following [KRY2, Section 2|, we define the arithmetic degree of a 0-dimensional DM-
stack Z as

(6.3) deg Z Z #Aut ip(Z,x)logp.

P zeZ( IFP

Here i,(Z, x) is defined as follows. Let Oz, be the strictly Henselian local ring of Z at z,
then i
ip(x) = Length(Oz ;)

is the length of the local Artin ring @Z,x- It is well-known that
(6.4) deg(Z) = deg(cReso, 2 Z)

for a DM-stack Z over the ring of integers Ok of some number field K, where cResop, /7 Z
is the restriction of coefficients of Z. In particular, one has

(6.5) deg(Z(m, a,p)) = deg(Z* (m, a, u)).

It is also well-known that

(6.6) deg(2) = deg(Z ®z Ok)

1
[K - Q]
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for a DM-stack Z over Z.
Lemma 6.3. Let wy, = #0;. We have

1 | he /D]
19 ZU) = ey = wp = Tan Lol

Proof. Recall that T = k* and K = O in our case. Hence wgp = wy. Moreover, recall
our Haar measure choice just before Lemma 4.4. Since

1 —Q\Qf — k"\k; — k'\k; — 1
is exact, and vol(Q*\Q}) = 1/2, we see that

vol(k"\k}) = vol(Q"\Q7}) Vol(kl\k}) =1
On the other hand, we have

h .
/ d'x = / / &'z = £ vol(0)).
E*\k% “\k3 /05 JOR\O; Wi

Hence vol(K7p) = vol(O}) = &, and the assertion follows from (2.35). O

Conjecture 5.1 is just the following theorem in this special case, which is a reformulation
of [KY1, Corollary 7.9].

Theorem 6.4. Let the notation be as above and assume that D is odd. Then

dea(Z(m.a.m) = - S E 2D ).

Here deg Z(U) is given explicitly by Lemma 6.5.

Sketch of the proof. For the convenience of the reader, we derive the theorem from [KY1,

Corollary 7.9], which is restated as formula (6.9) below. For a prime p which is inert or

ramified in k, let B be the unique quaternion algebra over Q ramified exactly at p and oc.

Choose a prime pg 1 2pD (depending on p) satisfying

(6.7) v B — {(D, —pop)1, ?fp %s iner? in k.,
(D, —po);, if pis ramified in k

for every prime [. Here inv; B = 4+1 depends on whether B is a matrix algebra or a division
algebra.

In particular, pg = popo is split in k. For an ideal b of k, let [b] be the ideal class of B
and [[b]] be its associated genus, i.e., the set of (fractional) ideals ac?b. Moreover, let

(6.8) p(n, [[b]]) = #{c C Op; a € [[b]], Nc=n}.
Notice that it is equal to
p(n) =#{c C Oy; Nc=n}
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if it is non-zero. In [KY1], Kudla and the second author proved the following formula:

deg(Z(m,a,p)) = 2% | 3~ (ord, m + 1)p(m|D|/p, [[poda]]) log p

p inert

(6.9) + Y (ordym+1)p(m|D|/p, [[pop"da]])

p|D, MPZO
Here we decompose
a_la/a = EBp\D(a_la/a) Q Ly, = (/v‘p)p\Dv

and o(u) = #{p|D; p, = 0}. Comparing this with Theorem 2.6, one sees that it suffices
to verify that for positive m € Q(u) +Z = — & + Z we have

(6.10) 24 p(m| D| /p, [[poda]]) = 10(m, 1) p(m|D| /p)
when p is inert in k£, and
(6.11) 20 p(m|D|/p, [[ped~"0a]]) = np(m, 1) p(m|D])

when p is ramified in k and p, = 0. For p|D, let &, be the genus character of Cl(k)/ Cl(k)?
given by

&([b]) = xp(Nb) = (D, Nb),.
Then ¢ € [[b]] if and only if {,(N¢) = &,(Nb) for all p|D. So just as

p(n) = T nu(n).

I<oco
one has
p(n, [[6]) = [T u(m) [T pu(n, [[6]]),
UDoo I|D
where p(n,[[b]]) = 1 or 0 depending on whether there is an integral ideal ¢ such that
Nc¢=mn and §(n) =& (Nb), and
1 it 1|D,

pi(n) = w if xp(1) = —1,
ordin+1, if x,(I) =1

To see (6.10), we may assume that there is an integral ideal ¢ with N¢ = m|D|/p
(otherwise both sides are zero). For any [|D, one has by (6.7)

&(m!DI

(6.12) = (D,—mNa),.
When 1 # 0, pi & Zy, and —mNa € pp + 7. So
—mNa|D| € pi|D| + Zy| D)

N(poda)) = (D, mppo N a),
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and pji|D| € Z; (note that [ # 2, since D is odd). We may assume that a is prime to 0,
so N a does not interfere here. Hence

m|D _ _
&N (pod)) = (D, —mNa|DJ), = (D, il D]}y = 1.
That is p;(m|D|/p,[[poda]]) = 1 when p; # 0. When p; = 0, (6.12) implies that

I D/p, [podal]) = 51+ xi(~mNa).

This proves (6.10). The verification of (6.11) is the same plus the fact p(m|D|) = p(m|D|/p)
for plged(m|D], |DI). O

Notice that the L-function L({(f),U,s) vanishes identically, since it is given as the
Petersson scalar product of a cusp form and an Eisenstein series. The lattice N is equal
to L. So Conjecture 5.2 is simply the following theorem in our special case.

Theorem 6.5. Let f € Hy;, and assume that the constant term ¢*(0,0) of f vanishes.
Then

dea(2(f) = —§<1><2<U>,f>.

= > D Z(m,a, p),

ueL'/L m>0

Proof. Since

one has by Theorem 6.4 that

dea(2(f) = - B2 S S ot oy, ).

peEL' /L m>0

On the other hand, Theorem 4.7 asserts in this case

O(Z(U), f) = deg Z(U) CT ((f7(7), E(r))) = deg Z(U) > Y e™( K(m, ).

ueL’/L m>0

Comparing the two equalities, we obtain the assertion. ]

7. HEIGHT PAIRINGS ON MODULAR CURVES

Throughout this section we assume that (V@) has signature (1,2). Then Xk is a
modular or a Shimura curve defined over Q. The special divisors Z(m, ) and the CM
cycles are both divisors on Xg (both supported on CM points). Moreover, the Faltings
height pairing is closely related to the Neron-Tate height pairing. Here we compute the
heights of special divisors employing Theorem 4.7, modularity of the generating series of
special divisors, and multiplicity one for newforms in S35 ,, . Another crucial ingredient is
the non-vanishing result for coefficients of weight 2 Jacobi cusp forms by Bump, Friedberg,
and Hoffstein [BFH]. This leads to a proof of the Gross-Zagier formula which uses minimal
information on the intersections of special divisors at the finite places. Moreover, we also
prove Conjectures 5.1 and 5.2 by pulling back special divisors to the moduli space C defined
in Section 6.
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7.1. The modular curve Xy(N). In this example we chose L such that X = Y,(N).

Then the compactification of X by the cusps is isomorphic to the modular curve Xo(V).

The basic setup is the same as in [BrO, Section 2.4] with the difference that the quadratic

form is replaced by its negative (which is slightly more convenient for the present paper).
Let N be a positive integer. We consider the rational quadratic space

(7.1) V= {z € Maty(Q); tr(x) =0}

with the quadratic form Q(z) := N det(z). The corresponding bilinear form is given by
(x,y) = =N tr(zy) for z,y € V. The signature of V' is (1,2). The group GL(Q) acts on
V' by conjugation

v =yzy', € GLy(Q),

leaving the quadratic form invariant. This induces an isomorphism H = GSpin(V') = GLs.
The domain D can be identified with H U H via

2 .2
(7.2) z_:cﬂyHRé)%G Z)+R%(Z z)e]D).

—z 1 —=z

Under this identification, the action of H(R) on D becomes the usual linear fractional
action.
Let L be the lattice

(7.3) L:{(ﬁ _f/bN); a,b,ceZ}.

The dual lattice is given by

(7.4) L/:{(b/iN —_b%]JVV); a,b,ceZ}.

We frequently identify Z/2NZ with L'/L via r +— u, = diag(r/2N,—r/2N). Here the
quadratic form on L'/L is identified with the quadratic form x — —z? on Z/4NZ. The
level of L is 4N. For m € Q and p € L'/L, we define

Ly :={x€p+L; Qx) =m}.

Notice that L, , is empty unless Q(x) = m (mod 1).
Let K, C H(Q,) be the compact open subgroup

K, = {(‘CL 2) € GLy(Z,); c € sz} ,

and let K = [[ K, C H(Ay). Then K takes the lattice L to itself and acts trivially on
the discriminant group L'/L. Since H(Ay) = H(Q)K, it is easily seen that
a:To(N\H - X =H(Q)\D x H(Ay)/K, To(N)z— HQ)(z, 1)K

is an isomorphism.
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Let m € Qs and let € L'/L such that Q(p) =m (mod 1). Then D := —4Nm € Z is
a negative discriminant. If r € Z with u = p, (mod L), then D = r? (mod 4N), and

_r_ 1
(7.5) T = (DQ_% NT ) € Lm’u.

AN T 2N

Conversely, for a pair of integers D < 0 and r with D = r? (mod 4N), let m = —D/4N
and g = p,. Then m € Q(u) + Z is positive. We will use this correspondence in this
section freely without mentioning it. Moreover, it is easy to check from Lemma 4.1 that

(76) Z(ma ,U) = PD7T + PD,—T
where Pp, is the Heegner divisor defined in [GKZ].

For a positive norm vector z as in (7.5) we put
(7.7) V. = Qu, U=Vnat,
(7.8) P=LNV,, N=LnU.
Then V. is a positive definite line and U is a 2-dimensional negative definite subspace in

V. Here we use N instead of IV as in the previous section to avoid confusion with the level
N. An easy computation gives

(7.9) N=2 ( L 01> oz (T29D 1/0N> .

- AN

In particular, the determinant of A" is —D. It is also easy to check that

r 2 2N , t
(7.10) P=1 (L _7«) —2=e, P =L

with ¢t = ged(r, 2N). We consider the ideal n = [N, %ﬁ] of Op = Z[DJFQ\/E]. The norm of
n is equal to N. We define a quadratic form () on n via
2Z N(z)

(7.11) Qz) = N = N

Lemma 7.1. Assume that D is the fundamental discriminant of k = Q(v/D). Then the
following map gives an isomorphism of quadratic lattices:

s &
syt = e )

. . . P2
Moreover, both are equivalent to the integral quadratic form [—N,—r, — 4ND ] = —Nz? -
=D, 2

Proof. Clearly,

7"—1—\/5

Qen +y YD) L ((ch e 9y2) = _ N2 —ray—
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o (n, Q) is equivalent to [—N, —D] On the other hand, by definition we have
r?—D ,

AN U

Q({x,y}) = N det ( xTQ_D _K’) = —Naz? — rry —

—rTr—y

By means of (7.9), one sees then that A is equivalent to [— N, —D] too. This proves
the lemma. U

By Lemma 7.1, we see that 7' = GSpin(U) = k* with k = Q(v/D). It is easily checked
that KT = OZ

Proposition 7.2. Assume that D is a fundamental discriminant coprime to N. Then
ZWU) = Z(m,p).

Proof. We claim that under the assumption on D we have

(7.12) Qn(Ay) Nsupp(¢,) = K.

Then the assertion follows directly from the definitions of the cycles (4.6) and (4.13). To
prove the claim, we have to show for all primes p that €,,(Q,) Nsupp(¢,) = K,x. This is
a direct computation which we omit. [l

7.2. The Shimura lifting and Hecke eigenforms. Recall from [EZ, §5] that for the
lattice L (defined in Section 7.1) the space of cusp forms S5 ,, is isomorphic to the space
Ja, v of Jacobi forms of weight 2 and index V. There is a Hecke theory and a newform theory
for J, n which give rise to the corresponding notions on Sssy,,. Let S5 (NN) denote the
space of cusp forms of weight 2 for T'g(/NV) which are invariant under the Fricke involution.
Note that the Hecke L-function of any G' € S, (IV) satisfies a functional equation with
root number —1 and therefore vanishes at the central critical point. According to [SZ], the
subspace of newforms J3%7 of Jy x is isomorphic to the subspace of newforms Sy~ (N)
of Sy (V) as a module over the Hecke algebra. The isomorphism is given by the Shimura
correspondence.

More precisely, let my € Q¢ and py € L'/L such that mg = Q(u) (mod 1). Assume
that Dy := —4Nmg € Z is a fundamental discriminant. Let z € L, ,, be as in (7.5) and
let U be defined by (7.7). There is a linear map Sy, .0 : S3/2,, — S2(IN) defined by

. = Dy n* n\ ,
(713) g= ;n;)b(m> :u)q ¢u = Smo#o(Q) = ;d'Zn (7) b (mOEaMOE) q,

see [GKZ, Section I1.3], or [Sk, Section 2]. If we denote the Fourier coefficients of S, ., (9)
by B(n), then we may rewrite the formula for the image as the Dirichlet series identity

(7.14) L (S0 ( ZB L(xpy, s Zb mon®, pon) n”*.
n>0 n>0
The maps S, are Hecke-equivariant and there is a linear combination of them which

provides the above isomorphism of S37’, ~and Sy (N). Notice that if g € S35, is a
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newform that corresponds to the normalized newform G € S5~ (N) under the Shimura
correspondence, then

(715) L (Smo,uo(g)’ 8) =0 (mOa MO) ) L(G7 S)'
Lemma 7.3. Let my, o, Do, U be as above. If g € S3/3,,, then

s+ 1

L(g,U,s) = 2% (xmo) ™21 ( 5

) L(XDy: 5+ 1) LS o (9), 5+ 1).

In particular,
3 4N
m deg(Z(mo, o))

if g € Syfy,, and G € S3°°7(N) are further related by (7.15).

Proof. In view of (4.24) we have

Ko Us) = )T (20) 37 @0 Q) e+

L/(ga U7 O) b(m[):ﬂO)L/(G? 1)7

where we view g as a modular form with representation ppga via Lemma 3.1. Using the
fact that b(Q(A),\) = 0 for A € P’ unless A € P’ N L' = Zz, the assertion follows by a
straightforward computation. U

Let G € S (N) be a normalized newform of weight 2, and write F for the totally real
number field generated by the eigenvalues of G. There is a newform g € Sg/eé" 5, mapping to
G under the Shimura correspondence. We normalize g such that all its coefficients b(m, )

are contained in Fg.

Lemma 7.4. There is a f € Hy/a;, with Fourier coefficients ¢*(m, p) such that

(i) £0F) = llgll 9.
(ii) the coefficients of the principal part Py lie in Fg,
(iii) the constant term c¢*(0,0) vanishes.

Proof. The existence of an f € Hyjy;, satisfying (i) and (ii) follows from Lemma 7.3 in
[BrO]. We may in addition attain (iii) by adding a suitable multiple of the theta series in
M 25, for the lattice Z with the quadratic form z — Nz?. g
Lemma 7.5. Let g € Sg/e;’m be a newform with Fourier coefficients b(m, p) as above. Let
S be a finite set of primes including all those dividing N. There exist infinitely many
fundamental discriminants D < 0 such that

(i) ¢ splits in Q(\/D) for all primes q € S,

(ii) b(m, p) #0 for m = —-2 and any p € L' /L such that m = Q(u) (mod 1).

Proof. This is a consequence of the non-vanishing theorem for the central critical values
of quadratic twists of Hecke L-functions proved in [BFH], together with the Waldspurger
type formula for Jacobi forms, see [GKZ, Chapter II, Corollary 1] and [Sk]. O
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An alternative proof could probably be given by employing the relationship between
vector valued modular forms (respectively Jacobi forms) and scalar valued modular forms
and using the non-vanishing result proved in [Brl].

7.3. The Gross-Zagier Formula. Let )y(IV) (respectively Xy(/N)) be the moduli stack
over Z of cyclic isogenies of degree N of elliptic curves (respectively generalized elliptic
curves) m : F — FE’ such that ker m meets every irreducible component of each geometric
fiber as in [KM]. Then A,(N)(C) = Xo(N). The stack Xy(NN) is a proper flat curve
over Z. It is smooth over Z[1/N] and regular except at closed supersingular points z in
characteristic p dividing N where Aut(z) # {1} (see [GZ, Chapter 3, Proposition 1.4]).

Let Z(m, 1) be the DM-stack representing the moduli problem which assigns to a base
scheme S over Z the set of pairs (7 : B — E’, 1) where

(i) m: E — E' is a cyclic isogeny of two elliptic curves E and E’ over S of degree N,
(ii) ¢ : Op = End(7) = {a € End(E); mar~' € End(E')} is an Op action on 7 such
that ¢(n) ker 7 = 0.

Heren = [N, #] is one ideal of k = Q(v/D) above N and p, = p (recall that D = —4Nm
and p, = diag(5%, —55)). Moreover, Op denotes the order of discriminant D in k.

The forgetful map (7 : £ — E',1) — (7 : E — E’) is a finite étale map from Z(m, u)
into Vo (), which is generically 2 to 1, and its direct image is the flat closure of Z(m, i) in
Xo(N). It does not intersect with the boundary Xy(N)\YVo(V), and lies in the regular locus
of Xy(N) (see [Co, Lemma 2.2 and Remark 2.3]). In particular, we may use intersection
theory for these divisors and for cuspidal divisors on Xy(N) even though Xy(NN) is not
regular.

Let f € Hys;,, and denote the Fourier expansion of f as in (3.4). Assume that the
principal part of f has coefficients in R and that ¢*(0,0) = 0. There is a divisor C(f) on
Xo(N) supported at the cusps such that ®(z, h, f) is a Green function for the divisor

Z(f) = Z(f) + C(f)
of degree 0 on X(V). Here the cuspidal contribution is given by the Weyl vector term in
the Fourier expansion of ®(z, h, f) at a cusp, see for instance [BrO, Theorem 5.3]. This
term has logarithmic growth at the cusp with multiplicity determined by the Weyl vector.
Let Z¢(f) be the flat closure of Z¢(f) in Xy(N). We write Z°(f) for the arithmetic divisor
given by the pair
~1
(Zc(f)7 CI)(7 f)) € CH (XO(N))]R
For m € Qso and p € L'/L we define

(7.16) ym. ) = Z0m ) — SEZ) (o) 1 (0.

This divisor has degree 0 and is invariant under the Fricke involution. Moreover, using the
principal part of the weak Maass form f, we put

(7'17) y(f) = Z Z c*(—m, M)y(ma M)'

peL’' /L m>0
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We let Y(m, 1) and Y(f) denote their flat closures in Ay(/V). Note that for primes p not
dividing the discriminant D = —4N'm, the divisor J(m, p) has zero intersection with every
fibral component of Xy(NN) over F, see e.g. [GKZ, Chapter IV.4, Proposition 1].

Let J = Jo(N) be the Jacobian of Xo(N), and let J(F') denote its points over any
number field F'. They correspond to divisor classes of degree zero on Xo(N) which are
rational over F'. Note that y(f) is a divisor of degree 0 which differs from Z¢(f) by a
divisor of degree zero on Xy(/N) which is supported at the cusps. By the Manin-Drinfeld
theorem, Z¢(f) and y(f) define the same point in the Mordell-Weil space J(Q) ®z C.

We now fix some notation for the rest of this subsection. Let G € S5 (N) be a
normalized newform defined over the number field F;. Let g € Sgb/e;’jm be a cusp form
corresponding to G under the Shimura correspondence with coefficients b(m, 1) € Fg. Let
J € Hyjp5, be a harmonic weak Maass form associated to g as in Lemma 7.4.

We now consider the generating series

(7.18) AT = D0 ylm, g™y
weL'/L m>0

By the Gross-Kohnen-Zagier theorem, A(7) is a modular form with values in J(Q) ®z C.
Borcherds gave a different proof for this result using Borcherds products associated to
weakly holomorphic modular forms in M} Jopy0 S€€ [Bo2].

We may look at the projection A%(7) of A(7) to the G-isotypical component of J(Q)®zC.
So the coefficients of A%(7) are the projections y“(m, i) of the special divisors y(m, i) to
the G-isotypical component. [BrO, Theorem 7.7] describes this generating series as follows.

Theorem 7.6. Let f, g, and G be as above. We have the identity
AS(1) = g(1) @ y(f) € S3/2,0, @2 J(Q).
In particular, the divisor y(f) lies in the G-isotypical component of J(Q) @z C.

The proof is based on a comparison of the action of the Hecke algebra on the Jacobian

and on harmonic weak Maass forms, and on multiplicity one for the space Sgl/%” oL

Theorem 7.7. Let G be a normalized cuspidal new form of weight 2, level N whose L-
function has an odd functional equation. Let f and g be associated to G as above. Then
the Neron-Tate height of y(f) is given by

W)y = 2N

 llglf?
Proof. According to Theorem 7.6, we have b(m, u)y(f) = y©(m, ), and therefore

(), y(f))nrb(m, p) = (y(f), y(m, p)) NT
= <Zc(f)7 y<m7 M>>NT

for all (m,pu). Here we have also used the Manin-Drinfeld theorem. Set d(m,p) =
deg Z(m, p). For two pairs (myg, io) and (mq, p1) which we will specify appropriately later,
we put

L'(G,1).

c= C<m07 my, fo, H’l) = d(m1> Hl)b(ml)? HU) - d(m()? :uo)b(mlv ILL]-)
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We consider the degree zero divisor

Z = d(ma, pu)y(mo, pto) — d(mo, po)y(mu, pu1)
= d(ma, 1) Z(mo, po) — d(mo, po) Z(ma, pur).
on Xy(N). This divisor is supported outside the cusps. Let M be the least common
multiple of the discriminants of the special divisors in the support of Z(f). We assume
that D; = —4Nm; is coprime to M N. This implies that Z¢(f) and Z are relatively prime.
Moreover, it implies that for every prime p, the divisor Z¢(f) or the flat closure of Z

has zero intersection with every fibral component of Xy(NN) over F,. By means of [Gr,
Section 3], we find

c(y(f), y(f))nr = (Z°(f), d(ma, p1) Z (mo, po) — d(mao, po) Z (ma, p1)) N

= d(m, M1)<2C(f)a Z(mo, o)) Far — d(mo, uo)(ZC(f), Z(mu, 1)) Fal-

Notice that C(f), the flat closure in Xy(NN) of the cuspidal part C(f), lies in the cuspidal
part of Xy(N) and thus does not intersect with Z(m, ). One has by Theorem 4.7, and
Lemma 7.3:

(7.19) (Z°(f), Z(mo, o))
= S0 (Z (o, 1) 1) + (Z(F). Z0ma, o)) in + (C(F), Z(m, 1) o
d(mo, fio)

= A0 20) (e ), U, 0) + L9 E) 1+, 0, @ £46) 44207, Zm o)) o

_ ju—\ﬁ? wcﬂfﬂem ® Eny) + (Z(f), Z2(mo, pto)) fin-

Here the subscript 0 in Py, Ny, Uy, and Ty indicates its relation to Dy. So we see that

cy(f), y(f))nr 2VN

= C—————
mllgll?

b(mo, po) L'(G, 1) +

L'(G,1)+ Z aplogp
p prime
with coefficients o, € Fg.

We claim that we can choose Dy and D; such that ¢ # 0. In fact, according to Lemma 7.5,
we may fix a pair (my, f19) such that Dy is coprime to M N and such that b(myg, ug) # 0.
We let (my, p1) run through the pairs such that D; is a square modulo 4N and coprime to
MN. By Siegel’s lower bound for the class numbers we have for any ¢ > 0 that

d(my, 1) > my’* 5, my — oo.

On the other hand, by Iwaniec’s bound for the coefficients of half integral weight modular

forms as refined by Duke [Iw], [Du], we have
b(m17 ul) <<E m1/2_1/28+€7 my — OQ.

This implies that ¢ # 0 for m; sufficiently large. Hence we find hat

2VN L(G,1)+) B, logp

(7.20) W), y(f)nr = NIE
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for some coefficients 3, € F independent of all choices that we made above.

Now we prove that 3, = 0 for every p. Let p be any fixed prime. According to Lemma 7.5,
we may fix a pair (myg, po) such that Dy is coprime to M N, p splits in Q(v/Dy), and such
that b(mo, o) # 0. We let (my, u1) run through the pairs such that D, is a square modulo
4N coprime to M N, and such that p splits in Q(v/D;). As above, we have ¢ # 0 when m;
is sufficiently large. We write

CT(f",0p, ® En;) = Z aiqlogq
q prime
by Theorem 2.6, and
(Z(f), Z(mmﬂi»ﬂn = Z biqlogq

q prime
by definition. In view of (7.19) and (7.20), one has
d(mhﬂl)d(mOaMO)a d(mo, pto)d(m, 1) 1 d(my, )

By = 0,p — aq, bo, -
P 2c P 2c P c P

d<m07 /'LO)

By Theorem 2.6, one sees immediately that a;, = 0 since p is split in k; = Q(v/D;). On

the other hand, if x = (7 : E — E',1) € Z(my, puo)(F,), then E and E’ are ordinary since
p is split in ky. This means that ¢ is an isomorphism. So there is no action of Op on E if
D/ Dy is not a square. This implies

(Z(m, p), Z(mo, po))p =0

if m/mqy = D/Dy is not a square. Consequently,

<Z(f)7 Z(mﬂaﬂo»P = 07
that is, by, = 0. For the same reason, b;, = 0 and thus 3, = 0. This proves the

theorem. 0

Corollary 7.8. (Gross-Zagier formula [GZ, Theorem 1.6.3]) For any any p € L'/L and
any positive m € Q(u) + Z we have

<yG(m7 :u)u yG(m7 :U’)>NT = W@L<Gu XD; 1)[/, (G, 1)

Here D = —4Nm and |G| denotes the Petersson norm of G.

Proof. This follows from Theorem 7.7 using the fact that y“(m, u) = b(m, u)y(f) and the
Waldspurger type formula

o lol?
b(m,u) 87T\/N||G||2\/WL(G7XD71)7
see [GKZ, Chapter II, Corollary 1], and [Sk]. Here we have also used the fact that the
Petersson norm ||g|| is equal to 2N/4||#||, where ¢ is the Jacobi form of weight 2 corre-
sponding to g and ||¢|| is its Petersson norm, see [EZ, Theorem 5.3]. (Notice that a factor
of 2 is missing in [EZ] which is due to the fact that the element (—1,0) of the Jacobi group
acts as (7,2) — (1,—2) on H x C.) O
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7.4. Pull-back of special divisors. We continue to use the notation of Section 7.1.
Given two cycles Z(m;, p;) in Yo(N), let D; = —4Nm; and r; € Z/2N7Z with p; = u,, as
before. We assume that Dg is prime to 2N and is fundamental, and that DyD; is not a
square so that Z(my, 1o) and Z(my, p1) intersect properly. In this setting, Conjecture 5.1
is just the following theorem.

Theorem 7.9. Under the above assumptions on Dy and Dy, the ﬁm’te mtersection pairing

(Z(ma, 1), Z2(mo, fto)) fin is equal to the (my, puy)-th coefficient of —=— KT ——=—0p,(T) @ En, (7).
That 1is,

deg Z(my,
<Z(m17:u1)7z(m07,u0)>fin = - 8 0 MO Z Z /i(ml — l2m0, 1/).

leQ veN{/No
lzoeP|) v+lzo=p1 (L)
l2m0 <mi

In this subsection, we prove the result by pulling the intersection back to the CM stack
C studied in Section 6 and using Theorem 6.4. Let n; = [NV, ”J”ﬁ] Let C be the moduli

stack of CM elliptic curves associated to the quadratic field kg = Q(v/Dy) defined in
Section 6. For a CM elliptic curve (E,:) € C(S), let By, = E/E[ng] and let 7 : E — E,,
be the natural map. Write

Opny = Endg(n) = {a € Op; mar™' € Endg(Ey,)}.
The starting point is
Lemma 7.10. There is a natural isomorphism of stacks
j:C— Z(mo, o), J(E, 1) =(m:E — Eny,0).

Proof. Since t(ng) ker m = ¢(ng) Eng] = 0, and ¢(Op,) C Og.n,, one has for (E,1) € C(S5)
that j(E,t) € Z(mo, 1o)(S). The map j is obviously a bijection. It is also easy to check
that Autg(E, 1) = Autg(j(E,¢)). So j is an isomorphism. O

Combining this map with the natural map from Z(mq, o) to Xo(N), we obtain a natural
map from C to Xy(NN), still denoted by j. Its direct image is the cycle Z(my, po). So

(Z(m1, ), Z(mo, o)) rin = deg(j" Z(ma, 1))
Looking at the fiber product diagram

j*Z(mlalul) :Z(mlnul) XXO(N)C%C ’

e

Z(ma, 1) Xo(N)
one sees that j*Z(mq, u1)(S) consists of triples (F,¢, ¢) where (E,¢) € C(S), and
¢ : Op, — Ogn,
such that

qb(l’ll)E[ﬂo] =0.
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Proposition 7.11. One has

deg Z(mo, po) DyD; —n? 2n
Z 7 7Z ) Zn - = Y *
< (ml /’Ll) (mo /’L0>>f 2 3 Z( . 2N) Ii( 4N|D0| \/_D_())
n=ror1 (mo

n2<DgD1

Here 2 € 7] DyZ is determined by the condition 2-2 =1 (mod D).

Proof. First we look at geometric points (E, ¢, ¢) € j*Z(my, 1 )(F), with F = C or F = TF,,.
Then Og 4, contains ¢(Oy,) and ¢(O, ), and is thus at least of rank four over Z. This implies
F =T, for p non-split in k;, « = 0,1, and E is supersingular. Assuming this, let B be the
quaternion algebra over Q ramified exactly at p and oo, and let

Lo - ]{}0 — B

be a fixed embedding. Choose a prime pg t 2pDy such that (as in Section 6)
. (Do, —pop); if p inert in ko,
inv,B = . _ .
(Do, —po);  if p ramified in kg

for every prime [. In particular, py = pop, is split in ky. Let kg = —pop or —py depending
on whether p is inert or ramified in kg, and let o5 € B* such that 62> = kg and dgar = @
for a € ky. Here we identify o € ko with ¢o(a) € B. Then O = End E is a maximal order
of B. Write

(7.21) o(
with a € kg and 3 € dgky. The condition ¢(n;)FE[ng] = 0 is the same as

r1+ /Dy
T

VD
DIV — 0t B e Opy,

)E[no] =0,
which is the same as

o+ ,6 S OEI‘l().
In particular, o € d; 'ng. One sees from (7.21) that
¢(v/D1) = a1 +28
with oy = —1r1 + 2a € 851 and tr oy = 0. We write
n 1 To + DO

:\/ﬁo, a:\/—D_O(aN—i-b 5 ).

n=-—-ry D0+2aN+b7‘g—|—b\/ DO

Then we see

and thus b = ry, and
n=2aN +rory =1or;  (mod 2N).

Moreover,

Tl2

Dy =af —4N(B) = o, N8,
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and so DD > pp )
. - |
N@gy =T ATy — 7.
B ==4n = anp ) € [y
This implies that
DyD; — n? VDo -
(7.22) (B.1.B) € Z(—to T ng, PTIV0 ).

7n )
AN|Do| 7" 2y/Dy
Conversely, if (E, 1, 8) € Z(2oLi=r? ””“/DT’)(FP) for some n = ror; (mod 2N), then

4N 2v/Do
_ D()Dl — n2
Sp0; ! N =———N
/3 € ]BaO Ny, (/3) 4N|D0| (110)
and
o+ B S OEIIO

with o = %;70. If we write n = rory + 2aN, then

n+r1\/D0: 1 (CLN—FTTO—}_VDO
2v/Dy VDo g

So ¢(%D71) =a+ B € Ogng gives (E,1,¢) € j*Z(my, u1)(F,). Hence we have proved
the following lemma which might be of independent interest.

) S 80_1110.

Lemma 7.12. There is an isomorphism

D()Dl — TZ2 n —+ riv/ DO

2 2 F,) = Z F
(7 3) J (mlaul)( P) - |_| ( 4N|D0| , o, 2\/?0 )( p>7
n=ror1 (mod 2N)
n2<DoD;

given by (E,t,¢) — (E,1,3) via the relation

¢(T1 +2\/D_1):

+r1v D
n T1 0 —}-ﬂ
2v/ Dy
Ul

Let W = W (F,) be the Witt ring of F,. It is not hard to check that for any locally
complete W-algebra R with residue field IF,,, (£, ¢, ¢) lifts to an element in j*Z(m4, p)(R)

if and only if (E, ¢, 3) lifts to an element in Z(DOZ}V_”Q,nO, ”+22&%D70)(R). So we have by
Theorem 6.4 that
(Z(ma, ), Z(mo, po)) = deg(j*Z(mu, 1))

_ Z ge\Z<D0D1—7’L2 n n+T1\/D0)
SEVTUND " T 2D,

n=ror1 (mod 2N)

n2§D0D1
__deg Z(mq, p1o) Z (DODl_n2 n+7‘1vDo)
- INIDo| ' 2vDa

n=ror1 (mod 2N)
n2<DgD1
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Since ”2%570 = \/Q%O (mod Op,), this concludes the proof of Proposition 7.11. g

Now Theorem 7.9 follows from the above proposition and the following lemma.

Lemma 7.13. Let the notation be as above. Then one has

I D D YL & o )

leQ veN§/No ne€Z,n?><DyDy
lzo€P) v+lzo=p1 (L) n=ror1 (2N)
2mo<mi

Proof. 1t is clear that [z € Py if and only if [ = & with n € Z. The inequality Pmy < my
is the same as n? < DyD;. By Lemma 7.1, one sees that

(7.25) v(a) = f(

Na a —rg  —2
75, " By (mit ). @€ 2D
0

gives a complete set of representatives of N/ Ny. Write

urq

2N
)iz = (g, 5 )

4N 2N

z|=

with u = %. So v(a) + lxg € 1 + L if and only if

_n—2Na

€Z, and wuro=r (mod2N).
Dy

u
Since (Dy, 2N) = 1, and Dy = r2 (mod 4N), one sees that the above condition is equivalent
to

n=2Na (mod Dy), n=rer; (mod 2N).

So v(a) +lzy € py + L if and only if n = ror; (mod 2N) and Na = 2n (mod Dy). In such
a case, Lemma 7.1 implies

Na . y 2n
Vo, =D,

Kt v(a)) = k(2

).

Finally, one checks

l2 D1 i n2 DO DOD1 — TZ2
m —t'my=———=+-=-——=——.
! 7 AN " DZAN ~  4N|D|

Putting this together, one proves the proposition. ]
Now Conjecture 5.2 becomes the following theorem in our setting.

Theorem 7.14. Assume that Dy is a fundamental discriminant coprime to 2N. Let f be
any element of Hyy 5, . Then

deg Z(mm Mo)

(7.26)  (Z°(f), Z(mo, pto)) rat = 2

(¢™(0,0)x(0,0) + L'(&(f), U,0)) .
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Proof. We first assume that Z(f) and Z(my, uo) intersect properly. According to Propo-

sition 7.2, the assumption on Dy implies that Z(U) = Z(mq, po). Hence Theorem 4.7 says

that

. 1
(Z°(f), Z(mo, Ho))oe = 52(Z(U), f)
_ deg Z(mo, o)
2
According to Theorem 7.9, we have

<Zc(f),Z(m0,/,L0)>fm = Z C+(_m7M)<Z(m’/~L)7Z(m07:U’0)>fm

m>0,u€L’/L

_ 9 Z0m10) o1 (1 (0,006, ) & Ex3().-

Adding the two identities together, we obtain the assertion in the case when Z(f) and
Z(my, o) intersect properly. Finally, for general f, we notice that there always exists a
weakly holomorphic modular form f' € M| /258 with vanishing constant term such that
Z(f+ f") and Z(my, 1o) intersect properly. For f’ both sides of the claimed identity (7.26)
vanish. Hence, the general case follows from the linearity of (7.26) in f. O

(CT ((f, Oy (1) ® En (7)) + L'(E(F), U, 0)) -

Notice that Theorem 7.14 and Lemma 7.3 can be used to give another proof of the
Gross-Zagier formula in Theorem 7.7.

8. THE CASE n = 2

In this section, we verify a very special case of Conjecture 5.1 when n = 2. We plan to
study the case n = 2 systematically in a sequel to this paper.

Let F = Q(v/A) be a real quadratic field with prime discriminant A =1 (mod 4). We
denote by Op the ring of integers in F', and write Or for the different of F. Let V be the
quadratic space
(8.1) V={AeM(F); A=A}Y={A=(82); a,beQ, X€ F}
with the quadratic form Q(A) = det A, which has signature (2,2). We consider the even
lattice L =V N My(Op). The dual lattice is

L'={A=(g87}); a,beZ, N€dp'}.

In this case,

H = GSpin(V) = {g € GLy(F); detg € Q*}

acts on V via |

B det g

t ./

gA'g.

g.A
Take ) R )
K =H(Z) = {g € GLy(OF); detg € Z}.
The following identification is well-known
(8.2) (H*)? =D, z=(21,22) = U =R (4, p1asvrsn) OR( S, o0l ) -

T2 T1T2—Y1Y2 —Y2 —T1Y2—T2Y1
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Since H(Af) = H(Q)" K, one can show that
XK = H(@)\D X H(Af)/K = SLQ(OF)\H2,

which we will denote simply by X in this section.

8.1. The CM cycle Z(U). There are many CM 0-cycles Z(U). Here we choose a special
one for simplicity. Let kp = Q(v/D) be an imaginary quadratic field with fundamental
discriminant D and assume (D,2A) = 1. The oriented negative 2-plane associated to the
CM point z = (%ﬁ, %ﬁ) € X via (8.2) is actually rational and is given by

(8.3) U=Qf®Qh h=0h) h=(pss).
The lattice N = U N L is isomorphic to
(8.4) (N.Q) = (0p,—N), fir1, fo—VD,

where Op is the ring of integers in kp. It is easy to check that
Vi =U" = Qe; @ Qey,
P:V+ﬂL:Zel@Z62% (0,

0 VA — 1 D+2
VA 0 €2 = D—\/Z p2-p |

4

and 0 is the ideal of kpa = Q(vV DA) over A. Let P; = Ze; and
M=P-NL={A=(¢2);abceZ}2{A=("9); abceL}

(50
So the cycle Z(eq, 1) defined in (4.3) is naturally isomorphic to the modular curve Yj(1)
defined in Section 7. The inclusion N C M C L gives rise to natural morphisms

|

where

B

J1

(8.5) Z(U) "= Yo(1) - X.
In terms of coordinates in upper half planes, they are given by

VD= (a2,

2a
if [a, b*gﬁ | is the ideal of kp associated to h. The morphism jy is two-to-one, and j; is an
injection. It is not hard to check for a non-square integer m > 0 that

(86) jikZ<m7/’L) = Z TP (mlaul)Z(m%,uZ)Yo(l)-

W1EP] /Py, p2eM' /M

p1t+p2=p (L)
mi1+ma=m,m; >0

Here we use the subscript P; to indicate the dependence of Fourier coefficients rp, (m, p)
on P;, and the subscript Yy(1) to indicate the cycles in Yy(1). We remark that Z(m, u) is
basically the Hirzebruch-Zagier divisor T}, .
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8.2. Integral Model. Let X be the Hilbert moduli stack assigning to a base scheme S
over Z the set of the triples (A, ¢, \), where

(i) A is a abelian surface over S.
(ii) ¢ : Op — Endg(A) is real multiplication of Op on A.
(iii) A : 0p' — P(A) = Homp, (A, AV)SYM is a 9, -polarization (in the sense of Deligne-
Papas) satisfying the condition:
07" @A — A, r@a— Ar)(a)
is an isomorphism.
(See [Go, Chapter 3] and [Vo, Section 3].) Then it is well-known that X(C) = X. Let
Z(m, ) be the flat closure of Z(m, u) in X, and let Z(U) be the flat closure of Z(U) in
X. Let C and )y(1) be as in Sections 6 and 7. Let jo : C — Yy(1) be the map defined in
Lemma 7.10 (with abuse of notation). The map j; extends integrally to a closed immersion
J1 from Yp(1) to X defined in [Ya2, Lemma 2.2]. Let j = j; o jo be the map from C to X.
Then the direct image of C is Z(U), so j can be viewed as the integral extension of the
map j defined in (8.5). Taking the flat closures on both sides of (8.6), one sees that (8.6)
holds also integrally. So we have by Theorem 7.9 and Lemma 7.10 that

<Z(U)’ Z(m7 M))X = <(]0)*C, ]ikz(m’ :U)>y0(1)
= > ey (ma, ) (Z(—

w1 €P] /Py, p2eM’ /M
prtpz=p (mod L)
mi+mao=m,m; >0

=c Z rp (ma, i) Z rpy (M3, pi3) v (Ma, pua)

D
Za )’Z(m27ﬂ2)>3}0(1)

0|

W1EP] /Py, poeM' /M u3€P)/Pa, us€N’' /N
p1+pe=p (mod L) pa+pa=p  (mod M)
m1+ma=m,m; >0 mg+ma=mz, m; >0

=cC E 7Py (M, pa) K (M, pa).

i E(P1+P2) /(P1+P2), pe€N'/N
prtp2=p (mod L)
mi1+mao=m,m; >0

2 2hp
Here ¢ = TS

PePeNCPeNCLCL cCcPaeNCPaoh)aeN,

it is easy to see that for u; € (P & P,) and py € N, the condition py + o € L' implies
that pu; € P’. So we have proved Conjecture 5.1 in this special case, which we state as a
theorem.

Theorem 8.1. Let F = Q(\/Z) be a real quadratic field with prime discriminant A = 1
(mod 4), and let X be the associated Hilbert modular surface. Let U be as above, and
assume that m > 0 is not a square. Then

(EU), 2y = =23 () (ma i)

wp , ,
Wi EP' /P, useN’ /N
p1+p2=p  (mod L)
mi1+mo=m,m; >0

as in Lemma 6.3. Since
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is —212‘—5 times the (m, u)-th Fourier coefficient of 0p(T) ® En(T).

As discussed in Section 5, this implies Conjecture 5.2. We also remark that the L-series
L(&(f),U,s) is the Rankin-Selberg L-function of a cusp form of weight 2, level A and
non-trivial Nebentypus ya with a theta function of weight 1. This is new in the sense that
it is associated to the Jacobian of X;(A).
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