TWISTED BORCHERDS PRODUCTS ON HILBERT MODULAR
SURFACES AND THEIR CM VALUES

JAN HENDRIK BRUINIER AND TONGHAI YANG

ABSTRACT. We construct a natural family of rational functions U,,, on a Hilbert mod-
ular surface from the classical j-invariant and its Hecke translates. These functions are
obtained by means of a multiplicative analogue of the Doi-Naganuma lifting and can be
viewed as twisted Borcherds products. We then study when the value of U, at a CM
point associated to a non-biquadratic quartic CM field generates the ‘CM class field’ of
the reflex field. For the real quadratic field Q(v/5), we factorize the norm of some of these
CM values to Q(v/5) numerically.

1. INTRODUCTION

In his papers [Bol] and [Bo2| Borcherds constructed a lifting from certain weakly holo-
morphic elliptic modular forms of weight 1 — n/2 to meromorphic modular forms on the
orthogonal group of a rational quadratic space of signature (2,n). Here we consider a
related construction in the particular case that n = 2.

Let p be a prime congruent to 1 modulo 4 and let F' = Q(,/p). We write Op for the
ring of integers and O for the different of F'. Considering the lattice L° = Z? ® O in the
rational quadratic space L° ®q Q of signature (2,2), one obtains from Borcherds’ result a
lifting from weakly holomorphic elliptic modular forms of weight zero for the group I'¢(p)
with Nebentypus character €, = (1—)) to meromorphic Hilbert modular forms for the Hilbert
modular group I' = SLy(Op) [Brl, BB]. This lifting can be viewed as a multiplicative
analogue of the Naganuma lift from holomorphic modular forms of weight & for I'g(p) with
Nebentypus €, to holomorphic Hilbert modular forms of weight & for I' [Na, Zal].

There is another lifting from holomorphic elliptic modular forms to Hilbert modular
forms, namely the celebrated Doi-Naganuma lift which maps holomorphic modular forms
of weight k for SLy(Z) to holomorphic Hilbert modular forms of weight & for I' [DN]. It was
pointed out by Zagier that this lifting should have a multiplicative analogue as well [Za3].
Moreover, Zagier stated several properties of such a multiplicative lifting and suggested
that a proof could probably be given following the argument of [Brl]. One purpose of the
present paper is to work out a proof along these lines.

Let H be the upper complex half plane, and put ¢ = e(7) = €™ for 7 € H. Recall that
a weakly holomorphic modular form for SLy(Z) is a meromorphic modular form for SLy(Z)
which is holomorphic outside the cusp co. In particular, every weakly holomorphic modular
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form of weight zero for SLy(Z) is a polynomial in the j-function (which we normalize such
that j(1) = ¢~ + 744 + O(q)). In Section 5 we shall prove the following theorem. See
Theorem 5.2 for a more detailed statement.

Theorem 1.1. Let f = > . c(n)g" € Z[j] be a weakly holomorphic modular form
of weight O for SLo(Z) with integral Fourier coefficients. Then there exists a symmetric
meromorphic Hilbert modular function V(z, f) for T' (of weight 0, with trivial multiplier
system, defined over F') such that:

(i) The divisor of V(z, f) is determined by the polar part of f at the cusp oo. It
equals ), c(—n)T,, where T, denotes the twisted Hirzebruch-Zagier divisor of
discriminant n defined in Section 3.

(ii) The function V(z, f) has the Borcherds product expansion

U(z, f) = H H <1 - e(z% + vz + V' 2)

1/68;1 b(p)
v>0

) ep(b)e(prr’)

bl

which converges normally for all z = (21, 29) € H? with 3(21)S(22) > Np outside
the set of poles, where N = max{n € Z; c¢(—n) # 0}. In particular, ¥(z,C) =1
for any constant C.

(iii) The lifting is multiplicative, i.e., if f,g € Z[j], then Y(f + g) = V(f)¥(g).

Observe that in spite of the similarities to the ‘untwisted’ Borcherds lift as in [BB]|
there are several different and interesting features here. For instance, the presence of the
quadratic character causes the Weyl vector to vanish. This implies the triviality of the
multiplier system by a result of Vaserstein. Moreover, the natural field of definition of
U(z, f) is F rather than Q, leading to serious difficulties in the computational part of the
paper.

We now briefly describe the idea of the proof. For a positive integer m, we define in
Section 3 a certain “twisted Hirzebruch-Zagier divisor” T, on the Hilbert modular surface
corresponding to I'. In Section 4, following [Brl], we construct an automorphic Green
function @mpz (2, s) for Tp,,. We study its main properties and compute its Fourier expansion
(Theorems 4.4 and 4.6). By means of an identity relating certain finite exponential sums
to Kloosterman sums (Lemma 4.3), we find that the Fourier coefficients of ®,,,(z,s)
are closely related to the coefficients of non-holomorphic Poincaré series of weight zero for
SLs(Z) (see Section 2). Using the fact that any weakly holomorphic modular form of weight
zero can be uniquely written as a linear combination of the non-holomorphic Poincaré series,
Theorem 1.1 can be deduced. Here the main point is an identity expressing log |W¥(z, f)| as
a linear combination of the automorphic Green functions ®,,,2(z, 1), see Theorem 5.2 (iv).

An alternative proof could be given by interpreting the lifting as a regularized theta
lifting for the dual pair SLy(R), O(2,2) as in [Bo2, Br2], and by considering suitable
“twists” of Siegel theta functions as kernel functions. It would actually be very interesting
to describe such twisted Borcherds liftings in greater generality for O(2,n). However,
it seems not quite clear what the right “twists” of Siegel theta functions should be in
general. We have not pursued this approach in the present paper, because the proof using
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automorphic Green functions leads to the result in a direct way. Moreover, the construction
of the Green functions should be of independent interest.

If m is a positive integer, we write ¥,, for the symmetric Hilbert modular function
of weight 0 which is the twisted Borcherds lift via Theorem 1.1 of the unique weakly
holomorphic modular form

Jm = q" +O(q) € Z[j].

In this way we obtain a ‘canonical’ family of rational functions on the Hilbert modular
surface associated to I'. It seems natural to ask for their arithmetic properties. For instance,
one can ask whether Uy, the lifting of the j-function, has a nice moduli interpretation as
an invariant of abelian surfaces with Op-multiplication and 8;1—polarization.

It is a well-known and beautiful fact that j (%j) generates the Hilbert class field of the
imaginary quadratic field Q(v/—D). In Section 6, we study when the value of ¥,, at a CM
point z associated to a quartic CM number field K with totally real subfield F' generates
the ‘CM class field” Hz of the reflex field K (see Section 6 for precise definitions). In
particular, we show that it generates this CM class field when the CM value ¥,,(CM(K)),
the evaluation of ¥, at the CM cycle CM(K) corresponding to K, is not an odd power
in F' (Corollary 6.3). We also prove the following theorem (see Theorem 6.6 for details).

Theorem 1.2. Let F' = Q(y/p) be a fized real quadratic field with p = 1 mod 4 prime.
Then there is a constant d > 0 such that for any CM quartic field K of discriminant
dx = p*q with ¢ = 1 mod 4 prime, and a CM point z in the Hilbert modular surface

X = SLy(Op)\H? of CM type (K, ®) by Ok, one has:

(1) M(U1(2), Us(2)) is an unramified abelian extension of M, where M is the smallest
Galois extension of Q containing K.

(ii) Let Hy be the ‘CM class field” of the reflex field K, and let L = MHy. Then
M (U1 (2), Wy(2)) is a subfield of Ly with bounded index L = M(¥1(z), ¥a(2))] < d.

log[M(‘PllO(g)\,/\Iqiz(Z)%M] -1,

(iii) One has lim,

In [BY] the authors derived a formula for the values of (untwisted) Borcherds products
(in the sense of [BB|) at CM cycles CM(K). It would be very interesting to obtain an
analogous formula for the CM values of the twisted Borcherds products of Theorem 1.1. In
fact one can ask if it is possible to modify the proof of [BY] to give such a result. One key
ingredient of the proof — the relation between Borcherds products and automorphic Green
functions — is already worked out in the present paper. However, in the second main step
of the argument it is not clear at all how the function 1 on the lattice L° defined in (3.5)
translates to some natural function on the reflex field K.

In Section 7 we study some examples in the special case that F' = Q(\/g) We write
¥, and U, in terms of the generators of the ring of symmetric Hilbert modular forms of
even weight given by Gundlach [Gu]. This can be used to compute the Fourier expansions
explicitly, which in turn can be employed to compute some CM values (mainly) numerically.
For instance, for the CM point zg = ({5, (2) (where (5 = €*™/?) corresponding to the cyclic
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CM extension K = Q((5) of F' = Q(+/5) we find that

1y (20) = 156973921227 + 702008717845 w?™ - (4 +w')° - (5 + w')°
B 156973921227 — 702008717845 w2 (A +w)s - (54 w)

where w = %g By means of the results of [BY] we derive a heuristic how the CM values
of twisted Borcherds products should look like. In particular, we obtain a conjecture on
the prime ideals | C O at which the CM value of a twisted Borcherds product can have
non-zero order (see Conjecture 7.1). The same phenomenon as in [GZ] and [BY] should
happen: Such prime ideals should be of small norm.

Finally, in Section 8, we list some open problems for further research. For instance, in
all the examples we computed it turned out that ¥;(CM(K,®, Op)) belongs to the field
F. Moreover, if K/Q is non-Galois then ¥, (CM(K,®, Op)) is square-free. According to
Corollary 6.3, this implies that for z € CM(K,®, Or) the CM value ¥, (z) generates the
class field Lx over M. It is an interesting question whether this is a general phenomenon.

We mention that J. Rouse has used Theorem 1.1 to determine the Fourier coefficients of
modular functions f € Z[j] in terms of traces of singular moduli [Ro].

We thank Heike Hippauf and Sebastian Mayer for their valuable help with the compu-
tations in Section 7. Moreover, we thank Lev Borisov, Bas Edixhoven, and Don Zagier for
interesting and useful discussions, and thank Shou-Wu Zhang for bringing to our attention
his equidistribution theorem, which is needed in the proof of Theorem 6.6.

2. NON-HOLOMORPHIC POINCARE SERIES

Here we consider non-holomorphic Poincare series of weight 0. The results of this section
are known. We state them for completeness and to fix the notation. For details we refer
to [He], [Ni], [Br2].

Let I,(z) and K,(z) be the usual modified Bessel functions as in [AbSt] §10. For conve-
nience we put for s € C and y € R\ {0}:

(2.1) Is(y) =/ #15—1/2(‘3/’)7

(2.2) o) = 24 K,

™

The functions Zs(y) and Ks(y) are holomorphic in s. At s = 1 they have the special values

(2.3) Z:(y) = sinh(Jy]),
(2.4) Ki(y) = e,
(2.5) 27, (y) + K1 (y) = el

The full elliptic modular group IV = SLy(Z) acts on the upper complex half plane H =
{r € C; (1) > 0} by linear fractional transformations. We write I''_ = {(}7); n € Z}.
As usual we abbreviate e(z) = e2™*.
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For a positive integer m we define the Poincaré series of weight 0 and index m by
(2.6) Fo(1,s) = Z Z,(2rmS (7)) e — mR(y7)),
YELL ALY

where 7 = z + iy € H and s € C with R(s) > 1. It converges normally for R(s) > 1 and
defines a I-invariant function on H. It is an eigenfunction of the hyperbolic Laplacian
with eigenvalue s(s — 1).

Theorem 2.1. The Poincaré series F,,(T,s) has the Fourier expansion
Foo(1,8) = (2Z;(2mmy) + Ks(2mmy)) e(—max)
+ b (0, 8)y' % + Z bin (1, $)KCs(2mny)e(nx),

nez\{0}
where
m |2 & 4m
— HC ) -[S— — ’ >07
W’n‘ Z (m,n)ly l(c |mn|) n
4 1+s s
b (n,s) = < 257T—1 ch *H.(m,0), n =0,
o+ 2| VS ) o (2o <0
—0—pn + 21 | — cd(m,n)Jas_1 | —/|mn| |, n<DO.
: - - 251\

\

Here H.(m,n) denotes the Kloosterman sum

1 nd — md
2.7 H.(m,n) = - — |
(2.7 (mm) = 1 ;( )

where the sum runs through the multiplicative group (Z/cZ)* and d denotes the multiplica-
tive inverse of d. Moreover, J,(z) and I,(z) are the usual Bessel functions as defined in
[AbSt] §9.

Proof. This is a special case of [Br2] Theorem 1.9. See also [Ni] or [He]. O
Notice that H.(m,n) = H.(n,m).

Proposition 2.2. The constant term of F,,(7,s) is equal to
At opn(2s—1)

(2s — 1) m=T(s)C(2s)

Here ((s) denotes the Riemann zeta function and o,,(s) the divisor sum

Om(s) = m=9)/2 Z d’.

dlm

b (0, 5) =
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Proof. By Theorem 2.1 we have
47r1+s
b —2s
0.9 = i e e ()
If we insert the formula for the Ramanujan sum (see [Ap] Chapter 8.3),

> e(™) = X utefage

d(c)* al(e,;m)
where p is the Moebius function, we obtain
47r1+5m5 0
bn(0,5) = ————— 2
(0,8) EENE );;c u(c/a)a
alc
Am e 1-2s
T (25— 1I(s)C(2s8) D a
B 47r1+80m(23 —1)
(25— 1)I(s)¢(28)
This proves the Proposition. [l

Recall that a weakly holomorphic modular form for I' is a meromorphic modular form for
I" which is holomorphic outside the cusp co. In particular, the space of weakly holomorphic
modular forms for I of weight 0 is C[j], the polynomial ring in the j-function.

Theorem 2.3. The special value F,,(T,1) has the Fourier expansion
F.(r,1)=q¢ ™+ Z bin(n, 1)gq
n>0
where ¢ = €*™ as usual. In particular, F,,(7,1) is the unique weakly holomorphic modular
form of weight 0 for I" whose Fourier expansion starts ¢—™ + b,,(0,1) + O(q).

Proof. If we insert the special values (2.3) and (2.4) in the Fourier expansion given in
Theorem 2.3, we find

Fu(r, 1) =q ™+ bm(n,1)g" + > b(n, De(n7).
n>0 n<0
This implies that
L Fn(r,1) = —2mi Z by (n, 1)ne(—nr)
n<0

is a holomorphic modular form of weight 2 for " and therefore has to vanish identically.
We obtain the assertion. O

Remark 2.4. We have b,,(0,1) = 240,,(1).
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3. HILBERT MODULAR SURFACES AND HIRZEBRUCH-ZAGIER DIVISORS

Let p = 1 (mod 4) be a prime and consider the real quadratic field ' = Q(\/p). We
write Op for the ring of integers in " and 0 = (/p) for the different ideal. Moreover, we
write €,(z) = (7) for the quadratic character of F'. The conjugation in F' is denoted by
x +— 2’ and the norm of x € F' by N(x) = za’.

The Hilbert modular group I' = SLy(Opr) acts on H? in the usual way. We denote by
X = I‘\]HI2 the Hilbert modular surface associated to F. We will use z = (z1,27) as a
standard variable on H? and write 2; = 21 + Y1, 22 = X2 + iy for the decomposition in real
and imaginary parts. Recall that a Hilbert modular form H(z, z5) is called symmetric if
H(z1,22) = H(22,21). It is called skew-symmetric if H(zy, 22) = —H (29, 21).

It is well known that the Hilbert modular group can also be viewed as a discrete subgroup
of the orthogonal group of the rational quadratic space

(3.1) V = {M € Maty(F); "M = M'} = {(&2); a,b€Q, € F},

equipped with the quadratic form M +— det(M). Here ‘M is the transpose of M. The
group SLy(F') acts on V' via

(3.2) v.M =~ Mty
leaving the quadratic form invariant. The lattice
(3.3) L={(g})€eV;abeZ, N€dp'}

is stable under the action of I'. Recall that M € L is called primitive, if éM ¢ L for every
integer d > 1.
If M =(g7)is a vector in L, we let

M+ = {(21,2) € H*; azzo+ A2+ Nz +b=0}

be the corresponding analytic divisor on H2. If m is a positive integer, then

(3.4) E,, = > M*
M € L/{+£1} primitive
det(M)=m/p

is a I-invariant divisor on H?, which descends to an algebraic divisor on X, also denoted
by F,,. It is well known that the Hirzebruch-Zagier divisors 7}, on X can be written as
Ty = Zdz‘m Frja2 (see [Ge], [HZ]).

The divisor F},, on X is irreducible if and only if p* { m. If p?|m then it decomposes into
two irreducible components F,, = F.t + F~. To distinguish these components we define a
function on lattice vectors M = ( ¥ 2) € L of norm ab — A\ € pZ divisible by p by

(3), ifpta,
(3.5) b(M) =3 (), ifpth,
0, ifp](ab).

The following lemma shows that ¢ is well defined.
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Lemma 3.1. Let M = (i }) € L be a p-primitive vector (i.e. %M ¢ L) and assume that
ab— AN = np for some n € Z. Then (%) + (2) # 0.

a b

P p
Proof. First we notice that the hypothesis implies p 1 (a,b). This immediately yields the
assertion if p | a, or p | b, respectively. So we may assume that p{ a and p 1 b. We have to

show that (¢) = (;%) If we write A\ = (¢ + dy/p) with ¢,d € Z we find that

,
4ab = — pd* +4np = a® (mod p).
This implies the assertion. U

The function v has the following genus character interpretation. Assume that M =
2‘) € L and ab — AN € pZ. Then A actually belongs to Op and we may write A =

(3
$(c+d\/p) with ¢,d € Z. We have
a A a c¢/2
(3.6) (,\' b) = (0/2 {7 ) (mod &r)

and the latter matrix defines a binary integral quadratic form @ = [a, ¢, b] of discriminant
c? — 4ab divisible by p. Recall that on binary integral quadratic forms of discriminant
divisible by p we have a genus character x, which is defined as follows:

(%), ifpfQ and (n,p) =1 and Q represents n,

XP(Q) = {O, itp|O.

This definition does not depend on the choice of n. If the quadratic form () corresponds
to M as in (3.6), then (M) = x,(Q).

One easily verifies that the value of ¢)(M) only depends on the I'-orbit of M. In fact, it
is well known that the components of F,,,» are distinguished by the values of the function
¥ (see [Za2], [Ge] Chapter V.3).

Definition 3.2. For a positive integer m we define the twisted Hirzebruch-Zagier divisor
of index m by

(3.7) To= > (M) M
MeL/{£1}
det(M)=mp

For instance, if m is square-free then T, = F* , — F— ,.
mp mp

4. AUTOMORPHIC GREEN FUNCTIONS

Let m be a positive integer. Following [Brl] we define the automorphic Green function
corresponding to 7;, by

- azyzo + Az1 + Nz + b2
4.1 D, 2(21,29,5) = @A) Q,_ (1+‘ ,
B plann = ¥ v()en e
(3 3)er

ab—N(\)=mp
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where Qs_1(t) is the Legendre function of the second kind defined by (cf. [AbSt] §8)
Qs_1(t) = / (t + Vt?2 — 1coshv) *dv (t>1, R(s) >0).
0

The sum converges normally for (zy,2;) € H? \ T,, and s € C with R(s) > 1. We will
continue it to a neighborhood of s = 1 by computing the Fourier expansion. To this end
we write

(4.2) D2 (21, 22, 8) = B2 (21, 22, 8) + 2 Z @ng(zl, 22, 8)

a=1
with
~ laz1 2o + Az1 + Nz + b)?
4.3 O (21, 22,8) = P (&) Qs (1+ )
(43) 2122 8) bezz (53) @ 2y1yamp
Yo
ab—N(X)=mp

Note that the partial sums <i>7‘?np2(z1, 29, §) converge normally for R(s) > 1/2.
For a = 0 we have

) o(2,22,8) = Y 6(0)Qu <1
beZ
Aeapt
N(A)=—mp

|)\Zl —f- )\/22 —|— b|2)
+ )
2y1y2mp

If a is a positive integer coprime to p, then

- laz129 + A2y +/\/22+b|2>
D7 2(21,22,5) = €y(a s—1 | 1+
(21,22, 8) = €,(a) ;é; Qs—1 ( D yaTD

A€d!
ab—N(X\)=mp

- ep(a)q)gngﬂ(zl’ 22, S)’

where @7 (21, 22, 5) is the function defined in [Brl] (see §3 equation (16)). If a is divisible
by p, then

~ lazi 2o + Az1 + N zo + b)?
iy = b)Qe_q1 1 )
mp? (Zl, 22, S) %Z: €p< )Q 1 ( + 2y1y2mp

Aedy!
ab—N(X)=mp

We compute the Fourier expansion of (fﬁwQ(zl, 29, §) in these three cases. We put for a
positive real number A,

|(z1 +0) (22 + 0') + A2
(4.4) HMz1,2) = ZQs—l (1 + 24 2y12y2A > ;
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and denote (for y;92 > A) the Fourier expansion by

HSA(ZMZQ) = Z b?(’/, Y1, y2)e(vey + v'wy).
veo—1!
Moreover, we let R(mp?) be a set of representatives for
{\€0:'/aOp; N(A/p) =mp* (mod ap)}
={N € Or/aOp; N(A)=-mp (mod a)}.

We start with the case that a is positive and coprime to p. Here we can argue as in
[Brl]. We may write

0 204+ XY (g £ O 2) 22
(I)?npg(Zth,S):ep(a) Z ZQS*1 <1+|( 1 ) (22 2) +

2
NER(mp?) 90 211y2mp/a

- Z ep(a) Z € (M) VI (0, g )e(vay + V' ).

a
Veagl AER(mp?)

When a is positive and divisible by p, one finds in a similar way that

Do "+m Zl+0—|—)‘—, z2—|—9’+é +M2
D 221,22, 8) = Z ZEP /\)\;rstl< ( ~)( 2) + 5

AER(mp?) 0€O 2y1y2mp/a*

/ tr(vA
= Z Z >\>\ +mp (l"(V )) b;np/a2(l/’ y1,y2)€(V21+V/22)-

a
vedn! AER mp2)

If we define

r(vA .
(4 5) é ( 2 ) Ep(a) Z)\ER(mPQ) € (t (a )) 9 lprCL,
. a Tnjj 7U =
'+m r(v\ .
EAGR(me) 6p(M;r E)e (t (a )) , ifpla

we may finally write
(4.6)

D2 (21, 20, 8) = fi)gwg(zl,zg, s)+2 Z

ueagl

[e.e]

Z o(mp?, VYO (1, 4y, yQ)] e(vey + V).

a=1

For ry,ry € R we briefly write

a(ry, 7g) = max(|ri], |ra)),

B(ry,re) = min(|ry], |r2]).
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Lemma 4.1. The function @En »(21, 22, ) has the Fourier expansion

~ € ’
(A7) D) 2(21,22,8) =2p Y Z pl Z,(2mnB( M1, Nipa))
azeopt  n=l
N(/\)=*m/p

X KCs(2mna(Ayr, N'y2))e(nAzy + nX\'ws).
Proof. By definition we have

- A N b|?
@2 (21,2, 8) = Z €p(0)Qs-1 (1 Az Xz ¥ |>

beZ, AN€DF 2y1yamp
AN =—mp
A bV b+ b/pl?
= Y &)Y Qs (1+| zl+2 zQ+/+ /7l )
b(p), \EOR* Ve Yr1yam/p
AN'=—m/p
We find that
(4.8) (i le 227 Z Z )\yl )\/yz) 5()\y1,)\’y2)()\$1 _|_ )\/$2 + b/p>,
b(p) red;?
AX=—m/p
where
o (e
s—1 2055 .
beZ

By [Brl] Lemma 1, for & > 3 > 0, the function h, g(x) has the Fourier expansion

_ 271' 1 S Qs i
hap(x) = 5 ¢ nezz_:{o} ‘n‘IS(Qﬂnﬁ)ICS(ana)e(nx).

Inserting this into (4.8), we obtain the assertion.

We recall the following lemma from [Brl]:

Lemma 4.2. Let y1y> > A > 0. The function H*(21, 20) defined by (4.4) has the Fourier

exrpansion
HA (2, 20) = Z VA (v, y1, yo)e(vay + v'ay)

ved,"
with
7l(s —1/2)?
2,/pT(25)

| A

VA v,y ) = o] L (A Alvv' ) K527 [v |y ) Ks (27| y2), v/’ > 0,
A

b (v, yn, y2) = my /W Jos—1 (4T Al | ) Ks(2m vy s (27 |V |y2), v/ < 0.

b0, y1,y2) = (4A)%(y1y2)' %,
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The following identity of finite exponential sums is crucial for the main result of the
present paper.

Lemma 4.3. Leta € N, m € Z, and v € 9;.'. Then

1~ vV
(49) a Ga(mp27 V) = ZGP(T>H¢1/T (pr_27 m> )

rlv
rla

where the finite exponential sums Go(m,v) resp. Hy(m,n) are defined by (4.5) resp. (2.7).

Proof. We follow the proof of the Proposition in [Zal] §4. Both sides in (4.9) are clearly
periodic in m with period a. Therefore it suffices to show that the finite Fourier transforms
are equal, i.e., that for every h (mod a) we have

1 hm\ -~ 5 hm %%
. - I a == - Ha T ’ :
(4.10) - e( a)G(mp,I/) Z()e( a>z€p(7") / (rz m>
rla
Inserting the definition of H, (n,m) we find that the right hand side equals
r dpvv/' /r? dr +h
Sol ¥ o) T e (-m )
r|‘z/ d(a/r)* m (a)

The sum over m (a) vanishes unless dr + h = 0 (mod a) in which case it equals a. But
dr +h =0 (mod a) implies that h = 0 (mod r) and d + h/r = 0 (mod a/r). Since d is
coprime to a/r we find that h/r must also be coprime to a/r and consequently r = (h, a).

Thus, denoting 7 = (h,a) and by h; a multiplicative inverse of h/r modulo a/r we obtain
that the right hand side of (4.10) equals

_hlpuy’/r2)

a/r

(4.11) ep(r)r - e (

We now consider the left hand side of (4.10). We first assume that (p,a) = 1. In this

case it is equal to
ep(a) tr(Av) — hm
Yy (e

m(a) NeOp/aOF

AN =—mp (a)
_ €p(a) tr(Av) + hpAN
a Z ‘ ( a '
AeOp/aOF

Here p denotes a multiplicative inverse of p modulo a. We first observe that the sum
vanishes unless 7 = (h, a) divides v. This is easily seen by replacing A — A+47 for 7 € Op
in the sum. Therefore, put r = (h,a) and write h = hyr, a = a;r, and v = vyr. Then the
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sum becomes

ep(a) Z e(tr()\ul)—i—hlﬁ)\)\’)

AEOR /a® &

F/aVUR

— Ep(a) 7"26 (_ph1V1V1> Z o (h1p<)\ + phlyi)()\/ + phlyl))
@ a1 AEOR a1 O a1

_ ep(a)re <_pﬁlu11/{) Z . (hlﬁ)\)\’) |
aq ay 3]
)\EOF/a1OF

The latter sum is computed in [Zal] §4 Lemma 2. Inserting its value

1 5 mpAN (@)
- e o = €ep(aq

1 AEOF/G1OF

we finally find that the left hand side of (4.10) is equal to

ep(r)r-e (_M) |

a/r

Let us now consider the left hand side of (4.10) in the case that p | a. Then it is given

by
‘Z 5 €p<)\/\’+mp>€(tr(u/\)—mh).

m(a) NeOp/aOF
AN'=—mp (a)

We substitute m = my + mqa/p, where m; runs modulo a/p and my modulo p. Moreover,
we notice that in the sum over A\, we actually only sum over A € 0r/aOp, since p | a.
Substituting A — /pA, we obtain

LS () (), ()

m1 (a/P) AeOp/adp"
m2 (P) AN=my (a/p)

1 Z T . (tr(\/]_?/\ya) - h)\/\’) e, () e (_ m;g)

( ) /\GOF/(J,OF

:7€p(h) 5 e(tr(\/ﬁ/\l/)—h)\)\’).
a/p a

AeOp/aOF

Here, in the last line we have inserted the value of the Gauss sum. In particular we see
that the latter quantity vanishes if p | h. If p { (h,a) we see by replacing A — X + %7 for
7 € Op that the latter quantity actually vanishes unless (h,a) divides v. Therefore, as
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above, we put r = (h,a) and write h = hyr, a = a;r, and v = vyr. Then the sum becomes
7"2 tr(\/]_))\yl) — hl)\)\/
a\/—ep(h) Z ¢ a
p AEOF /a1 Op 1

~ T e (he (_ hlpulu{) S (_ hi(A = (hay/pn) ) (N — (711\/]_)1/1)’)’)

€

p
a a a
1P ! AEOF /a10F 1

r hipvt' [1r? hi AN
= p \/_ep(h)e (_a—/r Z el — a .
1P )\EOF‘/CUOF 1

By [Zal] §4 Lemma 2 (noting that p { r implies p | a;) we have

D DI CL <oy BTN

1 AeOp/a10Fp

We finally find that left hand side of (4.10) is equal to

ep(r)r - e (_M) |

a/r

This concludes the proof of the Lemma. O

We are now ready to compute the Fourier expansion of i)mpz(zl, 29, §) in terms of the
coefficients of the Poincaré series F,(7, s).

Theorem 4.4. The automorphic Green function émpz(zl, 29, 8) associated to T,. has the
Fourier expansion

émpz (21, 29, S)

= <3>81/2 (s — 1/2)L(23 — 1,6)bm (0, 5) (y192)"~

7r

+ /D Z Z ep m(prv', $)Ks(2mnvy, ) IKCs(2mnv'ys)e(vnay + v'nas)
vedy tn>1
1/1/’750

+p Z Z &(n) (2Z,(2mnB(Ay1, N'ya)) + Ks(2mnB(Ayr, Ny2)))

AEB 1 n>1
N(/\)=*m/p

X Ks(2mna(Ayr, Ny2))e(ndzy + n)\'zs).

If converges normally for y1ys > mp. Here by,(n,s) denote the Fourier coefficients of the
Poincaré series F,,(7,s), and L(s,€,) the Dirichlet L-function corresponding to €.
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Proof. We use (4.6), Lemma 4.1, and Lemma 4.2 to compute the Fourier expansion. The
constant term is given by

2 Z éa(mp27 O)b;np/a2 (07 Y1, y2)

a=1

7l (s —1/2)? s s\~ A 2 (9)q 28
_ W(zlmp) (y172) ;Ga(mp ,0)a™.

In view of Lemma 4.3 this is equal to

WP(S — 1/2)2 s 1—s 1-2s
W(‘lmp) (1192) ; ﬂza ep(r)Hayr (M, 0) a

L' (s —1/2) s 1-s 1-2s
= ) )~ 3 ). . 0) ()
(s —1/2)? s 1—s ZOO 1-2s
(412) = W(Zlmp) (ylyQ) L(2S — 1, Ep) o HC (m, O) C .

By means of the formula for the constant coefficient b,,(0, s) of F},,(7, s) and the duplication
formula I'(s)['(s + 1) = 2172°\/7T(2s) we see that the constant term equals:

(8)51/2 ['(s —1/2)L(2s — 1, €,)b (0, $)(y1y2)'~

7

We now consider the v-th Fourier coefficient of ®,,,2(21, 2o, s) for v € O with vv/ > 0.
It is given by

21 - 4
= 27rz aGa(mPQa V) o Is1 (; mp|1/1/’]> Ks(2mvy ) K (2m"y).

In view of Lemma 4.3 this is equal to:

pvv/ m 4 - ,
27 Z Z ep(r)Hyyr | M, pon oy Iy 4 Y mplvv'| | K (2mvy ) K (271" ys)

a=1 rlv
rla

e,(r) [mr? 2% AT ,
:2w\/ﬁz# o ZH ( i )Igs 1 (E\/mﬂ””/’) ICs(2mvyr ) ICs (21" ys).

rlv

By Theorem 2.1 we finally find for the v-th coefficient:

\/‘Z Ep m(DvV 12 8)ICs(2mryn ) Ko (270 ).

rlv
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In the same way one can show that for v € ;' with vv/ < 0 the v-th coefficient of

Cfmpz (21, 29,8) — é%pg(zl, 29, §) is equal to

>3
rlv

—r /
+ \/2_92 €p7(“ )5_m,pyy//rleS(27ﬂ/y1)lC5(27w Ya).

rlv

O o )2, )0 2 (2 )

Here the extra contribution with the Kronecker delta comes from the Kronecker delta d_,, ,
in the formula for b,,(n,s) with n < 0.

If we put the above contributions together, and use in addition the formula for éfan of
Lemma 4.1, we find

D221, 22, 5)

— <£>8_1/2 D(s—1/2)L(2s — 1,€,)b,n(0, s)(y132)" ~*

™

+/p Z Z Epfﬂr)bm(pl/yl/rQ, $)Ks(2mvy ) Ks (211 yo)e(vay + V')
VE(?I;l rlv
v #£0
r
+ \/2_9 Z Z Epfn )5—m,pl/l/’/r2lcs(QWVyl)ICS(ZNV/yQ)e(VCEl + Vll'?)
veas! TV
v’ <0

+2/p Z Z €p<n)zs(27mﬁ()\yl, Ny s (2mna(Ayr, Nys))e(nAzy + nX'zs).

n
Aedpt  n2l
N(A)=—m/p

By rearranging the sums one deduces the stated formula. O

Now it can be proved as in [Brl] that ®,,,2(21, 22, §) has a meromorphic continuation in s
to a neighborhood of s = 1. The continuation turns out to be holomorphic at s = 1, whereas
there always was a simple pole in [Brl]. This follows from the presence of L(2s — 1,¢,)
in the constant term of the Fourier expansion given in Theorem 4.4, while there appeared
((2s — 1) in [Brl] Theorem 1.

Definition 4.5. We define the regularized Green function émpz (21, 22) for T, as the value
of ®,,,2(21, 22, 5) at s = 1.

One finds that (fmpz(zl, 2y) is a harmonic function on H? \Tm with a logarithmic singu-
larity along —27,.
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Theorem 4.6. The Green function ®,,2(21, 22) associated to T,, has the Fourier expansion

(imp2 (217 ZQ)

= VEHL 0D
+/P Z Z Ep m(prv', De(—2mn|vy; + V'ys|)e(vnazy + v/nas)

VE@ 1 n>1
%% >0

VP Z Z Ep — 2mn|Ayy + Nia|)e(nAzy + nXz,).

)\687 n>1
N(\)=—m/p

It converges normally on y1ys > mp outside the polar part of T,.

Proof. This follows immediately from Theorem 4.4, (2.3), and (2.4), noting that b,,(n, 1) =
0 when n < 0, and that a(ry,re) — B(r1,12) = |r1 + 7a| for ri,re € R with riry < 0. O

Remark 4.7. We have \/pL(1,¢,) = hplog(ey), where hp denotes the class number of F
and €9 > 1 the fundamental unit.

5. TWISTED BORCHERDS PRODUCTS

As an application of Theorem 4.6 of the previous section we obtain a variant of the
Borcherds lift for Hilbert modular surfaces (see [Bo2|, [Brl], [BB]). It can be viewed as a
multiplicative analogue of the Doi-Naganuma lift [DN] from holomorphic modular forms
of weight k for I'' to Hilbert modular forms of weight &k for I'. Its existence was suggested
by Zagier in [Za3].

Following [Za3] §7, we define

(5.1) Ry(t) = [J(1 = e(/p)t)=®.

b(p)

It is a rational function of ¢ with coefficients in F'.

Lemma 5.1. The function R,(t) € F(t) has the following properties:
6) Bylt) = Ry(t)"
(i) Rp(t™") = Ry(t).
(i) log(R,(t)) = —v/P o1 np(n)t"

Proof. The first two properties are verified by direct computation. The third property
follows from the identity >, ) €x(b)e(bn/p) = /pey(n). O

Theorem 5.2. Let f =) o c(n)q" € Z[j] be a weakly holomorphic modular form of
weight 0 for I with integral Fourier coefficients. Then there exists a symmetric meromor-
phic Hilbert modular function U(z, f) for T' (of weight 0, with trivial multiplier system,
defined over F') such that:
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(i) The divisor of W(z, f) is given by
div((z, f)) = > c(—n)T,.

n>0
(ii) The function V(z, f) has the Borcherds product expansion

ep(b)c(prv’)
H H (1—6 +1/21+1/22)>

vedzt b(p
V>0

— H R, (e(vaz +V’22))C(pwl),

u€8;1
v>0

which converges normally for all (z1,z9) with y1y2 > Np outside the set of poles,
where N = max{n € Z; c¢(—n) # 0}.

(iii) The lifting is multiplicative, i.e., if f,g € Z[j], then ¥(f 4+ g) = V(f)¥(g).

(iv) We have

log [W(= :——Zc ( (2) — VDL(1, )b (0,1)).

n>0

Proof. Let us first assume that f = ¢ + O(1), as ¢ — 0, for some positive integer m.
Then, according to Theorem 2.3, f(7) = F,(7,1) + C for some constant C' € Z. We
define the function ¥(z, f) by the product expansion in (ii). In view of Theorem 4.6 and
Lemma 5.1 (ii), (iii) we have

(5.2 log [ (2, £)] = —5 (B (2) — VBL(L )b 0,1)) .

In particular, the normal convergence of the Fourier expansion of i)mpz(z) on Y1y > mp
implies the normal convergence of the infinite product ¥(z, f). Therefore (ii) and (iv) hold.

In the same way as in [Brl], Theorem 4, one can show that ¥(z, f) has a meromorphic
continuation to all of H? and that div(U(z, f)) = T,,: This follows from (5.2) and the fact
that ®,,,2(z) is a pluriharmonic function on H? \ T, with a logarithmic singularity along
the divisor —27T},,.

Moreover, (5.2) implies that |¥(z, f)| is invariant under the group I'. The matrix S =
(9 ') € T satisfies the relation S? = —1. Consequently,

(5.3) U(Sz, f) = xV(z, f).
On the other hand, it follows from the product expansion that W¥(z, f) is invariant under
translations (%) where u € Ok. Using the relation (S (§1))* = —1inI", we may conclude
that the sign in (5.3) must be +1. But, by a theorem of Vaserstein, the translations ((1J ‘1‘)
and the matrix S = (§ ') generate the group I'. Hence ¥(z, f) is invariant under I'.
Moreover, the product expansion implies that U(z, f) can be written as the quotient
of two holomorphic Hilbert modular forms with Fourier coefficients in F'. Hence, by the
g-expansion principle, ¥(z, f) is defined over F.
Finally, the multiplicativity (iii) also follows from the infinite product expansion. O
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The condition v > 0 under the product replaces the Weyl-chamber condition occurring
for the untwisted Borcherds products [BB]. It has this easy form because of the presence
of the character €,(b) which causes some cancellations. Because of Lemma 5.1 (ii) the
product is actually over O /{%1}.

For the rest of this paper we write U,, (m € Zso) for the twisted Borcherds lift in the
sense of Theorem 5.2 of the unique weakly holomorphic modular form

Jm = q "+ O(q) € Z[j].
Remark 5.3. In view of Lemma 5.1 (i), the conjugation in F' maps ¥(z, f) to ¥(z, f)~'.

6. CrAss FIELDS

Let F' = Q(,/p) be areal quadratic field as before. Let K = F(v/A) be a non-biquadratic
totally imaginary quadratic extension of F'. We view both K and F' (\/E ) as subfields of C
with VA, VA’ € H. Then M = F(v/A, /A is Galois over Q and has an automorphism o
of order 4 such that o(v/A) = vA" and o(v/A’) = —V/A. The field K has four CM types:
d ={1,0}, 0® = {0,0%}, 0°®, and 0°®. We assume that the relative discriminant dg,p
of K/F satisfies the technical condition

(6.1) dx/p NZ = qZ, Npdi/r=q,

for a prime number ¢ =1 (mod 4).

Recall that the Hilbert modular surface X corresponding to I' = SLy(Op) parameter-
izes isomorphism classes of triples (A, 1, m), where (A,1) is an abelian surface with real
multiplication ¢ : Op — End(A), and

m: (Ma, M) — (3;1,3;1’+)

is an Op-isomorphism between the polarization module 2,4 of A and 8;1, taking the
subset of polarizations to totally positive elements of 95" (see e.g. [Go], Theorem 2.17 and
[BY] Section 3).

Let CM(K,®,Or) be the CM 0-cycle in X of CM abelian surfaces of CM type (K, ®),
i.e., the points on X with an Og-action via ® (see [BY] Section 3 for details). The field of
moduli for the CM cycle CM(K) := CM(K,®,Or) + CM(K,c3®,OF) is Q.

Let (K,®) be the reflex of (K, ®) with maximal totally real subfield F' = Q(v/AA/).
Let I(K) be the group of all fractional ideals of K, and let H(K) be the subgroup of I(K)
of ideals a such that

(6.2) Noa = puOp, Na=pip for some p € K*.

Here Na = #QOk/a, and N is the type norm from I(K) to I(K) given by, in this case,
No(a) = Ny (aOnr).

We call the quotient CC(K) = CC(K,®) = I(K)/H(K) the CM ideal class group of K.
According to [Sh], page 112, Main Theorem 1, the class field Hy of K associated to the
CM ideal class group CC(K, ®) is the composite of K with the field of the moduli of any
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polarized CM abelian variety of type (K, ®) by Ok. Recall that CC(IK, P) = Gal(Hf(/f()
acts on CM(K, ®, OF) via [BY], (3.7).

Inspired by the classical result that j (%j) generates the Hilbert class field of the
imaginary quadratic field Q(v/—D), we consider whether H has a ‘canonical’ generator
over K. Since F is in general not contained in K, it seems more natural to consider the
field Ly = KHy = MHy = FHf over either M or F', where M = KK is the smallest
Galois extension of Q containing K and/or K. For example, a natural question is whether
Li = M(¥,,(z)) for some m and some CM point z € CM(K, D, OF)?

Lemma 6.1. Assume thal dx = p?q with p = ¢ = 1 mod 4 being odd primes. Then
CC(K,®) acts on CM(K,®,Op) simply transitively. In particular, CM(K, ®,OF) is a
single Galois orbit of a CM point.

Proof. Let CLo(K) be the subgroup of CL(K') generated by ideal classes [a] such that
Ngjpa = pOp, > 0 (totally positive).

Then [BY] Lemma 5.3 asserts that the type norm Ng gives an isomorphism between
CLo(K) and CLo(K). It is clear by definition that Ng maps I(K) to CLo(K), so it is

surjective. It is easy to check that the kernel is exactly H(K). Indeed, if [a] € ker Ng, then
N(i)a = ,LLOK
This implies
NaOp = Ng/pNga = pjiOp,
and thus
Na = pjie

for some unit e. Clearly € is totally positive and thus a square ¢ since F' = Q(,/p).

Replacing p by peqp, one sees that a € H(K). So

and [Lg : M] = [Hj : K] = # CLo(K). On the other hand, according to the remark after
[BY], Lemma 3.3, The forgetful map

CM(K,®,0r) — CLy(K), (C*/®(a),s,m)— a
is a bijection. So CC(K) acts on CM (K, ®, Op) simply transitively. O

Corollary 6.2. Let the assumption be as in Lemma 6.1. Let z = (A,2,m) € CM(K, ®, OF)
and let k. be the field of definition of z containing F'. Then

U, (CM(K, ®,0p)) = Napjnr+ Ui (2).
Here M, = Fk, = M*k,, and M+ = FF is the mazimal totally real subfield of M.

Proof. Recall that k. is the field of moduli of (4,2, m) and that Hy = Kk.. Lemma 3.4(1)
of [BY] asserts that CM (K, ®, O) is defined over F'. So the lemma above implies that k,
does not contain K and [k, : F| = #CC(K), and different embeddings of k, into C fixing F



TWISTED BORCHERDS PRODUCTS ON HILBERT MODULAR SURFACES 21

map z into different CM points in CM(K, ®, Or). Since 0, is defined over F, we obtain
the corollary. O

Corollary 6.3. Let the assumption be as in Lemma 6.1. If U, (CM(K)) is not a k-power
in F' for any odd integer k > 1, then V,,(2) generates Lk over M.

Proof. Recall that CM(K) = CM(K, ®, Op) + CM(K,0*®, Op). If ¥,,(z) does not gen-
erate Lx over M, then it does not generate Mk, over M. Let L be the subfield of Mk,
generated by W,,,(z) over M. Then the above corollary implies that

- - [M+kz:L]
Ty (CM(K, ®,0p)) = (Nijars (¥ (2)))
is a k-th power with k = [M Tk, : L] > 1. Therefore
~ - - k
U, (CM(K)) = Nasp U (CM(K, @, OF)) = (NL/F(\IIm(z))> .

Finally, the condition dx = p?q implies that dz :~q2p is an odd number and thus its class
number A(K) is odd [CH]. In particular, k|#CC(K)|h(K) is odd. O

Remark 6.4. Let the notation be as above, and let ¢ = U,,(CM(K,®,Op)) € M*. The
above proof implies )
Nyt jpe =V, (CM(K)).
On the other hand, it follows from Remark 5.3 that
NMJF/FC - 1

The numerical examples in Section 7 suggest that ¥, (CM(K)) is a square and that ¢ € F,
that is,

(6.3) U (CM(K, ®,05)) = U,,(CM(K,c*D, 0F)).
We will try to compute ¥,,,(CM(K)) in the next section.

Proposition 6.5. Assume that dx = p?>q with p =q =1 mod 4 being odd primes, and
let B be a set of positive integers. Then Lx = M(V,,(2),m € B) for a z € CM(K,®,0Op)
if and only if the functions V,, (m € B) separate the points in CM(K, ®, Op).

Proof. First assume that the W,, (m € B) separate the points in CM(K,®, Op). Clearly
Lx D M(¥,,(2),m € B). Suppose that o € Gal(Lx/M) = Cal(Hz/K) fixes the field
M(V,,(2),m € B). Then
Ui (a(2)) = a(¥m(2)) = ¥n(2)
for every m € B, and so a(z) = z. This implies that a = 1, and Lx = M(¥,,(z),m € B).
Conversely, if there are z; # 2z, € CM(K, ®, Op) such that U,,(z;) = ¥,,(2) for every
m € B, let 1 # a € Gal(Lg /M) such that a(z;) = 2o, which exists by Lemma 6.1. Then

O‘(@m(zl)) =V (22) = i}771(21)
for every m € B and thus M (V,,(z),m € B)is fixed by a. So Ly # M(¥,,(2),m € B). O
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_ For two positive integers m and n such that mn is not a square, it is known that T,, and
T,, has no common component [HZ]. This implies that the rational map

is generically finite, i.e., [C(X) : C(¥,,(2), ¥,,(2))] is finite.

Theorem 6.6. Let F' = Q(,/p) be a fived real quadratic field. Let K be a non-biquadratic
CM quartic field with maximal totally real subfield F and discriminant dg :~p2q with
p=gq=1 mod4 primes. Let z € CM(K,®,Of) and Ly, ,(K) = M(V,,(2), V,(2)) be
the unramified abelian extension of M generated by V,,(z) and V,(z). Then there is a
constant d > 0 depending on F', m, and n, but independent of K, such that

(i) [Li : Linn(K)] < d.

(if) limg_o W =1.
Proof. Lemma 6.1 implies that Gal(Lx /M) acts on CM(K, P, OF) simply transitively, so
CM(K,®,0p) ={0(z); 0 € Gal(Lgx/M)}.
Here z is a fixed CM point in CM (K, P, Of). Set
A={7 € CM(K,®,0p); U,(2) = T,(z),
= {0(2); 0 € Gal(Lg /M), V;(0(2)) = ¥y(2), i = m,n}.

i=m,n}

Since ) .
0(Um(2)) = Vi (o(2)),
one has that o(z) € A if and only is 0 € Gal(Lk /Ly, »(K)). So
[Lic : Linn(K)] = #A < deg dmn
generically, that is, if ¢, (2) ¢ B = {(a,b); ¢,,',(a,b) is infinite}. Notice that B is a finite
set. Since ¢y, is defined over F', ¢, ,(2) € B for some z € CM(K, P, Op) implies that
Omn(0(z)) € B for all 0(z) € CM(K,®,Op), ie.,

According to the equidistribution theorem of CM points on a Hilbert modular variety
recently proved by Zhang (cf. [Zh], Theorem 2.1), which extends a well-known theorem of
W. Duke on modular curves [Du], {CM(K,®,OF); dx = pq} is equidistributed on X.
On the other hand, ¢, (B) is just a divisor of X, so there is ¢o > 0 such that ¢ > g
implies that CM (K, ®,Op) N ¢, (B) is empty. Let
do =max{[Lk : Lyn(K)]; ¢ < q}, and d=max{degdyn,do}-
Then we always find
[Lk : Lipn(K)] < d.
This proves (i).
For (ii), one has
_ ChKRK
~ hpRp

Ly : M] = #CM(K, ®,0r) = # CLo(K)
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Here hr and hg are the class numbers of F' and K respectively, Rr and Ry are the
regulators of F' and K respectively, and % < ¢ < 2. Indeed,

R R

= <= [CL(F) : Ni/p CL(K)] 55— < [CL(F) : Ny/r CL(K)].

RK RK
Since F is fixed, one sees from the Brauer-Siegel theorem (cf. [La], Chapter XVI, Lemma 2
and Theorem 5) that

(6.5) li 208LEs M)
g—co  log/q
Now (ii) follows from (i). O

Bas Edixhoven gave a very nice lower bound for the size of the Galois orbit of a CM
point on a Hilbert modular surface in general (cf. [Ed], Section 6). In particular, (6.5) is
implicitly given in his proof of [Ed], Theorems 6.2 and 6.4. He also pointed out that using
a result of Stark (instead of the Brauer-Siegel theorem) [St], one gets an effective lower

bound [Ly,(K) : M] > ¢i.
Proposition 6.7. The field Ly is Galois over F.

Proof. By [Sh], page 112, Main Theorem 1, Hj is the field of moduli of a CM abelian
variety z = (A,2,m) € CM(K,®,Op) over K. So Lk is the field of moduli of a CM
abelian variety z € CM(K, ®,Op) over M. Let a be an embedding of L into F fixing F,
and «|f is either the identity or the complex conjugation. So (A%, i% m®) € CM(K,®, Or)
or CM(K,®,0p). Clearly, (K,®,OF) and (K,®, OF) have the same reflex field K, and
the associated CM ideal class groups of K are the same. This implies (L) = Lg, i.e.,
L is Galois over F. O

In general, Lk is not abelian over F'. Let Lr be the composite of all Ly with K running
through non-biquadratic CM quadratic extensions of F'. Then one has an exact sequence

1 - A— Gal(Lp/F) — (2/2)™ =0

for some abelian group A. It might be interesting to study the Galois group Gal(Lg/F).
We end this section with the following question.

Question 6.8. Is L independent of the choice of the CM types of K¢ This is equivalent
to the question whether Li is Galois over Q.

7. EXAMPLES

It would be very interesting to obtain closed formulas for the values of twisted Borcherds
products at the CM cycles considered in the previous section in analogy to [BY]. However,
since the twisted Borcherds products are in general only defined over F' (in contrast to the
untwisted Borcherds products, which are essentially defined over Q), their CM values will
lie in F'. This makes computations more difficult. Moreover, taking the norm to Q does
not provide any insight, since V(z, f) - ¥(z, f)’ = 1 because of Remark 5.3. Note that for
numeric computations, in the same way as in [BY], the problem arises that the product
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expansion of Theorem 5.2 only converges near the cusps. The CM points usually do not
lie in the domain of convergence. Therefore one has to find an alternative expression for
the twisted Borcherds products one wants to evaluate.

Here we discuss some examples in the special case p = 5 where F' = @(\/5) The funda-
mental unit of Op is equal to w = %5 The structure of the graded ring of holomorphic
Hilbert modular forms for the group I' = SLy(Op) was determined by Gundlach [Gu],
see also [Mi]. In particular, it turns out that the graded ring M;Y™(T") of holomorphic
symmetric Hilbert modular forms of even weight for T" is the polynomial ring Clga, gs, g10],
where g, denotes the Eisenstein series (in the cusp oo for I') of weight k& normalized such
that the constant term is 1. Often it is more convenient to replace the generators g and
g10 by the cusp forms

s6 = 67-(2°-3°-5%) 7"+ (g5 — g5),
si0=(2"0-3°.5°. 7)1 (22.3.7-4231 - g5 —5-67-2293 - g5 - g6 + 412751 - gyp).

We have
M;fm(r> - C[927 56, SIOL

Notice that go, sg, S19 all have rational integral and coprime Fourier coefficients. The cusp
form sy is equal to the (untwisted) Borcherds lift ¥# in the sense of [BB].

Recall from Section 5 that U,, is the symmetric Hilbert modular function of weight
0 which is the twisted Borcherds lift in the sense of Theorem 5.2 of the unique weakly
holomorphic modular form J,, = ¢~ 4+ O(q) € Z[j]. By Gundlach’s theorem, ¥,, must
be a rational function in g, sg, 5190 With coefficients in F'. We now discuss how it can be
computed.

For simplicity, we assume that m is a square-free positive integer. Then the Hirzebruch-
Zagier divisor 7,2 decomposes into irreducible components T}, = T, + F;ZPQ + Fy;p?
Recall that div(‘ifm) = F;p2 —F . On the other hand we can construct a symmetric
holomorphic Hilbert modular form with divisor F;fbp2 —|—Fn;p2 of weight k,, > 0 by taking the
(untwisted) Borcherds lift H,,, = ¥,,,2/W,, in the sense of [BB] Theorem 9. For instance, for

m = 1 we have k; = 60, and H; it is obtained as the lift of the unique weakly holomorphic
modular form h € W, (p, €,) whose Fourier expansion has the form

1
h = §q*25 — ¢~ + 60 + 438864q + 45271325304 + . . ..

The product ¥,, - H,, is also a symmetric holomorphic Hilbert modular form of weight k,,.
Its divisor is equal to 2F$p2. Hence there exist holomorphic Hilbert modular forms ¥}
and W of weight k,,/2 for T such that (V)% = H,, - ¥, and (V)% = H,,/V,,.

The function ¥E must also be symmetric, because any skew-symmetric Hilbert modular
form automatically vanishes on F, contradicting div(¥E) = Frfpz. Moreover, U is defined
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over F' and

(7.1) () =9,
(7.2) U, =Wl /U
(7.3) H, =" 0.

By Gundlach’s theorem, ¥ is a homogeneous polynomial in gs, s6, $10 With coefficients in
F'. Using the infinite product expansions, this polynomial can be determined explicitly. Its
degree depends on the weight k,,. Unfortunately, it turns out that the k,, are rather large
which makes computations difficult. The smallest weights that occur are k; = ky = 60.
For all m the weight k,, is divisible by 60, and if m > 2 then k,, > 120.

A computation with Maple shows that

167 = (6 + 2v/5)gi s10 + (10 — 2v/5)gds2 + (—2308750 — 1031750v/5) g3 51056
+ (—1220450 — 543450V/5)gSs3 + (856853809375 + 383196837500v/5) g5 5%,
+ (—133751887500 — 59814018750/5) gs1052
+ (—309550426875 — 138434703750v/5) g5 s
+ (23003309053125000 + 102873924750000007/5) g2 5%, 56
+ (—18093694595625000 — 8091745695000000v/5) g251055
+ (—16048066250700000 — 7176913583400000V/5) 53
+ (24527175191718750000 + 10968886216250000000v/5) 53,

Moreover,

1112 =—g15+(48072800+21493760+/5)g12s6
+(—12166677513088000—5441103582617600+/5)g3s10
+(4809336551424000+/5+10754003449472000) g3 2
+(—343213552017810432000000— 153489766622216192000000v/5) g7 51056
+(3565707175547372544000004159463272647655096320000+/5) g5 53
+(—1295691015382296818073600000000—579450637646108270264320000000+/5) g5 52,

(=

(

(-

(

(-

+(773852433537584819077120000000\f+1730386645943677691904000000000)572sms6
+(—463842956129634468495360000000— 207436876158063085617152000000\/>)92s6
+(26896303882903769962250240000000000\f-‘r60141963825664373337292800000000000)928%086
+(— 89933914258012151985733632000000000\/5—201098345763552732433612800000000000)92slosg
+(66189203273169170168775966720000000\f+148003557895357846527777177600000000)56

(-

+ 17950573674763054301052928000000000000\f740138702971888390552944640000000000000)s:fO

These polynomial representations can be used to calculate the Fourier expansions, which
in turn can be employed to compute the values of ¥; and Wy at CM points.
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A pleasant example is the CM point zy = ({5, (2) (where (5 = €2™/%) corresponding to

the cyclic CM extension K = Q((5) of F. It is known that zj is an elliptic fixed point of
I' of order 5. The stabilizer of zy in I' is the cyclic subgroup generated by (‘_"'1 é) This
implies that every Hilbert modular form for I' of weight coprime to 5 vanishes at z5. In
particular ga(29) = sg(29) = 0. Consequently, only the term involving s3, contributes to
the value at z;. We find that

Uy (20) = Wi (20)/¥5 (20)
B 24527175191718750000 + 10968886216250000000\/5
24527175191718750000 — 10968886216250000000v/5
156973921227 + 70200871784\/5
156973921227 — 702008717845
_ <£>27. (4+ )5 (5+w’)5‘
G+ wp (Brw)p

w/
Moreover,

Uy(20) = W (20) /95 (20)
68476004313518731312 + 30623400094519340937v/5
© 68476004313518731312 — 30623400094519340937v/5
w5 (94w (10 +w')?
:< ) (94w (10+w)y
Notice that 4 + w, 5 + w, 94+ w, 10 + w are prime elements of O above 19, 29, 89, 109,

respectively. In particular the same phenomenon as in [BY] happens: the prime factors of
the CM values are small.

W'

We would like to evaluate U,, at other CM cycles as well, say, corresponding to CM
extensions K/ F such that K/Q is non-Galois (and satisfies the assumptions of Section 6).
Here it is rather difficult to compute the value exactly. To get a feeling for the problem,
one can try to do some numerical computations. However, this is not so easy either, since
the CM values will be large (or small) algebraic numbers in F'. So from the floating point
evaluation one cannot get the exact value. However, using the result of [BY] one obtains
a convincing heuristic how the values should look like. With this extra information, the
problem becomes accessible. For simplicity let us assume that m is square-free and that
p =5 as before. (For p = 13,17 the same argument applies.)

The value of the Petersson metric of H,, at CM(K) can be computed by means of the
formula of [BY]. Let [ C Op be a prime ideal above a prime [ € Z. Using the notation of
[BY], to m and [ we can associate the quantity
(7.4) 1) = " b (1) — (D).

As explained in [BY] (1.10) it should have a geometric interpretation as the intersection
number of suitable models of div(H,,) and CM(K) in the fiber above [ of the moduli space
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of abelian surfaces with Op-action and 9z'-polarization. In the same way, over Of, we
could associate to m and [ the intersection number h,,(l) in the fiber above [. We should
have
2hm (D), if [ is ramified in Op,
(1) = < (1), if [ is inert in Op,
hn (1) + hp (), if 1 is split in Op.

According to (7.3), one should be able to write h,, () = A (1) + h_ (1), where hZ (I) denotes
the intersection of div(¥E) and CM(K) in the fiber above [. Since (U}) = ¥ we would
have

R (1) = P (1),

In view of (7.2) the intersection number of div(¥,,) and CM(K) in the fiber above [, would
be given by

(7.5) R () = hop () = By (1) = A (1),

But since ¥,, has weight 0, this quantity would be equal to ord(¥,,(CM(K))). Conse-
quently,

0, if [ is ramified or inert in Op,

(7.6) |ord((Wn(CM(K)))] < { ho(1), it Lis split in O,

The quantities h,,(l) can be computed by means of the formula of [BY]. In that way there
are only finitely many possibilities left for the prime ideal factorization of ¥,,(CM(K)).
Using a computer algebra system one can now compute the CM value if the Fourier ex-
pansion of T, is known.

In the special cases p = 5 and m = 1, 2 considered before, we computed a few CM values
corresponding to non-biquadratic CM fields K. We listed some data on a few CM fields in
Table 3, including the class number hg, and a system of representatives for the ideal class
group of K. The corresponding CM values are given in Tables 1 and 2.

Combining the above considerations with Corollary 1.3 of [BY] we are lead to the fol-
lowing conjecture.

Conjecture 7.1. Let m be a positive integer, and let | C Op be a prime ideal above a

prime | € Z such that ord((¥,,(CM(K))) # 0. Then ' # | and 4l|m*p*q — r* for some
r € Z with |r| < mp\/q.

8. FURTHER REMARKS AND OPEN PROBLEMS

1. Is there a nice moduli interpretation of ¥, as an invariant of abelian surfaces with
Op-multiplication and 9z -polarization?
2. In the numerical calculations it always happened that

U, (CM(K, ®,0p)) = ¥,,(CM(K,0*®, Op)).

This explains that the CM values in Tables 1 and 2 are squares. Is it possible to prove
this in general? (See also Remark 6.4.) Moreover, it is striking that the CM values
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TABLE 1. CM values of ¥; for Q(\/g)
ha(l S
q| TL1Mm® Uy (CM(K))
54 (4+w/)10_(5+w/)10
40 10 10 w AW ) 9T )
5 5% 197 - 29 (w/) (4+w)10-(5+w)10
32 (5+2w)2-(7+3w’)?
16 42 4 4 2 4 2 2 w
41| 2'6.5%2.23%.314.372.61%. 1072 - 127 () G
24 (6+w)?-(104+w’)2-(13+3w)?-(19+w’)?
12 =42 4 4 2 2 2 2 2 2 w
61| 312.5%2.13%.414.832.1032.1092-113%.1992-379 (£) (Ero - (01133101
12 (743w)2-(8+w)?-(19+3w)?-(20+9w)?
12 =40 ~6 2 4 4 2 2 2 2 2 2 w
109 | 3'2.540.76.432.614.714.732.972.1132.2232.4092-499 () B (B 10 - 0 o)
]4 N2, 2
241 | 2%0.336.5126.9914.476 . 536 .618.672.832.975. 229" () i?;i#—%;i%;j%§i%;
2572.331%.3472. 6172 “ (G+w)® (1743w
72 (7+2w)%-(10+w)?- (1342w)2 - (19+4w)?
44 =128 ~22 12 6 6 6 4 6 2 4 w
281| 2 gt gtart s st a0t u a0t sl | () e 13 2 P19
72 2, 2
409 | 218.312.5120 1712 9314 5310 831 13610951672 () 3134*7)2(§§*’§w?;
179%.1972.239*.349% . 5714 . 118721277 W (10e)? (284207
TABLE 2. CM values of W, for Q(v/5)
g |IT,1"=® Uy (CM(K))
102 (9+w/)10,(10+w/)10
120 50 10 10 W
5 | 217570891 109 (&) (9+w)10-(104w) 10
84 (6+w)2-(17+5w)2-(194+8w)2-(254+9w’)2-(26+9w’)2-(29+8w)?
104 48 4 2 2 2 2 2 W
H ?1353453145;7535é§§513d§3 ' (“”) (6+w’)2-(17+5w")2-(19+8w")?-(25+9w)?-(26+9w)?-(29+8w")?
80 (6+w’)?-(7T+3w)2-(14+3w’)?-(35+11w)?
120 14 48 2 4 4 2 2 W
61 |2 53 .E -53-42-47 §1.73 : (w,) (642)2- (713072~ (14130)2- (35 11w’ )2
9292.2832.443% 50321489
66 (15+7w)?-(34413w’)2-(47+15w)?
120 912 50 ~12 2 2 4 2 w
109 | 2120.312.5%0.712.432.2632.281.307°- (w) (15+7w")2-(34+13w)2-(47+15w")2

5232.6832-8232.14292 26892

U, (CM(K,®,0F)) corresponding to non-CGalois CM fields are actually square-free ele-
ments of F'. Is this a coincidence or a general phenomenon? Notice that by Corollary 6.3
this would imply that U, (z) generates the class field Lg. This is the case with the examples
computed above.

3. Is there a (finite) subset B of the positive integers such that the functions ¥, (m € B)
generate the function field of the symmetric Hilbert modular surface corresponding to
SLy(Op)?

4. In terms of the generators ¢, sg, s19 of the ring of symmetric Hilbert modular forms
of even weight for Q(v/5) the functions ¥y and W, look rather complicated. Are there
other generators which yield a nicer description (possibly of all \Ifm)?

5. Describe how the correspondence of Theorem 5.2 behaves under the action of the
corresponding Hecke algebras. It should be Hecke equivariant, where the Hecke action on
the image is multiplicative (see also [Bo2] Problem 16.5).
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TABLE 3. CM extensions of Q(v/5)
q| K =F(WA) hi | CL(K)
5| A=-5t5 1 | Ok =0 +VAOp
41| A = —1355 1 | Ox = O + J(VA +3£5)05
61| A=—(9+2V5) |1 |Okx=0r+3I(VA+1)Op
109 | A=-255 |1 | O = Op + J(VA+ 35)0p
201 | A= -85 13 O = Op + (\/_Jr3 )0k
)0

A =205 + L(VA
B =40p + J(VA+ 9+3f)
Ok = Op + J(VA + £5)0p,
A =205 + L(VA + 1250
B =40r + 3 (\/_+ 9+\[)0F
Ok =0Op + 5 (\/_+ 1+\[)OF>
A = 20r + L(VA + 5O,
B =40p + J(VA + 25O

281 | A= —311V56  |3

\/

409 | A= —A135 13

6. Generalize the results of the present paper to Hilbert modular surfaces of arbitrary

discriminant.
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