CM-VALUES OF HILBERT MODULAR FUNCTIONS

JAN HENDRIK BRUINIER AND TONGHAI YANG

1. INTRODUCTION

Let X be an algebraic variety over QQ, and let ¥ be a rational function on X and
C = > npP be a rational 0-cycle on X, then ¥(C) = [[V(P)" is a rational number.
A natural question is to figure out its prime factorization. Of course, the question asked
in such a generality is perhaps of no good since anything can happen. However, for some
special functions and cycles, the answer could be very interesting, as first theoretically
established by Gross and Zagier in 1985 [GZ1] for the classical j-function. More precisely,
let d; and ds be two fundamental discriminants of imaginary quadratic fields such that
(di,d3) = 1, and D = dydy. Let X = (SLy(Z)\H)? be the self-product of the simplest
modular curve X; = SLy(Z)\H. Let 7 = (71, 72) be a CM point in X such that 7; is a CM
point on X of discriminant d;, and denote by CM(d;, dy) the rational O-cycle in X given
by the sum of all such points. Gross and Zagier consider the value of the rational function
J(z1) — j(z2) on X at CM(dy,ds). They found a striking explicit formula for the prime

factorization of
4

J@d) = [ () —i(m) ™o,

[71],[72]

diSC(Ti):di
which states that
(1.1) J(dy,dp)* =+ J[ n™.
z,n,n'€Z,nn'>0
x2+4nn'=D

Here w; is the number of roots of unity in Q(\/Ei), and € is related to the genus character
as follows: e(n) = [[e(l;)* if n has the prime factorization n = [[ [}, and

d .
- {
(7)) ifl{dy,
for primes [ with (%) # —1. The main purpose of this paper is to establish a similar
formula for certain rational functions on a Hilbert modular surface and CM 0-cycles on
the surface associated to a non-biquadratic quartic CM field containing the underlying real
quadratic field of the Hilbert modular surface. One of the interesting features is that the
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factorization is determined by the arithmetic of the reflex field. Now we describe the result
in more detail.

Let p = 1 (mod 4) be a prime number and F' = Q(/p). We write O for the ring of
integers of F, and z — 2’ for the conjugation in F. Let I' = SLy(Or) be the Hilbert
modular group associated to F'. The corresponding Hilbert modular surface X = I'\H? is
a normal quasi-projective algebraic variety defined over Q.

Let K = F (\/Z) be a non-biquadratic totally imaginary quadratic extension of F. We
view both K and F(v/A') as subfields of C with v/A,v/A’ € H. Then M = F(v/A,VA)

is Galois over Q and has an automorphism o of order 4 such that

(1.2) o(VA) = VA, o(VA)=—-VA.

Notice that K has four CM types: ® = {1,0}, 0® = {0,0?}, 0>®, and o3®. We write
(K, ®) for the reflex of (K, ®), and let F = Q(v/AA') be the real quadratic subfield of K.
We refer to [Sh] for details about CM types and reflex fields. For technical reasons (see
Remark 9.2), we assume in this paper that

(1.3) dg/r NZ =qZ, Nrdix/r=q,
for a prime number ¢ = 1 (mod 4). Here dg/p is the relative discriminant of /K /F. This
condition implies (Lemma 7.1) that F' = Q(,/q), and

(1.4) dig)p =9, Nijgh =0,

for a prime ideal p of F. For a nonzero element ¢ € dli(l/ 7 and a prime ideal [ of F, we

define

0 if [ is split in K,
(1.5) B,(1) = { P

| (ordit + 1)p(tdg 517") log || if [ is non-split in K,
and

(1.6) B, =Y Bi().

Here [l] is the norm of [, and p(a) = pg,z(a) is defined as
(1.7) p(u) = #{91 C O : Nk/pgl = a}.

We remark that p(a) = 0 for a non-integral ideal a, and that for every ¢ # 0, there are at
most finitely many prime ideals [ such that B,(I) # 0. In fact, when ¢ > 0 > ¢/, then B, =0
unless there is exactly one prime ideal [ such that x((t) = —1, in which case B, = B([) (see
Remark 7.3). Here y = [, xi is the quadratic Hecke character of F' associated to K /F'.
Let CM(K,®,OF) be the CM 0-cycle in X of CM abelian surfaces of CM type (K, @),
i.e., the points on X with an Ok action via ® (see Section 3). By the theory of complex
multiplication [Sh], the field of moduli for CM(K, ®, Op) is the reflex field K of (K, ®). In
fact, one can show that the field of moduli for CM(K) = CM(K, ®, Op)+CM(K,c*®, OF)
is Q (see Remark 3.5). Therefore, if W is a rational function on X, i.e., a Hilbert mod-
ular function for I' over @, then W(CM(K)) is a rational number, and it would be very
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interesting but highly nontrivial to find a factorization formula for this number. The main
purpose of this paper is to find such a formula in some special cases.

Recall that for any positive integer m there is a distinguished divisor 7}, on X, the so-
called Hirzebruch-Zagier divisor of discriminant m (see Section 2). Here we consider Hilbert
modular functions whose divisor is supported on Hirzebruch-Zagier divisors. The (multi-
plicative) group of these functions can be characterized as the image of the Borcherds lift
[Bol], [Brl], [BB], which can be viewed as a multiplicative analogue of the Doi-Naganuma
lift [DN], [Na], [Za]. Observe that in the case of Gross and Zagier, one may regard
(SLy(Z)\H)? as a degenerate Hilbert modular surface associated to Q®Q , and j(z1)—j(z2)
as the Borcherds lift of j(7) — 744.

A holomorphic Hilbert modular form for the group I' is called normalized integral, if all
its Fourier coefficients at the cusp oo are rational integers with greatest common divisor 1.
A meromorphic Hilbert modular form is called normalized integral, if it is the quotient of
two normalized integral holomorphic Hilbert modular forms.

Theorem 1.1. Let the notation and assumption be as in (1.3)—~(1.7). Let ¥ be a normalized
integral Hilbert modular function (of weight 0) for the group I such that

div(W) =Y &(=m)T,

with integral coefficients ¢(—m) € Z. Then

log [#(CM(K))| = £ 3 e(-m)by.

m>0

where Wi is the number of roots of unity in K, and

= ed

[n|<m.\/q

We remark that Wi = 2 except when K = K = Q((5), in which case W = 10. Notice
that log |¥(CM(K))| gives a bilinear pairing between the multiplicative group of Hilbert
modular functions and the additive group of CM 0-cycles on X. Theorem 1.1 provides
an explicit formula when the Hilbert modular function is normalized integral with divisor
supported on Hirzebruch-Zagier divisors. This theorem can also be rephrased as a formula
for the factorization of the rational number ¥(CM(K)).

Corollary 1.2. Let the notation and assumption be as in Theorem 1.1. Then

(1.9) VEMEK)) =+ ] =

l rational prime
with
Wi < -
= Z c(—=m)by, (1),

m>0
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and

bn(logl=>Y"" > Byl

1) __n+m./q -1
e T

In|<m./q
Moreover, when K/Q is cyclic, the sign in (1.9) is positive.

Corollary 1.3. Let the notation and assumption be as in Corollary 1.2. Then e, = 0
unless 4pllm*q — n? for some m € M := {m € Z-q : ¢(—m) # 0} and some integer
In| < m\/q. In particular, every prime factor of W(CM(K)) is less than or equal to J\i—;q,

where N = max(M).

In short, the factorization of ¥(CM(K)) is determined by the arithmetic of the reflex
field K. We illustrate these results with some examples for p = 5 and 13. For details
we refer to Section 10. When F = Q(v/5), there are precisely three normalized integral
holomorphic Hilbert modular forms of weight 10 for the group SLo(Op) whose divisor
is supported on Hirzebruch-Zagier divisors. They have the divisors 2T}, Ty, and Ty,
respectively, and are denoted by W2 Ws and Wy, accordingly. They are constructed
explicitly as Borcherds lifts and as Doi-Naganuma lifts in Section 10. Table 1 gives the
factorization of W(CM(K')) up to sign according Corollary 1.2, where ¢ is the rational
prime number such that Npqdg/r = q.

TABLE 1. The case ' = Q(\/g)

q H(CM(K)) TR (CM(K))
5 (cyclic) 220. 310 220 . 510
41 21 .310.61.73 214 . 59.37 .41
61 220.35.13.97-109 22059 .61
109 22038 .61 -157-193 22051273
149 220.310.312. 37 - 229 22051217 . 113
269 220 . 310.1372.372.61 - 97-349-433 | 229 . 54 . 13-1.53.73.233

When F = Q(+/13), there are three normalized integral holomorphic Hilbert modular
forms of weight 6 for SLy(Op) whose divisor is supported on Hirzebruch-Zagier divisors.
They have the divisors 677, Ti4, and Ths, respectively, and are denoted by WS¢, Wy, and
Wy4, accordingly. They are also constructed as Borcherds lifts and as Doi-Naganuma lifts in
Section 10. Table 2 gives the factorization of W(CM(K)) up to sign according Corollary 1.2.

These values were verified numerically using the representations of the involved Borcherds
products as Doi-Naganuma lifts.

In the present paper we will in fact prove the following slightly more general result on
meromorphic Hilbert modular forms of arbitrary weights, from which Theorem 1.1 is a
special corollary. It is quite amusing to see how the weight affects the formula. It can
be viewed as a period integral of the Borcherds product over a CM 0-cycle. The period
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TABLE 2. The case F' = Q(+/13)

q T (CM(K)) W (CM(K))
13 (cyclic) 212 72 212131
17 213.72.53 21T 13°
29 212.52.72.109 212.13%.29
113 220.76.112.149 - 277 -337 -401 - 421 | 2?2-7%2-11%2-13".97-109 - 113
157 212.32.72.192.37-193 212137172 . 157
269 236 .572.76.232.373.612-67%-1009 | 236 .572.1312.232.73 - 233%. 269

integral of the Borcherds product over the 2-cycle (i.e., the volume form) was studied by
Kudla [Ku2] and Bruinier, Burgos, and Kiihn [BBK, BK] independently.

Theorem 1.4. Let the notation and assumption be as in Theorem 1.1, but let ¥ be a
normalized integral meromorphic Hilbert modular form of weight c¢(0) for the group I' such

that
div(W) =) &(=m)T,
m>0
with integral coefficients é(—m) € Z. Then
We W o
log [ F(CM(E))[per = = ) e(=m)bn — —Fc(0)a(K/F)
m>0
with

a(K/F) = A0, x) (F'(l) + % — log47r) :

Here by, and Wy are given in Theorem 1.1, ||V||pet denotes the Petersson metric of W

normalized as in (2.27), x is the quadratic Hecke character of F associated to K /F, and
A(s, x) is the completed L-function of x.

Although the proof of Theorem 1.4 is complicated and occupies the whole paper, the
basic idea is clear. It roughly follows the analytic proof of (1.1) in [GZ1] although each step
is more involved and needs new ideas. It consists of three main ingredients and essentially
goes as follows.

By the converse theorem for the Borcherds lift the function W is the Borcherds lift
(see Theorem 2.4) of a weakly holomorphic modular form f of weight 0 for I'y(p) with
Nebentypus character €,. The logarithm of its Petersson metric can be viewed as a Green
function for the divisor ) . é(—m)T;,. It turns out that 7;, has a ‘natural’ automorphic
Green function itself (see (2.24) and (2.25)). The first ingredient is to work out the exact
relation between W and the automorphic Green function (Theorem 2.8).

Next, using a CM point, one can relate the quadratic lattice defining the automorphic
Green function of T,, with some ideal of the reflex field K of (K, ®) (Proposition 4.8).
The condition (1.3) on K guarantees that every ideal of K is ‘hit’ via some CM point.
So the evaluation of the automorphic Green function at the CM 0-cycle is now related to
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the arithmetic of K although the Green function itself is still involved. This part occupies
Sections 3 to 5 with the main result as Theorem 5.1.

The third ingredient is to construct a holomorphic modular form of weight 2 for I'g(p)
with Nebentypus character €,, whose Fourier coefficients are the sum of two parts such that
one part is exactly the evaluation of the automorphic Green function at the CM 0-cycle,
and the other involves arithmetic of K only and is basically a linear combination of the
quantities b,, and a(K/F') in Theorem 1.4. To construct such a modular form, we have to
find a nice ‘incoherent’ Eisenstein series [Kul] on F associated to K /F, and compute its
central derivative, restriction to @Q, and finally holomorphic projection as in [GZ1]. This
part occupies Sections 6 to 8 with the main result recorded as Theorem 8.1.

Now by Serre duality (see Proposition 2.5), the existence of the weakly holomorphic
form f of weight 0 (whose Borcherds lift is equal to W) implies a certain relation among
the Fourier coefficients of the weight 2 form which allows us to deduce the formula of
Theorem 1.4. This is carried out in Section 9, where we also make some remarks about
the relaxation of the condition (1.3), and a possible application to the Siegel modular
three-fold.

We mention that J. Schofer [Sc] is obtaining a similar formula in his thesis for the
evaluation of Borcherds products on a CM 0-cycle associated with a biquadratic CM field,
using a different method.

Gross and Zagier also gave an algebraic arithmetic proof of their result, using the moduli
interpretation of (SLy(Z)\H)? and of the CM points on it. In this direction, Goren and
Lauter have recently obtained very interesting results on the CM-values of Igusa genus two
invariants (some Siegel modular functions of genus two) using arithmetic ideas [GL]. Let
X be the moduli stack over Z of abelian surfaces with real multiplication by O and fixed
polarization (95',95""), so that X ® Q = X. Let 7,, and CM(K) be the Zariski closures
of T,,, and CM(K) in X. Then Theorem 1.4 suggests the following conjectural intersection
formula:

(1.10) T - CM(K) = %bm.

The left hand side makes sense as the generic fibers do not intersect at all. A CM point
over C associated to a non-biquadratic quartic CM field cannot lie on a Hirzebruch-Zagier
divisor T},,. The conjectured formula (1.10) is true in the degenerated case F' = Q @ Q by
the work of Gross and Zagier [GZ2]. For p = 5,13,17, our work implies that (1.10) is true
for every integer m > 1 if it is true for one single m. We hope to come back to this formula
in the near future.

We would like to thank S. Kudla and D. Zagier for many stimulating discussions and
valuable suggestions. We thank N. Boston for help on MAGMA and H. Hippauf for her
help on computations with PARI/GP. The second author’s interest in this project was first
inspired by numerous discussions with K. Lauter on her conjectures on Igusa invariants
[La], and he thanks her for the inspiration. The second author also thanks the Max-Planck
Institut fiir Mathematik at Bonn for providing the excellent working environment where
part of this project was done during his visit in summer 2003. Finally, we thank the referee
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for his/her careful reading our manuscript and for the very insightful questions and detailed
comments.

2. BORCHERDS PRODUCTS AND AUTOMORPHIC GREEN FUNCTIONS

In this section, we review some facts about Borcherds products on Hilbert modular
surfaces. By [Brl] they are related to certain automorphic Green functions associated with
Hirzebruch-Zagier divisors. We state this relationship in a precise form which is convenient
for the purposes of the present paper (Theorem 2.8). The constant term of the automorphic
Green function associated to a Hirzebruch-Zagier divisor 7}, is dictated by the m-th Fourier
coefficient of a certain Eisenstein series of weight 2, whose definition and Fourier expansion
we review as well. This mainly serves to fix normalizations and notation.

We use 7 = u + v as a standard variable on the upper complex half plane H and put
q = €™ as usual. If w € C we briefly write e(w) = e*™. Let p =1 (mod 4) be a prime.
Moreover, let k be an integer, and denote by Wy(p,€,) the space of weakly holomorphic
modular forms of weight k£ for the group

Fo(p) ={(25) €SLa(Z) : ¢=0 (mod p)}
with Nebentypus character €, = (5) Recall that a weakly holomorphic modular form is a
meromorphic modular form which is holomorphic outside the cusps. We let W,t(p, €,) be
the subspace of those f € Wi(p,€,), whose Fourier coefficients ¢(n) satisfy the so-called

plus space condition, i.e., c(n) = 0 whenever ¢,(n) = —1. If f € W,/ (p,¢,) with Fourier
expansion f(7) => o . c(n)g" , then the polynomial

P(f) =Y eln)"
n<0
is called the principal part of f. Moreover, we write M,' (p,€,) (respectively S} (p,€,)) for
the subspace of holomorphic modular forms (respectively cusp forms) in W,"(p,¢,). If k
is odd, then Wy (p,¢,) = {0}. Throughout we therefore assume that k is even. The space
M;" (p, €,) decomposes as a direct sum

M/:r(p7 Ep) = Sl:r(pv 61’) ® (CE;F(T7 0)7
where FE,"(7,0) is the value at s = 0 of a non-holomorphic Eisenstein series. Since we will
need this Eisenstein series at several places in this section, we briefly discuss its construction

and its Fourier expansion.
There are two non-holomorphic Eisenstein series

1 v®
2.1 B = d
( ) k (7'7 3) C;Z €p< )(CT+d)k |c7'+d|25’
=0 (p)
1 v
2.2 E° —
(2.2) k(7:5) chGZ &(c) (e + d)F |eT + d|?s

of weight k for I'g(p) with character €,. The former series corresponds to the cusp oo of
Lo(p), the latter to the cusp 0. It is easily seen that these series converge normally on H
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if Re(s) > 1 —k/2, and it is well known that they have a meromorphic continuation to all
s € C, which is holomorphic at s = 0. By means of Lemma 3 of [BB] one can check that
the linear combination

(2.3) Ef(rs) = !

2L(k + 2s,¢,) (

satisfies the plus space condition (extended to non-holomorphic modular forms in the anal-
ogous way). Here L(s,¢€,) denotes the usual Dirichlet series associated with the Dirichlet
character €.

Let W, ,(2) be the usual W-Whittaker function as in [AbSt] Chapter 13, given by (when
Re(3 +p—v) >0, Rez > 0, see [AbSt] (13.2.5))

PER(rs) + 0V B ()

67%Z“+% o 1 1
(2.4) W,u(z) = —/ e TRV (1 4 t) T2 AL
8 F(% +u—v)Jo

To lighten the notation we put for s € C and v € R\ {0}:
(2.5) Wi(©) = [0 Wogn(upy2, 1) 2= ([0])-
Notice that

e v/? it v >0
2.6 W = ’ ’
(2:6) o(v) {e‘“/QF(l —k, |v]), ifv <0,

where I'(a,z) = [ e™"t*"'dt denotes the incomplete Gamma function as in [AbSt] p. 81.
We have suppressed the dependency of k£ from the notation Ws(v), since it will be fixed
(equal to 2) later.

We define a function h(7,s) on H x C by

(2.7) rs) =3¢ ! !

(T +d)F |+ dJ*s

It converges for Re(s) > (1 — k)/2 and is clearly periodic in 7.

Lemma 2.1. The function h(t,s) has the Fourier expansion
(25 +k—1)
h — 22—k—2s k 1—-k—2s
(1,5) i TG+ Hs) v

(27Ti>k7rs +k—1
ASaldh AN s 4
+ O nzd)ln\ W (4mnv)e(nu)

(27Ti)kﬂ'8 41
S s 4 .
+ (st h)or ;0 In| W (4dmnv)e(nu)

Here the Whittaker function Ws(v) is defined by (2.5).

Proof. We write the Fourier expansion of h(7,s) in the form

h(t,s) = Z cn(v, s)e(nu),

nel
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with
1
cn(v,8) = / h(r, s)e(—nu) du.
u=0

By Poisson summation

< e(—nu)
Cn(U,S) = / mdu,
U

=—o00

and this integral is computed in (3.11), (3.12) of [BK]. We find that

2k s thik|p|sth=ly=sW, (4mno)T(s) 1, n <0
— 2—k—2s,_ -k L(k+2s—1) 1-k—2s —
Cn(’l),S) =<2 Y T(k+s)I(s) y n—O,
ks thik | |51y =W, (4rnu)T(k + s)™', n > 0.
This implies the assertion. O

Theorem 2.2. The Eisenstein series E; (1, s) defined in (2.3) has the Fourier expansion

Ef(1,s) = c(0,s,v) + Z C(n, s)Ws(dmnv)e(nu),

where

) P(2s+k—1)L(2s +k —1,¢,)
2.8 0 — (pu)® 4 22 k=25 ik 1/2—k=s 1-k=s P
(2.8) c(0,s,v) = (pv)* + T p T(s+k)T(s) L(2s+Fk,e,)

p\*cos(ms)I'(2s + kK)o (1 —k —2s)

2. =2|—

(29) ¢ s) (47r> I'(s)L(1 — k — 2s,¢p) o n <0,
p \* cos(ms)['(2s + k)on (1 — k —2s)

2.1 =2(—

(2.10) ¢ s) (47) I(s+k)L(1—Fk—2s,¢,) ifn>0,

and 0,(s) denotes the generalized divisor sum

(2.11) on(s) = nh1- SWst ep(d) + €,(n/d)) .

dln
Proof. 1t is easily seen that
EX(r,s) = 20°L(2s + k, ) + 207 Y e, (d)> hler +d'/p,s),

d’ mod p ceN

EkTs—Qvgep (cT,s)

ceN

The assertion can be deduced from (2.3) by means of the Fourier expansion of h(7,s) and
the functional equation of L(s,¢€,) as in (3.30) of [BK]. O

Observe that 0,(s) = 0,(—s), and o, (k —1) =3, d"(ey(d) + €p(n/d)).
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Corollary 2.3. For k > 2, the special value E;"(1,0) is an element of M, (p,€,) with
Fourier expansion
Z on(k —1)q".

n=1

2

(2.12) E;(T,O) = 1+L<1——W

~ _ 2
In particular, C(n,0) = L(l_—wan(k —1).

We now define Hirzebruch-Zagier divisors on the Hilbert modular surface X. We use
z = (21, 22) as a standard variable on H? and denote its imaginary part by (yi,ys). It is
well known that the Hilbert modular group can also be viewed as a discrete subgroup of
the orthogonal group of the rational quadratic space

(2.13) V={AcMyF): '"A=A}={A=(82): abecQ AeF},

equipped with the quadratic form Q(A) = det(A). Here 'A is the transpose of A. The
Hilbert modular group I' = SLy(OF) acts on V' via

(2.14) v.A=~Aly.
We consider the even integral lattice
(2.15) L={A=(387}): abeZ XeOp}
in V. It has level p and its dual is given by
(2.16) L={A=(37}): abeZ A€z},

where 0p = /pOF denotes the different of F. The discriminant group L/ L° is simply
Z,/pZ. For a positive integer m we denote

(2.17) Lno={AeL: Q(A) =m/p}.
The subset
(2.18) T, = U {(z1,20) €H?:  az1zp+ A2y + Nz + b =0}

(83)<tm/on

defines an I'-invariant analytic divisor on H?, which by Chow’s lemma descends to an
algebraic divisor on X. This is the Hirzebruch-Zagier divisor of discriminant m, which we
also denote by T},. The multiplicities of all irreducible components of T}, are equal to 1.
Moreover, T, = 0 if €,(m) = —1.

We are now ready to state Borcherds’ Theorem (see [Bol| Theorem 13.3). In the
present form it was obtained in [BB|, Theorem 9. We refer the reader to [BB] for de-
tails, in particular on Weyl chambers and on the computation of the Weyl vector. If
[ =2 encn)g" € C((q)) is a formal Laurent series, we put

é(n) = c¢(n), ifn#Z0 (modp),
2¢(n), ifn=0 (mod p).
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Theorem 2.4. Let f = > .  c(n)g" € Wit (p,€,) be a weakly holomorphic modular
form and assume that é¢(n) € Z for all n < 0. Then there exists a meromorphic Hilbert
modular form V(z, f) for I' = SLy(OF) (with some multiplier system of finite order) such
that:

(i) The weight of V(z, f) is equal to the constant term c(0) of f.
(ii) The divisor Ty of V(z, f) is determined by the principal part of f at the cusp oco.

It equals
Ty =Y én)T-,.
n<0
(iii) Let W C H? be a Weyl chamber associated to f and put N = max{n : c¢(—n) # 0}.
The function V(z, f) has the Borcherds product expansion

Uiz f)=dd ] (1 - QTQE/) -
V€8;1
(v,W)>0
which converges normally for all z = (z1, z2) with y1y2 > N/p outside the set of
poles. Here p € F' is the Weyl vector corresponding to W and f, and qj = 2Tz
forveF.
(iv) A sufficiently large power of W is a normalized integral Hilbert modular form for T.

Hilbert modular forms that arise as lifts via Theorem 2.4 are called Borcherds prod-
ucts. They provide a vast supply of Hilbert modular forms for which our main results
Theorems 1.1 and 1.4 apply.

The existence of weakly holomorphic forms in Wy (p, €,) with prescribed principal part
is dictated by the Fourier coefficients of holomorphic modular forms in M (p, €,).

Proposition 2.5. Let P =) _ c(n)¢" € Clg™'] be a polynomial with c(n) = 0 if €,(n) =
—1. The following statements are equivalent:
(i) There is a weakly holomorphic form f € Wy, (p,€,) with principal part P.
(ii) For every g =3, ,b(m)g™ € S (p,€p) we have 3, _,é(n)b(—n) = 0.
(iii) For every g =73, .,b(m)q™ € Si(p,€,) we have Y, _,E(n)b(—n) = 0.

This is proved for certain vector valued modular forms in [Bo2| and in the present form
in [BB|, Theorem 6. In the same way one also finds:

Proposition 2.6. Let f =5 _ c(n)q" € Wit (p, €,) be a weakly holomorphic modular
form. Then the constant term can be computed in terms of the principal part by
1 .
e(0) = — > &n)C(—n,0).

n<0
Here C(m,0) is the m-~th coefficient of the Eisenstein series E; (1,0), see Corollary 2.3.

We now recall from [Brl] and [BBK] how Borcherds products are related to automorphic
Green functions in a form which is convenient for our purposes. This relationship is the
first step in the proof of our main results.



12 JAN H. BRUINIER AND TONGHAI YANG

For s € C with Re(s) > 1 and (z1,22) € H?*\T,, we define the automorphic Green
function for T,, by

(2.19) D, (21, 22, 5) = Z Qs—1 (1 +
(% 3)etm

where Qs_;(f) denotes the Legendre function of the second kind (cf. [AbSt] §8) which is

the unique solution to the second order Legendre (ordinary differential) equation

laz12zo + Azg + N2y + b|2>
2y1y2m/p ’

(2.20) (1-)Q"(t) — 2tQ'(t) + s(s — 1)Q(t) = 0
satisfying Qs_1(t) = O(t~*) when t goes to 0o, and
(2.21) Qur(t) = _% log(t — 1) + O(1)

when ¢ goes to 1. In fact, Qs_1(t) can be given by
Qs 1(t) = / (t+ V2 —1coshv) *dv,
0

and

2
Qs—1 (1 t i) = 22(82)8) (1—t)°F(s,s,25;1—1) (0<t<1).

It is easily seen that ®@,,(z1, 2, s) converges normally for (21, 29) € H*\T}, and Re(s) > 1
and therefore defines a I'-invariant function, which has a logarithmic singularity along 7,,.
According to [Brl] it has a meromorphic continuation to a neighborhood of s = 1, and a
simple pole at s = 1. The residue is equal to —2C(m, 0), where C(m, 0) is the coefficient of
E3(7,0). This follows from [BK] (in particular Example 2) or from [BBK] Theorem 2.11
combined with the observation that the function ¢,,(s) of [BBK] satisfies

o1_sl(s = 1/2)

(2.22) emls) = ) SR ()

C(m,s—1),

(2.23) om(l) = —%C’(m, 0).

So C(m,s — 1) occurs in the constant term of the Fourier expansion of ®,,(21, 22, s) and
dictates the residue at s = 1.

We define the regularized Green function ®,, (21, z2) for the divisor T, as the constant
term in the Laurent expansion of ®,, (21, 22, s) at s = 1, that is

C(m,0)
2(s—1) /)"

For questions regarding the arithmetic of Borcherds products, it is convenient to renormal-
ize the Green function ®,, (21, 22) as in [BBK], Definition 2.13:

(2.24) D, (21, 22) = lin} (@m(zl, 29,58) +

Definition 2.7. If m is a positive integer we put

1

—(Pr(21,22) — L),

(225) Gm(zl,zg) = 5
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where
C(m,0) C’(m,0)
2.2 m = ’ 1+1I7(1) —log(4m) — ——12 ).
(220 £ = S50 (1 ) - togtam) - G
Recall that the Petersson metric of a Hilbert modular form F of weight k is defined as
(2.27) 1F (21, 20)|[pet = |F (21, 22)] (1672y10) "

Theorem 2.8. Let F' be a meromorphic Hilbert modular form of weight k for the group T’

such that
div(F) =Y &(=m)T,,

m>0
with integral coefficients ¢(—m) € Z.

(i) Then there exists a weakly holomorphic form f € Wy (p,€,) with principal part
Y om0 c(m)q™ and a non-zero constant C' such that F(z) = C¥(z, f), that is, F is
a constant multiple of the Borcherds lift of f.

(ii) The Petersson metric of F' is given by

log || F'(21, 22)[|per = log |C] — Z &(—=m)G(21, 22).

m>0

Here C is the same constant as in (i).
(iii) If F is in addition normalized integral, then C = £1 in (i) and (ii).

Proof. The first assertion is the converse Theorem (see [Brl] Theorem 9), see also [Br3],
Section 5, for background information.

To prove (iii), we notice that, by Theorem 2.4 (iv), there is a positive integer N such that
U(z, f)V is a normalized integral Hilbert modular form for I'. So F(2)"/¥(z, f)N = C¥
is a normalized integral modular form which is constant. This implies C" = £1. Now we
notice that the Fourier coefficient of W(z, f) with index given by the Weyl vector p is equal
to 1. On the other hand the corresponding coefficient of F is rational by assumption. This
implies that C' is rational, and hence C' = £1.

Finally, the assertion (ii) follows from [BBK] Theorem 4.3 (iv). (Notice that we use the
same normalization of Gy, as in [BBK].) O

3. HILBERT MODULAR VARIETIES AND CM 0-CYCLES

In this section, we review some basic facts about CM 0-cycles on a Hilbert modular
variety, which are known to experts but not in the literature. For that reason, we make it
more general than it perhaps should be and hope it will be useful for non-experts in this
field. We first recall some facts on modular varieties and refer to [Ge] and [Go] for details.

Let F be a totally real number field of degree ¢ with ring of integers Op. Let {01, ...,0,}
be the real embeddings of F. For a subset S of F, we denote S™ for the subset of S of
elements which are totally positive.

For a fractional ideal fo of F', let

(31) T =T(fo) =SL(Or®fo) ={g=(2%) € SLa(F) : a,d € Op,b € fo,c € fy'}.
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It acts on HY via

V(21,5 2g) = (01(7)21, .., 04(7)2g)-
The quotient space X = X(fo) = I'\H? is the so-called open Hilbert modular variety
(associated to fg). Clearly, for a € F'* one has

X(fo) — X(afo), z=(z)+— az = (0i(a)z).

More generally, for any ideal ag of F', there is
b a aofo
A= (" ") esLy(F)n o o).
(C d) 2( ) ((aOfO) 1 (aO) 1
Moreover,

(3.2) ¢: X(fo) — X(agfo), z+ Az = (01(A)z1,...,04(A)z,)

is an isomorphism of varieties.

It is known ([Go], Theorem 2.17) that X (fo) parameterizes the isomorphism classes of
the triples (A,1,m), where (A,1) is an abelian variety with real multiplication ¢ : Op —
End(A), and

m. (mAa mi{) - ((aFfO)_17 (aFfO)_L—F)

is an Op-isomorphism between 94 and (Orfy) ™' which preserves the ‘direction’, i.e., maps
M onto (Ipfe)~"+. Here

My={N: A— AY: Xis a symmetric Op-linear homomorphism}
is the polarization module of A and
MY ={\ € M4 : \is a polarization}
is its positive cone. In terms of lattices, X (fo) parameterizes isomorphism classes of tuples
(A, (/\?,)F A)** i,m), where A is a projective Op-module of rank 2,
i:A®p, R C?

is a complex structure on A ®p, R, and

(/\%FA>* = Hom (/\?QFA,Z> ,

and (/\?,)F A)*T is a sub-semigroup of (A %, A)* (direction), and

e ((/\ %FA)*’( épA)*’Jr) — ((aFfO)_lv (3Ff0)_1v+) .

Let K be a totally imaginary quadratic extension of F and let ® = (0y,...,0,) be a CM
type of K. Then a point z = (A4,7,m) € X (fo) is said to be a CM point of type (K, ®) if
one of the following equivalent conditions holds:

(1) As a point z € HY, there is 7 € K such that ®(7) = (04(7),...,04(7)) = 2z and such
that A, = Op7T + fo is a fractional ideal of K.

(2) (A,7) is a CM abelian variety of type (K,®) by Ok, ¢ : O — EndA, such that
1="1|op,.
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To relate CM points with ideals of K, it is convenient to fix a & € K™ such that
& = —& and that ®(&)) = (01(&), - .., 04(&)) € HI. We will say an element 2 € K is in
HY if ®(z) € HY and will identify z with ®(z) to lighten up the notation sometimes. We
also denote Kt = K NHY via the above identification (it depends on ®).

Lemma 3.1. Let a be a fractional ideal of K. Then the ideal class of fo = §O0k/paa N F
1s the Steinitz class of a as a projective Op-module. More precisely, we have an Op-linear
1somorphism

f-1 = Homo, (/\ .0, OF> , av> B,
where
Ee: K x K — F, E¢(z,y) = trg pézy.

Moreover, a is totally positive if and only if trp/g Eqe, s a non-degenerate Riemann form.

Proof. Since K = F + F&y, a — Eg, is an F-isomorphism between F' and F-symplectic
forms on K. We have Eu, (z,y) € Op for all z,y € a if and only if a € f;'. O

From this lemma, it is easy to see that the CM abelian variety (A, = C9/®(a),?) has
the following polarization module

(9, L) = ((Orfa) ", (Orfa) 7).

To give an Op-isomorphism between this pair with ((Orfo)™!, (Opfo) 1), is the same as
to give an r € F'* such that f, = rfo. Therefore, to give a CM point (A,2,m) € X (fo) is
the same as to give a pair (a,7) where a is a fractional ideal K and f, = rfo with r € F'*.
Two such pairs are equivalent if they give the same CM point, that is, there is a € K*
such that

o = Qay, 7T9=TiaQ.

We write [a,r]| for the equivalence class of (a,r) and identify it with its associated CM
point (Ag,2,m) € X(fo). In terms of its coordinates in HY, we have the following

Lemma 3.2. Given a CM point [a,r] € X(fo), there is a decomposition
(3.3) a = Opa+foff

o3

with z = 3

€ K*NHY. Moreover z represents the point [a,r] in X (fo).

Proof. Lemma 3.1 implies that the Steinitz class of a in CL(F) is fo. So we can decompose
a as in (3.3) with a, 8 € K*. This implies that

(556 - Q/B)fOOK = 8K/Faa, and fo(@ﬁ — aB)fO = fa = rfO-

So & (aB — af) = re for some unit € € O%. Replacing 3 by Be! if necessary, we may

assume € = 1. This implies
r
(Z2—2)=—-=€F*
B

and thus z € K = {z € K*: ®(z) € H}. Now notice that
a= BAZ7 Aa = Az,
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where A, = Opz+fyand A, = C9/A, is the abelian variety associated to z. So z represents
[a, 7] in X (fo). d

Lemma 3.3. Let ay be an ideal of F'. Then, under the isomorphism ¢ : X (fo) — X (a2fo)
given by (3.2), one has ¢([a,r]) = [aag, r].

Proof. We may assume a = Opz + fo with 2z = [a,7] € X (o). Let

A= (‘C‘ Z) € SLy(F) N (<a0?§)—1 &g&)

be the matrix defining ¢ in (3.2). Then

az+b

0(2) = Az = cz+d’

and
(cz + d)Ay(z) = Ora + agfo3 C aag
with ,
a az + z
(5) = (20) =)

Then

() =2(5)= ()

apz C agda — agh8 C Opa + agfoﬁ = (CZ + d)A¢(z),

Now z = da — b implies

and 1 = —ca + aff implies
apfo C apfoca + aofoaﬁ C Opa + agfgﬁ = (CZ + d)A¢(z).
So
aag = (CZ + d)A¢(Z)
and ¢(2) = [aag, 7] € X (afo). O
We will denote CM (K, @, fo) for the set of CM points [a,r] in X (f), and view it as a

0-cycle in X (fo). We also denote

CM(E,®)= Y CM(K,2.F).

fo€CL(F)

Notice that the forgetful map

CM(Ka (I)) - C‘C(K)> [Cl, T] = [Cl]

is surjective. All the fibers are indexed by ¢ € Op" /N x/FOj, since every element in the

fiber of a is of the form [a,re] with r fixed and ¢ € O3 a totally positive unit. It is
the same as [a, 7] if and only if € € Ng/pOj. In particular, all the fibers have the same

cardinality of O} /Ny, rOj which is 1 or 2.
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Let (K, ®) be the reflex type of (K, ®). Then there is a type norm map Ng both on
elements and on ideals,

(3.4) No: K*— K", aw Ne(a) = [ o(e),
and
(3.5) No : I(K) — I(K), Ng(a) =[] o(a)OuNK,

where M is a Galois extension of Q containing both K and K, and I(K ) is the group of
all fractional ideals of K. Notice that

N@(Cl)N@(Cl) = NC(O}%.
Here Na = #QOk/a. Let H(K) be the subgroup of I(K) of ideals a such that
(3.6) Nga = pOp, Na=pj for some u € K*.

We call the quotient CC(K) = CC(K,®) = I(K)/H(K) the CM ideal class group of K.
According to [Sh], page 112, Main Theorem 1, the class field of K associated to the CM
ideal class group CC(K,®) is the composite of K with the field of the moduli of any

polarized CM abelian variety of type (K, ®) by Ok. This CM ideal class group acts on
CM(K, D, f) via

(3.7) [a,7]% = [aNzb,7Nb].

Therefore, CM(K, ®, ), as a 0-cycle, is defined over K. Let ® be the complement of ®,
consisting of o o p for all 0 € ®, where p is the complex conjugation in K.

Lemma 3.4. One has
CM(K, D, fo) = CM(K, D, fo).
More generally, if ¢ is an automorphism of K over Q such that ¢(fo) = fo, then
CM(K, ®o¢™" o) = CM(K, D, o).
In particular, if K/Q is Galois, then CM(K, ®, Or) is rational over Q.
Proof. 1f [a,r] € CM(K, ®, ), then Lemma 3.2 implies that f, = rf, and
a= Opa+ fof
) € HY. In this case, z is the associated CM point in X (fy). Notice that
¢(a) = Ord(a) + foo(B)

and Pog ' (d(a)/d(8)) = P(a/B) = z. On the other hand, it is easy to see that ¢(dx/r) =
8K/F7 and

with z = ®(

w@|R

¢(fa) = ¢(80)Ox/rd(a)p(a) N F = ¢(r)d(fo) = o(r)fo-
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So ¢(fa) can be viewed as fg@) With respect to ¢(§y). Therefore, [a,r] (with respect to ®)
and [¢(a), ¢(r)] (with respect to ® o ¢~1) give rise to the same point z in X (fy). Since
a+— ¢(a) is an automorphism of CL(K), one has thus

CM(K, @067, fo) = CM(K, 2, fo).
O

Remark 3.5. Now we are in a position to explain the claims in the introduction about the
rationality of the CM 0-cycles and prove that Corollary 1.2 follows from Theorem 1.1. Let
(K, ®) be as in the introduction. By (3.7), CM(K, ®, OF) is defined over K. So

CM(K,®,0r) +CM(K,0®,OF) + CM(K,0*®,OF) + CM(K,0*®, OF)
is defined over Q. Since o2 is the complex conjugation, Lemma 3.4 implies that
CM(K,®,0r) =CM(K,o*®,0r), CM(K,o®, Op) =CM(K,c*®, OF).

So CM(K) is rational over Q, and W(CM(K)) is a rational number. Now Corollary 1.2
follows from Theorem 1.1. When K/Q is cyclic, the four CM 0-cycles above are all the
same by Lemma 3.4. So CM(K,®,OF) is defined over Q, and

U(CM(K)) = U(CM(K,D,0F))* > 0.
4. CM NUMBER FIELDS OF DEGREE 4

The automorphic Green function ®,,(z1, 22, s) associated to T}, is by definition an infinite
sum over L,,, the vectors of norm m/p in the lattice L of rank 4. In this section, we show
(Proposition 4.8) that when (z1, z2) is a CM point associated to (K, ®), the lattice L can
be replaced by an ideal of K via some isometry p defined in (4.11).

Let F = Q(v/D) be a real quadratic field, and let K = F(y/A) be a totally imaginary
quadratic extension of F, and let ® be a CM type of K. Let F = Q(VAA'), where
a+bV/D — (a+byVD) = a—bVD is the non-trivial automorphism of F over Q. We first
record an easy lemma (see [Sh], page 64).

Lemma 4.1. Let the notation be as above.
(1) K/F is biquadratic if and only if F = Q.
(2) K/F is cyclic if and only if F = F.
(3) K/F is non-Galois if and only if F # F is a real quadratic field.
(4) (K, ®) is a primitive CM type if and only if K is not biquadratic.

From now on, we assume that K is non-biquadratic, i.e., F is a real quadratic field.
We view both v/A and v/A’ as complex numbers with positive imaginary parts. Then
M = Q(vVA,VA) is a Galois closure of K over Q. There are two cases:

(a) Cyclic Case: In this case, M = K, and Gal(M/Q) =< ¢ > with
(4.1) o(VA) = VA, o(VN) = —VA.

(b) Non-Galois case: In this case, Gal(M/Q) =< 0,7 > is Dy, with o as above and

(4.2) T(VA) = VA, 71(VA) = VA,
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It is clear that 0 = ‘—’ is the complex conjugation. Let ® = {1,0} be a CM type of
K, which is primitive since K is non-biquadratic. Let (K, ®) be its reflex. Then F is the
maximal totally real subfield of K. Recall

Kt =K"(®)={2€ K: ®(2) = (2,0(2)) € H*}.
Define D = Nrgdg/r. Then
(4.3) AA' = Da® D = dzb*
for some rational numbers a,b € %Z.

Lemma 4.2. Let fy be an integral ideal of F', and let a = Opa + fo be a fractional ideal
of K. Then

VDNa = +4Tm(a3) Im(o(a)o(3)) Nio
= F(af — ap)(o(a)a(B) — o(a)a(8)) Nfo.

Here N means the absolute norm from a number field to Q. When z = % € KT, the sign
+ becomes +1.

Proof. First we recall a general fact. Let K/F be a finite extension of number fields of

degree d, and let a be a fractional ideal of K generated by zy,...,2x4 over Op. Then
(44) dK/F{xl,...,xd} = NK/Fa2dK/F,
where

dic/p{x1, ... xq} = det(tr ziz;) = det((o(z;)))?
with o; the different embeddings of K into F' fixing F. In our case, let {e1, es} be a Z-basis
of Op and {f1, fo} be a Z-basis of fo, then {ejq, esav, f13, fo3} is a Z-basic for a. Then a
simple calculation gives

dijg - (Na)? = dgjoleia, exa, f13, f20}
= (af — aB)(c(a)o(B) — o(a)a(B))drnier, e2}dral f1, fo}
= (af — ap)(o(a)o(B) — o(a)o(B))dy - (Nfo)*.

Notice that dx = d%[), one proves the lemma by taking the square root of the above
identity. U

Let
(4.5) V={AeM(F): "A=A}={A=(£}): a,beQN€E F}

with quadratic form Q(A) = det A = ab — A\ as in Section 2. For an ideal f, of F, let
fo = Nfo € Q. The Hilbert modular group I = I'(fy) acts on V via

(4.6) v.A=+Al.
Let
(4.7) L(fo) ={A=(3}) €V :a€Zbe fol,\ € fo}
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be an fo-integral lattice of V' (so Q(L") C fyZ) which is preserved by the action of T". Its
dual is %L(fo), where

(4.8) L(fo) ={A=(%12): a€ZbE fo,\ € o0z }.

Notice that Q(L(fo)) C %OZ, and that L is the same lattice as in (2.16) when f, = Op. For
a positive integer m > 1, let

(4.9) Lypn=Ln(fo)={A€L: detA= m%}, L2 ={A € L’: det A=mfy}.
It can be proved that
(4.10) LY, = Lp.

For any («, 3) € K2, we define a map

- !

(@11 oV K. o) = (0(@).o8)4 (§)
Explicitly,
(4.12) pa,(A) = aco(a) + aoc(AB) + o(a)A\B+bBo(B) if A= (;\L, 2) .
We define

v-(, B) = (a, B)y.
Then for v € I'(fp) and a € K*, one has

(4.13) Pry(e8)(A) = P(a,)(V-A)s Plaaap)(A) = alp(ap)(A).
For a CM point [a,7] € CM(K, D, fo), we write
(4.14) a=0Ora+ff, z= % c K+
as in (3.3). )
We define two Q-quadratic forms on K via
1 1 —
(4.15) Q (p) =trpg —=pp = —=(pp — o(p)o(p)),
F/Q \/5 \/5
QF(p) = trp,0 0 = pp+a(p)a(p).
Then
1 ~
(4.16) pp = 5(Q" () +V'DQ(p)).

Proposition 4.3. Let [a,r] € CM(K, ®,fy), and write a = Opa + fof8 as in (4.14). Then
the map p(a.py is a Q-linear isometry between quadratic spaces (V,det) and (K, —]]V—V%Q_).
That 1s,

Na

Q™ (pa,p(A)) = N, det(A).
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Proof. We may assume 3 = 1 and write z = a and
(4.17) p:(A) = p.1(A) = azo(z) + 2N + o(2)\N +b.

When K is cyclic over Q, K=K, p- is clearly a Q-linear map. When K is non-Galois, K
is the subfield of M fixed by 7, and p,(A) is fixed by 7 and thus belongs to K. So p, is
again a Q-linear map. If p,(A) =0, so is o(p,(A)), and thus

0 = p.(A) — o (p.(A) = (ao() + X) (= - 2),

which is impossible since z ¢ F. So p, is injective and thus an isomorphism since dim V' =
dim K = 4. To check the isometry, set p = p,(A). It is easy to check that

p—alp) = (ao(2) + X)(z - 2),

(4.18) p—o(p) = (az + N)(o(2) — o(2)),

po(z) —o(p)o(z) = (Nz+b)(0(2) — a(2)).

So

i

To determine the image of the latices L° and L, we need some more preparation. Without
loss of generality, we may write

—a+bv/D

4.1 =
(119) A= TS

a,b,c e

such that %ﬁ € Op is primitive in the sense that it does not have any rational prime

factor, and that ¢ is square-free. For each prime p, we write a® for the p-part of an ideal
a, and a°d for the prime to 2-part of a.

Lemma 4.4. Let the notation be as above. Then
&denz=d [ »z
ple,p2Dd
and
Npjodide =d3* [ p’2Z.
ple.pf2Dd
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Proof. By looking at each finite prime of F' locally (p-adic completion), one sees d‘}?/dF|AO P

One also has d%dd|AA'. Write A = c¢A; with A = _“+2b‘/5 primitive. Let p|AA’ = 2A1A]

be an odd prime number. We will prove the formulas prime-by-prime.

If p is inert in F, then plc and pt A1 A}, So F is unramified at p, and K/F is ramified
at p (ord, A =1), ie., d%F = pOp. The p-parts of the formulas hold.
If p = p? is ramified in F, then

ord, A = 2ord, ¢ + ord, A; = 2ord, ¢ + ord, A; A}

So K/F is ramified at p if and only if F is ramified at p, and thus

), =pf it dY =p.

The p-parts of the formulas hold again in this case.
If p = pp’ is split in F', then there are two sub-cases. When p|dj, ord, AA" is odd. But

ord, AA" = ord, A + ord, A" = ord,, 6 + ordy A,
exactly one of ord, A or ord, A" is odd. So

¥ =pory, d¥=p,

and the p-parts of the formulas hold again in this case. When p 1 dp, F is unramified at p.
In this case,

OI'dp AlAll = OI‘dp Al + Ordp/ Al,
is even, and one of ord, Ay or ordy A; is zero since Ay is primitive. So both are even, and

ord, A = ordy A =ord,c mod 2.

So
d(p) _ p(’)F if p|C,
K/F Or ifpte
The p-parts of the formulas hold in this case too. O

Recall that (K, ®) is the reflex type of (K, ®), and K = F(\/Z) with
A= (VA +VA) = ¢(—a—2¢/NA).
It is easy to check that —a — 24,/A;A] is prime-to-2 primitive. So the above lemma gives,
Corollary 4.5. Let the notation be as above. Then
dgfanz =0 [ »2,
ple,pl2Dd

and
Nijodislz =D [ 'z
ple,pf2Dd
Here D° s as before the odd part of D.
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Corollary 4.6. Let the notation be as above, and assume that A is primitive. Then
(0rOuM)°M = (0550 (D7) Onr )™,
and
(070)°" = (Ok/ro (D /r) Onr) ™.
Proof. Let Apr = 050 (0x ) On- Recall that Gal(M/F) =< 70,0% > and that ¢ is the
complex conjugation. Clearly,
02(9/[]\/[) = QLM,
and (since 70 = o~ '7 and 7 fixes K)
To(™Ay) = TO'T_1<81~</F>TO'2(8K/F)
=0 (0k,7) (O p)
== O'2<Q[M) == Q«[M

So 2,y is invariant under Gal(M/F), and there is thus an ideal ar such that 2y, = apOyy.
On the other hand,

Air = AnAns = Ni(dgg)5) O
So Proposition 4.4 implies
(a%)odd — d%ddOF

and thus a3 = 9294, This proves the first formula of this corollary. The second formula
is the same. U

For the rest of this section, we assume that
(4.20) A is primitive and dk is odd.

According to a theorem of Hilbert ([Co], Theorem 17.20, see also [Ya2], Appendix A), dx
is odd if D and A are odd, and A is a square modulo 4. Under our assumption, do
becomes dr and so on in the above lemma and corollaries.

Proposition 4.7. Let the notation be as in Proposition 4.3, and assume that the condition
(4.20) holds. Then

pa’g(LO) = N@Cl.

Proof. We may assume that o« = z and 3 = 1. Notice first that for any A = (& ) € L°(fo),
a€Z,be fo C foo(fo) C ao(a), and X € fo C a. So

p:(A) = azo(z) + 2N 4+ o0(2)N + b € Ng(a).

Conversely, if p = p.(A) € Ng(a), we first assume that fo = Op. Then Op C a, and thus
p,0(p) € aao(a)Oy. By (4.18), one has then

p—o(p)=(ac(z) + N)(z — 2) € aao(a)Oyy.
On the other hand, a = Oz + OF implies that
(421) (Z — E)OK = GK/FaEt
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Hence

ac(z) + N € 0(0)31_(}F0M7
and L L

ac(z)+ N € (a)@;}FOM.
Thus

a(0(2) — 0(2)) € o (@7 (@O
Now (4.21) and Corollary 4.6 implies
a € 0i)po (0 ) O NQ=0;"'NQ =Z.
This implies
X € ()3 :On N F = O,
It is easy now to verify that b € Z, i.e., A € L°. This proves the proposition in the case
fo = Op. Shifting by a generator of fy, we see that this is also true if fy is principal. For

a general ideal fy, we localize as every prime ideal of Op, and the above argument shows
that A € L(fo), for every prime ideal p of F', and so A € L(fo). d

For the lattice L, it is clear from the definition
Pas(A) = aac(a) + ac(A\3) + a(a)A\8 + bBa(B) € 9r'ac(a)Oy N K.

However, the converse is not true. In fact, one of the key technical results in this paper is
the following proposition, which connects the quadratic lattice L related to the Hirzebruch-
Zagier curves with some ideal of the reflex field K via the CM point involved.

Proposition 4.8. Let the notation be as in Proposition 4.3, and assume that the condition
(4.20) holds. Then

pa,,ﬁ’(L) = 8§}FN@a

In particular, for any integer m > 1, one has

_ _ n— m\/B _
(4.22) Pres)(Lm) ={p € 0 Na(a) - pp = ——=——Na € Nadg; "'}

Proof. The cyclic case: We first assume that K is cyclic over Q so M = K = K and
F = F. We may also assume that o« = z, § = 1, fo = Op, and that (Na,dg) = 1. If
A= (g2) €L withabeZand X € d;' = 750k, one has by definition

p.(A) = azo(z) + b+ Nz + Mo(2) € 9, Naa.
Clearly azo(z) +b € Npa. Write A = % with A\ € Op, then
o(Nz) — Nz
vD

Since VDOg = 8%/F, it suffices to prove that for any z € Ok,

Nz+Ao(z) =

o(z) —z € Ogyp-
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For any prime P of K dividing Ok/p, P is totally ramified in K/Q and so Og/P = Z/p
where p is the prime below P. So

o(z) —2=0 mod P
and thus
o(2) — z € Okyp-

This proves one inclusion. Conversely, if p € 8;(} FNoa, write p = p.(A) for some A € V
by Proposition 4.3. By our assumption at the beginning of the proof, we know a O Op.
Hence

p € Oxypao(a)a,

7(p) € Oy} pac(a)a,

since 0(0k/r) = Ok /r. SO
p—o(p)=(az+N)(z—2) € 3;{}Faa(a)ﬁ.

Now (4.21) implies

az+ N € 8;{?}70'(&)
and the same argument as in the proof of the previous proposition gives

a€dipNQ="2

This implies

1
VD
Now it easy to see by definition b € Z, i.e., A € L. This proves the cyclic case.

Easy non-Galois case: Now we assume that K/Q is non-Galois and a further condition
that (dp,dz) = 1. By Corollary 4.6, one has

N € O2po(a) N F = —=0p.

1 _ _
EOM = 81%}130(8,%/15) 1OM.

Claim: J((?IT(}F)(’)M NK =0z

Indeed, by Lemma 4.4, we only need to check primes p|dr. By the same lemma, p splits
into two primes p; and p%, such that pg is ramified in K while p’F is unramified in K.
On the other hand, the following diagram and Lemma 4.4 imply that the prime ideal of F

above p is unramified in M (since (dp,dz) = 1).
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M

Q
So the diagram and Corollary 4.6 imply that the prime ideal(s) of K above p’ﬁ is ramified

in M while p’; is ramified in ¢(K) and becomes unramified in M. Therefore for a prime
P of M above p’; (i.e., above 0(0g 7)), one has

ordpo(Jg/p)Om =1, e(P/Pg) =2
where Py = PN K, and e(P/Py) is the ramification index. So
0'(8[(/15)_1@1\/[ N K = O[(.

Next, the claim and Corollary 4.6 imply

1 - _ _ ~
\/—EGU(G)OMHK: (8R/F) 1C10'(Cl)(7(af{/ﬁ) 1(9MﬂK

= (813/15)_1(10'(@@]\4 N K = (@K/ﬁ)_qu)a.

So p(L) C (Og/r)' Noa. The other direction is the same as the cyclic case with following
modification:

pE a;(}ﬁaO'(a)aOM; a(p) € o—(a;(}p)ao—(a)aoM,
So
p=p(z) = (a2 + X)(z = 2) € O 0 () ;)ao(a)a0n = O ao(a)aOu,
and thus

az + X € O p0r' o(a)Onr.
The same argument as in the cyclic case shows
a€ 0.l 0OyNQ="17

since (dp,dp) = 1. This proves the easy non-Galois case. The cyclic and easy non-Galois
case are all we need for the proof of Theorem 1.4.

The general non-Galois case: The proposition is local in nature, we can prove it one
prime at a time. For p { dpdg, there is nothing to prove. When p divides exactly one of the
dr and dz. The same argument as in the easy non-Galois case applies. When p|dr and p|dz,
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the argument is similar to that of the cyclic case. Indeed, to prove p,(L) C 8;; #No(a), it

suffices to prove, by Corollary 4.6, that for any z € Ok,

O’(Z) —Zz € O'(a[(/ﬁ)OM~
Since p|dp and p|dz, Lemma 4.4 implies that p is totally ramified in K and K and the
prime ideal Py (resp. Pj) of K (resp. K) above p becomes unramified in M. Write

z=a+bd, a,be O,
where § € K,, is a uniformizer with § = —4. Then

o(z)—z=a—d +b5-V9".
Clearly a — a’ € VDO, C 0(9%,7)On,- On the other hand,
bd — V6" = bd — o (bd) € 7 (I 7).

So

0’(2) — 2z € U(al?/ﬁ)OMp'
For the other direction, we notice that both Py and o(Pj) are unramified in M, and

P[(OM = U(P[()OM = PKOM = J(OK)OM
This implies
O'(a[(p/ﬁpOMp) = a~p/Fp0Mp = Pf(OMp'
So the same argument as the cyclic case gives
P, U(p) € (8K/F)’1aa(a)aOMp.
The same argument as in the cyclic case then shows
az + N € 9 p(0gyp) " 0(a)On, = O p0(a) O,

and

a € 0;5p0m, NQ, = Z,,

So the p-part of a is integral. The same argument as in the cyclic case implies then that
the p-part of A is in 9z'. Since this holds for every p, we finally proved the proposition. [

5. CM VALUES OF AUTOMORPHIC GREEN FUNCTIONS

Now we come back to our situation in the introduction and provide the second ingredient
for the proof of Theorem 1.4. The theorem itself should be of independent interest.

Theorem 5.1. Let F' = Q(,/p) be a real quadratic field with p =1 (mod 4) being prime.
Let K = F(\/Z) be a totally imaginary quadratic extension of F such that

(5.1) dgyp V2L =qZ, and Npdi/p=q
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for some prime number ¢ = 1 (mod 4), as in the introduction. Let ® = {1,0} be the
CM type of K defined in (1.2), and let CM(K,®,Op) be the CM 0-cycle in X defined in
Section 3. Let ®,,(z,5) be the automorphic Green function for T,, as in (2.19). Then'

n
¢, (CM(K,P,0p),s) =Wy Z Qs—1 (m—\/a) Picsi(Hdi ) p)-
u:nimﬁéd_l’-‘r

2p K/F

Here (K, ®) is the reflex type of (K,®), and F = Q(/q). Finally, Wi is the number of
roots of unity in K, and PiyF is defined as in (1.7).
Proof. For A= (g 12) €V, set w=()7"), and
laz129 + N21 + Azg + b)?
21192 det A
Then for a CM point [a,7] € CM(K, P, OF), we write as in (4.14)

(5.2) da(z1,22) =1+

a=0ra+ Oppf, Z=%€K+.

Proposition 4.3 and Lemma 4.2, imply (p = p(a,5)(4))

209 Qt) 1
4Im(z) Im(o(z))det A~ /g Nadet A’

da(z,0(2) =1+

Set

(5.3) iz, A) = PeduPenn _ Q7 (p) + VDQ(p)
| ’ Na 2Na '

The identity (4.13) implies

(5.4) vz, A) = p(z, 'v.A).

So u(z, A) depends only on the CM point z = [a,7] € CM(K,P,OF), up to a SLy(OF)
action. Now A € L,, implies det A = %. Proposition 4.8 implies pu(z, A) € d;/;f C %Op,
so we can write

u(z, A) = NV s

2]? K/F~
Then da(z,0(2)) = #&’ and
D, (z,8) = Z Qs—1(da(z,0(2)))
A€Ln,
n
(55) - Z Qs—l(m ) Z
:nfm\/ﬁedil B \/a A€Lm
P=""3p R)F w(z,A)=p

IThroughout, for the Green functions G,, and ®,, the evaluation on a 0-cycle is additive.
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So Proposition 4.8 implies

. ®,,(CM(K,®,0p), 5) = a(——)C
5:6) CMUD.000 = ; Qs )C)
K/F
with
(5.7) C(u) = #{[a,r] € CM(K,®,0F),p € 0" _Nga: pp = uNa}.

K/F

Fix a & € K* with § = —&, then £00k/r = foOx for some ideal fy of F. Since p =1
mod 4 is prime, the narrow class number of F' is odd, and thus fo = \gg3 for some ideal gg
of F and Ay > 0. Recall that CM (K, ®, Op) is the equivalence classes of [a,r] where a is
an ideal of K and r € F'* with

(5.8) fa = foaK/Faa NEF = )‘OQSNK/FC‘ =rOp.
To continue the proof, we need two lemmas.

Lemma 5.2. Let the notation and assumption be as in Theorem 5.1. Let CLy(K) = {[a] €
CL(K) : Ngspa = pOp for some > 0}. Then [a,r] — [ago] gives an bijection between
CM(K,® OF) and CLy(K). Moreover, for [agy*,r] € CM(K,®, Or) with [a] € CLy(K)
and | € dK/F, one has

#{p € 07 :Nao(agy') : pp = 1Nijo(agy ')}

= Wi#{b € [0g7|[Na(a)] " integral: Ni, b = pdg)p}.

Proof. Since every totally positive unit of I’ is a square, the comment after Lemma 3.3
implies that [agy ', 7] — [a] gives a bijection between CM (K, ®, Or) and CLy(K).
Secondly, Nogo = Nr/o80 = go € Q*, p — pgo gives a bijection between
Si={p €0z, Nolagy") : pp = pNi/o(agy')}
and

= {p € 03 5 Nola) : pp= pNiso(a)}.
Thirdly, p — b = paK/FNq>Cl_1 is a map from Ss to
Sy ={bc [Ok/ﬁ][]\ﬂp(u)}_l integral : Nf{/ﬁ[; = pdg -
Conversely, if b € S5, then

b0 = No(a) = pOx,  ppOr = uNaOr

for some p € K*. So p € GK}FNq,( a), and pp = uNae for some € € O} totally positive.
Again, one has € = ¢? for some unit ¢; € O} and pe; ' maps to b under our map. Finally,
if p; and p, map to the same ideal b, then

p1=€p2, p1p1=p1p1 = pNa
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for some unit € € OF%. So €€ = 1, and therefore € is a root of unity in K. So the map from
Sy to S is surjective and Wy to one, and thus

#S1 = #55 = Wi#Ss.

Lemma 5.3. Under the assumption of Theorem 5.1, the type norm map
Ng : CL(K) — Cﬁ(f(), [a] — [ac(a)Oy N f(]
induces an isomorphism between CLoy(K) and CLy(K).

Proof. Since Ng(a)Ng(a) = NaOg, one sees [Npa] € CLo(K) always. Next, for an ideal
class [a] € CLy(K), we may choose a representative a so that a and o(a) are relatively
prime in the Galois closure M of K. Then one has

Nj; o Ng(a) = Ne(a)o ' (Ne(a))Oy N K
= a’o(aa).
Since [a] € CLy(K), aa = MOk for some A € F™. So
[Ng o Ne(a)] = [af?
is the square map. By [CH], Corollary 13.9, CL(K) and thus CLy(K) is odd. So the square

map and thus Ny and Ng are isomorphisms. [l

Now we return to the proof of Theorem 5.1. By the above two lemmas, one has for
14
/J/ E d s,

K/F®
C(p) = Wr#{la] € CLy(K), be [8R/F][Nq>a]_1 integral : Nf(/ﬁ[; = ,udf(/ﬁ}
= Wi#{[a] € CLo(K), b € [0 7][a] integral : Ny b = pdg )}
= f{#{bCOk: Nk/ﬁbzudk/ﬁ}
= Wgpi r(hdg 7).
The last identity is due to the fact that if an integral ideal b of K satisfies Nz / b= pdy /P
then & = bdZ!. € CLy(K). Combining this formula for C(u) with (5.6), one proves the

K/F
theorem. O

Let ® = {1,07'} = ¢3® be another CM type of K, and let (K’,®') be the reflex of

(K,®'). Then o(K') = K and a(a}(/ﬁ) = Ogf» where O is the ideal of K’ defined the
same manner as that of dg 7. So Theorem 5.1 implies:
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Corollary 5.4. Let the notation be as above. Then

BCMED.00) = We Y Qs (52 ) el )

_nemya g1+
p="p €5

Wi >, Qi <mL\/a> Pi F(Hdg f)-

_ntmya 14
p=—p— €dp )z

6. INCOHERENT EISENSTEIN SERIES

In [Yal], one of the authors constructed holomorphic modular forms by restricting a
‘coherent’ Kisenstein series over a totally real number field to Q. The purpose of next
three sections is to construct a holomorphic cuspidal modular form of weight 2 from an
‘incoherent’ Eisenstein series over a real quadratic field by means of central derivative, di-
agonal restriction, and holomorphic projection. This provides the third and last ingredient
we need for the proof of Theorem 1.4. We start with a more general setting with new
notations. The quadratic field F' here will be F' in Theorem 1.4 in the end.

Let ' = Q(v/D) be a real quadratic field with fundamental discriminant D > 0, and let
K = F(V/A) be a totally imaginary quadratic extension with A < 0 totally negative. Let
X = Xk/r be the quadratic Hecke character of F associated to K/F'.

Let g be the canonical unramified additive character of Q4 with ¥g__(z) = e(x) = e*™.
Let 1 be the unramified additive character of F given by

(6.1) o) = v (1m0 ).

We fix one embedding F into R such that /D > 0, and denote the other embedding by
z =a+b/D — 2’ = a—bJ/D. In particular, (VD) = —/D < 0. We denote the
corresponding two infinite places by co and oo’. We also fix a CM type ® = {1,0} of K
so that VA € iR and o(v/A) = VA’ € iR-q. Under these identifications, one has

(62) vnle) = () vwlo)=e(-55).

Let I(s,x) = ®'I(s, xy) be the induced representation of SLy(F} ), consisting of Schwartz
functions ®(g, s) on SLy(Fy) such that

03 Sbm(ss) =@l o5, 0= (5 7). ma= (5 ).

Recall first that for a factorizable standard section ® = [[, @, € I(s, x), the Eisenstein
series

(6.4) E(g,s,9)= Y ®(y9,9)
+EB\ SLa(F)
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is absolutely convergent when Re(s) > 0 and has a meromorphic continuation to the whole
complex s-plane with finitely many poles and is holomorphic on the unitary line Re(s) = 0.
Here B is the usual Borel subgroup of SLy(F).

In this paper, we choose ®* =[] ®, € I(s, x) as follows. Let V = K with the quadratic
form @Q(z) = zz. Then the reductive dual pair (O(V'), SLy) gives rise to the Weil represen-
tation w = wy, of SLy(F,) on the space of Schwartz functions S(Vy) = S(K4), and there is
SLy(Fy)-equivariant map
For any finite prime v of F, let ®, € I(s, x») be the standard section such that

®,(g,0) = Ay(char(Ok,))(g)-

That is, ®, is @ associated to 1, in the notation of [Yal]. For an infinite v, we take

®, = df € I(s,x,) to be the unique eigenfunction of SO5(R) of weight 1, i.e.,
O, (gko, s) = Dy(g,8)e”, ®(1,8) =1, ko= (%%n9).

—sinf cosf

We remark that due to our choice of 1, every ®, except for v = o0’ comes from the
quadratic space V, while ®.. actually comes from —V., (the same space with the negative
quadratic form), thus ‘incoherent’ according to Kudla ([Kul]).

We normalize

(6.6) E* (1,75, ®5) = (v0') 2 E(g, gy, s, P)A(s + 1, ).
Here (7,7') = (u+iv,u’ + iv') € H?, A = DNp/qdg/r, and

(6.7) A(s,x) = A>L(s,x)Tr(s + 1) = A2 H L(s,xv), Tr(s)= W_gr(%).

The same proof as that of [Yal], Theorem 1.2, implies:

Theorem 6.1. The Eisenstein series E*(1,7', s, ®%) has the following properties.

(1) It is a (non-holomorphic) Hilbert modular form for the group I'o(dk/r) of weight
(1,1) and character x. That is,

E*(y1, 97, 8, ®%) = x(7)(er + d) (T + d)E* (1,7, 5, "),
for every v = (25%) € To(dk/r), i.e., ¢ € dxp. Here x(7) is defined as
(6.8) X = 1] (@
oldgc)
(2) It satisfies the functional equation
EX (1,7, 5,®%) = —E*(r,7', —s, ®¥).
(3) The constant term is given by
Ex(r, 7', 5, &%) = (v0/) 2 A(=s,x) — (v0) "2 A(s, X).
Here Tg(s) = 73I'(s), and
A(s,x) = A Tr(s + 1)°L(s, x), A= DNrjodi)r
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1s the complete L-function of x.
(4) Ef (1,7, 5, %) = 0 unless t € Op.

In particular, E*(r, 7",0, ®X) = 0 automatically, and it is interesting to compute the
central derivative E*/(7,7/,0, ®¥). In fact, we need a slightly more general result, which
we now describe. For v = ( ) € SLy(OF), it is easy to check that

EX(r, 7,5, ®)1y = (et +d) (7 +d) E*(y7,9/'7, 5, D)
(6.9) = E*(1,7',5,7;'®),

where 77 is the image of v in SLo(A[) under the diagonal embedding.
We decompose dg;p = 0.0., according to ¢ such that 9/, is relatively prime to cOr and
every prime factor of 9, divides cOp. Define

(6.10) Ci(7) = [ xo(@ [ xo()e(xws o) ldicy |2 2p(—2t).

v[0e v|oL
In particular, C(1) = 1 and Cy(w) = (NF/QdK/F)_%. Finally, we define
(6.11) o(t) =[] 1+ x(®),

vldg r
and for an ideal a of F' (as in (1.7))
(6.12) p(a) = #{~A C Ok : Ng/p(A) = a}.
Then p(a) = 0 for a non-integral integral a. If a is integral, one has

(6.13) p(a) =[] pu(a)

V<0
with
1 if v|dg/r,
(6.14) po(a) = w if v inert inK/F,
1 +ord,a if v split inK/F.

The rest of this section is to prove the following theorem.

Theorem 6.2. Let the notation be as above. Let v = (¢Y) € SLy(Or) and assume that
the 2-part of di/p either divides cOp or is prime to cOp. Then

tT
EY (1,7,0, 77 1®%) = Ci(7)Ai(v,v (tr—),
( V¥ teazl t t ) \/5

where T = u+ v, 7' = u' + ', and A(v,v") are given as follows.

(1) The constant term is

Ag(v,v") = log(vv")A(0, x) + 2A'(0, ).
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(2) When t,t' >0, one has

Ay(v,0) = —26(t)pltdie ) n (471‘/%”') |

(3) When t,t' <0, one has

Ao ) = 280)ptedae) (T ) Tl
v[oe

(4) Whent > 0> t', and there is a ramified finite prime vy such that x,,(t) = —1, one
has

Ay(v,0) = Ay = —dordy, (tdgp)p(tdiyr) [ (14 xo(t) 1og by, |

vo£v|dg ) F

is independent of T or T'. Here p, is the prime ideal of F' associated to vy, for an
integral ideal a, we write |a| for the order of Op/a.

(5) Whent > 0 > t' and there is an inert finite prime vy such that x.,(t) = —1, one
has

At(va U,) = At = _25<t)p(tdK/Fp;Ol)(ordvo 1+ 1) IOg ’pvo‘
is independent of T or T'.
(6) In all other cases, one has
Ai(v,0") = 0.

The proof is local in nature. We first recall that for any factorizable section ® =[] ®,,
the Eisenstein series E(g, s, ®) has the Fourier expansion

(6.15) E(g,s,®) = Eo(g,5,®) + Y Ei(g,5,9),

teF*
where, for t € F™*,

(6.16) Ei(g,5,®) = [[Win(g, 5, ®0)

with

(6.17) Win(g, s, ®,) = / O, (wn(b)g, s)i,(—tb)db.

Here db is the Haar measure on F, with respect to the character v,. The constant term is
(6.18) Eo(g, 5, @) = ®(g,5) + Wo(g, s, ) = O(g,s) + M(s)P(g, 5).

We normalize

(6.19) Wi, (9,8,®) = L(s + 1,x,)Wi (g, s, ®).

Then our normalized Eisenstein series is

E*(1,7,5,®) = E3(1,7,s,®) + Z E; (1,7, s,®)

teF*
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with (¢ # 0)

Ef (1,7, 5,®) = A% W* (7,8, D) (7', 5, Poo H L(1,s,®,)

The constant term Ef is similar. We now recall the local results in [Yal].

Lemma 6.3. ([Yal], Proposition 2.1) Assume v { dy/po0o0’.

(1) ®, is the unique eigenfunction of K = SLy(O,) with trivial eigencharacter such
that ®,(1,s) = 1.

(2) Its Whittaker function satisfies Wi, (1,s,®,) = 0 unless t € O,. When t € O,,
Wtfv(L 0, (I)v) = pv(tov)'

(3) Wi, (1,0,®,) = 0 if and only if v is inert in K/F and x,(t) = —1. In such a case,

1
Wtf;,’(l, 0,9,) = E(ordv t+1)log |pyl-

(4) M;)’((S)q)v(ga S) = L(Sa Xv)q)v(ga _S)'
Lemma 6.4. ([Yal], Proposition 2.3) Assume that v|dg/p. Then

(1) @, is an eigenfunction of Ko(dg/r) with eigencharacter x.,, where
Ko(dg/r) ={v= (%)) € SLa(O,) : ¢=0 mod dgsr}, Xo(7) = Xu(d).
Moreover,

By(1) =1, By(w) = Xo(—De(xor ¥o)ldr/rl2,  Buln™(c)) =0

forn=(c) = (L9) with 0 < ord, ¢ < ord, dg/p.
(2) Its Whittaker function with respect to 1, satisfies

Wi (1,5, @) = @y (w)(1 + xo(1)[tdi/p[;)char(O,) (1),
W7 (1,5, B4) = B, (1)1 + xo (Ot elsebar(dih . O,) (1)
(3) Fort e Op, W/ (1,0,®,) =0 if and only if x,(t) = —1. In such a case,
Wi (1,0,2,) = @, (w)(ord, td/r) log [p.|.
(4) Fort e dl}}p, Wi (w,0,®,) = 0 if and only if x,(t) = —1. In such a case,
Wii(w,0,®,) = @, (w)?*(ord, tdgr) log |p,|.
(5) One has the functional equation
M;(5)®y(g, 5) = Pu(g, —5) Py (w).

Next, we consider the infinite primes oo and oo’. Notice first that 1 (z) = 1/1@00(%),
so the self-dual Haar measure d, b with respect to ¢ is

dy. b= D idb,
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where db is the usual Haar measure on R, self-dual respect to ¢g, . Let @, be the weight
one section. Then its t-th Whittaker function with respect to ¢, is

Wi (.5, 0) = v / DL (wn(b)ge, ) (—L)dy b

1

_ -} /R B} (wn(b)g,. ). (— L)y b
_ 1 _1 . 1
=—v 2D 4Wﬁ’R(gTasaq)R)'

Here W, r(gs, s, ®%) is the Whittaker function of ®% with respect to 1g, which is computed
n [KRY1]. Notice that [KRY1] uses w™' to define local Whittaker functions. Similarly,
one has

Wt,oo’(Tlvsa(I)oo/):_D 4U 2W t R(Tlvsaq)]}&)'

U

We set
(6.20) Wi (1,7, 8) = W (7,8, P )W (7,5, Por)
o 1 * 1 * / 1
=D 2W%’R<T, s, (I)R)W_%R(T,S,(I)R).
Here W/ (7, s, Pg) is the v~z times of the function Wi o (7,8) in [KRY1]. The lemma and
Proposition 2.6 of [KRY1] imply

Lemma 6.5. Lett € F.
(1) When t,t' >0, i.e., t >0, one has W;_(7,7',0) = 0, and

. 2 tr —t'7’ 4r|t’|o’
Wt,go<7—77—,70):_\/56( \/E >ﬁl( \|/5| >

Here .
fi(x) = —Ei(—t) = / e "y tdu, x>0.
1

(2) When t < 0 is totally negative, one has Wi (7,7',0) =0, and

, 2 tr —t'7 47T|t|v)
Wi (r,7,0) = ——e¢ .
A N ( VD )51 VD

(3) Whent <0<t one has
W:(’;O(T, 7,0) = W/ (7, 7',0) = 0.
(4) Whent >0 >t', one has

4 tr —t'7
Wi (r,7,0) = — e< ) :
t,oo( ) \/E \/E

(5) Whent =0, one has

W(ioo(T, 7' 8) = —(vv’)_gD_%L(s, Xoo) L(8, Xoo)-
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(6) One has the functional equation for v = 0o, o,
M; ()0 (g, 8) = —iD ™4 L(s, Xo)®u(g, —5).

Proof of Theorem 6.2. Now we are ready to prove Theorem 6.2. We check the case t # 0
and leave the constant term to the reader. By Lemma 6.3, one has v,'®, = @, for
v { dg/rpoood’. For v|o., the condition in Theorem 6.2 implies v, € Ko(dk/r), and thus

’YU_ICI)U = Xv(d)q)v
For v[0, one has ¢ € O and
vt = —m(c Hn(—c td)wn(—c 'a)

and thus

We (15,77 B,) = / &, (wn(B)y; b (—th)db

v

= (o) /F By (wn(c2b — cd)w)iy(—th)db

d
- XU(_C)wU(_Et)W:%,U(w7 S, (I)v)

Since ¢ € O}, Lemma 6.4(2) implies then

(6.21) Wio(L, 8,7, @y) = xo(— )wv(——t) Wi(w, s, ®y).
So
By (1,7, 5,77 0%) = AWy (r7s) [ WL @)
vid g ) poooo’
(6.22) Je@Wr, 1, @) ] xo(—0)eb, ——t) s (w, s, D,).
v|0c v|ol,

So Lemmas 6.3 and 6.4 imply that E;(r, 7,0,7171@[() = 0 unless t € 07!, We assume
t € 07! from now on. These lemmas also imply

(6.23) [T wr0,2,) = ptdxr)
vid s poooo’

and

HXU Wt*v 1 O (I) HXU % __t> (’UJ 0 P )

v|0e v|0l,
) H (I)U(w>HXv HXU wv __t) ( )
v|dK/F v|0¢ v,
(6.24) o) Ce(7).

~ /Nejode /F
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If t > 0 is totally positive, W} (7,7',0) = 0 by Lemma 6.5. Moreover, Lemmas 6.3-6.5
and the above calculation imply (recall A = DNp/odg/r)
E (1,70, 7;1(I>K)
= AWiL(r 70 T wr,1,0,0,)

vtdg ) poooo’

HXv 10(1) HXU ¢v __t) (woq))

v|0e v|oL

— —26(t)p(tdsc/r)Ci(7) B ( \/EW) ‘ (tr \%>

as claimed. The case t < 0 is the same.
Next, if ¢ > 0 >t but there is a prime vy of F' inert in K /F such that y,,(t) = —1, then
Wi, (1,0,®,) = 0 and ord,, t > 0 is odd. This implies p,,(tp,') =1, and

t,v0
H W:v(LOa (I)v) = p(tdK/Fp;ol)

vivod g ) o000’

Now Lemmas 6.3-6.5 and the above calculation give again
E (7,0, fy;ICIDK)
= A%Wt’f;fo(l, 0, ®,,) - other values

_ _25(t)p(tdK/FP;)l)(0rdvo t+1)Ci(7)e (tr %)

as claimed. The same calculation also verifies the case when t > 0 > t' and there is a
vo|d g/ such that x,,(t) = —1. In all other cases, E; (7,7, 877]71<I>K) has at least a double
zero at s = 0 and thus the central derivative is zero. O

7. DIAGONAL RESTRICTION

In this section we study the restriction to the diagonal of E*/(7,7/,0,®%). We first
determine the level and the Nebentypus character precisely, and then compute the Fourier
expansion and the image under the Fricke involution.

Setting 7/ = 7, one sees from Theorem 6.2 that E*/(7,7,0,®%) is a non-holomorphic
modular form of weight 2 for the group I'g(N) with Nebentypus character y. Here NZ =
di/r N Z, and X is the composition of x and the embedding (Z/N)* — (Op/dk,r)*. The
following lemma ([Yal], Lemma 5.6) makes N and y more explicit in some cases.

Lemma 7.1. Let F = Q(v/D) be a real quadratic field, and let A € Op be an odd totally
negative primitive element (without any rational prime factor) such that A is a square
modulo 4. Let K = F(vV/A) and F = Q(v/AA). Then

(1) dx/p NZ = dpZ, and the character X just defined above is the quadratic Dirichlet

character associated to F'/Q.
(2) NF/QdK/F = dp 18 odd.
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In particular, under the condition of the lemma, every prime factor of dj is split in F,
and the diagonal restriction E*/(7, 7,0, ®¥) is a non-holomorphic modular form of weight
2, level N = dj, and Nebentypus character ().

From now on, we assume in addition that:

(7.1) dig/r = p, and dz = p = Np)gp are prime.

So the situation is more general than in Theorem 1.4, where we also assume that F/Q is
only ramified at one prime. We hope that this will be useful for possible generalizations
(see Remark 9.2).

For the proof of Theorem 1.4, it is more convenient to consider the modular form

(7.2) f(r) = %E( 0, 85) LW,

where W, = () 7') = wdiag(p,1). Since W, normalizes I'o(p), f(7) is also a non-

holomorphic modular form of weight 2, level p, and Nebentypus character (5) It is easy
to check

() = p2E¥ (pr, p7,0, %) |y
= p2 E*/(pr, pr, 0, w; 9N,

Theorem 7.2. Let F = Q(vV/D) and let K = F(V/A) be a CM quadratic extension of
F satisfying the condition in Lemma 7.1 and the equation (7.1). Then one has for T =

u+weH
F0) =" am(v)e(mr),

meZ
where a,,(v) are given as follows.

(1) The constant term is

dmnpv

VD

ao(v) = 2A(0, x) logpv + 2A’(0, x) — 8 Z p(nOFr) [ (

n=1

(2) For m # 0, one has a,,(v) = —4b,, — 4c(v), where

(7.3) b= Y B= Y B

tedil t:n+m\/ﬁed—l

).

DK/F 2p K/F
t>0>¢ nl<m
t—t'="vD Inl<mvD
with
(7.4) B, = (ord(t + 1)p(tdg rl™") log|l],
where [ is a prime ideal of F' non-split in K such that x((t) = —1. Moreover,
4rt'po 4rt'pu
(7.5) cm(v) = > p(tdi/r)Bi( /D )+ > p(t'dresr) i /D ).
t=mtmDeg bt t=mtm D () )1t
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Remark 7.3. Before the proof, we remark that B; and b,, are well-defined and the same
as in (1.6) and (1.8) except that they are with respect to K and F here. Indeed, since
t >0 > t', the identity

1=x(t)=- H xi(t) = — H xi(t)

[<oo [<oo
[ non-split
implies that x((t) = —1 for an odd number of non-split prime ideals [ of F. However,

p(tdr/rl™) = 0 if there is another I' # [ such that x¢(t) = —1 and [ is inert in K/F by
(6.13) and (6.14) (recall that K/F is only ramified at one prime). So B; is well-defined
and is zero unless there is a unique non-split prime ideal [ of F' such that y(¢) = —1. This
also shows that B, is the same as the one defined in the introduction.

Proof of Theorem 7.2. By Theorem 6.2, one has
am(v) = Z Ai(pv, pv).

—1 o
tedK/F,t—t’_%\@

First notice that since dg,r = p is a prime, one has

For m = 0, the sum is then over t € QN dl_(l/F = 7. So

ap(v) = log(pv)*A(0, x) + 2A'(0,x) + D Au(pv, pv) + > A_u(pv, po)

n=1 n=1

= 2A(0, x) log pv + 2A'(0,x) — 8> _ p(nOr)f <4%v) :

Here we have used the fact that p(adx/r) = p(a) for any integral ideal a of F'.
For m # 0, Theorem 6.2 and (7.6) imply

anw)=—4 Y p<tdK/F>ﬁl(

ted Lt

n=1

At'pu )
VD

K/F
t—t'="+/D
P
4r|t|pv
—4 Z P(tdK/F)ﬁl < \|/|5 )
te€d ) it <0
t—t'="+D

—4 Z Ai(pv, pv).
tedy) pit>0>t/

tft’:%\/ﬁ

A substitution t — —t' in the second sum implies that the first two sums give —4c,,(v)
n (7.5). On the other hand, Theorem 6.2(4)(5) imply A;(pv,pv) = by, in the third sum.
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Here we remark that

(ordyt 4+ 1)p(td/r) logp = (ordyt + 1) p(tdx/rp~") log |p|.
S0 a,(v) = —4b,, — 4c¢(v) as claimed. This proves the theorem. d

To carry out the holomorphic projection, we also need to know the behavior of f at the
cusp 0 = w(oo). Since W,w = diag(—1, —p), one has

_ 1 .
f|2w(T) = %E*yl(Tv T, 07 (I)K)|2d1ag(_1> _p)

—p 3B (f, Zo, cI>K> .
pp
So we have by Theorem 6.2:
Theorem 7.4. Under the assumption (7.1), one has

() =973 3 0 (7).

0

where a,,

(v) are given as follows.

(1) The constant term is

0(0) — v / B - n dmnov
o) = 2000, lox . + 280,20 =83 pnOp) (7).

n=1

(2) For m # 0, one has a® (v) = —4b°, — 4% (v), where

(7.7) o= > B

teOp
t>0>¢

t—t'=mvD
and

(7.8) S = 3 (otOr) + p(tOr): (jjﬁ) |

t—t'=m+vD

8. HOLOMORPHIC PROJECTION

Let the notation be as in Section 7, and retain the assumption (7.1). Following Sturm
[St], and Gross and Zagier [GZ2], one obtains a holomorphic modular form of weight 2,
level p, and Nebentypus character €, = (5) by computing the holomorphic projection of f.
This is the unique holomorphic cusp form f of the same type as f with the property that

(8.1) (f.9)=(f.9)

for every holomorphic cusp form g of the same type. This provides the third and last ingre-
dient in the proof of Theorem 1.4: An explicit holomorphic cusp form which connects the
CM value of the automorphic Green function of 7, and the arithmetic of K (Theorem 8.1).
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Theorem 8.1. Let f be the non-holomorphic form of weight 2, level p, and Nebentypus
character €, defined in (7.2), and let f = ng a,mq™ be the holomorphic cusp form of

weight 2, level p, and Nebentypus character €, defined by the holomorphic projection of f
Then

Am = _4bm - 4cm - QO(mv O)A(Oa XK/F)Q(K/F)v
where by, = by, (K/F) is given in Theorem 7.2, C(m,0) and L,, are given in Section 2,
A/(07 XK/F)

(8.2) a(K/F) = (r'u) + R0

— log 47r) ,
and ¢, = ¢y (K/F) is given by

Cr = lim{2 Z P(tdK/F)stl(L)

s—1 D
t— n:i:g;\/ﬁ edgl/;‘ m\/_
A0, xx/r)C(m, 0)
Proof. 1t is easy to see from Theorem 2.2 that
(8.3) Ef(1,5) =1+ slog(pv) + O(v ' logw),
(8.4) Ef)ow(T,s) = p_%(l + slog > + O(v~'logv))

as v — oo and Res > 0. Set

E(1,5) = 2M(s, xx/r)Ey (1,5) = C(0,5,0) + Z C(m, s)W,(4mmuv)e(mu)
m#1

with é(m, s) = 2A(s, xx/r)C(m, s). Then
E'(1,0) = 2N (0, xx/r) + 2M(0, xk/r) log pv + O(v™ ! logw),
E'lyw(r,0) = p~2 (2N(0, xx/r) + 2A(0, /) log 2) +O(v™" logv).
So Theorems 7.2 and 7.4 imply that
filr) =] = &(r,0)
has the following property:
(8.5) fi(r) = O tlogv), and fil;w(t) = O(w tlogv), as v — oc.

Notice also that f; and f have the same holomorphic projection. Now recall that the
Poincare series for m > 0,

P (M) =Y ed)e™m vy,
7€l \I'o(p)

is absolutely convergent for Res > 1 and has holomorphic continuation to s = 1, which
gives a holomorphic modular form of weight 2, level p, Nebentypus character €,. So by the
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definition of holomorphic projection and (8.5), one has for m > 0

hH%(f? Pri,ep> = hH%(fl’ PTs;Lvep>’

that is,
(8.6) G = lim (am<s) — C'(m, 0)1,(s) — C(m, 0)12(3)> ,
where
~ _ (47Tm)8 /OO —4dmmu st
am(s) = o) am(v)e v
]1(8) — (47Tm) / W0(4ﬂ_mv)e—27rmvvs%’
0
I(s) = (4rm) / W6(47va)62”m”vs%.
0

By ([EMOT] p. 216 (16)), one sees that

(8.7) Li(s)=1, and Iy(s)= 1

Next, one has by Theorem 7.2

G (s) = —4by, — 4 > p(tdsc/p)am (mt'—p\/ﬁ, s)

n+mx/7 —1,+
t= EdK/F

—4 > p(t'dic/r) (mt/—p@, s) .

n+m\/7
t= De(d), )1+

Here for ¢ > 0
dv

(dmmev)e 47"”“1)5

47Tm / d?”/ —4rmu(1+cr) v dw
- /1 r(l+ cr)

r(L+er)
The integral is studied in page 218 of [GZ1] and satisfies
2T°(2s)

(e, s) =

(e, s) = Qs—1(1 + 2¢) + err(c, s)

['(s)['(s+1)
for some error function err(c, s) satisfying
(8.8) err(e,1) =0,

(8.9) err(c, s) = O(s45)  when ¢ — oo.

43
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One checks that 1 + % = ﬁ. So

- 8I'(2s n
e e D DR e

__n+mvVD —1,+
p=ntm/D g ot

~ TG+ Z p(t/dK/F>Qs—1(mT\;5) + Err(s)

t= n+52,\/5€(dl1</p)71’+

B 8I'(2s) n
= —4b,, — TG+ 1) Z p(tdK/F)Qs—l(m\/E) + Err(s).

__n+tmVvD —1,+
t= 2p edl{/F

Combining this with (8.6) and (8.7), one has
a,, = —4b,, — C”(m, 0)
. n
— lim [8 Z ,O(tdK/F)Qs—l( )+

s—1 \/
t— nim\/ﬁedflﬁF m D
=" 2p K/F

C(m,0)I(s)'(s+ 1)
s—1 ['(2s)

A simple calculation, using the fact % =1—(s—1)4+O((s — 1)?), reveals
Ay, = —4by, — 4c — 2C(m, 0)A(0, x)a( K/ F).

This finishes the proof of the Theorem. O

Remark 8.2. It is easy to check by Theorems 7.2 and 7.4 that f|2Wp = \/ﬁbep for the

usual U, operator and the modular form f in Section 7. This implies that f|oW), = /pf|2U,
for the holomorphic form f in Theorem 8.1. Now [BB], Lemma 3 implies that f € S5 (p, €,)
is in the plus space. In particular, we have

(8.10) by + ¢ =0
whenever €,(m) = —1. It is amusing to compare this identity with Theorem 1.4, which

deals with the situation e,(m) # —1.

9. PROOF OF THEOREM 1.4 AND POSSIBLE GENERALIZATIONS

Now we are ready to prove Theorem 1.4. For the convenience of the reader, we restate
the theorem here as follows:

Theorem 9.1. Let (K, ®) be a non-biquadratic quartic CM number field with CM type ®
and maximal totally real subfield F' = Q(\/p) such that p=1 mod 4 is prime and

(9.1) dg/p NZ =qZ, Npdk/r=q, q=1 (mod 4) is prime.

Let K be the reflex field of (K, ®) with mazimal totally real subfield F = Q(/q). Let U be
a normalized integral Hilbert modular form for T' = SLy(OF) of weight ¢(0) such that

div(W) =Y &(—m)T,

m>0
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with integral coefficients ¢(—m) € Z. Then

log | (CM(K))||pet = —— Z %C(O)@(K/F)

m>0
with

a(K/F) = A0, x) (F'(l) + % — log47r) :

Here by, = by, (K /F) and Wy are given in Theorem 1.1 (or Theorem 7.2), ||¥||pe; denotes
the Petersson metric of W normalized as in (2.27), x is the quadratic Hecke character of
F associated to K/F, and A(s,x) is the completed L-function of x.

Proof. First, one has by the definition of GG,, in Section 2, Theorem 5.1, and Corollary 5.4:
2Gm(CM(K)) = @5 (CM(K)) = #CM(K) Ly,

#CM(K)C(m,0)
2(s—1)

= lim (CIDm(CM(K), s) +

S—)l

- #CM(K)L‘m)

. n
n— m\f —1,+
u= EdK/F

+2 > Qs—l(mib/a)p(:udk/ﬁ)

n+m\f€d 1,+

2p K/F
2HCM(K) C(m,0) 2#CM(K)
* We 2(s—1)  W;g C’”}
_ Wi W C(m,0) 2HCM(K)
o Fm () (R o)

Here ¢,, = ¢,,(K/F) is the number in Theorem 8.1 but related to K/F, and y = X&) P
So one has to have

| 2HCM(K)
(9.2) A0, x) = W,
and
(9.3) 4G (CM(K)) = W,

On the other hand, Proposition 2.5 and Theorem 8.1 (applying to K /F) assert

0= Z é¢(—m)ay,,

m>0

that is,

- Z c(—m)ey, = Z é(—m)by, + %a(f(/ﬁ’) Z ¢(—m)C(m,0).

m>0 m>0 m>0
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Here a,, = (K /F) and b, = b,,(K/F) are the numbers in Theorem 8.1 but related to
K /F. Therefore,

log || ¥(CM(K))[lpe = — Y _ &(=m)Gpn(CM(K))

m>0
Wi — -
= - C<_m)cm
4 m>0
Wi — - Wi R1EYVS
= S s + ot/ )Y sem )
m>0 m>0

By Proposition 2.6, one has

> é(—m)C(m,0) = —2¢(0).

m>0

This completes the proof of the Theorem 9.1 (i.e., Theorem 1.4). O
Theorem 1.1 is the special case of Theorem 9.1 where ¢(0) = 0.

Remark 9.2. A natural question is whether our main result just proved can be extended
to a general non-biquadratic CM number field. If we still require p to be prime and relax
¢ to be odd and square-free, i.e., K = F(v/A) with A an odd totally negative primitive
element which is a square modulo 4 (Lemma 7.1), then every step needed to prove the main
theorem is true and already in this paper except Lemma 5.3, which is not true anymore.
We expect that there is still a constant x depending only on K and K such that

(9.4) C(pn) = kpg p(pdg7)

for every totally positive p € d;(l/ﬁ, where C'(p) is given by (5.7). When ¢ is prime, we

proved in Section 5 that k = Wy. If (9.4) is true in general, then Theorem 1.4 holds in this
slightly more general case with the minimal change of a factor. If A is not primitive, or not
a square modulo 4, the Eisenstein series and thus the modular form we constructed might
have higher level than p. One might get down to level p by taking the trace. This would
yield a similar result if (9.4) holds. The level at 2 seems to be complicated in general.

Finally, if we also relax p to be a general fundamental discriminant, the Borcherds
lifting theory is only stated in terms of vector valued modular forms [Bol]. However, the
results of [BB] will probably generalize to this case, yielding a smooth description of the
lifting in terms of scalar valued modular forms. The automorphic Green functions are
already constructed in a rather general setting in [Brl, Br2]. In that way, Section 2 could
be generalized. The holomorphic projection in Section 8 is more complicated, too, but
could probably be done by looking at all Atkin-Lehner involutions. In that way the whole
argument of the paper would carry over except for Lemma 5.3. Here the same problems
arise as discussed above. It would be very interesting to see any of these generalizations
worked out.

Remark 9.3 (Application to Siegel modular forms). Let Hy = {Z € Maty(C); Z =
tZ Im(Z) > 0} be the Siegel upper half plane of genus two. The Siegel modular group



CM-VALUES OF HILBERT MODULAR FUNCTIONS 47

'y = Spy(Z) € GL4(Z) acts on Hy, and the quotient Xy = T's\Hs is a normal quasi-
projective algebraic variety over C. It can be viewed as the complex points of the coarse
moduli space of principally polarized abelian surfaces. Forgetting the real multiplication
induces a morphism ¢p from the Hilbert modular surface X associated to the real qua-
dratic field F = Q(v/D) (where D =1 (mod 4) is a positive fundamental discriminant) to
X5. The image Gp C X5 of X is known as the Humbert surface of discriminant D. It turns
out that ¢p induces a birational morphism X*¥™ — Gp, where X*®*¥™ is the symmetric
Hilbert modular surface associated to F. Moreover, one can define Gp (for any positive
integer D = 1 (mod 4)) by means of equations on Hy analogously to (2.18). For details
we refer to [Ge] Chapter IX, [Ru] Section 4, [Fr] Chapter 3.

As for Hilbert modular surfaces, there is a Borcherds lift from weakly holomorphic
modular forms for I'y(4) of weight —1/2 to meromorphic Siegel modular forms for I'y whose
divisor is supported on Humbert surfaces. This follows from [Bol], using the exceptional
isomorphism relating O(2,3) and Sp,. See also [GN] for an intrinsic description in terms
of Spy. It turns out that for every Gp, there is a (up to multiplication by 41 unique)
normalized integral Siegel Borcherds product W p gjeqer whose divisor is equal to Gp. (Notice
that Up gjeqer may have a character of order 2.) Some of these functions were known before.
For instance \I/% Siegel 18 UP t0 @ power of 2 the Siegel cusp form x10 of weight 10 constructed
by Igusa as a product of theta functions, and Wy gicqe is up to a power of 2 the Igusa cusp
form 35 of weight 35.

Moreover, it is known that the pullback to the Hilbert modular surface X of a Humbert
surface Gp under the morphism p is a linear combination of Hirzebruch-Zagier divisors.
More precisely, we have:

(95) SO*D(GD/) = Z T(DD’—x2)/4>
IEZZO

z<v/DD’

22=DD’ (4)
see [Fr] Theorem 3.3.5. Therefore, by Theorem 2.8, the pullback to X of the Borcherds
product Wpr gieger, is a Hilbert Borcherds product with divisor (9.5). Consequently, the
CM values corresponding to quartic CM fields satisfying the conditions of Theorem 9.1
of all Siegel Borcherds products can be computed by means of Theorem 9.1. It will be
interesting to compare such values with the results of [GL].

10. EXAMPLES

Here we give some examples of Borcherds products, and express them as Doi-Naganuma
lifts. In that way, the formula in Theorem 1.1 can be checked numerically.

Recall that p is a prime congruent to 1 modulo 4. By a result due to Hecke [He| the
dimension of S5 (p,€,) is equal to [22]. In particular there exist three such primes for
which S5 (p,€,) is trivial, namely p = 5,13,17. In these cases Wy (p,€,) is a free module
of rank ’%1 over the ring C[j(p7)]. Therefore it is not hard to compute explicit bases. For

any m € N with ¢,(m) # —1 there is a unique fo, = >~ cm(n)g" € W (p,€,) whose
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Fourier expansion starts with

p e e +0@, ifptm,
" 507"+ em(0) +0(q), ifp|m.

The f,, (m € N) form a base of the space W, (p,€,). The Borcherds lift ¥,, of f,, is a
Hilbert modular form for I' of weight ¢,,(0) = —C(m, 0)/2 with divisor 7,. Here C(m,0)
denotes the m-th coefficient of the Eisenstein series £ (7,0) as before.

To check the formula for the CM-values of Borcherds products, one wants to evaluate at
CM-points. Unfortunately, by Theorem 2.4 the infinite product expansion of any Borcherds
lift only converges near the cusp oo (respectively near other cusps if one considers the
corresponding Fourier expansions). The CM-points usually do not lie in this domain of
convergence. Therefore one has to find a different expression for the Borcherds product
one wants to evaluate. In some cases this can be done as follows.

Recall that the Doi-Naganuma lift is a C-linear map from My(p,€,) to the space My(I")
of holomorphic Hilbert modular forms of weight & for the group I' [DN], [Na], [Za]. Tt takes
cusp forms to the subspace Sy (T") of cusp forms in M(T'). It is injective on M, (p,¢€,) and
vanishes identically on M, (p, €,).

If g =3",50b(n)g" is an element of M, (p, €,), then its Doi-Naganuma lift is given by

(10.1) DN(g)(z1, 22) = ——b + 0> d (g

1/68_1 dlv
V>>0

Here Bj denotes the k-th Bernoulli number and the latter sum runs through all positive
integers d for which v/d € 9z'. If g € S (p,¢,), then DN(g) is in Si(T') by [Za] §5. For
general g it follows by [Bol] Theorem 14.3 (combined with Theorem 5 of [BB]) that DN(g) €
Mi(T"). Notice that DN(g) is a symmetric Hilbert modular form, that is, DN(g)(z1, 22) =
DN(g)(22, 21)-

Sometimes it happens that a holomorphic Borcherds product can also be written as
a Doi-Naganuma lift. Such identities between the multiplicative Borcherds lift and the
additive Doi-Naganuma lift are of independent interest and we will state some examples
below. It would be very interesting to understand conceptually when that occurs. Does it
happen infinitely often?

The Fourier expansion of the Doi-Naganuma lift DN(g) converges rapidly on the whole
domain H? and can be used for numerical computations.

10.1. The case p = 5. We denote the fundamental unit by ¢y = %(1 ++/5). Here the first
few f,, were computed in [BB]. For completeness and for the convenience of the reader we
repeat the result:

f=q¢l4+5+11g—54¢*+55¢° +44¢% —395¢° + 340 ¢*° + 296 ¢** — 1836 ¢™* + ...,
fi=q 415 — 216 ¢ + 4959 ¢* 4+ 22040 ¢° — 90984 ¢° + 409944 ¢° + 1388520 ¢'° + .. .,
fs=3q7° +15+275q + 27550 ¢* + 43893 ¢° + 255300 ¢° + 4173825¢° + .. .,

fo = q %410 + 264 ¢ — 136476 ¢* + 306360 ¢° + 616220 ¢° — 35408776 ¢° + . . .,
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fo=q "+ 35— 3555¢ + 922374 ¢* + 7512885 ¢° — 53113164 ¢° + 953960075 ¢° + .. .,
fio =3¢+ 10 + 3400 ¢ + 3471300 ¢* + 9614200 ¢° + 91620925 ¢° + 5391558200 ¢° + . . ..

The Eisenstein series E5 (7,0) € My (5, €5) has the Fourier expansion
Ef(1,0) = 1—-10¢—30¢" —30¢° —20¢° — 70¢° — 204" — 120¢"* — 60¢"* — 404" — 110¢"® —

From this and a little estimate one concludes that there exist precisely 3 holomorphic
Borcherds products in weight 10, namely

, 2¢1 (5vr’)
2 2 v v
\Ij% = Q1pIQ2p2 | | (1 — 419 ) )

VEBEl
tr(vp)>0
N\ Ce(5vr')
=[] (1—QTq2”) :
ueagl
v>0
A C1o(bvr’)
U= ] (1—6111/6112/) :
V€6;1
v>0

Here the Weyl vector for ¥, is p; = £o/v/5 by [BB]. From the fact that T; and Ty do not
meet the boundary it follows that the Weyl vectors of g and ¥y, are 0.

The dimension of M;;(5, €5) is 3, and it turns out that all the three Borcherds products
lie in the image of the Doi-Naganuma lift. This can be seen as follows. Let hq, hy be a basis
of S75(5,€5). Then DN(h;) € S1o(I"). The restriction of DN(h;) to T} can be viewed as an
elliptic cusp form of weight 20 for the group SLy(Z). This implies that there is a linear
combination ayhq 4+ ashy whose Doi-Naganuma lift H vanishes on 7. Consequently H /W,
is a holomorphic Hilbert modular form of weight 5 for the group I'. On the other hand,
it is easily seen that W, is a multiple of the modular form © constructed by Gundlach,
and hence is antisymmetric, i.e. Wi(z1, 22) = —W;(22, 21) (see [Gu], Theorem 2). Since H
is symmetric as a DN-lift, the function H/W; is antisymmetric, too. But this implies that
it also vanishes on T;. Thus H/¥? is a holomorphic Hilbert modular form of weight 0
and therefore constant. Consequently, ¥% is a multiple of the DN-lift H. All occurring
constants can be determined by computing the first terms of the Fourier expansions.

Since I' has just one cusp, the difference of W4 and a suitable multiple of the DN-lift of
Efy(7,0) will be in S19(T"). Arguing as before, we can find a linear combination of E}(7,0),
h1, ho whose Doi-Naganuma lift H' has the property that Wg— H' is in Sjo(I") and vanishes
on Ty. Consequently, Us — H' is a multiple of U2 and hence a Doi-Naganuma lift. Thus
Vg is a Doi-Naganuma lift itself. For U4 one can argue in the same way.

A base for My(5, €5) is given by the eta quotients n(7)?*~%n(57)%5 where a = 0, ..., 5.
It turns out that there is a base of M (5, €5), consisting of modular forms whose Fourier
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expansion begins with

n=q¢"—¢—q¢" —18¢"+19¢" +20¢" +133¢" + O(¢"),
ge = —132 — 264 ¢ + 306360 ¢* — 271512 ¢° — 236400 ¢° + 1613256 ¢ + O(q'?),
g0 = —132 — 3400 g + 4047800 ¢* — 3834200 ¢° — 5106800 ¢° — 55543800 ¢° + O(q'?).

Comparing the first terms of the Fourier expansions, one finds that
(10.2) DN(g1) = W3, DN(gs) = W, DN(g10) = ¥1o.

Now we compute the values of the rational functions ¥g/¥? and Wio/¥? at a selection
of CM-points, and verify the first table in the introduction numerically.

We first consider the cyclic CM extension K = Q((5) of F, where (5 = €2™/°. If & denotes
the complex embedding of K taking (5 to (? then ® = {1,0} is a CM type of K. We have
Ok = Op + Op(s and the corresponding CM cycle CM (K, @) is represented by the point
71 = (¢5,¢%) € H?. Using (10.1) and (10.2) one can compute the Fourier expansion of
Ve, U2 and ¥y and evaluate at 7; numerically. It confirms the case p = ¢ = 5 in the
table. As another example we consider the case p = 5 and ¢ = 41. Here one has the
non-Galois CM extension K = F(v/A) with A = —%. So A’ = —%5. Recall that
U(\/Z) = \/E, and 0*1(\/Z) = —/A. Tt turns out that hx = 1 and Ox = Op+Opz with
z=2(1+vVA+A). The CM cycles CM(K,®, O) and CM(K, ®', Ok) are represented
by 71 = (2,0(2)) and 73 = (g2, g3 (1—VA'+A")), respectively. The numerical calculation
confirms the case p =5, ¢ = 41. The case ¢ = 61 was confirmed the same way.

Remark 10.1. The formula of [HZ] for the intersection of two Hirzebruch-Zagier divisors
on I'\H? implies that ¥y, ¥s, Wiy have precisely one common zero on I'\H?, represented
by the point (e2™/3 e?™/3). Arguing more carefully one actually finds that the restrictions
of Us, Wy, U5, U2 to T} generate the ring of elliptic modular forms for SLy(Z) of weight
divisible by 20. (In particular, ¥y, U5, ¥y have no common zero on I'\H2.) An inductive
argument shows that the ring of symmetric Hilbert modular forms for I' of weight divisible
by 10 is generated by W%, W, Wy, ¥y5, W2, Hence every rational function on the symmetric
Hilbert modular surface X*¥™ associated to I' can be written as a rational function in these
five Borcherds products.

10.2. The case p = 13. We denote the fundamental unit by ey = £(3 + V/13). Here the
fm can be computed as follows. The space Sg(13, x0) has dimension five. It contains an
element h whose Fourier expansion begins with h = ¢° — ¢7 — 2¢% +2¢° — 4¢'° + .... It
turns out that fi(7) = h(7)n(7)"'n(137)~1. The other f,, can be obtained in a similar
way as in [BB]. We list the first few f,,:

fl:qfl+1+q+3q3_2q4_q9_4q10+4q12+3q13+6q16_8q17_4q22+.'.’
fa=q 3 +4+9¢—2¢+12¢" +12¢° —60¢"° —68¢"% +51¢" +108¢" + ...,
fi=q¢*+3-8¢+16¢>+29¢* —88¢” +24¢" —85¢"* +152¢" —352¢* + ...,
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fo=q¢ " +13—-9¢+36¢° —198¢* +2419¢° + 2304 ¢'° — 8160 ¢*> + 5967 ¢** + . . .,
fio=q 1044 —40q — 200¢> + 60 ¢* + 2560 ¢° — 2410 ¢'° + 13260 ¢'2 + 10880 ¢** + . . .,
fro=q 2 4+12448¢ — 272 ¢ — 255 ¢* — 10880 ¢° + 15912 ¢'° + 5270 ¢'2 + .. .,
fis =3¢+ T7+39¢+221¢° +494¢" + 8619¢° + 14144 ¢'° + 35360 ¢"* + .. .,
fia=q " +6+504¢% —1232¢"* — 9240 ¢° — 32571 ¢*° + 64428 ¢'% + 89432 ¢*% + . . .,
foo = 2472 + 6 4 208 ¢ + 3432 ¢* + 10296 ¢* + 790920 ¢° + 1627418 ¢"* + ... ..
The Eisenstein series Fy (7,0) € M, (13, ¢€;3) has the Fourier expansion

Ef (r,0)=1-2¢—-8¢*—6¢*—26¢" —8¢" —24¢" —14¢" —12¢™ — 224" + .. ..

One finds that there are precisely 3 holomorphic Borcherds products of weight 6 (with
trivial character), namely

, 6¢1(13vr/)
6 6 v v
\1'(15 = Q1p1Q2p2 | | (1 — 419 ) )

ueagl
tr(vp})>0
A €14(13v0")
Uy =[] (1—QTQZ> :
VE@El
v>0
N\ C26(13v0)
Uy = ] (1—(15(15) :
VG@;I
>0
Here the Weyl vector for U, is p; = 3 f/oﬁ by [BBJ]. From the fact that 714 and Tys do not

meet the boundary it follows that the Weyl vectors of W14 and Wag are 0. (The Borcherds
product W% of weight 6 has a non-trivial character.)

It turns out that the dimension of Mg (13, €;3) is 4, and all the three Borcherds products
lie in the image of the Doi-Naganuma lift. This can be seen in a similar way as in the first
example. A base for Mg(13,¢13) is given by the eta quotients n(7)'¥724n(137)%*!, where
a=0,...,7. One finds that there are elements in My (13, ¢13), whose Fourier expansion
begins as follows:

91=q4—6q9—5q10+15q12—10q13+9q14—5q16+18q17+...,

Gra = —252 — 504 ¢ + 1232 ¢* + 9240 ¢° + 10472 ¢'° + 78456 ¢** + 37576 ¢ + . . .,

Gog = —252 — 208 ¢ — 3432 ¢> + 17888 ¢* — 77064 ¢° — 81224 ¢"° + 412776 ¢** + .. ..
Comparing the first terms of the Fourier expansions, we see that

(103) DN(gl) = \1/?7 DN(QM) = Uy, DN(Q%) = Wy

By means of (10.1) and (10.3), the second table in the introduction was verified numer-
ically.
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