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Holomorphic modular forms

Definition

A function f : HÑ C is called modular form of weight k P Z if

§ f pzq “ pf |kMqpzq :“ pcz ` dq´k f pMzq for all M P SL2pZq,
§ f is holomorphic on H, and

§ f is holomorphic at 8.

Example: For k ě 4 even, the classical holomorphic Eisenstein
series is given by

Ekpzq “
ÿ

MPSL2pZq8zSL2pZq
1
ˇ

ˇ

ˇ

k
M “

ÿ

pc,dq“1

1

pcz ` dqk
.

It is a modular form of weight k .
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More holomorphic modular forms

Definition (Zagier, 1975; Bengoechea, 2013)

For k ě 2 and D P Z a discriminant, the function fk,Dpzq is given
by

fk,Dpzq “
ÿ

QPQD

1

Qpz , 1qk
.

Here QD “ set of integral binary quadratic forms of disc. D.

Then fk,Dpzq is a (meromorphic) modular form of weight 2k ,
which is

§ a cusp form (i.e. vanishes at 8) if D ą 0,

§ a multiple of the Eisenstein series E2kpzq if D “ 0,

§ a “meromorphic cusp form” (i.e. vanishes at 8, but has poles
at all CM-points of discriminant D in H) if D ă 0.
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The classical non-holomorphic Eisenstein series

The classical non-holomorphic Eisenstein series is given by

E8pz , sq “
ÿ

MPSL2pZq8zSL2pZq
y s

ˇ

ˇ

ˇ

k
M “

ÿ

pc,dq“1

y s

|cz ` d |2s

for z P H and s P C with Repsq ą 1.

It is a non-holomorphic modular form in the following sense:

§ modular of weight 0 in z P H
§ smooth in z P H, satisfying

∆hypE8pz , sq “ sp1´ sqE8pz , sq,

where ∆hyp “ ´y
2p B

2

Bx2
` B2

By2 q

§ behaves ’nicely’ at 8



Hyperbolic non-holomorphic Eisenstein series

Definition (Kudla and Milson, 1979)

Given a geodesic c in H the associated hyperbolic Eisenstein
series is given by

Ehyp
c pz , sq “

ÿ

MPSL2pZqczSL2pZq
coshpdhyppMz , cqq´s

for z P H and s P C with Repsq ą 1.

§ modular of weight 0 in z P H
§ smooth in z P H, satisfying

∆hypE
hyp
x ,x 1pz , sq “ sp1´ sqEhyp

x ,x 1pz , sq ` s2Ehyp
x ,x 1pz , s ` 2q

§ vanishes at 8



Elliptic non-holomorphic Eisenstein series

Definition (Jorgenson and Kramer, 2004; v. Pippich, 2005)

Given w P H the associated elliptic Eisenstein series is given by

E ell
w pz , sq “

ÿ

MPSL2pZqw zSL2pZq
sinhpdhyppMz ,wqq´s

for z P H with z ‰ w mod SL2pZq, and s P C with Repsq ą 1.

§ modular of weight 0 in z

§ smooth in z P H, satisfying

∆hypE
hyp
x ,x 1pz , sq “ sp1´ sqEhyp

x ,x 1pz , sq ´ s2Ehyp
x ,x 1pz , s ` 2q

§ vanishes at 8



Holomorphic and non-holomorphic Eisenstein series

The (holomorphic) functions fk,D generalize E2kpzq, i.e.,

E2kpzq “
ÿ

pc,dq“1

1

pcz ` dq2k
Ñ fk,Dpzq “

ÿ

QPQD

1

Qpz , 1qk
.

Analogously, we define functions gDpz , sq generalizing E8pz , sq via

E8pz , sq “
ÿ

pc,dq“1

y s

|cz ` d |2s
Ñ gDpz , sq “

ÿ

QPQD

y s

|Qpz , 1q|s
.
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w pz , sq, and the above
function gDpz , sq?
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Lemma

We have

gDpz , sq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

D´s{2
ÿ

QPQD{SL2pZq
Ehyp
cQ
pz , sq, if D ą 0,

2ζpsq E8pz , sq, if D “ 0,

|D|´s{2
ÿ

QPQD{SL2pZq
E ell
wQ
pz , sq, if D ă 0.



holomorphic world non-holomorphic world

discriminant
D

fk,Dpzq “
ÿ

QPQD

1

Qpz , 1qk
gDpz , sq “

ÿ

QPQD

y s

|Qpz , 1q|s

D ą 0 Zagier’s cusp forms

ÿ

QPQD{ SL2pZq
E hyp
cQ pz , sq

averaged hyperbolic Eisenstein series

D “ 0
E2kpzq

Eisenstein series

E8pz , sq

(averaged) parabolic Eisenstein series

D ă 0
Bengoecheas’s

meromorphic cusp forms

ÿ

QPQD{ SL2pZq
E ell
wQ
pz , sq

averaged elliptic Eisenstein series



A side note on generating series

Theorem (Kohnen and Zagier, 1981)

For k ě 2 and z P H the function

Ωkpτ, zq “
ÿ

Dą0

Dk´1{2fk,DpzqepDτq

is a modular form of weight k ` 1{2 in τ .

Question

Is there a non-holomorphic analog for the functions gDpz , sq?

§ In the variable τ , the generating series should neither be
holomorphic, nor an eigenfunction of ∆hyp.

§ Replace epDτq by something appropiate, for example by
v sMk,sp4πDvqepDuq?
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General theta lifts

Roughly, a theta lift is a map of the form

f pτq ÞÑ Φpz , f q :“

ż

f pτq ¨Θpτ, zq,

where:

§ f pτq “ modular object of type A

§ Φpz , f q “ modular object of type B

§ Θpτ, zq “ appropriate theta kernel
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The Shintani lift

For k ě 2 let ΘSh
k pτ, zq be the Shintani theta function, which is

§ modular of weight k ` 1{2 in τ , and

§ modular of weight 2k in z .

For a certain lattice pL, qq of signature p2, 1q we can write

ΘSh
k pτ, zq “ v1{2y´2k

ÿ

XPL

QX pz , 1q
ke
´

uqpX q ` ivqzpX q
¯

.

Definition

Let f be a modular form of weight k ` 1{2. The Shintani lift of f
given by

ΦSh
k pz ; f q “

ż reg

SL2pZqzH
f pτqΘSh

k pτ, zqv
k du dv

v2

is a modular form of weight 2k .



Lifting holomorphic Poincaré series

Let Pk,Dpτq be the (holomorphic) Poincaré series of weight k , i.e.,

Pk,Dpτq “
ÿ

MPSL2pZq8zSL2pZq
epDτq

ˇ

ˇ

ˇ

k
M.

Theorem

Let k ě 2 and let D P Z. The Shintani lift of Pk`1{2,Dpτq is given
by

ΦSh
k pz ;Pk`1{2,Dq “

Γpkq

πk
fk,Dpzq.



Lifting holomorphic Poincaré series

Let Pk,Dpτq be the (holomorphic) Poincaré series of weight k , i.e.,

Pk,Dpτq “
ÿ

MPSL2pZq8zSL2pZq
epDτq

ˇ

ˇ

ˇ

k
M.

Theorem

Let k ě 2 and let D P Z. The Shintani lift of Pk`1{2,Dpτq is given
by

ΦSh
k pz ;Pk`1{2,Dq “

Γpkq

πk
fk,Dpzq.



holomorphic world non-holomorphic world

discriminant
D

fk,Dpzq “
ÿ

QPQD

1

Qpz , 1qk
gDpz , sq “

ÿ

QPQD

y s

|Qpz , 1q|s

D ą 0 Zagier’s cusp forms

ÿ

QPQD{ SL2pZq
E hyp
cQ pz , sq

averaged hyperbolic Eisenstein series

D “ 0
E2kpzq

Eisenstein series

E8pz , sq

(averaged) parabolic Eisenstein series

D ă 0
Bengoecheas’s

meromorphic cusp forms

ÿ

QPQD{ SL2pZq
E ell
wQ
pz , sq

averaged elliptic Eisenstein series

Realization
as theta lift

Shintani lift of
holomorphic Poincaré

series Pk`1{2,Dpτq
?
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Borcherds’ regularized theta lift of signature p2, 1q

Let ΘLpτ, zq be the classical Siegel theta function, which is

§ modular of weight 1{2 in τ , and

§ modular of weight 0 in z .

Using the lattice pL, qq of signature p2, 1q from before we can write

ΘLpτ, zq “ v1{2
ÿ

XPL

e
´

uqpX q ` ivqzpX q
¯

.

Definition

Let f be modular of weight 1{2. The Borcherds lift of f given by

ΦBopz ; f q “

ż reg

SL2pZqzH
f pτqΘLpτ, zqv

1{2 du dv

v2

is modular of weight 0.



Lifting non-holomorphic Poincaré series

Let UDpτq be Selberg’s (non-holomorphic) Poincaré series of
weight 1{2, i.e.,

UDpτ, sq “
ÿ

MPSL2pZq8zSL2pZq
v sepDτq

ˇ

ˇ

ˇ

1{2
M.



Lifting non-holomorphic Poincaré series

Let UDpτq be Selberg’s (non-holomorphic) Poincaré series of
weight 1{2, i.e.,

UDpτ, sq “
ÿ

MPSL2pZq8zSL2pZq
v sepDτq

ˇ

ˇ

ˇ

1{2
M.

Theorem (Schwagenscheidt, V. and v. Pippich, 2017)

Let D P Z be a discriminant. Then

ΦBopz ;UDp ¨ , sqq “
Γpsq

πs
gDpz , 2sq.



Lifting non-holomorphic Poincaré series

Let UDpτq be Selberg’s (non-holomorphic) Poincaré series of
weight 1{2, i.e.,
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ÿ

MPSL2pZq8zSL2pZq
v sepDτq

ˇ

ˇ

ˇ

1{2
M.

Theorem (Schwagenscheidt, V. and v. Pippich, 2017)

Let D P Z be a discriminant. Then

ΦBopz ;UDp ¨ , sqq “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

Γpsq

pDπqs

ÿ

QPQD{SL2pZq
Ehyp
cQ
pz , 2sq, if D ą 0,

2ζp2sqΓpsq

πs
E8pz , 2sq, if D “ 0,

Γpsq

p|D|πqs

ÿ

QPQD{SL2pZq
E ell
wQ
pz , 2sq, if D ă 0.



holomorphic world non-holomorphic world
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Realization
as theta lift

Shintani lift of
holomorphic Poincaré

series Pk`1{2,Dpτq

Borcherds lift of Selberg’s Poincaré
series UDpτ, sq



Eisenstein series associated to quadratic forms

For a given discriminant D the averaged functions

fk,Dpzq “
ÿ

QPQD

1

Qpz , 1qk
and gDpz , sq “

ÿ

QPQD

y s

|Qpz , 1q|s

can be decomposed into sums of

fk,rQ0s
pzq “

ÿ

QPrQ0s

1

Qpz , 1qk
and grQ0s

pz , sq “
ÿ

QPrQ0s

y s

|Qpz , 1q|s
.

Here Q0 “ a quadratic form of discriminant D, and

grQ0s
pz , sq

¨
“

$

’

’

&

’

’

%

Ehyp
cQ0
pz , sq, if D ą 0,

EpQ0
pz , sq, if D “ 0,

E ell
wQ0
pz , sq, if D ă 0.



holomorphic world non-holomorphic world

quadratic
form Q0

fk,rQ0spzq “
ÿ

QPrQ0s

1

Qpz , 1qk
grQ0spz , sq “

ÿ

QPrQ0s

y s

|Qpz , 1q|s

D ą 0 hyperbolic Poincaré series
E hyp
cQ0
pz , sq

hyperbolic Eisenstein series

D “ 0 holomorphic Eisenstein series
EpQ0

pz , sq

parabolic Eisenstein series

D ă 0 elliptic Poincaré series
E ell
wQ0
pz , sq

elliptic Eisenstein series

Realization
as theta lift

? ?
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Borcherds’ regularized theta lift of signature p2, 2q

Let ΘLpτ, z , z
1q be the Siegel theta function associated to a

certain lattice of signature p2, 2q, which is

§ modular of weight 0 in τ, z , z 1.

One can write

ΘLpτ, z , z
1q “ v

ÿ

XPL

e
´

uqpX q ` ivqz,z 1pX q
¯

.

Definition

Let f be modular of weight 0. The Borcherds lift of f given by

ΦBopz , z 1; f q “

ż reg

SL2pZqzH
f pτqΘLpτ, z , z 1q

du dv

v2

is modular of weight 0 in z and z 1.



Lifting non-holomorphic Poincaré series in signature p2, 2q

Instead of Selberg’s Poincaré series

Umpτ, sq “
ÿ

MPSL2pZq8zSL2pZq
v sepmτq

ˇ

ˇ

ˇ

0
M,

we now consider the (non-holomorphic) Poincaré series

Fmpτ, sq “
ÿ

MPSL2pZq8zSL2pZq
v sepmuq

ˇ

ˇ

ˇ

0
M.

Theorem (V.)

Let m “ ´1. Then

ΦBopz , z 1;F´1p ¨ , sqq “
Γpsq

p2πqs
Khyp
s pz , z 1q,

where K hyp
s pz , z 1q is the hyperbolic kernel function

Khyp
s pz , z 1q “

ÿ

MPSL2pZq
coshpdhyppMz , z 1qq´s .
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Identities for the hyperbolic kernel function

Question

Can we relate Khyp
s pz , z 1q to Ehyp

c pz , sq and E ell
w pz , sq?

Lemma (Jorgenson, Smajlovic and v. Pippich, 2016)

1. Let c be a closed geodesic in SL2pZqzH. Then

Ehyp
c pz , sq “

Γpsq

2sΓps{2q2

ż

SL2pZqczc

Khyp
s pz ,wq

dw

Qcpw , 1q
.

2. Let w P H. Then

E ell
w pz , sq “

1

| SL2pZqw |

8
ÿ

n“0

ps{2qn
n!

Khyp
s`2npz ,wq.
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Realizing distinguished hyperbolic Eisenstein series

Let c be a closed geodesic in SL2pZqzH. Then

Ehyp
c pz , sq

¨
“

ż

SL2pZqczc

Khyp
s pz ,wq

dw

Qcpw , 1q

¨
“

ż

SL2pZqczc

ΦBopz ,w ;F´1p ¨ , sqq
dw

Qcpw , 1q

¨
“

ż

SL2pZqczc

ż

SL2pZqzH

F´1pτ, sqΘLpτ, z ,wq
du dv

v2
dw

Qcpw , 1q

¨
“

ż

SL2pZqzH

F´1pτ, sq

ż

SL2pZqczc

ΘLpτ, z ,wq
dw

Qcpw , 1q

du dv

v2
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v2
dw

Qcpw , 1q

¨
“

ż

SL2pZqzH

F´1pτ, sq

ż

SL2pZqczc

ΘLpτ, z ,wq
dw

Qcpw , 1q

du dv

v2



Realizing distinguished hyperbolic Eisenstein series

For a closed geodesic c in SL2pZqzH we define

ΘL,cpτ, zq “

ż

SL2pZqczc
ΘLpτ, z ,wq

dw

Qcpw , 1q
.

Corollary

The Eisenstein series Ehyp
c pz , sq can be realized as the integral

Ehyp
c pz , sq “

πs

Γps{2q2

ż reg

SL2pZqzH
F´1pτ, sqΘL,cpτ, zq

du dv

v2
.

Here

Fmpτ, sq “
ÿ

MPSL2pZq8zSL2pZq
v sepmuq

ˇ

ˇ

ˇ

0
M.



Realizing distinguished elliptic Eisenstein series

Let w P H. Then

E ell
w pz , 2sq

¨
“

8
ÿ

n“0

Γps ` nq

n!
Khyp
2s`2npz ,wq



Realizing distinguished elliptic Eisenstein series

Let w P H. Then

E ell
w pz , 2sq

¨
“

8
ÿ

n“0

Γps ` nq

n!
Khyp
2s`2npz ,wq

¨
“

8
ÿ

n“0

Γps ` nq

n!

p2πq2s`2n

Γp2s ` 2nq
ΦBopz ,w ;F´1p ¨ , 2s ` 2nqq



Realizing distinguished elliptic Eisenstein series

Let w P H. Then

E ell
w pz , 2sq

¨
“

8
ÿ

n“0

Γps ` nq

n!
Khyp
2s`2npz ,wq

¨
“

8
ÿ

n“0

Γps ` nq

n!

p2πq2s`2n

Γp2s ` 2nq

ż

SL2pZqzH

F´1pτ, 2s ` 2nqΘLpτ, z ,wq
du dv

v2



Realizing distinguished elliptic Eisenstein series

Let w P H. Then

E ell
w pz , 2sq

¨
“

8
ÿ

n“0

Γps ` nq

n!
Khyp
2s`2npz ,wq

¨
“

8
ÿ

n“0

Γps ` nq

n!

p2πq2s`2n

Γp2s ` 2nq

ˆ

ż

SL2pZqzH

¨

˝

ÿ

MPSL2pZq8zSL2pZq
v2s`2nep´uq

ˇ

ˇ

ˇ

0
M

˛

‚ΘLpτ, z ,wq
du dv

v2



Realizing distinguished elliptic Eisenstein series

Let w P H. Then

E ell
w pz , 2sq

¨
“

8
ÿ

n“0

Γps ` nq

n!
Khyp
2s`2npz ,wq

¨
“

8
ÿ

n“0

Γps ` nq

n!

p2πq2s`2n

Γp2s ` 2nq

ˆ

ż

SL2pZqzH

¨

˝

ÿ

MPSL2pZq8zSL2pZq
v2s`2nep´uq

ˇ

ˇ

ˇ

0
M

˛

‚ΘLpτ, z ,wq
du dv

v2

¨
“

ż

SL2pZqzH

«

ÿ

M

˜

8
ÿ

n“0

Γps ` nq

n!

p2πvq2s`2n

Γp2s ` 2nq

¸

ep´uq

ˇ

ˇ

ˇ

ˇ

0

M

ff

ˆΘLpτ, z ,wq
du dv

v2



Realizing distinguished elliptic Eisenstein series

Let w P H. Then

E ell
w pz , 2sq

¨
“

8
ÿ

n“0

Γps ` nq

n!
Khyp
2s`2npz ,wq

¨
“

8
ÿ

n“0

Γps ` nq

n!

p2πq2s`2n

Γp2s ` 2nq

ˆ

ż

SL2pZqzH

¨

˝

ÿ

MPSL2pZq8zSL2pZq
v2s`2nep´uq

ˇ

ˇ

ˇ

0
M

˛

‚ΘLpτ, z ,wq
du dv

v2

¨
“

ż

SL2pZqzH

«

ÿ

M

v sM0,sp4πvqep´uq

ˇ

ˇ

ˇ

ˇ

0

M

ff

ΘLpτ, z ,wq
du dv

v2



Realizing distinguished elliptic Eisenstein series

Let w P H. Then

E ell
w pz , 2sq

¨
“

8
ÿ

n“0

Γps ` nq

n!
Khyp
2s`2npz ,wq

¨
“

8
ÿ

n“0

Γps ` nq

n!

p2πq2s`2n

Γp2s ` 2nq

ˆ

ż

SL2pZqzH

¨

˝

ÿ

MPSL2pZq8zSL2pZq
v2s`2nep´uq

ˇ

ˇ

ˇ

0
M

˛

‚ΘLpτ, z ,wq
du dv

v2

¨
“

ż

SL2pZqzH

F´1pτ, sqΘLpτ, z ,wq
du dv

v2

where

Fmpτ, sq “
ÿ

MPSL2pZq8zSL2pZq
v sM0,sp4π|m|vqepmuq

ˇ

ˇ

ˇ

0
M.



Realizing distinguished elliptic Eisenstein series

Corollary

The Eisenstein series E ell
w pz , sq can be realized as the theta lift

E ell
w pz , 2sq “

1

| SL2pZqw |
πs

Γp2sq
ΦBopz ,w ;F´1p ¨ , sqq.

Here

Fmpτ, sq “
ÿ

MPSL2pZq8zSL2pZq
v sM0,sp4π|m|vqepmuq

ˇ

ˇ

ˇ

0
M.



holomorphic world non-holomorphic world

quadratic
form Q0

fk,rQ0spzq “
ÿ

QPrQ0s

1

Qpz , 1qk
grQ0spz , sq “

ÿ

QPrQ0s

y s

|Qpz , 1q|s

D ą 0 ? E hyp
cQ0
pz , sq

¨
“

ż

F´1pτ, sqΘL,cQ0
pτ, zq

D “ 0 ? ?

D ă 0 ? E ell
wQ0
pz , 2sq

¨
“ ΦBopz ,wQ0 ;F´1p ¨ , sqq



Thank you!
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