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Introduction

Recall the following non-holomorphic Eisenstein series:

Eppz , sq “
ÿ

MPΓ8zSL2pZq
Impσ´1

p Mzqs ,

E hyp
c pz , sq “

ÿ

MPΓczSL2pZq
cosh pdhyppMz , cqq´s ,

E ell
w pz , sq “

ÿ

MPΓωzSL2pZq
sinh pdhyppMz ,wqq´s ,

for a cusp p, a geodesic c, and a point w P H, respectively.

Goal

Realize the elliptic and hyperbolic Eisenstein series as theta lifts to
(re)prove known and new properties of them.



The general setting

We want to use the vector valued theta lift:

§ Let pL, qq be an even lattice of signature pb`, b´q.

§ Let L1 be the dual lattice of L. Then L1{L is the discriminant
group of L (a finite abelian group).

§ The group algebra CrL1{Ls is a finite-dimensional C-vector
space with formal bases elements eγ , γ P L1{L.

§ The Weil-representation ρL associated to L is a unitary
representation of SL2pZq on CrL1{Ls.

§ Given a real analytic function F : HÑ CrL1{Ls we define

F |k,LM “ pcz ` dq´kρLpMq
´1F pMzq, M P SL2pZq.

We call F modular of weight k (with respect to ρL) if
F “ F |k,LM for all M P SL2pZq.



The regularized theta lift

Definition

Let F be modular of weight k “ b`´b´

2 w.r.t ρL. The theta lift of
F is given by

ΦLrF spvq “

ż reg

SL2pZqzH
xF pzq,ΘLpz , vqy Impzqb

`{2 dνpzq.

Here ΘLpz , vq is Siegel’s vector valued Theta function:

ΘLpz , vq “
ÿ

γPL1{L

ÿ

λPγ`L

epxqpλq ` iypqpλv q ´ qpλvKqqqeγ

for z “ x ` iy P H, v P GrpLq “ space of b`-dimensional positive
definite subspaces of Lb R.



The regularized theta lift

In what sense is

ΦLrF spvq “

ż reg

SL2pZqzH
xF pzq,ΘLpz , vqy Impzqb

`{2 dνpzq

modular in v?

§ GrpLq ý SO0pqq “ component of the special orthogonal
group of q, that contains the identity

§ SO0pq,Zq “ subgroup of automorphisms of L

§ ΘLpz , vq is SO0pq,Zq-invariant in v , that is

ΘLpz , αvq “ ΘLpz , vq for all α P SO0pq,Zq

§ ΦLrF spvq is SO0pq,Zq-invariant



Lifting in signature p2, 1q

§ Let L “ tλ P Z2ˆ2 : trpλq “ 0u, qpλq “ ´ detpλq.

§ pL, qq has signature p2, 1q and

GrpLq » H, SO0pqq » SL2pRq, SO0pq,Zq » SL2pZq.

§ Thus given F of weight 1{2 the lift ΦLrF spvq is a classical
non-holomorphic modular form of weight 0.

Goal (revisited)

Find an input F of weight 1{2 such that ΦLrF spvq is an elliptic or
hyperbolic Eisenstein series!

Recall that this is known for the classical (parabolic) Eisenstein
series

E8pz , sq “
ÿ

MPΓ8zSL2pZq
ImpMzqs .



Lifting in signature p2, 1q

Define the vector valued non-holomorphic Eisenstein series of
weight 1{2 as

EL
8pz , sq “

ÿ

MPΓ8zSL2pZq
Impzqse0

ˇ

ˇ

ˇ

1{2,L
M.

Theorem

We have
ΦLrE

L
8p¨, sqspτq

¨
“ E8pτ, 2sq.

Idea of proof:

§ Unfolding yields

ΦLrE
L
8p¨, sqspτq

¨
“

ÿ

λPL
qpλq“0

qpλvpτqq
´s .

§ Note that qpλvpτqq “
1
4 Impγλ τq

´2.



Lifting in signature p2, 1q

More generally, one can show that:

Lemma

Let λ P L with qpλq “ m and τ P H. Then

qpλvpτqq “

$

’

’

’

&

’

’

’

%

m cosh2pdhyppτ, cλqq, if m ą 0,

1

4
Impσ´1

λ τq´2, if m “ 0,

|m| sinh2pdhyppτ, τλqq, if m ă 0,

where cλ “ geodesic, σλ “ scaling matrix, τλ “ CM point, each
associated to λ.

Idea: Use a modified Eisenstein series with an extra weight m in
order to obtain elliptic and hyperbolic Eisenstein series.



Realizing averaged Eisenstein series

Define the weighted Poincaré series

Umpz , sq “
ÿ

MPΓ8zSL2pZq
Impzqsepmzqe0

ˇ

ˇ

ˇ

1{2,L
M.

Theorem

We have

ΦLrUmp¨, sqspτq
¨
“

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

ÿ

λPSL2pZqzLm

E hyp
cλ
pτ, 2sq, for m ą 0,

ÿ

lPSL2pZqzP1pQq
Elpτ, 2sq, for m “ 0,

ÿ

λPSL2pZqzLm

E ell
τλ
pτ, 2sq, for m ă 0.

Here the sums are all finite and run over all geodesics cλ of norm
m, all cusps p, and all CM points τλ of norm m, respectively.



Realizing an arbitrary elliptic Eisenstein series

Question

Is it also possible to obtain a single hyperbolic or elliptic Eisenstein
series as a theta lift?

Define another weighted Poincaré series by

F L
mpz , sq “

ÿ

MPΓ8zSL2pZq
ImpzqsMk,sp4π|m|yqepmxqe0

ˇ

ˇ

ˇ

k,L
M,

where z “ x ` iy , Mk,spyq “ modified M-Whittaker function.

Theorem

Let L be a certain ’nice’ lattice of signature p2, 2q. Then

ΦLrF
L
´1p¨, sqspτ, ωq

¨
“ E ell

ω pτ, 2sq

for any ω P H.



Motivation for the hyperbolic case

Question

Is there a connection between the two lifting results for the elliptic
Eisenstein series?

Let L be a lattice and m ă 0. Then

F L
mpz , s, tq “

ÿ

MPΓ8zSL2pZq
ImpzqsMk,tp4π|m|yqepmxqe0

ˇ

ˇ

ˇ

k,L
M.

So for m ă 0, t “ k{2 and L being the lattice of signature p2, 1q
from before we get back the series Umpz , sq!

Similarly, the Poincaré series

GL
mpz , s, tq “

ÿ

MPΓ8zSL2pZq
ImpzqsWk,tp4π|m|yqepmxqe0

ˇ

ˇ

ˇ

k,L
M,

specializes to Umpz , sq for m ą 0, t “ 1´ k{2 and L as before.



Realizing an arbitrary hyperbolic Eisenstein series?

Question

Can we find a lattice L of some signature such that the lift
ΦLrG

L
mp¨, s, tqspvq of

GL
mpz , s, tq “

ÿ

MPΓ8zSL2pZq
ImpzqsWk,tp4π|m|yqepmxqe0

ˇ

ˇ

ˇ

k,L
M,

realizes an arbitrary hyperbolic Eisenstein series?

Remarks:

§ GrpLq should look like (or contain) the space

Hˆ tgeodesics in Hu

§ Is there a natural choice for the parameter t?
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