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Kac-Moody Algebras

@ Natural generalisations of finite-dimensional simple Lie
algebras, ususally infinite-dimensional

@ Defined by generators and relations through a generalized
Cartan matrix (not positive definite)

@ They have: Weyl group, Weyl character formula, Cartan
subalgebra, roots, weights, etc.

@ Examples:

o finite-dimensional simple Lie algebras,
o (twisted) affine Lie algebras [Kac90]
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Borcherds-Kac-Moody Algebras

@ Further weaken the conditions on the Cartan matrix: allow
imaginary simple roots

@ They still have: Weyl group, Weyl character formula, Cartan
subalgebra, roots, weights, etc.

@ Examples:

Fake Monster Lie algebra [Bor90],
Monster Lie algebra [Bor92],

Fake Baby Moster Lie algebra [HS03],
Baby Monster Lie algebra [H503],

10 BKMAs from [Sch04, Sch06]
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Modular Forms |

g element of squarefree order m in Mp3 C Cog = Aut(A)
10 conjugacy classes with m=1,2,3,5,6,7,11,14,15,23
g has cycle shape [, £24/o1(m)

Consider the eta product

ng(r) = [ m(er)?*/ (™

tlm

Cusp form for [o(m) of weight w := 120¢(m)/o1(m)
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Modular Forms I

o Lift f;(7) = 1/ng(7) to vector-valued modular form [Sch06]

Fe(r) = > felm(r)op(M™)e
METo(m)\T

of weight —w for the dual Weil representation p; of lattice
L=N @ II1,1(m)

e Apply Borcherds lift [Bor92] to obtain completely reflective
automorphic product W, of singular weight

g 1/ng— Fg =V,
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Borcherds-Kac-Moody Algebras

@ Expansion of W, at any cusp

epH H (1—e®)L/mel(=dlaa)/2) Zdet(w w(ng(e”))

d|mae(L'NL/d)* wew

@ Denominator identities of 10 BKMAs of rank k = 2w + 2
whose roots lie in L’

e Classification result [Sch06] ([M612]): these are all BKMAs
whose denominator identities are completely reflective
automorphic products of singular weight on lattices of
squarefree level

Realise these 10 BKMAs uniformly as physical states of bosonic
strings moving on suitable spacetimes.
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Lie Algebra

BRST Quantisation

Certain VA M of ¢ = 26 —~~£582Lss BKMA g = Higor(M).

@ BRST operator Q :jOBRST on W=M® Vg
@®=0, [QL]=0, [QU=U

@ BRST cochain complex

S w9 e @ et 9y

e cohomological spaces (exact for n # 0)
H®* = Hp

o g:= H! = Hirer(M) is a Lie algebra under [u, v] = (bou)ov
LZ93]
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Vanishing Theorem |

Suppose V| C M for even Lorentzian lattice of rank k > 2
Assume U := Comp(V,) and V| form a Howe pair in M
Suppose U; =0

U ® Vi-module decomposition

M= P Ul+L)® Varr
at+lel’/L

o M =@, M(a) is naturally graded by L’

Theorem (Vanishing Theorem [Fei84, FGZ86])

Let a # 0. Then H(a) = H?*(a) and HY(a)) = 0 for u # 1,2.
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BRST Quantisation Wil e

Vanishing Theorem II

Euler-Poincaré characteristic for « # 0:

dim(H"()) = [chy(as)(a)/n(a)* 2] (~(a, ) /2)

Direct computation: H1(0) = L®zC =h

g = H! has self-centralising subalgebra g(0)
CSA g(0) = b acts as (-, ) on g(«)
Finite-dimensional root spaces g(«), a € L'\ {0}

L'-grading: [g(c), 8(8)] < a(a + B)
Sometimes: g is a BKMA
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Construction of 10 BKMAs |

o Consider for K = ll; 1(m) the vertex algebra

Me= D Vi(+K)@Vyix
YHKEK' /K
(use orbifold theory [EMS15])
o Use VE @ Ve C VE where N = (A8)*:
M= @ Vila+L)® Vs

a+Lel’/L

with L= A8 & lly1(m)
e BRST quantisation: g = Higrst(Mg)
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Construction of 10 BKMAs Il

chy, a+L)(T)/7’( )rk M) = (Fg)a+L(T).

For oo # 0:

dim(8()) = [(Fg)as1] (~ (o 0)/2) = Zé” (-a'%).

In each of the 10 cases g is a BKMA. Get exactly those from
[Sch06].
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Thank you for your attention!
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