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Holomorphic modular forms for SL»(Z)

> Let H = {z € C: Im(z) > 0} be the complex upper half plane.
» M € SLy(Z) acts on H via
z0 Mz = 2 + b.
cz+d

> A modular form of weight k is a holomorphic function f : H — C with
> f(Mz) = (cz + d)¥f(z) for all M € SLy(Z),z € H.
> f is holomorphic at oo, i.e. f has a Fourier expansion

[eS)
f(T) _ Z ane27rin7" an € C.
n=0

v

If ag = 0 then f is called a cusp form.

» The spaces of modular forms and cusp forms of weight k are denoted by
My and Sg.

> Now we replace H and SL2(Z) by 'higher dimensional’ analogs.



The Siegel upper half plane

> Let g € Nand let
Hy = {Z=X+iY € C&8*8 : Z = Z* Y positive definite}

be the Siegel upper half plane of genus n.
> An element Z € Hj has the form

Z11 Z12 cee Zig X11 X12 ce X1g yi1 Y12 cee Yig
* 722 e 22g * X22 e X2g * Y22 e Yog
= —+1
* * Zgg * * Xgg * * Yeg

with Y positive definite.
» For g =1 we have H; = H.

» For g = 2 we have

H, = {(Z :) €2 Im(7), Im(7') > 0, Im(7)Im(r’) — Im(z) > 0}



The symplectic group

» The symplectic group of genus g is

_ 2gX2g ., t _ _ Og 1g
spQg(R)_{MeR .MJM_J}, J_<_1g og>’

i.e. Spy, (R) is the isometry group of the symplectic form J on R%.

> We write
A B
v=(2 5)

with g x g blocks A, B, C, D € R8>8,
> M € Sp,,(R) is equivalent to the conditions:

A'D — C'B =1, and A'C, B'D are symmetric.
> In particular, Sp,(R) = SL»(R).

> If M € Sp,,(R), then
- Dt -Bt
v (% )

» Symplectic matrices have determinant 1.
> Sp,,(R) acts on H by 'fractional linear transformations’

(é g) Z = (AZ + B)(CZ+ D).



Siegel modular forms

> A Siegel modular form of genus g and weight k is a holomorphic function
F : Hg — C such that

1. F(MZ) = det(CZ + D)*F(Z) for all M € Spy,(Z), Z € Hg,
2. F has a Fourier expansion of the form
F(Z) — Z aNeZﬂ-itr(NZ)7 ay €C,
N=Nt>0
half-integral
where the sum is over all half-integral symmetric positive semi-definite
g X g-matrices N.

> If
N11 N12/2 . N1g/2 Z11 Z12 . Zig
k N22 e NQg/2 * 222 P 22g
N = i and Z =
* S * Ngg * L. ¥ Zgg

with Nj; € Z then

g
tr(NZ) = Nyz;.
ij=1
» F is a cusp form if ay = 0 whenever N is not positive definite.
» For g =1 this is the usual definition of an elliptic modular form.
» For g > 1 the so-called Koecher principle ensures that F automatically has
a Fourier expansion as in point 2 of the definition.



What is similar as in the g = 1 case?

» The spaces M and S¢ are finite dimensional.

» One can construct (different types of) Eisenstein series, Poincaré series,
Theta series, ...

» There is an invariant measure du,(Z) = det(Y) ™€V dXdY on H,, so we
can define the Petersson scalar product on Sf by

(F.G) = / F(2)G(Z) det(Y) dus(2)
Spog(Z)\Hg

» There are natural self-adjoint Hecke operators T,,, so there is a basis of
Sg of simultaneous Hecke eigenforms.

» One can attach different kinds of L-series to F € I\/If which often have
analytic continuation and functional equations.



The Siegel operator: from genus g to g — 1

v

Let F € M¢ be a Siegel modular form of genus g and weight k.

v

The Siegel operator is defined by
/ . Z' 0
(FI®)(Z') = yILmoo F ((0 iy>)
where Z' € H,_;.

> It defines a linear map ® : M% — M&™ 1.
» This makes it possible to do inductive proofs on the genus g.

» For g =1, this is just the map

oo

i
E ane”™™ = ap
n=0

» F € M{ is a cusp form if and only if F|® = 0.
> For even k > 2g the Siegel operator is surjective.

» A preimage of a cusp form F € Sf_l can be constructed via the
Klingen-Eisenstein series Er € M£ built from F.



Hecke operators

» For m € N we consider the sets

M= {M e Z**% : M'JM = J} = Sp,,(Z),
Ap={M € Z°67% : M'JM = mJ}

v

The double coset T'A,,I" consists of finitely many left cosets mod I', so we
have a finite disjoint union

t
ra.r=Jrm;
j=1
. o
with M, = (¢ 5) € A
The Hecke operator T, on M{ is defined by

v

t t
FITm=>_ FIM =) det(GZ + D;)"“f(M,2)

j=t j=t

(up to some missing normalising factors).

v

This defines a linear map Tp, : M — M£.



Relations of Hecke operators

» The Hecke operators commute, i.e. T, T, = T, Th for all m,n € N,

> Tp is self-adjoint w.r.t. the Petersson scalar product, i.e.
(TmF,G) =(F, TnG)

> In particular, M{ has a basis of simultaneous Hecke eigenforms.
> It holds Ty, T, = Ty for (m,n) = 1.

» For g =1 we have the relation
ToTps = Tporr + pkilTps—l

so it suffices to know the action of T, for every prime p on M} to know
the action of every Tp,.

> For g > 1 there is no such simple relation, i.e. knowing the action of T,
for every prime p is not enough to know every T,,.



Multiplicative properties of Fourier coefficients

> Suppose that F(Z) = 3" s ane®™ ") € M is a Hecke eigenform with
F|Tm = AnF. -
> The relations T, T, = Ty for (m,n) = 1 imply
Amn = AmAn  for (m,n) = 1.
» For g =1 we have a, = Ana1, so the coefficients of F are multiplicative if

we normalise a; = 1.

> But for g > 1, the coefficients ay are labelled by half-integral matrices, so
what should 'multiplicative’ mean?

» The relation between the eigenvalues and the Fourier coefficients can be
described using L-series.

> For g =1 we have
A . a
m m
DD P
m=1 m=1
» For g = 1 the multiplicative properties of A, are equivalent to the Euler
product expansion

oo)\m OCAJ 1
mzzlﬁznzp*i:nl,,\pp_“rpk_my

p =0 P




Siegel modular forms of genus 2 and quadratic forms

» From now on, let the genus be g = 2 and let k be even.
> Let F(Z) = Y yso ane®™ " M2) ¢ M8,

> The indices N = (r72 %2) in the Fourier expansion represent binary

integral positive definite quadratic forms N(x, y) = nx* + rxy + my®.

» The group SL2(Z) acts on these forms by U.N = U*NU.

> SL»(Z) acts with finitely many orbits on the set Q) of forms N with fixed
discriminant D = r?> — 4nm.

» The transformation behaviour of F € M? shows that ayeyy = an for
U € SLx(Z).



Some L-series in genus 2

> Let F(Z) =3 o0 ane®™ " ™9 ¢ M2 be a Hecke eigenform with
F|Twm=AnF.

> The spinor (or Andrianov) zeta function of F is defined by
Ze(s) = C(25 — 2k + ) S 2
F(s) s + mg e

» The Koecher-Maass series of F is defined by

Z det(N

N>0/~

where N runs through representatives of the SL2(Z)-classes of binary
integral positive definite quadratic forms.

» For N a binary integral positive definite quadratic form, we define the ray
class series of F by

RN,F(S) = Z amN.



Results of Andrianov on the spinor zeta function in genus 2

Let F(Z) = Y 5o ane®™ ™) € M} be a Hecke eigenform with F| T, = A F.

Theorem
The spinor zeta function Zg(s) = ((2s — 2k +4) >
product expansion Zr(s) = [, Qo,r(p™°)~ ! where

Am has the Euler

m=1 mS
Qp,F(t) -1 Apt + ()\FZ) o )\p2 o p2k74)t2 o App2k73t3 + p4k76t4.

Theorem

Let D < 0 be a fundamental discriminant and let N1, ..., Ny be representatives
of the SLa(Z)-classes of binary integral positive definite quadratic forms of
discriminant D. Then

(Za,v)zF p(s+k—2) ZR

where Lp(s) = ¢(s)L((2),s) denotes the Dedekind L-function of the
imaginary quadratic field Q(v/D) and Ry (s) = 2l js a ray class series.

m= 1
Rn,r(s) and thereby also Zg(s) have analytic continuation and satisfy a

functional equation under s — 2k — 2 — s.




Bocherer's conjecture

> Let F € M? be a Hecke eigenform.

» Let D < 0 be a fundamental discriminant and xp = (2) be the
corresponding quadratic character (Kronecker symbol).

» The twisted spinor zeta function of F is defined by

—5\— i m >\m
Flxo,s HQP,F(X )= L(X%72s—2k+4)2%

m=1

» Bocherer’s conjecture: There is some constant cr depending only on F

such that
b 2
Zr(xo, k — 1) = c¢|D| ! (Z aNf> '
j=1
> The conjecture is trivially true if k is odd, since then both sides are 0.
> Bocherer proved his conjecture in the case that F is a Klingen-Eisenstein
series or a Saito-Kurokawa lift of an elliptic modular form f € S}, _,.
» For Saito-Kurokawa lifts we have

ZF(XDvS) = L(XDvs —k+ l)L(XDvS —k+ 2)Lf(XD75)

and the result then follows easily from the formula of Waldspurger for
Lf(XD7 k — 1)
» For k even, F a cusp form and F not a lift, not much is known.



On the Fourier-Jacobi expansion

»let Z=(.7)€H, and F € M}.
> We rewrite the Fourier expansion:

F(Z) — Z a(n’ r, m)eQWi(nT+rz+mT/)

(2=

_ Z Z a(n r, m)e27r nT+rz) 27'rlm-r Z qu T, Z)e2mm-r )

m>0 n,rEZ m>0
r2§4nm

v

This is called the Fourier-Jacobi expansion of F, and ¢, : Hx C — C is
the m-th Fourier-Jacobi coefficient of F.

The transformation rules of F imply some transformation rules for ¢m,
namely ¢, is a Jacobi form of weight k and index m.

It is therefore useful to study Jacobi forms: for example, estimates of their
Fourier coefficients gives estimates for the growth of the coefficients of F.
> In genus 1, if F € M} is a nonzero eigenform, then a, = Ana; implies

ail 7é 0.

Conjecture: If F € M? is a nonzero eigenform, then ¢; # 0.

This is only known for Saito-Kurokawa lifts (trivial) and for small weights
by direct computations of M?2.

v
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