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Square-tiled surfaces

Glue d unit squares.

_. e
d—-5 How many possibilities?

SLy(Z) acts on the set of
square-tiled surfaces.

More involved question

How many SLy(Z)-orbits? Sizes?
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Arithmetic Teichmuller curves
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Arithmetic Teichmuller curves

e

X A-X

Let A € SLy(R).

Defines a map

H /T (X)

F(X) = StabSLQ(Z)(X)



Arithmetic Teichmuller curves

More involved question’

How many arithmetic Teichmiiller curves?
What are their Euler characteristics?

Note: size(SLa(Z)-orbit) = [SLa(Z) : T(X)] = —6 - x(H /T(X)).
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Square-tiled surfaces are torus covers

X E

square-tiled surface = X compact Riemann surface
+ covering p: X — E, g(E)=1
s. th. p ramified over at most 1 point.

Definition

A square-tiled surface p : X — E is called primitive, if there are
no intermediate covers




Genus 2, one double ramification point

o Complete classification of SLy(Z)-orbits / arithmetic
Teichmiller curves of primitive d-square tiled surfaces
[McMullen, Hubert-Leliévre]
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Genus 2, one double ramification point

o Complete classification of SLy(Z)-orbits / arithmetic
Teichmiller curves of primitive d-square tiled surfaces
[McMullen, Hubert-Leliévre]

W2 WeierstraB curves

d=5

Lo degree d = deg(p: X — E)

- i ‘ spin £ = #{integral WeierstraB points}

2, d=0 mod 2

e=3 {1or3, d=1mod 2
£ €




Genus 2, one double ramification point

o Complete classification of SLy(Z)-orbits / arithmetic
Teichmiller curves of primitive d-square tiled surfaces
[McMullen, Hubert-Leliévre]

e Euler characteristics / sizes of SLy(Z)-orbits [Bainbridge,
Lelievre-Royer|



Genus 2, two simple ramification points

Conjecture (Zmiaikou)

For d > 7 there exist 2 orbits of primitive d-square-tiled surfaces of
genus 2 with 2 simple ramification points.

The associated Teichmiiller curves Ty . satisfy

—152(d? — 8d + 15)EE2L/AE) - o _ 3
X(Tae) = { 1144( 2 y #)SLZ(Z%Z) - C
—L(d? — 4d 4 3)£52(2/d7)

(here: case d odd)




Genus 2, two simple ramification points

Conjecture (Zmiaikou)

For d > 7 there exist 2 orbits of primitive d-square-tiled surfaces of
genus 2 with 2 simple ramification points.

The associated Teichmiiller curves Ty . satisfy

— (a2 — 8d + 15)#52/0T) o _3
— & (d? — ad +3)£52(2/d2)

X( Td,a) = {

(here: case d odd)

Theorem (Moéller-K)

The counting part of Zmiaikou's conjecture holds.
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The Jacobian

X a compact Riemann surface, g =2

Definition (Jacobian)
JX)y=c2/nzt,  N=(f, w)

Theorem

<
A\

The Torelli map

My = Az, [X] = [J(X)]

is an embedding.

~ cut out Teichmdller curve in A,



Let p: X — E primitive of g(X) =2 and deg(p) = d.
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Multiplication by o0,

Let p: X — E primitive of g(X) =2 and deg(p) = d.
~+ induced map p, : J(X) —» J(E)=E

= J(X) is isogenuous to E x E’ where E' = Ker p,. has
exponent d.



Multiplication by o0,

Let p: X — E primitive of g(X) =2 and deg(p) = d.
~~ induced map p, : J(X) = J(E)=E

= J(X) is isogenuous to E x E’ where E' = Ker p,. has
exponent d.

& o042 = {(a,b) € Z? | a= b mod d} C End(J(X))

“J(X) has multiplication by 04"
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Xg42 = moduli space of p.p. abelian surfaces with mult. by o4
“pseudo-Hilbert modular surface”




Pseudo-Hilbert modular surfaces

Definition

Xg42 = moduli space of p.p. abelian surfaces with mult. by o4
“pseudo-Hilbert modular surface”

o Xpo =MH2 /T 42, where

[(d) xT(d) C Ty C SLy(Z) x SLy(Z)

= X2 is sandwiched

X(d) x X(d) — X — X(1) x X(1)



Agp = H? x C? /semidirect product
|

7 x)=A
Xd2

x = [A]
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The universal family

Agp = H? x C? /semidirect product
|

7ix)=A
Xdz

x = [A]

Find a subset C C Ay such that w(C) = Ty..
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Locating a ramification point

Let p : X — E be primitive of odd degree d.

up € J(X) is a ramification point of p &
Q up = P(xp) for some xp € X.
@ For w = p*wg, we have w(xp) = 0.

0cE
Q p(x0) = : .
2-torsion point # 0

e Configuration of WeierstraB points

1 3

1 1




Locating a ramification point

Let p : X — E be primitive, normalized of odd degree d.

up € J(X) is a ramification point of p <
Q up = P(xp) for some xp € X.
@ For w = p*wg, we have w(xp) = 0.

0cE
Q p(x0) = : .
2-torsion point # 0

e Configuration of WeierstraB points

1 3
. .
— 1 ].‘
1 1
° ¢ 3 1

@ wlog p is normalized: 3 WeierstraB points over 0.
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9 :HyxC?> = C, (Zu)— 3 omi(xT Zx)+2mixTu

\ xEZ?
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Theta functions

Definition (Classical theta function)

9 Hp x C? = C, (Z, U) — Z e?Ti(XTZx)+27rixTu
x€7?

@ eats period matrices in the form N = (Z, /).
o 1 = 0 is well-defined condition on C? /M Z*.

In g = 2, the image of the Abel-Jacobi map is the zero locus of

®(X) = {0 = 0}
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Locating a ramification point

Let p: X — E be primitive, normalized of odd degree d, w = p*wg

up € J(X) is a ramification point of p <
Q up = P(x) forsome xp € X. < J(up) =0
Q@ w(xp) =0.

0cE
Q p(x0) = : .
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Locating a ramification point

Abel-Jacobi map

p p
¢:p»—>(/ wl,/ wg)modI'IZ4
Po Po

~ choose w1 = w = p*wg

Proposition

(A)(XO) = if and on/y if gi(q)(XO)) =0
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Abel-Jacobi map
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Po Po
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Locating a ramification point

Abel-Jacobi map

P
b:p— /wl,/ W) modI'IZ4
Po Po

~ choose w1 = w = p*wg

Y (6(x0))

w(xp) =0 if and only if 88

A




Locating a ramification point

Abel-Jacobi map

P p
¢:p»—>(/ wl,/ wg)modI'IZ4
Po Po

~ choose w1 = w = p*wg

w(xo) =0  ifand only if gi@(m)) =0




Locating a ramification point

Let p: X — E be primitive, normalized of odd degree d, w = p*wg

up € J(X) is a ramification point of p &
Q up = P(x) forsome xp € X & J(up) =0
Q w(x)=0

0OcE

2-torsion point # 0

Q p(x0) = {
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Let p: X — E be primitive, normalized of odd degree d, w = p*wg
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Locating a ramification point

Let p: X — E be primitive, normalized of odd degree d, w = p*wg

up € J(X) is a ramification point of p <

Q up = P(x) forsome xp € X & J(up) =0

Q wx)=0 < %(Uo) =0
0cE < pe(ug) =0
2-torsion point # 0 < pi(up) has order 2

Q p(x0) = {




Cutting out ramification point in the universal family

Age = H? x C? /semidirect product

|

Xy



Cutting out ramification point in the universal family

Age = H? x C? /semidirect product

Theorem ([Moller-K])

O N DB N N




Cutting out ramification point in the universal family

Age = H? x C? /semidirect product

Theorem ([Moller-K])

7) N D,© N N

/
{0 =0}



Cutting out ramification point in the universal family

Age = H? x C? /semidirect product




Cutting out ramification point in the universal family

Age = H? x C? /semidirect product

Theorem ([Moller-K])

O N DB N N

/
{p. =0}



Cutting out ramification point in the universal family

Age = H? x C? /semidirect product

Theorem ([Moller-K])
In PiCQ(Xdz ),

(O N DONNV)=2Ty.34+3 Wp.3+ Pp._3
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@ A = modular forms of wt 1 for SLy(Z)
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Push forward is section of Hodge bundle

Theorem ([Moller-K])

In Picg(Xy2),
m(© N D,© N N(l)) =2-Tge—3 + 3- Wd2,5:3 aF Pd2,s:3
=(d—3)A\1+(2d — 2)X2

For odd d, the counting part of Zmiaikou's conjecture holds.




Push forward is section of Hodge bundle

Theorem ([Méller-K])

In PiCQ(Xd2),
m(© N DO N N(l)) =2 -Tge—3 + 3- Wd27€:3 e Pd27€:3
=(d—=3)A\1+(2d = 2)\;

For odd d, the counting part of Zmiaikou's conjecture holds.

®2 _
_)\1 —

Pair with [m]:

%

2X(Tyge=3) + 3x(Wa2 .—3) + X(Pgee=3) = (1 — d / dvol




Thank you very much for your attention!
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