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A theorem of Shimura

Theorem (Shimura)

Let f € Sk(N) be a primitive Hecke eigenform, x a Dirichlet character.

Then there exist 0 # u(e, f) € C,e € {0,1}, such that, for every
o € Aut(C) and 0 < m < k, we have

o( L(m, f,x) )= L(m, f7,X7)
(2mi)mG(x)u(e, f) (2mi)mG(x7)u(e, )

with (—1)¢ = (—=1)™y(~1).
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Then there exist 0 # u(e, f) € C,e € {0,1}, such that, for every
o € Aut(C) and 0 < m < k, we have

o( L(m, f,x) )= L(m, f7,X7)
(2mi)mG(x)u(e, f) (2mi)mG(x7)u(e, )

with (—1)¢ = (—=1)™y(~1).

Algebraicity of special values of L(s, f X x,sym”).
@ n=1: Shimura
@ n=2: Sturm
o n = 3: Garrett, Harris

@ n odd: Raghuram (assuming functoriality of sym”)
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Algebraicity of critical values of sym*

Theorem (P., Saha, Schmidt)

Let k > 2 be even. Let T be a cuspidal, non-dihedral, automorphic
representation on PGLy(A) with 7o, isomorphic to the holomorphic
discrete series representation of lowest weight k. Let x be an odd Dirichlet
character and r be an odd integer such that 1 < r < k — 1. Furthermore, if
X% = 1, we assume that r # 1. Then there exists a real number C(7) such
that, for any finite subset S of places of Q that includes the archimedean
place, and for every o € Aut(C), we have

U( L3(r, x ® sym*r) ) _ L3(r, x° @ sym*(77))
Q¥ G(x)3C(r)) ~ ()3 G(x?)3C(r7)
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Let k > 2 be even. Let T be a cuspidal, non-dihedral, automorphic
representation on PGLy(A) with 7o, isomorphic to the holomorphic
discrete series representation of lowest weight k. Let x be an odd Dirichlet
character and r be an odd integer such that 1 < r < k — 1. Furthermore, if
X% = 1, we assume that r # 1. Then there exists a real number C(7) such
that, for any finite subset S of places of Q that includes the archimedean
place, and for every o € Aut(C), we have

U( L3(r, x ® sym*r) ) _ L3(r, x° @ sym*(77))
Q¥ G(x)3C(r)) ~ ()3 G(x?)3C(r7)

Ramakrishnan-Shahidi: 7 — F; a vector-valued holomorphic Siegel cusp
form of degree 2 satisfying

L(s,sym*7) = L(s, F,,std).
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Algebraicity of critical values of standard L-function

Theorem (P., Saha, Schmidt)

Let  be a cuspidal automorphic representation of GSp(4,Ag) such that
oo IS Isomorphic to the holomorphic discrete series representation with
highest weight (ki, ko) such that k1 > ko > 3, k1 = kp (mod 2). Let x be
any Dirichlet character satisfying x(—1) = (—1)¥. Let r be any integer
satisfying 1 < r < ko —2,r = ko (mod 2). Furthermore, if x> =1, we
assume that r # 1. Let S be any finite subset of places of Q that includes
the archimedean place. Then there exists 0 # C(w) € C such that, for
every o € Aut(C), we have

U( L3(r, 7 X x, std) ) L3(r, 7% ® x7, std)
(

27i)2k 31 G (y)3C () = (272K 37 G (x7)3C(n7)
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Previous results

Classically, theorem applies to vector valued Siegel cusp forms of weight
det*? symk1—k2 with respect to an arbitrary congruence subgroup of
Sp(4, Q). Previous known results:

@ For ki = kp scalar case : by Shimura but only for ['o(/N)-type
congruence subgroups.

@ For ky > ko vector valued case : by Kozima but only for full level and
x =1
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A pullback formula by Garrett

Consider the Siegel upper half space of genus n defined by
H, ={Z € M,(C) : Z="Z,Im(Z) > 0}.
For Z € H,, s € C, define the Eisenstein series by

Enk(Z,s) = det(Im(Z))* det(CZ + D) *|det(CZ + D)|*.
C,D

We have E, ((Z,0) € Mi(Sp,,(Z)).
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Sp(2n,Z)\H,
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A pullback formula by Garrett

Consider the Siegel upper half space of genus n defined by
H, ={Z € M,(C) : Z="Z,Im(Z) > 0}.
For Z € H,, s € C, define the Eisenstein series by

Enk(Z,s) = det(Im(Z))* det(CZ + D) *|det(CZ + D)|*.
C,D

We have E, ((Z,0) € Mi(Sp,,(Z)). Let F is a Siegel cusp form of degree
n and full level that is an eigenform for all the Hecke operators.

= Z
F(_Zl)E2n,k(|: 1 22} , s)le ~ L(2$ + k —n,7F, Q2n+1)F(ZQ)
Sp(2n,Z)\Hp,

Want to extend this to i) incorporate characters, ii) include arbitrary
congruence subgroups, and iii) cover the case of vector valued Siegel cusp

forms.
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Adelic formulation

@ Gup := GSp(4n) and let Ps, Siegel parabolic subgroup of matrices
whose lower left (2n) x (2n) block is zero.

@ The Levi subgroup of Ps, is GL(2n) x GL(1) given by matrices of the
form {A vtAl}' with A € GL(2n) and v € GL(1).

o Let x be a character of A*. Set I(x,s) = Indg:;’gg(xéf%). Here, x

acts on SEA-1 by x(v~"det(A)). For a smooth section
f(-,s) € I(x,s), define
E(g,s,f) = > f(vg,s)-

YEPan(F)\Gan(F)

o Let (m, V) be a cuspidal automorphic representation of Ga,(A) and
let ¢ € V.
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Zeta integral

Fix an embedding of H, 2, of Gop X G in Gap. Define
2sifo)e)= [ El(he)s Noh)ah

Sp2,(F)\g-Sp2,(A)
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Zeta integral

Fix an embedding of H, 2, of Gop X G in Gap. Define
2sifo)e)= [ El(he)s Noh)ah

Sp2,(F)\g-Sp2,(A)

Unwinding the integral, we get

2sif.0de) = [ F(Qu- (h1).5)(gh)dh

Sp2n(A)
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Zeta integral

Fix an embedding of H, 2, of Gop X G in Gap. Define
2sifo)e)= [ El(he)s Noh)ah

82, (F)\g Sp20(4)
Unwinding the integral, we get
Z2(sif.6)e)= [ F(Qu- (h1).5)o(eh)dh

Sp2n(A)

Theorem (Basic Identity)

Assume that ¢ is a pure tensor ®,¢, and f factors into ®f, with
f, € I(xv,s). Then Z(s;f,¢) also belongs to V; and corresponds to the
pure tensor ®,Z,(s; f,, ¢,), where

Z,(s:f, ) = / £,(Qn - (h, 1), s)mo (h)dydh € Ty
Spa,(Fv)
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The local integral

Goal: Want to choose f, and ¢, such that

Z(sifnd) = [ fAQu: (h1).5)m(h)ovdh = Bu(s)on.

Sp2n(FV)
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The unramified computation

The unramified computation follows as in PS-Rallis or Bocherer. When
both x, and 7, are unramified, we choose f, and ¢, to be the unramified
vectors. Then we get that Z,(s; f,, ¢,) is equal to

L((2n + 1)5 + 1/2a T X Xv, Q2n+1)
L((2n+1)(s + 1/2), ) ,-ﬁll L((2n + 1)(25 +1) — 2i,x2)

Pu-
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The ramified computation

@ Choose a positive integer m such that x| ym)nex =1 and 7, has a
vector ¢, fixed by [2,(p™).
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The ramified computation

@ Choose a positive integer m such that x| ym)nex =1 and 7, has a
vector ¢, fixed by [2,(p™).

e Choose ¢, to be the above vector. And choose f, to be the unique
function on Gy, (F,) x C with support Psn(F,)Qnlan(p™), given by

£,(PQnk) = Xv(P)6Pa,(P)*+2, P € Pan(F,), k € Tan(p™).
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The ramified computation

@ Choose a positive integer m such that x| ym)nex =1 and 7, has a
vector ¢, fixed by [2,(p™).

e Choose ¢, to be the above vector. And choose f, to be the unique
function on Gy, (F,) x C with support Psn(F,)Qnlan(p™), given by

o (PQnk) = Xu(P)3p, (P)* "2, p € Pan(F,), k € Tan(p™).
@ With these choices, we have

ZV(S; fvv ¢v) = VOl(r2n(pm))¢v-
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Archimedean computation

Assumption: Let 7o, be a holomorphic discrete series with minimal K-type
of highest weight k = (ki,- - , kn) with integers k1 > kp > -+ > k, > n
and all the k; have the same parity. Set k = k;. Assume that yo, = sgnX.
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Archimedean computation

Assumption: Let 7o, be a holomorphic discrete series with minimal K-type
of highest weight k = (ki,- - , kn) with integers k1 > kp > -+ > k, > n
and all the k; have the same parity. Set k = k;. Assume that yo, = sgnX.

e Choose f, € I(sgn”, s) to be the scalar valued weight k vector.

@ One can show that one dimensional K-type with highest weight
(k,k,---, k) occurs exactly once in mo. Choose ¢oo = ¢ the vector
spanning this one dimensional space.

@ It turns out that Z(s, fy, ¢x) is also a weight k vector in 7. Hence,

Zels o) = [ @ (h,1),5)mac(W)rdh = Bil5)ox

Sp2n(R)
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The scalar minimal K-type

Taking inner product with ¢y, we get

| fdQn (b 1), )W)t ) = Bils) (dns ).
Sp2n(R)
Normalize ¢y so that (¢k, ¢k) = 1. We have

Buls) = / fi(Qn- (1), ) (moc (W) G4)
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The scalar minimal K-type

Taking inner product with ¢y, we get

| fdQn (b 1), )W)t ) = Bils) (dns ).
Sp2n(R)
Normalize ¢y so that (¢k, ¢k) = 1. We have

Buls)= [ A(Qn (h1),5) (o R}k i)l
Span(R)

Let k = ky = ko = --- = k,, the scalar minimal K-type case. We have an
explicit formula for the matrix coefficient.

Mn(h)"k/2 onk
(i (h) ks di) = { det (A+ D +i(C — B))k
0 for un(h) < 0.

for un(h) > 0,

AB
cD
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Here h = { € GSp(2n,R) and p, is the similitude function.




The scalar minimal K-type contd.

The integrand is left and right K-invariant function. Using an integration
formula involving the KAK decomposition and explicit formula for f,, we
can compute the integral to get

Zoo(s, iy 1) = i w2 C (20 + 1)s — 1/2) ¢

with the function Cy(z) is defined as

=z
il
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J 1
_1,_1_[12—1-/(—1—]4—2/)
. (k=1-))

1 +(k—1—1)>'

:1

—.



The general minimal K-type case

No formula for matrix coefficients in the general case. We embed 7y in an
induced representation where we know the explicit formula for the vector

Pk -

Zuls. b0 = [ Al(Qn (1. 1), 9)melW(@(1)dh = Bil)1(1)

Sp2n(R)
Normalizing ¢k (1) = 1, we get

Bi(s) = / fi(Qn - (h, 1), 5)¢x(h)dh

Sp2n(R)
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The general minimal K-type case

No formula for matrix coefficients in the general case. We embed 7y in an
induced representation where we know the explicit formula for the vector

Pk -

Zuls. b0 = [ Al(Qn (1. 1), 9)melW(@(1)dh = Bil)1(1)

Sp2n(R)

Normalizing ¢k (1) = 1, we get

Bi(s) = / fi(Qn - (h, 1), 5)¢x(h)dh

Sp2n(R)

Bx(s) = ( something explicit and nice ) X ( complicated integral )
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The general minimal K-type case

No formula for matrix coefficients in the general case. We embed 7y in an
induced representation where we know the explicit formula for the vector

Pk -

Zuls. b0 = [ Al(Qn (1. 1), 9)melW(@(1)dh = Bil)1(1)

Sp2n(R)
Normalizing ¢k (1) = 1, we get
Bls)= [ #(Qa- (1), s)ox(m)dh
Sp2n(R)
Bx(s) = ( something explicit and nice ) X ( complicated integral )

“Complicated Integral" depends only on k = k; and not on ky, k3, - -+ , k.
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The archimedean integral

Zoo(s, fiery i) = i™ w" (D2 A (20 + 1)s — 1/2) ¢

with the function Ax(z) is defined as

n J 1
— o—n(z-1)
A(z) =2 (HHz+k—1—j+2i)

j=1li=1

<(11

j=1 i=0

k—k;
—J_
-1

z—(k—l—j—2i)>
z+(k—1—j-2i))
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Global result

Theorem (P., Saha, Schmidt)

Let N =[] p™, where m, = 0 if both 7, and x, are unramified, and
otherwise they are chosen as in previous slides. The partial function
LN(s,m® x, 02ns1) can be analytically continued to a meromorphic

function of s with only finitely many poles. Furthermore, for all s € C, we
have the relation

Z(s, f,)(g) = LY((2n +1)s +1/2, w K x, 02n+1)
LN((2n+1)(s +1/2),x) H LN((2n+ 1)(2s + 1) — 2j, x2)

J—

n n+1 <H VOl r2 )Ak((2n aF 1)5 — 1)gb(g)

pIN 2
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Classical version

Let F be the smooth function on the Siegel upper half plane H,
corresponding to ¢ and set

2s i k 1f)
Eont1 "onyr1 2070

EXn(Z,s) = j(g, 1)“E(

where g € G4,(R) such that g(/) = Z. Then

n k-—s,_ = LN(s, 7 X x, 02n+1)
EX _ Z - F = . :
( k,N( 125 2 ). F) LN(s+ n,x) H};l LN(2s +2j —2,x?)

T vol(Fan(om)) » — o
X Vo P 7)) X
11 2 vol(Sp2n(Z)\Sp2,(R))

Ak(S — ].)

X F(Zz)

Ameya Pitale (OU) The critical L-values Sep 19, 2019 18 / 21



Nearly holomorphic Siegel modular forms in genus 2

@ For integers £ > 1 and m > 0 such that m is even, denote by
St,m(T4(N)) the space of holomorphic Siegel cusp forms with respect
to [4(N) and weight (¢ + m, £) (or det’sym™).

@ Let Dy and U be the differential operators that map cusp forms of
weight (¢ + m, ¢) to those with weight (¢ + m+2,¢+ 2) and
(¢ + m, £ + 2) respectively.

We have

k—¢
plt=miZ ym/2 5, (Fy(N))
0

k
Ne(Fa(N))° = D
Kmo

m=
(= d 2 m=0 mod 2

We also obtain Aut(C)-equivariance of the Peterssson inner product using
certain holomorphic projection operators.
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Special values for n = 2

Theorem (P., Saha, Schmidt)

Let m be a cuspidal automorphic representation of GSp(4, Ag) such that
Too IS isomorphic to the holomorphic discrete series representation with
highest weight (ki, ko) such that ki > ko > 3, k1 = ko (mod 2). Let x be
any Dirichlet character satisfying x(—1) = (—1)¥. Let r be any integer
satisfying 1 < r < ko — 2,r = ko (mod 2). Furthermore, if x> =1, we
assume that r # 1. Let S be any finite subset of places of Q that includes
the archimedean place. Then, for every o € Aut(C), we have

U( L3(r, 7 X x, std) ) L3(r, % ® x7, std)
(

2mi)2kT3rG(x)3(F, F)/) — (2mi)2kt3rG(x?)3(F7, F)
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Thank you. And part Il after coffee.
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