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A theorem of Shimura

Theorem (Shimura)
Let f ∈ Sk(N) be a primitive Hecke eigenform, χ a Dirichlet character.
Then there exist 0 6= u(ε, f ) ∈ C, ε ∈ {0, 1}, such that, for every
σ ∈ Aut(C) and 0 < m < k , we have

σ
( L(m, f , χ)

(2πi)mG (χ)u(ε, f )

)
=

L(m, f σ, χσ)

(2πi)mG (χσ)u(ε, f σ)

with (−1)ε = (−1)mχ(−1).

Algebraicity of special values of L(s, f � χ, symn).
n = 1: Shimura
n = 2: Sturm
n = 3: Garrett, Harris
n odd: Raghuram (assuming functoriality of symn)
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Algebraicity of critical values of sym4

Theorem (P., Saha, Schmidt)
Let k ≥ 2 be even. Let τ be a cuspidal, non-dihedral, automorphic
representation on PGL2(A) with τ∞ isomorphic to the holomorphic
discrete series representation of lowest weight k . Let χ be an odd Dirichlet
character and r be an odd integer such that 1 ≤ r ≤ k − 1. Furthermore, if
χ2 = 1, we assume that r 6= 1. Then there exists a real number C (τ) such
that, for any finite subset S of places of Q that includes the archimedean
place, and for every σ ∈ Aut(C), we have

σ
( LS(r , χ⊗ sym4τ)

(2πi)3rG (χ)3C (τ)

)
=

LS(r , χσ ⊗ sym4(τσ))

(2πi)3rG (χσ)3C (τσ)
.

Ramakrishnan-Shahidi: τ 7→ Fτ a vector-valued holomorphic Siegel cusp
form of degree 2 satisfying

L(s, sym4τ) = L(s,Fτ , std).
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Algebraicity of critical values of standard L-function

Theorem (P., Saha, Schmidt)
Let π be a cuspidal automorphic representation of GSp(4,AQ) such that
π∞ is isomorphic to the holomorphic discrete series representation with
highest weight (k1, k2) such that k1 ≥ k2 ≥ 3, k1 ≡ k2 (mod 2). Let χ be
any Dirichlet character satisfying χ(−1) = (−1)k1 . Let r be any integer
satisfying 1 ≤ r ≤ k2 − 2, r ≡ k2 (mod 2). Furthermore, if χ2 = 1, we
assume that r 6= 1. Let S be any finite subset of places of Q that includes
the archimedean place. Then there exists 0 6= C (π) ∈ C such that, for
every σ ∈ Aut(C), we have

σ
( LS(r , π � χ, std)

(2πi)2k+3rG (χ)3C (π)

)
=

LS(r , πσ � χσ, std)

(2πi)2k+3rG (χσ)3C (πσ)
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Previous results

Classically, theorem applies to vector valued Siegel cusp forms of weight
detk2 symk1−k2 with respect to an arbitrary congruence subgroup of
Sp(4,Q). Previous known results:

For k1 = k2 scalar case : by Shimura but only for Γ0(N)-type
congruence subgroups.

For k1 > k2 vector valued case : by Kozima but only for full level and
χ = 1.

Ameya Pitale (OU) The critical L-values Sep 19, 2019 5 / 21



A pullback formula by Garrett

Consider the Siegel upper half space of genus n defined by

Hn = {Z ∈ Mn(C) : Z = tZ , Im(Z ) > 0}.

For Z ∈ Hn, s ∈ C, define the Eisenstein series by

En,k(Z , s) :=
∑
C ,D

det(Im(Z ))s det(CZ + D)−k | det(CZ + D)|−s .

We have En,k(Z , 0) ∈ Mk(Sp2n(Z)).

Let F is a Siegel cusp form of degree
n and full level that is an eigenform for all the Hecke operators.

∫
Sp(2n,Z)\Hn

F (−Z̄1)E2n,k(

ñ
Z1

Z2

ô
, s)dZ1 ≈ L(2s + k − n, πF , %2n+1)F (Z2)

Want to extend this to i) incorporate characters, ii) include arbitrary
congruence subgroups, and iii) cover the case of vector valued Siegel cusp
forms.

Ameya Pitale (OU) The critical L-values Sep 19, 2019 6 / 21



A pullback formula by Garrett

Consider the Siegel upper half space of genus n defined by

Hn = {Z ∈ Mn(C) : Z = tZ , Im(Z ) > 0}.

For Z ∈ Hn, s ∈ C, define the Eisenstein series by

En,k(Z , s) :=
∑
C ,D

det(Im(Z ))s det(CZ + D)−k | det(CZ + D)|−s .

We have En,k(Z , 0) ∈ Mk(Sp2n(Z)). Let F is a Siegel cusp form of degree
n and full level that is an eigenform for all the Hecke operators.

∫
Sp(2n,Z)\Hn

F (−Z̄1)E2n,k(

ñ
Z1

Z2

ô
, s)dZ1 ≈ L(2s + k − n, πF , %2n+1)F (Z2)

Want to extend this to i) incorporate characters, ii) include arbitrary
congruence subgroups, and iii) cover the case of vector valued Siegel cusp
forms.

Ameya Pitale (OU) The critical L-values Sep 19, 2019 6 / 21



A pullback formula by Garrett

Consider the Siegel upper half space of genus n defined by

Hn = {Z ∈ Mn(C) : Z = tZ , Im(Z ) > 0}.

For Z ∈ Hn, s ∈ C, define the Eisenstein series by

En,k(Z , s) :=
∑
C ,D

det(Im(Z ))s det(CZ + D)−k | det(CZ + D)|−s .

We have En,k(Z , 0) ∈ Mk(Sp2n(Z)). Let F is a Siegel cusp form of degree
n and full level that is an eigenform for all the Hecke operators.

∫
Sp(2n,Z)\Hn

F (−Z̄1)E2n,k(

ñ
Z1

Z2

ô
, s)dZ1

≈ L(2s + k − n, πF , %2n+1)F (Z2)

Want to extend this to i) incorporate characters, ii) include arbitrary
congruence subgroups, and iii) cover the case of vector valued Siegel cusp
forms.

Ameya Pitale (OU) The critical L-values Sep 19, 2019 6 / 21



A pullback formula by Garrett

Consider the Siegel upper half space of genus n defined by

Hn = {Z ∈ Mn(C) : Z = tZ , Im(Z ) > 0}.

For Z ∈ Hn, s ∈ C, define the Eisenstein series by

En,k(Z , s) :=
∑
C ,D

det(Im(Z ))s det(CZ + D)−k | det(CZ + D)|−s .

We have En,k(Z , 0) ∈ Mk(Sp2n(Z)). Let F is a Siegel cusp form of degree
n and full level that is an eigenform for all the Hecke operators.

∫
Sp(2n,Z)\Hn

F (−Z̄1)E2n,k(

ñ
Z1

Z2

ô
, s)dZ1 ≈ L(2s + k − n, πF , %2n+1)F (Z2)

Want to extend this to i) incorporate characters, ii) include arbitrary
congruence subgroups, and iii) cover the case of vector valued Siegel cusp
forms.

Ameya Pitale (OU) The critical L-values Sep 19, 2019 6 / 21



A pullback formula by Garrett

Consider the Siegel upper half space of genus n defined by

Hn = {Z ∈ Mn(C) : Z = tZ , Im(Z ) > 0}.

For Z ∈ Hn, s ∈ C, define the Eisenstein series by

En,k(Z , s) :=
∑
C ,D

det(Im(Z ))s det(CZ + D)−k | det(CZ + D)|−s .

We have En,k(Z , 0) ∈ Mk(Sp2n(Z)). Let F is a Siegel cusp form of degree
n and full level that is an eigenform for all the Hecke operators.

∫
Sp(2n,Z)\Hn

F (−Z̄1)E2n,k(

ñ
Z1

Z2

ô
, s)dZ1 ≈ L(2s + k − n, πF , %2n+1)F (Z2)

Want to extend this to i) incorporate characters, ii) include arbitrary
congruence subgroups, and iii) cover the case of vector valued Siegel cusp
forms.

Ameya Pitale (OU) The critical L-values Sep 19, 2019 6 / 21



Adelic formulation

G4n := GSp(4n) and let P4n Siegel parabolic subgroup of matrices
whose lower left (2n)× (2n) block is zero.
The Levi subgroup of P4n is GL(2n)×GL(1) given by matrices of the

form
ñ
A
v tA−1

ô
, with A ∈ GL(2n) and v ∈ GL(1).

Let χ be a character of A×. Set I (χ, s) = IndG4n(A)
P4n(A)(χδ

s
P4n

). Here, χ

acts on
ñ
A
v tA−1

ô
by χ(v−n det(A)). For a smooth section

f (·, s) ∈ I (χ, s), define

E (g , s, f ) :=
∑

γ∈P4n(F )\G4n(F )

f (γg , s).

Let (π,Vπ) be a cuspidal automorphic representation of G2n(A) and
let φ ∈ Vπ.
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Zeta integral

Fix an embedding of H2n,2n of G2n × G2n in G4n. Define

Z (s; f , φ)(g) =

∫
Sp2n(F )\g ·Sp2n(A)

E ((h, g), s, f )φ(h)dh.

Unwinding the integral, we get

Z (s; f , φ)(g) =

∫
Sp2n(A)

f (Qn · (h, 1), s)φ(gh)dh.

Theorem (Basic Identity)
Assume that φ is a pure tensor ⊗vφv and f factors into ⊗fv with
fv ∈ I (χv , s). Then Z (s; f , φ) also belongs to Vπ and corresponds to the
pure tensor ⊗vZv (s; fv , φv ), where

Zv (s; fv , φv ) =

∫
Sp2n(Fv )

fv (Qn · (h, 1), s)πv (h)φvdh ∈ πv .
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The local integral

Goal: Want to choose fv and φv such that

Zv (s; fv , φv ) =

∫
Sp2n(Fv )

fv (Qn · (h, 1), s)πv (h)φvdh = Bv (s)φv .
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The unramified computation

The unramified computation follows as in PS-Rallis or Bocherer. When
both χv and πv are unramified, we choose fv and φv to be the unramified
vectors. Then we get that Zv (s; fv , φv ) is equal to

L((2n + 1)s + 1/2, πv � χv , %2n+1)

L((2n + 1)(s + 1/2), χv )
n∏

i=1
L((2n + 1)(2s + 1)− 2i , χ2

v )
φv .
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The ramified computation

Choose a positive integer m such that χv |(1+pm)∩o× = 1 and πv has a
vector φv fixed by Γ2n(pm).

Choose φv to be the above vector. And choose fv to be the unique
function on G4n(Fv )× C with support P4n(Fv )QnΓ4n(pm), given by

fv (pQnk) = χv (p)δP4n(p)s+
1
2 , p ∈ P4n(Fv ), k ∈ Γ4n(pm).

With these choices, we have

Zv (s; fv , φv ) = vol(Γ2n(pm))φv .
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Archimedean computation

Assumption: Let π∞ be a holomorphic discrete series with minimal K -type
of highest weight k = (k1, · · · , kn) with integers k1 ≥ k2 ≥ · · · ≥ kn ≥ n
and all the ki have the same parity. Set k = k1. Assume that χ∞ = sgnk .

Choose fk ∈ I (sgnk , s) to be the scalar valued weight k vector.

One can show that one dimensional K -type with highest weight
(k, k , · · · , k) occurs exactly once in π∞. Choose φ∞ = φk the vector
spanning this one dimensional space.

It turns out that Z (s, fk , φk) is also a weight k vector in π∞. Hence,

Z∞(s, fk , φk) =

∫
Sp2n(R)

fk(Qn · (h, 1), s)π∞(h)φkdh = Bk(s)φk.
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The scalar minimal K -type

Taking inner product with φk, we get

〈
∫

Sp2n(R)

fk(Qn · (h, 1), s)π∞(h)φkdh, φk〉 = Bk(s)〈φk, φk〉.

Normalize φk so that 〈φk, φk〉 = 1. We have

Bk(s) =

∫
Sp2n(R)

fk(Qn · (h, 1), s)〈π∞(h)φk, φk〉dh.

Let k = k1 = k2 = · · · = kn, the scalar minimal K -type case. We have an
explicit formula for the matrix coefficient.

〈πk(h)φk, φk〉 =


µn(h)nk/2 2nk

det (A + D + i(C − B))k
for µn(h) > 0,

0 for µn(h) < 0.

Here h =

ñ
A B
C D

ô
∈ GSp(2n,R) and µn is the similitude function.
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The scalar minimal K -type contd.

The integrand is left and right K -invariant function. Using an integration
formula involving the KAK decomposition and explicit formula for fv , we
can compute the integral to get

Z∞(s, fk , φk) = ink πn(n+1)/2Ck((2n + 1)s − 1/2) φk

with the function Ck(z) is defined as

Ck(z) = 2−n(z−1)
Ç n∏

j=1

j∏
i=1

1
z + k − 1− j + 2i

å
×
Ç n∏

j=1

z − (k − 1− j)

z + (k − 1− j)

å
.
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The general minimal K -type case

No formula for matrix coefficients in the general case. We embed πk in an
induced representation where we know the explicit formula for the vector
φk.

Z∞(s, fk , φk)(1) =

∫
Sp2n(R)

fk(Qn · (h, 1), s)π∞(h)(φk(1))dh = Bk(s)φk(1).

Normalizing φk(1) = 1, we get

Bk(s) =

∫
Sp2n(R)

fk(Qn · (h, 1), s)φk(h)dh

Bk(s) =
(
something explicit and nice

)
×
(
complicated integral

)
“Complicated Integral" depends only on k = k1 and not on k2, k3, · · · , kn.
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The archimedean integral

Z∞(s, fk , φk) = ink πn(n+1)/2Ak((2n + 1)s − 1/2) φk

with the function Ak(z) is defined as

Ak(z) = 2−n(z−1)
Ç n∏

j=1

j∏
i=1

1
z + k − 1− j + 2i

å
×
Ç n∏

j=1

k−kj
2 −1∏
i=0

z − (k − 1− j − 2i)
z + (k − 1− j − 2i)

å
.
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Global result

Theorem (P., Saha, Schmidt)
Let N =

∏
pmp , where mp = 0 if both πp and χp are unramified, and

otherwise they are chosen as in previous slides. The partial function
LN(s, π � χ, %2n+1) can be analytically continued to a meromorphic
function of s with only finitely many poles. Furthermore, for all s ∈ C, we
have the relation

Z (s, f , φ)(g) =
LN((2n + 1)s + 1/2, π � χ, %2n+1)

LN((2n + 1)(s + 1/2), χ)
n∏

j=1
LN((2n + 1)(2s + 1)− 2j , χ2)

× ink π
n(n+1)

2

Ç∏
p|N

vol(Γ2n(pmp))

å
Ak((2n + 1)s − 1

2
)φ(g).
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Classical version

Let F be the smooth function on the Siegel upper half plane Hn

corresponding to φ and set

Eχk,N(Z , s) := j(g , I )kE (g ,
2s

2n + 1
+

k

2n + 1
− 1

2
, f ),

where g ∈ G4n(R) such that g〈I 〉 = Z . Then

〈Eχk,N( − ,Z2,
n

2
− k − s

2
), F̄ 〉 =

LN(s, π � χ, %2n+1)

LN(s + n, χ)
∏n

j=1 L
N(2s + 2j − 2, χ2)

Ak(s − 1)

×
∏
p|N

vol(Γ2n(pmp ))× ink πn(n+1)/2

vol(Sp2n(Z)\Sp2n(R))
× F (Z2).
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Nearly holomorphic Siegel modular forms in genus 2

For integers ` ≥ 1 and m ≥ 0 such that m is even, denote by
S`,m(Γ4(N)) the space of holomorphic Siegel cusp forms with respect
to Γ4(N) and weight (`+ m, `) (or det` symm).
Let D+ and U be the differential operators that map cusp forms of
weight (`+ m, `) to those with weight (`+ m + 2, `+ 2) and
(`+ m, `+ 2) respectively.

Theorem
We have

Nk(Γ4(N))◦ =
k⊕
`=2

`≡k mod 2

k−⊕̀
m=0

m≡0 mod 2

D
(k−`−m)/2
+ Um/2 S`,m(Γ4(N))

We also obtain Aut(C)-equivariance of the Peterssson inner product using
certain holomorphic projection operators.
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Special values for n = 2

Theorem (P., Saha, Schmidt)
Let π be a cuspidal automorphic representation of GSp(4,AQ) such that
π∞ is isomorphic to the holomorphic discrete series representation with
highest weight (k1, k2) such that k1 ≥ k2 ≥ 3, k1 ≡ k2 (mod 2). Let χ be
any Dirichlet character satisfying χ(−1) = (−1)k1 . Let r be any integer
satisfying 1 ≤ r ≤ k2 − 2, r ≡ k2 (mod 2). Furthermore, if χ2 = 1, we
assume that r 6= 1. Let S be any finite subset of places of Q that includes
the archimedean place. Then, for every σ ∈ Aut(C), we have

σ
( LS(r , π � χ, std)

(2πi)2k+3rG (χ)3〈F ,F 〉

)
=

LS(r , πσ � χσ, std)

(2πi)2k+3rG (χσ)3〈F σ,F σ〉
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Thank you. And part II after coffee.
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