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3-transposition groups

Definition 1

pG , I q : 3-transposition group

ðñ G : group, I : a set of involutions s.t. G “ xI y, IG “ I and |ab| ď 3 for @a, b P I .

Theorem 1 (Fischer’71, Cuypers-Hall’95)

The list of almost simple finite 3-transposition groups is as follows.

1 G “ Symn, I “ tpi jq | 1 ď i ă j ď nu

2 G “ O˘
2np2q, I “ transvections

3 G “ Sp2np2q, I “ transvections

4 G “ O˘
n p3q, I “ reflections

5 G “ SUnp2q, I “ transvections

6 G “ PΩ`
8 p2 or 3q:Sym3, Fi22,23,24, I : unique
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Basic sets

Definition 2

Let pG , I q be a finite 3-transposition group and P a Sylow 2-subgroup.

The intersection P X I is called a basic set of G and the size |P X I | is called the width of G .

a, b P P X I ùñ |ab| “ 2 ùñ xP X I y : elementary abelian 2-group

P X I : a maximal set of mutually commutative elements in I

@g P G , pP X I qg “ Pg X I g “ Pg X I ùñ |P X I | : invariant of G (“ width)

Fi22 Fi23 Fi24

Width 22 23 24

xP X I y 210 211 212

Normalizer 210.M22 211.M23 212.M24
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CFSG

Theorem 2

The complete list of finite simple group is given by:

(0) Z{pZ (p : prime)

(1) Altně5

(2) Groups of Lie type (i.e. matrix groups over finite fields)

(3) 26 sporadics (M11,12,22,23,24, Co1,2,3, Fi22,23,24, B, M, . . . )

Special symmetries in 24 dimension (cf. [FLM’88]):

F24
2 Z24 c “ 24 VOA

G ù Λ ù V 6 “ V`
Λ ‘ V T`

Λ

M24 2.Co1 M

Note that CMp2Bq “ 21`24
` .Co1 and AutpV`

Λ q “ 224.Co1 – pΛ{2Λq.Co1
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Sunshine construction?

Historically,
Fi24 ù B ù M

3-trans.gp. t3, 4u-trans.gp. 6-trans.gp.

Aim M

—
—

2.B 3.Fi24
—

—
S3 ˆ Fi23

—
—

S3 ˆ 211

ùñ

V 6

—
—

Lp1{2, 0q bVB6,0 W3p4{5q bVF 6

—
—

U3A bComV 6U3A

—
—?

X r23s

Note that CMp2Aq “ 2.B and NMp3Aq “ 3.Fi24 (cf. S3 “ 3:2)
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Ising vectors

Let V be a VOA of OZ-type, i.e. V “ ‘ně0Vn, V0 “ R1, V1 “ 0.

Then V2 forms a commutative algebra with invariant bilinear form

ab :“ ap1qb, pa|bq1 “ ap3qb for a, b P V2.

This algebra is called the Griess algebra of V .

Lemma 3 (Miyamoto’96)

e P V2 : c “ ce Virasoro vector ðñ ee “ 2e and ce “ 2pe|eq

Definition 3

e P V2 : Ising vector of σ-type

ðñ e : c “ 1{2 Virasoro vector s.t. xey – Lp1{2, 0q (simple subVOA)

There is no xey-submodule isomorphic to Lp1{2, 1{16q in V
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Miyamoto involutions

Theorem 4 (Miyamoto’96)

If e P V is an Ising vector then τe :“ p´1q16opeq P AutpV q.

If τe “ idV then σe :“ p´1q2opeq P AutpV q.

Theorem 5 (Conway’85, Miyamoto’96, Höhn’10)

Ising vectors of V 6

P
e

Ð
1:1
ÝÝÑ

2A-involutions of M

P

τe

By this correspondence, we can analyze 2A-involutions of M by considering corresponding

Ising vectors of V 6.

We can generalize the above correspondence for the other groups.

(cf. Lam-Y.’16 arXiv:1604.04989)
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Dihedral subalgebras

Theorem 6 (Sakuma’07)

e, f P VR : Ising vectors ùñ |τττeτττf | ď 6 (6-transposition property)

More precisely, there are 9 possible types of xe, f y:

3C
˝
|
|
|

˝́ ´́ ´́ ˝́ ´́ ´́ ˝́ ´́ ´́ ˝́ ´́ ´́ ˝́ ´́ ´́ ˝́ ´́ ´́ ˝́ ´́ ´́ ˝
1A 2A 3A 4A 5A 6A 4B 2B

xe, f y 1A 2A 3A 4A 5A 6A 4B 2B 3C

210pe | f q 28 25 13 23 6 5 22 0 22

dim xe, f y2 1 3 4 5 6 8 5 2 3

We will call UnX “ xe, f y the dihedral subalgebra of type nX .
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Construction of 3-transposition groups I

V : VOA of OZ-type

DV : the set of Ising vectors of σ-type in V

Set σpDV q “ tσe | e P DV u and GV “ xDV y.

If e, f P DV then xe, f y is either 1A, 2A or 2B-type.

Theorem 7 (Miyamoto’96, Matsuo’05, Cuipo-Lam-Y.’18)

(1) pGV , σpDV qq : 3-transposition group of symplectic type (i.e. GV {O2pGV q ď Sp2np2q)

(2) If V “ xDV y then pV ,GV q are classified (V is a subVOA of V?̀
2R
)

xe, f y : 2A-type ùñ rτe , τf s “ 1 on V and |σeσf | “ 3 on V xτe ,τf y

xe, f y : 2B-type ùñ rτe , τf s “ 1 on V and |σeσf | ď 2 on V xτe ,τf y

In order to realize Fischer groups, we need to use τ -involutions.
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Construction of 3-transposition groups II

V : VOA of OZ-type

EV : the set of Ising vectors of V (including both σ and τ -types)

Fix a, b P EV s.t. xa, by : 3A-type ùñ xτa, τby – S3

Set Ia,b :“ tx P EV | pa | xq “ pb | yq “ 2´5u (i.e. xa, xy – xb, xy – 2A-alg.)

Theorem 8 (Lam-Y.’16)

(1) x P Ia,b ùñ rτx , τas “ rτx , τbs “ 1

(2) x , y P Ia,b ùñ xx , yy : 1A, 2A or 3A-types

(3) x , y P Ia,b ùñ |τxτy | ď 3 in AutpV q

(4) GV :“ xτx | x P Ia,by ùñ GV : 3-transposition group in CAutpV qxτa, τby

If we apply the theorem above to V 6 then we obtain GV 6 “ Fi23 “ CMpS3q.

Note that S3 ˆ Fi23 ă M whereas 3.Fi24 ă M but Fi24 ă M.
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Inductive structures

pG , I q : 3-transposition group

Pick a P I and set G r1s :“ Ga “ xx P I | ax “ xay{xay (Ga ď CG paq{xay)

Similarly we define G r2s :“ Ga,b “ pGaqb, G
r3s :“ Ga,b,c “ pGa,bqc , . . .

Example

G “ Fi24 ùñ G r1s “ Fi23, G r2s “ Fi22, G r3s “ Fi21 “ PSU6p2q

In the above process, a, b, c , . . . : mutually commutative elements in I

Maximal collection : a basic set of pG , I q
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Inductive subalgebras

GV “ xτx | x P Ia,by : 3-transposition group

Let n be the width of GV . We will recursively define the inductive subalgebra

X rns :“ xa, b, x1, . . . , xny

as follows. First, we set X r0s :“ xa, by and suppose we have defined X ris :“ xa, b, x1, . . . , x iy.

Then we choose x i`1 P Ia,b s.t.

x i`1 R X ris and px i`1 | x jq “ 2´5, 1 ď j ď i

and define X ri`1s :“ xX ris, x i`1y “ xa, b, x1, . . . , x i , x i`1y as long as possible.

Then tτx i | 1 ď i ď nu gives a basic set of GV if GV is connected.
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Inductive structures in VOA side

Set Dr0s :“ tτx | x P Ia,bu and Dris :“ tτy P Dri´1s | τyτx i “ τx i τyu.

X r0s Ă X r1s Ă X r2s Ă ¨ ¨ ¨ Ă X rns

ù ù ù ù
ComVX

r0s Ą ComVX
r1s Ą ComVX

r2s Ą ¨ ¨ ¨ Ą ComVX
rns

ö ö ö ö

G r0s G r1s G r2s ¨ ¨ ¨ G rns

� � � �

xDr0sy Ą xDr1sy Ą xDr2sy Ą ¨ ¨ ¨ Ą xDrnsy

Theorem 9 (Lam-Y.’16)

The Griess algebra of X rns is uniquely determined and

Lpc3, 0q b Lpc4, 0q b ¨ ¨ ¨ b Lpcn`4, 0q Ă X rns (full)

where ci “ 1 ´ 6{pi ` 2qpi ` 3q (unitary series).
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Main example

When V “ V 6, we obtain G r0s “ Fi23, G r1s “ Fi22 and G r2s “ Fi21 “ PSU6p2q.

X r0s Ă X r1s Ă X r2s Ă ¨ ¨ ¨ù ù ù

ComV 6X r0s Ą ComV 6X r1s Ą ComV 6X r2s Ą ¨ ¨ ¨

ö ö ö

G r0s “ Fi23 G r1s “ Fi22 G r2s “ PSU6p2q ¨ ¨ ¨

� � �

xDr0sy Ą xDr1sy Ą xDr2sy Ą ¨ ¨ ¨

Note that X rns “ xa, b, x1, . . . , xny where tτx1 , . . . , τxnu is a set of mutually commutative

transpositions in Dr0s.

For G r0s “ Fi23, its width is 23 so that there exist 23 Ising vectors x1, . . . , x23 P V 6 such that

X r23s “ xa, b, x1, . . . , x23y Ă V 6 (cf. [Conway-Miyamoto]).

H. Yamauchi (TWCU) Holomorphics extensions and Fi23 TU Darmstadt, September 22, 2021 14 / 23



Observation

The central charge of X rns is c3 ` c4 ` ¨ ¨ ¨ ` cn`4 “
pn ` 2qp5n ` 29q

5pn ` 7q
.

If n “ 23 : the central charge of X r23s is 24

On the other hand, S3 ˆ Fi23 ă M ùñ X r23s Ă V 6 [Conway-Miyamoto]

Lpc3, 0q b ¨ ¨ ¨ b Lpc27, 0q Ă X r23s Ă V 6

(cf. T.Creutzig @Dubrovnik 2017)

finite extension

M

—
—

2.B 3.Fi24
—

—
S3 ˆ Fi23

—

S3 ˆ 211.M23

—

S3 ˆ 211

ðñ

V 6

—
—

—
—

—
–

SCE

ṼLΛp1q

— ?

X r23s
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Construction of 2 ` 23 involutions

Let n ” 8 mod 16.

F “ rϵ1, . . . , ϵnsZ “ Zϵ1 ‘ ¨ ¨ ¨ ‘ Zϵn, pϵi | ϵjq “ 2δi ,j (2-frame)

F ˚ “ 1
2F : dual lattice of F

π : F ˚ � F ˚{F – Fn
2 Ą C : code ù LApC q :“ π´1pC q : lattice

LApC q : even, unimodular iff C : doubly-even, self-dual

F ˚ Q 1 “ 1
2pϵ1 ` ¨ ¨ ¨ ` ϵnq L9999K p11 ¨ ¨ ¨ 1q P Fn

2 (all-one vector)

νC : LApC q Q x ÞÝÑ px | 1q P F2 ù LBpC q :“ ν´1
C p0q : sublattice

For p11 ¨ ¨ ¨ 1q P C ă Fn
2, set

LΛpC q :“ LBpC q \ pLBpC q ` ϵ1
looooomooooon

“ν´1
C p1q

` 1
21q

n “ 24, C “ G ă F24
2 ùñ LApGq “ NpA24

1 q, LΛpGq “ Λ24 “ Λ

(Golay code)

H. Yamauchi (TWCU) Holomorphics extensions and Fi23 TU Darmstadt, September 22, 2021 16 / 23



Construction of 2 ` 23 involutions

NpA24
1 q “ LApC q LΛpC q “ Λ (if C “ G)

211

—
—

—
—

—

———
2

LBpC q

2
———

—
—

—
—

—

211

LAp1q

—
—

—
—

—

211
LΛp1q

2
—

—
—

—
—

———
2

LBp1q

2

———

F “ A24
1 “ LAp0q

—
—

—
—

—

2

———
2

LBp0q
=?

2D24
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Construction of 2 ` 23 involutions

Set α0 “ 1
21 ´ ϵ1, αi “ ϵi ´ ϵi`1 p1 ď i ď 23q, α24 “ ϵ23 ` ϵ24

rα0, α1, . . . , α23sZ –
?
2A24

LBp0q “ rα1, . . . , α24sZ –
?
2D24

LBp1q “ rα2, . . . , α24, 1sZ –
?
2NpD24q (totally even & 2-elementary)

LΛp1q “ LBp1q \ pLBp1q ` α0q “ rα2, . . . , α24, α0 ` 1sZ

w˘pαi q “
1

16
αi p´1q

2
1 ˘

1

4
peαi ` e´αi q P V`

LΛp1q
: Ising vector [DMZ]

Set a :“ w´pα0q, x i :“ w´pαi q (1 ď i ď 23)

Lemma 10

pa | x i q “ px j | xkq “ 2´5 for 1 ď i ď 23 and 1 ď j ă k ď 23.
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Construction of 2 ` 23 involutions

Theorem 11 (Abe-Dong-Li’05, van Ekeren-Möller-Scheithauer’17)

V`
L has group-like fusion ðñ L : 2-elementary (i.e. 2L˚ ă L)

Both V`
LBp1q

and V`
LΛp1q

have group-like fusion: F pV`
LBp1q

q˝ – 226 and F pV`
LΛp1q

q˝ – 224

χ : trivial character of LBp1q{2LBp1q V χ
LBp1q

: Z2-twisted VLBp1q-module affording χ

ṼLΛp1q “ V`
LBp1q

‘ V`
LBp1q`α0

loooooooooomoooooooooon

ĂV`
Λ

‘V χ`

LBp1q
‘ V χ`

LBp1q`α0
loooooooooomoooooooooon

ĂVT`
Λ

Ă V 6

where V χ`

LBp1q`α0
:“ V`

LBp1q`α0
b

V`
LB p1q

V χ`

LBp1q
.

Proposition 12 (FLM’88)

Dρ P AutpV`
LBp1q

q s.t. ρ2 “ 1 and ρ : V`
LBp1q`α0

ÐÑ V χ`

LBp1q

ùñ ρ can be extended to an automorphism of ṼLΛp1q of order 2.
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Construction of 2 ` 23 involutions

Set b :“ ρa P ṼLΛp1q

Lemma 13

(1) pa | bq “ 13{210 and xa, by : 3A-alg.

(2) pb | x i q “ 2´5 for 1 ď i ď 23.

(3) X r23s “ xa, b, x1, . . . , x23y Ă ṼLΛp1q Ă V 6

τa τa τa

ö ö

ṼLΛp1q “ V`
LBp1q

‘ V`
LBp1q`α0

‘ V χ`

LBp1q
‘ V χ`

LBp1q`α0

ö
τb

ö

τb

τb
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Mathieu23

Λ “ LΛpGq ùñ V 6 Ą ṼLΛp1q : G{1-graded SCE where G{1 – 211 as an abstract group

Proposition 14

Set H :“ xτx i | 1 ď i ď 23y. Then H – 211 and pV 6qH “ ṼLΛp1q.

Note that xx1, . . . , x23y – MA23 Ă ṼLΛp1q “ pV 6qH (cf. [Lam-Cuipo-Y’19])

ùñ G “ xσx i | 1 ď i ď 23y – W pA23q “ S24

ö

ṼLΛp1q

Lemma 15 (Shimakura’06)

Let g P G “ xσx i | 1 ď i ď 23y – S24.

Then Dĝ P AutpV 6q “ M s.t. ĝ |ṼLΛp1q
“ g ðñ g P M23 “ AutpG{1q

Theorem 16 (Creutzig-Lam-Y.)

StabMpṼLΛp1qq Ą 211.M23 “ pG{1q_.AutpG{1q
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Extensions

Consider extensions of ṼLΛp1q “ V`
LΛp1q

‘ V χ`

LΛp1q
where

V`
LΛp1q

“ V`
LBp1q

‘ V`
LBp1q`α0

Ă V`
Λ and V χ`

LΛp1q
“ V χ`

LBp1q
‘ V χ`

LBp1q`α0
Ă V T`

Λ

Note that V`
LΛp1q

has group-like fusion such that F pV`
LΛp1q

q˝ – 224 by Theorem 11.

Theorem 17 (van Ekeren-Möller-Scheithauer’17, Creutzig-Kanade-Linshaw’19)

Suppose ReppV q is unitary and modular. Then a simple current extension of V corresponds to
a choice of totally isotropic subgroup of F pV q˝.

Proposition 18

W : an extension of ṼLΛp1q ùñ DC Ă F24
2 : doubly-even code s.t. W – ṼLΛpCq

In particular, a holomorphic extension of ṼLΛp1q is given by ṼLΛpCq where C is a doubly-even
self dual code of F24

2 .
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Main result

Theorem 19 (FLM’88, DGM’96, Creutzig-Lam-Y.)

X r23s Ă ṼLΛp1q Ă V : c “ 24 holomorphic VOA

ðñ V “ ṼLΛpCq with C : doubly-even self-dual binary code of length 24

In particular, there exist 8 holomorphic conformal extensions of X r23s.

C d10e
2
7 d24 d2

12 d4
6 e38 , d16e8 d3

8 d6
4 G

LΛpC q D2
5A

2
7 D2

12 D4
6 A8

3 D3
8 D6

4 A24
1 Λ

ṼLΛpCq D2
4,2B

4
2,1 D4

6,1 A8
3,1 A16

1,2 D6
4,1 A24

1,1 VΛ V 6

dimV1 96 264 120 48 168 72 24 0
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