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Rigidity in conformal fieldtheory and vertex

algebras beyondrigidity Allen Fuchs Lenker Wood

1 Rigidity

1 1 Def
l 11 monoidalcategory c El Aright dualof e is an object

c e l and

er Coc I coed I S C c

A K

µ p Mit
ider id

2 Left dual in diefindanalogously
3 ein rigid if all objects have both leftand right dual

Rigidity is a property
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Examples
1 weit

g d
ev V s k

con k End V Vor
7 Icd

2 Finitely generated prog modules over a finite dim h algebra

are rigid
3 H Hopf fild dem It o Then f d modules arerigid
4 Categoryoftangles

Consequences

1 e finite tumor category tensorproduct exact

2 Dual is opmonoidal f
oprimorp

Vertexalgebras HLZ tensorproduct theory
Ex Wz 0 not exact

What is agoodnotionof duality forvertexalgebras

2 A toyexample

2 1 A k algebra ka field dim A o

A bimodg.ae in monoidal BOA B BORT BEI
right exact coequaliser

in thesequel everyvector space will befinte dimensional
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2 2 G A A bimod Az An bimod

G B is B HanfB k an arecherspace w actions

anBaz b ß la ban

Obrüm On C Abind G is not opmonoidal in general

G MOAN F G N A GM
Ex M A GINI AYAGCN Nakayama

Def
M AN G GNOA GM

is a second monoidal structure on l

monoidal mit is bimodal A

is an equalizer and hence left exact

Evan
Homppinod M Mz Ä Hopsin M G M

whileis secretly a
A is a dualizing object for A bimod Hopfalgeboid

RigiditynotgoodforHot
algebrids

2 3 Digression the tensorproduct is useful

Eilenburg Watts F mod An nod Az

night exact then finte dimensional
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FI I I G F An

Now let H An mod Az mod left exact

mod A
g Anmod A mod

g
mod A

is right exact and thus

G o Ho G I
G G HG An

Thus applyingto
Me Emod An GM M EA mod

we get

AM I Ä GM GG HLA

H A AM
Eilenberg Watts synchicforleftand

rightexact
2 4 GV categories

Def 2 4,0 a e r monoidal Kol is called

duelingobject if thecontravariant functor

X Hom X Y K

is representable by G Y El and contravariantfucher

G e e
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is an antiequivalence Thus

Home Xo4 Kl Hom X G Y

2 A GVcategory is a monoidal category together with

the chainof a dualizingobject

linearlydistribution w negationYTIIcategon.is
are also known as autonomous categories

The chainof a dualizing object is structure in contrastto duality

GV categories havemanydesirable properties
labelim Gvcategory

G is monoidal

is right exact with internal Hom

Hon IX Z E E X Ez

ET boundary fields

X Y Ö GY EX

is a left exact tensorproduct admitting
internal cotton s

Notion of braided GV category exists

Notion of pivotal GV category exists
Nok m of ribbon n n
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Thun Müller Woike 2020

nd

Golic algebras over this
associates

framed little disc operad ad

operad in Ein Cat are Pivotal
balanced

G V categories



Balancedbraided EV lead to representationsof handlebody

groups generalizing reputations fand in modular

functors

3 ALZ vertexalgebras

3 1 V vertexalgebra A E B abelian
groups

V graded by to principalvalues and A rootlattice

shrugsgradedTruck V module M iweightlattice

M

ha

Mi
BEB

vector space dual is V module contrugredintmodule

Y lu z te m s Yay In z m

with Ypf u z 4M ez f Elton E

Fact M I M
depends on conformal

structure

V and V not recess isomorphic ex Wz

Categorical role for V



Contragredients are important for HLZ tensor
8

product theory

M A M C COMP M M c M Mz

i
goodmodule

M M M A M I
The tensorproduct which is a subspace comes first

HLZ proviso of dural intertumin

Ilm I min

3 2 CondenseHuse insights to

The ALS W 2021

e Umod ribbon GV artigen V is a dualising object

Pf Hom X Y Z Hom X z 4

Hon 4 V HaulX V Y HaulX Y

n



g
3 3 The Feigen Fuchs boson provides examplesof

EV categories

Different Conformal vector

hacker

for Heisenbergalgebras for G

wg Ä I 103 g 10

for suitable gEG

Simplest case even lattice L

A TKfinde abelian group tube A ZN
R F E H A C

sei braided tensor cat GA t.se with

furinning ZA allobjects invertible

The
All sniper objects can be chosen as dualizingobjects

Neven ak E Zw even us ribbon EV

4 Full CET

4 1 Q Given e U
mp a ribbon EV category

can we construct a full local CET
indudes boundary fields bulk friedobeyingmodular
in variana OPE s



Proble no

1 Non degeneracyofthe braiding

Particularly useful characterization braidedmonoidal

category is factorizable if canonical braidedmonoidal functor

Er e erw Zh

G G IS G Cz

is an equivalence
Allows toconstruct bulb fields as objects in Zle

Endes Cs

Allows to use shingut techniques skein theoretic

Fuchs CS Yang

Probleme Ein if e is finitely ssi ZH can be

infinite and non semi suiple no known skein techniques

2 Theoryof module categories h differentmodular
invariants breals down
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Probe Even if l is finitely ssi it can have

infinitelymanymodule categories Relativ Deligne

productunclear Morita 3 categoryofGVcategories
inequarchst indecaposable

4 2 The following successes an therigid case can therefore

not be implemented directly in the G
v case

Focus on fieldcontent

l rigid modular teuer category

e
M exact e module specifiesfull CET

F EM eV module functor top defecteine

Fields

M fIi Mr Ä ÄHM
Es

Rexe M M exact ZH module

Inner ihn NI E E c Ziel describes friedcontent
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o I Fuchs CS 2021

Me Mz pivotal
l mi modular Rete M M pivotal

In particular

Nat F F is synchic Frobenius algebra

Eckmann Hilton

Nat Cid id comitatus
syn

EA bulk fields

The

Nat E G J Hoy Elma G m

m EM

n Cordy case M M l bulk fields

Nat Cid id S Halse c zle
c el

toi

El

Horizontal and vertical composition giveOPE's

satisfying guns so constraintsofLewellen
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4 3 For GV we only has repusofhandlebodygroups
Indeed the modular functorofGubadulo is
band on the central monad

Ziel

4
z G

Z c In x x 0C

ut multiplication ofthemonad µ Z Z is constructed

for l rigid using that dual is opmonoidal

I
suchen morphism
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iii
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5 Conclusions

We need to understand better categoricalproperties

of GU categories from HLZ vertex algebras

We und togo beyond finitetumorcategories and
exact module Catzgernis


