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Introduction Fusion rules and intertwining operators Irr. of Whittaker modules for orbifolds Whittaker modules: new results

This talk is based on two papers:

• [AP19] D. Adamović, V. Pedić, On fusion rules and intertwining
operators for the Weyl vertex algebra, Journal of Mathematical
Physics, 60(8), 2019.

• [ALPY19] D. Adamović, C. H. Lam, V. Pedić, N. Yu, On
irreducibility of modules of Whittaker type for cyclic orbifold
vertex algebras, Journal of Algebra, 539, 2019
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Two important problems in VOA theory

• Fusion rules
◦ Defined in [FHL93] as the dimensions of vector spaces of

intertwining operators.
◦ Y. Z. Huang proved that Verlinde formula works for rational VOAs.
◦ Still open problem for most of the irrational examples.
◦ Some new results:
• Singlet vertex algebra M(p) associated to (1, p)–modules of Virasoro

algebra: Adamović, Milas, Creutzig, McRae, Yang
• Affine vertex algebra: Adamović, Milas, Creutzig, Ridout
• Weyl vertex algebra: Ridout, Wood, Allen

◦ In this talk we present the proof of the Verlinde formula for the case
of Weyl vertex algebra.
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Two important problems in VOA theory

• Orbifold problem
◦ One of the main tools in the construction of new vertex algebras
◦ We take a vertex algebra V and its finite automorphism group G ,

and we study the representation theory of the orbifold subalgebra V G

◦ Initiated in the 90sin papers [DM97], [DLM00] by C. Dong and G.
Mason. However, the quantum Galois theory they founded relies on
the Z–gradation of modules and uses Zhu theory. Therefore, it can
not be applied to weak modules, such as Whittaker modules.

◦ Some new results
• affine vertex algebra - Adamović, Lu, Zhao
• Virasoro vertex algebra - Mazorchuk, Zhao, Lu, Ondrus, Wiesner
• Heisenberg vertex algebra - Yu, Hartwig, Tanabe

◦ In this talk we present an extension of Dong-Mason results to the
category of weak modules

◦ Also, we construct a counterexample to generalisation of the
previous result to the case of infinite automorphism group.
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Vertex algebra
Vertex algebra is a vector space V together with a distinguished
vector 1 called the vacuum vector and endowed with a linear map Y
such that

Y : V → (End V )[[z , z−1]],
v 7→

∑
n∈Z

vnz−n−1 = Y (v , z),

and for all a, b ∈ V the following axioms hold:
• (truncation) anb = 0, for n� 0,
• (vacuum) Y (1, z) = Id, i. e. 1n = δn,−1Id,
• (creation) Y (a, z)1 ∈ V [[z ]] & limz→0 Y (a, z)1 = a,
• (Jacobi)

z−1
0 δ

(z1 − z2
z0

)
Y (u, z1)Y (v , z2)− x−1

0 δ
(z2 − z1
−z0

)
Y (v , z2)Y (u, z1)

= z−1
2 δ

(z1 − z0
z2

)
Y (Y (u, z0)v , z2)
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Vertex operator algebra
Vertex operator algebra (VOA) is a vertex algebra such that the
underlying vector space is Z-graduated by weights of vectors:

V =
⊕
n∈Z

V(n),

• dimV(n) <∞, for n ∈ Z and V(n) = 0, for a small enough n,
• 1 ∈ V(0),

together with a distinguished vector ω ∈ V(2), called the Virasoro
vector.
Also, if we define L(n) = ωn+1, for n ∈ Z,
• Virasoro algebra relations hold:

[L(m), L(n)] = (m − n)L(m + n) + 1
12(m3 −m)δn+m,0c1,

• L(0)v = nv = (wt v)v , for v ∈ V(n),
• d

dx Y (v , x) = Y (L(−1)v , x).
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Weak and ordinary VOA modules
Weak V –module is a complex vector space W , together with a linear
map

YW : V → End(W )[[z , z−1]],
a 7→ YW (a, z) =

∑
n∈Z

anz−n−1,

such that all the VA axioms which make sense hold.
A weak module (W ,YW ) is called an ordinary module if:
• (the L(−1) derivative property): for any a ∈ V

YW (L(−1)a, z) = d
dz YW (a, z)

• (the grading property): W =
⊕
α∈C W (α), where

W (α) = {v ∈W | L(0)v = αv},
such that for every α, dim (α) <∞ and W (α + n) = 0 for
sufficiently negative n.
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Affine vertex (super)algebra
• g complex simple Lie superalgebra with nondegenerate

supersymmetric invariant bilinear form (·, ·)
• ĝ = g⊗ C[t, t−1]⊕ Cc affine Kac-Moody superalgebra
• p = g⊗ C[t]⊕ Cc ≤ ĝ, for every k ∈ C, every g–module U

becomes a p–module with: cv = kv , (g⊗ tC[t])v = 0, v ∈ U.
• Induced ĝ–module (generalised Verma module):

Nĝ(k,U) = U(ĝ)⊗U(p) U,

where U(ĝ) is the universal enveloping algebra of ĝ
• For U = Cv0, universal affine vertex algebra associated with g on

level k:
V k(g) = Nĝ(k, 0)

• If k is non-critical, the unique irreducible quotient Lk(g).
• Example: L1(g), associated to the Lie superalgebra gl(1|1).
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βγ ghost (= Weyl vertex algebra)
Weyl algebra Â is an associative algebra with generators a(n), a∗(n),
n ∈ Z, and relations (for n,m ∈ Z)

[a(n), a∗(m)] = δn+m,0, [a(n), a(m)] = [a∗(m), a∗(n)] = 0.
Let M be an irreducible A–module generated by a cyclic vector 1
such that

a(n)1 = a∗(n + 1)1 = 0. (n ≥ 0).
As a vector space,

M ∼= C[a(−n), a∗(−m) | n > 0, m ≥ 0].
Then there is a unique vertex algebra (M,Y , 1), such that the vertex
operator is defined as Y : M → End(M)[[z , z−1]],

Y (a(−1)1, z) = a(z), Y (a∗(0)1, z) = a∗(z),
a(z) =

∑
n∈Z

a(n)z−n−1, a∗(z) =
∑
n∈Z

a∗(n)z−n.
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βγ ghost: notes on representation theory

Let β = a(−1)a∗(0)1 be a Heisenberg vector of level 1 with the
corresponding field β(z) =

∑
n∈Z β(n)z−n−2.

Vertex algebra M also admits a family of Virasoro vectors

ωµ = (1− µ)a(−1)a∗(−1)1− µa(−2)a∗(0)1 (µ ∈ C)

of central charge cµ = 2(6µ(µ− 1) + 1).
We fix µ = 0 and denote L(n) = L0(n), c = c0 = 2.
We say that a module W for Weyl vertex algebra M is a weight
module if the operators β(0) and L(0) act semi-simply on W .
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βγ ghost: notes on representation theory

Whittaker module for the Weyl algebra Â is the quotient

M1(λ,µ) = Â/I,

where λ = (λ0, . . . , λn), µ = (µ1, . . . , µn) and I is the left ideal

I =
〈
a(0)−λ0, . . . , a(n)−λn, a∗(1)−µ1, ..., a∗(n)−µn, a(n+1), a∗(n+1), ..

〉
.

Proposition

(i) M1(λ,µ) is an irreducible Â–module.
(ii) M1(λ,µ) is an irreducible module for the Weyl vertex algebra

M.
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Intertwining operators
• Let M1, M2, M3 be V –modules. An intertwining operator of type( M3

M1 M2

)
is a map I : a 7→ I(a, z) =

∑
n∈Z aI

(n)z−n−1 from the

module M1 to the space of fields with coefficients in
Hom(M2,M3) such that:
1. for a ∈ V , b ∈ M1, c ∈ M2, the following Jacobi identity holds:

z−1
0 δ

(z1 − z2
z0

)
YM3 (a, z1)I(b, z2)c − z−1

0 δ
(z2 − z1
−z0

)
I(b, z2)YM2 (a, z1)c

= z−1
2 δ

(z1 − z0
z2

)
I(YM1 (a, z0)b, z2)c,

2. for all a ∈ M1

I(L(−1)a, z) = d
dz I(a, z).

• I
( M3

M1 M2

)
= space of interwining operators of type

( M3
M1 M2

)
• NM3

M1,M2
= dim I

(
M3

M1 M2

)
= fusion coefficient (when finite).
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Intertwining operators

Proposition

Let g be a VOA V automorphism such that the following conditions
hold:

ω − g(ω) ∈ Im(D), ω − g−1(ω) ∈ ImD. (1)

Let M1, M2, M3 be V –modules and let I(·, z) be an intertwining
operator of type

( M3
M1 M2

)
. Then there is an intertwining operator Ig

of type
( Mg

3
Mg

1 Mg
2

)
, such that Ig (b, z1) = I(b, z1), for all b ∈ M1. Also,

NM3
M1,M2

= NMg
3

Mg
1 ,M

g
2
.

• If V is a VOA and g an automorphism of V , then g(ω) = ω (i
g−1(ω) = ω) by definition, so the proposition immediately holds.

• In our examples, g is only a vertex algebra automorphism, so in
general g(ω) 6= ω. However, we show that the proposition holds. 19 / 50
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Fusion rules

Let K be a category of L(0)–semisimple V –modules. Let M1, M2
and Wi , i = 1, . . . , n be irreducible modules in category K. We say
that the fusion rule

M1 ×M2 =
n∑

i=1
Wi

holds in K if NWi
M1,M2

= 1, i = 1, . . . , n, and NR
M1,M2

= 0 for every
other irreducible V –module R in K, which is not isomorphic to any
of the modules Wi , i = 1, . . . , n.
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βγ ghost: module category

• We now wish to describe a category of modules for which we
prove the fusion rules results

• For every s ∈ Z, we can define the following automorphism for
the Weyl algebra Â:

ρs(a(n)) = a(n + s), ρs(a∗(n)) = a∗(n − s).

We call it the spectral flow automorphism.
• The first Weyl algebra A1 is generated by x , ∂x together with

commutation relations [∂x , x ] = 1.
• For every λ ∈ C,

U(λ) = xλC[x , x−1]

is an A1–module.

21 / 50



Introduction Fusion rules and intertwining operators Irr. of Whittaker modules for orbifolds Whittaker modules: new results

βγ ghost: module category

• We define the following subalgebras of Â:

Â≥0 = C[a(n), a∗(m) | n,m ∈ Z≥0],

Â<0 = C[a(−n), a∗(−n) | n ∈ Z≥1].

Then U(λ) is an Â≥0–module if we define a(n) = a∗(n) = 0, on
U(λ), for every (n ≥ 1). Now we have the induced left Â–module:

Ũ(λ) = Â ⊗Â≥0
U(λ)

isomorphic to:

C[a(−n), a∗(−n) |n ≥ 1]⊗ U(λ)

as a vector space.
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βγ ghost: module category

Proposition (A)

For every λ ∈ C \ Z, Ũ(λ) is an irreducible weight module for M.

Corollary (B)

Let g be an automorphism of Weyl vertex algebra M:

a 7→ −a∗, a∗ 7→ a.

For every λ ∈ C \ Z and s ∈ Z:

Ũ(λ)
g ∼= ρ1(Ũ(−λ)),

(
ρ−s+1(Ũ(λ))

)g ∼= ρs(Ũ(−λ)).
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Main theorem

Let K be the category of weight M–modules such that the operators
β(n), n ≥ 1, act locally nilpotent on every module in the category K.

Teorem (AP)

Let λ, µ, λ + µ ∈ C \ Z. Then:
(i) ρ`1(M)× ρ`2(M) = ρ`1+`2(M),

(ii) ρ`1(M)× ρ`2(Ũ(λ)) = ρ`1+`2(Ũ(λ)),

(iii) ρ`1(Ũ(λ))× ρ`2(Ũ(µ)) = ρ`1+`2( ˜U(λ+ µ)) + ρ`1+`2−1( ˜U(λ+ µ)).
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Main theorem

Verlinde type conjecture for βγ ghost fusion rules was given by D.
Ridout and S. Wood in Lett. Math. Phys. (2015). Our result is a
proof of this conjecture.
Statements (i) and (ii) of the main theorem are easily proved by
using H. Li results. To show the part (iii) of our theorem, it is
equivalent to show:

(i) dim I

 ρs(Ũ(λ))
ρs1(Ũ(λ1)) ρs2(Ũ(λ2))

 ≤ 1,

(ii) dim I

 ρs(Ũ(λ))
ρs1(Ũ(λ1)) ρs2(Ũ(λ2))

 = 1 ⇐⇒ λ = λ1 + λ2,

s = s1 + s2,
or λ = λ1 + λ2, s = s1 + s2 − 1.
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Construction of intertwining operators
Here we construct the intertwining operators using lattice vertex
algebra.
• Let L be the lattice

L = Zα + Zβ, 〈α, α〉 = −〈β, β〉 = 1, 〈α, β〉 = 0,
and let VL = Mα,β(1)⊗ C[L] be the vertex superalgebra
associated to this lattice,where Mα,β(1) is the Heisenberg vertex
algebra generated by fields α(z) i β(z), and C[L] is the group
algebra. Let us define its vertex subalgebra:

Π(0) = Mα,β(1)⊗ C[Z(α + β)] ⊂ VL.

• Then we have an injective homomorphism of vertex algebras
f : M → Π(0) such that

f (a) = eα+β, f (a∗) = −α(−1)e−α−β.
Identifying a and a∗ with their images in Π(0), we get the
embedding of M into Π(0). 26 / 50
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Construction of intertwining operators
• We define irreducible Π(0)–modules:

Πr (λ) = Π(0).erβ+λ(α+β).

Using lattice VOA results (Dong-Lepowsky), we obtain an
intertwining operator of type:(

Πr1+r2(λ+ µ)
Πr1(λ) Πr2(µ)

)
for vertex algebra Π(0), and we take its restriction to M.

Proposition

Let ` ∈ Z, λ ∈ C \ Z. Then the following M–module isomorphisms
hold:

(1) Π`(λ) ∼= ρ−`+1(Ũ(−λ)),
(2) Π`(λ)g ∼= ρ`(Ũ(λ)).
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Construction of intertwining operators
• Using previous proposition, we calculate:

I
(

Πr1+r2(λ+ µ)
Πr1(λ) Πr2(µ)

)
= I

 ρ(−r1−r2+1( ˜U(−λ− µ))
ρ−r1+1)(Ũ(−λ)) ρ−r2+1(Ũ(−µ))


= I

 ρl1+l2−1( ˜U(−λ− µ))
ρl1(Ũ(−λ)) ρl2(Ũ(−µ))

 ∼= I

 ρl1+l2−1( ˜U(λ+ µ))
ρl1(Ũ(λ)) ρl2(Ũ(µ))

 ,
and so we have constructed an intertwining operator in the
category of M–modules.

• Taking automorphism g form corrolary B and using proposition A,
we get a new intertwining operator: ρl1+l2( ˜U(λ+ µ))

ρl1(Ũ(λ)) ρl2(Ũ(µ))

 .
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Vertex algebra L1(gl(1|1))
• To calculate fusion rules, we use affine Lie superalgebra gl(1|1)

and its associated affine vertex algebra L1(gl(1|1)), because fusion
rules are known for the latter (Creutzig-Ridout, J. Phys. A 46
(2013)).

• Let g = gl(1|1) be the complex Lie superalgebra generated by two
even elements E and N,two odd elements Ψ+, Ψ−, and by the
following (super)commutation relations:

[Ψ+,Ψ−] = E , [E ,Ψ±] = [E ,N] = 0, [N,Ψ±] = ±Ψ±.

• Let ĝ = ĝl(1|1) = g⊗ C[t, t−1]⊕ CK be the associated affine Lie
superalgebra with commutation relations:

[x(n), y(m)] = [x , y ](n + m) + nδn+m,0(x |y)K ,

where K is central, and we write x(n) = x ⊗ tn, for x ∈ g.
Let Lk(g) be its associated simple affine vertex algebra of rank k.
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Vertex algebra L1(gl(1|1))
• Let Vr ,s be the Verma module for the Lie superaglebra g,

generated by vector vr ,s , such that Nvr ,s = rvr ,s , Evr ,s = svr ,s .
• We use the following tensor product decomposition:

Vr1,s1 ⊗ Vr2,s2 = Vr1+r2,s1+s2 ⊕ Vr1+r2−1,s1+s2 (s1 + s2 6= 0),

• Let V̂r ,s denote the rank 1 Verma module induced by the
irreducible gl(1|1)–module Vr ,s .

Proposition

Let r1, r2, s1, s2 ∈ C, s1, s2, s1 + s2 /∈ Z. Then: dim I
( V̂r3,s3
V̂r1,s1 V̂r2,s2

)
≤ 1.

Assume there is a non-trivial IO
( V̂r3,s3
V̂r1,s1 V̂r2,s2

)
in the category of

L1(g)–modules. Then s3 = s1 + s2 and r3 = r1 + r2, or
r3 = r1 + r2 − 1.
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Vertex algebra L1(gl(1|1))
• Clifford vertex algebra F is generated by fields:

ψ(z) =
∑
n∈Z

ψ(n + 1
2)z−n−1,

ψ∗(z) =
∑
n∈Z

ψ∗(n + 1
2)z−n−1.

As a vector space,

F ∼=
∧({

ψ(r), ψ∗(s)
∣∣ r , s < 0

})
• Let us define the following vertex superalgebra:

SΠ(0) = Π(0)⊗ F ⊂ VL,

and its irreducible modules:

SΠr (λ) = Πr (λ)⊗ F = SΠ(0).erβ+λ(α+β).
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Vertex algebra L1(gl(1|1))

• Let U = M ⊗ F and let us define vectors:

Ψ+ := eα+β+γ = a(−1)ψ, Ψ− := −α(−1)e−α−β−γ = a∗(0)ψ∗,

E := γ + β, N := 1
2(γ − β).

Then U is a ĝ–module of level 1.
• We have the following gradation:

U =
⊕
U `, E (0)|U` = ` Id.

Proposition (Kac)

We have:
L1(g) ∼= U0 = KerM⊗F E (0).
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Calculation of fusion rules

Let us finish the fusion rules calculations for M.

Teorem

Let r ∈ Z, λ ∈ C \ Z. Then:
(i) SΠr (λ) is an irreducible M ⊗ F –module,

(ii) SΠr (λ) is a completely reducible ĝl(1|1)–module:

SΠr (λ) ∼=
⊕
s∈Z

U(ĝ).er(β+γ)+(λ+s)(α+β) ∼=
⊕
s∈Z
V̂

r+ 1
2 (λ+s),−λ−s

.
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Calculation of fusion rules

Teorem

Let λ1, λ2, λ1 + λ2 ∈ C \ Z, r1, r2, r3 ∈ Z. Then:

dim I
(

SΠr3(λ3)
SΠr1(λ1) SΠr2(λ2)

)
≤ 1.

Let us assume there is a non-trivial intertwining operator of type:(
SΠr3(λ3)

SΠr1(λ1) SΠr2(λ2)

)

in the category of M ⊗ F –modules. Then λ3 = λ1 + λ2 and
r3 = r1 + r2, or r3 = r1 + r2 − 1.
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Calculation of fusion rules
Using the following natural isomorphism between spaces of
intertwining operators:

IM⊗F

(
SΠr3(λ3)

SΠr1(λ1) SΠr2(λ2)

)
∼= IM

(
Πr3(λ3)

Πr1(λ1) Πr2(λ2)

)
,

previous theorem implies our fusion rules result.

Corollary
Let λ1, λ2, λ1 + λ2 ∈ C \ Z, r1, r2, r3 ∈ Z. Then there is a non-trivial
intertwining operator of type:

( Πr3 (λ3)
Πr1 (λ1) Πr2 (λ2)

)
in the category of

M–modules if and only if λ3 = λ1 + λ2 and r3 = r1 + r2 or
r3 = r1 + r2 − 1.
Now the fusion rules in the category of weight M–modules are as
follows:

Πr1(λ1)× Πr2(λ2) = Πr1+r2(λ1 + λ2)⊕ Πr1+r2−1(λ1 + λ2).
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Conjectures and future work

• Consider generalized weight modules such that their weight
spaces are all ∞–dimensional

• Extend our work to gl(n|m)
• Try to include Whittaker modules into the fusion category
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Dong-Mason theorem

Let V be a VOA. An automorphism g on V is a map V → V such
that g(anb) = g(a)ng(b), for all a, b ∈ V , n ∈ Z and g(ω) = ω.
Let W be a weak V –module. We define the composition W ◦ g as a
module whose vertex operator is YW◦g (v , z) = Y (gv , z), for all
v ∈ V .

Teorem (Dong-Mason (1997))

Let V be a VOA and let (M,YM) be an irreducible ordinary
V –module. Let g be a V –automorphism of prime order p, such that
M ◦ g � M. Then M is an irreducible V 〈g〉–module, where V 〈g〉 is
the orbifold subalgebra of V .

Our main contribution: expanding this result to the whole category
of weak VOA-modules.
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Main theorem
Let g be an automorphism of finite order n. Let W be a V –module.
Let us define:

M = W0 ⊕W1 ⊕ · · · ⊕Wn−1,

where Wi = W ◦ g i , i = 0, 1, · · · , n − 1.

Lemma (ALPY)

Let W be an irreducible V –module and let M be defined as above.
Let us assume that (w , . . . ,w) is a cyclic vector in M, for every
w ∈W , w 6= 0. Then W is an irreducible V 〈g〉–module, where
V 〈g〉 =

{
v ∈ V

∣∣ gv = v
}

.

Teorem (ALPY)

Let W be an irreducible V –module and let g be an automorphism of
finite order n such that W ◦ g i � W , for i = 1, . . . , n − 1. Then W
is irreducible as a V 〈g〉–module. 39 / 50
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Case n = 2

Let θ be an order 2 automorphism on V . Let:

V + = {v ∈ V | θ(v) = v}, V− = {v ∈ V | θ(v) = −v}.

Then V + is a vertex subalgebra of V , and V− is a V +-module.

Lemma

Let Li , i = 1, . . . , t, be nonisomorphic irreducible weak
V –modulesand let L = ⊕t

i=1Li . Then (w1,w2, . . . ,wt) is a cyclic
vector in L for every wi 6= 0, wi ∈ L.

Teorem

Let W be an irreducible V –module such that W ◦ θ � W . Then W
is an irreducible V +– module.
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Irreducible orbifold subalgebra modules

Let ζn = e2πi/n be a primitive n-th root of unity. Let gn be an
automorphism of M, uniquely determined by the following
automorphism of Â:

a(n) 7→ ζna(n), a∗(n) 7→ ζ−1
n a∗(n) (n ∈ Z).

Then gn is an order n automorphism of M.

Teorem

Let Λ = (λ,µ) 6= 0. Then M1(λ,µ) is an irreducible module for the
orbifold subalgebra MZn = M〈gn〉, for every n ≥ 1.
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Conjectures and future work

In the future we will study three different possible expansions of our
main theorem:
• take a non-abelian group of automorphisms:

conjecture: possible
• take an infinite cyclic group of automorphisms G :

proved impossible: we have found a counterexample of Whittaker
vectors for βγ ghost (preprint)

• look at twisted modules
conjecture: possible
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Introduction
• This section is based on a preprint (cf. [AP]) which is joint work

with D. Adamović.
• We continue where we left of in the previous section: we study

irreducible Whittaker modules for the invariant subalgebra of the
Weyl vertex algebra M in the case of infinite dimensional
automorphism group

• It turns out that in this case we can not generalise the main
theorem from previous section, that is, we have the following
theorem:

Teorem
(1) M1(λ,µ) is a reducible ĝl–module.
(2) M1(λ,µ) is a reducible W1+∞–module with central charge c = −1.

• From statement (2) of the previous theorem we also have that
M1(λ,µ) is reducible as an M0–module.
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Introduction

• Since M1(λ,µ) is irreducible as an MZp –module for every p ≥ 1,
it is natural to ask if it is irreducible also as an M0–module.
However, we prove that M1(λ,µ) is a reducible and
indecomposable M0–module.

• Subalgebra M0 has two important additional realizations:
◦ M0 is isomorphic to the vertex algebra W1+∞ with central charge

c = −1. (cf. [KR96])
◦ M0 is isomorphic to the simple module for the Lie algebra ĝl , which

is the central extension of Lie algebra of infinite matrices.
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Main theorem: lemmas
We define operators Ei ,j = a(−i)∗(j) and the following Casimir
element on ĝl :

I :=
∑
j∈Z

Ej,j .

Lemma
(1) I ∈ End(M1(λ,µ)) is well defined.
(2) The action of I commutes with the action of ĝl on M1(λ,µ).
(3) The action of I commutes with the action of W1+∞ na M1(λ,µ).

Lemma
(1) For every n ∈ Z≥1, Inwλ,µ is a nontrivial Wh. vector in M1(λ,µ).
(2) For every S ⊂ C[I]wλ,µ, let 〈S〉 be the submodule generated by

all Whittaker vectors in S. Then
〈

(I − d) C[I] wλ,µ

〉
is a proper

submodule of M1(λ,µ), for every d ∈ C. 46 / 50
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Main theorem

Finally, we prove the main theorem of this section.

Theorem

M1(λ,µ) is a reducible ĝl–module.
M1(λ,µ) is a reducible W1+∞–module with a central charge
c = −1.

Now, from statement (2) it follows that M1(λ,µ) is a reducible
M0–module. Therefore, the main theorem of previous chapter can
not be extended to infinite cyclic groups.
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Conjectures

Let L1(λ,µ) be an irreducible quotient of the mofule M1(λ,µ).
Some of the problems we plan to study in the future are:
• Prove that M1(λ,µ) is a cyclic ĝl–module.
• Find a free-field realisation of L1(λ,µ).
• Determine the complete set of Whittaker vectors in M1(λ,µ)

such that generate maximal submodules in M1(λ,µ).
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