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1. Notation and examples

Let g be a simple, finite-dimensional Lie (super)algebra.

WX (g, f) the W-algebra at level k associated to g and an even
nilpotent f € g.

It has simple quotient W (g, ).

For this talk: We will replace k with the shifted level 1) = k + h".
WY (g, f) will always denote W¥(g, f) with k = — h".

If £ = foin is a principal nilpotent, write W¥(g, ) = W¥(g).

Feigin-Frenkel duality: WY (g) = W¥'(Lg) where Lg is the
Langlands dual Lie algebra, and rV¢n)’ = 1.

Vv

Here r¥ is the lacing number of g.
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2. Coset construction

Let V be a VOA and A CV a subVOA

The coset C = Com(A, V) is the subVOA of V which commutes
with A, that is, C = {v € V| [a(z),v(w)] =0, Va € A}.

If V, A have Virasoro elements LY, LA, then C has Virasoro
element L€ =Y — [4 and A®C < V is a conformal embedding.

Thm: (Arakawa, Creutzig, L., 2018) Let g be simple and
simply-laced. We have diagonal embedding

VAL(g) = Vig) @ Li(g), X'—X'®@1+1x XY, ucg.
Set
C'(g) = Com(V*(g), V¥(9) ® L1(9)) = (V/(g) ® L1(g))®.

We have an isomorphism of 1-parameter VOAs

L+ hY
4 ~ WY —
C(g) =W"a), ¥ T
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3. What are trialities of VV-algebras?

Let f € g be a nilpotent, and complete f to a copy {f, h, e} of sly
ing.

Let a C g denote the centralizer of this sl in g.
Then W¥(g, ) has affine subVOA V¥'(a), for some level 1)/’
By the affine coset, we mean C¥(g, f) := Com(V¥'(a), W¥(g, f)).

Sometimes we also take invariants under some group of outer
automorphisms.

Trialities are isomorphisms between three different affine cosets
C¥(a, ) =C¥ (g, F) = V" (¢, F").

These unify and generalize many well known results, including
Feigin-Frenkel duality, coset realization of VW-algebras,
Feigin-Semikhatov duality, etc.
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Recall: For n > 1, write

Slpem=sl,dgl, ® <<C” ® (C’")*) ) (((C”)* ® (Cm>.

Let f, m € slp+m be the nilpotent which is principal in sl, and
trivial in gl,,.

Then f, , corresponds to the hook-type partition n+ 1+ ---+ 1.
Define shifted level ¢ = k 4+ n+ m, and define
WY (n, m) == WY(slnsm, form),

which has level k =¥ —n—m.
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For n > 1, W¥(n, m) is a common generalization of the following
well-known examples.

Principal: For n > 2, W¥(n,0) = W¥(sl,)
Subregular: For n > 2, W¥(n,1) = W¥(sl,11, foubreg)
Trivial: For m > 1, W¥(1, m) 2 W¥(sl41,0) = V¥~ (sl 1)

Minimal: For m > 1, W¥(2, m) 2 WY (slm2, fmin)-
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We define the case WY (0, m) separately as follows.
1. For m > 2,
WY(0, m) = V¥="(sl,,) @ S(m),
where §(m) is the rank m [B~-system.
2. W¥(0,1) = S(1).
3. W¥(0,0) = C.
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7. Small hook-type VW-superalgebras of type A

For n4+ m > 2 and n # m, write

Slogm = 51n ® gl @ (C" ® (Cm)*) o ((@")* . cm>.

Nilpotent £, € s, m is principal in sl, and trivial in gl
Define shifted level ¢ = k 4+ n— m, and let

V(. m) = W (sl Fm),
which has level k = — n+ m.

Case n = m > 2 slightly different: V¥(n, n) = Ww(pslnm, faln)-
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9. Small hook-type WW-superalgebras of type A

For m > 2, V¥(n, m) has affine subalgebra

VT (gl,),  m#£ o,

vrtL(gL), m = n.

Additional even generators in weights 2,3, ..., n, together with 2m
odd fields in weight %1 transforming under gl,, as C™ & (C™)*.

We define the cases V¥(0, m) and V¥(1,1) separately as follows.
1. For m > 2,

VY(0,m) = V¥ (sl,,) @ E(m),

where £(m) is the rank m bc-system.
2. V¥(1,1) = A(1), rank one symplectic fermion algebra.
3. V¥(0,1) = &(1).
4. V¥(0,0) = V¥(1,0) = C.
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10. Trialities in type A

Consider the affine cosets

C¥(n, m) = Com(V¥~""Y(gl,,), W*(n, m)),
D¥(n,m) = Com(V~¥""(gl,,), V¥ (n,m)),  n#m,
D¥(n, n) = Com(V~¥="+1(s1,), V¥ (n, n)) V).

Thm: (Creutzig-L., 2020) Let n > m be non-negative integers.
We have isomorphisms of 1-parameter VOAs

DY(n, m) = wal(n —m, m) = D% (m, n),

1
where 1)’ is defined by =1
(4 W

This was originally conjectured in physics by Gaiotto and Rapcak.
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D¥(n,0) = C%"(n,0) recovers Feigin-Frenkel duality in type A.

Isomorphisms D¥(n, m) = C¥ "' (n — m, m) are of Feigin-Frenkel
type.

D¥(n,0) = D¥'(0, n) recovers the coset realization of WY (sl,,).

Isomorphisms D¥(n, m) = D¥'(m, n) are of coset realization
type.

One more example:
DY(n,1) = C¥ (n—1,1) = DY (1,n),

recovers a duality conjectured by Feigin and Semikhatov and
proved in a different way by Creutzig, Genra, and Nakatsuka.
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Step 1: In the 1) — oo limit, both C¥(n, m) and D¥(n, m) become
GLn-orbifolds of certain free field algebras.

Using classical invariant theory, it is shown that

1. C¥(n, m) has generating type
W(2,3,...,(m+1)(m+n+1)—1),

2. D¥(n, m) has generating type W(2,3,...,(m+1)(n+1)—1).

Step 2: Universal two-parameter Wso-algebra W(c, ) serves is a
classifying object for VOAs of type W(2,3,..., N) for some N.

W(c, A) is freely generated of type W(2,3,...), and is defined
over the polynomial ring C|c, A].

Weight zero component W(c, A)[0] = C|c, A].



13. One-parameter quotients of WW(c, \)

Let I C C|c, A] be a prime ideal.



13. One-parameter quotients of WW(c, \)
Let I C C|c, A] be a prime ideal.

Let /- W(c, \) be the VOA ideal generated by /.



13. One-parameter quotients of WW(c, \)
Let I C C|c, A] be a prime ideal.
Let /- W(c, \) be the VOA ideal generated by /.

The quotient
W!(e,A) = W(e, \)/(1- W(c, N))
is a VOA over R = Clc, \]/I.



13. One-parameter quotients of WW(c, \)
Let I C C|c, A] be a prime ideal.
Let /- W(c, \) be the VOA ideal generated by /.

The quotient
W!(e,A) = W(e, \)/(1- W(c, N))
is a VOA over R = Clc, \]/I.

W!(c, \) is simple for a generic ideal /.



13. One-parameter quotients of WW(c, \)
Let I C C|c, A] be a prime ideal.
Let /- W(c, \) be the VOA ideal generated by /.

The quotient

W!H(c,\) =W(c,\)/(I - W(c,\)
is a VOA over R = Clc, \]/I.
W!(c, \) is simple for a generic ideal /.

But for certain discrete families of ideals /, W/(c, \) is not simple.



13. One-parameter quotients of WW(c, \)
Let I C C|c, A] be a prime ideal.
Let /- W(c, \) be the VOA ideal generated by /.
The quotient
W!H(c,\) =W(c,\)/(I - W(c,\)
is a VOA over R = Clc, \]/I.
W!(c, ) is simple for a generic ideal /.
But for certain discrete families of ideals /, W/(c, \) is not simple.

Let Wj(c, \) be simple graded quotient of W/(c, \).



13. One-parameter quotients of WW(c, \)
Let I C C|c, A] be a prime ideal.
Let /- W(c, \) be the VOA ideal generated by /.
The quotient
W (e, ) = W(c, \)/(1- W(c, \))
is a VOA over R = Clc, \]/I.
W!(c, ) is simple for a generic ideal /.
But for certain discrete families of ideals /, W/(c, \) is not simple.
Let Wj(c, \) be simple graded quotient of W/(c, \).

In fact, all simple, one-parameter VOAs of type W(2,3,..., N)
satisfying mild hypotheses, are of this form.



13. One-parameter quotients of WW(c, \)
Let I C C|c, A] be a prime ideal.
Let /- W(c, \) be the VOA ideal generated by /.
The quotient
W (e, ) = W(c, \)/(1- W(c, \))
is a VOA over R = Clc, \]/I.
W!(c, ) is simple for a generic ideal /.
But for certain discrete families of ideals /, W/(c, \) is not simple.
Let Wj(c, \) be simple graded quotient of W/(c, \).

In fact, all simple, one-parameter VOAs of type W(2,3,..., N)
satisfying mild hypotheses, are of this form.

Variety V/(I) C C? is called the truncation curve.
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Then C¥(n, m) and D¥(n, m) are of the form Wj(c, \) for some /.
Step 3: Explicit truncation curves for C¥(n, m) and D¥(n, m).
W¥(n, m) is an extension V¥~™+1(gl ) @ Wj(c, \) for some |

Extension is generated by 2m fields in weight %1 which transform
as C™ @ (C™)* under gl,,.

Existence of such an extension uniquely and explicitly determines /.

In fact, much more is true: the full OPE algebra of W¥(n, m) is
uniquely determined from this data.

Same method works for V¥(n, m), and triality theorem follows
immediately from explicit form of /.
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15. Some applications
Let I, m be ideal corresponding to C¥(n, m)

Nontrivial isomorphisms Cy,(n, m) = Cys(n’, m") correspond to
intersection points in V(lnm) N V(I!, ).

All intersections between the curves V/(/, ) are rational points.

For example, we can classify isomorphisms
Cw(n, m) = W¢(5[r) = C¢(r,0).

Thm: For all n> 2, if r+ 1 and r + n are coprime,
Wy (n —1,1) = Wy(slp, fubreg) is a simple current extension of
Vi @ We(sl:), where

1
p="tr It ez
n—1 r+n

Conjectured by Blumenhagen, Eholzer, Honecker, Hornfeck, Hubel
(1994).
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16. Some applications

Consider the rank n? By-system, S(n?), with generators 3%, ~/¥
satisfying BY(z)v¥(w) ~ &; xdj(z — w) L.

It has two commuting actions of V~"(sl,) corresponding to left
and right actions of sl, on n x n matrices.

Fact: Com(V~"(sl,) ® V"(sl,),S(n?)) = S(n?)*lt}®shalt] js
strongly generated by a Heisenberg field J, central fields

w2,...,wp—1 of weight 2,3,...,n—1, and fields of weight 5
511 . ﬁln ’Yll . ,yln
DT =\ L, D= o
ﬁnl . 5nn ,Ynl . ,ynn

Thm: (L-Song, 2021) For all n > 2, §(n?)*"[t1sk[t] is isomorphic
to the critical level W-algebra WO(sl,, foubreg)-

Conjectured by L, Creutzig and Gao (2011), proven for n < 4.
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We define 8 families of WW-(super)algebras in a unified framework.

Let g be a simple Lie (super)algebra, which will always be either
502n+1v 5p2nv 502p, OF 05pn\2r

We have a decomposition g=a® b D pg ® pp.

Here a and b are Lie sub(super)algebras of g, where
1. b =502m41 OF P,

2. 0= 802p11, 5P, 502, OF 08Py 2.

Pa, Pu transform as the standard representations of a, b,
respectively.

pa and pp can be either even or odd.
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18. Analogue for orthosymplectic types, cont’d

Let f, € g be the nilpotent element which is principal in b and
trivial in a.

Recall: WY (g, f,) has level ¢ — h.

Let dy = dim pq and d, = dim py.
1. Case 1: b =s02m+1, SO dy =2m + 1.
2. Case 2: b = sp,y,,, SO dp = 2m.

In both cases, W¥(g, ;) is of type

. 1) %
W(ld'm“,2,4,...,2m,<d";r ) )

Affine subalgebra is V¥'(a) for some level 1)/

The fields in weights 2,4, ... ,2m are invariant under a, and the d;

fields in weight % transform as the standard a-module.



19. Analogue for orthosymplectic types, cont’d

For n,m > 0 we have the following cases where b = §02,,41.

1. Case 1B:
2. Case 1C:
3. Case 1D:
4. Case 10:

g = 502n4+2m+2,
g= 05p2m—‘,—1|2m
g = 502n4+2m+1,
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For n,m > 0 we have the following cases where b = §02,,41.
Case 1B: g =s00,10mr12, @ =502,41.

Case 1C: g =08pymi1ps @ = 5Po,.

Case 1D: g =s02p40m+1, O = S§02p,.

A

Case 10: g = 08pypmippn, @ = 08Py,

We write W} (n, m) := W¥(g, faoms ), for X = B, C, D, O.

Note: For m = 0, the nilpotent f, € g is trivial, so we have
1. WfB(n 0) = V¥2"(50,,15),
( 0) = Vw+2"+1(05131\2n):
w;PD(n 0) = V¥2n1(s50,,4),
( 0) = Vw+2n(05132\2n)-

A~ N
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For n > 0 and m > 1 we have the following cases where b = sp,,,..
1. Case 2B: g = 08Py, 1)om, @ =502n41.
2. Case 2C: g =15Pr,10m O =SSPy,
3. Case 2D: g = 0spyom: @ = S02p.
4. Case 20: g =05P1jopiom, @ = 05Py)o,.



20. Analogue for orthosymplectic types, cont’d

For n > 0 and m > 1 we have the following cases where b = sp,,,..
1. Case 2B: g = 08Py, 1)om, @ =502n41.
2. Case 2C: g =15Pr,10m O =SSPy,
3. Case 2D: g = 0spyom: @ = S02p.
4. Case 20: g =05P1jopiom, @ = 05Py)o,.

We write W;bx(n, m) := W¥(g, fop,,,), for X =B, C, D, O.



20. Analogue for orthosymplectic types, cont’d

For n > 0 and m > 1 we have the following cases where b = sp,,,..

1. Case 2B:
2. Case 2C:
3. Case 2D:
4. Case 20:

g = 08P2nt12ms @ = §02n41-
g= 5pZn—s—Zm) a=spP,y,.
g= 0“3p2n|2ma a = 502p.
9 = 05P12n42my @ = 0SPy|2p-

We write W5, (n, m) := W¥(g, fip, ), for X = B, C, D, O.

For m = 0, we define W;px(n, 0) in a different way so that our
results hold uniformly for all n, m > 0.
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For n > 0 and m > 1 we have the following cases where b = sp,,,..
1. Case 2B: g = 08Py, 1)om, @ =502n41.
2. Case 2C: g =15Pr,10m O =SSPy,
3. Case 2D: g = 0spyom: @ = S02p.
4. Case 20: g =05P1jopiom, @ = 05Py)o,.

We write W5, (n, m) := W¥(g, fip, ), for X = B, C, D, O.

For m = 0, we define W;px(n, 0) in a different way so that our
results hold uniformly for all n, m > 0.

Ex: Let F(m) and S(m) denote the rank m free fermion algebra
and [~-system, respectively. Define
v V2=l ) @ F(2n+1) n> 1,
Wog(n,0) = .
F(1) n=0.

Since F(2n+ 1) has an action of Lj(s02,41), for n > 1 W;bB(n, 0)
has a diagonal action of V~2¥=2"*2(505,.4).



21. The affine cosets Cly (n, m)

Consider following affine cosets.

1

2.

CipB(n, m) := Com(V¥~2"(s02,41), Wipg(”y m))%/22,
= Com(V=¥/270"12(spy,), Wi (n, m)),

= Com(V¥ 21 (50,,), Wf)D(”a m))%/?2,
Cipo(n, m) = Com(V_Wz_"(ospm,,), Wf’o(n, m))%/%2,
C;pB(n7 m) := Com(V~2¥=2"+2(50,,.,4), VV;bB(n7 m))Z/M,
Chc(n, m) == Com(V¥="=3/2(sp,,), Wy (n, m)),

C;LD(n, m) := Com( V72w72"+3(502n), Wébp(n, m))Z/2Z'

Cg’o(n, m) := Com( V¢_”_1(05p1|2,,), W;po(n, m))%/?2.
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22. Trialities of orthosymplectic types

Thm: (Creutzig-L, 2021) For all integers m > n > 0, we have the
following isomorphisms of one-parameter vertex algebras.

/ 1 ]_
CYo(n, m) 2= CYo(n, m—n) = Cly(m,n), ¢ = —

4p’ oy

’ 1" ]. 1 1
Ci/’c(n, m) = C;/’C(n, m—n) = Cf’c(m, n), ¢ = 2 ajLW =1,

1 1 1

Cipnsm) = Cip(n, m—n) = Clo(m,n=1), =70, S 45 =1,

11,1
T Y2y

Clo(n, m) 2= Clo(n, m—n) = Cop(m+1,n), ' ~1



23. Special cases

The isomorphism
/ 1
C#C(Oﬂ m) E’C;/}C(()’ m)v ¢/ = @7

is just Feigin-Frenkel duality in types B and C, since
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23. Special cases

The isomorphism
/ 1
CipC(Oﬂ m) = C;Z}C(Oﬂ m)v ¢/ = @7

is just Feigin-Frenkel duality in types B and C, since

CfC(O, ITI) = W¢(5U2m+1)7 C;p(/,'(()? m) = W¢l(5p2m)'

The isomorphism
/ 1
C;ZJD(O’ m) = C;.pD(()? m)’ 7// = ﬁv

is again Feigin-Frenkel duality in types B and C, since

C;pD(O’ m) = Ww(5p2m)7 Cipﬂl)(()? m) = WT/J/ (502m+1)~
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The isomorphism

/ 1
Cip(0,m) =Cig(0,m), o= >

is just the Zp-invariant part of Feigin-Frenkel duality in type D,
since

Ciﬁo(O, m) = W¢(502m+2)22, Cﬁ;(O, m) = W¢l(502m+2)z2.

The isomorphism

/ 1
C;JJB(O7 m) = C;bo(07 ITI), W = @

is the Zy-invariant part of Feigin-Frenkel duality for
WY (05pyjom), since

C;Z}B(Ov m) = Ww(05p1\2m)227 C;Z}O(O7 m) = W¢/(05p1|2m)22'
Both can be extended to the full dualities.
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25. Special cases
The isomorphism
ch(1,my =l (1,m—1), o =—
recovers the Zy-invariant part of the Feigin-Frenkel type duality
Com(H, WY (802m+1, faubreg)) = Com(H, W¥ (05p215mm)),
of Creutzig, Genra, and Nakatsuka, since
Cyp(1, m) = Com(H, W" (05papom)) ™2,

and
C%(l, m — 1) = Com(#, Ww/(502m+1, @ubreg))z2.

This can be extended to the full duality.



26. Special cases

The isomorphism

1 1

AT

recovers the Zs-invariant part of the coset realization of principal
W-algebras of type D, since

C;Z)O(()? n— 1) = C;b[/)/(na O)a

Cyp(n,0) 2 Com(V 24" =213 (50,,), V=20 =2042(50,,) @ F(2n))%

= Com(V 2" 7273 (502,), V72" 22 (5000) @ Ly (502,)) 7,

and
CfO(O, n—1)= Ww(soz,,)ZZ.
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27. Special cases

The isomorphism
1 1
vt

yields a coset realization of type B and C principal W-algebras.

¢l (n,0) = Y- (0, n), =1

We have
Cfc(n, 0) = Com(V /27" 1/2(ap,,), V¢+2"+1(°5P1|2n))7
Cle(0,n) = WY (s02p41).

Note: We are using the convention that the form on ospy),, is
normalized so that

V=K (sp,,) — Vk(05131|2n)-
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Suppose we instead use the normalization such that
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We then have
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Suppose we instead use the normalization such that

Vk(ﬁpzn) — Vk(ﬂﬁpl\zn)~

We then have

1
Clc(n,0) = Com(V¥(sh,), VX (0si2n)), k= —(w+2n+1).
This yields the following result.

Thm: For all n > 1, we have the following isomorphism of
one-parameter vertex algebras

_2k+2n+1

Com(V*(sp2n), V¥(08p1ppn)) = W?(s02011), ¢ = 2k +2n+2



28. Special cases

Suppose we instead use the normalization such that
Vk(ﬁpzn) — Vk(ﬂﬁpl\zn)~
We then have
Cle(n,0) = Com(VA(sba,), V¥(0sbazn), K = 5 (420 +1).
This yields the following result.

Thm: For all n > 1, we have the following isomorphism of
one-parameter vertex algebras

_2k+2n+1

Com(V*(sp2n), V¥(08p1ppn)) = W?(s02011), ¢ = 2k +2n+2

This was also proven in a different way by Creutzig.and Genra.



29. Special cases

The isomorphism
1 1

AT
yields a coset realization of Zj-orbifolds of principal W-algebras
Of 05p1\2n'

Cia(,0) = C35 (0, ),
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We have
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29. Special cases

The isomorphism

CYs(n, 0) = CL (0, n), ; + wl —2,
yields a coset realization of Zj-orbifolds of principal W-algebras
of 0spy)o,.
We have
C;ps(”a 0) =

Com(V~2972M42(505. 1), V™22 (50, 1) @ F(2n 4 1))%2,

and ,
C?B(Oa n) = WY (°5P1|2n)22-

This can be extended to a coset realization of WT/’”(ospl‘zn).

Proven in a different way by Creutzig and Genra.
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30. Special cases

Thm (Kac-Wakimoto, 1990) If k is admissible for §05,+1, we have
an embedding

Lkt1(5020+1) = Li(502n+1) ® L1(5024,).

Then simple quotient

Cy28(n,0) = Com(Lyy1(502n+1), Li(502n41) ® L1(502041))-

Recall: For g simply laced, Com(Lx+1(g), Lk(g) @ Li(g)) is lisse
and rational.

We conjecture that this holds for g = s02,41 as well.

This would imply rationality of corresponding algebras
Ww”(05p1|2n)'



