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Abstract — This paper develops a combined a posteriori analysis for the discretization and iteration
errors in the solution of elliptic eigenvalue problems by the finite element method. The emphasis
is on the iterative solution of the discretized eigenvalue problem by a Krylov-space method. The
underlying theoretical framework is that of the Dual Weighted Residual (DWR) method for goal-
oriented error estimation. On the basis of computable a posteriori error estimates the algebraic iteration
can be adjusted to the discretization within a successive mesh adaptation process. The functionality of
the proposed method is demonstrated by numerical examples.
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1. Introduction

In this paper, we consider the approximation of the eigenvalue problem of alinear
elliptic partial differential operator by an adaptive finite element method, see, e.g.,
Heuveline & Rannacher [15]. For the solution of such large-scale algebraic eigen-
value problems Krylov space methods are well accepted, see, e.g., Sorensen [24].
We develop an adaptive Arnoldi method for the efficient solution of the algebraic ei-
genvalue problem resulting from the proposed finite element discretization.It seems
natural to stop the iteration of the eigenvalue solver when the error due to theap-
proximate solution of the discrete eigenvalue problem is comparable to the errordue
to the finite element discretization itself. To this purpose, we derive an a posteriori
error estimator which assesses the influences of the discretization and the inexact
solution of the discrete eigenvalue problem. This allows us to balance both sources
of errors. These errors may be measured in natural norms, e.g., the discretization
error for the eigenfunctions inH1 or L2. However, measuring the error in global
norms may not provide useful bounds for the error in terms of a given functional, a
so calledquantity of interest, e.g., the eigenvalues themselves or certain point values
or moments of the corresponding eigenfunctions. In this work, we propose to control
both discretization and iteration errors with respect to a general output functional.
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This approach is based on a posteriori error estimation by dual-weighted residuals as
presented in Becker & Rannacher [6] in the context of the so-called “Dual Weighted
Residual (DWR)” method. We incorporate the adaptive iteration method into the
solution process of a given problem. The estimator derived for the discretization
error on the one hand is used as stopping criterion for the algebraic iteration and
on the other hand provides the necessary information for the constructionof locally
refined meshes in order to improve the accuracy of the discretization.

The use of adaptive techniques based on a posteriori estimation of the discretiz-
ation error is well accepted in the context of finite element discretization of partial
differential equations; see, e.g., Verfürth [25] and Bangerth & Rannacher [2]. On the
other hand, the idea of balancing the iteration error with the discretization error for
the solution of linear solvers, e.g., multigrid methods, has been pursued in onlya few
publications yet. In the case of the Poisson equation first results have been obtained
in Becker, Johnson & Rannacher [4], which was extended to the Stokesequations
in Becker [3]. There, the automatic control of the discretization and multigrid er-
rors has been developed with respect toL2- and energy norms, but the reliability
of the proposed adaptive algorithm is verified on uniformly refined meshesonly. In
Meidner, Rannacher & Vihharev [20] this work was extended to balancethe discret-
ization error and the error from the linear solver with respect to an arbitrary target
quantity on locally refined meshes.

In the case of eigenvalue and eigenvector computation such an a posteriori er-
ror analysis is in principle straightforward. However, due to the inherentnonlin-
earity of the problem special care has to be taken. For the symmetric case a priori
as well as a posteriori estimates for the error in the eigenvalue where obtained by
Babuska & Osborn [1], Verfürth [25], and Larson [18]. The non-symmetric case and
arbitrary functionals where considered in Heuveline & Rannacher [15]. In all these
studies it was assumed that the discretized eigenvalue problems are solved exactly.

On the other hand, when concerned with the computation of the discrete ei-
genvalues, the iteration is usually stopped once the residual is below a given toler-
ance, see, e.g., Simonici & Elden [23], Golub, Zhang & Zha [13], Saad [21], Lund-
ström & Elden [19], Jia [16], and Greenbaum [14]. An alternative approach is to
stop the iteration once the backward error is below a given tolerance, see, e.g.,
Chatelin & Fraysse [11] and Scott [22]. In either case it is not clear a priori how
to choose the tolerance in the context of eigenvalue problems associated withdif-
ferential operators. This is because the discretization error is usually thedominant
error contribution. However, in order to estimate this error an exact solution of the
discrete eigenvalue problem is assumed. In this paper, we will consider thesimul-
taneous estimation of both iteration and discretization error, such that the tolerance
for stopping the solution of the discretized eigenvalue problem may be adapted to
the size of the discretization error. In this respect, the present analysis provides the
natural extension of the results in Heuveline & Rannacher [15] and Meidner, Ran-
nacher & Vihharev [20], respectively, to control the iteration error together with the
discretization error in the Galerkin finite element approximation of (linear) elliptic
eigenvalue problems. A further issue of this paper is the numerical realization of the
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adaptive method. We explain implementation details and verify the reliability and
the efficiency of the proposed algorithm on locally refined meshes.

We consider the Galerkin finite element approximations of symmetric or non-
symmetric elliptic eigenvalue problems. As a prototypical problem, we consider the
convection-diffusion problem

A v := −∇ · (a∇v)+b·∇v+cv= λv in Ω, u= 0 on∂Ω. (1.1)

For b 6≡ 0, the governing operator is non-symmetric and may possess non-real ei-
genvalues. This problem represents only a model case. The results of this paper
easily carry over to more complicated situations involving higher-order elliptic op-
erators or systems and other kinds of boundary conditions.

The Galerkin finite element approximation of (1.1) is based on its variational
formulation. We seek non-trivial pairs{vh,λh} ∈Vh×C , vh 6= 0, satisfying

a(vh,ϕh) = λh(vh,ϕh) ∀ϕh ∈Vh, (1.2)

wherea(·, ·) is the sesquilinear form associated to the differential operatorA , and
(·, ·) is the usualL2 scalar product. The finite element subspaceVh ⊂V := H1

0(Ω)
consists of piecewise linear or bilinear functions on decompositionsTh of the do-
main Ω into cells T (triangles or quadrilaterals in 2D and tetrahedra or hexahedra
in 3D) with diametershT := diam{T} . For details on the finite element discretiz-
ation, we refer to the standard literature, e.g., Carey & Oden [9], Ciarlet [12], and
Brenner & Scott [8].

In the following analysis a “dual” eigenvalue problemA ∗v∗ = λ ∗v∗ is associ-
ated to the general non-symmetric “primal” eigenvalue problem (1.1), together with
its discrete counterpart

a(ψh,v
∗
h) = λ

∗
h(ψh,v

∗
h) ∀ψh ∈Vh. (1.3)

With this, we can recall the discretization error estimates from Heuveline & Rannach-
er [15] and extend these results to incorporate the iteration error of the Arnoldi
method.

The outline of the article is as follows. In Section 2, we will describe the prob-
lem class under consideration. We then introduce the corresponding finiteelement
discretization, which is followed by a detailed discussion of the iterative solution of
the discretized eigenvalue problem. Then, in Section 3, we describe the a posteriori
error estimation. We begin by considering the overall error due to discretization and
inexact solution of the discrete eigenvalue problem. After that, we develop the split-
ting of the derived error estimator into a discretization and an iteration component.
Finally, in Section 4, we discuss how the estimates of Section 3 can be used foran
adaptive computation of eigenvalues and demonstrate the behavior of the proposed
algorithm by some numerical examples of moderate complexity.
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2. Preliminaries

2.1. Eigenvalue problem and its discretization

Let A be a second-order uniformly elliptic operator defined on a bounded domain
Ω ⊂ R

d. The classical formulation of the eigenvalue problem for this operator is

A v= λ v in Ω, v= 0 on∂Ω. (2.1)

The variational formulation of (2.1) seeks pairs{v,λ} ∈V ×C , satisfying

a(v,ψ) = λ (v,ψ) ∀ψ ∈V, ‖v‖= 1, (2.2)

where a(·, ·) is the sesquilinear form generated by the operatorA , (·, ·) is the
(complex)L2-scalar product onΩ with corresponding norm‖ ·‖ , andV := H1

0(Ω)
is the usual first-order (complex) Sobolev space with norm‖ · ‖V . The sesquilinear
form a(·, ·) is assumed to be bounded andV-elliptic, that is

|a(ϕ ,ψ)|6 α‖ϕ‖V ‖ψ‖V , ϕ , ψ ∈V, (2.3)

γ‖ϕ‖2
V 6 |a(ϕ ,ϕ)|+β‖ϕ‖2, ϕ ∈V, (2.4)

with certain constantsα , γ > 0, andβ > 0. For simplicity, we assume in the fol-
lowing that (2.3) holds withβ = 0, such that zero is not an eigenvalue ofA .
Since the embeddingV →֒ L2(Ω) is compact, the classical Riesz-Schauder the-
ory applies (see, e.g., Kato [17]). Hence, the primal as well as the dual eigen-
value problem possess countable infinite spectral setsΣ(A ) := {λi}

∞
i=1 ⊂ C and

Σ(A ∗) := {λ ∗
i }

∞
i=1 ⊂C of isolated eigenvalues with finite (algebraic) multiplicities

which have no finite accumulation point. Further, one easily sees thatλ ∗
i = λ̄i .

The “algebraic” and “geometric” multiplicities of an eigenvalueλ are denoted
by σλ and ρλ , respectively. Further, its “ascent”αλ is the smallest integer such
that Ker{(A − λ I)αλ+1} = Ker{(A − λ I)αλ } . The eigenvalueλ is called “non-
defective” if αλ = 1, which is related toσλ = ρλ .

For simplicity, we will assume throughout this paper that all considered eigen-
values are simple (and therefore “non-defective”). Then, the “adjoint” (or “dual”)
eigenvalue problem associated to (2.2) seeks pairs{v∗,λ ∗} ∈V ×C , satisfying

a(ψ ,v∗) = λ̄ ∗ (ψ ,v∗) ∀ψ ∈V, (v,v∗) = 1. (2.5)

The eigenvalue problem (2.2) and (2.5) are approximated by a standard Galerkin
finite element method. LetVh ⊂ V be a (finite dimensional) finite element space
whereh∈ R+ is a discretization parameter. For our implementation, we usedH1-
conformingQ1 finite elements. In order to ease the mesh refinement, we allow the
cells to have nodes which lie on midpoints of edges or faces of neighboring cells.
But at most one of suchhanging nodesis permitted per edge or face. Consideration
of meshes with hanging nodes requires additional care. These irregularnodes do not
carry degrees of freedom as the corresponding values of the finite element function
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are determined by linear interpolation of its values at neighboring regular nodes. We
refer, e.g., to Carey & Oden [9] for implementation details.

Then, the approximate eigenvalue problems read as follows. Find non-trivial
pairs{vh,λh},{v∗h,λ

∗
h} ∈Vh×C satisfying

a(vh,ϕh) = λh(vh,ϕh) ∀ϕh ∈Vh, ‖vh‖= 1, (2.6)

a(ϕh,v
∗
h) = λ̄ ∗

h (ϕh,v
∗
h) ∀ϕh ∈Vh, (vh,v

∗
h) = 1. (2.7)

The normalization condition(vh,v∗h) = 1 in the adjoint eigenvalue problem (2.7)
is admissible, if the discrete eigenvalueλh is also simple (and therefore non-
defective). In algebraic notation (2.6) and (2.7) take the form of generalized ei-
genvalue problems

Ahvh = λhMhvh, AH
h v∗h = λ ∗

h Mhv∗h, (2.8)

where Ah is the “stiffness matrix” (generally non-hermitian) andMh is the her-
mitian and positive-definite “mass matrix”. Again, the approximate primal and dual
eigenvalues are related to each other byλ ∗

h = λ̄h . Here, we do not differentiate
between the finite element functionvh and its coordinate vector in our notation.

2.2. Solution of the discrete eigenvalue problem

For solving (2.8), one could consider any suitable solution method for this problem
class. However, as we are especially interested in the computation of the smallest
eigenvalues of the real matrixAh, we consider the following reformulation of (2.8).
Determinevh,λh such that

A−1
h Mhvh = λ−1

h vh. (2.9)

We consider an Arnoldi algorithm, which is restated here in order to introduce some
of our notation.

Algorithm 2.1 Arnoldi-algorithm

Choose ˜v1 6= 0 and setv1 := ‖ṽ1‖
−1ṽ1, hi, j := 0 (i, j = 1, ...,k).

for j = 1 tok do
w j := A−1

h Mhv j ,
for i = 1 to j do

hi j := (vi ,w j),
w j := w j −hi j vi ,

h j+1, j := ‖w j‖,
if h j+1, j < TOL then

break

Setv j+1 := h−1
j+1, jw j .
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After k iterations of the algorithm, we obtain an upper Hessenberg matrixHk =
(hi, j)i, j=1,...,k ∈ R

k×k together with a matrixVk := (v1, ...,vk) ∈ R
n×k such that

Hk = VT
k A−1

h MhVk.

Then, the approximate eigenvaluesλh,k are given by thek-dimensional eigenvalue
problem

Hkṽh,k = λ−1
h,k ṽh,k,

which can be solved by a QR-method inO(k2) operations. In order to obtain an
eigenvector approximation, we consider

vh,k := Vkṽh,k.

In order to assert that the effort of computing the eigenvalues and eigenvectors of
Hk does not exceed the effort of applyingA−1

h Mh, we have to ensure thatk2 ≪ n.
This is because we can solvew j := A−1

h Mhv j in O(n) operations using a multigrid
method. This can be achieved using restarted versions of Algorithm 2.1, see, e.g.,
Sorensen [24].

3. A posteriori error estimation

For developing an a posteriori error analysis for the approximation scheme de-
scribed above, we follow the DWR approach described in Becker & Rannacher [6]
and Heuveline & Rannacher [15]. The first step is the reformulation of thecontinu-
ous and discrete eigenvalue problems as nonlinear variational equations.To this end,
we introduce the semi-linear formA: V ×C×V ×C→ C given by

A(v,λ )(δv,χ) =−a(v,δv)+λ (v,δv)+χ
(

‖v‖2−1
)

.

We see thatA is Fréchet differentiable and its derivativeA′ with respect tov and
λ in the point(v,λ ,w,µ) in direction (δv,χ) takes the form

A′(v,λ )(δv,χ,w,µ) =−a(δv,w)+λ (δv,w)+χ(v,w)+2µ Re
(

(δv,v)
)

.

Obviously, (2.2) is equivalent to

A(v,λ )(δv,χ) = 0 ∀(δv,χ) ∈V ×C, (3.1)

and its discrete analog (2.6) is equivalent to

A(vh,λh)(δv,χ) = 0 ∀(δv,χ) ∈Vh×C. (3.2)

Next, in order to control the error in this approximation scheme, we choose an ar-
bitrary three times directionally differentiable functionalJ : V ×C→ C. The asso-
ciated “dual problem” is formulated by

A′(v,λ )(δv,χ,w,µ) = J′(v,λ )(δv,χ) ∀(δv,χ) ∈V ×C, (3.3)
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and its discrete analog by

A′(vh,λh)(δv,χ,wh,µh) = J′(vh,λh)(δv,χ) ∀(δv,χ) ∈Vh×C. (3.4)

The solvability of the dual equations obviously depends on the choice ofJ. We
will consider here the caseJ(v,λ ) = λ‖v‖2, which leads to estimates for the eigen-
value error. In this particular case (3.3) is equivalent to (2.5) and (3.4)is equivalent
to (2.7).

3.1. Estimation of the error

We will now come to the derivation of an error representation between a solution
of (3.1) and an inexact solution of the discrete problem (3.2) with respectto the
given functionalJ. To this end, we extend the result of Becker & Rannacher [6] to
the case of an inexact discrete solution. Letu = (v,λ ), z= (w,µ), ϕ = (δv,χ) ∈
V ×C be given. We define the corresponding primal and dual residuals associated
to the variational problems (3.1) and (3.3) by

ρ(u)(ϕ) :=−A(v,λ )(δv,χ),
ρ∗(u,z)(ϕ) := J′(v,λ )(δv,χ)−A′(v,λ )(δv,χ,w,µ).

We begin our discussion with the following perturbation result.

Proposition 3.1. Let u= (v,λ ) ∈ V ×C be a solution to(3.1) and let z=
(w,µ) ∈V ×C be the corresponding dual solution(3.3). Then, for anyũ= (ṽ, λ̃ ),
z̃= (w̃, µ̃) ∈V ×C the following error representation holds:

J(u)−J(ũ) = 1
2 ρ(ũ)(z− z̃)+ 1

2 ρ∗(ũ, z̃)(u− ũ)

+ρ(ũ)(z̃)+R(u,z, ũ, z̃).
(3.5)

Here, the remainder term R is given by

R(u,z, ũ, z̃) := 1
2

∫ 1

0

{

J′′′(ũ+se;e,e,e)−A′′′(ũ+se; z̃+se∗;e,e,e)

−3A′′(ũ+se;e,e,e∗)
}

s(s−1)ds,
(3.6)

where e:= u− ũ and e∗ := z− z̃.

Proof. The proof only uses elementary arguments. Noting thatu solves (3.1),
we obtain

J(u)−J(ũ) = J(u)−A(u)(z)−J(ũ)+A(ũ)(z̃)−A(ũ)(z̃)

= J(u)−A(u)(z)−J(ũ)+A(ũ)(z̃)+ρ(ũ)(z̃).
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In order to estimate the first four terms on the right-hand side, we employ the main
theorem of calculus and evaluate the integral using the trapezoidal rule to obtain

J(u)−J(ũ)−ρ(ũ)(z̃)

=
∫ 1

0
J′(ũ+se)(e)−A′(ũ+se)(e, z̃+se∗)−A(ũ+se)(e∗)ds

= 1
2 ρ(u)(z− z̃)+ 1

2 ρ∗(u,z)(u− ũ)+ 1
2 ρ(ũ)(z− z̃)+ 1

2 ρ∗(ũ, z̃)(u− ũ)+R.

Then, sinceu and z solve (3.1) and (3.3) the first two terms on the right-hand side
vanish. This proves the assertion. �

From this, one immediately derives the results of Heuveline & Rannacher [15]
by considering ˜u to be the solution of the discrete problem (3.2).

Corollary 3.1. Let u= (v,λ )∈V×C be a solution to(3.1)and let z= (w,µ)∈
V ×C be the corresponding dual solution(3.3). Let further uh = (vh,λh) ∈Vh×C

and zh = (wh,µh) ∈ Vh ×C be the corresponding Galerkin approximations(3.2)
and (3.4). Then, for anyũh = (ṽh, λ̃h), z̃h = (w̃h, µ̃h) ∈ Vh×C the following error
representation holds:

J(u)−J(uh) =
1
2 ρ(uh)(z− z̃h)+

1
2 ρ∗(uh,zh)(u− ũh)+R(u,z,uh,zh). (3.7)

Here, the remainder term R is given by

R(u,z,uh,zh) := 1
2

∫ 1

0

{

J′′′(uh+seh;eh,eh,eh)

−A′′′(uh+seh;zh+se∗h;eh,eh,eh)

−3A′′(uh+seh;eh,eh,e
∗
h)
}

s(s−1)ds,

(3.8)

where eh := u−uh and e∗h := z−zh.

Proof. The result directly follows from Proposition 3.1 by noting thatVh ⊂V
and that

ρ(uh)(ϕh) = 0 ∀ϕh ∈Vh×C,

ρ∗(uh,zh)(ϕh) = 0 ∀ϕh ∈Vh×C.

�

Before we continue our discussion, we will restate Proposition 3.1 and Corol-
lary 3.1 for the case of the error in the eigenvalue.
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Corollary 3.2. Let u= (v,λ ) ∈ V × C be a solution to(2.2) and let z=
(w,µ) ∈V ×C be the corresponding dual solution(2.5). Then, for anyũ= (ṽ, λ̃ ),
z̃= (w̃, µ̃)∈V×C, with ‖ṽ‖= (ṽ, w̃) = 1, the following error representation holds:

λ − λ̃ = 1
2

{

a(ṽ,w− w̃)− λ̃ (ṽ,w− w̃)
}

+ 1
2

{

(a(v− ṽ, w̃)− µ̃(v− ṽ, w̃)
}

+a(ṽ, w̃)− λ̃ (ṽ, w̃)+ 1
2(λ − λ̃ )(v− ṽ,w− w̃).

(3.9)

Proof. The corollary directly follows from Proposition 3.1 for the choice of
J(v,λ ) := λ‖v‖2. �

Then, by choosing ˜u as the solution to the discrete eigenvalue problem, we
obtain the following special form of Corollary 3.2.

Corollary 3.3. Let u= (v,λ ) ∈ V × C be a solution to(2.2) and let z=
(v∗,λ ∗)∈V×C be the corresponding dual solution(2.5). Let further uh=(vh,λh)∈
Vh ×C and zh = (v∗h,λ

∗
h ) ∈ Vh ×C be the corresponding Galerkin approxima-

tions (2.6) and (2.7). Then, for anyũh = (ṽh, λ̃h), z̃h = (ṽ∗h, λ̃
∗
h ) ∈ Vh×C the fol-

lowing error representation holds:

λ −λh =
1
2

{

a(vh,v
∗− ṽ∗h)−λh(vh,v

∗− ṽ∗h)
}

+ 1
2

{

a(v− ṽh,v
∗
h)−λ

∗
h(v− ṽ,v∗h)

}

+ 1
2(λ −λh)(v−vh,v

∗−v∗h).
(3.10)

Proof. The corollary directly follows from Corollary 3.1 for the choice of
J(v,λ ) := λ‖v‖2. �

Remark 3.1. We remark, that the results of Corollary 3.2 and Corollary 3.3,
once their structure is known, could also be obtained by direct calculation without
the use of the abstract results from Proposition 3.1 and Corollary 3.1. However, this
is no longer the case for an arbitrary functionalJ(v,λ ).

We cannot directly evaluate the residual terms in the error representation 3.10
since the errorsu− ũh and z− z̃h are unknown. However, these quantities are
local, for instance ˜uh = ih(u) the nodal interpolation is a feasible test function.
There are several heuristic techniques to estimate this difference, see for instance
Becker & Rannacher [6]. Here, we construct an approximation using abiquad-
ratic interpolation on a mesh that has local mesh size 2h, e.g., we reconstruct
v− ṽh ≈ I (2)2h vh − vh, which has generally been observed to work well in the con-
text of “goal-oriented” a posteriori error estimation, see Bangerth & Rannacher [2].

In order to use this error estimator for guiding mesh refinement, we have to
localize it to cell-wise or node-wise contributions. A direct splitting of a term like
ρ(uh)(I

(2)
2h wh−wh) into its cell contributions, in general, leads to local contributions

of wrong order (overestimation) due to oscillatory behavior of the residual terms,
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see Carstensen & Verfürth [10]. To overcome this problem, one may integrate the
residual terms by parts, see Becker & Rannacher [6] or Heuveline & Rannacher [15],
or use a filtering operator, see Braack& Ern [7] for details. A more concrete form of
the resulting a posteriori error bounds will be stated in Section 4.1, below.

3.2. Separating discretization and iteration errors

In order to split the influence of the iteration error and the discretization error, we
denote thek-th iterate of the eigenvalue computation byuh,k and thek-th iterate of
the dual problem byzh,k, see Section 2.2. Then,uh,k → uh andzh,k → zh ask→ ∞,
and hence

ρ(uh,k)(z−zh,k)→ ρ(uh)(z−zh) (k→ ∞), (3.11a)
ρ∗(uh,k,zh,k)(u−uh,k)→ ρ∗(uh,zh)(u−uh) (k→ ∞), (3.11b)

R(u,z,uh,k,zh,k)→ R(u,z,uh,zh) (k→ ∞). (3.11c)

Unfortunately, for reasonable iteration numbersk the differences may be rather
large and therefore, one cannot simply replace the limit by these approximations.
This means that we may not considerρ(uh,k)(zh,k) as an indicator for the iteration
error as might be suspected from the difference of (3.5) and (3.7). Instead one has to
carefully monitor the differences in (3.11). For clarity of the presentation,we will
focus our attention on the case of estimating the error in a given eigenvalueλ .

For the convenience of the reader, we will now develop the precise formof the
residual terms derived in the previous section. Letu = (v,λ ) and z= (v∗,λ ∗) be
given with ‖v‖= (v,v∗) = 1 and letϕ = (δv,δλ ) andψ = (δv∗,δλ ∗) be arbitrary.
Using the notation of Proposition 3.5 and Corollary 3.1, we have

ρ(u)(ϕ) = ρ(v,λ )(δv) = a(v,δv)−λ (v,δv),

ρ∗(u,z)(ϕ) = ρ∗(v,λ ,v∗,λ ∗)(δv) = a(δv,v∗)−λ ∗(δv,v∗),

R(u,z,ϕ ,ψ) = R(δv,δλ ,δv∗) = 1
2δλ (δv,δv∗).

Let now u = (v,λ ) be a solution to (2.2) andz= (v∗,λ ∗) be the corresponding
dual solution (2.5), e.g.,λ = λ ∗. Let uh = (vh,λh) be a Galerkin approximation
given by (2.6) andzh = (v∗h,λ

∗
h ) be the corresponding discrete dual solution given

by (2.7). Further, letuh,k = (vh,k,λh,k) and zh,k = (v∗h,k,λ
∗
h,k) be the approximations

to uh andzh at thek-th iteration as defined in Section 2.2.
In order to balance the error contributions, we will consider the discretization

error indicator. We define

η := 1
2ρ(vh,λh)(v

∗−v∗h), (3.12a)

η∗ := 1
2ρ∗(vh,λh,v

∗
h,λ

∗
h )(v−vh), (3.12b)

σ := 1
2(v−vh,v

∗−v∗h). (3.12c)
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With these quantities the discretization error given by Corollary 3.3 reads asfollows:

(λ −λh)(1−σ) = η +η∗,

providedσ ≪ 1. As observed in prior work (see, e.g., Becker & Rannacher [6])
approximation of the errorsv−vh andv∗−v∗h using a higher order interpolation on
a coarser grid leads to rather good guesses. Hence, we use

ηh =
1
2ρ(vh,λh)(I

(2)
2h v∗h−v∗h),

η∗
h = 1

2ρ∗(vh,λh,v
∗
h,λ

∗
h )(I

(2)
2h vh−vh),

σh =
1
2(I

(2)
2h vh−vh, I

(2)
2h v∗h−v∗h),

as an approximation to these quantities. This means, we consider the following ap-
proximate representation of the error in the eigenvalues

(λ −λh)(1−σh)≈ ηh+η∗
h , (3.13)

as long asσh ≪ 1. However, we cannot directly evaluate these quantities as we
will only have the iteratesuh,k and zh,k at our disposal, and not the exact discrete
solutionsuh and zh. Hence, instead of (3.12), we have to consider the following
quantities:

ηk =
1
2ρ(vh,k,λh,k)(v

∗−v∗h,k), (3.14a)

η∗
k = 1

2ρ∗(vh,k,λh,v
∗
h,k,λ

∗
h,k)(v−vh,k), (3.14b)

σk =
1
2(v−vh,k,v

∗−v∗h,k). (3.14c)

However, these quantities contain both discretization and iteration errors. Therefore,
we have to monitor the errorsη −ηk, η∗ −η∗

k , and σ −σk. Only once they are
small, compared to the values ofηk, η∗

k , andσk, they may be used as discretization
error indicators. By a simple computation, we obtain

σ −σk =−1
2

{

(v,v∗h−v∗h,k)+(vh−vh,k,v
∗)
}

, (3.15a)

η −ηk =
1
2

{

(a(vh−vh,k,v
∗−v∗h,k)− (λhvh−λh,kvh,k,v

∗−v∗h,k)
}

, (3.15b)

η∗−η∗
k = 1

2

{

a(v−vh,k,v
∗
h−v∗h,h)− (v−vh,k,λ ∗

h v∗h−λ ∗
h,kv

∗
h,k)

}

. (3.15c)

In order to evaluate these quantities, we approximate the differencevh−vh,k using
two consecutive iterates,vh − vh,k ≈ vh,k+1 − vh,k, and analogously for the other
discrete iteration errors. In order to estimate the errorv−vh,k, we may not consider

the approximationv− vh,k ≈ I (2)2h vh,k − vh,k because this will not work forvh,k far
away fromvh. Instead we consider

v−vh,k ≈ I (2)2h vh,k+1−vh,k,
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in order to account for the convergence with respect tok. Hence, we define the
following approximations to the error in the discretization error indicators

σ −σk ≈ δ σ
h,k := 1

2

{

(vh,k+1,v
∗
h,k+1−v∗h,k)+(vh,k+1−vh,k,v

∗
h,k+1)

}

, (3.16a)

η −ηk ≈ δ η
h,k := 1

2

{

a(vh,k+1−vh,k, I
(2)
2h v∗h,k+1−v∗h,k)

− (λh,k+1vh,k+1−λh,kvh,k, I
(2)
2h v∗h,k+1−v∗h,k)

}

, (3.16b)

η∗−η∗
k ≈ δ η∗

h,k := 1
2

{

a(I (2)2h vh,k+1−vh,k,v
∗
h,k+1−v∗h,k)

− (I (2)2h vh,k+1−vh,k,λ ∗
h,k+1v∗h,k+1−λ ∗

h,kv
∗
h,k)

}

. (3.16c)

Finally, we define approximations for the quantities (3.14) by

ηh,k =
1
2ρ(vh,k,λh,k)(I

(2)
2h v∗h,k+1−v∗h,k),

η∗
h,k =

1
2ρ∗(vh,k,λh,v

∗
h,k,λ

∗
h,k)(I

(2)
2h vh,k+1−vh,k),

σh,k =
1
2(I

(2)
2h vh,k+1−vh,k, I

(2)
2h v∗h,k+1−v∗h,k).

Hence, using additionally the notion

η it
k := ρ(vh,k,λh,k)(v

∗
h,k),

for the estimator of the iteration error estimator, we obtain the following computable
error estimator for the full eigenvalue error

λ −λh,k ≈
1

1−σh,k

{

ηh,k+η∗
h,k+η it

k

}

, (3.17)

provided that|σh,k| ≪ 1 andδ σ
h,k, δ η

h,k, andδ η∗

h,k are sufficiently small with respect to
σh,k, ηh,k, andη∗

h,k. The overall computation including the monitoring of the error

quantitiesδ σ
h,k, δ η

h,k, andδ η∗

h,k is now rather complex and will be described in detail
in the next section, see Algorithm 4.1.

Numerical Example. We will now consider the effectivity of our estimates for
the various error terms for a simple model problem with known eigenvalues and
functions. Thereto letΩ = (0,1)× (0,1/2). We consider the following eigenvalue
problem of findingv∈ H1

0(Ω) and λ ∈ C such that, for givenb = (b1,b2)
T ,

−ν∆v+b ·∇v= λv. (3.18)

The solutions are given byλ = |b|2(4ν)−1+νπ2(γ2
1 +4γ2

2) with

v(x1,x2) = exp
(b·x

2ν
)

sin(γ1πx1)sin(2γ2πx2), v∗(x1,x2) = exp
(

− b·x
ν
)

v(x1,x2),
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with arbitrary γi ∈N. In particular by the choice of the domain the four eigenvalues
with smallest real part are simple. We will now consider the behavior of (3.15) and
see how well it is recovered by (3.16). For this, we chooseb1 = b2 = 1 andν = 0.1.
Then, we consider the approximation to the smallest eigenvalue on a triangulation
obtained by five global refinements of the domain. The obtained results are shown
in Table 1. First, we see, that the errors betweenσh and σh,k and also the estimate
for ηh+η∗

h is captured very well by our estimate, which is reflected by the fact that

Iσ
eff :=

|δ σ
h,k|

|σ −σk|
≈ 1, Iη

eff :=
|δ η

h,k+δ η∗

h,k|

|η −ηk+η∗−η∗
k |

≈ 1.

Table 1: Efficency of the estimate (3.17) for the 1st eigenvalue of (3.18) for ν = 0.1

k |σk| |δ σ
h,k| Iσ

eff |ηk+η∗
k | |δ η

h,k+δ η∗

h,k| Iη
eff |η it

k | |λ −λh,k|

4 4.0e−1 4.0e−1 0.9 7.0e−1 2.0e+1 34 5.0e−1 2.0e+0
6 7.0e−3 9.0e−3 1.4 1.0e−0 1.0e+0 1.1 1.0e+0 4.0e−1
8 1.0e−4 2.0e−4 1.5 5.0e−4 2.0e−2 1.4 5.0e−2 5.0e−2
10 3.0e−7 2.0e−6 0.5 1.0e−2 8.0e−8 0.4 2.0e−3 1.0e−2

We remark that the large overestimation indicated by the large value ofIη
eff

for k 6 4 is of no concern, as in this case bothσk and δ σ
h,k are still close to one,

and, in view of (3.13), the quantityη +η∗ does not provide any useful information.
Finally, we remark, that after only ten steps of the algorithm (initialized by a random
vector), we obtain the required eigenvalue up to discretization accuracy,whereas the
discrete residualη it

k is still of size 10−3. This demonstrates the potential advantage
of balancing discretization and iteration error.

Next, for comparison, we consider the approximation of the 4th eigenvalue
where we choseν = 1 in order to have a comparable size of the discretization
error on the same grid. The results are shown in Table 2. Once again, we see that
the estimate for the error inσ is of good quality. Further the estimates forη +η∗

are also of good quality once|σk|+ |δ σ
h,k| ≪ 1. In addition, we see again that the

discretization error is dominant while the discrete residualη it
k is still of the size

10−3. In these simple cases it would require about twice the number of iterations to
reach the machine accuracyη it

k ≈ 10−12.

Table 2: Efficency of the estimate (3.17) for the 4th eigenvalue of (3.18) for ν = 1.0

k |σk| |δ σ
h,k| Iσ

eff |ηk+η∗
k | |δ η

h,k+δ η∗

h,k| Iη
eff |η it

k | |λ −λh,k|

5 1.0e+1 1.0e+0 1.4 9.0e+2 2.0e+2 0.2 9.0e+2 8.0e+2
7 1.0e−1 5.0e−2 0.4 4.0e+0 5.0e+1 1.6 3.0e+1 9.0e+0
9 1.0e−2 4.0e−3 0.4 2.0e+0 4.0e+0 1.8 1.0e+0 1.0e+0
11 1.0e−4 9.0e−5 0.7 6.0e−1 1.0e−2 1.5 5.0e−2 5.0e−1
13 1.0e−6 4.0e−7 0.3 5.0e−1 9.0e−4 1.3 3.0e−3 5.0e−1
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4. Adaptive eigenvalue computation

In contrast to the test computation in the previous section, in practice, it is notneces-
sary to evaluate all indicators at every iteration. For example as long asδ σ

h,k ≫ σh,k

or |δ σ
h,k+σh,k| 6≪ 1, we need not evaluate any other term thanδ σ

h,k andσh,k. Accord-
ingly, we propose the following adaptive procedure, which combines meshadapt-
ation for reducing the discretization error with an automatic stopping criterion for
the iteration.

Algorithm 4.1 Adaptive eigenvalue computation on fixed mesh

Choosec∈ (0,1) and setk := 0.
Computeuh,0, zh,0, e.g., by Algorithm 2.1.
loop

Computeuh,k+1, zh,k+1, e.g., by Algorithm 2.1.
Computeσh,k, δ σ

h,k.
if |δ σ

h,k|6 c|σh,k| or |δ σ
h,k|+ |σh,k|< c then

if |σh,k|> 1/2 then
return Refine mesh (by the strategies in [15]), ash resolution is too
coarse to compute the desired eigenvalue.

else
Computeηh,k, η∗

h,k, δ η
h,k, δ η∗

h,k.

if |δ η
h,k|6 c|ηh,k| and |δ η∗

h,k|6 c|η∗
h,k| then

Computeηk
if |ηk|6 c|ηh,k+η∗

h,k| then
return Refine mesh, as iteration error is below discretization error.

Setk := k+1.

In the case that Algorithm 4.1 terminates becauseσh,k is too large, the mesh re-
finement has to be done by some generic refinement rule, as we are unableto extract
any information from the error identity. One might for instance use global refine-
ment. If on the other hand Algorithm 4.1 terminates after reaching the discretization
accuracy, we may localize the information inηh,k+η∗

h,k, compare our remark at the
end of Section 3.1. We may then refine the mesh according to this local information
until we have reached sufficient accuracy in the computed eigenvalue.

We consider three different possibilities: we may refine uniformly, non-uniformly
by the localized error indicators from the DWR error indicator (3.17),

λ −λh,k ≈
1

1−σh,k

{

ηh,k+η∗
h,k+η it

k

}

, (4.1)

or non-uniformly by using a residual-based energy-norm error indicator for the
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primal and dual eigenvalue problem of the form

|λ −λh,kmax|6 cλ
(

η2
E +η∗2

E

)1/2
. (4.2)

For the derivation of the detailed form of the localized error indicators obtained from
the DWR error estimate (4.1) and the energy-norm error estimate (4.2) and corres-
ponding strategies for mesh adaptation, we refer to Heuveline & Rannacher [15].
From [15], we recall that in the present situation

ηh,k =
1
2ρ(vh,k,λh,k)(ψ), ψ := I (2)2h v∗h,k+1−v∗h,k,

= 1
2 ∑

T∈Th

{

(A vh,k−λh,kvh,k,ψ)T − 1
2(a[∂nvh,k],ψ)∂T

}

,

η∗
h,k =

1
2ρ∗(vh,k,λh,k,v

∗
h,k,λ

∗
h,k)(ϕ), ϕ := I (2)2h vh,k+1−vh,k,

= 1
2 ∑

T∈Th

{

(ϕ ,A ∗v∗h,k−λ ∗
h,kv

∗
h,k)T − 1

2(ϕ ,a[∂nv∗h,k])∂T

}

.

where[·] indicates the jump across the common face of two neighboring cells. The
mesh adaptation is then oriented by the size of the computable cell-error indicators

ηT := |(A vh,k−λh,kvh,k, I
(2)
2h v∗h,k+1−v∗h,k)T − 1

2(a[∂nvh,k], I
(2)
2h v∗h,k+1−v∗h,k)∂T |,

η∗
T := |(I (2)2h vh,k+1−vh,k,A

∗v∗h,k−λ ∗
h,kv

∗
h,k)T − 1

2(I
(2)
2h vh,k+1−vh,k,a[∂nv∗h,k])∂T |.

Further, we have

η it
k = ρ(vh,k,λh,k)(v

∗
h,k) = a(vh,k,v

∗
h,k)−λh,k(vh,k,v

∗
h,k).

The standard energy-norm error estimator involves the term

η2
E +η∗2

E = ∑
T∈Th

h2
T

{

ρ2
T +ρ∗2

T

}

,

with the cell residuals

ρ2
T := ‖A vh−λhvh‖

2
T + 1

2h−1
T ‖a[∂nvh]‖

2
∂T\∂Ω,

ρ∗2
T := ‖A ∗v∗h−λ ∗

h v∗h‖
2
T + 1

2h−1
T ‖a[∂nv∗h]‖

2
∂T\∂Ω.

In order to avoid problems due to different norms of primal and dual eigenfunctions
in the residual based error indicator for its evaluation both primal and dualeigen-
functions are scaled such that‖v‖ = ‖v∗‖ = 1. We use an interpolation of the first
two eigenvectors as initial vector on the next mesh and continue the computation.
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4.1. Numerical examples

We will illustrate the performance of the adaptive algorithms proposed aboveat
several examples. First, we compare duality-based versus energy-norm-based mesh
adaptation with respect to discretization efficiency on a polygonal domain with
reentrant corner (slit domain). Then, we use our adaptive algorithm for balancing
discretization and iteration error and investigate its efficiency and reliability.

We consider the eigenvalue problem of findingv∈H1
0(Ω) andλ ∈C such that,

for ν = 1 andb = (0,3)T ,

−ν∆v+b ·∇v= λv, (4.3)

on the rectangular domainΩ = (−1,1)× (−1,3) with a vertical slit with tip at
(0,0) shown in Fig. 1. This example has been adopted from Heuveline & Rannacher
[15]. As the exact eigenvalues are unknown, we computed referencevalues on a
uniform refined mesh with roughly four million unknowns.

In the presence of a reentrant corner at(0,0) with angle ω = 2π, the “first”
eigenfunction contains a “corner singularity”, that is it can be written in the form v=
Ar1/2sin(ϑ/2)+ ṽ, with ṽ∈H2(Ω) and{r,ϑ} being polar coordinates. Further, for
nontrivial transport, sayby > 0, a boundary layer occurs at the upper boundary{y=
3} . Note that in this case, the corresponding dual eigenfunctionv∗ has a boundary
layer at the lower boundary{y=−1} . This particular example has been chosen in
order to demonstrate the capability of the duality-based error estimator to balance
between the goal of accurately representing the eigenvalue error with thesufficient
resolution of the corner singularity in the eigenfunction.

Figure 1: Configuration (left) of the test problem “rectangle with slit” and isolines
of primal (middle) and dual (right) eigenfunction of the “first” eigenvalue.

4.1.1. Comparison duality-based versus energy-norm-based meshadaptation.
First, we demonstrate the performance of the sensitivity-driven DWR error estim-
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ator for mesh adaptation against the traditional energy-error estimator. Inthis test
the eigenvalue iteration is carried to its limit, i.e., until the iteration residualη it

k is
reduced by a factor of 10−12. Table 3 displays the results obtained for the computa-
tion of the first and third eigenvaluesλ (1) andλ (3), respectively. The corresponding
primal and dual eigenfunctions and adapted meshes are shown in Figures2 and 3.
We clearly see that the meshes generated by the DWR approach are significantly
more efficient than those obtained by energy-based adaptation.

Figure 2: Primal and dual eigenfunction corresponding to the “first” eigenvalue and
finest locally adapted mesh by the DWR (first) and the energy (second) approach.

Figure 3: Primal and dual eigenfunction corresponding to the “third” eigenvalue and
finest locally adapted mesh by the DWR (first) and the energy (second) approach.

4.1.2. Balancing of discretization and iteration error. Next, we test our adapt-
ive algorithm. We start with a random vector on the coarse mesh. After that, we
either use Algorithm 4.1, to stop the eigenvalue computation on the mesh once the
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discretization error is reached, or we stop the eigenvalue computation oncethe dis-
crete eigenvalue residualη it

k has been reduced by a factor of 10−12. Once the eigen-
value computation has stopped, we refine the grid.

Table 3: Slit domain: Computation of the first and third eigenvaluesλ (1) ≈
5.65740291 andλ (3) ≈ 12.70505782, respectively, using the DWR (upper row)
and the energy (lower row) method for error estimation

N kmax |λ (1)−λ (1)
h,kmax

|

569 18 1.53e−2
2061 18 7.51e−3
6985 18 3.71e−3
12115 18 1.97e−3
26979 17 9.49e−4
34495 17 5.22e−4

N kmax |λ (3)−λ (3)
h,kmax

|

569 30 8.49e−2
2161 31 4.49e−2
7453 32 2.31e−2
22553 31 1.18e−2
32113 31 5.83e−3
84597 32 2.95e−3

N kmax |λ (1)−λ (1)
h,kmax

|

569 18 1.53e−2
1835 18 1.09e−2
5409 18 4.89e−3
12361 17 2.39e−3
26067 16 1.23e−3
49729 16 6.07e−4

N kmax |λ (3)−λ (3)
h,kmax

|

569 30 8.49e−2
1739 30 3.00e−2
5347 32 1.74e−2
17519 31 1.06e−2
55561 33 5.62e−3
124205 32 2.80e−3

(i) Computation of “first” and “third” eigenvalue on the slit domain. We
start our discussion with the “first” eigenvalue, i.e., that with smallest (positive)
real part. As the results in Table 4 show, by comparing the left column of tables
to the right ones, using the adaptive stopping criterion reduces the numberof inner
iterations by a factor of two while obtaining the same accuracy of the eigenvalue
under consideration. On the other hand, we can save significantly in terms of degrees
of freedom, N, when using locally refined meshes. The corresponding finest adapted
mesh is shown in Fig. 2. We remark that, although the meshes obtained by local
mesh refinement differ slightly when the eigenvalue computation is stopped early,
the overall quality of the meshes for the approximation of the eigenvalue is not
influenced by the adaptive stopping criterion.

Next, we consider the computation of the “third” eigenvalue, i.e., that with the
third smallest real part. The results are shown in Table 5. Once again the use of the
adaptive stopping criterion is visible, as we require only two thirds of the iterations
used otherwise.
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Table 4: Slit domain: Computation of the “first” eigenvalueλ ≈ 5.65740291

(a) Global refinement, non-adaptive iteration

N kmax |λ−λ kmax
h | Ikmax

eff

569 18 1.53e−2 3.0
2161 17 7.51e−3 3.0
8417 17 3.71e−3 3.1
33217 17 1.84e−3 3.1
131969 17 9.16e−4 3.1

(b) Global refinement, adaptive iteration

N kmax |λ−λ kmax
h | Ikmax

eff

569 9 1.54e−2 2.9
2161 9 7.40e−3 2.9
8417 10 3.73e−3 3.1
33217 10 1.84e−3 3.1
131969 10 8.97e−4 3.1

(c) Local refinement using DWR indicators,
non-adaptive iteration

N kmax |λ−λ kmax
h | Ikmax

eff

569 18 1.53e−2 3.0
2061 18 7.51e−3 3.0
6985 18 3.71e−3 3.1
12115 18 1.97e−3 2.7
26979 17 9.49e−4 2.9

(d) Local refinement using DWR indicators,
adaptive iteration

N kmax |λ−λ kmax
h | Ikmax

eff

569 9 1.54e−2 2.9
2061 8 7.31e−3 2.9
6997 9 3.70e−3 3.0
11993 9 2.01e−3 2.7
26967 10 9.49e−4 2.9

Table 5: Slit domain: Computation of the third eigenvalueλ ≈ 12.70505782

(a) Global refinement, non-adaptive iteration

N kmax |λ−λ kmax
h | Ikmax

eff

569 30 8.49e−2 3.8
2161 31 4.49e−2 3.7
8417 32 2.32e−2 3.5
33217 30 1.18e−2 3.3
131969 32 5.98e−3 3.2

(b) Global refinement, adaptive iteration

N kmax |λ−λ kmax
h | Ikmax

eff

569 19 8.48e−2 3.8
2161 20 4.52e−2 3.8
8417 20 2.35e−2 3.5
33217 21 1.19e−2 3.3
131969 21 6.03e−3 3.3

(c) Local refinement using DWR indicators,
non-adaptive iteration

N kmax |λ−λ kmax
h | Ikmax

eff

569 30 8.49e−2 3.8
2161 31 4.49e−2 3.7
7453 32 2.31e−2 3.5
22553 31 1.18e−2 3.4
32113 31 5.83e−3 3.4

(d) Local refinement using DWR indicators,
adaptive iteration

N kmax |λ−λ kmax
h | Ikmax

eff

569 19 8.48e−2 3.8
2161 20 4.52e−2 3.8
7453 21 2.30e−2 3.5
22527 21 1.18e−2 3.3
31961 21 5.84e−3 3.5
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Table 5 shows that the effectivity of the eigenvalue-error estimation by the DWR
approach is not perfect as the effectivity index

Ikmax
eff :=

|λ −λh,kmax||1−σh,kmax|

|ηh,kmax+η∗
h,kmax

|

is of sizeIkmax
eff > 2 even on very much refined meshes. We suppose that this defi-

ciency is due to the rather poor approximation of the slit singularity in the primal
and dual eigenfunctions (occurring in the weights of the error estimator) on meshes,
which are adapted only for computing the eigenvalues. In order to clarify this ef-
fect, we perform the following two tests: First, we repeat the above computations
on a rectangular domain without a slit, in order to see whether the large effectivity
index is caused by the corner singularity. Second, we again consider theslit domain
but augment the DWR-driven mesh refinement by artificially imposed refinement
around the tip of the slit in oder to better resolve the singularity.

(ii) Computation of “first” and “third” eigenvalue on the full rectan gle.
We repeat the computation for the same data but on the rectangular domainΩ =
(−1,1)× (−1,3) without a slit. In this case the eigenfunctions are smooth. The
corresponding results in Table 6 show effectivity indices close to one. This indic-
ates that the underestimation on the slit domain is due to the poor approximation
of the exact eigenfunctions in the neighborhood of the slit singularity, which is not
sufficiently compensated by local mesh refinement. As conjectured the results in
Table 6 show effectivity indices, which are close to one.

Table 6: No-slit domain: Computation of the “first” and “third” eigenvalue using
mesh adaptation by the DWR indicators and adaptive iteration.

N kmax |λ (1)−λ (1)
h | Ieff

153 8 1.75e−2 1.14
561 6 4.21e−3 1.03
2145 6 1.00e−3 0.97
7905 6 2.49e−4 0.97

N kmax |λ (3)−λ (3)
h | Ieff

153 10 1.52e−1 1.13
561 13 4.19e−2 1.04
2145 13 9.99e−3 0.95
8213 14 2.74e−3 1.03

(iii) Computation of “first” and “third” eigenvalue on the slit rectang le with
additional refinement around the tip of the slit. Finally, in this test, we again
consider the slit domain. The mesh refinement is driven by the DWR error estimator
but in each refinement cycle additional mesh refinement is enforced in the neigh-
borhood of the tip of the slit. The results in Table 7 show effectivity indices, which
are close to one. This supports our conjecture about the cause of the deterioration
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of the effectivity indices observed on meshes which do not sufficiently resolve the
corner singularity.

Table 7: Slit domain: Computation of the “first” and “third” eigenvalue using mesh
adaptation by the DWR method and adaptive iteration with additional refinement
around the tip of the slit.

N kmax |λ (1)−λ (1)
h | Ieff

1981 17 9.14e−3 1.1
2837 17 2.11e−3 1.0
5257 17 5.70e−4 1.0
11571 18 2.11e−4 1.0
34011 19 5.44e−5 1.0

N kmax |λ (3)−λ (3)
h | Ieff

1981 30 5.79e−2 6.2
2981 33 1.43e−2 1.3
6105 30 3.45e−3 1.1
16247 32 6.65e−4 1.0
47631 32 1.10e−4 0.9
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