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Abstract

This paper provides an effective uniform rate of metastability (in the sense of Tao) on
the strong convergence of Halpern iterations of nonexpansive mappings in CAT(0) spaces.
The extraction of this rate from an ineffective proof due to Saejung is an instance of the
general proof mining program which uses tools from mathematical logic to uncover hidden
computational content from proofs. This methodology is applied here for the first time to
a proof that uses Banach limits and hence makes a substantial reference to the axiom of choice.
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1 Introduction

This paper applies techniques from mathematical logic to extract an explicit uniform rate of
metastability (in the sense of Tao [42, 43]) from a recent proof due to Saejung [37] of a strong
convergence theorem for Halpern iterations in the context of CAT(0) spaces. The theorem in
question has been established originally in the context of Hilbert spaces by Wittmann in the
important paper [45] and can there be viewed as a strong nonlinear generalization of the classical
von Neumann mean ergodic theorem. Indeed, Wittmann’s theorem says that under suitable

1
conditions on a sequence of scalars (A,) in [0, 1], including the case A, := R the so-called
n

Halpern iteration
0 =2, Tpy1:= A1 @+ (1= Apg1) T2y

of a nonexpansive selfmapping T : C' — C of a bounded closed and convex subset C C X strongly

converges to a fixed point of T. If T is, moreover, linear and A, := ——, then z,, coincides with
n

+1

th di
e ergodic average — ey

Since Wittmann’s theorem does not refer to any linearity but only to a convexity structure of
the underlying space X (in order to make sense of the Halpern iteration) it can be formulated in
the context of hyperbolic spaces and was established by Saejung [37] for the important subclass
of CAT(0) spaces which play the analogous role in the context of hyperbolic spaces as the Hilbert
spaces do among all Banach spaces.

As shown in [3], even for the (linear) mean ergodic theorem, there, in general, is no computable
rate of convergence for (x,). The next best thing to achieve, therefore, is a rate of metastability,

n
Z T’z from the mean ergodic theorem.
1=0



i.e. a bound ®(k, g) such that
(1) Vk e NVg: N — N3n < ®(k,g) Vi, j € [n,n+ g(n)] (| — ;] <27).

There are general logical metatheorems due to the first author [20] and Gerhardy and the
first author [13] that guarantee the extractability of computable and highly uniform such bounds
®(k,g) from large classes of (even highly ineffective) proofs. Moreover, these bounds have a
restricted complexity depending on the principles that are used in the proof rather than merely
being computable (see [21] for a comprehensive treatment).

A rate of metastability is an instance of the concept of no-counterexample interpretation that
was introduced in the context of mathematical logic by Kreisel in the 50’s [24, 25]: as g may be
viewed as an attempt to refute the Cauchy property of (), the functional ®(k, g) in (1) provides
a bound on a counterexample n to such a refutation. Note that since g may be an arbitrary
number theoretic function, the seemingly weaker form

(2) Vk € NVg: N — N3n € NVi,j € [n,n+ g(n)] (|lz; — ;]| <27F)

of the Cauchy property actually implies back the full Cauchy property, though only ineffectively
so. Because of the latter point, the existence of an effective bound on (2) does not contradict the
aforementioned fact that there is no effective Cauchy rate for (x,,) available.

By the uniformity of the bound ® we refer to the fact that it is independent of the operator
T, the point z € C as well as of C' and X but only depends — in addition to k and g — on a bound
on the diameter of C' as well as — in the case of general (\,) — certain moduli on (A,).

Based on the aforementioned logical metatheorems, [3] extracted the first explicit such uniform
bound ® for the mean ergodic theorem from its usual textbook proof. Subsequently, in [23] the
current authors extracted such bound for the more general class of uniformly convex Banach spaces
from a proof due to G. Birkhoff. That bound — when specialized to the Hilbert space setting —
even turned out to be numerically better than the one from [3].

In [22], the first author extracted — making use of a rate of asymptotic regularity due to the
second author [26] — a rate of metastability of similar complexity for Wittmann’s nonlinear ergodic
theorem (in the Hilbert case). Wittmann’s proof is based on weak compactness which, though
covered by the existing proof mining machinery, in general can cause bounds of extremely poor
quality. In the case at hand that could be avoided as during the logical extraction procedure the
use of weak compactness turned out to be eliminable.

In the present paper, we extract a rate of metastability from Saejung’s [37] generalization of
Wittmann’s theorem to the CAT(0)-setting. In addition to the interest of this specific result,
our paper is of broader relevance in the proof mining program as it opens up new frontiers for its
applicability namely to proofs that prima facie use some substantial amount of the axiom of choice.
This stems from the use of Banach limits made in [37]. The existence of Banach limits is either
proved by applying the Hahn-Banach theorem to [°° which due to the nonseparability of that space
needs the axiom of choice, or via ultralimits which, again, needs choice. While weak compactness
as used in Wittmann’s proof at least was in principle covered by existing metatheorems mentioned
above, this is not the case for Banach limits. Though it seems likely that these metatheorems can
be extended to incorporate at least basic reasoning with Banach limits as we intend to discuss
in a different paper, we take the route in this paper to show how to replace the use of Banach
limits in the present proof by a direct arithmetical reasoning. As the way Banach limits are used
in the proof at hand seems to be rather typical for other proofs in fixed point theory, our paper
may also be seen as providing a blueprint for doing similar unwindings in those cases as well.
Usually, a Banach limit is used to establish the almost convergence in the sense of Lorentz of
some sequence (a,) of reals towards a which — together with limsup(an4+1 — an) < 0 — in turn

n—oo
implies that lim sup a,, < a. This line of reasoning goes back to Lorentz’ classical paper [31] whose
n—oo

relevance in nonlinear ergodic theory was first realized by Reich [32]. In [38], Banach limits are
used in this way to establish Wittmann’s theorem for uniformly Géteaux differentiable Banach



spaces (under suitable conditions on C). This paper appears to be another promising candidate
to apply our approach to.

As an intermediate step in proving our main results we also obtain in Section 6 (essentially
due to the second author in [27]) an uniform effective rate of asymptotic regularity. i.e. a rate
of convergence of (d(x,,Tx,)) towards 0, which holds in general W-hyperbolic spaces. As this
bound, in particular, does not depend on x and T, it provides a quantitative version of the main
result in [1] (see their ‘Theorem 3.3’).

2 Preliminaries

We shall consider hyperbolic spaces as introduced by the first author [20]. In order to distinguish
them from Gromov hyperbolic spaces or from other notions of hyperbolic space that can be found
in the metric fixed point theory literature (see for example [18, 14, 36]), we shall call them W-
hyperbolic spaces.

A W -hyperbolic space (X,d, W) is a metric space (X, d) together with a mapping W : X x X x
[0,1] — X satisfying

(W1) d(z,W(z,y,\)) < (1 —N)d(z,z) + Ad(z,9),
(W2) d(W (2,5, 0), W (2,5, 0)) = A = A| - d(z,y),
(W3) Wiz, y,A) =W(y,z,1 - A),

(W4)  d(W(z,z, ), W(y,w,\)) < (1 —=Nd(x,y) + Ad(z,w).

The convexity mapping W was first considered by Takahashi in [41], where a triple (X, d, W)
satisfying (W1) is called a conver metric space. We refer to [21, p. 384-387] for a detailed
discussion.

The class of W-hyperbolic spaces includes normed spaces and convex subsets thereof, the
Hilbert ball (see [15] for a book treatment) as well as CAT(0) spaces [5].

If z,y € X and A € [0,1], then we use the notation (1 — N)x @ Ay for W (z,y,\). It is easy to
see that for all z,y € X and A € [0, 1],

d(z,(1 =Nz @ Ay) = Md(z,y) and d(y, (1 - Nz & Ay) = (1 —N)d(z,y). (1)

Furthermore, lt ®0y =2, 0z @ ly=yand (1 - Nz@d Az =z ® (1 — Nz = x.

For all z,y € X, we shall denote by [z,y] the set {(1 — Nz @ Ay : A € [0,1]}. A subset C C X
is said to be convez if [z,y] C C for all z,y € C. A nice feature of our setting is that any convex
subset is itself a W-hyperbolic space with the restriction of d and W to C.

Let us recall now some notions on geodesic spaces. Let (X, d) be a metric space. A geodesic
path, geodesic for short, in X is a map 7 : [a,b] — X which is distance-preserving, that is

d(v(s),v(t)) =|s—t| forall s,t € [a,b]. (2)

A geodesic segment in X is the image of a geodesic v : [a,b] — X, the points  := 7(a) and
y := ~(b) being the endpoints of the segment. We say that the geodesic segment v([a,b]) joins
x and y. The metric space (X,d) is said to be a (uniquely) geodesic space if every two distinct
points are joined by a (unique) geodesic segment. It is easy to see that any W-hyperbolic space
is geodesic.

A CAT(0) spaceis a geodesic space (X, d) satisfying the so-called CN-inequality of Bruhat-Tits

1
[9]: for all z,y,z € X and m € X with d(z,m) = d(y,m) = §d(x, Y),

d(z,m)” < Sz, w)” + 5d(z,9)” — () 3)

4

DN =

The fact that this definition of a CAT(0) space is equivalent to the usual definition using
geodesic triangles is an exercise in [5, p. 163]. Complete CAT(0) spaces are often called Hadamard



spaces. One can show that CAT(0) spaces are uniquely geodesic and that a normed space is a
CAT(0) space if and only if it is a pre-Hilbert space.
CAT(0) spaces can be defined also in terms of W-hyperbolic spaces.

Lemma 2.1. [21, p. 8386-388] Let (X, d) be a metric space. The following are equivalent.
(i) X is a CAT(0) space.

(#i) There exists a a convexity mapping W such that (X,d, W) is a W-hyperbolic space satisfying
the CN inequality (3).

The following property of CAT(0) spaces will be very useful in the following. We refer to [10,
Lemma 2.5] for a proof.

Proposition 2.2. Let (X,d) be a CAT(0) space. Then for all z,y,z € X and X\ € [0,1].
(1 =Nz @Ay, 2) < (1= Nd*(2,2) + Ad>(y, 2) — M1 — N)d?(z, ). (4)
We recall now some terminology needed for our quantitative results. Let (ay,),>1 be a sequence

of real numbers and a € R. In the following N = {0,1,2,...} and Z, = {1,2,...}.

oo

If the series Z ay is divergent, then a function v : Z; — Z is called a rate of divergence of
n=1
y(n)
the series if Z ap >nforallneZ,.
k=1
If lim a, = a, then a function 7 : (0,00) — Z; is said to be a rate of convergence of (ay,) if

Ve > 0Vn > v(e) (lap —al <e). (5)
Assume that (a,) is Cauchy. Then
(i) a mapping 7 : (0,00) — Zy is called a Cauchy modulus of (ay) if

Ve > 0Vn €N (ay(e)n — Gye) S €) - (6)

(ii) a mapping ¥ : (0,00) x NY — Z, is called a rate of metastability of (a,) if

Ve >0Vg:N—-NIN <U(e,g) Ym,n € [N,N + g(N)] (Jan — am| < €). (7)

Finally, we say that limsup a,, < 0 with effective rate 0 : (0,00) — Z if

n—oo

Ve > 0Vn > 6(e) (an < e). (8)

3 Halpern iterations

Let C be a convex subset of a normed space X and T : C — C nonexpansive. The so-called
Halpern iteration is defined as follows:

o =2, Tpt1:= App1t+ (1= Apg1)T2n, 9)
where (A, )n>1 18 a sequence in [0,1], x € C' is the starting point and w € C' is the anchor.
If T is positively homogeneous (i.e. T(tx) = tT(z) for all t > 0 and all x € C), A\, = %H
and u = x, then
1
Tn = Spx, where Sox =z, Spp1x =2+ T(Spz). (10)



Furthermore, if T is linear, then z,, = ——
n+1-4

as a nonlinear generalization of the usual Cesaro average. We refer to [44, 28] for a a systematic
study of the behavior of iterations given by (10).
The following problem was formulated by Reich [34] and it is still open in its full generality.

1 i
g Tz, so the Halpern iteration could be regarded
=0

Problem 3.1. /34, Problem 6]

Let X be a Banach space. Is there a sequence (\,) such that whenever a weakly compact convex
subset C of X possesses the fized point property for nonexpansive mappings, then (x,) converges
to a fized point of T for all x € C' and all nonexpansive mappings T : C — C ?

Different conditions on (A,,) were considered in the literature:

(C1) lim A\, =0,

n—oo

(C2) Z [Ant+1 — An| converges,

n=1

(C3) i A = 00,

n

1
(1 [la-r)=0,

3
—

and, in the case \,, > 0 for all n > 1,

(€5) lim At

T

(C6)  lim A Z At _ g
n—0oo n+1
For sequences )\, in (0, 1), conditions (C3) and (C4) are equivalent.

Halpern [17] initiated the study in the Hilbert space setting of the convergence of a particular
case of the scheme (9). He proved that the sequence (x,), obtained by taking u = 0 in (9),
converges to a fixed point of T for ()\,,) satisfying certain conditions, two of which are (C1) and
(C3). P.-L. Lions [29] improved Halpern’s result by showing the convergence of the general (z,,)
if (A,,) satisfies (C1), (C3) and (C5). However, both Halpern’s and Lions’ conditions exclude the

1

natural choice A,, = e
n
This was overcome by Wittmann [45], who obtained the most important result on the conver-

gence of Halpern iterations in Hilbert spaces.

Theorem 3.2. [}5] Let C be a closed convex subset of a Hilbert space X and T : C — C a
nonexpansive mapping such that the set Fix(T) of fixed points of T is nonempty. Assume that
(An) satisfies (C1), (C2) and (C3). Then for any x € C, the Halpern iteration (x,) converges to
the projection Pz of x on Fix(T).

All the partial answers to Reich’s problem require that the sequence ()\,,) satisfies (C1) and
(C3). Halpern [17] showed in fact that conditions (C1) and (C3) are necessary in the sense that if,
for every closed convex subset C of a Hilbert space X and every nonexpansive mappings 7' : C — C
such that Fiz(T) # (0, the Halpern iteration (z,) converges to a fixed point of T, then (\,) must
satisfy (C1) and (C3). It however remains an open question whether (C1) and (C3) are sufficient
to guarantee the convergence of (z,,). Recently, Chidume and Chidume [8] and Suzuki [40] proved
that if the nonexpansive mapping T in (9) is averaged, then (C1) and (C3) suffice for obtaining
the convergence of (z,,).

Halpern obtained his result by applying a limit theorem for the resolvent, first shown by
Browder [6]. This approach has the advantage that the result can be immediately generalized,
once the limit theorem for the resolvent is generalized. This was done by Reich [33].



Theorem 3.3. [33] Let C be a closed convex subset of a uniformly smooth Banach space X, and
let T : C'— C be nonexpansive such that Fixz(T) # 0. For eachu € C andt € (0,1), let z;* denote
the unique fized point of the contraction mapping

Ti(-) = tu+ (1 = )T(:).

Then lim+ zy' exists and is a fized point of T'.
t—0

A similar result was obtained by Kirk [19] for CAT(0) spaces. As a consequence of Theorem
3.3, a partial positive answer to Problem 3.1 was obtained [33] for uniformly smooth Banach spaces

1
and )\n = m

(2,) in the setting of uniformly smooth Banach spaces that have a weakly sequentially continuous
duality mapping for general (\,) satisfying (C1), (C3) and being decreasing. Another partial
answer in the case of uniformly smooth Banach spaces was obtained by Xu [46] for ()\,,) satisfying
(C1), (C3) and (C6) (which is weaker than Lions’ (C5)). In [38], Shioji and Takahashi extended
Wittmann’s result to Banach spaces with uniformly Gateaux differentiable norm and with the
property that tlir(1)1+ z; exists and is a fixed point of T

with 0 < a < 1. Furthermore, Reich [35] proved the strong convergence of

4 Main results

Let T : C — C be a nonexpansive selfmapping of a convex subset C of a W-hyperbolic space
(X,d,W). We can define the Halpern iteration in this setting too:

To:=, Tpt1:= App1u® (1 — Apg1)Txn, (11)

where z,u € C and (\,,)n>1 is a sequence in [0, 1].
The following theorem generalizes Wittman’s theorem to CAT(0) spaces and was obtained by
Saejung [37].

Theorem 4.1. Let C be a closed convex subset of a complete CAT(0) space X and T : C — C
a nonexpansive mapping such that the set Fix(T) of fized points of T is nonempty. Assume that
(A\n) satisfies (C1), (C2) and (C3). Then for any u,x € C, the iteration (x,) converges to the
projection Pu of u on Fix(T).

By [19, Theorem 18], Fixz(T) # () is guaranteed to hold if C is bounded. In this paper we
only consider this case and our bounds will depend on an upper bound M on the diameter dc of
C. However, similar to [22], it is not hard to adopt our bounds to the case where the condition
M > d¢ is being replaced by M > d(u,p), d(zx, p) for some fixed point p € C of T.

The main results of the paper are effective versions of Theorem 4.1, obtained by applying proof
mining techniques to Saejung‘s proof. As this proof is essentially ineffective and — as we discussed
in the introduction — a computable rate of convergence does not exist, while an effective and
highly uniform rate of metastability (depending only on the input data displayed in Theorems 4.2,
4.3) is guaranteed to exist (via our elimination of Banach limits from the proof) by [20, Theorem
3.7.3] (note that the conditions on «, 3,6 as well as T' are all purely universal while the conclusion
ANVm,n € [N,N + g(N)] d(xn,z,) < €) can be written as a purely existential formula and
that quantification over all (A,) in [0, 1] can be represented as Vy < s for some simple function
s:N?2 - N).

Theorem 4.2. Assume that X is a complete CAT(0) space, C C X is a closed bounded convex
subset with diameter do and T : C' — C' is nonexpansive. Let (A,) satisfy (C1), (C2) and (C3).
Then the Halpern iteration (x,) is Cauchy.

Furthermore, let o be a rate of convergence of (A\y,), B be a Cauchy modulus of s, := Z [Xir1— Al
i=1

and 6 be a rate of divergence of Z Ant1-

n=1



Then for all e € (0,2) and g : N — N,

AN < 3(e,9, M, 0,0, 3) ¥Vm,n € [N, N + g(N)] (d(zn, xm) <€),

Y(e,g,M,0,a,3) = 6" (F—1+ [hl(lié”ﬂ)“ (12)

with M € Z4 such that M > dc,

where

o= iy D= Laenn [ 2] <vs P o+ [
4= () e A= [ ()|
b(e,M,0,0) =0 <5 (ﬁ) +1+ [m <2]€”)D +1,
®(e, M, 0,0, ) = max{ci (%,M,&,B) Q@ (ﬁ)}
69 = g ey OO =0 (4 (5) 1 [ () ])
ge(m) =n+g(n+xi (5)). 0 (n) = max{6(i) | i < n},

e (= Y Y B R

Proof. See Section 10. O

A similar result can be obtained by assuming that (\,) satisfies (C1), (C2) and (C4) with
corresponding rates.

Theorem 4.3. Assume that X is a complete CAT(0) space, C C X is a closed bounded convex
subset with diameter do and T : C — C' is nonexpansive. Let (\,) satisfy (C1), (C2), (C4) and
An € (0,1) for alln > 2.

Then the Halpern iteration (x,) is Cauchy.

n
Furthermore, if o is a rate of convergence of (M), B is a Cauchy modulus of s, := Z [Aic1 — Ad
i=1

and 6 is a rate of convergence of H(l — Ant1) towards 0, then for all e € (0,2) and g : N — N,

n=1
aN < X(e,g,M,0,a, 3, (A\)) Vm,n € [N,N + g(N)] (d(xn, zm) < ),

where

S(e, g, M, 0, , B, (\n)) i= maz {@k(g) | [;J <k < D gy 4 [ﬂ } L)



with M € Z4 such that M > d¢,

~ Dye
&(c, M, 0,8,Dy) = 0 (QM) +1,
®(c, M,0,0,3,Dy) = max{e <Z’\“;> 1,0 (4?\4)} :
Or(e) = 6 (?;;) +1,
Xy (e/3)—1
0<Dpy < ] (=2up),
n=1

and the other constants and functionals being defined as in Theorem 4.2.

Proof. We use Proposition 6.2, Lemma 5.3 and follow the same line as in the proof of Theorem
4.2. O

One can modify Theorems 4.2, 4.3 so that only metastable versions of «, § and 6 are needed.
However, we refrain from doing so as the result would be rather unreadable and in the practical

cases at hand — such as A\, = — full rates «, 3,60 are easy to compute.

n -+

1
Corollary 4.4. Assume that \,, = ] for alln > 1. Then for alle € (0,1) and g : N — N,
n

aN < X(e,g, M) Ym,n € [N,N + g(N)] (d(xp,zm) < &),

where o) {3M(XE(§/3) + ﬂ 9 (14)
with
L - F fM2/€o1)<0) N uw 7
e '12M2£k: +1) ([48M(€k+ D, 2304Mi§k+ 1)1 _ 1)} 7
e - [80M2(B, (;/2)+1) . 128M4(Pkgg€/2)+1)ﬂ —1+4 P (/2),
6ule) = '3M(XZ(§/3) + 1)} 1,

while the other constants and functionals are defined as in Theorem 4.2.

i 1 2 2
Proof. Si 1——— ) = —, t that 0(e) = |=| — 21 te of f
roof. Since ,};[1 ( r 2) T2 we ge at 0(e) L-‘ 18 a rate of convergence o

o0

1 2
H (1 — ) towards 0. Furthermore, we can take Dy := *7 in Theorem 4.3 and —
ot n+ 2 w(e/3)+1

using Corollary 6.3 — ® := ¥, ® := ¥ from that corollary. We then get Py (c), xi(¢) as above and

(Dks> PM(XZ(Z‘/S)H)W 1

The claim now follows by (the proof of) Theorem 4.3 using that xj increases with k. O




Despite its superficially quite different look, the bound in Corollary 4.4 has an overall similar
structure as the bound extracted for the Hilbert space case in [22]: the bound results from applying
a certain function Oy (e) to a number k := L which is the result of an iteration of a function f*
(starting at some arbitrary value, e.g. 0), where f *(k) is — disregarding many details — something
close to ©(e) 4 g(Ok(€)). This is also the structure of the bound in [22, Theorem 3.3] (where
A* plays the role of f*). Note that the number of iterations essentially is M%/e? while it was
roughly M*/e* in the bound in [22, Theorem 3.3]. The main difference, though, is that now Oy
is significantly more involved compared to [22] (most of its terms stemming from the remainings
of the original Banach-limit argument).

1
Remark 4.5. (i) By replacing (X, d) by (X,dn) with dy(z,y) == Md(x,y) one can always
arrange that 1 > do and then apply the above bounds for 1 instead of M but with ¢/M
instead of € to compensate for this rescaling. One then gets a bound in which € and M only
occur in the form /M and the number of iterations is (essentially) M*/e*. However, in
doing so M would enter the bound at many unnecessary places as well.

(ii) The assumption on the completeness of X and the closedness of C' facilitates the proofs but
is not necessary in the above results. If the results would fail for an incomplete X then it is
easy to show that they would fail already for the metric completion X of X and the closure C
of C in X (since T extends to a nonexpansive operator T : C — C). Alternatively, one could
use directly appropriate approrimate fized points rather than fixed points in the applications
of Banach’s fized point theorem in section 9 below.

5 Quantitative lemmas on sequences of real numbers

The following lemma about sequences of real numbers was proved in [2].

Lemma 5.1. Let (s,) be a sequence of nonnegative real numbers, (a,) be a sequence of real

oo
numbers in [0,1] with Z an, = o0, and (t,) be a sequence of real numbers with limsupt, < 0.

n—1 n—oo
Suppose that

Snt1 < (1= ap)sy + anty,  for alln > 1.
Then lim s, = 0.

n—oo

We prove now quantitative versions of Lemma 5.1, which also allow for an error term A.

Lemma 5.2. Lete >0,9g: N—-N Me€Z,,0:Zy — Zy and ¢ : (0,00) — Zy. Define

©:=0(,M,0,4) = 0 (w (%) 14 [m <3]EW)D +1, (15)
A=A, g, M,0,9) = m, (16)

where ge(n) = n+g(n +¢(e/3)).

oo

Assume that (o) is a sequence in [0,1] such that Z oy, = 00 with rate of divergence 0. Let (t,)
n=1
be a sequence of real numbers satisfying
Vn = 1(e/3) (tn < €/3). (17)

Let (s,,) be a bounded sequence with upper bound M satisfying
Snt1 < (1 —ap)sp + antn + A foralln > 1. (18)

Then
Vn € [©,0 + ¢g(0)] (sn < e).



Proof. By induction on m one shows that for all n > ¢(e/3) and m > 1,

n+m—1 n+m—1
€
Sn4m < H (1—aj)| sp+ [1— H (1-aj) g—l—mA. (19)
Jj=n j=n

m = 1: By (18) and (17), we have that
Snt1 < (I —an)s$n +antn + A < (1 —ay)s, + ozn% +A
= (I—ans+ 1= (1-a)s+A
m = m + 1: We have that

Sn+4+m+1 S (1 - O[n—&-m)5n+m + an+mtn+m + A
n+m—1 n+m—1

€
< (1-antm) E (1*043') sp+ (1= angm) [1— E (17041') §+
+(1 — prm)MA 4+ Qpamtnem + A by the induction hypothesis
_n+m T n+m—1 c c
< EL(I — )| sn 4+ (1= angm) [1- EL (1= )| 5+ nimz +(m+1)A
_n+m T [ n+m
€
= H(l—aj) Sn + l—an+m—H(1—aj)+an+m g—i-(m—i-l)A
jfn i L Jj=n
n+m T [ n+m c
= (1— at [1- 1—a;)| = A.
H o) [ snt 1= J] O —ap)| 5+ m+1)
j=n i L ji=n
Using the fact that 1 — 2 < exp(—z) for all € [0,00), we get that
n+m—1 n+m—1 n+m—1
II -ep< J] expley)=exp |- > o],
j=n Jj=n Jj=n
hence
n+m— n+m—1 c
Sntm < €Xp Z il sn+ = +mA<exp - Z o M+§+mA (20)
J=n j=n
for all n > ¢(e/3) and m > 1.
n+m—1
For simplicity, let us denote d,, , := Mexp | — Z a; |. As in [26], we get that
Jj=n
c n+m—1 c n+m—1 c
dm}ngg exp Z o SBW@_ ];l ajgln(m)
n+m—1 n+m—1 n—1
€ 3M 3M
j=n j=1 Jj=1
Let
3M
L:=0—-9Y(/3)=0¢(E/3)—1+ |In — +1—1(e/3). (21)

10



o0
Since 0 is a rate of divergence of Z a, and «, < 1, it is obvious that 6(n) > n for all n > 1,

n=1

hence L > 1. For all m > L, we have that

P(e/3)+m—1 Y(e/3)+L~1 3M P(e/3)—-1 3M

> = > >¢(5/3)1+[ln< ﬂ Z aj+1n< >

j=1 j=1
hence

i p(e/3) < % for all m > L.
Apply now (20) with n := ¢ (g/3) to get that for all m > L,
2e
S¢(5/3)+m S ? + mA (22)

Let n € [©,0 + ¢g(0)]. Then
L<n—1(/3) <O+9(0) = ¢(e/3) = L+ g(L +1(¢/3)) = ge(L),
hence we can apply (22) with m :=n —(g/3) to get that

O

It is well-known that for a sequence (a,) in (0,1) we have that Zan = oo if and only if

n=1
oo
H(l — ay,) = 0. This suggests a second quantitative version of Lemma 5.1, where, instead of
n=1
o0 o0
a rate of divergence for Z an, we assume the existence of a rate of convergence of H (1— )
n=1 n=1
towards 0.

Lemma 5.3. Lete >0,9:N—=N M €Z;, D >0 and 0,v : (0,00) — Z. Define

max {9 <£é) F 1,0 (;)} (23)
€

39:(0 = ¥(e/3))’

@ = ®(€7M5971/}7D)
A:=Ale,g,M,0,4,D)

where g(n) =n +g(n +(/3)).

o0

Assume that (o) s a sequence in (0,1) such that H (1 —ay,) = 0 with rate of convergence 6. Let

n=1
(tn) be a sequence of real numbers satisfying
Vn = 1(e/3) (tn < €/3). (25)
Assume furthermore that
¥(e/3)—1
D < H (1— o). (26)

Let (sy,) be a bounded sequence with upper bound M satisfying
Snt1 < (1 —ap)sp + antn, + A for allm > 1. (27)

Then
Vn € [©,0 + ¢g(0)] (sn < e).

11



n
Proof. We shall denote P, := H(l — o) for all n > 1. By convention, Py = 1. We get as in the
j=1
proof of Lemma 5.2 that for all n > ¢ (g/3) and m > 1,

n+m—1 n+m—1
€
Smim < | [ C—a)|sn+ (1= J] A-ey) 5 +mA. (28)
j=n j=n

Hence, for all n > 4(e/3) and m > 1,

n+m—1 n+m—1

€ €
swim < | ] (1=ay) SntgtmAS II a-ay M+ 2 +mA
j=n j=n
MPn-l—m—l 9
= —+ A.
P, —|-3+m

By taking n :=1(e/3), we get that for all m > 1,

MP1/1(6/3)+77L—1 €
s < —— 2~ — 4+ mA. 29
P(e/3)+m Pw(5/3)71 3 ( )
Define now
De
L:=0—1(/3) :max{9 (3]\4) +1—w(5/3),0} (30)

and take n € [©,0 + ¢g(©)] arbitrary. Then L < n — ¢(e/3) < g.(L) and, applying (29) with
m :=n —1(e/3), it follows that

MP,_1 € MPg_+ € M De  2¢
sp < s+ -+ —YEB)AL 5——+ - F g (DAL — - o+ —,
P 3 A s e A s TS
De
as®—-1>40 . By (26), we get that s, <e. O
3M
1
The above lemma turns out to be very useful to get better bounds in the case «,, = ey

— 1 = 1
as Z T has an exponential rate of divergence, while H (1 - m) has a linear rate of
=1

n=1
convergence towards 0.

Corollary 5.4. Lete € (0,3), g: N—>N, M €Z,, ¢ : (0,00) — Zy. Define

Wl +1, A=A, g Mp)=-— " (31)

6 = O, M, ) [ = 3@ 03

where g-(n) =n + g(n +1(e/3)).
Assume that (t,,) is a sequence of real numbers satisfying

Vi > (e/3) (tn < ¢/3). (32)

Let (s,,) be a bounded sequence with upper bound M satisfying

1 1
< — _ > 1.
sn+1_<1 n+1>8n+n+1tn+A foralln>1 (33)
Then
Vn € [©,0 + ¢g(0)] (sn < e). (34)

12



n
1 1 1
Proof. Remark that for all n > 1, we have that kli[l (1 - k—i—l) = o1 hence 0(e) = {—‘

- 1 1
is a rate of convergence of H (1 — > towards 0. Furthermore, we can take D := ————
LU= )
M M
in Lemma 5.3. Since € € (0,3), we have that SMY(e/3) > 1(/3), hence F,z/;(g/?,)“ +1>
€ €

P(e/3). L

The proof of Lemmas 5.2, 5.3 can actually be reformulated to give a full rate of convergence
for (s,,) provided that one does not have the error term A or that A can be made arbitrarily small
while still keeping ¢ and (17) unchanged (note that © — in contrast to A — does not depend on g).
This error term stems from the fact that we have to eliminate a use of an ineffective arithmetical
comprehension hidden in forming the limit z of a certain sequence of points (2, ) which is used in
Saejung’s proof to construct the sequence which plays the role of (¢,,) in the use of Lemma 5.2 or
Lemma 5.3 (see [37, (2.21)-(2.23)]). Instead of z, we take z;, where k is sufficiently large so that
d(zt;,2) < € for all j > k. This error can be incorporated (also when switching from z;, to z;, for
j > k) into the error already present in (17) with some ¢, depending on k but it adds the error
A := M?t; (see (73) below compared to [37, (2.21)]), which we provided for in (18). The error A;,
however, can be made arbitrarily small by increasing j without changing ¢ in (17) (see the proof
of the main Theorem 4.2). This would give us a rate of convergence in our Theorem 4.2 provided
that we had a Cauchy rate on (z:, ). However, we effectively only get a rate of metastability for this
sequence (see Proposition 9.3 and the discussion preceding this proposition). As a result, k& and in
turn 1, become dependent on the counterfunction g. This has the consequence that now, via vy,
also © in our application of Lemma 5.2 (in the proof of Theorem 4.2) becomes dependent on g.
It is this issue which is responsible for the fact that we only get an effective rate of metastability
in Theorem 4.2 (rather than a Cauchy rate), which — as discussed in the introduction — in fact is
best possible.

The following quantitative lemma is the main ingredient in getting effective rates of asymptotic
regularity for the Halpern iteration.

Lemma 5.5. Let (A, )n>1 be a sequence in [0,1] and (an)n>1, (bn)n>1 be sequences in Ry such
that for alln > 1,

Ap 41 S (1 — )\n+1)a'n + bn (35)

oo n
Assume that Z by, is convergent and v is a Cauchy modulus of s, := Z b;.

n=1 i=1

o0
(i) If Z Ana1 18 divergent with rate of divergence 6, then

n=1

Ve € (0,2)Vn > ® (a, <e),

o= CI)(E,M,O,’)/)ZG(’Y (%) F14 [hq (2]5\4)D ey (36)

and M € Z is an upper bound on (an).

where

(ii) If A € (0,1) for allm > 2 and H(l — Ant1) = 0 with rate of convergence 0, then

n=1
Ve € (0,2)Vn > ® (a, <¢e),
where

De
@ = @(E,M,Q,W,D) = 0 (W) + 1, (37)
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M € Z, is an upper bound on (a,), and
v(e/2)
D < H (1= Ant1) (38)
n=1

Proof. (i) Follow the proof of [26, Lemma 9].
(ii) The proof of (ii) is basically contained in the proof of 26, Lemma 9]. For sake of completeness

n

we give it here. We denote P, := H(l — Ap41) for all m > 1. Let € € (0,2) and define
k=1

€
N =~ (5) Y (39)
Applying [26, Lemma 8] with n := N, it follows that for all m > 1,

N+m—1 N+m—1

PN—Hr—l
N I D D Al SO R )
Jj=N j=N
MPNym—1 | €
- Pn_1 + 5
Let D
5
L=®d-N=0(— 1—- N. 40
(317) + (40)

Then for all m > L, we have that N +m —1 >0 (5\2), hence

MPn -1 < De €
Pn_4 - 2Py T 2

This also implies that L > 1 since, otherwise,

contradicting e € (0,2). Hence the lemma follows.

6 Effective rates of asymptotic regularity

The first step towards proving the convergence of the Halpern iterations is to obtain the so-called
‘asymptotic regularity’ and this can be done in the very general setting of W-hyperbolic spaces.
Asymptotic regularity is a very important concept in metric fixed-point theory, formally in-
troduced by Browder and Petryshyn in [7]. A mapping T of a metric space (X,d) into itself is
said to be asymptotically regular if nlingo d(xp, Txy,) = 0 for all x € X, where z,, := T"x is the

Picard iteration starting with z. We shall say that a sequence (y,,) in X is asymptotically reqular
if nh_}rr;o d(yn, Tyn) = 0. A rate of convergence of (d(yn,Tyn))n towards 0 will be called a rate of
asymptotic regularity.

The following two propositions provide effective rates of asymptotic regularity for the Halpern
iteration. Proposition 6.1 generalizes to W-hyperbolic spaces a result obtained by the second
author for Banach spaces [26]. Proposition 6.2 is new even for the case of Banach spaces.

Let (X,d, W) be a W-hyperbolic space, C C X be a bounded convex subset with diameter dc,
T : C — C be nonexpansive and (x,) given by (11).

14



Proposition 6.1. Assume that (\,) satisfies (C1), (C2) and (C3). Then (x,) is asymptotically

reqular and lim d(z,,%n+1) = 0.

n
Furthermore, if a is a rate of convergence of (Ay), B is a Cauchy modulus of s, := Z [Ait1 — A4l
i=1

and 6 is a rate of divergence of Z An+1, then for all € € (0,2),

n=1
Vo > ® (d(zn, 2ne1) <) and ¥Yn>® (d(z,, Tx,) <e),

where
&= B, M, 0,8 = 0 (ﬁ (ﬁ) T4 {m (T)D ¥, (41)

® = (e, M,0,0,0) = max{@(ﬁ(;\/[)—i—l—i-’7111(41]6\/‘[)-‘)4-1,04(;\/[)}7 (42)

with M € Z4 such that M > dc.
Proof. See Section 7. O

Thus, we obtain an effective rate of asymptotic regularity ®(e, M, 6, o, 3) which depends only
on the error €, on an upper bound M on the diameter do of C, and on (\,) via «,3,0. In
particular, the rate ® does not depend on w,x or T, so Theorem 6.1 provides a quantitative
version of the main theorem in [1]. Note that what is called ‘property I’ and ‘property S’ in [1]
has been studied under the name of ‘axioms (W2) and (W4)’ in [20].

Proposition 6.2. Assume that A, € (0,1) for all n > 2 and that (\,) satisfies (C1), (C2) and
(C4). Then (xy,) is asymptotically regular and lim d(Zn, 1) = 0.

n—oo

n
Furthermore, if a is a rate of convergence of (A,), 8 is a Cauchy modulus of s, := Z [Air1 — Al
i=1

oo
and 0 is a rate of convergence of H(l — Ant1) = 0 towards 0, then for all € € (0,2),

n=1

Vn > ® (d(zn,2n41) <€) and Yn>® (d(z,, Tx,) <e),

where
~ De
&(e,M,0,8,D) = 0 (21\4) +1, (43)
B(e, M,0,0,8,D) = maxio( L +1a(i) (44)
3 7 3 ) 9 4M ) 4M )
B(e/4M)
with M € Zy. such that M > dc and 0 <D< J[ (1= Ansa).
n=1

Proof. Follow the proof of Proposition 6.1, applying Lemma 5.5.(ii) instead of Lemma 5.5.(1). O

That we even get full rates of convergence in Propositions 6.1, 6.2 is due to the fact that the
original proof of asymptotic regularity is essentially constructive. For such proofs, the requirement
of the statement to be proved to have the form Va3y A,;(x,y) with quantifier-free Ay, which is
crucial for ineffective proofs, is not needed (note that the Cauchy property is a V3V-statement).
This is because we do not have to preprocess the proof using some negative translation (which
maps proofs with classical logic into ones with constructive logic only) and can directly apply
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proof-theoretic techniques such as (an appropriate monotone form of) Kreisel’s so-called modified

realizability interpretation. Logical metatheorems covering such situations are proved in [12]. As

a consequence of getting full rates of convergence in Propositions 6.1, 6.2 one then also has to
o0

strengthen the premises on the convergence of (A,) and > |A,+1—Ay| by full rates of convergence
n=1

a, 3. If we would interpret the proof as an ineffective one using the metatheorems from [20], then

one would only get a rate of metastability in the conclusion but also would only need rates of

&)
metastability for these premises (note that > A, = oo is a V3-statement so that there is no
n=1

difference here between a full rate and a rate of metastability).

As an immediate consequence of Proposition 6.2, for A\, = P we get a quadratic (in 1/¢)
n

rate of asymptotic regularity. For Banach spaces, this rate of asymptotic regularity was obtained
by the first author in [22]. In [26], the second author obtained an exponential rate of asymptotic
regularity due to the fact that he used the version for Banach spaces of Proposition 6.1, which
1

o0
needs a rate of divergence of Z T
n

n=1

1
Corollary 6.3. Assume that A\, = —— for allm > 1. Then then for all e € (0,1),
n

Vn Z \if(&‘, M) (d(:l?n, xn—‘—l) S 5) and Vn Z \I/(é, M) (d(xnaTxn) S 5) ’ (45)
where
~ 2M M? AM  16M?
Ve, M) = [+8 5 —‘1 and (e, M) := [ 62 —‘1, (46)
13 g 13 13

with M € Z4 such that M > d¢.

Proof. Obviously, lim

n—oo n

1
1= 0 with a rate of convergence a(e) = {-‘ —1>1. As we have
€

2 = 1
already seen, 0(¢) := {-‘ —2 is a rate of convergence of H (1 - +2) towards 0. Furthermore,
€ n

n=1
L 1 1 1 1
=D k+2_k+1‘_2_n+2'

k=1

It follows easily that lim s, = 1 with Cauchy modulus §(¢g) :=

{[1/51—1 if e >1/2

n—oo [1/e] -2 ife<1/2
Be/4M)
1 2 € 1 2
Finally, 1- = ,as — < -, take D := ———. Appl
inally. nl;[l ( n+2> I as o7 < g 50 We can take (2] pply
now Proposition 6.2 and use the fact that [z] < x4 1 to get the result. O

7 Proof of Proposition 6.1

The following lemma collects some useful properties of Halpern iterations that hold for unbounded
C too.

Lemma 7.1. Assume that (x,,) is the Halpern iteration starting with x € C. Then
(i) For alln >0,

A xpnt1,Txn) = Apr1d(Txp,u)  and d(xpi1,u) = (1 — Apg1)d(Tan,, u). (47)
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(i) For alln >0,

d(Txp,u) < d(u,Tu)~+ d(x,,u),
d(xn, Tz,) < d@pt1,Tn) + Anp1d(Tzy, u),
d(zni1,u) < (1= A1) (d(u, Tw) + d(zn, u)),
d(Xni1,2n) < Apprd(zn,u) + (1= Apy1)d(TTp, x4).

(iwi) For alln > 1,

d(anrhxn) < (1 - )\n+1)d($n7xnfl) + |>\n+1 - )\n| d(u7T$n71)~

(52)

(iv) If (x,,) is bounded, then (Tx,) is also bounded. Moreover, if M > d(u,Tu) and M > d(z,,u)

for alln >0,

d(xn, Tz,) < d(@pg1,Tn) +2MAp41 and
d($n+1,1’n) § (1 - An+1)d($n7xn—l) + 2MP‘n+1 - >\n‘

foralln > 1.
Proof. (i) By (1).
(i)

d(Txp,u) < d(u,Tu)+d(Tu,Tz,) < d(u,Tu) + d(xn,u),
d(xn, Txy) < d@pt1,2n) +d(TTh, 2ny1) = d(@ng1, Tn) + Anp1d(Tan, w)
d(rpy1,u) = (1= App1)d(Twp,u) < (1 - >\n+1)(d(u7 Tu) + d(zn, u))
d(Xpy1,2n) < Apprd(zn,u) + (1 — Apg1)d(zn, Ta,) by (WI).
(i)
d(@pi1,2n) = dApr1u® (1= App1) T2, A ® (1 = A\p)Txp—1)
§ d()\n_Hu D (1 7>\n+1)TCEn, )\n_,_lu D (17)\n+1)TZEn_1)
+d()\n+1u D (1 — )\,H_l)Txn_l, An (1 — /\n)Tﬂin_l)
S (1 — )\n+1)d(T$n, Ta?n,1> + |)\n+1 — )\n|d(u, T:L‘nfl)

by (W4) and (W2)
S (1 - >\n+1)d($na In—l) + |>\n+1 - )\n|d(u;T1'n—1)-

(iv) is an easy consequence of (ii), (iii).
In the following, we give the proof of Proposition 6.1.
Let us consider the sequences
ap = d(Tn, Tp—1), bp:=2M|Aps1 — A\l

By (54), we get that
ant1 < (1= Apy1)an + b, forall n>1.

o0
Moreover, Z An+1 is divergent with rate of divergence 6 and it is easy to see that
n=1
(0,00) = Zy, () =5 (57)
: (0,00) — =0(—
0 ) +5 M
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n
is a Cauchy modulus of s, := Z b;.
i=1

Thus, the hypotheses of Lemma 5.5.(i) are satisfied, so we can apply it to get that for all
e € (0,2) and for all n > ®(e, M, 0, 3)

d(Tpn, xn-1) <€, (55)

where

&(e,M,0,8) = 9(5(;\4)+1+[m<2§4ﬂ>+1.

By (53), for all n > 2,
d(xp—1,Txn_1) < d(Tp,Tn_1) +2MA\,. (56)

Slnce o 1S a rale ()f C()n\/ergence ()f (}\TL) tOWaI’dS 07 we get tha'
)\ < or a > « ( ) ( )

Combining (55), (56) and (57) it follows that

d(xn—lv Txn—l) <e

for all n > max {i) (%, M, 0, /6) , Qo (ﬁ) }, so the conclusion of the theorem follows.

8 Elimination of Banach limits

Let us recall that a Banach limit [4] is a linear functional p : £*° — R satisfying the following
properties:

(i) p((zyn)) > 0if 2, > 0 for all n > 0;
(i) (1) = 1
(iii) p((zn)) = p((@ni1))-

Here 1 is the sequence (1,1,...) and (z,41)) is the sequence (x1,xa,...).
As we have already said, to prove the existence of Banach limits one needs the axiom of choice
(see, e.g., [39]). Banach limits are mainly used in Saejung’s convergence proof to get the following:

Lemma 8.1. [88] Let (ax) € £*° and a € R be such that p((ax)) < a for all Banach limits p and
limsup(ag+1 — ax) < 0. Then limsupay < a.

k—oo k—oo
Given a sequence (ay)x>1, consider for all n,p > 1 the following average
1 n+p—1
Cnp((ar)) = » > a (58)

For simplicity we shall write C), ,(ax).

Lemma 8.1 is proved using a result that goes back to Lorentz [31].
Lemma 8.2. Let (a) € £° and a € R. The following are equivalent:

(i) u((ar)) < a for all Banach limits p.

(it) For all € > 0 there exists P > 1 such that Cy, ,(ar) < a+¢ for allp > P and n > 1.
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In fact, one only needs the implication ‘(i) = (ii)’ which is established in [38] using the following
sublinear functional

n+p—1
q:1%° —=R, q((ar)) :=limsup sup — Z a; = limsup sup C,, ,(ax).
p—oo n>1P p— p—oo  n>1
Now fix (ax) € I*° and use the Hahn-Banach theorem to show the existence of a linear functional
w1 — R such that p < ¢ and u((ar)) = ¢((ar)). Then p is a Banach limit and so — by (i)
- q((ag)) = p((ar)) < a which gives (ii). Our elimination of the use of the Banach limit u was
obtained in two steps: first, the proof that — for the sequence in question in the proof from [37] —
the fact p((ar)) < a holds for all Banach limits p could be modified to directly showing this for
q instead of p. This already established the actual elimination of the use of the axiom of choice
hidden in the application of the Hahn-Banach theorem (for the nonseparable space I*°) since the
existence of ¢ follows by just using uniform arithmetical comprehension in the form of an operator
E :NY — {0,1} defined by
E(f) = 0 < Vn € N(f(n) = 0),

that is needed (and sufficient) to form both the ‘sup’ as well as the ‘limsup’ in the definition of ¢
(as a function in (ax)). Using an argument due to Feferman [11], the use of E can (over the system
used to formalize the overall proof) be eliminated in favor of ordinary (non-uniform) arithmetic
comprehension

Vf:N?> - N3g:N—-NVk €N (g(k) =0« Vn € N(f(k,n) =0)),

which is covered (as a very special case of general comprehension over numbers) by the existing
logical metatheorems and results in extractable bounds of restricted complexity, namely bounds
that are definable by primitive recursive functionals in the extended sense of Godel’s calculus T
[16] (which, however, contains the famous so-called Ackermann function), though in general not
of ordinarily primitive recursive type.

In order to get a bound having the latter much more restricted complexity we —in a second step
— also eliminated the use of ¢ in favor of just elementary lemmas on the finitary objects C), ,. In
the following, rather than going through these two steps separately, we just present the resulting
elementary lemmas on the averages C,, , which we will need later. The first lemma collects some
obvious facts.

Lemma 8.3. Let (ay), (by) be sequences of real numbers and o € R.
(1) If ap < by for all k > N, then C, p(ax) < Cpp(bi) for alln > N and p > 1.
(it) If ar = c € R for all k > N, then C, ,(ax) =c for alln > N and p > 1.
(i1i) For alln,p > 1, Cy plag + bi) = Cp plak) + Cr p(b) and C, p(aar) = aCyp p(ag).

Lemma 8.4. Let (ay) be a sequence of real numbers, a € R and P : (0,00) — Zy be such that

Ve >0Vn>1 (Cn,P(s)(@k) <a-+ é‘). (59)
Assume that limsup(ag+1 — ax) < 0 with effective rate 6.
k—oo
Then limsup ap < a with effective rate v, given by
k—o0
£ ~
e, P0)=0|—= + P, 60
v ) =0 (55 (60)

where P := P (%)
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Proof. By hypothesis,

C, plag) < a+% for all n > 1,

and
€ €
a —ap, < =—— forallk>0| = .
S = (P+1>
Let n > (e, P,#). Then n = ng + P for some ng > 0 (]56 1). We get that for each ¢ =
Jr
0,...,P—1,
an = Qu 4 p = Gngtit (@ngrit1 = Angti) T (Angtit2 = Angtit1) + oo+ (@ 4 p— A1 p1)
(P —1i)e
= T

By adding the inequalities, we get that

(142+...+ P)e
P+1

Pan < (any+ngr1+ .-+, pq) +

Pe

= (any +angr1 4+ Fa,  p )+ DR

hence

< ¢ £ o € €
ay, < noyp(ak)+§_a+§+§—a+5.

O

Lemma 8.5. Assume that (ay) is nonnegative and klim ar = 0. Then lim C, ,(ax) = 0 uniformly
—00 p—00
mn.
Furthermore, if ¢ is a rate of convergence of (a), then for all € € (0,2),
vp Z P(&‘PaL) \V/Tl Z 1 (On,p(a’k‘) S 6) 9

where
Pl )= | 222 (61)

with L € R being an upper bound on (ay).
Proof. Let ¢, L, e be as in the hypothesis. We shall denote P(g, p, L) simply by P. Since ¢ is a

rate of convergence of (ay), we have that ay < % for all k > p(¢/2). Furthermore,

— g for all p > P. (62)
Let p > P and n > 1. We have two cases:
(i) m» > ¢(e/2). Then
Co(ar) 7n§1a<1 peE_c .
n,p\Uk - P v 7> P 9 — 9
(ii) n < p(e/2). Then
(e/2)-1 w(e/2)+p—1
17 1 2)—n) L 2)L
Coplar) < L3 w4t 3 a<EEAZWL AL ¢
p = o p 2 P 2
i=n i=p(c/2)
< e
Thus, we have proved that Cy, ,(ay) < e for all p > P and n > 1. O
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9 Quantitative properties of an approximate fixed point se-
quence

In the following, X is a complete CAT(0) space, C C X is a bounded convex closed subset and
T : C — C is a nonexpansive mapping. We assume that C is bounded with diameter dz and
consider M € Z, with M > d¢.

For t € (0,1) and u € C, define

T':C—C, Ty =tud(1—-1)Ty. (63)

It is easy to see that T} is a contraction with contractive constant L := 1—t, so it has a unique
fixed point 2z € C' by Banach’s Contraction Mapping Principle. Hence, z;* is the unique solution
of the fixed point equation

zi =tu® (1 —1)Tz. (64)

Proposition 9.1. Let (y,) be a sequence in C, w € C, t € (0,1), and (z}*) be defined by (64).
Define for alln > 1

Vo= (1= t)d*(u, T2") — d*(yn, u). (65)
(i) For alln > 1,
1
d*(yn, zi') < d*(yn,u) + ;an - (1- t)dQ(u,Tzf), (66)
where
Gy = d2(yn,Tyn) + 2Md(yn, Tyn). (67)

(i) If (yn) is asymptotically reqular with rate of asymptotic reqularity y, then for all € € (0,2),

Vp > P(e,t, M,0)Vm > 1 (Crmp(7h) <€), (68)

where 612 .
Pe,t, M, p) = {tsw (6]\/[)-‘ . (69)
(iii) Assume that (y,) is asymptotically reqular and nlingo d(Yn,Yns1) = 0. Then limsup? < 0.

n—oo

Furthermore, if ¢ is a rate of asymptotic reqularity of (y.), and ¢ is a rate of convergence
of (d(Yn,Yn+1)) towards 0, then limsup~., < 0 with effective rate 1, defined by
n—oo
€
2M(P (g/2,t,M, ) + 1)

bt Mg, 3) = & ( ) L P /2t M), (70)

with P given by (69).
Proof. For simplicity, we shall denote z}* by z;.

(i) We get that for all n > 1,
Py, 2) = d(yn,tud (1 —t)Tz)

< td*(yn,u) + (1= t)d*(yn, Tz) — t(1 — t)d*(u, Tz;) by (4)
< td (g ) + (1= 0)(d(yn Tyn) + d(Tyn, T2r))” — (1 — t)d>(u, Tz,)
by the triangle inequality
< td* (g, w) + (1= ) (d(yns Tyn) + d(yn, 2))° — (1 — )d>(u, T)
by the nonexpansiveness of T’
= td*(yn,u) + (1 = 1)d*(yn, Tyn) + 2(1 = )d(Yn, Tyn)d(yn, 2)
+(1 = 1)d* (Y, 2) — t(1 — t)d?(u, T2)
< td* (Yo, w) + (1= )d (Yo Tyn) + 2M (1 — £)d(yn, Tyn) + (1 — t)d* (yn, 2¢)

—t(1 —t)d*(u, Tz)
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Thus, for all n > 1,

td*(yn, 2t) < td*(yn,w) + (1 —£)d*(Yn, Tyn) + 2M (1 — )d(yn, Tyn) — t(1 — t)d*(u, T2;)
< td*(yn, ) + d*(Yn, Tyn) + 2Md(yn, Tyn) — t(1 — t)d*(u, Tz).

Hence, (66) follows.

(ii) Let € € (0,2). By (66), we get that
2 1 2
0 < d*(yn,u) + 70n — (1 —t)d*(u,Tz),

1
hence 7, < n

ayp for all n > 1. It follows by Lemma 8.3.(i) that

1
Conp(V) < Crpp (t an) foralm>1,p>1.

Furthermore, lim a, = lim (cl2 (Yn, Tyn) + 2Md(y,,, Tyn)) = 0 and, given a rate of asymp-
totic regularity for (y,), we can easily verify that ¢ <3iM) is a rate of convergence of (a,)

towards 0.
2

te 1
Then ¢ (3]\/.[) is a rate of convergence of n a, towards 0. Since L := is an upper

bound for (1a,), we can apply Lemma 8.5 for this sequence to conclude that

1
Crp (tan> <e forall p> P(e,t,M,p) and m > 1. (71)

(iii) We have that

s =l = (1= 1)d?(u, Tz) = d*(yni1,0)) = (1= 8)d> (u, T2) — d*(yn, w))|
= | (yn, u) = & Ynt1,w)] = [d(Yn, 1) + d(Yni1, )] - [d(Yn, w) = d(yns1,u)]
2Md(Yn, Yn+1)-

IN

Since lim 2Md(yn, Yn+1) = 0, we get that
limsup(7;, 41 — ) < 0.
n—oo
with effective rate ¢ (i) Apply (ii) and Lemma 8.4 to conclude that

2M
limsup % < 0. (72)

with effective rate ¥ (e, t, M, p, p).
O
Lemma 9.2. Letu,x € C and (x,,) be the Halpern iteration defined by (11). Then for allt € (0,1)

andn >0,

d*(pi1,2") < (1= Mg1)d (20, 22) + A1 ((1 —t)d*(u, Tz") — d*(2pi1, u)) + M?t. (73)
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Proof.

d2($n+17 Z:) <

IN

IN

IN

IN

In [6], Browder showed that for Hilbert spaces X and z}* defined as above one has, for ¢t — 0, the
strong convergence of z}* towards the fixed point of T that is closest to u. Halpern [17] gave a much
more elementary proof of this result. In fact, it follows from his proof that the strong convergence
of (23, )& holds for any nonincreasing sequence (3) in (0,1) (while the limit in general will not be
a fixed point of T unless t; converges towards 0). In [22], the first author extracted explicit and
highly uniform rates of metastability from both proofs (again effective rates of convergence are
ruled out on general grounds, see [22]). In [19], Kirk showed that Halpern’s proof goes through
(essentially unchanged) in the context of CAT(0) spaces. Consequently, this also holds for the

Mp1d?(u, 28) + (1 = My 1)@ (T2, 28) — g1 (1 — Mpy1)d? (u, Tz,
by (4) applied to d*(z,41,2") = d*(Ag1u @ (1 — Ayy1) T, 2%)
M 1d2(u, 28) — Ag1 (1= A1) d? (u, Tzp) +

+(1 = Ant1) (tdQ(Txn,u) + (1 = t)d*(Txn, T2") — t(1 — t)dz(u,Tzz‘))

again by (4) applied to d*(Txy, 2) = d*(Ta,, tu @ (1 — t)Tz")
Ant1d?(w, 28) = Ang1 (1 = A1) d? (u, Ty) +

+(1 = Apy1) (td2(Txn,u) + (1 =) d*(xy, 2) — (1 — t)d%u,Tzf))

by the nonexpansiveness of T'
(1= A1) (L = 1) (n, 2¢) +

+d2(TIn, U) ((1 — >\7L+1)t — )\n+1(1 — )\n+1)> +

A1 (1= 1)2d%(u, T2f) — (1 = X1t (1 — t)d*(u, T2)
since d(u, z;') = (1 — t)d(u, Tz}")
(1= Ans1) (X = t)d* (zn, 24') +

A1 ((1 —t)d*(u, Tz") — (1 — )\n+1)2d2(Tmn,u))

+d?(Twp, u) ((1 — At 1)t = Anr1(1 = A1) + Apga (1 — /\n+1)2> +
+d?(u, Tz}") <>\n+1(1 — )2 — (1= Ny )t —t) = Apya (1 — t))

(1= Ag1) (X = ) (2, 2) + Apsa ((1 —)d?(u, Tz) — d*(xn41, u))

+d*(Txp, u) (t —Anprt+ A3 — Aiﬂ) +d?*(u, T2")(1* — t)

since d(xp41,u) = (1 — Apg1)d(Tzy,, u)

(1= Apy1) (A = t)d*(xn, 2) + Aus1 <(1 —)d*(u, Tz}) — d*(xpy1, u)> +
+td*(Txp, u)

(1- )\n+1)d2(zn, 2) + Ant1 ((1 - t)dz(u,Tzf) - d2(xn+1,u)) + M?t.

bound extracted from Halpern’s proof in [22]:

Proposition 9.3. Let (t;) be a nonincreasing sequence in (0,1). Then for alle >0 and g : N — N

the following holds

3Ko < K(e,9, M)Vi, j € [Ko, Ko + g(Ko)] (d(zf!,2) <e),
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where Y
K(e, g, M) := g /<" D(0), (74)

with §(k) = k + g(k).

Proof. For the case of X being a Hilbert space, Proposition 9.3 is proved in [22]. Things extend
unchanged to the CAT(0)-setting with the same reasoning as in [19]. O

Remark 9.4. (i) Reasoning as in [22], Proposition 9.8 implies the following rate of metasta-
bility for sequences (tx) that are not necessarily nonincreasing: let (tr)r>0 be a sequence
in (0,1) that converges towards 0 with rate of convergence 3 and x : N — N be defined by

X(k)zﬁ(ﬁ), hence
1
P> < — .
Vk € NVi > x(k) (t,_k+1)

Finally, let h : N — N be such that t; > W for all k € N. Then for all e > 0 and
g : N — N the following holds

EII{O < K(€797Ma X) VZ,] € [KOaKO +g(KO)] (d(ZZL,,ZZ) < 5)7
where

K(e, 9. M, x.h) = x* (9 M= D(0)), with g (k) :== max{h(i) | i < x(k) + g(x(k))}.

(11) Instead of a rate of convergence 3 it suffices in ‘(i)’ above to have a rate of metastability 3,
hence a mapping 34 such that

Vk € NVi € [8,(k), §(8, (k) (ti < kil) |

10 Proof of Theorem 4.2

Let € € (0,2) and g : N — N be fixed. Let ‘%, ® be as in Proposition 6.1. To make the proof
easier to read, we shall omit parameters M, ®, ®, 0, a, § for all the functionals which appear in the

following.
Take
= 75
T M 12 (75)
Then ¢y < 1 and
2
2 4 9Meg + M2y < eo(M + 1)2 < %. (76)
S 1 . . 1
We consider in the sequel ¢, := R with rate of convergence towards 0 given by v(¢) := | — | .
€
Denote z;; simply by z;' and let
R = Ldz(u Tz") — d*(2pg1,u)
n k + 1 ? k n+1, .

1
Thus, 7¥ is defined as in (65) by taking ¢ := P and Yy, 1= Tpy1.

We can apply Propositions 9.1.(iii) and 6.1 to conclude that lim sup 75 < 0 for each k£ > 0,

n—oo

with effective rate xg, given by

Xk(e) = £ ) + Py (), where

B — {12M2£k+1)¢<12M(2+1))-‘.
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For all £ > 0, let us denote

Xi(e) = xx(e/2),
Ok(e) = @(E7M,9,XZ)=9<XZ(€/3)—1+’7111(32\4)—‘)_’_1,
Ai(e,9) = Ale,g,M,0,x;) = €

39:.k (Ok(e) = xi(/3))’
where g 1 (n) =n+ g(n + x;(¢/3)), © is defined by (15) and A by (16). Now let

* (2
Fop N ) s max (o (SR ) kb < k6 = 10 () + )

We can apply Proposition 9.3 for €9 and f* to get the existence of K; < K(egg, f*) such that
for all k’,l S [Kl,Kl + f*(Kl)]

d(zi, 2") < €o, (77)
where K is defined by (74). Let
Ko = Kl +’Y(€0),
. , —(1M2/3])
K*(eo, f) = K(eo, [") +(e0) = f (0) +~(20),

with f*(k) := k + f*(k).
Then 7(gg) < Ko < K*(e0, f) and it is easy to see, using (77), that

Vk,l € [Ko, Ko+ f(Ko)] (d(Z;:, Zlu> < Eo). (78)

It follows that for all k,1 € [Ko, Ko + f(Ko)],

Plu,To) < (d(w,To) +d(Ts0, To)? < d(u, Tap) + dA(To, Tap) + 2d(u, T4)d(Top, Ta)
< d*(u, Tzp) +d* (2, 2) + 2Md(z), 21)
< d*(u, Tz) + 3 + 2Me,.
Let At (€2/4.)
K& /49
J:= Ko+ f(Ky) = max {7 (KW) ,Ko} (79)
Then for all n > 1,
J
%JL = T dQ(U,Tzﬁ) —d*(zpi1,u) < m(dz(u,Tz?(D) + 63 + 2M€0) — d*(2py1,u)
< &P(u,Tzg,) — dP*(zn41,u) + g + 2Meg
KO 2 u 2 2 1 2 u
= Kot 1d (u,TzKO) —d*(xpy1,u) + €5 +2Meg + o 1d (u,TzKO)
u 1
= 70 +ep+2Meo + K0+1d2<u,TzKo) <l +ef + 2Meg + K0+1M2
< Afo 422 4 oMey + Mg as Ko > v(go)
2
€
< Al — by (76).
< Ya'+g; by (76)

It follows that for all n > x7 (¢2/12),



Applying (73) with ¢ :=

d2 (xn+17 Z}) <

<

since J > vy

J
(1= Mg 1)d* (@, 25) + Ant ( d*(u, Tz}) = d*(wns1, U)> +

(1- )‘n+1)d2(xm 27) + >‘n+1%{ +

1
J+

1) e get that for all n > 1,

2

J+1

J+1
2

J+1

(1 = A1) d* (@0, 25) + Ansryy + A, (€2/4, 9)

Ak, (€%/4,9)
M?2

1 A% (e2/4,
>, hence 711 < Ko (]\42/ g). It follows that we can apply Lemma

5.2 with € := £2/4 to conclude that for all n € [N, N + g(N)]

where N := O, (c%/4).

Let now

0" (n)

v

Y

2
d*(xp, 2Y) < EZ’ hence d(zp,2Y) < (80)

<
_27

max{6(i) | i <n},
max{xj(e?/12) | y(e0) < k < K (e0, f)} = X, (€7/12),

s (I‘—1+ [ln <1ié\4>—‘) +1
o+ (X;;O(g?/m) 1y {m (fé”ﬂ) +1
6 (X’;{O(&/u) -1+ ’Vhl (12\4)}) +1

Ok, (e?/4) = N.

We get finally that N < (g, g) is such that for all n,m € [N, N + g(N)],
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