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Abstract

Already in his PhD Thesis on compact Abelian semigropups under the direction of Karl Hein-
rich Hofmann the author was lead to investigate locally compact cones [18]. This happened in
the setting of Hausdorff topologies. The theme of topological cones has been reappearing in the
author’'s work in a non-Hausdorff setting motivated by the needs of mathematical models for a
denotational semantics of languages combining probabilistic and nondeterministic choice. This
is in the line of common work with Karl Heinrich Hofmann @ontinuous Lattices and Domains
[12].

Domain Theory is based on order theoretical notions from which intrinsic non-Hausdorff
topologies are derived. Along these lines, domain theoretical variants of (sub-) probability mea-
sures have been introduced by Jones and Plotkin [15, 16]. Kirch [22] and Tix [36] have extended
this theory to a domain theoretical version of measures and they have introduced and studied
directed complete partially ordered cones as appropriate structures. Driven by the needs of a se-
mantics for languages combining probabilty and nondeterminism, Tix [38, 37] and later on Plotkin
and the author [39] developed basic functional analytic tools for these structures.

In this paper we extend this theory to topological cones the topologies of which are strongly
non-Hausdorff. We carefully introduce these structures and their elementary properties. We prove
Hahn-Banach type separation theorems under appropriate local convexitiy hypotheses. We finally
construct a monad assigning to every topological cOrenother topological cong&(C') the el-
ements of which are nonempty compact convex subsets dfor proving that this construction
has good properties needed for the application in semantics we use the functional analytic tools
developed before.

*Thanks to Gordon Plotkin for numerous discussions. Preliminary results have been announced at MFPS XXIlII [20].
In his Master’s thesis supervised by the author, B. Cohen [6] has worked out some of those results.



1 Introduction

Cones more preciselyonvex conedrequently occur in functional analysis, often as positive cones

of ordered vector spaces (see for example [24, Luxemburg and ZaRresz Spacésor of locally
convex ordered topological vector spaces (see for example [33, H.H. Schaefelogical vector
space}. In the first case the interplay between the order and the convex structure is in the center
of interest, in the second case a topology is added and one obtains a richer structure. Not onl
positive cones are of interest, but also ordered cones as independent objects, still embeddable
vector spaces, but not as positive cones. A class of lattice-ordered cones is investigated in detail in th
book by Boboc, Bucur and Cornea entitl@dder and Convexity in Potential Theory: H-conds.

Also largely motivated by potential theory, topological cones that are embeddable in locally convex
topological vector spaces have been studied by G. Choquet and his school. An excellent recent sourc
is the book by R. Becker entitlgdones Convexes en Anal\j8¢ On these cones a convex structure,

an order and a Hausdorff topology are interacting.

A cone is asymmetric in the sense that it need not contain the negatives its elementsa.

We are going to make the topology asymmetric, too, in the sense that we throw away the Hausdorfl
separation axiom JJand only keep the axiomglwhich asserts that for any two distinct points there

is an open set containing one and only one of these points. This may seem too weak as an axiom. W\
claim that we also gain something. Indeed, evegytdpology encodes an order, tepecialisation

order. z < y iff z is in the closure of the singletan And quite often it also encodes a Hausdorff
topology. Let us illustrate this by an example: In the Banach sp&ég) of all real valued continuous
functions on a compact Hausdorff space with the supremum norm, consider the colléaifaall

open upper set§. Being anupperset means that, with everye U, the setU contains allf > g.

It is readily seen thall is a topology which is {, but far from being Hausdorff. It is asymmetric in

the sense that the negativé/ of an open upper set is never a membetiofThe specialisation order

with respect to this topologyl is just the usual pointwise ordering, and we can recover the original
norm topology by symmetrisation. Thus the asymmetric topoldgncodes the order as well as the
original topology.

Thus we are going to consider cones with @tdpology such that addition and multiplication
with nonnegative scalars are continuous. Our topological cones will be ordered cones with respect t
their specialisation order. As we use the asymmetric topology of open upper sets on the nonnegativ
reals, our topological cones will have 0 as their smallest element. As we do not require the cancel-
lation axiom for addition, our cones are not always embeddable in vector spaces. This allows us tc
includeinfinite elements in our cones, and we can consider cones of nonnegative extended real value
functions (admitting the valueoco).

In [19], a different notion of a locally convex cone has been introduced and studied in detail.
There, the uniform structure of a locally convex vector space has been axiomatised in an asymmetri
way. Within that framework one can treat spaces of compact convex subsets and spaces of set-value
functions and derive, for example, Korovkin type approximation theorems which include the classical
as well as the case of set-valued functions. The common feature of the two approaches is the essent
use of T-topologies that encode an order structure via the specialisation order.

In this paper we begin a detailed investigation of topological cones in our asymmetric sense. It is
surprising that for most of our results addition need not be jointly but only separately continuous in
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each of its two arguments. We deduce Hahn-Banach type separation theorems and the existence
continuous linear functionals under the appropriate local convexity assumptions.

In analogy to the Vietoris hyperspace we construct a powercone by considering the collection
S(C) of all nonempty compact convex upper sets in a topological é@ndJnder an appropriate
topology, $(C') is again a topological cone with a continuous meet operation. This construction is
free in the sense th&tis a monad over the category of topological cones and continuous linear maps.
But the algebras of this monads are not known, so that it is not clear in genera (¢has free for.

By restricting to an appropriate subcategory, we can characterize the algebras of the monad, and fc
this we need the full power of our Hahn-Banach separation theorems.

This last example allows finally to explain the motivation behind all of this work: denotational
semantics, more precisely, domain theoretical models for languages combining probabilistic and non
deterministic features (see [39]). A progrdmof such a language is interpreted as a map assigning
to every element of a state spac&” a certain set of subprobability distributions an In [39], the
state spaces were supposed to be dcpo’s (= directed complete partially ordered sets). Dcpo’s carry ¢
intrinsic topology, the Scott topology. The extended probability distributions form a dcpdong
and the appropriate sets of subprobability distributions are the nonempty compact convex saturate
subsets, and they form again a cé& X). In order to be able to interpret composition of programs
the constructio’’V must be a free one in the sense that it constitutes a monad. Monads have algebras
but over dcpo’s in general, the algebras of the ma$i@dre not known. They are only known if one
restricts to continuous dcpo’s as state spaces.

There is another relevant class of state spaces not covered by [39], the locally stably compac
spacesX, that is, locally compact soberyEpaces in which the intersection of any two compact
saturated sets is compact. In this case, the extended probabilistic powerdd(airis a stably
compact topological cone (see [17, 2]), but not a continuous dcpo. The algebras of the Yhonad
are not well-understood yet. The last section of this paper is devoted to the second step, namel
the construction of the powercoi$¢C') of nonempty compact convex saturated subsets of a stably
compact topological cone with appropriate local convexity properties. For this monad we are able to
characterize the algebras.

Our developments are quite analoguous to those for dcpo cones obtained by R. Tix [37, 38] anc
later by G.D. Plotkin and the author [39]. We take great care to observe which axioms are needed fo
our results. In particular, for most results we only need to require the separate continuity of addition.
Thus the dcpo cones of Tix are contained as a special case in our developments; indeed, in these con
addition is only separately and not jointly continuous with respect to the Scott topology, in general.

2 Preliminaries
For subsetsi of a partially ordered se® we use the following notations:

|A=4r{reP|lx<aforsomesec A}, TA=4yp{r € P|z>aforsomesc A}

and we say thatl is alowerorupperset, if /A = Aor TA = A, respectively. Upper sets will also be
calledsaturatedand A will be called thesaturationof A. For an elemeni € P, we have the special



cases.
la={zxeP|lz<a}, Ta={xeP|x>a}

For least upper and greatest lower bounds, we use the usual notatighs\, . When we write

x = vai then we mean thdtz;); is a directed family and thatis its least upper bound.

Topological spaces will always be supposed to pasfaces. Every partially ordered getan be
endowed with two simple gFtopologies, theipper topology’ a subbasis for the closed sets of which
is given by the set$x, © € P, and dually with thédower topologyw, a subbasis for the closed sets of
which is given by the setkr, € P. The common refinement of the upper and the lower topology is
theinterval topologydenoted by\.

We denote byR the reals with the usual linear order, addition and multiplication, ani byhe
subset of nonnegative reals> 0. The letters:, s, ¢, ... will always denote nonnegative reals. Further

R=RU{+oo}, R, =R, U{+oc}

denote the reals and nonnegative reals extendegdby(but not—oo). Addition, multiplication and
the order are extended teco in the usual way. In particulas-co becomes the greatest element and
we put0 - (+00) = 0. OnR and its subsets, the upper topology has as open subsets simply the open
upper intervalgr, +oo] = {z | x > r} and the lower topology has as open subsets simply the open
lower intervals{z | = < r}. The interval topology is the usual topology.

For topological space’, Y, Z a functionf: X xY — Z will be said to beseparately continuous
if, for each fixedr € X, the functiony — f(x,y): Y — Z is continuous and similarly for each fixed
y € Y. We say thaff is jointly continuousf it is continuous for the product topology oXi x Y. We
will use the following topological lemma (see [39, Lemma 1.2]):

Lemma2.l.Letf: X x Y — Z be a separately continuous map of topological spaces. Then:

f(AxB) = f(Ax B) = f(Ax B) = f(Ax B)
for subsetsA C X and B C Y, whereA denotes the closure of.

We refer to [12] for detailed background information on the order theoretical and topological
notions used in this paper.

3 Cones and ordered cones

We want to consider structures that are close to vector spaces but less symmetric in the sense th
elements do not have additive inverses. Accordingly, scalar multiplication is restricted to nonnegative
real numbers.

Definition 3.1. A coneis defined to be a commutative monaoidogether with a scalar multiplication
by nonnegative real numbers satisfying the same axioms as for vector spaces; thet es)dowed



with an addition(z, y) — z+y: C'x C' — C which is associative, commutative and admits a neutral
element, i.e., for allz, y, z € C it satisfies:

v+ (y+z) = (v+y)+=z
r+y = y+zw
r+0 = «

and with a scalar multiplicatior{r, z) — r - z: R, x C' — C satisfying for allz,y € C and all
r,s € Ry:

r-(r+y) = r-x+r-y
(r+s)-x = r-z+s-x
(rs)-x = r-(s-x)
l-z = =
0O-z = 0

Anordered conés a coneC' endowed with a partial ordex such that addition and multiplication by
fixed scalars- € R, are order preserving, thatis, for alt, y,z € C and allr € R,

r<y=z+z<y+zandr-z<r-y

For a cone, scalar multiplication need only be defined for strictly positive reals and the above
properties have to be satisfied fors > 0 only. Then one may extend scalar multiplication-te- 0
by defining0 - z = 0 and the axioms are satisfied for all nonnegative reals.

Every real vector space is a cone, and every ordered vector space is an ordered cone. Cones m
occur as subsets of real vector spaces: such subsats conesif) € C,ifa,b € C = a+be C
andifae C,r e Ry = raeC.

Every direct product of (ordered) cones with pointwise addition and scalar multiplication (and
order) is again a(n ordered) cone. But unlike for vector spaces, addition in cones need not satisfy
the cancellation property, and cones need not be embeddable in vector spaces. For Bxample
R U {+oc0} andR, = R, U {+co} are ordered cones that are not embeddable in vector spaces. The

same holds foR " andR " and for infinite power® ' andR ;.
A cone(C is embeddable in a real vector space if and only if it satisfies cancellation:

(C) r+y=r+z = y==z

and an ordered cone is embeddable in an ordered vector space if and only if it satisfies order cance
lation:

(0OC) r+y<azt+z = y<z

The embeddings are achieved by the standard method of formal differencasith a, b € C' where
a—b=d —-Viffa+b =d +banda—b<d -V iff a+V < d + 0, respectively, in the ordered
case.

As in real vector spaces, there is a notion of convexity in cones. Because of the possible existenc:
of infinite elements in cones, convex sets may look unusual.
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Definition 3.2. A subsetA of a coneC' is convexif, for all a,b € A, the convex combinatioru +
(1 — r)b belongs toA for every real number with0 < r < 1.

This notion of convexity should not be mixed up with the notion of order-convexity: A subset
of an ordered set isrder-convexf, for all a,b € A and allc € C, the relationa < ¢ < b implies
c € A

We will frequently use the simple observation that, in an ordered crier every convex subset
A, the lower sef A and the upper set or saturatipd are also convex.

For nonempty subsetd and B of a cone we may define the sum and multiplication by scalars
r > 0 in the straightforward manner by

A+B={a+blacAbeB} , r-A={ralac A}.

All the cone axioms are satisfied except for one of the distributivity lawlst s A need not be equal
to (r + s)A. This can be seen by taking= {0,1} C R, andr = s = 1. For this reason we restrict
ourselves to convex sets:

Lemma 3.3. For a nonempty convex sdtof a cone we have- + s)A =rA + sAforall r,s € R,.

Proof. One always hasr + s)A C rA + sA; for the converse inclusion, let € rA + sA, that is,

z = ra+ sbfor somea,b € A;thenz = (r +s) - (;1;a + 35b) € (7 + s)A by the convexity ofA

(this proof only works for- + s > 0, but the case = s = 0 is straightforward). O
As a consequence we have:

Example 3.4. Ordered by inclusion, the nonempty convex subsets of a cone form an ordered cone;
the singletons are the minimal elements.

Lemma 3.5. For an element: in an ordered con€’, one has: > 0 if and only if, forr; s € R,
(m) r<s=r-a<s-a
i.e., ifand only ifr — r-a: R, — C'is order preserving.

Proof. If « > 0 andr < s, thens —r > 0, whence(s —r) -a > (s —r) - 0 = 0. It follows that
s-a=r-a+ (s—r)-a>ra. Conversely, if (m) holds, theh=0-a <1-a=a,as0 < 1. O

Definition 3.6. An ordered con€’' with the property that: > 0 for all « € C will be called apointed
ordered cone

In pointed ordered cones, scalar multiplicationz) — rz: Ry xC' — C'is also order preserving
in the first argument by the preceding lemma. The cone of all nonempty convex subsets of a cone
ordered by inclusion is not pointed, because none of the non-zero singletons is abovéRQ, Byt

and arbitrary powe@i are pointed.



Definition 3.7. LetC' and D be cones. A functiofi: C — D is calledlinear, if it is homogeneous
f(r-a)=r-f(a) foralla € Candallr € R,

and additive:
fla+b) = f(a)+ f(b) forall a,b e C.

If D is an ordered conef is calledsuperadditivef
fla+b)> f(a)+ f(b) foralla,be C.

andsubadditivaf
fla+b) < f(a)+ f(b) foralla,b e C.

We say thaff is sublinear(resp.superlineay, if f is homogeneous and subadditive (resp. superaddi-
tive).

Maps from a setX or from a coneC into R are calledfunctionals Note that functionals are
allowed to have the value co (but not—o0). It is clear now what we mean by sublinear, superlinear
and linear functionals.

A homogeneous function always map 0. For pointed ordered coné€§ this implies that order
preserving homogeneous functionals have nonnegative values, i.e., th&y imiagR , .

Example 3.8. (Order preserving functionals) For a pointed ordered cori¢é, we denote by:
Cl the set of all order preserving sublinear function&s” — R,
C! the set of all order preserving superlinear functional€ — R,

sup —
c'=c, ,ncC’  the setof all order preserving linear functionglsC' — R,

sub sup

Under pointwise defined addition and multiplication by nonnegative scalars and pointwise order, the
three sets just defined are pointed ordered cones, subcones of the prod@fcd'mle constant zero
functional is the smallest element and the functional having the vatdeeverywhere except at O is

the greatest element. The pointed ordered ¢dhis called theorder dualof C'.

4 (Semi-) Topological cones

Recall that a real topological vector space is a vector space over the reals endowed with a Hausdor
topology in such a way that addition and scalar multiplication are jointly continuous. The scalars
are endowed with the usual topology. For cones we continue our programme byaggmaetric
topologies. On the extended re&llsand on its subsef®, andR. we use thaupper topology the

only open sets for which are the open intenjals-oc] = {s | s > r}. This upper topology i, but

far from being Hausdorff.

Convention 4.1. If not specified otherwise, in the sequel we will use the upper topology on the ex-
tended realR and its subset® , andR, .



For any topological spac&’, there are less functions: R — X which are continuous with
respect to the upper topology &than those which are continuous with respect to the usual topology.
This fact will have striking consequences for topological cones in our sense. On the other hand, there
are more functiong: X — R which are continuous with respect to the upper topolegn R than
those which are continuous with respect to the usual topolodly agreement with classical analysis
we shall adopt the terminolodgwer semicontinuou@.s.c, for short) for those functiong: X — R
which are continuous with respect to the upper topofogy.

Any Ty-spaceX comes with an intrinsic order, trepecialisation ordemwhich is defined byr <
y if the elementr is contained in the closure of the singletén} or, equivalently, if every open
set containinge also containg,. In this paper, an order on a topological space will always be the
specialisation order. Open sets are upper (= saturated) sets and closed sets are lower sets with resp
to the specialisation order. The saturatibA of a subsetd can also be characterised to be the
intersection of the open sets containidgln Hausdorff spaces, the specialisation order is trivial. But
onR with the upper topology, the specialisation order is just the usual linear order. Continuous maps
between topological spaces preserve the respective specialisation orders. For more details, see e
[12], Section 0-5.

Definition 4.2. A semitopological conés cone with a J-topology such that addition and scalar
multiplication are separately continuous, that is:

TCla a+— ra: C — C'is continuous for every fixed> 0
TC1b r— ra: Ry — C'is continuous for every fixade C'
TC2a b+— a-+0b: C'— C'is continuous for every fixade C'

As for topological vector spaces, TCla implies that multiplicatior rx: C' — C with a fixed
scalarr > 0 is linear and a homeomorphism, multiplication by giving the reciprocal map. Thus
rU is open for every open sét, andr A is closed for every closed sdt

As we use the upper topology @&, axiom TC1b has the dramatic consequence that the topology
on C' cannot satisfy the Hausdorff separation property: As continuous maps preserve the respectiv
specialisation orders, TC1b implies firstly that, for everg C, the mapr — ra: R, — C'is order
preserving, that is, the rays in the cone are nontrivially ordered (except for the singletdr} yagnd
secondly that the cone is pointed,(tas 0-a < 1-a = a. In particular, the specialisation order 6h
is nontrivial and the topology is not Hausdorff. As continuous maps preserve the specialisation order.
we conclude thagvery semitopological cone is a pointed ordered cone

Definition 4.3. A topological conds a coneC' endowed with &}-topology such that addition and
scalar multiplication are jointly continuous, i.e.:

TC1 Scalar multiplication(r, a) — ra: R, x C' — C'is jointly continuous

TC2 Addition(a,b) — a + b: C' x C' — C'is jointly continuous

LIt is somewhat unfortunate that those functions are cadiegr semicontinuous which are continuous with respect to
theuppertopology. But we do not want to deviate from the terminology in classical analysis and the one adopted in [12].
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A topological vector space satisfies TC1a and TC2, but not TC1b, as we use the upper topology
onR. Thus, a topological vector space is not a (semi-)topological cone in our sense. At the other
hand:

Example 4.4. (Topological cones from topological vector spacgés et V' be an ordered topological
vector space with a closed positive cdrieand letC' be a subcone df .. The open upper subsets of

C form a topology, and” is a topological cone in our sense with respect to this topology. One may
ask the question to characterise those topological cones that arise from cones in topological vectc
spaces in this way.

There are (semi-)topological cones that are far from being embeddable in vector spaces:

Example 4.5. (Join-semilattices as congEvery vV-semilatticeS with a smallest elemeritmay be
considered to be a pointed ordered cone: if we define multiplication with nonnegative reatsyon

re=eforallr >0, re=0forr=0

then the axioms for a pointed ordered cone are satisfied (with the join opeva®addition). Convex
sets inS look quite particular; these are just thesubsemilattices af. it follows that all upper sets
are convex. Homogeneous mapsS — R, admit only the value8 and-+occ. Thus linear, sublinear
and superlinear functionals share maps intd0, +oo}. The linear maps between twesemilattices
with 0 are the semilattice homomorphisms preservingrder preserving sublinear maps are linear.
All order preserving maps are superlinear.

Let us consider now a (semi-)topologicatsemilatticeS with a smallest elemerii such that
all open sets are upper sets. (Note that a (semi-)topological semilattice remains a (semi-)topologice
semilattice if we replace its topology by the topology of its open upper sets.) The scalar multiplication
defined as above is continuous, and we may consider be a (semi-)topological cone. All open
sets are convex. In particular, as a cofies locally convex (see 4.8 below). But the Separation
and the Strict Separation Theorems (see 9.1, 10.5 below) are trivial in this case. Indeed, mappint
a closed subsemilattice to and its complement te-co is a lower semicontinuous-semilattice
homomorphism separating strictly from its complement.

In a topological vector space, addition considered as a(@dp — a + b: C x C — C'is an
open map. This is no longer true in topological cones. Occasionally, we will need a slight weakening
of the openness of addition:

Definition 4.6. We say that the addition Elmost openn C' if the following axiom is satisfied:
TC3 (U + V) is open for all open sets, V' C C,

As for topological vector spaces, we have a notion of local convexity. Actually, the notion of
local convexity splits into several notions of various strength. The first notion is a kind of convex
modification of the axiom {:

Definition 4.7. A coneC' with a topology is calledtonvex-T, if, for any two distinct points, there is
an open convex set containing one of these points but not the other.
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The second notion is close to the classical one:

Definition 4.8. A coneC with a topology is calledocally convex if each point has a neighbourhood
basis of open convex neighbourhoods.

For cones, there is another notion of local convexity which does not make sense in topological
vector spaces as it implies local compactness:

Definition 4.9. A cone with a topology is callelbcally convex-compadf each of its points has a
neigbourhood basis of compact convex sets.

Clearly, locally convex-compadmplieslocally compact but notlocally convexin general. A
sufficient condition for the latter implication to hold is axiom TC3 which implies that the interior of a
convex saturated set is open (see 4.10(b) below).

As in vector spaces, thenvex hulkonv A of a subsetd of a cone, i.e., the smallest convex set
containingA, is the set of all finite convex combinatiods r;a; of elements:; of A with r; > 0 and

27} = 1.

Lemma 4.10. Let C be a cone endowed with a topology.

(a) If the axioms TCla and TC2a are satisfied, the closure of a convex set is convex. Hence
the closure of the convex hulbnv A of an arbitrary subsetd is the smallest closed convex subset
containingA.

(b) If the axioms TC1a and TC3 are satisfied, the interior of every convex saturated set is convex.
If in addition the topology is locally convex, the saturation of the convexiiiutinv /) of any open
setU is open; thus] (conv U) is the smallest open convex set contairiing

(c) If C'is a topological cone, the convex hualinv (U;";l KZ-) of finitely many compact convex
setsK; (i = 1,...,n) and its saturation are compact. In particular, the convex hull of any finite
subset and the saturation thereof are compact.

Proof. (a) Take a convex set. By TCla and TC2a, the mdp,b) — ra + (1 — r)b is separately
continuous fof < r < 1. By Lemma 2.1y A+ (1 —r)A CrA+ (1 —r)A C A. Thus,A is convex.

(b) Let A be any convex saturated set. DenoteiliyA the interior ofA. For0 < r < 1, the set
T(rint A+ (1 —r)int A) is open by TCla and TC3, and containedlinHence,int A is convex.

Now let U be open and le} _, ;u; be a finite convex combination of elementse U. Using
local convexity, we may find an open convex neighbourhBpdf «; contained inJ for everyi, and
we obtain) . r;u; € 1) . mU; € Tconv(U). TCla and TC3 together ensure that, »,U; is open,
and the saturation of a convex set always is convex.

(c) Let A denote the standang-simplex considered as a subspacéRof If C is a topological
cone, the map

((7’1,...,rn),(ajl,...,mn)) HZrixi: R} x C" — C"

=1
is continuous. The image of the compact&et K x - - - x K,, under this continuous map is compact
on the one hand, and is the convex hull of the union offhen the other hand. O
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5 Functionals and weak* topologies

Arbitrary powers@i with the product topology/’ of the upper topology on R, are topological
cones.

Definition 5.1. On every subcon® of R{ the product topology’ induces a topology which will be
called theweak*upper topologpn D.

A subbasis for the weak*upper opens is given by the sets:
Wy, ={feD|flx)>r},zel, 0<r<+oo

It is the weakest topology of® for which the evaluation mapg — f(z): D — R, are lower
semicontinuous for alt € I. In a similar way, theveak*lower topologyn D, which comes from
the product of the lower topology dR, has the subbasic open sets:

Ly, ={feD| f(x)<s}, vel, 0<s< 400

The weak* topologyis the common refinement of the two previous topologies and is induced from
the product topology of the usual interval topologyRp.

Every subconéD of Ri is a topological cone, when endowed with the weak*upper topology,
which explains why this topology plays a more important role for us than the other two. As the
subbasic opend’; . are convexD is a locally convex topological cone.

The termsveak*upper topologyetc., have been chosen according to the terminology in functional
analysis, where the topology of pointwise convergence on the dual of a topological vector space is
called theweak* topology

Example 5.2. For any pointed ordered cor@, the subcones”, ;,, C;,, andC’ in Ef of order

preserving sublinear, superlinear and linear functionals, respectively, are locally convex topological
cones, when endowed with the weak*upper topology (see Example 3.8).

Example 5.3. (Lower semicontinuous functiong For any topological spack, we denote by, (.X)

the set of all lower semicontinuous functiofis X — R,.. Clearly,L(X) is a subcone dﬁf hence
a locally convex topological cone with respect to the weak*upper topology.

The pointwise infimum of finitely many and the pointwise supremum of any nonempty family of
lower semicontinuous functions is lower semicontinuous. Because of the latter, there is a greates
lower semicontinuous function: X — R, below every functiory: X — R, . The functiong is
called thelower semicontinuous envelopég. It is given explicitly by:

g(x) = \/ /\g(u)zsup{TER+|E|U6Um.r<g(u)forallu€U}
UelU, uelU

wherell, is the filter of all neighbourhoods af € X.
Assigning its lower semicontinuous envelopdo every functiong € R’ yields a projection
U Ei{ — Kf, that is, an order preserving map satisfying ¥ = ¥ < id_x, the image of which is
+
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L(X). As for every projection, the corestrictioh: Kf — L(X) preserves arbitrary meets. But no-
tice that the meet of an infinite family ifi(X) is not formed pointwise; it is the lower semicontinuous
envelope of the pointwise meet. In generaldoes not preserve arbitrary joins. But we have

Lemma 5.4. The projectiony : Ri{ — Rf, assigning to each functiop: X — R, its lower semi-
continuous envelopg is linear and preserves finite suprema.

Proof. It is straightforward that - ¢ = (rg). Letg,h € Rf. As g < gandh < h, we have

g+ h < g+ h,whencej + h < (g + h). For the converse inequality, suppose that (g + i) (z).

Then there is an open neighbourhdé@f = such that < A ., (g +h)(uw) = A, (9(w) +h(u)) <

Aper 9(u) +h(z) < g(x) + h(z). As this holds for all: € C, we have(g +h) < g+ h. We now get

(g+h)y=(g+h)< (§+ h) < §+ h, where the last inequality holds for the same reason as before.
It remains to show thatf v ¢y = f V §. Itis straightforward that the left hand side is dominated

by the right hand side. For the converse inequality, considerraayX and letf(z) v g(z) > r.

Then f(x) > r or g(z) > r. In the first case (in the second case one argues in the same way),

there is a open neighbourhodd of = such thatf(u) > r for everyu € U, and this implies that

(fVg)(u) = f(u)Vg(u) >rforallu e U, whence(f Vv g)(z) > r. O

Example 5.5. (Lower semicontinuous functionalg For any cone&”’ with a topology, we denote by:

Crw the set of all lower semicontinuous sublinear functional® — R,
Ciup the set of all lower semicontinuous superlinear functiorfals’ — R,
cr=C;, N0, the setof all lower semicontinuous linear functionlsC' — R,

Under pointwise defined addition and multiplication by nonnegative scalgys, C, andC* are

sup
subcones o@f. Thus they are locally convex topological cones when endowed with the weak*upper
topology. As lower semicontinuous functionals preserve the specialisation order, the topological duals
Cr . Cr. andC* are subcones of their order theoretical analodifes, C?., andC’ (see Example

sub? ~ sup

3.8).

up

Lemma 5.6. The cones ,, C* andC* are sober for the weak*upper topology.

sub? ~ sup

Proof. The space of all lower semicontinuous functighsC — R_ is sober in the weak*upper

topology and”7,, , C%,,, andC™ are subspaces given by equations and inequations, hence by equalis-
ers, which implies that they are sober, too (see [36, Chapter 5] and [14]). O

The following lemma gives sufficient conditions for the projectibrio mapC’, C7,, andCY{,,,
onto C*, C%, andC?, , respectively. The first two claims occur implicitly in [37] for continuous

s sup!?

d-cones. Plotkin has proved them in the framework of continuous d-cones [29]:

Lemma 5.7. Let C' be a cone with a topology and let C' — R, be any function. For its lower
semicontinous envelogewe have:

(a) If g is homogeneous and if axiom TCla is satisfied, therhomogeneous, too.

(b) If g is subadditive and axiom TC2a is satisfied, tljaa subadditive, too.

12



(c) If g is superadditive and preserves the specialisation order and if axiom TC3 is satisfied, then
g is superadditive, too.

Proof. (a) Clearly,g(0) = 0 which implies thaty(sz) = sg(x) for s = 0. Fors > 0, we note that,
by (TC1a),U is an open neighborhood ofif and only if sU is an open neighborhood ef. Thus,
r < g(x) iff r < g(u) for all u in some open neighbourhoddof z iff sr < sg(u) = g(su) for all u
in some open neighbourhoddof x iff sr < g(v) for all v in some open neighbourhodd of sz iff
sr < g(sz).

(b) Suppose thay is subadditive. In order to show thatis subadditiv, too, we take any two
elementse, y € C' and we show that < g(z + y) impliesr < g(z) + g(y).

So letr < g(z + y). By the definition ofg there is an open neigbourhodd of = + y such
thatr < g(w) for all w € W. As addition is supposed to be separately continuous, there is a
neighbourhood’ of x such thatu + y € W for everyu € U. Again, for everyu € U, there
is a neighborhood/, of y such thatu + V,, € W. For everyu € U and allv € V,, we then
haver < g(u+v) < g(u) + g(v) from which we conclude in a first step that, for everye U,

r < g(u) + §(y), and in a second step thak j(z) + §(y).

(c) Taker < g(x) + g(y). Then there are < g(z) andb < g(y) such thatr < a +b. So
there are open neighbourhoddsandV of x andy, repectively, such that(u) > « for allu € U and
g(v) > bforallv € V. By hypothesis] (U + V') is open, too, hence a neighbourhood:-efy. For all
w e T(U+V)thereare. € U,v € V suchthatw > u+v, whencey(w) > g(u+v) > g(u)+g(v) >
a + b > r by the monotonicity and superadditivity gf So we get thag(z + y) > r. O

Definition 5.8. For a coneC with a topology, the coné™ of all lower semicontinuous linear func-
tionals endowed with the weak*upper topology is calledttpological duabf C', or simplythe dual
cone

Example 5.9. (Bidual) For any semitopological con€, we may form its biduat”**, that is, the
cone of all linear functionals on the dual co6® that are lower semicontinuous with respect to the
weak*upper topology orw™*. As for vector spaces, there is a canonical map> =**: C — C**
defined byz**(f) = f(x) for every f € C*. This map is linear and continuous, if we end6it*
with its weak*upper topology. This map is injective if and only if the lower semicontinuous linear
functionals separate the points @f In Theorem 9 we will see that this is guaranteed by the weak
local convexity condition convexylas in topological vector spaces.

OnC we may also consider thveeak topologyvhich is induced from the weak*topology @i,
more precisely, it is the weakest topology@rior which the lower semicontinuous linear functionals
f € C* remain lower semicontinuous. A subbasis for the open sets of this weak topology is given by:

Wer =aer {z€C| flz)>r}, felC", 0<r<+o00

Definition 5.10. We will say that the semitopological cotgis reflexive if the mapr — «*™*: C' —
C** is bijective. (We do not require this map to be a homeomorphism.)

Example 5.11.(Reflexive conesSome important instances of reflexive topological cones are known.
Firstly, the conel (X) of all lower semicontinuous functions defined on a locally compact space
with values inR ;. with the Scott topology, and its dual cone, the extended probabilistic powerdomain
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V(X) (see Tix [36]) with the upper weak*topology. Secondly, the cone of all nonnegative hyperhar-
monic functions on an open subsetRif with the Scott topology and its dual (see [30, 4]). Thirdly,
the round ideal completions of standard H-cones in the sense of [4] (see Rauch [30]).

In the classical setting, a locally convex topological vector sp@cds reflexive in the sense
of the above definition, ag always is the dual of its duak*, if the latter is endowed with the
weak-topology.

Problem. Give necessary and/or sufficient conditions for a semitopological Cdonéde reflexive.
A contribution to the problem for the case of continuous d-cones (see the next section) would also be
welcome.

6 s-Cones, d-cones and bd-cones, c-cones

In domain theory interesting classes of semitopological cones have been introduced by Kirch [22]
and Tix [38, 37]. A more accessible source is [39]. We would like to tie up that domain theoretical
approach with the present topological one. Before we enter the subject, let us recall some facts fron
domain theory (see [12]).

The basic notion is that of a Scott-continuous function: A functidrom a posetP to a poset)
is calledScott-continuoud it is order preserving and if, for every directed subgebf P which has

a least upper bound iR, the imagef (D) has a least upper bound@mandf(\/TD) = \/Tf(D).

Every poset carries some intrinsic topologies. Besides the upper, lower and interval topologies
addressed in the Preliminaries, two more topologies are of interest. OneSsdtte¢opology, the
closed sets of which are the lower sets that are closed with respect to suprema of directed subsets,
far as these suprema exist. The Scott topology is finer than the upper topology. A function betweer
posets is continuous with respect to the respective Scott topologies if and only if it is Scott-continuous
in the sense defined above. The common refinement of the Scott topology and the lower topology i
theLawson topology\ which is finer than the interval topology.

Definition 6.1. Ans-cones a cone with a partial order such that addition and scalar multiplication:
(a,b) —a+b:CxC—C, (rja)—~ra:R. xC—C

are Scott-continuous. An s-cone is callefbil-coneif its order is [bounded] directed complete, i.e.,
if each [upper bounded] directed subset has a least upper bound.

Example 6.2. For any pointed ordered con€, the cone<’;, , C? , andC" are d-cones and for any
coneC' with a topology, the cones’

wupr Cop @NAC™ are d-cones. In general, their Scott topology is
finer than the weak*upper topology.

Indeed, for families of functionals, the property of being order preserving is preserved under arbi-
trary pointwise suprema and infima, sublinearity is preserved under arbitrary pointwise suprema anc
directed pointwise infima, and superlinearity under arbitrary pointwise infima and pointwise directed
suprema, lower semicontinuity is preserved under arbitrary pointwise suprema and binary pointwise

infima.
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An s-cone need not be a topological cone with respect to the Scott-topology. The point is a subtle
one: The product of two Scott topologies need not be the Scott topology of the product; it may be
coarser (see [12, Exercise 11-4.26]). Thus, addition need not be jointly continuous. Of course it still
is continuous in each argument separately. Thus:

Proposition 6.3. Every s-cone, hence every [b]d-cone, is a semitopological cone with respect to its
Scott topology.

In the following, s-cones and [b]d-cones will always be considered as semitopological cones with
their Scott topology, if not specified otherwise.
A d-cone always has a greatest element that we denate.dpdeed, as + b always is a common

upper bound for andb, a d-cone is a directed set, !‘VOTC exists an is the greatest elementcaf

And this element satisfies+ oo = oco. Thus, a d-cone does not satisfy cancellation and cannot be
embedded in an ordered vector space. On the other hand, the positive’,cohan ordered vector
spacel/ is always an s-cone, andlif is bounded directed complete (such ordered vector spaces have
been calleanonotone completa the literature) therv, is a bd-cone yielding plenty of examples of
bd-cones. The standard embedding of an ordered cone with order cancellation into an ordered vectc
space yields the following proposition:

Proposition 6.4. A s-cone admits a Scott-continuous embedding into the positive cone of a bounded
directed complete ordered vector space if and only if it satisfies order cancellation (OC).

The annoying feature that s-cones and [b]d-cones need not be topological cones disappears, if w
restrict our attenton to the continuous case. Let us begin with some generalities which can be foun
in [12, Section I-1].

In any posetP, theway-below relation< is defined byt < y iff, for any directed subse C P
for which sup D exists, the relationy < sup D implies the existence of @ € D with x < d. The
posetP is calledcontinuousf, for every elemeny in P, the setly =4.; {x € P | + < y} is directed

andy = \/ ' 4.

Definition 6.5. A continuous s-cone an s-cone whose underlying poset is continuous. The same
applies tocontinuous [b]d-cones

The Scott topology of a continuous poset has the remarkable property that every paisita
neighbourhood base consisting of principal filt¢ts + < y. This leads to a slightly more general
class of topological spaces:

Definition 6.6. In an arbitrary Ty-spaceX we define thétopological) way-below relatioby z < y
if the principal filter T« (with respect to the specialisation order) is a neighbourhoog, @ind we say
that X is ac-spaceif every pointy € X has a neighbourhood basis of sets of the fgrm

The notion of a c-space has been studied byeErn pp. 75ff.], [8], and by Ershov [9, 10] under
the name of am-space Erné [8] has shown that c-spaces are equivalent to abstract bases in the sense
of [1].

We have seen that every continuous poset with its Scott topology is a c-space. But not every
c-space is a continuous poset with respect to its specialisation order. If we endow the reals with the

15



Alexandroff topology, i.e., all upper sets are declared open, then we obtain a c-space which is not
continuous poset for its specialisation order; indeed the intefyalsx| are Alexandroff open; thus,
r < r for the topological way-below relation but not for the order theoretical way-below.

Proposition 6.7. If in a c-space every directed subset which has a supremum in the specialisation
order converges to this supremum, then the c-space is a continuous poset with respect to its specia
isaton order and the topological way-below relation coincides with the order theoretical one.

The following lemma is due to Ershov [10, Proposition 2]:

Lemma 6.8. For a c-spaceX and arbitrary topological spaces, 7, a functionf: X xY — Zis
jointly continuous iff it is separately continuous.

As R, with the upper topology is a c-space, this lemma implies:

Corollary 6.9. (a) Separate continuity of scalar multiplication in a cone with a topology imples joint
continuity, i.e., axiom TC1 is equivalent to the conjunction of the axioms TCla and TC1b.

(b) If C'is a cone with a c-space topology, separate continuity of the addition implies joint conti-
nuity, i.e., axiom TC2a implies axiom TC2.

(c) A semitopological cone with a c-space topology is a topological cone.

Definition 6.10. A c-conewill be a semitopological cone which topologically is a c-space.

Example 6.11.Examples of c-cones are:
(a) R} with the product topology of the upper topology Bn.
(b) Continuous s-cones and, in particular, continuous [b]d-cones.

(c) For a compact Hausdorff spadg the setC', (X) of all functionsf: X — R, which are con-
tinuous with respect to the usual topologyn R, where a neighborhood basis fopa& C, (X) is
given by the sets of the forfaf € C.(X) | f(z) > g(z) —eforallz € X}, > 0.

It may be surprising that a semitopological ca@ne our sense is always compact; indeed, princi-
pal filtersTz are always compact arfd = 70. But in the Ty-setting compactness is a weak property. It
does not imply local compactness. Therefore, the following, which applies in particular to continuous
s-cones and continuous [b]d-cones, is noteworthy:

Lemma 6.12. Every c-coneC' is a locally convex and locally convex-compact topological cone,
hence, also locally compact.

Proof. Local convex-compactness is a consequence of the facts that principalifitare compact

and convex and that every point has a neighbourhood basis of principal filters in a c-space. For loca
convexity, take an arbitrary neighbourhodof an elemeny € X. By the c-space property we can

find a sequence of elements € U such that .. < z,,; < z, < ... < g < y. Then the set

V =, Tz, is contained in’, it is open by the construction of the,, and it is convex as the sets

1z, form an increasing sequence of convex sets. O

In a c-cone, the property of addition being almost open can be identified with a property of the
way-below relation:
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Definition 6.13. In a c-cone, and similarly in a continuous s-cone, the relatienis said to be
additive if:
¥ <zrandy <yimplys +y <z +y.

Lemma 6.14.1n a c-cone and similarly in a continuous s-cafigaddition is almost open (i.e., axiom
TC3 is satisfied) if and only if its way-below relation is additive.

Proof. Suppose first that the way-below relation is additive. UeandV be open sets id'. For
z € 1(U+V)there areu € U andv € V such thatu + v < z. As we are in a c-cone, there are
elements/ € U andv’ € V such that)’ < u andv’ < v. By additivity we haver’ + v < u + v,
whenceu’ + v < z. ThusT(u' + v') is a neighbourhood of contained inf (U + V') which proves
thatT(U + V') is open.

Conversely, let:* <« 2’ andy < y'. Thenz’ + ' € 7(fx + 1y). If we suppose addition to be
almost open, the séttz + 1) is open. Thus there is an elemenin it with z < 2/ +3/. As then
x + 1y < z, we conclude that + y < 2/ + v/. N

7 Minkowski functionals

Let C' be a semitopological cone. (The attentive reader will observe that, in this section, we only use
the axiom TC1la,b). The order @nis always meant to be the specialisation order. Recalltisathe
smallest element af’.

Definition 7.1. For a subset4 of C we define itdower Minkowski functionalF,: C' — R, by:
Fy(z) =gey inf{r e Ry |z € rA}.

It is understood that's(z) = +oo, if z ¢ rA forall » € R,. Conversely, for every functional
F: C € R, we consider the following subset@f

AF:def {JIEC‘F(JI)Sl}
We first notice:
AQB:>FAZFB, FSG:>AFQAG

i.e., we have order reversing maps between the set of subset§’ and the functional$’: C' — R,.
We want to characterise properties of subséts C' by properties of their lower Minkowski
functionals. Let us begin with a nonempty closed detC C. By TClb, the map: — rz is
continuous. Thus{s € R, | sz € A} is a nonempty closed subsetl®f for the upper topology, i.e.,
eithersz € Aforalls € R, or{s € R, | sz € A} = [0, 0] for somes, € R,. It follows that either
x g rAforallr € Ry, henceFy(x) = +oo,0r{r € Ry | x € rA} = [ro, +o0o[ for somer, € R,
hencer, = F4(z). So eitherr ¢ r A for all » € R,.. Using the conventiono - A = C, we have:

(0) Fi(z) =min{r e R, |z €rA} =sup{r e R, |z ¢ rA}
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and:
(1) r>Fa(z) < zerA
In passing let us note the following:

Remark 7.2. Let(r;) be any family of real numbers withf; r; > 0. For every closed subseit of C,
one hag(inf; r;) - A = (), ;A and, for every element, one hasnf,(r; - z) exists andinf; r;) - =
inf;(r; - ).

Proof. Letr = inf;r; > 0. ClearlyrA C ), r;A. For the converse inclusion, let¢ rA. By (1),
r < Fa(x). Thus, there is ansuch that-; < Fa(x), thatis,z ¢ r;A D (), r;A. Applying the above
result to the casd = |z yields the second claim. O

The following proposition is crucial:

Proposition 7.3. a) The lower Minkowski functional’y of a nonempty closed subsétof C' is ho-
mogeneous and lower semicontinuous ang {z € C' | Fu(z) < 1}.

b) For every homogeneous lower semicontinuous functibntie setd » is nonempty and closed
in C, and F is the lower Minkowski functional of .

c) The mapd — F, establishes an order anti-isomorphism between the collection of all nonempty
closed subsets @f and the set of all homogeneous lower semicontinuous functidghas — R,
the reciprocal map being’ — Ap.

Proof. a) We first show thaf, is homogeneous. Ag € r A for all » > 0, we haveF4(0) = 0. For
s > 0,we have by (1)r > Fy(sz) <= st €r1A <= 1€ A &= > Fy(r) <= r>
sFy(x), whenceFy(sz) = sFu(x).

By (1) above we havéxr € C' | Fu(z) < r} = rA. AsrAis closed by TC1a, this shows the
continuity of F4. Forr = 1, we obtain the last claim in (a).

(b) Let F' be a lower semicontinuous functional. Clearly, the4gtof all x € C with F(z) <1
is closed. IfF' is homogeneous, thefi(0) = 0 and, hencedr contains). Further,Ar is the lower
Minkowski functional of F'. Indeed,F'(z) < r <= F(iz) =1F(2) <1 <= %€ Ap <
x € rAp. Thus,F(z) = inf{r e Ry | z € rAr}, i.e. F'is the lower Minkowski functional ofi .

(c) is a direct consequence of (a) and (b). O

Turning to proper open subsdtsof C' we define theiupper Minkowski functionalV to be the
lower Minkowski functional of their complemeigt \ U which is nonempty and closed, i.e.:

(0") FU(z) =min{r e R, |z g rU} =sup{r e R, |z € 7U}
and:
(1) rzFU(:L’) — x&rU

From the previous proposition 7.3 we obtain:
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Proposition 7.4. Associating to every proper open sub8eof C its upper Minkowski functional?’
establishes an order isomorphism beween the set of all homogeneous continuous functi@nals on
and the set of all proper open subsetgobrdered by inclusion.

We now turn to linearity properties of the lower Minkowski functional.

Lemma 7.5. For a nonempty closed subsétof C', the lower Minkowski functional’s is sublinear
if and only if A is convex. It is superlinear if and only if the open complentént C'\ A is convex.

Proof. If F4 is superlinear, thetv = {z € C | F4(xz) > 1} = C'\ A is convex. Conversely, let
U = C'\ Abe convex. Forang < r < F,(xz)and any) < s < Fu(y) we haver € rU andy € sU,
whencer +y € rU + sU = (r + s)U by Lemma 3.3, a#/ is convex. Hence; + s < Fy(z + ),
whenceFy (z) + Fy(y) < Fy(z +y).

If F4 is sublinear, them = {z € C' | F(z) < 1} is convex. Conversely, let be convex. Let
r = Fu(x) ands = Fa(y). Thenz € rA, y € sA and, consequently, + y € rA+ sA = (r + s)A
by Lemma 3.3, asl is convex. Hence; + s > Fy(z + y). O

From the preceding lemma 7.5 and the propositions 7.3, 7.4 we conclude:

Proposition 7.6. (a) Assigning its lower Minkowski functional, to every nonempty closed convex
subsetA of C' induces an order anti-isomorphism between the complete lattid€$) of nonempty
closed convex subsets and the ordered «gfeof lower semicontinuous sublinear functionals@n

(b) Assigning the upper Minkowski function&l to every proper open convex subgéwf C
induces an order isomorphism between the complete latticéS) of proper open convex subsets
and the ordered con€’, of lower semicontinuous superlinear functionals@n

sup

8 A Sandwich Theorem

It is our aim now to prove a number of Hahn-Banach type theorems for semitopological cones. We
will use a sandwich theorem due to W. Roth (see [31], Theorem 2.6) for ordered cones:

Theorem 8.1. Let C be an ordered cone. Let: C — R be sublinear and;: C' — R superlinear
functionals, respectively, such that< b = g(a) < p(b). (The latter is satisfied § < p and one of
p, ¢ is order preserving.) Then there are order preserving sublinear functiohals’ — R that are
minimal among those that satisfy< A < p, and all of those minimaA are linear.

The following topological version of Roth’s Sandwich Theorem has been proved by Tix [38, 37]
for continuous d-cones (see also [39].

Sandwich Theorem 8.2.LetC' be a semitopological cone. Let C' — R be superlinear and lower
semicontinuous and let: ¢ — R, be sublinear. If < p, then there is a lower semicontinuous
linear functionalA: C' — R, suchthaty < A < p.
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Proof. We can apply Roth’s sandwich theorem 8.1 to our situation with the specialisation or@er on
As ¢ is lower semicontinuous, it preserves the specialisation order, apndag, the hypotheses of
Roth’s sandwich theorem are satisfied. Thus, there is an order preserving linear funtcsochlthat

g < A < pand such that there is no order preserving sublinear functional strictly betveseid. We
now show that\ is lower semicontinuous. Ag < A and ag; is lower semicontinuous) has indeed

a lower semicontinuous envelopewith ¢ < A < A. Lemma 5.7(a),(b) implies thak is sublinear,
too. The minimality property oA now impliesA = A, that is,A is lower semicontinuous. O

Corollary 8.3. Every lower semicontinuous superlinear functiopan a semitopological con€'is
the pointwise infimum of lower semicontinuous linear functionals; more precisely,

q(a) = min{A(a) | ¢ < A € C*} foreverya € C'.

Proof. Consider any element € C' and define a functional by p(z) = ¢(z) if x = sa for some
s € R, andp(x) = o0 else. Them is sublinear ang < p. By the Sandwich Theorem 8.2 there is a
lower semicontinuous linear functionalsuch thayy < A < p; in particular,q(a) < A(a) < p(a) =
q(a), whenceA(a) = ¢(a). O

Note. The attentive reader will notice that axiom T1b has not been used in the proof. Thus, our
results apply to more general situations than semitopological cones. In particular, in the Sandwich
Theorem one may repla@e, by R.

9 A Separation Theorem

We now turn to a geometric version of the Hahn-Banach theorem for cones. For the case of d-cones
the results in this section are due to [38, 37, 39]

Separation Theorem 9.1.In a semitopological con€’ consider a nonempty convex subgeand
an open convex subsgt If A andU are disjoint, then there exists a lower semicontinuous linear
functionalA: C' — R, such thatA(a) <1 < A(u) foralla € Aand allu € U.

Proof. By Lemma 4.10(a), the closure of is also convex, and still disjoint from the open $&t
Thus, we may supposéto be closed. In order to apply the Sandwich Theorem 8.2,betthe upper
Minkowski functional ofU andp the lower Minkowski functional ofi. As ANU = (), we havey < p.

By Lemma 7.5 is superlinearp is sublinear and both are lower semicontinuous. Now, we apply
the Sandwich Theorem 8.2 to get a lower semicontinuous linear functbowégh ¢ < A < p. Since

a € Aimpliesp(a) < 1 and asu € U impliesq(u) > 1, we haveA(a) < p(a) < 1 < q(u) < A(u)
foralla € Aand allu € U. O

Corollary 9.2. For every open convex sitin a semitopological coné' and every element < C' not
contained in/, there is a lower semicontinuous linear functionasuch thatA(a) < 1 butA(u) > 1
forallu e U
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The previous corollary implies that the lower semicontinuous linear functionals separate the points
of a locally convex topological cone. The result holds for the more general class of coneexds
which are characterised by the property that, for any two elemeatsdb with a # b, there is an
open convex set containirbgout nota:

Corollary 9.3. For elements:, b in a convex-§ semitopological coné’ with a # b, there is a linear
lower semicontinuous functional: C' — R, such that\(a) < A(b).

Corollary 9.4. Let C be a locally convex semitopological cone. For every nonempty closed convex
subsetA and everyb € C' not contained inA, there is a lower semicontinuous linear functional
such thatA(a) < 1 for everya € A butA(b) > 1.

Proof. As the complement ofl is a neighbourhood df, there is a convex open neighbourhddaf
b disjoint from A and we may apply the Separation Theorem 9.1 in order to find the desired lower
semicontinuous linear functional. O

Recall that the weak upper topology is defined to be the coarsest topology such that all lower semi:
continuous linear functionals afi remain lower semicontinuous. Clearly, tveak upper topology
is locally convex. The previous corollary tells us that, for a locally convex cone, the closed convex
sets are the same with respect to the original and the weak upper topology.

Corollary 9.5. Every lower semicontinuous sublinear functiopan a locally convex semitopologi-
cal cone is pointwise the supremum of lower semicontinuous linear functionals.

Proof. Let A be the closed convex set which haas its Minkowski functional. By corollary 9.4

is the intersection of closed convex sdisfor which the lower Minkowski functional,; is linear and

lower semicontinuous. From the order anti-isomorphism between the closed convex sets and lowe
semicontinuous linear functionals (see 7.6) the claim follows. O

10 A Strict Separation Theorem

We now present another Hahn-Banach type separation theorem of a geometric flavour and some «
its consequences. For continuous d-cones, this theorem is due to G.D. Plotkin (see [39]) with slightly
different proofs. We use the basic idea of his proof in a more general setting. We begin with a quite
special situation.

Lemma 10.1. Let K be a compact convex subset of the c@fﬁe Then every neighbourhood &f
contains a convex open neigbourhoodof

Proof. By a classical theorem due to Caratheodory (see e.g. [5]) each point in the convex hull of a
setV in R” is a convex combination of + 1 points of V. The same holds for the cofie. Let us
reformulate this theorem:

Let A denote the standardsimplex considered as a subspac@ﬁf”. The map

—n\n+1 --n

((7’0,7‘1,...,rn),(xo,:cl,...,xn)) — Zrixi: Ax R, —R;
=0
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is continuous. The image df x V" is the convex hull of/.

Thus A x K™ is mapped ontdk. If U is any neighborhood of<, then there is an open
neighborhood/ of K such thatA x V™" is mapped intd/. This follows from the continuity of
the map and the compactness/fand of K. Hence, the convex hull df as well as its saturation
T(conv V) are contained ifi/. As the way-below relation is additive @, the interior of the convex
set{(conv V') is convex, too, by 4.10. O

Proposition 10.2. Let C' be a locally convex semitopological cone. Suppose ias a compact
convex set and that is a nonempty closed convex set disjoint framThen there is a convex open
setU including K and disjoint fromA.

Proof. Consider an elementof K. Aswv is notin A, by Corollary 9.4 of the Separation Theorem,
there is a lower semicontinuous linear functiopaluch thaty(v) > 1 andg(y) < 1 forall yin A .
So

Uy = {x | g(z) > 1}

is an open set containing As K is compact we can cover it by a finite collectioy,, ..., Uy, of
such open sets. The mgpC' — Rf defined by:

g(x) = (91(2), -, gn(2))

is linear and continuous. So we have that) C |1, wherel is the point in@f with all coordinates
1, andg(K) is compact, convex, and disjoint froml (anyx in K is in someU,,, sog;(x) > 1, and
we have thag(z) £ 1).

Lemma 10.1 now yields an open convex Betontainingg(K') disjoint from |1 and hence from
g(A). The preimage o/ underg is an open convex subsEtof C' containingK” and disjoint from
A. O

Remark 10.3. In the preceding proposition as well as the Strict Separation Theorem the hypothesis
can be weakened in the sense that K need only be compact in the weak upper topalagyndhe

same vein, the conclusion of Proposition 10.2 can be strengthened, as the open convex neighborhoc
produced is even open in the upper weak topology.

Corollary 10.4. In a locally convex semitopological cone, every compact convex saturated set is the
intersection of its open convex neighborhoods.

Strict Separation Theorem 10.5.Let C' be a locally convex semitopological cone. Suppose khat
is a compact convex set and thais a nonempty closed convex set disjoint framThen there is a
lower semicontinuous linear functiongland anr such thatf(b) > r > 1 > f(a) for all b in K and
all ain A.

Proof. By Proposition 10.2 there is an open convex neighborhdaxf K disjoint from A. By the
Separation Theorem 9.1, we find a lower semicontinuous linear functfosiath thatf(a) < 1 for
alla € Aandf(u) > 1forallu € U, whencef(b) > 1 forall b € K. Every lower semicontinuous
functional has a minumum value on the compact/setThus, there is an > 1 such thatf(b) > r
forallb e K. ]
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We now have the following strong local convexity properties. The idea for the second part of the
proof is due to A. Jung:

Proposition 10.6. Let C' be a locally convex, locally convex-compact topological cone the topology
of which is sober. Then every nonempty compact convex saturated §ubssta neighbourhood
basis of compact saturated convex neighbourhoods and a neigbourhood basis of open convex neigl
bourhoods.

Proof. Let U be any convex neighborhood €. By local convex-compactness and Lemma 4.10(c),
we may find a compact convex neighbourhdodf () contained in/. By Corollary 10.4,Q is the
intersection of the convex open sets containing it. Hegcis, the intersection of its compact convex
neighbourhoods. The family of compact convex neighbourhoods of Q is filtergd; #ind K, are
two compact convex neighbourhoods@ftheir intersections; N K5 is also a convex neighborhood
of @) which, by the above, contains a compact convex neighborho@d of

Let U be any open set containirfg. The statement at the end of the previous paragraph and the
Hofmann-Mislove theorem (see [12], p. 147) imply thabhas a compact convex saturated neigbour-
hood K; contained inJ. (This proves the first claim of our Proposition.) For the same redsphas
a compact convex saturated neighbourhégdcontained inJ. By induction we obtain an increasing
sequence of compact convex saturated Betsontained inJ such that,, is in the interior ofK,, , ;.
It follows thatl” = | J,, K, is an open convex neighbourhood@fcontained inJ which establishes
the second claim. O

As a continuous d-cone satisfies the hypotheses of the previous proposition, we obtain [39, Corol-
lary 3.13]:

Corollary 10.7. Every compact saturated convex getn a continuous d-coné’ has a neighbour-
hood basis of compact saturated convex neighbourhoods and a neigbourhood basis of open conve
neighbourhoods.

In this corollary, the compact convex neighborhoods can be chosen to be of thedormF for
a finite setF'.

11 The upper or Smyth powercone

As an application of our theory of semitopological cones we present a power space construction an
its properties. It is related to the classical Vietoris hyperspace construction. In [39] this construc-
tion was carried through for continuous d-cones. There, the motivation came from the semantics of
programming languages combining probabilistic and nondeterministic choice. Our motivation for
generalising is also linked to the desire to close the gap between classical hyperspace constructior
and the domain theoretical ones.

For a topological con€’, we consider the set(C') of all nonempty compact convex saturated
subsets) C C. We endows(C) firstly with the order of reverse inclusion

PCEQ < P2Q
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Secondly we equip it with an addition, a scalar multiplication and an operatiaefined as follows:

P+Q = 1(P+Q)
roP o= T(r- P)
P@Q = Tconv(PUQ)

Thirdly, we define a topolog¥. with the following basic open sets:
Ny ={Q € 8(C)|QcU}, forUopeninC.

The sets\y do indeed form a basis of a topology 8(C'), sinceNy NNy = Nyny. Let us note also
that the operations above are well-defined. Indéed,() is compact and convex as it is the image of
the compact convex sét x () under addition which is continuous and linear as a map fforC' to

C'. The saturationi (P + Q) is compact and convex, too. Concerning scalar multiplicatiory; fer0,

we haver . @ = 70 and10 = C'is compact and convex; for> 0, r . P = rP is compact convex
and saturated, as — rx is a cone isomorphism. Finallyonv(P U Q) = Jyc, 7P + (1 — 7)Q

is the image of the compact convex et x P x @ under the continuous linear magp s, z,y) —
re+sy: R2 x C x C — C,whereA; = {(r,s) € R% | r+ s = 1}. The saturation ofonv(P U Q)

is compact and convex, too. Note that we also can wWrite @ = o, (r; P+ (1 —7) Q). As

r. P =rP exceptforr = 0, we often will write simplyr P> instead ofr . P.

Theorem 11.1.The collectior§(C) with the operationst, and. and the topology_ is a topological
cone with a continuous meet-semilattice operatigtup satisfying

Its specialization order coincides with .

Proof. We begin with the last assertion. H C ), thenP 2 @ and so every open set containify
also containg). Conversely, ifP Z @, thenP 2 Q; thus, there is an elementc @ \ P. As |z is
closed and disjoint of?, its complement is an open set containifdput not(). We have shown that
P C @ iff every open set containin§y also containg).

For the proof of the continuity of the operations we use the following lemma from general topol-
ogy (see e.g. [21, Chapter 5, Theorem 12])P]f) are compact subsets of spacesy’, respectively,
and if U’ is an open neighbourhood &f x @ in the product spac& x Y, then there are open sets
W,V in X,Y, respectively, suchthdt x Q C W x V C U'".

For the continuity of scalar multiplication &(C'), we choose & < §(C), anr € R, and an
open neigborhood of » P in C'. By the continuity of the scalar multiplication i, there is an open
neighborhood/’ of {r} x P such thatsx € U for all (s, z) € U’. Using the topological lemma just
indicated, there is an open neighborhdédof » in R, and an open neighborhoddof P in C' such
thattz € U forall s € W and allx € V.

For the continuity of addition, leP, @ € 8(C). LetNy C §(C) be basic open witl* + @ € Ny.

We haveP +. () € Ny < P+ Q C UsT(P+Q) C U<« P+ Q CUsincel is open, hence
an upper set. By the continuity of addition @ the setU’ of all (z,y) € C x Cwithx +y € U
is open and it contain® x (). So we can again apply the topological lemma above in order to find
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open neighborhoodd” andV of P and (@, respectively, such that” x V' C U’. So we get open
neighbourhoodd\y, andNy of P and@ in 8§(C), respectively, such that, for alt’ € Ny, and all
Q" € Ny, we havel” + Q" € Ny. Hence, additiont, on $(C') is continuous. The continuity of the
operation1 is proved along the same lines.

The verification of the cone axioms for the addition and the scalar multiplicatio&(6f is
straightforward. The proof of the distributivity lad; + s) . P = (r ; P) +, (s ; P) uses Lemma 3.3.

Clearly, P 1@ = T conv(P U Q) is the smallest compact convex saturated set contaifingd
. Thusr is a meet-semilattice operation for the reverse inclusion order. It remains to show that
scalar multiplication and addition distribute over. As P — r . P is an order isomorphism for
r > 0, it preserves the meet operation and we haygP 1M ¢) = r . PMr . @ as desired. For
addition we want to prove the identity +. (Q M R) = (P +, Q) N (P +, R). We do this using that
PN Q = Uy« (rP + (1 —r)Q) and the cone structure 8{C):

P (@NER) = P + Uo<r 1 (r@ * (1-7)R)

= Uogrgl (P * (r@ + (1- T>R))

= UOSTSI(TP * (I—=r)P * rQ * (1-7)R)
Uocraa (r(P 4, Q) + (1 = 7)(P + R))
= PLON(PLR)

]

Definition 11.2. For any topological con&”, the topological con&(C') of all nonempty compact
convex saturated subsets will be called tipper powerconeverC'.

We have shown that the upper powerc@ié€') over a topological coné€’ is a topological meet-
semilattice cone in the following sense:

Definition 11.3. A topological coneD will be called a meet-semilattice cone, if any two elemenks
of D have a greatest lower boundA b with respect to the specialisation order and if the following
distributivity laws hold for alle, b, c € D and allr € R, :

r(aNb)=raArb, c+ (aAb)=(c+a)A(c+b)

12 The upper powercone monacd and its algebras

We want to show now that the assignmént— S(C') extends to an endofunctor of the category
TopCone of topological cones and continuous linear maps which is in fact a monad.
We first observe that there is an obvious map

ne = (z— Tz): C — §(C)

which is easily seen to be linear and topologically an embedding. For arbitrary topological¢ones
and D and every continuous linear map C' — $(D) we want to define #fted continuous linear
r-preserving map

u': §(C) — 8(D)
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in such a way that
(K) 772* = id g(c) uon=u (uT o v)T =ul ool

Then, for every continuous linear mgp C' — D of topological cones, we obtain a continuous linear
r-preserving mag(f) = (np o f)': 8(C) — 8(D), thus extending the assignmefit— §(C) to a
functor 8§ which is a monad ovefopCone with unit - as above and multiplication. = (ids(c))T
(see e.qg. [25]).

Thus, letC' and D be topological cones and C' — §(D) a continuous linear map. For defining
u" we need a lemma:

Lemma 12.1. For every compact convex subggbf C,

u'(Q) =aer | ul@)

is compact, convex and saturated/in

Proof. As the setsu(z) € §(C) are saturated, there union is saturated, too. For the compactness
claim, suppose that'(Q) = U.cq u(x) is covered by a family of basic open s&{$U;), where the
U; are open sets iv. For everyz € @, u(x) belongs to som&(U;). As u is continuous, there is
a neigborhood/; of z, such thatu(y) € N(U;) for all y € V;. As @ is compact, it is covered by
finitely many of theV;s, say byV;,,...,V; . Then, for everyr € @, u(z) is contained in one of
N(Uy), ..., N(U;,), thatis,u’(Q) is covered by this finite subfamily of ti&(U;)s.

For the convexity claim, leg, v, € u(Q) = U.cq u(x). Theny; € u(z;) for somez; € @, for
i=1,2. For0 <p < 1,we havepy; + (1 —p)ys € pu(x;) + (1 — p)u(z2) = u(pzr; + (1 — p)xs) by
the linearity ofu. As @) is supposed to be convexy; + (1 — p)zs € Q, whencepy; + (1 — p)ys €
ut(Q). O

Thus, we may define
u': §(C) — 8(D)

by
ul(Q) = | Ju(x) forall @Qes8(C)

Tz€EQ

Proposition 12.2. The lifted mapu' is continuous, linear andi-preserving, and the lifting. — '
satisfies the propertig¥).

Proof. ' is continuous: We take a basic open 3&t of §(D), whereV is an open set irD. As
u is continuous, the preimagé = u~'(Ny) is open inC. We show that the basic open S§¢
is the preimage oy under the map.'. Indeed, suppose that(Q) € Ny, which is the same as
u'(Q) C V. By definition this is equivalent to saying that, for ale Q, u(z) C V, i.e.,u(z) € Ny,
or elser € u=!(Ny) = U. As this holds for alle € Q, we haveQ C U, i.e.,Q € Ny.

u' is linear: Firstly,u'(rQ) = Usequlrz) = U,eqru(@) = 1 - U,cqulx) = 1 - u'(Q), and
secondlyu’(P + Q) = u'(1(P + Q)) = Uscrpro) (@) = Usepro (@) = Uyeprequly + 2) =
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Uyepzcqu(®) +u(z) = Uyepu(y) +U.eq u(z) = ul(P) + ul(Q).
u' preserves!: Indeedu! (PN Q) = u' (Uyc,<; (0P + (1-p)Q)) = Upcpey u! (0P +, (1 —p)Q) =
U0§p§1 puT(P) * (1 —p)uT(Q) = UT(P) M UT(Q)

Let us verify the properties (K): Firstiyl.(Q) = U, co nc (@) = U,eq 12 = Q. i.6.,05(Q) = ids(o).
Secondlyu! (¢ (x)) = U, e, u(y) = u(z), i.e.,uf one = u. Finally, (uf ov)t = ' 00T, as for every
@ we have

d01Q) = Ulu) [y er'@} = Ululy) |y € Upequ(a))
= U,eoUlu) [y € v@)} = Upequl(v())
= (@ ou)(Q)

]

Remark 12.3. According to the general scheme, for a continuous linear fna@ — D, the map
S(f): 8(C) — 8(D) is explicitly given by

S(AHQ) = 1f(x) =T£(Q)

TEQ

and the monad multiplicatiop: 88(C) — 8(C') by

ne(Q) = (P Peg

whereQ is a compact convex saturated subse88&fC'), that is, a collectior2 of compact convex
saturated subsef3 of C' which itself is compact, convex, and saturate@(0).

Let us turn to local convexity properties of the upper powercone.

Proposition 12.4. Let C' be a locally convex topological cone. Then the upper power§gag is
convex-§ .

Proof. In a locally convex topological con€, every compact convex saturated &eis the intersec-
tion of its open convex neighborhoods by Corollary 10.4. Thu$, i§ a compact convex saturated
set not contained ify, there is an open convex détcontaining?, but notP. In §(C'), the basic open
setNy is conve, it containg) as an element, but naét. O

Lemma 12.5. The upper powercon& C') over a sober topological con€ is a d-cone with respect
to the orderC of reverse inclusion. Its Scott topology is finer than the topology

Proof. In a sober space, the intersection of any down-directed family of nonempty compact saturatec
sets(); is again nonempty compact by the Hofmann-Mislove Theorem [12, 1I-1.22] and (of course)
saturated. If all the); are convex, the same holds for their intersection. TIS(¢§)) is directed
complete with |, Q; =, Q; for everyC-directed family in§(C').
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Let us show now that the basic open sKisare Scott-open. Indeed, (i, ); € Ny for a down-
directed family in§(C'), then(), @; € U which implies that), C U for somei, as every sober space
is well-filtered (see [12, 1I-1.21]).

The Scott continuity of scalar multiplication, addition and the operétion §(C') follows from
the continuity of these operations for the topoldgynd from the fact that every-directed family
(Qi); converges tg |, Q; = [, Q; for the topology® by the Hofmann-Mislove theorem. O

For the following results we need the full strenth of our Separation Theorems:

Theorem 12.6.Let C' be a locally convex, locally convex-compact topological cone the topology of
which is sober. Then the upper powerc@{é€’) is a continuousi-semilattice d-cone with respect to
the reverse inclusion ordér . For P and(@ in 8(C'), one hasP < @ iff P contains( in its interior.

The Scott topology coincides with the powercone topology

Proof. In Lemma 12.5 we have seen tlC) is a d-cone with respect td— because of soberness.

If we suppose that’ is locally convex and locally convex-compact then Proposition 10.6 tells us
that, for every open séf containing & € S(C'), there is a compact convex saturatediRe&t U with
the property that) is contained in the interior aP. Thus, in the spac&(C), @ has a neighborhood
basis of sets of the formg,P. This shows thats(C), ) is a c-space. But every c-space which
is directed complete with respect to the specialisation order is a continuous domain; its topology
coincides with the Scott topology and the topological way-below relation coincides with the order
theoretic one (see [9, Theorem 4]). Th#s,< Q iff TP is a neigbourhood of), i.e., iff ) is
contained in the interior aP. O

As every continuous d-cone is locally convex and loccally convex-compact, the theorem yields:

Corollary 12.7. For every locally convex, locally convex-compact sober topological ¢€onthe
upper powercong&(C) is locally convex and locally convex-compact.

It is an open problem to characterise the algebras of the upper powercone $noverthe cate-
gory TopCone of topological cones and continuous linear maps. We can give an answer to the problem
by restricting to the full subcategotyCCone of locally convex, locally convex-compact sober topo-
logical cones. The previous theorem and its corollary show&hestricts to an endofunctor, hence a
monad, or.CCone. By the following universal property the algebras of the mofager the category
LCCone are identified to be the continuoussemilattice d-cones:

Theorem 12.8.Let C' be a locally convex, locally convex-compact sober topological cone. Further,
let D be any continuoug\-semilattice d-cone. Then, for every continuous linear mag' — D
there is a unique continuous linear map: §(C') — D preserving binary meets such that= u' on;

the mapu is defined by."(Q) = A, u(x) for everyQ € 8(C).

c— "1 . 8(0)
ul

D
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Proof. We use the following Lemma [39, 4.21]: In a continuousemilattice every compact subset
has a meet, and a Scott-continuous map of continuesemilattices preserving binary meets also
preserves meets of compact sets.

By the lemma, each compact subsetfbhas a meet. Thus, a mapis well-defined byu'(Q) =
Nacq u(z) for every@Q € 8(C). Moreover,ul(no(z)) = ul(tz) = A e u(y) = u(x), whence
u = ulon. Let us show that' is continuous. Indeed, 16 € $(C) andy = u'(Q). For every: < v,
the setfz is an open neighborhood gf By the continuity ofu, its inverse imagé/ = u~'(}z) is
open and contain®. ThusNy is a neighborhood of) in §(C). And for everyP € Ny we have
P C U, whenceu(P) C 1z which impliesu’ (P) = A\, p u(z) > =.

By definition, the maps — a + z andx — rz from D into itself preserve binary meets. From
the Lemma just cited we conclude that these maps preserve meets of compact sets. This implie
the linearity of the map’. This map also preserves binary meets. Indeed?|ét € §(C). Then
PNQ = 1 conv(PUQ). Thusu' (PMQ) = A u(T conv(PUQ)) = A\ u(conv(PUQ)) = A\ u(PUQ),
where the last equality holds because upper sets of points are convex.

It only remains to justify the uniquenesswt So, letv: §(C) — D be any Scott-continuous map
preserving finite meets such that - = u. Forz € C we then have(1z) = v(ne(x)) = u(x).
Take anyQ) € 8(C). Thenthe se@ = {7z | z € @} is a compact subset 8{C) andQ =[], .

By the lemma cited above; preserved infima of compact sets. Hend€)) = v([1,c, 17) =

Naeq v(17) = Npeg ulz) = ul(Q). 0

Our category CCone contains the category of continuous d-cones. Thus, we have generalised
the results in [39, Section 4.2] from the category of continuous d-cones to the catégame. The
algebras of the monagiturn out to be same in both cases. The generalisation is relevant as we catch
an important case not covered by [39]:

Recall that a topological spacestably locally compacif it is localy compact and sober and if
the intersection of any two compact saturated subsets is sober. For such aXspheeextended
probabilistic powerdomaiff(X') of continuous valuations with the weak*upper topology is a locally
convex, locally convex-compact, stably compact cone (see [2]). In particular, thé&’¢anebelongs
to our category CCone. ButV(X) is not a continuous d-cone, ¥ is not a continuous domain.

Let us note that, for a locally convex, locally convex-compact stably compact dé¢aihe upper
cone§(C) is a lattice, hence a continuous lattice d-cone by 12.6. This applies in particular to the the
extended probabilistic powerdomaiti.X ) over a stably locally compact space.

Combining the mona® with the monadS, we obtain a monadV over the category of stably
locally compact spaces. This combined monad can serve for a semantics of languages combinin
probability and nondeterminism over stably compact state spaces (compare [26, 39]). One would like
to characterise the algebras of the combined mdiadver the category of stably locally compact
spaces. By our results in this section we have solved this problem modulo a characterisation ol
the algebras of the monad over stably locally compact spaces which is still an open problem. A
solution of this latter problem would include two nontrivial results: firstly, the characterisation of the
algebras of the monad of probability measures on compact Hausdorff spaces as compact convex se
in locally convex topological vector spaces (see [35]); secondly the characterisation of the algebras o
the extended probabilistic powerdomain mofadver stably compact continuous domains as stably
compact continuous d-cones (see [39]).
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