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Abstract

Already in his PhD Thesis on compact Abelian semigropups under the direction of Karl Hein-
rich Hofmann the author was lead to investigate locally compact cones [18]. This happened in
the setting of Hausdorff topologies. The theme of topological cones has been reappearing in the
author’s work in a non-Hausdorff setting motivated by the needs of mathematical models for a
denotational semantics of languages combining probabilistic and nondeterministic choice. This
is in the line of common work with Karl Heinrich Hofmann inContinuous Lattices and Domains
[12].

Domain Theory is based on order theoretical notions from which intrinsic non-Hausdorff
topologies are derived. Along these lines, domain theoretical variants of (sub-) probability mea-
sures have been introduced by Jones and Plotkin [15, 16]. Kirch [22] and Tix [36] have extended
this theory to a domain theoretical version of measures and they have introduced and studied
directed complete partially ordered cones as appropriate structures. Driven by the needs of a se-
mantics for languages combining probabilty and nondeterminism, Tix [38, 37] and later on Plotkin
and the author [39] developed basic functional analytic tools for these structures.

In this paper we extend this theory to topological cones the topologies of which are strongly
non-Hausdorff. We carefully introduce these structures and their elementary properties. We prove
Hahn-Banach type separation theorems under appropriate local convexitiy hypotheses. We finally
construct a monad assigning to every topological coneC another topological coneS(C) the el-
ements of which are nonempty compact convex subsets ofC. For proving that this construction
has good properties needed for the application in semantics we use the functional analytic tools
developed before.

∗Thanks to Gordon Plotkin for numerous discussions. Preliminary results have been announced at MFPS XXIII [20].
In his Master’s thesis supervised by the author, B. Cohen [6] has worked out some of those results.
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1 Introduction

Cones, more preciselyconvex cones, frequently occur in functional analysis, often as positive cones
of ordered vector spaces (see for example [24, Luxemburg and Zaanen:Riesz Spaces]) or of locally
convex ordered topological vector spaces (see for example [33, H.H. Schaefer:Topological vector
spaces]). In the first case the interplay between the order and the convex structure is in the center
of interest, in the second case a topology is added and one obtains a richer structure. Not only
positive cones are of interest, but also ordered cones as independent objects, still embeddable in
vector spaces, but not as positive cones. A class of lattice-ordered cones is investigated in detail in the
book by Boboc, Bucur and Cornea entitledOrder and Convexity in Potential Theory: H-cones[4].
Also largely motivated by potential theory, topological cones that are embeddable in locally convex
topological vector spaces have been studied by G. Choquet and his school. An excellent recent source
is the book by R. Becker entitledCônes Convexes en Analyse[3]. On these cones a convex structure,
an order and a Hausdorff topology are interacting.

A cone is asymmetric in the sense that it need not contain the negatives−a of its elementsa.
We are going to make the topology asymmetric, too, in the sense that we throw away the Hausdorff
separation axiom T2 and only keep the axiom T0 which asserts that for any two distinct points there
is an open set containing one and only one of these points. This may seem too weak as an axiom. We
claim that we also gain something. Indeed, every T0-topology encodes an order, thespecialisation
order: x ≤ y iff x is in the closure of the singletony. And quite often it also encodes a Hausdorff
topology. Let us illustrate this by an example: In the Banach spaceC(X) of all real valued continuous
functions on a compact Hausdorff space with the supremum norm, consider the collectionU of all
open upper setsU . Being anupperset means that, with everyg ∈ U , the setU contains allf ≥ g.
It is readily seen thatU is a topology which is T0, but far from being Hausdorff. It is asymmetric in
the sense that the negative−U of an open upper set is never a member ofU. The specialisation order
with respect to this topologyU is just the usual pointwise ordering, and we can recover the original
norm topology by symmetrisation. Thus the asymmetric topologyU encodes the order as well as the
original topology.

Thus we are going to consider cones with a T0-topology such that addition and multiplication
with nonnegative scalars are continuous. Our topological cones will be ordered cones with respect to
their specialisation order. As we use the asymmetric topology of open upper sets on the nonnegative
reals, our topological cones will have 0 as their smallest element. As we do not require the cancel-
lation axiom for addition, our cones are not always embeddable in vector spaces. This allows us to
includeinfiniteelements in our cones, and we can consider cones of nonnegative extended real valued
functions (admitting the value+∞).

In [19], a different notion of a locally convex cone has been introduced and studied in detail.
There, the uniform structure of a locally convex vector space has been axiomatised in an asymmetric
way. Within that framework one can treat spaces of compact convex subsets and spaces of set-valued
functions and derive, for example, Korovkin type approximation theorems which include the classical
as well as the case of set-valued functions. The common feature of the two approaches is the essential
use of T0-topologies that encode an order structure via the specialisation order.

In this paper we begin a detailed investigation of topological cones in our asymmetric sense. It is
surprising that for most of our results addition need not be jointly but only separately continuous in
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each of its two arguments. We deduce Hahn-Banach type separation theorems and the existence of
continuous linear functionals under the appropriate local convexity assumptions.

In analogy to the Vietoris hyperspace we construct a powercone by considering the collection
S(C) of all nonempty compact convex upper sets in a topological coneC. Under an appropriate
topology,S(C) is again a topological cone with a continuous meet operation. This construction is
free in the sense thatS is a monad over the category of topological cones and continuous linear maps.
But the algebras of this monads are not known, so that it is not clear in general whatS(C) is free for.
By restricting to an appropriate subcategory, we can characterize the algebras of the monad, and for
this we need the full power of our Hahn-Banach separation theorems.

This last example allows finally to explain the motivation behind all of this work: denotational
semantics, more precisely, domain theoretical models for languages combining probabilistic and non-
deterministic features (see [39]). A programP of such a language is interpreted as a map assigning
to every elementx of a state spaceX a certain set of subprobability distributions onX. In [39], the
state spaces were supposed to be dcpo’s (= directed complete partially ordered sets). Dcpo’s carry an
intrinsic topology, the Scott topology. The extended probability distributions form a dcpo coneV(X),
and the appropriate sets of subprobability distributions are the nonempty compact convex saturated
subsets, and they form again a coneSV(X). In order to be able to interpret composition of programs
the constructionSV must be a free one in the sense that it constitutes a monad. Monads have algebras;
but over dcpo’s in general, the algebras of the monadSV are not known. They are only known if one
restricts to continuous dcpo’s as state spaces.

There is another relevant class of state spaces not covered by [39], the locally stably compact
spacesX, that is, locally compact sober T0-spaces in which the intersection of any two compact
saturated sets is compact. In this case, the extended probabilistic powerdomainV(X) is a stably
compact topological cone (see [17, 2]), but not a continuous dcpo. The algebras of the monadV

are not well-understood yet. The last section of this paper is devoted to the second step, namely
the construction of the powerconeS(C) of nonempty compact convex saturated subsets of a stably
compact topological cone with appropriate local convexity properties. For this monad we are able to
characterize the algebras.

Our developments are quite analoguous to those for dcpo cones obtained by R. Tix [37, 38] and
later by G.D. Plotkin and the author [39]. We take great care to observe which axioms are needed for
our results. In particular, for most results we only need to require the separate continuity of addition.
Thus the dcpo cones of Tix are contained as a special case in our developments; indeed, in these cones
addition is only separately and not jointly continuous with respect to the Scott topology, in general.

2 Preliminaries

For subsetsA of a partially ordered setP we use the following notations:

↓A =def {x ∈ P | x ≤ a for somea ∈ A}, ↑A =def {x ∈ P | x ≥ a for somea ∈ A}

and we say thatA is a lower or upperset, if↓A = A or ↑A = A, respectively. Upper sets will also be
calledsaturatedand↑A will be called thesaturationof A. For an elementa ∈ P , we have the special
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cases:
↓a = {x ∈ P | x ≤ a}, ↑a = {x ∈ P | x ≥ a}

For least upper and greatest lower bounds, we use the usual notations∨,
∨

, ∧,
∧

. When we write
x =

∨↑
xi then we mean that(xi)i is a directed family and thatx is its least upper bound.

Topological spaces will always be supposed to be T0-spaces. Every partially ordered setP can be
endowed with two simple T0-topologies, theupper topologyν a subbasis for the closed sets of which
is given by the sets↓x, x ∈ P , and dually with thelower topologyω, a subbasis for the closed sets of
which is given by the sets↑x, x ∈ P . The common refinement of the upper and the lower topology is
the interval topologydenoted byλ.

We denote byR the reals with the usual linear order, addition and multiplication, and byR+ the
subset of nonnegative realsr ≥ 0. The lettersr, s, t, . . . will always denote nonnegative reals. Further

R = R ∪ {+∞}, R+ = R+ ∪ {+∞}

denote the reals and nonnegative reals extended by+∞ (but not−∞). Addition, multiplication and
the order are extended to+∞ in the usual way. In particular,+∞ becomes the greatest element and
we put0 · (+∞) = 0. OnR and its subsets, the upper topology has as open subsets simply the open
upper intervals]r, +∞] = {x | x > r} and the lower topology has as open subsets simply the open
lower intervals{x | x < r}. The interval topology is the usual topology.

For topological spacesX, Y, Z a functionf : X×Y → Z will be said to beseparately continuous
if, for each fixedx ∈ X, the functiony 7→ f(x, y) : Y → Z is continuous and similarly for each fixed
y ∈ Y . We say thatf is jointly continuousif it is continuous for the product topology onX × Y . We
will use the following topological lemma (see [39, Lemma 1.2]):

Lemma 2.1. Letf : X × Y → Z be a separately continuous map of topological spaces. Then:

f(A×B) = f(A×B) = f(A×B) = f(A×B)

for subsetsA ⊆ X andB ⊆ Y , whereA denotes the closure ofA.

We refer to [12] for detailed background information on the order theoretical and topological
notions used in this paper.

3 Cones and ordered cones

We want to consider structures that are close to vector spaces but less symmetric in the sense that
elements do not have additive inverses. Accordingly, scalar multiplication is restricted to nonnegative
real numbers.

Definition 3.1. A coneis defined to be a commutative monoidC together with a scalar multiplication
by nonnegative real numbers satisfying the same axioms as for vector spaces; that is,C is endowed
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with an addition(x, y) 7→ x+y : C×C → C which is associative, commutative and admits a neutral
element0, i.e., for allx, y, z ∈ C it satisfies:

x + (y + z) = (x + y) + z
x + y = y + x
x + 0 = x

and with a scalar multiplication(r, x) 7→ r · x : R+ × C → C satisfying for allx, y ∈ C and all
r, s ∈ R+:

r · (x + y) = r · x + r · y
(r + s) · x = r · x + s · x

(rs) · x = r · (s · x)
1 · x = x
0 · x = 0

Anordered coneis a coneC endowed with a partial order≤ such that addition and multiplication by
fixed scalarsr ∈ R+ are order preserving, that is, for allx, y, z ∈ C and all r ∈ R+:

x ≤ y =⇒ x + z ≤ y + z andr · x ≤ r · y

For a cone, scalar multiplication need only be defined for strictly positive reals and the above
properties have to be satisfied forr, s > 0 only. Then one may extend scalar multiplication tor = 0
by defining0 · x = 0 and the axioms are satisfied for all nonnegative reals.

Every real vector space is a cone, and every ordered vector space is an ordered cone. Cones may
occur as subsets of real vector spaces: such subsetsC are cones if0 ∈ C, if a, b ∈ C ⇒ a + b ∈ C
and ifa ∈ C, r ∈ R+ ⇒ ra ∈ C.

Every direct product of (ordered) cones with pointwise addition and scalar multiplication (and
order) is again a(n ordered) cone. But unlike for vector spaces, addition in cones need not satisfy
the cancellation property, and cones need not be embeddable in vector spaces. For exampleR =
R ∪ {+∞} andR+ = R+ ∪ {+∞} are ordered cones that are not embeddable in vector spaces. The

same holds forRn
andRn

+ and for infinite powersR I
andR I

+.
A coneC is embeddable in a real vector space if and only if it satisfies cancellation:

(C) x + y = x + z =⇒ y = z

and an ordered cone is embeddable in an ordered vector space if and only if it satisfies order cancel-
lation:

(OC) x + y ≤ x + z =⇒ y ≤ z

The embeddings are achieved by the standard method of formal differencesa−b with a, b ∈ C where
a− b = a′ − b′ iff a + b′ = a′ + b anda− b ≤ a′ − b′ iff a + b′ ≤ a′ + b, respectively, in the ordered
case.

As in real vector spaces, there is a notion of convexity in cones. Because of the possible existence
of infiniteelements in cones, convex sets may look unusual.
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Definition 3.2. A subsetA of a coneC is convexif, for all a, b ∈ A, the convex combinationra +
(1− r)b belongs toA for every real numberr with 0 ≤ r ≤ 1.

This notion of convexity should not be mixed up with the notion of order-convexity: A subsetA
of an ordered set isorder-convexif, for all a, b ∈ A and allc ∈ C, the relationa ≤ c ≤ b implies
c ∈ A.

We will frequently use the simple observation that, in an ordered coneC, for every convex subset
A, the lower set↓A and the upper set or saturation↑A are also convex.

For nonempty subsetsA andB of a cone we may define the sum and multiplication by scalars
r ≥ 0 in the straightforward manner by

A + B = {a + b | a ∈ A, b ∈ B} , r · A = {ra | a ∈ A} .

All the cone axioms are satisfied except for one of the distributivity laws:rA + sA need not be equal
to (r + s)A. This can be seen by takingA = {0, 1} ⊆ R+ andr = s = 1. For this reason we restrict
ourselves to convex sets:

Lemma 3.3. For a nonempty convex setA of a cone we have(r + s)A = rA + sA for all r, s ∈ R+.

Proof. One always has(r + s)A ⊆ rA + sA; for the converse inclusion, letx ∈ rA + sA, that is,
x = ra + sb for somea, b ∈ A; thenx = (r + s) · ( r

r+s
a + s

r+s
b) ∈ (r + s)A by the convexity ofA

(this proof only works forr + s > 0, but the caser = s = 0 is straightforward).

As a consequence we have:

Example 3.4. Ordered by inclusion, the nonempty convex subsets of a cone form an ordered cone;
the singletons are the minimal elements.

Lemma 3.5. For an elementa in an ordered coneC, one hasa ≥ 0 if and only if, forr, s ∈ R+:

(m) r ≤ s ⇒ r · a ≤ s · a

i.e., if and only ifr 7→ r · a : R+ → C is order preserving.

Proof. If a ≥ 0 andr ≤ s, thens − r ≥ 0, whence(s − r) · a ≥ (s − r) · 0 = 0. It follows that
s · a = r · a + (s− r) · a ≥ ra. Conversely, if (m) holds, then0 = 0 · a ≤ 1 · a = a, as0 < 1.

Definition 3.6. An ordered coneC with the property thata ≥ 0 for all a ∈ C will be called apointed
ordered cone.

In pointed ordered cones, scalar multiplication(r, x) 7→ rx : R+×C → C is also order preserving
in the first argument by the preceding lemma. The cone of all nonempty convex subsets of a cone
ordered by inclusion is not pointed, because none of the non-zero singletons is above 0. ButR+, R+

and arbitrary powersR I

+ are pointed.

6



Definition 3.7. LetC andD be cones. A functionf : C → D is calledlinear, if it is homogeneous:

f(r · a) = r · f(a) for all a ∈ C and all r ∈ R+

and additive:
f(a + b) = f(a) + f(b) for all a, b ∈ C .

If D is an ordered cone,f is calledsuperadditiveif

f(a + b) ≥ f(a) + f(b) for all a, b ∈ C .

andsubadditiveif
f(a + b) ≤ f(a) + f(b) for all a, b ∈ C .

We say thatf is sublinear(resp.superlinear), if f is homogeneous and subadditive (resp. superaddi-
tive).

Maps from a setX or from a coneC into R are calledfunctionals. Note that functionals are
allowed to have the value+∞ (but not−∞). It is clear now what we mean by sublinear, superlinear
and linear functionals.

A homogeneous function always maps0 to 0. For pointed ordered conesC, this implies that order
preserving homogeneous functionals have nonnegative values, i.e., they mapC into R+.

Example 3.8. (Order preserving functionals) For a pointed ordered coneC, we denote by:

C ′
sub the set of all order preserving sublinear functionalsf : C → R+

C ′
sup the set of all order preserving superlinear functionalsf : C → R+

C ′ = C ′
sub ∩ C ′

sup the set of all order preserving linear functionalsf : C → R+

Under pointwise defined addition and multiplication by nonnegative scalars and pointwise order, the
three sets just defined are pointed ordered cones, subcones of the product coneRC

+. The constant zero
functional is the smallest element and the functional having the value+∞ everywhere except at 0 is
the greatest element. The pointed ordered coneC ′ is called theorder dualof C.

4 (Semi-) Topological cones

Recall that a real topological vector space is a vector space over the reals endowed with a Hausdorff
topology in such a way that addition and scalar multiplication are jointly continuous. The scalars
are endowed with the usual topology. For cones we continue our programme by usingasymmetric
topologies. On the extended realsR and on its subsetsR+ andR+ we use theupper topologyν the
only open sets for which are the open intervals]r, +∞] = {s | s > r}. This upper topology isT0, but
far from being Hausdorff.

Convention 4.1. If not specified otherwise, in the sequel we will use the upper topology on the ex-
tended realsR and its subsetsR+ andR+.
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For any topological spaceX, there are less functionsf : R → X which are continuous with
respect to the upper topology onR than those which are continuous with respect to the usual topology.
This fact will have striking consequences for topological cones in our sense. On the other hand, there
are more functionsf : X → R which are continuous with respect to the upper topologyν on R than
those which are continuous with respect to the usual topologyλ. In agreement with classical analysis
we shall adopt the terminologylower semicontinuous(l.s.c., for short) for those functionsf : X → R
which are continuous with respect to the upper topology.1

Any T0-spaceX comes with an intrinsic order, thespecialisation orderwhich is defined byx ≤
y if the elementx is contained in the closure of the singleton{y} or, equivalently, if every open
set containingx also containsy. In this paper, an order on a topological space will always be the
specialisation order. Open sets are upper (= saturated) sets and closed sets are lower sets with respect
to the specialisation order. The saturation↑A of a subsetA can also be characterised to be the
intersection of the open sets containingA. In Hausdorff spaces, the specialisation order is trivial. But
onR with the upper topology, the specialisation order is just the usual linear order. Continuous maps
between topological spaces preserve the respective specialisation orders. For more details, see e.g.
[12], Section 0-5.

Definition 4.2. A semitopological coneis cone with a T0-topology such that addition and scalar
multiplication are separately continuous, that is:

TC1a a 7→ ra : C → C is continuous for every fixedr > 0

TC1b r 7→ ra : R+ → C is continuous for every fixeda ∈ C

TC2a b 7→ a + b : C → C is continuous for every fixeda ∈ C

As for topological vector spaces, TC1a implies that multiplicationx 7→ rx : C → C with a fixed
scalarr > 0 is linear and a homeomorphism, multiplication byr−1 giving the reciprocal map. Thus
rU is open for every open setU , andrA is closed for every closed setA.

As we use the upper topology onR+, axiom TC1b has the dramatic consequence that the topology
on C cannot satisfy the Hausdorff separation property: As continuous maps preserve the respective
specialisation orders, TC1b implies firstly that, for everya ∈ C, the mapr 7→ ra : R+ → C is order
preserving, that is, the rays in the cone are nontrivially ordered (except for the singleton ray{0}), and
secondly that the cone is pointed, as0 = 0 · a ≤ 1 · a = a. In particular, the specialisation order onC
is nontrivial and the topology is not Hausdorff. As continuous maps preserve the specialisation order,
we conclude thatevery semitopological cone is a pointed ordered cone.

Definition 4.3. A topological coneis a coneC endowed with aT0-topology such that addition and
scalar multiplication are jointly continuous, i.e.:

TC1 Scalar multiplication(r, a) 7→ ra : R+ × C → C is jointly continuous

TC2 Addition(a, b) 7→ a + b : C × C → C is jointly continuous

1It is somewhat unfortunate that those functions are calledlower semicontinuous which are continuous with respect to
theuppertopology. But we do not want to deviate from the terminology in classical analysis and the one adopted in [12].
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A topological vector space satisfies TC1a and TC2, but not TC1b, as we use the upper topology
on R. Thus, a topological vector space is not a (semi-)topological cone in our sense. At the other
hand:

Example 4.4. (Topological cones from topological vector spaces) Let V be an ordered topological
vector space with a closed positive coneV+ and letC be a subcone ofV+. The open upper subsets of
C form a topology, andC is a topological cone in our sense with respect to this topology. One may
ask the question to characterise those topological cones that arise from cones in topological vector
spaces in this way.

There are (semi-)topological cones that are far from being embeddable in vector spaces:

Example 4.5. (Join-semilattices as cones) Every∨-semilatticeS with a smallest element0 may be
considered to be a pointed ordered cone: if we define multiplication with nonnegative reals onS by:

re = e for all r > 0, re = 0 for r = 0

then the axioms for a pointed ordered cone are satisfied (with the join operation∨ as addition). Convex
sets inS look quite particular; these are just the∨-subsemilattices ofS. it follows that all upper sets
are convex. Homogeneous mapsf : S → R+ admit only the values0 and+∞. Thus linear, sublinear
and superlinear functionals onS are maps into{0, +∞}. The linear maps between two∨-semilattices
with 0 are the semilattice homomorphisms preserving0; order preserving sublinear maps are linear.
All order preserving maps are superlinear.

Let us consider now a (semi-)topological∨-semilatticeS with a smallest element0 such that
all open sets are upper sets. (Note that a (semi-)topological semilattice remains a (semi-)topological
semilattice if we replace its topology by the topology of its open upper sets.) The scalar multiplication
defined as above is continuous, and we may considerS to be a (semi-)topological cone. All open
sets are convex. In particular, as a cone,S is locally convex (see 4.8 below). But the Separation
and the Strict Separation Theorems (see 9.1, 10.5 below) are trivial in this case. Indeed, mapping
a closed subsemilattice to0 and its complement to+∞ is a lower semicontinuous∨-semilattice
homomorphism separatingA strictly from its complement.

In a topological vector space, addition considered as a map(a, b) 7→ a + b : C × C → C is an
open map. This is no longer true in topological cones. Occasionally, we will need a slight weakening
of the openness of addition:

Definition 4.6. We say that the addition isalmost openin C if the following axiom is satisfied:

TC3 ↑(U + V ) is open for all open setsU, V ⊆ C,

As for topological vector spaces, we have a notion of local convexity. Actually, the notion of
local convexity splits into several notions of various strength. The first notion is a kind of convex
modification of the axiom T0:

Definition 4.7. A coneC with a topology is calledconvex-T0 if, for any two distinct points, there is
an open convex set containing one of these points but not the other.
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The second notion is close to the classical one:

Definition 4.8. A coneC with a topology is calledlocally convex, if each point has a neighbourhood
basis of open convex neighbourhoods.

For cones, there is another notion of local convexity which does not make sense in topological
vector spaces as it implies local compactness:

Definition 4.9. A cone with a topology is calledlocally convex-compactif each of its points has a
neigbourhood basis of compact convex sets.

Clearly, locally convex-compactimplies locally compact. but not locally convex, in general. A
sufficient condition for the latter implication to hold is axiom TC3 which implies that the interior of a
convex saturated set is open (see 4.10(b) below).

As in vector spaces, theconvex hullconv A of a subsetA of a cone, i.e., the smallest convex set
containingA, is the set of all finite convex combinations

∑
riai of elementsai of A with ri ≥ 0 and∑

ri = 1.

Lemma 4.10.LetC be a cone endowed with a topology.
(a) If the axioms TC1a and TC2a are satisfied, the closure of a convex set is convex. Hence,

the closure of the convex hullconv A of an arbitrary subsetA is the smallest closed convex subset
containingA.

(b) If the axioms TC1a and TC3 are satisfied, the interior of every convex saturated set is convex.
If in addition the topology is locally convex, the saturation of the convex hull↑(conv U) of any open
setU is open; thus,↑(conv U) is the smallest open convex set containingU .

(c) If C is a topological cone, the convex hullconv
( ⋃n

i=1 Ki

)
of finitely many compact convex

setsKi (i = 1, . . . , n) and its saturation are compact. In particular, the convex hull of any finite
subset and the saturation thereof are compact.

Proof. (a) Take a convex setA. By TC1a and TC2a, the map(a, b) 7→ ra + (1 − r)b is separately
continuous for0 < r < 1. By Lemma 2.1,rA+(1− r)A ⊆ rA + (1− r)A ⊆ A. Thus,A is convex.

(b) Let A be any convex saturated set. Denote byint A the interior ofA. For0 < r < 1, the set
↑(r int A + (1− r) int A) is open by TC1a and TC3, and contained inA. Hence,int A is convex.

Now let U be open and let
∑

i riui be a finite convex combination of elementsui ∈ U . Using
local convexity, we may find an open convex neighbourhoodUi of ui contained inU for everyi, and
we obtain

∑
i riui ∈ ↑

∑
i riUi ⊆ ↑ conv(U). TC1a and TC3 together ensure that↑

∑
i riUi is open,

and the saturation of a convex set always is convex.
(c) Let ∆ denote the standardn-simplex considered as a subspace ofRn

+. If C is a topological
cone, the map (

(r1, . . . , rn), (x1, . . . , xn)
)
7→

n∑
i=1

rixi : Rn
+ × Cn → Cn

is continuous. The image of the compact set∆×K1×· · ·×Kn under this continuous map is compact
on the one hand, and is the convex hull of the union of theKi on the other hand.
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5 Functionals and weak* topologies

Arbitrary powersR I

+ with the product topologyνI of the upper topologyν on R+ are topological
cones.

Definition 5.1. On every subconeD of R I

+ the product topologyνI induces a topology which will be
called theweak*upper topologyonD.

A subbasis for the weak*upper opens is given by the sets:

W ∗
x,r = {f ∈ D | f(x) > r}, x ∈ I, 0 ≤ r < +∞

It is the weakest topology onD for which the evaluation mapsf 7→ f(x) : D → R+ are lower
semicontinuous for allx ∈ I. In a similar way, theweak*lower topologyon D, which comes from
the product of the lower topology onR+ has the subbasic open sets:

L∗
x,s = {f ∈ D | f(x) < s}, x ∈ I, 0 < s ≤ +∞

The weak* topologyis the common refinement of the two previous topologies and is induced from
the product topology of the usual interval topology onR+.

Every subconeD of RI

+ is a topological cone, when endowed with the weak*upper topology,
which explains why this topology plays a more important role for us than the other two. As the
subbasic opensW ∗

x,r are convex,D is a locally convex topological cone.
The termsweak*upper topology, etc., have been chosen according to the terminology in functional

analysis, where the topology of pointwise convergence on the dual of a topological vector space is
called theweak* topology.

Example 5.2. For any pointed ordered coneC, the subconesC ′
sub, C ′

sup and C ′ in RC

+ of order
preserving sublinear, superlinear and linear functionals, respectively, are locally convex topological
cones, when endowed with the weak*upper topology (see Example 3.8).

Example 5.3. (Lower semicontinuous functions) For any topological spaceX, we denote byL(X)

the set of all lower semicontinuous functionsf : X → R+. Clearly,L(X) is a subcone ofRX

+ , hence
a locally convex topological cone with respect to the weak*upper topology.

The pointwise infimum of finitely many and the pointwise supremum of any nonempty family of
lower semicontinuous functions is lower semicontinuous. Because of the latter, there is a greatest
lower semicontinuous functioňg : X → R+ below every functiong : X → R+. The functionǧ is
called thelower semicontinuous envelopeof g. It is given explicitly by:

ǧ(x) =
∨

U∈Ux

∧
u∈U

g(u) = sup {r ∈ R+ | ∃U ∈ Ux . r < g(u) for all u ∈ U}

whereUx is the filter of all neighbourhoods ofx ∈ X.
Assigning its lower semicontinuous envelopeǧ to every functiong ∈ RX

+ yields a projection

Ψ: RX

+ → RX

+ , that is, an order preserving map satisfyingΨ ◦Ψ = Ψ ≤ idRX
+

, the image of which is
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L(X). As for every projection, the corestrictionΨ: RX

+ → L(X) preserves arbitrary meets. But no-
tice that the meet of an infinite family inL(X) is not formed pointwise; it is the lower semicontinuous
envelope of the pointwise meet. In general,Ψ does not preserve arbitrary joins. But we have:

Lemma 5.4. The projectionΨ: RX

+ → RX

+ , assigning to each functiong : X → R+ its lower semi-
continuous envelopěg, is linear and preserves finite suprema.

Proof. It is straightforward thatr · ǧ = (rg)̌ . Let g, h ∈ RX

+ . As ǧ ≤ g and ȟ ≤ h, we have
ǧ + ȟ ≤ g + h, whencěg + ȟ ≤ (g + h)̌ . For the converse inequality, suppose thatr < (g + h)̌ (x).
Then there is an open neighbourhoodU of x such thatr <

∧
u∈U(g +h)(u) =

∧
u∈U(g(u) +h(u)) ≤∧

u∈U g(u)+h(x) ≤ ǧ(x)+h(x). As this holds for allx ∈ C, we have(g +h)̌ ≤ ǧ +h. We now get
(g + h)̌ = (g + h)̌̌ ≤ (ǧ + h)̌ ≤ ǧ + ȟ, where the last inequality holds for the same reason as before.

It remains to show that(f ∨ g)̌ = f̌ ∨ ǧ. It is straightforward that the left hand side is dominated
by the right hand side. For the converse inequality, consider anyx ∈ X and letf̌(x) ∨ ǧ(x) > r.
Then f̌(x) > r or ǧ(x) > r. In the first case (in the second case one argues in the same way),
there is a open neighbourhoodU of x such thatf(u) > r for everyu ∈ U , and this implies that
(f ∨ g)(u) = f(u) ∨ g(u) > r for all u ∈ U , whence(f ∨ g)̌(x) > r.

Example 5.5. (Lower semicontinuous functionals) For any coneC with a topology, we denote by:

C∗
sub the set of all lower semicontinuous sublinear functionalsf : C → R+

C∗
sup the set of all lower semicontinuous superlinear functionalsf : C → R+

C∗ = C∗
sub ∩ C∗

sup the set of all lower semicontinuous linear functionalsf : C → R+

Under pointwise defined addition and multiplication by nonnegative scalars,C∗
sub, C∗

sup andC∗ are

subcones ofRC

+ . Thus they are locally convex topological cones when endowed with the weak*upper
topology. As lower semicontinuous functionals preserve the specialisation order, the topological duals
C∗

sub, C∗
sup andC∗ are subcones of their order theoretical analoguesC ′

sub, C ′
sup andC ′ (see Example

3.8).

Lemma 5.6. The conesC∗
sub, C∗

sup andC∗ are sober for the weak*upper topology.

Proof. The space of all lower semicontinuous functionsf : C → R+ is sober in the weak*upper
topology andC∗

sub , C∗
sup andC∗ are subspaces given by equations and inequations, hence by equalis-

ers, which implies that they are sober, too (see [36, Chapter 5] and [14]).

The following lemma gives sufficient conditions for the projectionΨ to mapC ′, C ′
sub andC ′

sup

onto C∗, C∗
sub andC∗

sup, respectively. The first two claims occur implicitly in [37] for continuous
d-cones. Plotkin has proved them in the framework of continuous d-cones [29]:

Lemma 5.7. Let C be a cone with a topology and letg : C → R+ be any function. For its lower
semicontinous envelopěg we have:

(a) If g is homogeneous and if axiom TC1a is satisfied, thenǧ is homogeneous, too.

(b) If g is subadditive and axiom TC2a is satisfied, thenǧ is subadditive, too.
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(c) If g is superadditive and preserves the specialisation order and if axiom TC3 is satisfied, then
ǧ is superadditive, too.

Proof. (a) Clearly,ǧ(0) = 0 which implies thatg(sx) = sg(x) for s = 0. For s > 0, we note that,
by (TC1a),U is an open neighborhood ofx if and only if sU is an open neighborhood ofsx. Thus,
r < ǧ(x) iff r < g(u) for all u in some open neighbourhoodU of x iff sr < sg(u) = g(su) for all u
in some open neighbourhoodU of x iff sr < g(v) for all v in some open neighbourhoodV of sx iff
sr < ǧ(sx).

(b) Suppose thatg is subadditive. In order to show thatǧ is subadditiv, too, we take any two
elementsx, y ∈ C and we show thatr < ǧ(x + y) impliesr ≤ ǧ(x) + ǧ(y).

So letr < ǧ(x + y). By the definition ofǧ there is an open neigbourhoodW of x + y such
that r ≤ g(w) for all w ∈ W . As addition is supposed to be separately continuous, there is a
neighbourhoodU of x such thatu + y ∈ W for everyu ∈ U . Again, for everyu ∈ U , there
is a neighborhoodVu of y such thatu + Vu ⊆ W . For everyu ∈ U and all v ∈ Vu, we then
haver ≤ g(u + v) ≤ g(u) + g(v) from which we conclude in a first step that, for everyu ∈ U ,
r ≤ g(u) + ǧ(y), and in a second step thatr ≤ ǧ(x) + ǧ(y).

(c) Taker < ǧ(x) + ǧ(y). Then there area < ǧ(x) and b < ǧ(y) such thatr < a + b. So
there are open neighbourhoodsU andV of x andy, repectively, such thatg(u) > a for all u ∈ U and
g(v) > b for all v ∈ V . By hypothesis,↑(U +V ) is open, too, hence a neighbourhood ofx+y. For all
w ∈ ↑(U +V ) there areu ∈ U , v ∈ V such thatw ≥ u+v, whenceg(w) ≥ g(u+v) ≥ g(u)+g(v) >
a + b > r by the monotonicity and superadditivity ofg. So we get thaťg(x + y) > r.

Definition 5.8. For a coneC with a topology, the coneC∗ of all lower semicontinuous linear func-
tionals endowed with the weak*upper topology is called thetopological dualof C, or simplythe dual
cone.

Example 5.9. (Bidual) For any semitopological coneC, we may form its bidualC∗∗, that is, the
cone of all linear functionals on the dual coneC∗ that are lower semicontinuous with respect to the
weak*upper topology onC∗. As for vector spaces, there is a canonical mapx 7→ x∗∗ : C → C∗∗

defined byx∗∗(f) = f(x) for everyf ∈ C∗. This map is linear and continuous, if we endowC∗∗

with its weak*upper topology. This map is injective if and only if the lower semicontinuous linear
functionals separate the points ofC. In Theorem 9 we will see that this is guaranteed by the weak
local convexity condition convex-T0 as in topological vector spaces.

OnC we may also consider theweak topologywhich is induced from the weak*topology onC∗∗,
more precisely, it is the weakest topology onC for which the lower semicontinuous linear functionals
f ∈ C∗ remain lower semicontinuous. A subbasis for the open sets of this weak topology is given by:

Wf,r =def {x ∈ C | f(x) > r}, f ∈ C∗, 0 < r < +∞

Definition 5.10. We will say that the semitopological coneC is reflexive, if the mapx 7→ x∗∗ : C →
C∗∗ is bijective. (We do not require this map to be a homeomorphism.)

Example 5.11.(Reflexive cones) Some important instances of reflexive topological cones are known.
Firstly, the coneL(X) of all lower semicontinuous functions defined on a locally compact spaceX
with values inR+ with the Scott topology, and its dual cone, the extended probabilistic powerdomain
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V(X) (see Tix [36]) with the upper weak*topology. Secondly, the cone of all nonnegative hyperhar-
monic functions on an open subset ofRn with the Scott topology and its dual (see [30, 4]). Thirdly,
the round ideal completions of standard H-cones in the sense of [4] (see Rauch [30]).

In the classical setting, a locally convex topological vector spaceE is reflexive in the sense
of the above definition, asE always is the dual of its dualE∗, if the latter is endowed with the
weak∗-topology.

Problem. Give necessary and/or sufficient conditions for a semitopological coneC to be reflexive.
A contribution to the problem for the case of continuous d-cones (see the next section) would also be
welcome.

6 s-Cones, d-cones and bd-cones, c-cones

In domain theory interesting classes of semitopological cones have been introduced by Kirch [22]
and Tix [38, 37]. A more accessible source is [39]. We would like to tie up that domain theoretical
approach with the present topological one. Before we enter the subject, let us recall some facts from
domain theory (see [12]).

The basic notion is that of a Scott-continuous function: A functionf from a posetP to a posetQ
is calledScott-continuousif it is order preserving and if, for every directed subsetD of P which has
a least upper bound inP , the imagef(D) has a least upper bound inQ andf(

∨↑
D) =

∨↑
f(D).

Every poset carries some intrinsic topologies. Besides the upper, lower and interval topologies
addressed in the Preliminaries, two more topologies are of interest. One is theScott topologyσ, the
closed sets of which are the lower sets that are closed with respect to suprema of directed subsets, as
far as these suprema exist. The Scott topology is finer than the upper topology. A function between
posets is continuous with respect to the respective Scott topologies if and only if it is Scott-continuous
in the sense defined above. The common refinement of the Scott topology and the lower topology is
theLawson topologyλ which is finer than the interval topology.

Definition 6.1. Ans-coneis a cone with a partial order such that addition and scalar multiplication:

(a, b) 7→ a + b : C × C → C, (r, a) 7→ ra : R+ × C → C

are Scott-continuous. An s-cone is called a[b]d-coneif its order is [bounded] directed complete, i.e.,
if each [upper bounded] directed subset has a least upper bound.

Example 6.2. For any pointed ordered coneC, the conesC ′
sup, C ′

sub andC ′ are d-cones and for any
coneC with a topology, the conesC∗

sup, C∗
sub andC∗ are d-cones. In general, their Scott topology is

finer than the weak*upper topology.
Indeed, for families of functionals, the property of being order preserving is preserved under arbi-

trary pointwise suprema and infima, sublinearity is preserved under arbitrary pointwise suprema and
directed pointwise infima, and superlinearity under arbitrary pointwise infima and pointwise directed
suprema, lower semicontinuity is preserved under arbitrary pointwise suprema and binary pointwise
infima.
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An s-cone need not be a topological cone with respect to the Scott-topology. The point is a subtle
one: The product of two Scott topologies need not be the Scott topology of the product; it may be
coarser (see [12, Exercise II-4.26]). Thus, addition need not be jointly continuous. Of course it still
is continuous in each argument separately. Thus:

Proposition 6.3. Every s-cone, hence every [b]d-cone, is a semitopological cone with respect to its
Scott topology.

In the following, s-cones and [b]d-cones will always be considered as semitopological cones with
their Scott topology, if not specified otherwise.

A d-cone always has a greatest element that we denote by∞. Indeed, asa+b always is a common
upper bound fora andb, a d-cone is a directed set, so

∨↑
C exists an is the greatest element ofC.

And this element satisfiesa + ∞ = ∞. Thus, a d-cone does not satisfy cancellation and cannot be
embedded in an ordered vector space. On the other hand, the positive coneV+ of an ordered vector
spaceV is always an s-cone, and ifV is bounded directed complete (such ordered vector spaces have
been calledmonotone completein the literature) thenV+ is a bd-cone yielding plenty of examples of
bd-cones. The standard embedding of an ordered cone with order cancellation into an ordered vector
space yields the following proposition:

Proposition 6.4. A s-cone admits a Scott-continuous embedding into the positive cone of a bounded
directed complete ordered vector space if and only if it satisfies order cancellation (OC).

The annoying feature that s-cones and [b]d-cones need not be topological cones disappears, if we
restrict our attenton to the continuous case. Let us begin with some generalities which can be found
in [12, Section I-1].

In any posetP , theway-below relation� is defined by:x � y iff, for any directed subsetD ⊆ P
for which sup D exists, the relationy ≤ sup D implies the existence of ad ∈ D with x ≤ d. The
posetP is calledcontinuousif, for every elementy in P , the set��y =def {x ∈ P | x � y} is directed

andy =
∨↑��y.

Definition 6.5. A continuous s-coneis an s-cone whose underlying poset is continuous. The same
applies tocontinuous [b]d-cones.

The Scott topology of a continuous poset has the remarkable property that every pointy has a
neighbourhood base consisting of principal filters↑x, x � y. This leads to a slightly more general
class of topological spaces:

Definition 6.6. In an arbitraryT0-spaceX we define the(topological) way-below relationbyx � y
if the principal filter↑x (with respect to the specialisation order) is a neighbourhood ofy, and we say
thatX is ac-space, if every pointy ∈ X has a neighbourhood basis of sets of the form↑x.

The notion of a c-space has been studied by Erné [7, pp. 75ff.], [8], and by Ershov [9, 10] under
the name of anα-space. Erńe [8] has shown that c-spaces are equivalent to abstract bases in the sense
of [1].

We have seen that every continuous poset with its Scott topology is a c-space. But not every
c-space is a continuous poset with respect to its specialisation order. If we endow the reals with the
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Alexandroff topology, i.e., all upper sets are declared open, then we obtain a c-space which is not a
continuous poset for its specialisation order; indeed the intervals[r, +∞[ are Alexandroff open; thus,
r � r for the topological way-below relation but not for the order theoretical way-below.

Proposition 6.7. If in a c-space every directed subset which has a supremum in the specialisation
order converges to this supremum, then the c-space is a continuous poset with respect to its special-
isaton order and the topological way-below relation coincides with the order theoretical one.

The following lemma is due to Ershov [10, Proposition 2]:

Lemma 6.8. For a c-spaceX and arbitrary topological spacesY, Z, a functionf : X × Y → Z is
jointly continuous iff it is separately continuous.

As R+ with the upper topology is a c-space, this lemma implies:

Corollary 6.9. (a) Separate continuity of scalar multiplication in a cone with a topology imples joint
continuity, i.e., axiom TC1 is equivalent to the conjunction of the axioms TC1a and TC1b.

(b) If C is a cone with a c-space topology, separate continuity of the addition implies joint conti-
nuity, i.e., axiom TC2a implies axiom TC2.

(c) A semitopological cone with a c-space topology is a topological cone.

Definition 6.10. A c-conewill be a semitopological cone which topologically is a c-space.

Example 6.11.Examples of c-cones are:

(a)Rn
+ with the product topology of the upper topology onR+.

(b) Continuous s-cones and, in particular, continuous [b]d-cones.

(c) For a compact Hausdorff spaceX, the setC+(X) of all functionsf : X → R+ which are con-
tinuous with respect to the usual topologyλ on R+, where a neighborhood basis for ag ∈ C+(X) is
given by the sets of the form:{f ∈ C+(X) | f(x) ≥ g(x)− ε for all x ∈ X}, ε > 0.

It may be surprising that a semitopological coneC in our sense is always compact; indeed, princi-
pal filters↑x are always compact andC = ↑0. But in the T0-setting compactness is a weak property. It
does not imply local compactness. Therefore, the following, which applies in particular to continuous
s-cones and continuous [b]d-cones, is noteworthy:

Lemma 6.12. Every c-coneC is a locally convex and locally convex-compact topological cone,
hence, also locally compact.

Proof. Local convex-compactness is a consequence of the facts that principal filters↑x are compact
and convex and that every point has a neighbourhood basis of principal filters in a c-space. For local
convexity, take an arbitrary neighbourhoodU of an elementy ∈ X. By the c-space property we can
find a sequence of elementsxn ∈ U such that. . . � xn+1 � xn � . . . � x0 � y. Then the set
V =

⋃
n ↑xn is contained inU , it is open by the construction of thexn, and it is convex as the sets

↑xn form an increasing sequence of convex sets.

In a c-cone, the property of addition being almost open can be identified with a property of the
way-below relation:
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Definition 6.13. In a c-cone, and similarly in a continuous s-cone, the relation� is said to be
additive, if:

x′ � x andy′ � y implyx′ + y′ � x + y .

Lemma 6.14. In a c-cone and similarly in a continuous s-coneC, addition is almost open (i.e., axiom
TC3 is satisfied) if and only if its way-below relation is additive.

Proof. Suppose first that the way-below relation is additive. LetU andV be open sets inC. For
z ∈ ↑(U + V ) there areu ∈ U andv ∈ V such thatu + v ≤ z. As we are in a c-cone, there are
elementsu′ ∈ U andv′ ∈ V such thatu′ � u andv′ � v. By additivity we haveu′ + v′ � u + v,
whenceu′ + v′ � z. Thus↑(u′ + v′) is a neighbourhood ofz contained in↑(U + V ) which proves
that↑(U + V ) is open.

Conversely, letx‘ � x′ andy � y′. Thenx′ + y′ ∈ ↑(��x + ��y). If we suppose addition to be
almost open, the set↑(��x + ��y) is open. Thus there is an elementz in it with z � x′ + y′. As then
x + y ≤ z, we conclude thatx + y � x′ + y′.

7 Minkowski functionals

Let C be a semitopological cone. (The attentive reader will observe that, in this section, we only use
the axiom TC1a,b). The order onC is always meant to be the specialisation order. Recall that0 is the
smallest element ofC.

Definition 7.1. For a subsetA of C we define itslower Minkowski functionalFA : C → R+ by:

FA(x) =def inf{r ∈ R+ | x ∈ rA} .

It is understood thatFA(x) = +∞, if x 6∈ rA for all r ∈ R+. Conversely, for every functional
F : C ∈ R+ we consider the following subset ofC:

AF =def {x ∈ C | F (x) ≤ 1}

We first notice:

A ⊆ B =⇒ FA ≥ FB , F ≤ G =⇒ AF ⊇ AG

i.e., we have order reversing maps between the set of subsetsA ⊆ C and the functionalsF : C → R+.
We want to characterise properties of subsetsA ⊆ C by properties of their lower Minkowski

functionals. Let us begin with a nonempty closed setA ⊆ C. By TC1b, the mapr 7→ rx is
continuous. Thus,{s ∈ R+ | sx ∈ A} is a nonempty closed subset ofR+ for the upper topology, i.e.,
eithersx ∈ A for all s ∈ R+ or {s ∈ R+ | sx ∈ A} = [0, s0] for somes0 ∈ R+. It follows that either
x 6∈ rA for all r ∈ R+, henceFA(x) = +∞, or {r ∈ R+ | x ∈ rA} = [r0, +∞[ for somer0 ∈ R+,
hencer0 = FA(x). So eitherx 6∈ rA for all r ∈ R+. Using the convention∞ · A = C, we have:

(0) FA(x) = min{r ∈ R+ | x ∈ rA} = sup{r ∈ R+ | x 6∈ rA}
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and:

(1) r ≥ FA(x) ⇐⇒ x ∈ rA

In passing let us note the following:

Remark 7.2. Let (ri) be any family of real numbers withinfi ri > 0. For every closed subsetA of C,
one has(infi ri) · A =

⋂
i riA and, for every elementx, one hasinfi(ri · x) exists and(infi ri) · x =

infi(ri · x).

Proof. Let r = infi ri > 0. ClearlyrA ⊆
⋂

i riA. For the converse inclusion, letx 6∈ rA. By (1),
r < FA(x). Thus, there is ani such thatri < FA(x), that is,x 6∈ riA ⊇

⋂
i riA. Applying the above

result to the caseA = ↓x yields the second claim.

The following proposition is crucial:

Proposition 7.3. a) The lower Minkowski functionalFA of a nonempty closed subsetA of C is ho-
mogeneous and lower semicontinuous andA = {x ∈ C | FA(x) ≤ 1}.

b) For every homogeneous lower semicontinuous functionalF , the setAF is nonempty and closed
in C, andF is the lower Minkowski functional ofAF .

c) The mapA 7→ FA establishes an order anti-isomorphism between the collection of all nonempty
closed subsets ofC and the set of all homogeneous lower semicontinuous functionalsF : C → R+,
the reciprocal map beingF 7→ AF .

Proof. a) We first show thatFA is homogeneous. As0 ∈ rA for all r > 0, we haveFA(0) = 0. For
s > 0, we have by (1):r ≥ FA(sx) ⇐⇒ sx ∈ rA ⇐⇒ x ∈ r

s
A ⇐⇒ r

s
≥ FA(x) ⇐⇒ r ≥

sFA(x), whenceFA(sx) = sFA(x).
By (1) above we have{x ∈ C | FA(x) ≤ r} = rA. As rA is closed by TC1a, this shows the

continuity ofFA. Forr = 1, we obtain the last claim in (a).
(b) Let F be a lower semicontinuous functional. Clearly, the setAF of all x ∈ C with F (x) ≤ 1

is closed. IfF is homogeneous, thenF (0) = 0 and, hence,AF contains0. Further,AF is the lower
Minkowski functional ofF . Indeed,F (x) ≤ r ⇐⇒ F (1

r
x) = 1

r
F (x) ≤ 1 ⇐⇒ x

r
∈ AF ⇐⇒

x ∈ rAF . Thus,F (x) = inf{r ∈ R+ | x ∈ rAF}, i.e. F is the lower Minkowski functional ofAF .
(c) is a direct consequence of (a) and (b).

Turning to proper open subsetsU of C we define theirupper Minkowski functionalFU to be the
lower Minkowski functional of their complementC \ U which is nonempty and closed, i.e.:

(0′) FU(x) = min{r ∈ R+ | x 6∈ rU} = sup{r ∈ R+ | x ∈ rU}

and:

(1′) r ≥ FU(x) ⇐⇒ x 6∈ rU

From the previous proposition 7.3 we obtain:
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Proposition 7.4. Associating to every proper open subsetU of C its upper Minkowski functionalFU

establishes an order isomorphism beween the set of all homogeneous continuous functionals onC
and the set of all proper open subsets ofC ordered by inclusion.

We now turn to linearity properties of the lower Minkowski functional.

Lemma 7.5. For a nonempty closed subsetA of C, the lower Minkowski functionalFA is sublinear
if and only ifA is convex. It is superlinear if and only if the open complementU = C \ A is convex.

Proof. If FA is superlinear, thenU = {x ∈ C | FA(x) > 1} = C \ A is convex. Conversely, let
U = C \A be convex. For any0 < r < FA(x) and any0 < s < FA(y) we havex ∈ rU andy ∈ sU ,
whencex + y ∈ rU + sU = (r + s)U by Lemma 3.3, asU is convex. Hence,r + s ≤ FU(x + y),
whenceFU(x) + FU(y) ≤ FU(x + y).

If FA is sublinear, thenA = {x ∈ C | F (x) ≤ 1} is convex. Conversely, letA be convex. Let
r = FA(x) ands = FA(y). Thenx ∈ rA, y ∈ sA and, consequently,x + y ∈ rA + sA = (r + s)A
by Lemma 3.3, asA is convex. Hence,r + s ≥ FA(x + y).

From the preceding lemma 7.5 and the propositions 7.3, 7.4 we conclude:

Proposition 7.6. (a) Assigning its lower Minkowski functionalFA to every nonempty closed convex
subsetA of C induces an order anti-isomorphism between the complete latticesH(C) of nonempty
closed convex subsets and the ordered coneC∗

sub of lower semicontinuous sublinear functionals onC.
(b) Assigning the upper Minkowski functionalFU to every proper open convex subsetU of C

induces an order isomorphism between the complete latticesOc(C) of proper open convex subsets
and the ordered coneC∗

sup of lower semicontinuous superlinear functionals onC.

8 A Sandwich Theorem

It is our aim now to prove a number of Hahn-Banach type theorems for semitopological cones. We
will use a sandwich theorem due to W. Roth (see [31], Theorem 2.6) for ordered cones:

Theorem 8.1. Let C be an ordered cone. Letp : C → R be sublinear andq : C → R superlinear
functionals, respectively, such thata ≤ b ⇒ q(a) ≤ p(b). (The latter is satisfied ifq ≤ p and one of
p, q is order preserving.) Then there are order preserving sublinear functionalsΛ: C → R that are
minimal among those that satisfyq ≤ Λ ≤ p, and all of those minimalΛ are linear.

The following topological version of Roth’s Sandwich Theorem has been proved by Tix [38, 37]
for continuous d-cones (see also [39].

Sandwich Theorem 8.2.LetC be a semitopological cone. Letq : C → R+ be superlinear and lower
semicontinuous and letp : C → R+ be sublinear. Ifq ≤ p, then there is a lower semicontinuous
linear functionalΛ: C → R+ such thatq ≤ Λ ≤ p.
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Proof. We can apply Roth’s sandwich theorem 8.1 to our situation with the specialisation order onC.
As q is lower semicontinuous, it preserves the specialisation order, and asq ≤ p, the hypotheses of
Roth’s sandwich theorem are satisfied. Thus, there is an order preserving linear functionalΛ such that
q ≤ Λ ≤ p and such that there is no order preserving sublinear functional strictly betweenq andΛ. We
now show thatΛ is lower semicontinuous. Asq ≤ Λ and asq is lower semicontinuous,Λ has indeed
a lower semicontinuous envelopeΛ̌ with q ≤ Λ̌ ≤ Λ. Lemma 5.7(a),(b) implies thaťΛ is sublinear,
too. The minimality property ofΛ now impliesΛ = Λ̌, that is,Λ is lower semicontinuous.

Corollary 8.3. Every lower semicontinuous superlinear functionalq on a semitopological coneC is
the pointwise infimum of lower semicontinuous linear functionals; more precisely,

q(a) = min{Λ(a) | q ≤ Λ ∈ C∗} for everya ∈ C .

Proof. Consider any elementa ∈ C and define a functionalp by p(x) = q(x) if x = sa for some
s ∈ R+ andp(x) = +∞ else. Thenp is sublinear andq ≤ p. By the Sandwich Theorem 8.2 there is a
lower semicontinuous linear functionalΛ such thatq ≤ Λ ≤ p; in particular,q(a) ≤ Λ(a) ≤ p(a) =
q(a), whenceΛ(a) = q(a).

Note. The attentive reader will notice that axiom T1b has not been used in the proof. Thus, our
results apply to more general situations than semitopological cones. In particular, in the Sandwich
Theorem one may replaceR+ by R.

9 A Separation Theorem

We now turn to a geometric version of the Hahn-Banach theorem for cones. For the case of d-cones,
the results in this section are due to [38, 37, 39]

Separation Theorem 9.1.In a semitopological coneC consider a nonempty convex subsetA and
an open convex subsetU . If A andU are disjoint, then there exists a lower semicontinuous linear
functionalΛ: C → R+ such thatΛ(a) ≤ 1 < Λ(u) for all a ∈ A and allu ∈ U .

Proof. By Lemma 4.10(a), the closure ofA is also convex, and still disjoint from the open setU .
Thus, we may supposeA to be closed. In order to apply the Sandwich Theorem 8.2, letq be the upper
Minkowski functional ofU andp the lower Minkowski functional ofA. AsA∩U = ∅, we haveq ≤ p.
By Lemma 7.5,q is superlinear,p is sublinear and both are lower semicontinuous. Now, we apply
the Sandwich Theorem 8.2 to get a lower semicontinuous linear functionalΛ with q ≤ Λ ≤ p. Since
a ∈ A impliesp(a) ≤ 1 and asu ∈ U impliesq(u) > 1, we haveΛ(a) ≤ p(a) ≤ 1 < q(u) ≤ Λ(u)
for all a ∈ A and allu ∈ U .

Corollary 9.2. For every open convex setU in a semitopological coneC and every elementa ∈ C not
contained inU , there is a lower semicontinuous linear functionalΛ such thatΛ(a) ≤ 1 butΛ(u) > 1
for all u ∈ U
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The previous corollary implies that the lower semicontinuous linear functionals separate the points
of a locally convex topological cone. The result holds for the more general class of convex-T0 cones
which are characterised by the property that, for any two elementsa andb with a 6≥ b, there is an
open convex set containingb but nota:

Corollary 9.3. For elementsa, b in a convex-T0 semitopological coneC with a 6≥ b, there is a linear
lower semicontinuous functionalΛ: C → R+ such thatΛ(a) < Λ(b).

Corollary 9.4. Let C be a locally convex semitopological cone. For every nonempty closed convex
subsetA and everyb ∈ C not contained inA, there is a lower semicontinuous linear functionalΛ
such thatΛ(a) ≤ 1 for everya ∈ A butΛ(b) > 1.

Proof. As the complement ofA is a neighbourhood ofb, there is a convex open neighbourhoodU of
b disjoint fromA and we may apply the Separation Theorem 9.1 in order to find the desired lower
semicontinuous linear functionalΛ.

Recall that the weak upper topology is defined to be the coarsest topology such that all lower semi-
continuous linear functionals onC remain lower semicontinuous. Clearly, theweak upper topology
is locally convex. The previous corollary tells us that, for a locally convex cone, the closed convex
sets are the same with respect to the original and the weak upper topology.

Corollary 9.5. Every lower semicontinuous sublinear functionalp on a locally convex semitopologi-
cal cone is pointwise the supremum of lower semicontinuous linear functionals.

Proof. Let A be the closed convex set which hasp as its Minkowski functional. By corollary 9.4,A
is the intersection of closed convex setsAi for which the lower Minkowski functionalΛi is linear and
lower semicontinuous. From the order anti-isomorphism between the closed convex sets and lower
semicontinuous linear functionals (see 7.6) the claim follows.

10 A Strict Separation Theorem

We now present another Hahn-Banach type separation theorem of a geometric flavour and some of
its consequences. For continuous d-cones, this theorem is due to G.D. Plotkin (see [39]) with slightly
different proofs. We use the basic idea of his proof in a more general setting. We begin with a quite
special situation.

Lemma 10.1. Let K be a compact convex subset of the coneRn

+. Then every neighbourhood ofK
contains a convex open neigbourhood ofK.

Proof. By a classical theorem due to Caratheodory (see e.g. [5]) each point in the convex hull of a
setV in Rn is a convex combination ofn + 1 points ofV . The same holds for the coneRn

+. Let us
reformulate this theorem:

Let ∆ denote the standardn-simplex considered as a subspace ofRn+1

+ . The map

(
(r0, r1, . . . , rn), (x0, x1, . . . , xn)

)
7→

n∑
i=0

rixi : ∆× (Rn

+)
n+1 → Rn

+
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is continuous. The image of∆× V n+1 is the convex hull ofV .
Thus ∆ × Kn+1 is mapped ontoK. If U is any neighborhood ofK, then there is an open

neighborhoodV of K such that∆ × V n+1 is mapped intoU . This follows from the continuity of
the map and the compactness of∆ and ofK. Hence, the convex hull ofV as well as its saturation
↑(conv V ) are contained inU . As the way-below relation is additive onRn

+, the interior of the convex
set↑(conv V ) is convex, too, by 4.10.

Proposition 10.2. Let C be a locally convex semitopological cone. Suppose thatK is a compact
convex set and thatA is a nonempty closed convex set disjoint fromK. Then there is a convex open
setU includingK and disjoint fromA.

Proof. Consider an elementv of K. As v is not inA, by Corollary 9.4 of the Separation Theorem,
there is a lower semicontinuous linear functionalg such thatg(v) > 1 andg(y) ≤ 1 for all y in A .
So

Ug := {x | g(x) > 1}

is an open set containingv. As K is compact we can cover it by a finite collectionUg1 , . . . , Ugn of
such open sets. The mapg :C → R n

+ defined by:

g(x) = (g1(x), . . . , gn(x))

is linear and continuous. So we have thatg(A) ⊂ ↓1, where1 is the point inR n

+ with all coordinates
1, andg(K) is compact, convex, and disjoint from↓1 (anyx in K is in someUgi

, sogi(x) > 1, and
we have thatg(x) 6≤ 1).

Lemma 10.1 now yields an open convex setV containingg(K) disjoint from↓1 and hence from
g(A). The preimage ofV underg is an open convex subsetU of C containingK and disjoint from
A.

Remark 10.3. In the preceding proposition as well as the Strict Separation Theorem the hypothesis
can be weakened in the sense that K need only be compact in the weak upper topology onC. In the
same vein, the conclusion of Proposition 10.2 can be strengthened, as the open convex neighborhood
produced is even open in the upper weak topology.

Corollary 10.4. In a locally convex semitopological cone, every compact convex saturated set is the
intersection of its open convex neighborhoods.

Strict Separation Theorem 10.5.Let C be a locally convex semitopological cone. Suppose thatK
is a compact convex set and thatA is a nonempty closed convex set disjoint fromK. Then there is a
lower semicontinuous linear functionalf and anr such thatf(b) ≥ r > 1 ≥ f(a) for all b in K and
all a in A.

Proof. By Proposition 10.2 there is an open convex neighborhoodU of K disjoint fromA. By the
Separation Theorem 9.1, we find a lower semicontinuous linear functionalf such thatf(a) ≤ 1 for
all a ∈ A andf(u) > 1 for all u ∈ U , whence,f(b) > 1 for all b ∈ K. Every lower semicontinuous
functional has a minumum value on the compact setK. Thus, there is anr > 1 such thatf(b) ≥ r
for all b ∈ K.
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We now have the following strong local convexity properties. The idea for the second part of the
proof is due to A. Jung:

Proposition 10.6. Let C be a locally convex, locally convex-compact topological cone the topology
of which is sober. Then every nonempty compact convex saturated subsetQ has a neighbourhood
basis of compact saturated convex neighbourhoods and a neigbourhood basis of open convex neigh-
bourhoods.

Proof. Let U be any convex neighborhood ofQ. By local convex-compactness and Lemma 4.10(c),
we may find a compact convex neighbourhoodK of Q contained inU . By Corollary 10.4,Q is the
intersection of the convex open sets containing it. Hence,Q is the intersection of its compact convex
neighbourhoods. The family of compact convex neighbourhoods of Q is filtered: IfK1 andK2 are
two compact convex neighbourhoods ofQ, their intersectionK1 ∩K2 is also a convex neighborhood
of Q which, by the above, contains a compact convex neighborhood ofQ.

Let U be any open set containingQ. The statement at the end of the previous paragraph and the
Hofmann-Mislove theorem (see [12], p. 147) imply thatQ has a compact convex saturated neigbour-
hoodK1 contained inU . (This proves the first claim of our Proposition.) For the same reason,K1 has
a compact convex saturated neighbourhoodK2 contained inU . By induction we obtain an increasing
sequence of compact convex saturated setsKn contained inU such thatKn is in the interior ofKn+1.
It follows thatV =

⋃
n Kn is an open convex neighbourhood ofQ contained inU which establishes

the second claim.

As a continuous d-cone satisfies the hypotheses of the previous proposition, we obtain [39, Corol-
lary 3.13]:

Corollary 10.7. Every compact saturated convex setQ in a continuous d-coneC has a neighbour-
hood basis of compact saturated convex neighbourhoods and a neigbourhood basis of open convex
neighbourhoods.

In this corollary, the compact convex neighborhoods can be chosen to be of the form↑ conv F for
a finite setF .

11 The upper or Smyth powercone

As an application of our theory of semitopological cones we present a power space construction and
its properties. It is related to the classical Vietoris hyperspace construction. In [39] this construc-
tion was carried through for continuous d-cones. There, the motivation came from the semantics of
programming languages combining probabilistic and nondeterministic choice. Our motivation for
generalising is also linked to the desire to close the gap between classical hyperspace constructions
and the domain theoretical ones.

For a topological coneC, we consider the setS(C) of all nonempty compact convex saturated
subsetsQ ⊆ C. We endowS(C) firstly with the order of reverse inclusion

P v Q ⇐⇒ P ⊇ Q
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Secondly we equip it with an addition, a scalar multiplication and an operationu defined as follows:

P +
S
Q = ↑(P + Q)

r ·
S
P = ↑(r · P )

P uQ = ↑ conv(P ∪Q)

Thirdly, we define a topologyΣ with the following basic open sets:

NU = {Q ∈ S(C) | Q ⊆ U} , for U open inC.

The setsNU do indeed form a basis of a topology onS(C), sinceNU ∩NV = NU∩V . Let us note also
that the operations above are well-defined. Indeed,P + Q is compact and convex as it is the image of
the compact convex setP ×Q under addition which is continuous and linear as a map fromC ×C to
C. The saturation↑(P + Q) is compact and convex, too. Concerning scalar multiplication, forr = 0,
we haver ·

S
Q = ↑0 and↑0 = C is compact and convex; forr > 0, r ·

S
P = rP is compact convex

and saturated, asx 7→ rx is a cone isomorphism. Finally,conv(P ∪ Q) =
⋃

0≤r≤1 rP + (1 − r)Q
is the image of the compact convex set∆1 × P × Q under the continuous linear map(r, s, x, y) 7→
rx + sy : R2

+×C ×C → C, where∆1 = {(r, s) ∈ R2
+ | r + s = 1}. The saturation ofconv(P ∪Q)

is compact and convex, too. Note that we also can writeP u Q =
⋃

0≤r≤1(r ·S P +
S

(1 − r) ·
S

Q). As
r ·

S
P = rP except forr = 0, we often will write simplyrP instead ofr ·

S
P .

Theorem 11.1.The collectionS(C) with the operations+
S

and·
S

and the topologyΣ is a topological
cone with a continuous meet-semilattice operationsqcap satisfying

r ·
S

(Q uR) = r ·
S
Q u r ·

S
R, P +

S
(Q uR) = (P +

S
Q) u (P +

S
R)

Its specialization order coincides withv .

Proof. We begin with the last assertion. IfP v Q, thenP ⊇ Q and so every open set containingP
also containsQ. Conversely, ifP 6v Q, thenP 6⊇ Q; thus, there is an elementx ∈ Q \ P . As ↓x is
closed and disjoint ofP , its complement is an open set containingP but notQ. We have shown that
P v Q iff every open set containingP also containsQ.

For the proof of the continuity of the operations we use the following lemma from general topol-
ogy (see e.g. [21, Chapter 5, Theorem 12]): IfP, Q are compact subsets of spacesX, Y , respectively,
and if U ′ is an open neighbourhood ofP × Q in the product spaceX × Y , then there are open sets
W, V in X, Y , respectively, such thatP ×Q ⊆ W × V ⊆ U ′.

For the continuity of scalar multiplication onS(C), we choose aP ∈ S(C), anr ∈ R+ and an
open neigborhoodU of rP in C. By the continuity of the scalar multiplication inC, there is an open
neighborhoodU ′ of {r} × P such thatsx ∈ U for all (s, x) ∈ U ′. Using the topological lemma just
indicated, there is an open neighborhoodW of r in R+ and an open neighborhoodV of P in C such
thattx ∈ U for all s ∈ W and allx ∈ V .

For the continuity of addition, letP, Q ∈ S(C). LetNU ⊆ S(C) be basic open withP +
S
Q ∈ NU .

We haveP +
S
Q ∈ NU ⇔ P +

S
Q ⊆ U ⇔ ↑(P + Q) ⊆ U ⇔ P + Q ⊆ U sinceU is open, hence

an upper set. By the continuity of addition inC, the setU ′ of all (x, y) ∈ C × C with x + y ∈ U
is open and it containsP × Q. So we can again apply the topological lemma above in order to find
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open neighborhoodsW andV of P andQ, respectively, such thatW × V ⊆ U ′. So we get open
neighbourhoodsNW andNV of P andQ in S(C), respectively, such that, for allP ′ ∈ NW and all
Q′ ∈ NV , we haveP ′ +

S
Q′ ∈ NU . Hence, addition+

S
on S(C) is continuous. The continuity of the

operationu is proved along the same lines.
The verification of the cone axioms for the addition and the scalar multiplication onS(C) is

straightforward. The proof of the distributivity law,(r + s) ·
S
P = (r ·

S
P ) +

S
(s ·

S
P ) uses Lemma 3.3.

Clearly,P u Q = ↑ conv(P ∪ Q) is the smallest compact convex saturated set containingP and
Q. Thusu is a meet-semilattice operation for the reverse inclusion order. It remains to show that
scalar multiplication and addition distribute overu . As P 7→ r ·

S
P is an order isomorphism for

r > 0, it preserves the meet operation and we haver ·
S

(P u Q) = r ·
S

P u r ·
S

Q as desired. For
addition we want to prove the identityP +

S
(Q u R) = (P +

S
Q) u (P +

S
R). We do this using that

P uQ =
⋃

0≤r≤1(rP +
S

(1− r)Q) and the cone structure ofS(C):

P +
S
(Q uR) = P +

S

⋃
0≤r≤1(rQ +

S
(1− r)R)

=
⋃

0≤r≤1

(
P +

S
(rQ +

S
(1− r)R)

)
=

⋃
0≤r≤1(rP +

S
(1− r)P +

S
rQ +

S
(1− r)R)

=
⋃

0≤r≤1(r(P +
S
Q) +

S
(1− r)(P +

S
R))

= (P +
S
Q) u (P +

S
R)

Definition 11.2. For any topological coneC, the topological coneS(C) of all nonempty compact
convex saturated subsets will be called theupper powerconeoverC.

We have shown that the upper powerconeS(C) over a topological coneC is a topological meet-
semilattice cone in the following sense:

Definition 11.3. A topological coneD will be called a meet-semilattice cone, if any two elementsa, b
of D have a greatest lower bounda ∧ b with respect to the specialisation order and if the following
distributivity laws hold for alla, b, c ∈ D and all r ∈ R+:

r(a ∧ b) = ra ∧ rb, c + (a ∧ b) = (c + a) ∧ (c + b)

12 The upper powercone monadS and its algebras

We want to show now that the assignmentC 7→ S(C) extends to an endofunctor of the category
TopCone of topological cones and continuous linear maps which is in fact a monad.

We first observe that there is an obvious map

ηC = (x 7→ ↑x) : C → S(C)

which is easily seen to be linear and topologically an embedding. For arbitrary topological conesC
andD and every continuous linear mapu : C → S(D) we want to define alifted continuous linear
u-preserving map

u† : S(C) → S(D)
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in such a way that

(K) η†C = id S(C) u† ◦ η = u (u† ◦ v)† = u† ◦ v†

Then, for every continuous linear mapf : C → D of topological cones, we obtain a continuous linear
u-preserving mapS(f) = (ηD ◦ f)† : S(C) → S(D), thus extending the assignmentC 7→ S(C) to a
functorS which is a monad overTopCone with unit ηC as above and multiplicationµC = (idS(C))

†

(see e.g. [25]).
Thus, letC andD be topological cones andu : C → S(D) a continuous linear map. For defining

u† we need a lemma:

Lemma 12.1.For every compact convex subsetQ of C,

u†(Q) =def

⋃
x∈Q

u(x)

is compact, convex and saturated inD.

Proof. As the setsu(x) ∈ S(C) are saturated, there union is saturated, too. For the compactness
claim, suppose thatu†(Q) =

⋃
x∈Q u(x) is covered by a family of basic open setsN(Ui), where the

Ui are open sets inD. For everyx ∈ Q, u(x) belongs to someN(Ui). As u is continuous, there is
a neigborhoodVi of x, such thatu(y) ∈ N(Ui) for all y ∈ Vi. As Q is compact, it is covered by
finitely many of theVis, say byVi1 , . . . , Vin. Then, for everyx ∈ Q, u(x) is contained in one of
N(Ui1), . . . ,N(Uin), that is,u†(Q) is covered by this finite subfamily of theN(Ui)s.

For the convexity claim, lety1, y2 ∈ u†(Q) =
⋃

x∈Q u(x). Thenyi ∈ u(xi) for somexi ∈ Q, for
i = 1, 2. For0 ≤ p ≤ 1, we havepy1 + (1− p)y2 ∈ pu(x1) + (1− p)u(x2) = u(px1 + (1− p)x2) by
the linearity ofu. As Q is supposed to be convex,px1 + (1 − p)x2 ∈ Q, whencepy1 + (1 − p)y2 ∈
u†(Q).

Thus, we may define
u† : S(C) → S(D)

by
u†(Q) =

⋃
x∈Q

u(x) for all Q ∈ S(C)

Proposition 12.2. The lifted mapu† is continuous, linear andu-preserving, and the liftingu 7→ u†

satisfies the properties(K).

Proof. u† is continuous: We take a basic open setNV of S(D), whereV is an open set inD. As
u is continuous, the preimageU = u−1(NV ) is open inC. We show that the basic open setNU

is the preimage ofNV under the mapu†. Indeed, suppose thatu†(Q) ∈ NV , which is the same as
u†(Q) ⊆ V . By definition this is equivalent to saying that, for allx ∈ Q, u(x) ⊆ V , i.e.,u(x) ∈ NV ,
or elsex ∈ u−1(NV ) = U . As this holds for allx ∈ Q, we haveQ ⊆ U , i.e.,Q ∈ NU .

u† is linear: Firstly,u†(rQ) =
⋃

x∈Q u(rx) =
⋃

x∈Q ru(x) = r ·
⋃

x∈Q u(x) = r · u†(Q), and
secondly,u†(P +

S
Q) = u†(↑(P + Q)) =

⋃
x∈↑(P+Q) u(x) =

⋃
x∈P+Q u(x) =

⋃
y∈P,z∈Q u(y + z) =
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⋃
y∈P,z∈Q u(y) + u(z) =

⋃
y∈P u(y) +

⋃
z∈Q u(z) = u†(P ) + u†(Q).

u† preservesu: Indeed,u†(P uQ) = u†
( ⋃

0≤p≤1(pP +
S
(1− p)Q)

)
=

⋃
0≤p≤1 u†(pP +

S
(1− p)Q) =⋃

0≤p≤1 pu†(P ) +
S

(1− p)u†(Q) = u†(P ) u u†(Q).

Let us verify the properties (K): Firstly,η†C(Q) =
⋃

x∈Q ηC(x) =
⋃

x∈Q ↑x = Q, i.e.,η†C(Q) = idS(C).
Secondly,u†(ηC(x)) =

⋃
y∈↑x u(y) = u(x), i.e.,u† ◦ ηC = u. Finally, (u† ◦ v)† = u† ◦ v†, as for every

Q we have

u†(v†(Q)) =
⋃
{u(y) | y ∈ v†(Q)} =

⋃
{u(y) | y ∈

⋃
x∈Q v(x)}

=
⋃

x∈Q

⋃
{u(y) | y ∈ v(x)} =

⋃
x∈Q u†(v(x))

= (u† ◦ v)†(Q)

Remark 12.3. According to the general scheme, for a continuous linear mapf : C → D, the map
S(f) : S(C) → S(D) is explicitly given by

S(f)(Q) =
⋃
x∈Q

↑f(x) = ↑f(Q)

and the monad multiplicationµC : SS(C) → S(C) by

µC(Q) =
⋃
{P | P ∈ Q}

whereQ is a compact convex saturated subset ofSS(C), that is, a collectionQ of compact convex
saturated subsetsP of C which itself is compact, convex, and saturated inS(C).

Let us turn to local convexity properties of the upper powercone.

Proposition 12.4. Let C be a locally convex topological cone. Then the upper powerconeS(C) is
convex-T0 .

Proof. In a locally convex topological coneC, every compact convex saturated setQ is the intersec-
tion of its open convex neighborhoods by Corollary 10.4. Thus, ifP is a compact convex saturated
set not contained inQ, there is an open convex setU containingQ, but notP . In S(C), the basic open
setNU is convex, it containsQ as an element, but notP .

Lemma 12.5. The upper powerconeS(C) over a sober topological coneC is a d-cone with respect
to the orderv of reverse inclusion. Its Scott topology is finer than the topologyΣ .

Proof. In a sober space, the intersection of any down-directed family of nonempty compact saturated
setsQi is again nonempty compact by the Hofmann-Mislove Theorem [12, II-1.22] and (of course)
saturated. If all theQi are convex, the same holds for their intersection. Thus,S(C) is directed
complete with

⊔
i Qi =

⋂
i Qi for everyv-directed family inS(C).
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Let us show now that the basic open setsNU are Scott-open. Indeed, if
⋂

i Qi ∈ NU for a down-
directed family inS(C), then

⋂
i Qi ⊆ U which implies thatQi ⊆ U for somei, as every sober space

is well-filtered (see [12, II-1.21]).
The Scott continuity of scalar multiplication, addition and the operationu in S(C) follows from

the continuity of these operations for the topologyΣ and from the fact that everyv-directed family
(Qi)i converges to

⊔
i Qi =

⋂
i Qi for the topologyΣ by the Hofmann-Mislove theorem.

For the following results we need the full strenth of our Separation Theorems:

Theorem 12.6.Let C be a locally convex, locally convex-compact topological cone the topology of
which is sober. Then the upper powerconeS(C) is a continuousu-semilattice d-cone with respect to
the reverse inclusion orderv . For P andQ in S(C), one hasP � Q iff P containsQ in its interior.
The Scott topology coincides with the powercone topologyΣ.

Proof. In Lemma 12.5 we have seen thatS(C) is a d-cone with respect tov because of soberness.
If we suppose thatC is locally convex and locally convex-compact then Proposition 10.6 tells us

that, for every open setU containing aQ ∈ S(C), there is a compact convex saturated setP ⊆ U with
the property thatQ is contained in the interior ofP . Thus, in the spaceS(C), Q has a neighborhood
basis of sets of the form↑S(C)P . This shows that(S(C), Σ) is a c-space. But every c-space which
is directed complete with respect to the specialisation order is a continuous domain; its topology
coincides with the Scott topology and the topological way-below relation coincides with the order
theoretic one (see [9, Theorem 4]). Thus,P � Q iff ↑S(C)P is a neigbourhood ofQ, i.e., iff Q is
contained in the interior ofP .

As every continuous d-cone is locally convex and loccally convex-compact, the theorem yields:

Corollary 12.7. For every locally convex, locally convex-compact sober topological coneC, the
upper powerconeS(C) is locally convex and locally convex-compact.

It is an open problem to characterise the algebras of the upper powercone monadS over the cate-
goryTopCone of topological cones and continuous linear maps. We can give an answer to the problem
by restricting to the full subcategoryLCCone of locally convex, locally convex-compact sober topo-
logical cones. The previous theorem and its corollary show thatS restricts to an endofunctor, hence a
monad, onLCCone. By the following universal property the algebras of the monadS over the category
LCCone are identified to be the continuous∧-semilattice d-cones:

Theorem 12.8.Let C be a locally convex, locally convex-compact sober topological cone. Further,
let D be any continuous∧-semilattice d-cone. Then, for every continuous linear mapu : C → D
there is a unique continuous linear mapu† : S(C) → D preserving binary meets such thatu = u† ◦η;
the mapu† is defined byu†(Q) =

∧
x∈Q u(x) for everyQ ∈ S(C).

C
ηC - S(C)

D

u†

?

u

-
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Proof. We use the following Lemma [39, 4.21]: In a continuous∧-semilattice every compact subset
has a meet, and a Scott-continuous map of continuous∧-semilattices preserving binary meets also
preserves meets of compact sets.

By the lemma, each compact subset ofD has a meet. Thus, a mapu† is well-defined byu†(Q) =∧
x∈Q u(x) for everyQ ∈ S(C). Moreover,u†(ηC(x)) = u†(↑x) =

∧
y∈↑x u(y) = u(x), whence

u = u† ◦η. Let us show thatu† is continuous. Indeed, letQ ∈ S(C) andy = u†(Q). For everyz � y,
the set��z is an open neighborhood ofy. By the continuity ofu, its inverse imageU = u−1(��z) is
open and containsQ. ThusNU is a neighborhood ofQ in S(C). And for everyP ∈ NU we have
P ⊆ U , whenceu(P ) ⊆ ��z which impliesu†(P ) =

∧
x∈P u(x) ≥ z.

By definition, the mapsx 7→ a + x andx 7→ rx from D into itself preserve binary meets. From
the Lemma just cited we conclude that these maps preserve meets of compact sets. This implies
the linearity of the mapu†. This map also preserves binary meets. Indeed, letP, Q ∈ S(C). Then
PuQ = ↑ conv(P∪Q). Thusu†(PuQ) =

∧
u(↑ conv(P∪Q)) =

∧
u(conv(P∪Q)) =

∧
u(P∪Q),

where the last equality holds because upper sets of points are convex.
It only remains to justify the uniqueness ofu†. So, letv : S(C) → D be any Scott-continuous map

preserving finite meets such thatv ◦ ηC = u. For x ∈ C we then havev(↑x) = v(ηC(x)) = u(x).
Take anyQ ∈ S(C). Then the setQ = {↑x | x ∈ Q} is a compact subset ofS(C) andQ =

d
x∈Q ↑x.

By the lemma cited above,v preserved infima of compact sets. Hencev(Q) = v
( d

x∈Q ↑x
)

=∧
x∈Q v(↑x) =

∧
x∈Q u(x) = u†(Q).

Our categoryLCCone contains the category of continuous d-cones. Thus, we have generalised
the results in [39, Section 4.2] from the category of continuous d-cones to the categoryLCCone. The
algebras of the monadS turn out to be same in both cases. The generalisation is relevant as we catch
an important case not covered by [39]:

Recall that a topological space isstably locally compactif it is localy compact and sober and if
the intersection of any two compact saturated subsets is sober. For such a spaceX, the extended
probabilistic powerdomainV(X) of continuous valuations with the weak*upper topology is a locally
convex, locally convex-compact, stably compact cone (see [2]). In particular, the coneV(X) belongs
to our categoryLCCone. But V(X) is not a continuous d-cone, ifX is not a continuous domain.

Let us note that, for a locally convex, locally convex-compact stably compact d-coneC, the upper
coneS(C) is a lattice, hence a continuous lattice d-cone by 12.6. This applies in particular to the the
extended probabilistic powerdomainV(X) over a stably locally compact space.

Combining the monadV with the monadS, we obtain a monadSV over the category of stably
locally compact spaces. This combined monad can serve for a semantics of languages combining
probability and nondeterminism over stably compact state spaces (compare [26, 39]). One would like
to characterise the algebras of the combined monadSV over the category of stably locally compact
spaces. By our results in this section we have solved this problem modulo a characterisation of
the algebras of the monadV over stably locally compact spaces which is still an open problem. A
solution of this latter problem would include two nontrivial results: firstly, the characterisation of the
algebras of the monad of probability measures on compact Hausdorff spaces as compact convex sets
in locally convex topological vector spaces (see [35]); secondly the characterisation of the algebras of
the extended probabilistic powerdomain monadV over stably compact continuous domains as stably
compact continuous d-cones (see [39]).
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