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$ 4 .  F r a m e s  i n  M o d u l a r  L a t t i c e s .

In  the  in t roduc t ion ,  we asser ted  tha t  un iversa l  Horn  sentences  cou ld  be

t rans la ted  f rom o ther  ex te rna l  theor ies  o f  modu les  in to  modu lar  la t t i ce

theory .  Ihe  techn iques  tha t  a re  needed invo lve  cer ta in  la t t i ce

conf igura t ions  ca l led  f rames,  wh ich  were  in t roduced by  von Neumann in  h is

deve lopment  o f  con t inuous  geomet ry  [4A] .  The use o f  la t t i ce  f rames to

cons t ruc t  r ings  f rom wh ich  modu lar  la t t i ce  representa t ions  are  ob ta ined,  as

i n  [ 4 A ,  T h e o r e m  7 4 . 1 ,  p .  2 0 8 ] ,  i s  c a l l e d  c o o r d i n a t i z a t i o n .  F r a m e s  a n d

coord ina t iza t ion  have been ex tens ive ly  used in  recent  years  to  ob ta in  many

r e s u l t s  o f  m o d u l a r  l a t t i c e  t h e o r y ;  f o r  e x a m p l e s  s e e  [ 4 8 , 4 C , 4 D ] .  I n  t h i s

sec t ion ,  we descr ibe  some bas ic  p roper t ies  o f  f rames and beg in  the

cont ruc t ion  o f  the  un iversa l  Horn  sentence t rans la t ion  func t ions .  F i rs t ,

cons ider  the  la t t i ce  M '  wh ich  is  the  fundamenta l  bu i ld ing  b lock  used to

cons t ruc t  a  f rame.

I n  t h e  f o l l o w i n g ,  L  w i l l  d e n o t e  a n  a r b i t r a r y  m o d u l a r  l a t t i c e .

4 . 1 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .

fo rms an  M,  sub la t t i ce  i f

a = x A y = x \ z - y A z  a n d

That  i s ,  these e lements  genera te

A  q u i n t u p l e  ( a , X , I , z , b )  o f  e l e m e n t s  o f  L

b  =  x v y  =  x V z  =  y V Z .

the  sub la t t i ce  o f  L  shown beLow:
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We wi l l ,  a lso  say  tha t  { " ,y ,2 }  genera tes  an  M'  wh ich  spans  the  in te rva l

s u b l a t t i c e  [ a , b ]  =  { w  e  L :  a  s  w  <  b }  o f  L ,  a n d  s p a n s  I  i f  L  =  [ a , b ] .

4 . Ia .  An M,  sub la t t i ce  i s  s  inp le ;  p roper  homomorph ic  images o f  M,  a re  t r i v ia l

4 .7b .  I f  {X ,Y,Z}  genera tes  an  M,  spann ing  Su(M)  fo r  an  R-moduJ.e  M,  then

there  are  R- I inear  i somorph isms f  :M-X @ Z and g :X-Z  such tha t  f  [Y ]  i s  the

graph o f  g .  Note  the  Noether  i somorph isms X to  M/Y Lo  Z  Lo  M/X to  Y  to  M/Z;

g  is  the  compos i te  o f  X  to  M/Y lo  Z .



4 . I c .  I f  { X ,  Y ,  Z }  g e n e r a t e s  a n  l l ,  s p a n n i n g  [ U ,  V ]  i n  S u ( M )  ,  t h e n  w e  c a n

re la t i v ize  to  i somorph isms f  J / l l . - -_X/U @Z/U and g  ' y1g* l /U ,  w i th  f  tY lU l

the graph of g.

4 . t d . .  I f  B  i s  a n  a d d i t i v e  r e l a t i o n  a l g e b r a  w i t h  u n i t ,  t h e n  { I 0 , 1 , 0 I }

g e n e r a t e s  a n  l l ,  s p a n n i n g  B .  ( F r o m  3 . 1 g , i ,  0 I  A  1  =  0 I  n  I 0  =  0 ,  e t c .  )

I f  e  i s  an  idempotent  o f  an  add i t i ve  re la t ion  a lgebra  A,  then

{ q ( " ) p ( " ) ,  e ,  p ( e ) q ( e ) }  g e n e r a t e s  a n  M ,  s p a n n i n e  [ p ( e ) , q ( e ) ]  ( s e e  3 . I t ) .

A l though x ,  y  and z  appear  symmet r ica l l y  in  4 .1 ,  i t  i s  o f ten  use fu l  to

regard  an  M,  sub la t t i ce  as  represent ing  two d is jo in t  i somorph ic  modu les  and

an isomorph ism graph,  o r  even as  e lements  I0 ,  1  and 0 I  o f  an  add i t i ve

r e l a t i o n  a l g e b r a  w i t h  u n i t .  F o r  f r a m e s ,  t h i s  v i e w  i s  e x t e n d e d  t o  n

isomorph ic  modu les ,  D 2  2 ,  wh ich  sa t is fy  appropr ia te  d is jo in tness  and

isomorph ism graph cond i t ions .

4 . 2 .  D e f i n i t i o n s .  F o r  n  2  2 ,  a n  n - f r a r n e  i n  a  m o d u l a r  l a t t i c e  L  i s  a  s y s t e m

o f  e l e m e n t s  a ,  b ,  f o r  i  <  n  a n d  c . .  f o r  i  *  j ,  1  s  i , i  S  t ,  t h a t  e i t h e r

s a t i s f  i e s  4 . 2 a , b ,  c  b e l o w  o r  i s  t r i v i a l .

4 . 2 a .  ( b r t b z u . . .  u b r ) n b r * 1  =  ä  f o r  1  <  i  <  n .

4 . 2 b .  l b . , c i  j , b j  I  g e n e r a t e s  a n  M ,  s p a n n i n g  [ a ,  b ,  u b j ]  a n d  c ; i  =  . ,  j  f o r

1  s  i  (  j  <  n .

4 . 2 c .  c i k  =  ( " ,  j  u c 5 r . ) ^  ( b i  u b u )  f o r  d i s t i n c t  i , i , k ,  t  3  i ,  j , k  s  n .

( A n  n - f r a m e  i s  L r i v i a l  i f  a  =  b i  =  " r j  f o r  a l l  j  +  i ,  1  s  i , j  <  n .  )

l { I e  s a y  t h a t  a n  n - f r a m e  s p a n s  [ . , b ]  f o r  b  =  b 1  u b ,  u . . .  u b r , ,  s i n c e  t h e

sub la t t i ce  o f  L  genera ted  by  the  f rame e lements  conta ins  a  and b  and is

c o n t a i n e d  i n  t h e  i n t e r v a l  s u b l a t t i c e  [ a , b ]  o f  L .  T h e  e l e m e n t s  b ' b z , ' . . , b ,

a re  ca lJ .ed  independent  over  a  in  L  i f  they  sa t is fy  4 .2a .

4 . 3 .  P r o p e r t i e s .  A  n o n t r i v i a l  Z - f r a m e  i n  L  i s  e s s e n t i a l l y

g e n e r a t e d  b y  { b ,  , c 1 2 , b 2 1 ,  s i n c e  .  =  b 1  n  b ,  a n d  c z t  =  c  j . z .

sub la t t i ce  o f  L  genera ted  by  an  n- f rame may be  in f in i te .

4 . 3 a .  I f  M  i s  a n  R - m o d u l e  a n d  s u b m o d u l e s  A  =  0 ,  B .  a n d  C . .

a n  M ,  s u b l a t t i c e

F o r  n  2  3 ,  t h e

of  M fo rm an



n- f rame wh ich  spans  Su(M) ,  then there  are  R- l inear  i somorph isms

f  : l i t * B r  t E B z  @ . . .  * B n

a n d  g .  j t B r - B j  f o r  a l l  j  +  i ,  1  <  i , j  s  n ,  s u c h  t h a t  g . .  =  8 i j - 1  a n d

B i : B i k  =  B i u  f o r  a l l  d i s t i n c t  i ,  j  a n d  k ,  1  s  i , j , k  s  n ,  a n d

f [ C i : ]  i s  t h e  n e g a t i v e  g r a p h  o g  B t .  r e g a r d e d  a s  a  s u b m o d u l e  o f  t h e

n - f o l d  d i r e c t  s u m ;  t h a t  i s ,  ( v ' v r , . . . , r r , )  i s  i n  f [ C i j ]  i f f  u k  =  0

f o r  a l l  k  <  n  e x c e p t  k  =  i  a n d  k  =  i ,  v i  .  B ,  a n d  v .  =  - g i i ( u r )  i n  B . .

4 . 3 b .  F o r  M  a n  R - m o d u l e  a n d  n  >  3 ,  I e t  , s . , y  , y ( ' )  d e n o t e  t h e  i - t h

inser t ion  map fo r  i  s  n .  Then there  is  a  canon ica l  n - f rame spann ing

S u ( M ( " ) )  g i v e n  b y  A  =  0 ,  B .  =  r c i [ M ]  f o r  i  s  n ,  a n d  C . .  =  C j ,  =

( r c i - r c j ) [ M ]  f o r  1 <  i  <  j  <  n .  I f  M  =  R  a n d  I y ! , v z , . . . , u r , ]  i s  a

f r e e  g e n e r a t i n g  s e t  f o r  R ( ' ) ,  t h e n  B .  =  R u i  f o r  i  s  n ,  a n d  C . .  =

c r ,  -  R ( v i - t i )  f o r  1 s  i  <  i  s  n .

4 . 3 c .  F o r  M  a n  R - m o d u l e  a n d  a n  n - f r a m e  A ,  B .  f o r  i  <  n  a n d  C . .  =  C j ,  f o r

1  s  i  <  j  s  n  i n  S u ( M )  s p a n n i n g  [ A , B ]  f o r  B  =  B r  t B r  t . . .  * 8 , , ,  t h e r e  a r e

R-L inear  i somorph isms

f :B/A---..----Br/A e Br/Ae . . . @ B,,/A

a n d  g . . : B . / 4 - B r / A  f o r  a I I  j  *  i ,  1  <  i ,  j  s  t ,  s u c h  t h a t  g . .

B i k  =  B i j 8 j u  f o r  a l l  d i s t i n c t  i ,  i ,  k  b e t w e e n  1  a n d  n .  H e r e ,

t h e  n e g a t i v e  g r a p h  o g  B i .  f o r  j  +  i ,  1  S  i , i  <  n .

T h e  u s e  o f  n e g a t i v e  g r a p h s  i s  n o t  n e c e s s a r y ,  b u t  i t  s i m p l i f i e s  c e r t a i n

f o r m u l a s .  C o n s i d e r  C r 3  =  ( C r r u  C r r )  n  ( 8 ,  u B r ) ,  w h i c h  c o r r e s p o n d s  t o  t h e

c o m p o s i t i o n  f o r m u l "  g r 3  =  E 1 2 E 2 g ,  s a y  f o r  t h e  c a n o n i c a l  4 - f r a m e  o f  4 . 3 b .  I f

n e g a t i v e  g r a p h s  a r e  u s e d ,  t h e n  C *  u C *  c o n t a i n s  q u a d r u p l e s  ( , r , - t + v , - v , 0 )

fo r  u ,v  €  M,  and quadrup les  o f  the  above fo rm in  BruB,  a re  jus t  the

n e g a t i v e  g r a p h  q u a d r u p l e s  ( u , 0 , - ü , 0 )  o f  C r r .  I f  p o s i t i v e  g r a p h s  a r e  u s e d

f o r  C *  a n d  C r '  t h e n  C ,  z v C z ,  c o n t a i n s  t h e  q u a d r u p l e s  ( u , u + v , v , 0 ) ,  a g a i n

I e a d i n g  t o  t h e  n e g a t i v e  g r a p h  q u a d r u p l e s  ( u , 0 , - u , 0 )  i n  B ,  v B '  T h e  m i n u s

s i g n s  c a n  b e  a v o i d e d  b y  u s i n g  C o n ( M ( + ) ;  i n s t e a d  o f  s u ( M ( a ) ) ,  b u t  t h i s  w o u l d
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requ i re  cons idera t ion  o f  oc tup les  o f  e lements  o f  M.  l | le  cou ld  a lso  work  w i th

pos i t i ve  g raphs  a t  the  top  o f  the  f rame,  us ing  D*  and D*  cons is t ing  o f

q u a d r u p l e s  ( r , u , w , y )  a n d  ( z , V , V , x )  i n  M ( 4 ) ,  s o  t h a t  D r e  n D *  c o n s i s t s  o f

e l e m e n t s  ( u , u , u , y )  i n  M ( 4 ) ,  a n d  t h e  j o i n  w i t h  B a u B n  c o n t a i n s  q u a d r u p l e s

(u , t ,u ,y )  cor respond ing  to  Dr '  Th is  may be  in te rpre ted  as  a  dua l

c o m p o s i t i o n  f o r m u l a  f o r  D r ,  g i v e n  b y  ( D r  z ^ D z r )  v  ( E ,  n E r ) ,  w h e r e  E ,  =

B ,  v B ,  v B n ,  E a  =  B ,  u B ,  u B n  a n d  E s  =  B r  v B ,  v B n ,  a n d  D . .  i s  i n  [ E ,  n E i ,  M ( 4 ) ]

fo r  1  <  i  <  j  s  3 .  There  is  an  obv ious  adapta t ion  o f  th is  p rocedure  to

n- f rames fo r  o ther  va lues  o f  n  >  3 .  A l though these a l te rna t ive

formula t ions  wou ld  a lso  work ,  we w i I I  employ  the  usua l  negat ive  graph

representa t ions  hereaf te r .

There  is  another  approach to  n - f rames us ing  a  conf igura t ion  o f  n  +  1

s y m m e t r i c a l  e l e m e n t s ,  c a l l e d  a n  n - d i a r n o n d .  ( A  s e t  n  =  { d '  d 2 , . . . , d r , * 1 }  w h i c t r

spans  [a ,b ]  in  L  i s  an  n-d iamond i f  any  n-e lement  subset  o f  D  is  independent

o v e r  a  a n d  h a s  j o i n  b . )  T h i s  t e r m i n o l o g y  w a s  i n t r o d u c e d  b y  H u h n  [ a G ] ;  t h e

s i m p l i f i e d  v e r s i o n  a b o v e  i s  d i s c u s s e d  i n  D a y  t 4 H ] .  F o r  o u r  p u r p o s e s ,  t h e

f o r m u l a t i o n  o f  4 . 2  i s  m o r e  s u i t a b l e .

The un iversa l  Horn  sentence t rans la t ion  f rom add i t i ve  re la t ion  a lgebras

wi th  un i t  to  modu lar  la t t i ces  is  cons t ruc ted  by  express ing  r r -opera t ions  by

l a t t i c e  p o l y n o m i a l s  i n  n - f r a m e s ,  n  2  3 .

4 . 4 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  L e t  a ,  b .  a n d  c . .  f o r  j  *  i ,  1  <  i , i  s  n ,

f o r m  a  s y s t e m  H  o f  e l e m e n t s  o f  a  r r - a l g e b r a  K ,  n  2  3 .  R e l a t i v e  t o  H ,  d e f i n e

r r -opera t ions  on  K as  be low,  fo r  x  and y  in  K :

x  t ,  y  =  ( [ ( x v c 1 r ) , r  ( b z  t b s ) ]  v  [ ( y v b s )  ̂  ( b a  u " r r ) ] )  n  ( b 1  v b z ) ,

- H x  =  ( t ( t ( x v b s )  ^  ( b r  u " r r ) l  v b z )  n  ( b r  v b r ) l  u " r r )  n  ( b ,  v b r ) ,

x  ' H  y  =  ( [ ( x v c z r ) n  ( b r  t b r ) ]  v  [ ( y v c r r ) n  ( b ,  u b r ) ] ) n  ( b ,  v b , ) ,

* o *  -  ( t ( t ( x V c 1 r )  n  ( b ,  u b r ) l  v c r r )  n  ( b ,  u b r ) l  v c z r )  n  ( b 1  v b a ) ,

*  v x  Y  =  ) ( V l r  r  ^ x  I  =  X A Y ,

0 x  =  b r ,  l H =  c t z ,  0 ,  =  t  a n d  I ,  =  b r v b r .



Let  K ,  denote  the  r r -a lgebra  on  K prov ided w i th  the  above opera t ions .  0 f

course ,  K*  i s  no t  an  add i t i ve  re la t ion  a lgebra  w i th  un i t .

I f  h :K-L  is  a  r r -homomorph ism o f  r r -a lgebras ,  le t  h (H)  denote  the

s y s t e m  o f  e l e m e n t s  h ( a ) ,  h ( b r )  a n d  h ( c i j )  f o r  i  +  i ,  I  3  i , j  <  n .

4 . 4 a .  I f  K  i s  a  l a t t i c e ,  t h e n  t h e  i n t e r v a l  s u b l a t t i c e  [ 0 x , I x ]  i s  a

r r -suba lgebra  o f  K , .

4 .4b .  Suppose h :K-L  is  a  r r -homomorph ism o f  r r -a lgebras .  Then h ,Kx .+Lr , (x  )

i s  a  r r -homomorph ism.  I f  K  and L  are  la t t i ces  and H is  an  n- f rame,  then h(H)

i s  a n  n * f r a m e  a n d  h  i n d u c e s  a  r r - h o m o m o r p h i s m  k : [ 0 x , I x ] - [ 0 r r ( x ) , I r , 1 x y l  b l

res t r i c t ion  o f  the  domain  and codomain .

For  M an R-modu le  and the  canon ica l  n - f rame z  on  su(M(" ) )  fo r  n  ä  3  as

i n  4 . 3 b ,  t h e  i n t e r v a l  t r - s u b a l g e b r a  L O z , I z ]  =  [ A ,  B ,  u B r J  o f  4 ' 4 a  i s

e s s e n t i a l l y  j u s t  R e I ( M ) .  U s i n g  n e g a t i v e  g r a p h s ,  l e t :

0 ( r )  =  { r r ( a ) - r r ( b ) :  ( " , b )  .  f } ,

w h i c h  d e t e r m i n e s  a  r B - m o n o m o r p h i " t  p , R e t ( M ) - S u ( M ( "  )  ;  w i t h  i m a g e  L O z , I z l '

For  example ,  i f  f  and  g  a re  in  Re l (M)  we have:

n ,  =  ( 0 ( f )  v C r r )  n  ( B z  v 8 3 )  =

=  { ( u + w , - v , - w , 0 , . . . , 0 ) '  ( u , v )  e  f ,  u + w  =  0 }

=  { ( 0 , - v , ü , 0 ,  . . , 0 ) '  ( n , . t )  e  f } ,  a n d

D z  =  ( 0 ( g )  v B s ) ^ ( B z u c r r )  =

=  { ( w , - X , - w , 0 , . . . , 0 ) :  ( * , * )  e  B } ,  s o

0 ( r )  * z  0 ( g )  =  ( D r  u D e )  n  ( B ,  v B r )

=  { ( w , - v - x , ü - w , 0 , . . . , 0 ) :  ( u , v )  e  f  ,  ( w , x )  e  g ,  u - w  =  0 }

=  { ( u , - ( v + x ) , 0 , . . . , 0 ) :  ( u , v )  e  f  ,  ( r r , x )  €  g }  =  0 ( r + g ) '

S imi la r  a rguments  show tha t  !  p "e"erves  a I l  the  o ther  r r -opera t ions ,  and i t

i s  c lear  tha t  I  i s  one-one and has  image l }z , Iz ] .

Us ing  4 .3c ,  ca lcu la t ions  o f  the  above sor t  can  be  adapted  to  an

arb i t ra ry  n - f rame in  Su(M) ,  n  2  3 .  l le  w i l l  omi t  the  rou t ine  proo f  o f  the

f o l l o w i n g  g e n e r a l  r e s u l t  b e I o w .



4 . 5 .  P r o p o s i t i o n .  S u p p o s e A ,  B .  f o r  i s n a n d C . .  = C j ,  f o r l < i  <  j  < n

f o r m  a n  n - f r a m e  H  i n  S u ( M )  f o r  M  a n  R - m o d u l e ,  n  >  3 .  L e t  p : R e l ( 8 1 / A ) - S u ( M ) x

be g iven by  the  negat ive  graph inser t ion :

p ( f  )  =  { r - g r r ( v ) :  ( u + A ,  v + A )  .  f } .

Then p  is  a  one-one r r -homomorph ism wi th  image [0H, IH] .  In  par t i cu la r ,

[ 0 x , I x ]  i s  i n  ß ( R ) .

Von Neumann def ined the  aux i l ia ry  r ing  assoc ia ted  w i th  an  n- f rame,  n  2  4 ,

t o  b e  t h e  s e t  o f  c o m p l e m e n t s  o f  b ,  r e l a t i v e  t o  t h e  i n t e r v a l  [ a ,  b r v b r J ;

th is  se t  fo r  4 .3b  cor responds to  the  r ing  o f  endomorph isms o f  M,  wh ich  can

b e  r e g a r d e d  a s  t h e  r * - s u b a l g e b r a  h o m ( 1 , 1 )  o f  R e l ( M ) .  O u r  f o r m u l a s  f o r  t h e

r ing  opera t ions  * , r ,  H ,  0 r ,  ' , . ,  and  1 ,  a re  essent ia l l y  the  same,  bu t  we app ly

t h e s e  f o r m u l a s  t o  t h e  e n t i r e  i n t e r v a l  [ a ,  b ,  u b r ]  a n d  a d d  t h e  o t h e r

r r - o p e r a t i o n s ,  c o r r e s p o n d i n g  t o  t h e  e n t i r e  a d d i t i v e  r e l a t i o n  a l g e b r a  R e I ( M ) .

To t rans la te  un iversa l  Horn  sentences ,  adapt  the  cons idera t ions  above in

te rms o f  po lynomia ls  o f  types  r ,  and t r .

4 . 6 .  D e f i n i t i o n s .  T o  s e t  u p  a  3 - f r a m e ,  t h e  f i r s t  t e n  v a r i a b l e s  o f  X  =

{ " r , " e , X g , . . . }  a r e  r e l a b e l l e d ,  t o  o b t a i n  t  =  ( * r  , x 2 , , . . , x 1 0 )  =

( " , b r , b 2 , b 3 , c 7 2 , c z r , c ! 3 , c 3 1 , c 2 g , " r r ) .

A I s o ,  d e n o t e  x i * 1 0  b y  y i  f o r  a l l  i  >  1 .

R e c a l l  t h a t  P ( X , r )  d e n o t e s  t h e  r - a l g e b r a  o f  a l l  r - p o l y n o m i a l s  o n  X ,  f o r

a n y  a l g e b r a i c  t y p e  t .  D e f i n e  P ( X , r r ) ,  t o  b e  a  r r - a l g e b r a  g i v e n  b y  t h e

f o r m u l a s  o f  4 . 4 ,  a n d  l e t  r : P ( X , r r ) - - - - - - - P ( X , r r ) y  b e  t h e  u n i q u e  r r - h o m o m o r p h i s m

s u c h  t h a t  r c ( x r )  =  y '  f o r  a I I  i  >  1 .  I t  i s  c l e a r  t h a t  r c  i s  a  r e c u r s i v e

func t ion ,  i f  po lynomia ls  o f  type  r ,  and rB  are  regarded as  words  on  a

s u i t a b l e  a l p h a b e t .

4 . 7 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  S u p p o s e  A  i s  a  b a s i c  u n i v e r s a l  H o r n

sentence fo r  add i t i ve  re la t ion  a lgebras  w i th  un i t ,  say

( V x r , t z , . . . , " . ) ( ( t r ,  = g r  &  p z  = g z  & . . .  &  p r , = { r , )  t  P o  = { o )



w h e r e  p .  =  p i ( x 1 . , * 2 , . . . , x . )  a n d  { i  =  { i ( * t , " 2 , . . . , * ' n )  i n  P ( X , r r )  f o r  0  s  i  s  n

a n d  x ' x 2 , . . . , X .  i n  X .  D e f i n e  T 1 ( Ä ) ,  a  b a s i c  u n i v e r s a l  H o r n  s e n t e n c e  f o r

l a t t i c e s ,  a s :

( V " r , x 2 , . . . , X - * 1 0 ) ( ( E t  & ' E z  & ' , . .  &  E . * r , n * r , )  -  t ( P o ) = t ( q o ) ) ,

w i t h  t h e  e q u a t i o n s  E ' E ,  E a * r . * r ,  g i v e n  a s  f o l l o w s :

4 . 7 a .  E :  f o r  j  s  d  a r e  e q u a t i o n s  a s  i n  4 . 2  s p e c i f y i n g  t h a t  a ,  b .  a n d  c . .

f o r m  a  3 - f r a m e  ( p o s s i b l y  t r i v i a l ) .  M o r e  p r e c i s e l y ,  a  r r - h o m o m o r p h i s m

h :  P ( X ,  r ,  ) - L  i s  a  f  r a m e  a s s i g n m e n t  i f  f  h  s a t i s f  i e s  t h e s e  e q u a t i o n s .

( I n  4 . 2 , 2 9  s u c h  e q u a t i o n s  a r e  g i v e n ,  b u t  m a n y  a r e  r e d u n d a n t . )

4 . 7 b .  E a * j  i s t h e e q u a t i o n a < y j  r t d E d * . * j  i t y j  < b 1  v b z ,  f o r l s  j  = m .

4 . 7 c .  E o * r . * .  i s  t h e  e q u a t i o n  r c ( n . ,  )  =  r ( q i )  f o r  1 ' i  ' t t .

l | l e  a re  now prepared fo r  our  f i rs t  t rans la t ion  resu l t .

4 . 8 .  P r o p o s i t i o n .  S u p p o s e  R  i s  a  r i n g  w i t h  u n i t  a n d  Ä  i s  a  b a s i c  u n i v e r s a l

H o r n  s e n t e n c e  f o r  a d d i t i v e  r e l a t i o n  a l g e b r a s  w i t h  u n i t  ( t y p e  r r ) .  T h e n  Ä  h o l d s

i n  R e I ( M )  f o r  a l l  R - m o d u l e s  M  i f f  T 1 ( Ä )  h o l d s  i n  S u ( M )  f o r  a l I  R - m o d u l e s  M .

P r o o f :  A s s u m e  t h e  h y p o t h e s e s ,  a n d  s u p p o s e  S u ( N ) F T 1 ( Ä )  f o r  a I I  N  i n

R - M o d .  L e t  g : P ( X , r r ) - R e I ( M )  b e  a  r r - h o m o m o r p h i s m  s u c h  t h a t  g ( P ,  )  =  S ( 4 ,  )

f o r  i  s  n .  U s i n g  4 . 5 ,  p  i s  a  o n e - o n e  r r - h o m o m o r p h i s m  f r o m  R e I ( M )  i n t o

S u ( M ( ' ) ) ,  f o "  Z  L h e  c a n o n i c a l  3 - f r a m e  o f  4 . 3 b .  L e t  h : P ( X , t r ) * S u ( y t l ) ;

b e  t h e  r r - h o m o m o r p h i s m  s u c h  t h a t  h ( a )  =  Q ,  h ( b i )  =  r i [ M ] ,  h ( c , j )  =

h ( c ; i )  =  ( r i - r c j ) [ M ]  f o r  1 s  i  <  i ' 3 ,  a n d  h ( y , )  =  p ( g ( x 1 ) )  f o r  i  >  1 .

S i n c e  h  i s  a  f r a m e  a s s i g n m e n t  w i t h  h ( Y )  =  7 ,  h : P ( X , r r ) r - S u ( M (  3 ) ) z  i s  a

r r -homomorph ism by  4 .4b .  Then by  the  hypotheses ,  we have the  commuta t ive

d iagram o f  r r -homorph isms be low:

P ( X , r o )  
*  , P ( X , r , ) y

_ l " lr ll"
Rei(u) -s"1 la(  3  )  ; ,

T h e r e f o r e ,  B ( p , )  =  S ( e r )  i m p l i e s  h ( r ( p i ) )  =  h ( r c ( q i ) )  f o r  i  =  1 , 2 , , n . Note



t h a t  a l l  o f  t h e  h y p o t h e s e s  o f  T r ( Ä )  a r e  s a t i s f i e d  f o r  h ,  a n d  s o  h ( r ( p o ) )  =

h ( , c ( q o ) ) .  S i n c e  p  i s  o n e - o n e ,  w e  h a v e  g ( p o )  =  S ( l o ) ,  a n d  t h e r e f o r e

R e i ( M )  e  Ä .

N o w  s u p p o s e  t h a t  R e l ( N )  F Ä  f o r  a l l  R - m o d u l e s  N .  L e t  h : P ( X , r r ) - S u ( M )

be a  la t t i ce  homomorph ism sa t is fy ing  a l l  the  hypotheses  o f  Tr (A) .  Then

h : P ( X , t r ) r - S u ( M ) v  i s  a  r r - h o m o m o r p h i s m  b y  4 . 4 b ,  w h e r e  V  =  h ( Y ) .  B y  4 . 7 a ,

V  i s  a  S - f r a m e  i n  S u ( M ) .  S o ,  [ 0 v , I v ]  i s  i n  E ( R )  b y  4 . 5 ,  a n d  n o t e  t h a t  h ( y . )

i s  i n  [ O v , I v ]  f o r  1 =  i .  m  b y  4 . 7 b .  L e t  g : P ( X , r r ) . - - - _ [ 0 u , I u J  b e  a n y

r r -homomorph ism such tha t  g (x i )  =  h ( ] t i )  fo r  1  <  i  s  m.  By  cons t ruc t ion ,

p ( g ( p ) )  =  h ( r ( p ) )  i f  p  =  p ( x ' x z , . . . , r . )  i n  P ( X , r , ) .  S i n c e  , r  i s  o n e - o n e ,

s ( n , )  =  g ( q i )  f o r  1  <  i ' n  b y  4 . 7 c .  T h e n  g ( p o )  =  s ( e o )  u s i n g  Ä ,  s o  h ( r ( p o ) )

h ( , c ( q o ) ) .  T h i s  p r o v e s  t h a t  S u ( M )  F T 1 ( ^ )  f o r  a l l  R - m o d u l e s  M .  I

R e c a l l  t h e  c l a s s e s  0 ( R )  a n d  ß ( R )  o f  a d d i t i v e  r e l a t i o n  a l g e b r a s  ( w i t h o u t  o r

w i t h  u n i t )  w h i c h  a r e  r e p r e s e n t a b l e  b y  R - m o d u l e s  ( 3 . 2 ) .  U s i n g  f r a m e s ,  w e  c a n

s h o w  t h a t  t h e s e  c l a s s e s  a r e  q u a s i v a r i e t i e s .

4 . 9 .  P r o p o s i t i o n .  I f  R  i s  a  r i n g  w i t h  u n i t ,  t h e n  0 ( R )

r o - a l g e b r a s ,  a n d  ß ( R )  i s  a  q u a s i v a r i e t y  o f  r r - a l g e b r a s .

P r o o f :  S u p p o s e  B  i s  a  t r - a l g e b r a  n o t  i n  E ( R ) .  L e t  C

Y u B ,  w h e r e  Y  c o n t a i n s  t e n  3 - f r a m e  v a r i a b l e s  a s  i n  4 . 6 .

commutat ive diagram of rr-homomorphisms as shown beIow.

i s  a  q u a s i v a r i e t y  o f

b e  a  d i s j o i n t  u n i o n

We construct a

P(B, r, )+P( C, rl )v.---------------.----.-..---lv
I  l xsl I
B+[Ov,Iv ].--.---._Su(M)u

, P L

D e f i n e g a n d r b y g ( f )  = f  = r c ( f )  f o r a I I  f  i n B .  D e f i n e L  b y a p r e s e n t a t i o n

t ( R ) { C l W } ,  w h e r e  . 8 ( R )  i s  a  l a t t i c e  q u a s i v a r i e t y  a n d  i l l  =  l l l ,  u W e  r W g  s  P ( C , r r ) '

as  g iven be low.  Le t  W,  cons is t  o f  d  pa i rs  cor respond ing  to  the  equat ions  o f

4 . 7 a ,  s p e c i f y i n g  t h a t  e l e m e n t s  a ,  b ,  a n d  c . .  o f  Y  f o r m  a  3 - f r a m e  i n  L .  L e t

W ,  c o n s i s t  o f  t h e  s e t  o f  2 l B l  p a i r s  s p e c i f y i n g  t h a t  a  s  f  ' b ,  u b ,  f o r  a I I  f

i n  B ,  s i m i l a r  L o  4 . 7 b .  F i n a l I y ,  J . e t  W ,  c o n s i s t  o f  a l l  p a i r s  ( r c ( p ) , r c ( q ) )  s u c h



t h a t  g ( p )  =  g ( q ) ,  f o r  p  a n d  q  i n  P ( B , r r )  ( c o m p a r e  4 . 7 c ) .  L e t  r ;  b e  t h e

canon ica l  t r -homomorph ism,  so  h(c )  =  c  fo r  a I I  c  in  C,  and no te  tha t  1  i s  a

r r -homomorph ism by  4 .4b .  There  ex is ts  a  La t t iee  embedd ing  1 '  1*$q( | l )  ,  s ince

L  e  L ( R ) .  F r o m  W '  Y  i . s  a  S - f r a m e  i n  L ,  a n d  s o  v  =  \ ( Y )  i s  a  S - f r a m e  i n

s u ( M )  a n d  x  i s  a  r r - h o m o m o r p h i s m  b y  4 . 4 b .  A l s o ,  t h e  i n c L u s i o n  r  i s  a

r r - h o m o m o r p h i s m  b y  4 . 4 a .  N o w  1 ( K ( f ) )  i s  i n  [ 0 y , I y ]  f o r  a I I  f  i n  B  b y  l l | '  s o

\ ( l ( r c ( f ) ) )  i s  i n  [ 0 v , I v ] .  U s i n g  W '  w e  c a n  d e f i n e  a  u n i q u e  r r - h o m o m o r p h i s m

pr  such tha t  p ( f  )  =  ) \ ( f  )  fo r  a ] l  f  in  B ,  so  rc1 \  =  gp t '  Now p  is  no t  one-one '

s i n c e  B  i s  n o t  i n  ß ( R )  b u t  [ 0 v , I v ]  i s  i n  E ( R )  b y   ' 5 .  S o ,  t h e r e  a r e

d i s t i n c t  f ,  a n d  f ,  i n  B  s u c h  t h a t  p ( f r )  =  p ( f z ) .  S i n c e  \  i s  o n e - o n e '  w e

h a v e  1 ( f r )  =  t t ( f a )  a l s o .

B y  A ? ,  t h e r e  e x i s t s  a  f  i n j . t e  s u b s e t  C , n  =  Y ,  { f  '  f  , , .  . . , f . }  o f  C

( c o n t a i n i n g  f r  a n d  f ,  a b o v e )  a n d  a  f i n i t e  s u b s e t  l r { ' 9  1 l l n P ( C . , r r ) 2  s u c h

t h a t  1 ' ( f  r )  
=  1 ' ( f r )  i f  1 ' : P ( C n , , r r ) . _ L '  i s  c a n o n i c a l  f o r  L '  -  f ( R ) { C ' , l l | J ' } '

S u p p o s e  l { ,  n  l { '  c o n s i s t s  o f  p a i r s  ( n ,  , c , , )  i n  P ( 8 , r ,  ) ,  w h e r e

p j  =  p j ( f  , . , f  ,  f . )  a n d  { ,  =  { j ( f  . , . , f  ,  f . )  f o r  j  <  n .

Le t  Ä  be  the  un iversa l  Horn  sentence o f  type  r ,  w i th  hypotheses

p :  ( t ,  , x 2 ,  . .  .  , X . )  =  n ,  ( * t , t z ,  '  .  .  , " , n )

f o r  j  s  n ,  a n d  c o n c l u s i o n  X 1  =  * 2 .  B y  t h e  c o n s t r u c t i o n  a n d  A ? ,  t ( R ) F T 1 ( ^ ) '

a n d  s o  ß ( R ) F A  b y  4 . 8 .  C I e a r I y  Ä  i s  n o t  s a t i s f i e d  i n  B ,  a n d  i t  f o l l o w s  t h a t

ß ( R )  i s  a  q u a s i v a r i e t y .  T h e  p r o o f  t h a t  0 ( R )  i s  a  q u a s i v a r i e t y  i s  s i m i l a r .  I

We nex t  observe  tha t  inc lus ion  func t ions  can a lso  serve  as  bas ic

un iversa l  Horn  sentence t rans la t ion  func t ions .

4 . t 0 .  P r o p o s i t i o n .  I f  ^  i s  a  u n i v e r s a l  H o r n  s e n t e n c e  o f  t y p e  t n ,  t h e n

0 ( R )  t s  ̂  i f f  ß ( R )  F  ̂ .  I f  0  i s  a  u n i v e r s a l  H o r n  s e n t e n c e  f o r  l a t t i c e s

( t y p e  r r ) ,  t h e n  I ( R ) F n  i f f  0 ( R ) t r 0  i f f  E ( R )  F f i .

P r o o f :  F r o m  3 . 2 ,  0 ( R ) t r ^  i f f  R e I . ( M ) F Ä  f o r  a l l  R - m o d u l e s  M  i f f

R e I ( M )  F  A  f o r  a I I  R - m o d u l e s  M  i f f  E ( R )  F  Ä .  I n  p a r t i c u l a r ,  0 ( R )  F  n

i f f  ß ( R )  F 0 .  s i n c e  e a c h  s u ( M )  i s  i s o m o r p h i c  t o  t h e  s u b l a t t i c e  o f



L u

s y m m e t r i c  n u l l  e l e m e n t s  o f  R e l ( M )  b y  3 . 4 9  a n d  3 . 1 6 ,  r ( R ) F 0  i f f  S u ( M ) p 0

f o r  a l l  M  i f f  R e l ( M ) F 0  f o r  a l l  M  i f f  E ( R ) F n  i f f  0 ( R ) F 0 .  t

A t  th is  po in t ,  we can a l ready  prove the  a lgebra ic  par ts  o f  the

u n i f i c a t i o n  t h e o r e m s  o f  $ 7 .

4 . ! t ,  C o r o l l a r y .  F o r  r i n g s  R  a n d  S  w i t h  u n i t ,  . g ( R )  s  r ( S )  i f f  0 ( R )  s  0 ( S )

i f f  ß ( R )  s  ß ( S ) .  T h e r e f o r e ,  J ( R )  =  J ( S )  i f f  0 ( R )  =  0 ( S )  i f f  ß ( R )  =  ß ( S ) .

That  i s ,  R  and S have the  same la t t i ces  representab le  by  modu les  i f f  they

have the  same add i t i ve  re la t ion  a lgebras  (w i thout  o r  w i th  un i t )

representab) .e  by  modu les .  By  the  quas ivar ie ty  charac ter iza t ions  in  2 .9

and 4 .9 ,  i t  i s  a lso  equ ivaLent  to  asser t  tha t  the  same un iversa l  Horn  sentences

a r e  s a t i s f i e d  f o r  J ( R )  a n d  f ( S ) ,  o r  0 ( R )  a n d  0 ( S ) ,  o r  ß ( R )  a n d  ß ( S ) .

T o  p r o v e  t h e  e q u i v a l e n c e s  d i s p l a y e d  a b o v e ,  n o t e  f i r s t  t h a t  i f . 8 ( R )  g  J ( S )

i s  f a l s e ,  t h e r e  i s  a  b a s i c  u n i v e r s a l  H o r n  s e n t e n c e  f o r  l a t t i c e s  0  s u c h  t h a t

. f ( S )  F 0  b u t  n o t  f , ( R ) t s 0 .  T h e n  0 ( S ) F 0  b u t  n o t  0 ( R ) F 0  b y  4 . 1 0 ,  s o

0 ( R )  s  0 ( S )  i s  f a l s e .  S i m i l a r l y ,  i f  0 ( R )  s  0 ( S )  i s  f a 1 s e ,  s o  i s  ß ( R )  s  ß ( S ) .

I f  ß ( R )  s  ß ( S )  i s  f a l s e ,  t h e n  t h e r e  i s  a  b a s i c  u n i v e r s a l  H o r n  s e n t e n c e  Ä  o f

t y p e  r ,  s u c h  t h a t  ß ( S ) F l  b u t  n o t  ß ( R )  F Ä .  B u t  t h e n  t ( S ) F 1 1 ( ^ )  b u t  n o t

J ( R )  F T 1 ( l l )  b y  4 . 8 ,  s o  t h a t  J ( R )  s  J ( S )  i s  f a l s e  a l s o .


