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1 Introduction

Let L be an even lattice of signature (2,/). Throughout we assume [ > 3 and furthermore
that L ®7 Q contains two orthogonal hyperbolic planes (some results require [ > 4). Let
[’ be a subgroup of finite index of the orthogonal group of L and let Xt be the Baily-
Borel compactification of H,;/T", where H,; denotes the corresponding Hermitean symmetric
domain. The boundary of this compactification is a curve, which usually has many com-
ponents. We consider in each component of this curve a generic point s. We want to
investigate the local divisor class group of Xt in s. This is roughly the group of analytic
line bundles Pic(U,eg) on the regular locus of a small open neighbourhood U of s. Up to
some exceptional cases the boundary of Xt consists of singular points. In any case, here
we define

Ueg = U N (H,/T).
As a precise definition of the local Picard group we take
Pic(Xr, s) = liﬂPic(Ureg), (1.1)

where U runs through all open neighbourhoods of s. Our first goal is to compute this local
Picard group. To this end one has to determine the local analytic cohomology

liﬂHl(Urega OXF)-

This has been done in a more general context by Ballweg in his Heidelberg thesis [Ba).
Using the result of Ballweg we obtain a satisfactory description of the local Picard group.

The cusp s corresponds to a I'-conjugacy class of parabolic subgroups P C O(2,1). We
choose one such P and denote by 'y, the intersection of P with T'.
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For sufficiently neat I' this is a two-step nilpotent group, which splits into a semi-direct
product,
0—t—Ty —A—0.

The main result of the local computation can be expressed by the exact sequence
Hom(A, R*) — Pic(Xr, s) — H?(Coo, Z) — lig H? (Ureg, Ox.)-

Here R denotes the ring of convergent power series in one complex variable and R* its group
of units. (This ring occurs as the local ring of s in its boundary component). The kernel of
H*(Too, Z) — liﬂHQ(Ureg, Ox,) turns out to be non-trivial. Let D be a divisor in a small
neighbourhood of s. From the above exact sequence we see that there are two obstructions
for D to be the divisor of a meromorphic function (in a possibly smaller neighbourhood of
s). The first obstruction is a Chern class in H?(T'y, Z). We will find many examples where
this Chern class is not trivial. If it is trivial there is a second obstruction, a (usually non-
unitary) character of A. So our computation shows that it is a rather restrictive property
of a divisor to be principal, i.e. the divisor of a meromorphic function.

In section 4 we investigate these obstructions for Heegner divisors. Recall that for
any [ in the discriminant group of L and any negative rational integer m (satisfying a
congruence condition modulo 1) the Heegner divisor H (3, m) of discriminant (3, m) is
an algebraic divisor on Xt (see (4.1) for a precise definition). It defines an element of
Pic(Xr, s) which can be realized as an automorphy factor for T'y, on the inverse image
U of a small neighbourhood of s under the canonical map H; — Xr. To construct this
automorphy factor explicitly we introduce a certain local Borcherds product W. This is a
holomorphic function on H; defined as an infinite product, whose divisor (¥) is invariant
under I'o,. The restriction of (¥) to U equals the pullback of H(S, m). The function ¥
can be viewed as a local analogue of the automorphic products discovered by Borcherds
[Bol] or more precisely of the generalized Borcherds products attached to Heegner divisors
considered in [Brl]. Needless to mention that our construction is quite trivial compared to
the deep theory of Borcherds. However, it seems remarkable that the local products have
similar properties and carry non-trivial information on the geometry of Xr.

The automorphy factor

J(9,2)=V(9Z)/¥(Z) (g€, Z€H)

is a cocycle, which represents the image of H (3, m) in Pic(Xr,s). It can be computed
explicitly, and as an immediate consequence we may determine its Chern class in H?(T'y,, Z)
(Proposition 4.3).

It turns out that these Chern classes can be described by means of certain vector
valued theta series of weight 1 + /2 for the metaplectic group Mpy(Z) (Theorem 4.5 and
Proposition 5.1). One may infer that they are related to the global obstructions for the
existence of automorphic products, that occur in the theory of Borcherds [Bol, Bo2].

In the special case that L is unimodular we use a result due to Waldspurger [Wal]
to show that the local obstructions generate the space of global obstructions. Let H
be a linear combinations of Heegner divisors. Assume that for every one-dimensional



irreducible component B of the boundary of X1 and a generic point s € B the divisor H
is a torsion element of Pic(Xr, s). Then our Proposition 5.1 combined with Waldspurger’s
result implies that there exists a Borcherds product for the orthogonal group of L whose
divisor equals H (see Theorem 5.4).

As a corollary we find that any meromorphic modular form for the orthogonal group of
L, whose divisor is a linear combination of Heegner divisors, is a Borcherds product. This
was also proved in greater generality in [Brl, Br2]. However, in these papers a completely
different argument is used, which does not say anything about the local Picard groups of
XF.

2 Boundary components

As in the introduction we consider an even lattice L of rank [+ 2, whose symmetric bilinear
form (-,-) has signature (2,1). Then the quadratic form

o) = 5(,)

has integral values. Throughout we assume [ > 3 and that L ®y Q splits two hyperbolic
planes. (This is always true if [ > 5.) The dual lattice of L is denoted by L'.

We extend the bilinear form to a C-bilinear form on the complexification L ®; C. We
consider the following chain of subsets of the associated projective space P(L ®z C):

H, CKCN C P(L®;C).

Here A denotes the zero quadric, i.e. the subset of P(L ®z C) represented by vectors z of
norm zero (z,z) = 0. The open subset K is defined by the condition (z,z) > 0. It has two
connected components. We choose one of them and denote it by ;. The real orthogonal
group O(2,1) = O(L ®z R) acts on L ®7 C, P(L ®zC), N, and K. A subgroup of index 2
(the spinor kernel) O'(2,1) acts on H,.

We now describe the boundary of #; in the zero quadric A': Let FF C L ®z R be an
isotropic line. It is easy to see that the associated point in N lies in the boundary of H;.

Remark and Definition 2.1.

i) Let F C L ®7 R be an isotropic line. Then F represents a boundary point of H;. A
boundary point of this type is called special, otherwise generic. A set consisting of
one special boundary point is called a zero-dimensional boundary component.

ii) Let F C L ®z R be a two-dimensional isotropic subspace. The set of all generic
boundary points, which can be represented by an element of F Qg C is called the
one-dimensional boundary component attached to F.

This gives a one-to-one correspondence between boundary components and isotropic spaces
F' of the corresponding dimension. The boundary of H, is the disjoint union of the boundary
components.



The proof of the last statement follows from the following description: Let F' C L ®7; R
be a two dimensional isotropic subspace. Then there exists a complementary isotropic
space F' C L ®z R such that F + F is the sum of two orthogonal hyperbolic planes. There
exists a basis e, e3 of F' and a basis ey, e4 of F such that

(61762) = ]-7 (21)
63764) — 17

(ei;ei) =0 (] =4 74)7

(ei,ej):0 (i—l,?, j:3,4)

We briefly write (z1, 29, 23, 24) instead of z1e; + - - - + z4e4. Hence the elements of F' are of
the form (21,0, 23,0). We assume that this is not a multiple of a real point. Then 2z, 23
both must be different from 0, and we may normalize such that z; = 1, i.e. the point is of
the form (1,0,7,0). We have to clarify whether it is in the boundary of #;. This depends
on the choice of the component #;, C K. The point (i,i, 1,1) is contained in K. We may
replace e; by —e; and ey by —ey and therefore assume that it is contained in ;. Then

HxH— %l, (Zl, 2’2) —> (Zl, 2o, —Z1%2, ].)

defines an embedding of the product of two usual complex upper half planes H into H;.
We have (in the projective space)

lim [it, 7, —7it, 1] = lim [1, ,Z, -7, l} =[1,0,—7,0].
t—00 t—00 1t it

This means that the point (1,0, —7,0) belongs to the boundary of H; if and only if the

imaginary part of 7 is positive. Thus the one dimensional boundary components can be

considered as usual complex upper half planes. It should be mentioned that the set of all

boundary points, which can be represented by a point of F' ®; C (including the special

ones), can be identified in the same manner with H UR U co.

Rational boundary components

A boundary component is called rational if the corresponding isotropic space F' is defined
over Q. The union of H; with all rational boundary components is denoted by H;. The
rational orthogonal group

O'(L®zQ) =0(L®,Q NO'(2,0)

acts on H;.

Denote by O(L) the integral orthogonal group of L and put O'(L) = O(L)NO'(2,1). Let
[' = T'(L) be the discriminant kernel of O'(L). This is the subgroup of finite index consisting
of all elements, which act as the identity on the discriminant group L'/L. Observe that
I'(L) is functorial in the following sense: If L C L is a sublattice, then I'(L) C I'(L).

4



By the theory of Baily-Borel, the quotient
Xr =H;/T

carries the structure of a (compact) projective variety, which contains H;/T" as a Zariski
open subvariety. The topology of Xt is the quotient topology of a certain topology on H;.
We will describe part of it a little later. If s € H; is any point and ['; its stabilizer in T,
the canonical map

H;/Fs _>%7/F

defines an open embedding of a small neighbourhood of the image of s.

We recall another fact. If s,t are points in the same boundary component and if
g € 0'(2,1) is an element with g(s) = ¢, then g normalizes the boundary component. In
particular T', is contained this normalizer. Therefore the local structure of a cusp depends
on the normalizer of the boundary component containing the cusp.

The normalizer of a one-dimensional boundary component

In the following we abbreviate V = L ®; R and G = O'(2,1). Let FF C V be a two
dimensional isotropic subspace. We write

P={yeG: oF)=F)
for the normalizer of F' and
Py, ={9 € G; gactson F as identity}

for its centralizer. As in (2.1) we choose four isotropic elements e, es,e3,e4 such that
F = Re; + Rez and such that H; = Re; + Rey; and Hy = Rez + Rey are two orthogonal
hyperbolic planes. We obtain an orthogonal decomposition

V:HIEBHQEBW,

where W is a negative definite subspace (of dimension [ — 2). If z,...,24 € R and
r € W, we briefly write (1, o, 23, 24,¢) instead of zye; + - -+ + x4e4 + 1. All elements of
Py have to fix the components xy, 4. We give four examples by describing the image of
X = (21,29, 73,24,8) € V. The first three are given by Fichler transformations. (Recall
that if w € V is an isotropic vector and v € V is orthogonal on wu, then the Eichler
transformation

a— E(u,v)(a) =a+ (a,u)v — (a,v)u — q(v)(a,u)u (aeV)
defines an element of G.)

1. X — E(es, te1)(X) = (21 + twy, x2, 3 — trg, 14,1) (t € R),

5



2. X = E(e3,0)(X) = (21,22, 73 — (b,¥) — ¢(b)za, x4, x +24b) (b EW),
3. X — E(e1,a)(X) = (21 — (a,1) — q(a)ra, To, k3, T4, + x20) (a € W).

4. The orthogonal group O(W) is embedded into G (acting trivially on the two hyper-
bolic planes).

It is useful to introduce adapted coordinates of H;. If [Z] = |21, 29, 23, 24, 3] is an element
of H;, then 2z, is different from zero and we can normalize z, = 1. Since the norm of 7 is
zero, the coordinate z3 is determined by the other ones. We simply identify

(,2’1, Z273) — [Z11Z2; *, 173]

(This is a tube domain realization of H; in C'.) An easy calculation shows that the image
of (21, 22,3) under the transformations 1-4 (in the same order) is given by:

L. (21 +1t,29,3),
2. (z1,22,3+0),
3. (21— (a,3) — q(a)z2, 22,3 + 220),
4. (21, 22,k(3)), (k€ OW)).

The transformations of type 1 and 2 commute, they generate a group, which is iso-
morphic to the additive group of the vector space R x W. We denote the orthogonal
transformation, which corresponds to the element (¢,b) € R x W by T;,. The transfor-
mations of type 3 form a group isomorphic to the additive group of W. The orthogonal
transformation of type 3, which corresponds to a € W, is denoted by R,. A simple calcu-
lation yields the commutation rule

R.T R, = Ti(ap) b

This means that the set of all products R,T} is a group, which we denote by U. Obviously
U is a semi-direct product, and we have an exact sequence

0 —=RxW —U-—W — 0.
If we use the abbreviation
a,t,b] = R, - Thy,
the group law is given by
la,t,0] - [/, ¢, 0] =[a+d,t+t + (a',b), b+ 1]
Under the action of [a,t,b] on H; the point (z1, 25, 3) is mapped to

(z1 +t— (a,3) — (a,b) — q(a)z, 22, 3 + 200 + b).



We also mention that the subgroup of all elements [0, ¢, 0] is a normal subgroup of U with
trivial action of U. The natural projection [a, t,b] — (a,b) gives rise to the exact sequence

00— R—-U—WxW —0.

Here R and W x W are understood as additive groups. We will see that this sequence does
not split.

One immediately checks that a transformation of type 4 is contained in U only if it is
the identity. Moreover, it is easily seen that O(W) acts by conjugation on U. Hence we
may form the semi-direct product U x O(W). It is a subgroup of the centralizer P,.

Lemma 2.2. The centralizer Py of the two-dimensional isotropic subspace F' C V is gen-
erated by the transformations of type 1-4. Furthermore, one has the exact sequences

1 —U—PFP — OW)—1,
0 —RxW —U—W —0,
00— R—U—WxW —0.

The first two of these sequences split (as semi-direct products).

The full normalizer P is easy to describe. We have a natural homomorphism P —
GL(F) =2 GL(2,R). By definition P is a subgroup of the spinor kernel. Thus the image is
only GL, (F'). We obtain the exact sequence

11— P — P— GL,(F) — 1.

The group GL, (F') acts on the boundary component and this action can be identified with
the standard action of GL, (2, R) on the upper half plane.

3 Local cohomology

Let us fix some notation for the rest of this paper. We suppose that the two dimensional
isotropic subspace F'is defined over Q. Then F' corresponds to a rational one-dimensional
boundary component Bp of H;.

Since L ®7 Q splits two hyperbolic planes, we may further assume that the vectors ey,
es (see (2.1)) are primitive elements of the lattice L and that ey, e, are contained in L ®7 Q.
Let N; (j = 1,3) be the uniquely determined positive integers such that (ej, L) = N,Z.
Then e;/N; are contained in L'. We denote by £ the subgroup

L={pel'/L; (B,e;)=0 (mod N;)forj=1,3} (3.1)

of the discriminant group L'/L.
Let D be the lattice L N F'- N F+. Then D is negative definite of dimension / — 2 and
W =D®z;R If A € V, then we write A\p for the orthogonal projection of A\ to W. If

7



A is even contained in L’ then Ap belongs to D'. (But note that D' is in general not a
sublattice of L'.)

Recall that T' = T'(L) is the discriminant kernel of the integral orthogonal group O'(L).
It can be easily verified that for ¢ € Z and a,b € D the transformations 7}, and R, are
contained in .

Notation 3.1. We write I'y, for the subgroup of T', which is generated by the transforma-
tions Ty, and R, with t € Z and a,b € D. The subgroup of I's generated by the T,y is
denoted by t. The subgroup generated by the R, is denoted by A.

The group 'y, is a subgroup of finite index in the stabilizer I'y of any generic boundary
point s € Br. Moreover, ['y, is the semi-direct product of the normal subgroup t and A.
We have a natural exact sequence

0—t—Iy —A—0,
which splits, i.e. there is a section
AN—Ty, a—[a0,0].

The groups t = Z x D and A = D are obviously Abelian. We now consider the disjoint
union H; UH. We identify a point 7 € H with the boundary point (1,0, —7,0) € Bp. This
means that #;, U is considered as a part of H;. We define a topology on H; U (which
is induced from the topology on #;, which leads to the Baily-Borel compactification, and
which we don’t introduce here).

We consider a point 7 € H. Let € > 0 and denote by V.(7) the e-ball

Vir)={zneM; |zn—1|<e}.
We define

Ud(r) = {(21,22a3)3 2y € VL(T), y1y2 +q(n) > 571}-
We will often simply write V. resp. U, instead of V.(7) resp. U.(7), if the point 7 is clear
from the context. The group Iy, acts on the set U.(7) U V(7).

Definition 3.2. A set U C H;UH is called open, if its intersection with H; is open in the
usual sense, and if for every T € HNU there exists an € > 0 such that

U(r)UV.(r) CU.

Baily’s criterion for the extension of a complex space (see [Ca], [Frl] chapter II for a
simplified version) applies to show that

(HHUH)/Tw =H;/Too UH

is a normal complex space. It is holomorphically convex in the following sense:

An arbitrary point a € H; /T UH is an isolated point of the set of common zeros of finitely
many analytic functions on H;/Ts U H.

This can be proved by standard constructions using Poincaré series (compare [Fr2]
chapter 2 §4).



Proposition 3.3. The sets
Ua/Foo U ‘/g (8 > 0)

define a fundamental system of Stein neighbourhoods of T € H;/T UH. The space H;/T U
H is also a Stein space.

The proof follows from the fact that the function

120 = 7> + (192 + q(n))
is plurisubharmonic on H; /Ty, and can be extended to a continuous function on H;/T U
H L
The singular locus of H;/T'», U H is exactly the boundary component #. If we remove

the singularities from our Stein neighbourhoods U, /T« U V., we simply get U./T. We
want to determine the group of analytic line bundles

Pic(U,./Ty) = H' (U, /T s, OF).
Every analytic line bundle on U, is trivial because this is a contractible Stein space. Hence
Pic(U./Ts) = H (T, O(U.)*).

We use the abbreviation

The exact sequence
0—7Z— R(¢) — R(s)* — 0
induces the exact sequence of cohomology groups

H'(To,Z) — H'(Ts, R(g)) — H' (T, R(2)*)
— H*(T, Z) — H*(T's, R(2)). (3.2)

The group ', contains t as a normal subgroup, and the factor group is A. Since U, /t is a
Stein space we have

H?(T'ss, R(2)) = H(A, P(e)),

!Grauert and Remmert [GrRe] introduced the notion of a plurisubharmonic function p : X — R on an
arbitrary complex space X. If X is smooth and p is a C*°-function such that the matrix 82p/92;0z; is
positive definite in any point for some local coordinates z; then p is plurisubharmonic. If p is a continuous
function on a complex space and plurisubharmonic outside some thin analytic set, then it is plurisubhar-
monic everywhere. If X is a holomorphically convex complex space and p a plurisubharmonic function on
X such that all X, = {z; p(x) < ¢} are relatively compact then X, and X are Stein spaces.




where P(e) denotes the space of holomorphic functions on U,, which are periodic with
respect to t. The elements of this space admit Fourier expansions and the “constant”
coefficients are functions which only depend on z,. If we denote by Py(e) all elements
whose constant Fourier coefficient vanishes we get a splitting

HP(A, P(e)) = HP(A, O(V2)) @ HP (A, Po(e)).
A special case of a more general result due to Ballweg [Ba] states:

Proposition 3.4 (Ballweg). Assume that p < | — 2. For sufficiently small ¢ the group
HP(A,Po(e)) vanishes.

For the rest of this section we assume that [ > 4 and that ¢ > 0 is sufficiently small in
the sense of Proposition 3.4.
By Ballweg’s result we know that

H'(Tso, R(e)) = H'(A,O(V2)) = Hom(A, O(V%)). (3-3)

Using (3.3) and the isomorphism Hom(['y,Z) = H'(T'y,Z), we may rewrite the exact
sequence (3.2) in the following way:

Hom(T's, Z) — Hom(A, O(V.)) — H' (T, R(€)*)
— H*(Ts,Z) — H*(T's, R(2)). (3.4)

The natural projection I'y, — A induces a homomorphism Hom(A,Z) — Hom(I'w,Z). It
can be used to obtain from (3.4) the exact sequence

Hom(A, O(V.))/Hom(A,Z) — H' (T, R(€)*)
— H*(Tw,Z) — H*(Ts, R(2)). (3.5)

We also have the exact sequence

0 — Hom(A,Z) — Hom(A, O(V.)) — Hom(A, O(V.)*) — 0, (3.6)
because A is a free group. If we combine (3.5) and (3.6) we finally find that

Hom(A, O(V.)*) — Pic(U./Ts) — H*(Too,Z) — H*(Tw, R(2)) (3.7)

is exact.
We now derive some information about H?(T's, Z). Every bilinear form

B:DxD—1Z

defines a 2-cocycle? of 'y, acting trivially on Z. We denote this cocycle by B, too. It is
given by

Bla,t,b],[d",#, 1)) = B(a, V).

2Throughout we use the inhomogeneous standard complex of group cohomology as in [Sh] chapter 8.
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In fact, it is easily checked that this is a 2-cocycle. Hence we get a map
Bil(D) — H*(T'w,Z)

from the group Bil(D) of bilinear forms on D to H?*(I's, Z). Only the image is important
for our applications. It is a basic fact that this map is not injective:

Proposition 3.5. The kernel of the map Bil(D) — H*(Ts,Z) equals the cyclic subgroup

generated by the bilinear form (-,-). The image of this map is contained in the kernel of
H?(Ty,Z) — H*(Tw, R()).

Proof. The first statement follows from the so-called “Five Term Exact Sequence” of group
cohomology. If G is a group which acts on an Abelian group A and if H is a normal
subgroup then there is a certain homomorphism

tg: H'(H, A)¢" — H*(G/H, A"),
called “transgression”, which has the property that the sequence
H'(H,A)Y" — H*(G/H,A") — H*(G, A)

is exact. We apply this to the situation G = 'y, A = 7Z (trivial operation), H = Z, and
the exact sequence

0——7%Z—>1T—DxD—0.

In this case H'(H,Z) = Z. A straightforward computation shows that tg(1) € H?*(D x
D,Z) is the bilinear form which maps the pair ([a,0,b],[a’,0,V']) to —(a’,b). But this
bilinear form differs from (-,-) only by a coboundary. Since Bil(D) — H?*(Tw, Z) factors
through H?*(D x D,Z) we obtain the assertion.

It remains to show that the image of a bilinear form B vanishes in H?*(Tw,, R(g)). A
cochain that trivializes B is given by

f(fa.t,8], Z) = B(a,3) ~ 5 Bla,a)

for [a,t,b] € T, and Z = (21, 22,3) € R(e). Here B is extended C-bilinearly. O

One can define the trace tr(B) of an Element B € Bil(D) as the trace of a Gram matrix
of B with respect to an orthonormal basis of the quadratic space (D ®z R, —¢). The trace
of (-,-) equals 2 — [. Proposition 3.5 implies

Remark 3.6. An element B € Bil(D) defines a torsion element in H*(T«,Z) if and only
if
tr(B)

B(h,h

(h,h) =0

for any h € D.

The groups Pic(U./Ts) and H?*(T's,Z) are usually not torsion free. However, in the
present paper we ignore these torsion problems.
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4 Local Heegner divisors

Recall the notation introduced at the beginning of section 3. Let X be a normal irreducible
complex space. By a divisor D on X we mean a formal linear combination D = ) nyY
(ny € Z) of irreducible closed analytic subsets Y of codimension 1 such that the support
Uny 0 Y is a closed analytic subset of everywhere pure codimension 1. We write Div(X)
for the divisor group of X.

For any vector A € L' of negative norm the orthogonal complement of A in H; defines
a divisor A on H;. Let 8 € L'/L and m € Z + ¢(8) with m < 0. Then

H@Bm) = 3 A (4.1)
\eL!
qg(A)=m
A+L=3

is a '-invariant divisor on H;. It is the inverse image under the canonical projection of
an algebraic divisor on the quotient X (which will also be denoted by H(/,m)). The
multiplicities of all irreducible components equal 2, if 26 = 0, and 1, if 23 # 0 in L'/L.
Following Borcherds we call this divisor Heegner divisor of discriminant (3, m). Note that
H(B,m) = H(=f,m).

In the present paper we are interested in the contribution of H (3, m) to the local Picard
groups at generic boundary points of Xr. Let s be a generic point in Br and denote its
image in Xr by s, too. Since ', has finite index in the stabilizer T'; of s, the local Picard
group Pic(Xr, s) as defined in the introduction can be described by means of the groups
Pic(U:(s)/T's0) up to torsion. The group I's/I's acts on lim (Pic(U: /I's)) and the invariant
part satisfies

Ts/Too

limy ( Pic(U./T) ®z Q) = Pic(Xr, s) @z Q. (4.2)

The natural inclusion and projection maps induce the commutative diagram

Div(#;/T) —— Div(U./Tw)

l l

Div(#,) —— Div(U.)

of divisor groups. The image of H(3,m) in Div(U./T's) is denoted by Hp(S, m) and will

be called a local Heegner divisor. Its image in Div(U,) is a ['-invariant divisor, which will

also be denoted by Hp(S, m). (Note that our definitions of local divisor groups and local

Heegner divisors also depend on the choice of the complementary isotropic subspace ﬁ')
The proof of the next lemma will be left to the reader.

Lemma 4.1. Let A\ € L' be a vector of negative norm. Then A\ has non-zero intersection
with U, for every € > 0, if and only if X is orthogonal to F'.
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Thus, if ¢ is sufficiently small, the local Heegner divisor Hr(3,m) € Div(U;) is given

by
> Ak (4.3)
XeL'nFt
g(\)=m
AL=0

In particular if Hp(8,m) # 0 in Div(U.), then 3 belongs to the subgroup L of L'/L.
Observe that for any 8 € £ there exists a representative 3 € L' N FX. For the rest of this
paper we fix such a representative 3 for every 8 € £. The assignment [ — Bp induces a
surjective homomorphism

n:L— D'/D.

Throughout we will assume that € is small enough such that (4.3) holds.
Let A € L' N F*. Then the group 'y, acts on the set A\ + Ze, + Zes C L' N F* with
finitely many orbits. Thus the divisor

Hoo()\) = Z ()\ + Vi1eq + 7/363)L
1/1,1/3€Z
is invariant under I'y,. It defines an element of Div(U./T'y). For § € L the local Heegner
divisor Hp(f, m) can be written as a finite sum

Hp(B,m)= > Hu(A+B). (4.4)
AeD
(A +B)=m
Recall that Pic(U./Ts) can be described by automorphy factors in the following way.
An automorphy factor of I'y, on U, is a 1-cocycle of T'y, with values in R(¢)*, i.e. a holo-
morphic function

J:Ts x U. — R(e)* (4.5)

with the property J(gg', Z) = J(g9,9'Z)J(¢', Z) for g,¢9' € T',. An automorphy factor of
the form J(g,Z) = h(gZ)/h(Z) with h € R(e)* is called trivial. The group Pic(U,/I'«) =
H'(Tw, R(2)*) is the factor group of the group of all automorphy factors modulo the
subgroup of trivial automorphy factors. Special automorphy factors are given by invertible
holomorphic functions, which do not depend on z; and 3. These are simply homomorphisms
[ = OV ()"

If H is a divisor in Div(U./Ts) then its image in Pic(U./I'«) can be determined as
follows: Let f be a holomorphic function on U, whose divisor equals the inverse image of
H in Div(U.). Then

I(g9,Z) = f(92)]/ f(Z)
is an automorphy factor of 'y, on U.. Its class in Pic(U./T ) is the image of H.

We shall now determine the position of Hu(A) in the Picard group Pic(U. /Ty ). It will
turn out that up to torsion it is completely determined by the Chern class in H?(T,Z)
of Hy ().
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Definition 4.2. Let A € L' N F* be a vector of negative norm. Then we define the local
Borcherds product attached to Hy(\) by

\If/\(Z) = H [1 — € (Un(nZQ + ()‘7 Z)))]

neZ

for Z = (z1,29,3) € H;. Here

1, ifn>0,
Op =
-1, fn<0,

and e(z) := €™ for z € C.

The sign o, ensures that the infinite product converges normally on the whole gener-
alized upper half plane H,;. It is invariant under the subgroup t of I',,. However, it is not
invariant under the subgroup A.

It is easily checked that the divisor of ¥, is exactly Ho(A). There is a strong anal-
ogy between functions of the above type and Borcherds’ automorphic products [Bol] or
more precisely the generalized Borcherds products attached to Heegner divisors which were
introduced in [Brl, Br2].

The properties of ¥, imply that the image of H,()\) in Pic(U./T) is given by the
automorphy factor

Ja(la,t,b], Z) = \If,\(RaZ)/\If,\(Z) ([a,t,b] € To). (4.6)

Let us compute J)([a,t,b], Z) more explicitly. Using the formula for the action of R, we
find

[Thez (1 —e(on((n+ (Ap, a)) 22 + (A, 2)))]
[lhez [1 = e (on(nz + (A, 2)))]

B 1—6 Jn ADa)(nZQ+()\ Z)))
H 1—e O'n nzs + ()‘72)))

Ja(la,t,0], 7Z) =

neEZ

In the latter product only those n give a contribution different from 1, which satisfy

Hence the product is actually finite.
The first case can only occur if (Ap,a) > 0. We may use the elementary identity

1—e(z)

1 —e(—2) = —2)

14



to obtain

N(a.t.0,2)= ] [—e(-nz=— () 2))]

0<n<(Ap,a)
e G(AD, 0 = 20, )((Ap, @) ~ 1)~ (Ap,a)( Z)) | (4.7)

One immediately checks that the same formula holds in the second case, too.

We briefly recall the construction of the Chern class of a class [J] of automorphy factors
in H' (T, R(£)*). Let J be an automorphy factor as in (4.5) representing [J]. For any
g € Ty let A(g, Z) be a holomorphic function on U, such that

J(9,2) = e(Alg, 2))-
Then

c(g,9") = Algg', Z) — Alg,9'Z) — Alg', Z)

is an integral constant for all g,¢' € I',. The function (g,¢") — c(g,g’) defines a 2-
cocycle of Ty, acting trivially on Z. Obviously each A(g, Z) is only determined up to an
integral additive constant. It is easily seen that a different choice of the functions A(g, Z)
only changes ¢(g, g') by a coboundary. Moreover, any 2-cocycle corresponding to a trivial
automorphy factor is a coboundary. Thus, if we map [.J] to the image of ¢(+, ) in H*(T,, Z),
we get a well defined homomorphism. This is an explicit construction of the Chern class
map 4, the connecting homomorphism in the exact sequence (3.2).

Proposition 4.3. The Chern class 6(Hy()\)) € H*(Tw,Z) of the local Heegner divisor
Hy(A) € Pic(U./Tw) is given by the 2-cocycle

c([a, t,b],[a’, ', 0']) = (Ap,a)(Ap,b)
of Too. In particular, §(Hx (X)) belongs to the image of Bil(D) — H?*(Too, Z).

Proof. The divisor Hy () is represented by the automorphy factor (4.7) as an element of
Pic(U./T«). If we carry out the construction outlined above, we get the assertion. O

Proposition 4.4. The Chern class §(H) of a finite linear combination

H= Y cHye()
AeL/NnFL
q(A\)<0

(cx € Z) of local Heegner divisors is a torsion element of H*(Us, Z), if and only if

AD, A
Y o {()\D,h)Q _ (A, An) lD’ QD)(h, h)] —0
Xel'nFt N
q(\)<0

for any h € D.
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Proof. The trace of the bilinear form B(a,t) = (Ap,a)(Ap,b') is —(Ap, Ap). Hence the
assertion follows from Remark 3.6 and Proposition 4.3. O

The bilinear form (-, ) is non-degenerated, whereas (-, A\p)(Ap, ) is obviously degener-
ated. Thus every individual local Heegner divisor Hy () is non-zero in Pic(U,/T'«) @z Q.

The Chern class of Hy(\) only depends on the projection Ap € D'. In fact, using the
above results, it is easily seen that Ho(\) = Hyo(N') in Pic(U./Tw) ®7 Q, if Ap = A,.

Our main interest lies in the divisors Hr(3, m). In the following theorem we describe
their position in Pic(U./T'») up to torsion. Let v € D'/D and m € Z + q(~y) with m < 0.
We write P, ,, for the bilinear form

Pym(a,b) = > {(a,)\)()\,b)—%(a,b)} (a,b € D). (4.8)
e

Theorem 4.5. A finite linear combination

H== Z > (B, m)Hp(B,m) (4.9)

5€£ meZ+q(B)
m<0

(with integral coefficients c(3,m) satisfying ¢(B,m) = ¢(—B,m)) is a torsion element of
Pic(U./Tw), if and only if

o> e #)m(a,a) =0 (4.10)

BEL mEZ+q(B)
m<0

for all a € D.

Proof. If the linear combination H is a torsion element of Pic(U, /'), then (4.10) follows
by Proposition 4.4.
Conversely, assume that (4.10) holds for all @ € D. Then we also have

oY e m(a,0) =0 (4.11)

BEL meZ+q(B)
m<0

for all a,b € D ®z C. According to (4.7), an automorphy factor .J representing H in
Pic(U./T'w) is given by

J(g,2) = H H J)\+Bga M

BeL XeD
meZ+q(B) g(A+8)=m
m<0
. ) ) (B ,m)
= I TT c(-20+ a0+ b.0) = A+ )3+ 5.2))
BeL XeD
meZ+q(B) g(A+8)=m
m<0
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for g = [a,t,b] € I'ss. The linear terms in A + Bp cancel out, because c¢(3,m) = c(—f,m).
In the latter equation we write (A + 3,2) = (A + p,3) + (8 — Bp, Z). Here the second
scalar product is just a rational linear combination of 1 and z;. We now use (4.11) to
rewrite J(g, Z) as follows:
() o(8;m)
10.2) =+ oz [T T e(-12F w@ar@n)
BeL XeD’

meZ+q(B) \+D=n(8)
m<0 qg(A)=m

where 1, 1o are suitable vectors in D ®z Q. The invertible functions ui(Z) = e((u2,3))
and uy(Z) = e(z) give rise to the trivial automorphy factors

7109, Z2) = wi(9Z) /ur(Z) = e ((p2, )22 + (2, b)) ,
j2(9, Z) = ua(9Z) Jua(Z) = e (t — (a,b) — q(a)zz — (a,3)) -

If we multiply J by appropriate rational powers of j; and 75, we find that .J is equivalent
to

J'(g,Z) = e((a, ) — (b, p2) +r((a, b) — 1))
with a suitable constant » € Q. Thus J is a torsion element of Pic(U./T'). O

Note that by (4.2) a linear combination of local Heegner divisors as in (4.9) is a torsion
element in Pic(U. /T ) for some ¢, if and only if it is a torsion element of Pic(Xr, s).

5 Modular forms

In this section we investigate the relation between the obstructions occurring in Theorem
4.5 and the coefficients of certain vector valued theta series of weight 1 + (/2. We find
interesting connections to Borcherds’ global “theory of obstructions” for the construction
of automorphic products [Bo2].

We write Mp,(R) for the metaplectic cover of SLy(R). The elements of Mp,(R) are
pairs (M, (7)), where M = (29) € SLy(R), and ¢ denotes a holomorphic function on H
with ¢(7)? = er + d. The product of (My, ¢1(7)), (Ma, ¢2(7)) € Mp,(R) is given by

(M, ¢1(7)) (Ma, ¢o(7)) = (M1 Ms, (M) (7)),

where M1 = g:—j:g denotes the usual action of SLy(R) on H.
Let Mp,(Z) be the inverse image of SLy(Z) under the covering map Mp,(R) — SL2(R).
It is well known that Mp,(Z) is generated by



One has the relations S? = (ST)* = Z, where Z = ((3' ), %) is the standard generator
of the center of Mp,(Z).

Let N be an even lattice of signature (b*,b") equipped with a bilinear form (-,-). We
write ¢ for the corresponding quadratic form ¢(z) = i (z, z) and denote the dual lattice by
N’. (In our latter applications N will be L or D.)

Recall that there is a unitary representation py of Mpy(Z) on the group algebra

C[N'/N]. If we denote the standard basis of C[N'/N] by (ey),en/n then py can be
defined by the action of the generators S,T" € Mp,(Z) as follows (see also [Bol|, where the
dual of py is used):

pn(T)ey = e(—q(7))e, (5.1)

\/—b"‘ b~
pN(S) &y = \/W 5€NZ,/N : (52)

This representation is essentially the Weil representation attached to the quadratic module
(N’/N q) (cf. [No]). It factors through a finite quotient of Mp,(Z). Note that py(Z)e, =

e
Let k € 3Z and f : H — C[N’/N] be a holomorphic function. Then f is called modular
form of weight k with respect to py and Mp,(Z) if

i) f(M7) = ¢()* o (M, $) f(7) for all (M, ¢) € Mpy(Z),
ii) f is holomorphic at co.

Here the second condition has the following meaning: Condition (i) implies that f has a
Fourier expansion of the form

Z Z n)e,(nr),

YEN'/N n€Z—q(y

where we have abbreviated e, (7) := e(7)e,. As usual, f is called holomorphic at oo, if all
coefficients a(y,n) with n < 0 vanish. Moreover, if all a(y,n) with n < 0 vanish, then f
is called cusp form. The C-vector space of modular forms of weight & with respect to py
and Mp,(Z) is denoted by M n, the subspace of cusp forms by Sk .

For the rest of this paper let K = 1+1/2. Recall that D = LN F+ N F! is a negative
definitive lattice of rank [ — 2. Special modular forms in the space Si p can be constructed
by means of theta series with harmonic polynomials. The homogeneous polynomial

Q(u,v) = (u,v)? — % (u,v € W)

is harmonic in u and v. For any fixed v € W we have the C[D’/D]-valued theta series

= 3" QO 0)ea(—a(V)7). (5.3)

AeD’
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By the usual Poisson summation argument it can be shown that © (7, v) is a cusp form in
Sk,p (see for instance [Bol] Theorem 4.1). We denote by S, the subspace of S p, which
is generated by the ©p(7,v) when v varies through W.

The point is that the polynomials P, ,, defined in (4.8) are precisely the Fourier coeffi-
cients of Op(7,v):

Z Z P, (v, v)e,(—mT).

YED' /D meZ—q(y)
m<0

Therefore Theorem 4.5 can also be stated as follows.

Proposition 5.1. A finite linear combination

H=_ Z > (B, m)Hp(B,m) (5.4)

565 meZ+q(B)
m<0
(with integral coefficients c(3,m) satisfying ¢(B,m) = ¢(—B,m)) is a torsion element of
Pic(U./Tw), if and only if

> Y B m)a(r(B),—m) =0 (5.5)

BEL meZ+q(B)
m<0

for any cusp form f € S,?,D with Fourier coefficients a(y,n) (v € D'/D andn € 7 —q(7)).

Borcherds constructed a lifting from certain vector valued modular forms of weight
1 —1/2 for Mp,(Z) to meromorphic modular forms for the group T'(L) (cf. [Bol] Theorem
13.3). Since these lifts have certain interesting infinite product expansions they are called
automorphic products or Borcherds products. Their divisors are linear combinations of
Heegner divisors. We now compare Proposition 5.1 with the following condition for the ex-
istence of Borcherds products for the group I'(L) with prescribed divisor (cf. [Bo2] Theorem
3.1).

Theorem 5.2 (Borcherds). A finite linear combination of Heegner divisors

- Z Y e B,m) (5.6)

,BeL’/L meZ+q(B)
m<0

(with ¢(5,m) € Z and c(5,m) = c(—F,m)) is the divisor of a Borcherds product for the
group I'(L) (as in [Bol] Theorem 13.3), if and only if for any cusp form f € Sk with
Fourier coefficients a(y,n) the equality

Z Z B,—m) =0 (5.7)

BeL'/|L meZ+q(B)
m<0

holds.
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By means of the f-operator, defined in [Brl] Lemma 15.2, it is possible to embed
Sk,p into Sk . According to Theorem 5.2 the space Sy, carries some information on the
subgroup of Pic(Xr) generated by the Heegner divisors H(f, m). A subspace of S 1, the
image of S,?’D, encodes the subgroup of the local Picard group Pic(Xr,s) ®z Q, which is
generated by the pullbacks of the H (3, m)’s.

Definition 5.3. A divisor H on Xt is called trivial at generic boundary points, if for every
one-dimensional irreducible component B of the boundary of Xt there exists a generic point
s € B such that H is a torsion element of Pic(Xr, s).

If F'is a meromorphic modular form for the group I'(L), then the divisor (F') attached
to F' is trivial at generic boundary points. This is an immediate consequence of the
transformation behaviour of modular forms.

Unimodular lattices

For the rest of this paper we assume that L is unimodular. Then D is a negative definite
even unimodular lattice of rank [ — 2. Thus [ = 2 (mod 8). Any negative definite even
unimodular lattice can be realized as a sublattice of L. This follows from the fact that there
exists just one isomorphism class of even unimodular lattices of signature (2,1) (cf. [Wat]
chapter 7, §3). The space Sk, = Sk,p is the usual space of elliptic cusp forms of weight
k=1+1/2 for SLy(Z).

Theorem 5.4. Let

H = mzejzc(o, m)H (0, m)
m<0

be a finite linear combination of Heegner divisors H(0,m) (with coefficients ¢(0,m) € Z).
Then the following statements are equivalent:

i) H is the divisor of a Borcherds product for the group TI'(L) as in [Bol] Theorem 13.5.
ii) H is the divisor of a meromorphic automorphic form for T'(L).

iii) H is trivial at generic boundary points.

Proof. We only have to prove that (iii) implies (i). Assume that H is trivial at generic
boundary points. Then by Proposition 5.1 we have

> e(0,m)a(0,—m) =0 (5.8)

mEZL
m<0

for any cusp form f € S, with Fourier coefficients a(0,n) and any negative definite even
unimodular lattice D of rank [ — 2. In view of Theorem 5.2 it suffices to show that (5.8)
holds for any cusp form f € Sy 1 with Fourier coefficients a(0,n). Hence it suffices to prove
that the set of all theta series © p(7,v) (where D is any negative definite even unimodular
lattice and v € D ®y R) generates the space S . In fact, this is a consequence of a
Theorem due to Waldspurger [Wal] (see also [EZ] Theorem 7.4). O
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As a corollary we find that any meromorphic modular form for the group I'(L), whose
divisor is a linear combination of Heegner divisors, has to be a Borcherds product. This
result was already obtained in greater generality (under the weaker condition that L splits
two hyperbolic planes over Z) in [Brl]. (See also [Br2] for the O(2,2)-case of Hilbert
modular surfaces.) However, in [Brl] a completely different argument is used, which does
not say anything about the local Picard groups of Xr.

Moreover, as a consequence of Theorem 5.4 and Theorem 5.2 we may infer that the
rank of the subgroup of Pic(Xr) generated by the Heegner divisors equals 1 + dim(Sy,z,).
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