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ABSTRACT. Gross and Zagier conjectured that the CM values (of certain Hecke translates)
of the automorphic Green function Gs(z1,z22) for the elliptic modular group at positive
integral spectral parameter s are given by logarithms of algebraic numbers in suitable class
fields. We prove a partial average version of this conjecture, where we sum in the first
variable z; over all CM points of a fixed discriminant d; (twisted by a genus character),
and allow in the second variable the evaluation at individual CM points of discriminant
ds. This result is deduced from more general statements for automorphic Green functions
on Shimura varieties associated with the group GSpin(n,2). We also use our approach to
prove a Gross-Kohnen-Zagier theorem for higher Heegner divisors on Kuga-Sato varieties
over modular curves.

1. INTRODUCTION

The automorphic Green function for I' = SLy(Z), also called the resolvent kernel function
for I', plays an important role in the theory of automorphic forms, see e.g. [Fay77|, [Hej83|.
It can be defined as the infinite series
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where Q;_1( fo (t + Vt? — 1 cosh(u))~* du denotes the classical Legendre function of
the second klnd The sum converges absolutely for s € C with (s) > 1, and 2y, 22 in
the complex upper half-plane H with z; ¢ I'zs. Hence Gy is invariant under the action of
[ in both variables and descends to a function on (X x X)\ Z(1), where X = I'\H and
Z(1) denotes the diagonal. Along Z(1) it has a logarithmic singularity. The differential
equation of the Legendre function implies that Gy is an eigenfunction of the hyperbolic
Laplacian in both variables. It has a meromorphic continuation in s to the whole complex
plane and satisfies a functional equation relating the values at s and 1 — s.

1.1. The algebraicity conjecture. Gross and Zagier employed the automorphic Green
function in their celebrated work on canonical heights of Heegner points on modular curves
to compute archimedian height pairings of Heegner points [GZ86; |GKZ87|. They also
used it to derive explicit formulas for the norms of singular moduli, that is, for the CM
values of the classical j-invariant. More precisely they computed the norms of the values
of j(z1) — j(22) at a pair of CM points z; and zy, by giving a formula for the prime
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factorization. The main point of their analytic proof of this result is that log |j(21) — j(22)|
is essentially given by the constant term in the Laurent expansion at s = 1 of G4(z1, 22).

Gross and Zagier also studied the CM values of the automorphic Green function at
positive integral spectral parameter s = 14 j for j € Z.o and conjectured that these
quantities should have striking arithmetic properties, which resemble those of singular
moduli (see Conjecture 4.4 in [GZ86, Chapter 5.4], |[GKZ87, Chapter 5.1], [Viall]). To
describe their conjecture, let

(11 GM(z1,2) =Gulz,2) [ T=—2 > Q81(1+ |21 — 72/ )

yEMato(Z) 2‘9(21) (722)
det(y)=m

be the translate of G, by the m-th Hecke operator T,,, acting on any of the two variables.
Fix a weakly holomorphic modular form f = Y7 ¢f(m)q™ € M',; of weight —2j for T,
and put
(1.2) Grijg(z1,22) = ) ep(=m)m G, (21, 22).

m>0
For a discriminant d < 0 we write O, for the order of discriminant d in the imaginary

quadratic field @(\/8), and let H; be the corresponding ring class field, which we view as
a subfield of the complex numbers C.

Conjecture 1.1 (Gross—Zagier). Assume that c(m) € Z for all m < 0. Let z, be a CM
point of discriminant dy, and let zo be a CM point of discriminant dy such that (z1, 22)
is not contained in Z7(f) =Y., _cp(—=m)m? Z(m), where Z(m) is the m-th Hecke corre-
spondence on X x X. Then there is an o« € Hy, - Hg, such that

. Wq, W
(13) (dldg)]/ZGj+17f(Z1, ZQ) = di 7

where wy, = #O .
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Gross, Kohnen, and Zagier proved an average version of the conjecture which roughly
says that the sum of (dldg)j/2Gj+Lf(zl, z9) over all CM points (z1, z5) of discriminants d;
and ds is equal to log || for some g € Q. Moreover, they provided numerical evidence in
several cases [GZ86|, Chapter V 4|, [GKZ87, Chapter V.1]. Mellit proved the conjecture for
zo =1 and j = 1 [Mel0§]. For a pair of CM points that lie in the same imaginary quadratic
field, the conjecture would follow from the work of Zhang on the higher weight Gross-Zagier
formula [Zha97|, provided that a certain height pairing of Heegner cycles on Kuga-Sato
varieties is non-degenerate. Viazovska showed in this case that holds for some a € Q
and the full conjecture assuming that d; = ds is prime [Viall; Vial9|. Recently, Li proved
another average version of the conjecture for odd j [Lil8]. When d; and dy are coprime
fundamental discriminants, he showed that the average over the Gal(Q/F)-orbit of the CM
point (z1, z2) is given by the logarithm of an algebraic number in F' = Q(+/dyds).

In the present paper we prove stronger results, by only averaging over the CM points
z1 of one discriminant d; and allowing for 25 individual CM points of discriminant d,.
Let Qg4 denote the set of integral binary positive definite quadratic forms of discriminant
dy < 0. The group I' acts on Qg4 with finitely many orbits. For Q € Q4, we write zg for
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the corresponding CM point, i.e., the unique root of Q(z,1) in H, and we let wg be the
order of the stabilizer I'g. The divisor

2
Cld)= Y wg @
Q€Qq, /T
on X is defined over Q. The Galois group Gal(H,, /Q) of the ring class field Hy, acts on
the points in the support of C'(d;) by the theory of complex multiplication.

Theorem 1.2. Let j € Z~y. Let d; < 0 be a fundamental discriminant, and let dy < 0 be a
discriminant such that dydy is not the square of an integer. If j is odd, let k = Q(\/dy, /d3)
and H = Hy,(\/dy). If j is even, let k = Q(v/dy) and H = Hg,. If 29 is a CM point of
discriminant dg, then there exists an algebraic number a = «(f,dy,z9) € H and anr € Zwy
such that

. 1
(did2)*G41,4(C(dh), 25) = ~log|a”]
for every o € Gal(H/k).

Remark 1.3. If j is even, then r depends only on ds but not on f,dy, zo. If j is odd, then
r may depend on d; and ds, but not on f or z,. The two cases require slightly different
proofs, which explains the differences in the results. We refer to Section [7] for details.

In the main text we will actually consider twists of the divisors C'(d;) by genus charac-
ters, and corresponding twisted versions of the above theorem (see Corollary [7.15)). As a
corollary we obtain the following result.

Corollary 1.4. Let d; < 0 be a fundamental discriminant and assume that the class group
of Og, 1s trivial or has exponent 2. Let z; be any CM point of of discriminant dy and let
2o be any CM point of discriminant dy < 0 (not necessarily fundamental), where zy # zo if
dy = dy. Then, there is an o € Hy, - Hy, and an r € Z~o such that

. 1
(dide) > 421, 22) = ~ loglal.

Remark 1.5. Chowla [Cho34] showed that there exist only finitely many imaginary qua-
dratic number fields of discriminant d; such that the class group of Q(1/d;) has exponent
2. A quick computation using sage [Sagl9] shows that out of the 305 imaginary quadratic
fields of discriminant |d;| < 1000, a total of 52 have class number one or exponent 2.

We prove the above results by establishing an explicit formula for such CM values of
automorphic Green functions. To simplify the exposition we assume in the rest of the
introduction that j is even. Our approach is based on the realization of the modular curve
X as an orthogonal Shimura variety and on the regularized theta correspondence. A key
observation is that G4(C(dy),22) can be obtained as the regularized theta lift of a weak
Maass form of weight 1/2. The proof of this fact involves a quadratic transformation
formula for the Gauss hypergeometric function, see Proposition [6.2}

Let L be the lattice of integral 2 x 2 matrices of trace zero equipped with the quadratic
form @ given by the determinant. Let SO(L)™ be the intersection of the special orthogonal
group SO(L) with the connected component of the identity of SO(Lg). We write D for the
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Grassmanian of oriented negative definite planes in Lg, and fix one connected component
DT. The conjugation action of SLy(Z) on L induces isomorphisms PSLy(Z) = SO(L)™,
and X = SO(L)"\D".

Let U C Lg be a rational negative definite subspace of dimension 2. Then U together
with the appropriate orientation determines a CM point

Z;']_ =Ug € DT,
Moreover, we obtain even definite lattices
N=LnU  P=LNU"

of signature (0,2) and (1,0), respectively. The binary lattice N can be used to recover the
corresponding CM point on H in classical notation. Both lattices determine holomorphic
vector valued theta functions §y(_1) and 0p of weight 1 and 1/2, where N(—1) denotes the
positive definite lattice given by N as a Z-module but equipped with the quadratic form
—@Q. According to [BF04, Theorem 3.7] there exists a vector valued harmonic Maass form
Gn of weight 1 for I' which maps to 6(—;) under the {-operator, see Section .

Since Op transforms with the Weil representation pp of Mp,(Z) on C[P’'/P|, and Gy
transforms with the Weil representation py on C[N’/N], their tensor product 0p ® Gy can
be viewed as a nonholomorphic modular form for Mp,(Z) of weight 3/2 with representation
pp ® pn = ppan. More generally, the I-th Rankin-Cohen bracket [0p, Gy|; defines a non-
holomorphic modular form of weight 3/2+2[ with the same representation, see Section

Recall that for any fundamental discriminant d < 0 the d-th Zagier lift [DJO8] can be
viewed as a map

Zal s M_y; —» M’%_m,
from weakly holomorphic modular forms of weight —2j5 for the group I' to vector valued
weakly holomorphic modular forms of weight 1/2 — j transforming with the complex con-
jugate of the Weil representation of Mp,(Z) on C[L'/L], see Section |7l The following result
is stated (in greater generality) as Theorem in the main text.

Theorem 1.6. Let f € MLQJ- be as before and assume the above notation. Then

GjJrl,f(C(dl)a Z(er) = _2j71 CT <Za£1 (f)v [ep, ng\rf]j/2> g

where Gy denotes the holomorphic part of Gy. Moreover, CT denotes the constant term
of a g-series, (-,-) the standard C-bilinear pairing on the group ring C[(P & N)'/(P© N)],
and Zaﬁll( f) is viewed as a modular form with representation ppay via the intertwining
operator of Lemma[3.7.

Note that this formula holds for any possible choice of the harmonic Maass form Gy
mapping to fy(—1) under £. It is proved in [DL15; EhI17] (and in greater generality in
the appendix of the present paper) that there are particularly nice choices, for which the
Fourier coefficients of G}, are given by logarithms of algebraic numbers in the ring class
field Hy,, where dj is the discriminant of the lattice N. By invoking such a nice choice of
Gn, Theorem can be derived.
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We illustrate this result by an explicit example. First note that for j = 2,4, 6, it is easily
seen that Gy = Gy p for f = Eff*j/ 2 /A, where E; € M, is the normalized Eisenstein
series of weight 4 and A € S}y is the unique normalized cusp form of weight 12 for I'.

First consider the case j = 2, d; = —4, and dy = —23. For the CM point %ﬁ of
discriminant dy the lattice IV is isomorphic to the ring of integers in Q(1/—23) together with
the negative of the norm. Using the Fourier expansion of G4(z1, 25), we obtain numerically
that

(. 1+iv23
G3 ZJT

> ~ —1.000394556341.

Let G (1) =3, ¢(m)dmg? be the holomorphic part of a harmonic Maass form Gy with
the property that {(Gy) = On(-1)(7), normalized such that ¢(m) = 0 for m < —1. Here,
¢m € C[N'/N] only depends on m modulo 23. If m = 0 mod 23, then ¢ = ¢orn. If
m # 0 mod 23, then ¢ = ¢pyn +d_puqn, where p € N'/N satisfies Q(p) = 55 mod Z. By
Theorem [L.6 we obtain the formula

1+iv/23 25 4 11 20 1 378
VYT 2T e(T) = —(14) + —c(1 Z20(22) + Z¢(2 Z 2 e(—1).
Gs (z, 5 ) 230(7) 230( )+ 230( 9) + 230( )+ 26( 3) + %3 c(—1)

Now let R_o3 C H_s3 be the ring of integers in the Hilbert class field H_o3 of Q(v/—23).
Let o ~ 1.324717957244 be the unique real root of 23—z —1. Then « is a generator of H_o3
over Q(v/—23) and also a generator of the unit group of the real subfield Q(«) C H_o3.
Using the results on harmonic Maass forms of weight one of [EhI17] (see Table|l)), we obtain
the explicit value

1 I\ 2 1
G (ZM> .

904 (a® —2a —1)%°(3a® — 5a + 1)8
2 23 8|

(402 — a +2)0 (a2 — 4o + 3)22 (=302 + 2a + 1)

The prime factorization of the argument of the logarithm is given in Section [8.1] Its norm
is 766.11789.19722.23-23 Further note that according to Theorem the same form Gy

appears in the formula for G;;4 (i, %) for all even j, see Section

1.2. Higher automorphic Green functions on orthogonal Shimura varietes. We
shall actually consider orthogonal Shimura varieties of arbitrary dimension in greater gen-
erality as we now describe. Let (V,@Q) be a quadratic space over Q of signature (n,2),
and let H = GSpin(V). We realize the hermitian symmetric space associated with H
as the Grassmannian of negative oriented planes in V. For a compact open subgroup
K C H(Ay), we consider the Shimura variety

Xk = H(Q\(D x H(Ay)/K).

Let L C V be an even lattice and assume that K stabilizes L and acts trivially on the
discriminant group L'/L. For p € L'/L and positive m € Z + Q(u), there is a special
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divisor Z(m, pt) on Xg. The automorphic Green function associated with it is defined by

[(s+2—1)
Dy (2, by 8) = QW
X Z ( = >S+2_%F(s+n—1 s—n—l—l 28; m )
Aeh(pt L) Q()‘ZJ-> 4 2 4 2 Q(/\ZJ-)
QMA)=m

for (z,h) € Xx \ Z(m,p) and s € C with R(s) > 59 := 2% + 1, see Section and |Bru02],
[OT03]. The sum converges normally and defines a smooth function in this region with
a logarithmic singularity along Z(m, ). It has a meromorphic continuation in s to the
whole complex plane and is an eigenfunction of the invariant Laplacian on X.

In the special case when L is the even unimodular lattice of signature (2,2), and K C
H(Ay) is the stabilizer of L, the Shimura variety X is isomorphic to X x X and D, 0(2,1,5)

is equal to the Hecke translate —%G;”(zl,zg) of the automorphic Green function for

SLs(Z) above, see Section [6.1] and Theorem [6.1]

The special values of automorphic Green functions at the harmonic point s = sy are
closely related to logarithms of Borcherds products. The logarithm of the Petersson metric
of any Borcherds product is a linear combination of the functions ®,,,(z,h,s¢). This
implies in particular that the CM values of such a linear combination of Green functions
are given by logarithms of algebraic numbers. In view of Conjecture [1.1] it is natural to
ask whether the values of (suitable linear combinations) of automorphic Green functions
at higher spectral parameter so + 7 with j € Z-( are also given by logarithms of algebraic
numbers. We shall prove this in the present paper for small CM points.

Let k =1—n/2 and let f € Hj_5;;, be a harmonic Maass form of weight k£ — 25 for
the conjugate Weil representation pr. Applying the j-fold iterate raising operator to f
we obtain a weak Maass form RLQ]. f of weight k. Recall that the Siegel theta function
01 (7, z, h) associated with L has weight —k. We consider the regularized theta lift

1
()i

were F denotes the standard fundamental domain for the action of SLy(Z) on H, and the
regularization is done as in [Bor98]. It turns out that ®(z, h, f) has a finite value at every
point (z, h). It defines a smooth function on the complement of a certain linear combination
of special divisors, which is equal to an explicit linear combination of the ‘higher’ Green
functions ®,, (2, h, so + j), see Proposition .

Let U C V be a negative definite 2-dimensional subspace. Then 7' = GSpin(U) de-
termines a torus in H, which is isomorphic to the multiplicative group of an imaginary
quadratic field, and Ug together with the choice of an orientation determines two points
2 in D. For every h € T(A;) we obtain a (small) CM point (27, h) in Xg. Moreover,
there is a CM cycle

(b, f) = /f (R, F(7), 617, 2, B)) du(r),

Z(U) = T(Q\({z} x T(As)/Kr) — Xk,
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which is defined over Q. As in the signature (1,2) case above, the subspace U determines
definite lattices N = LNU, P = LN U"' and their associated theta series.

Theorem 1.7. Let f € M _,, 5 and h € T(Ay). Then
@j(257 h: f) =CT <f> [9137 g]—i\}(7—7 h)]]> y

where G(1,h) denotes the holomorphic part of any harmonic Maass form Gn(7,h) with
ngN<T, h) = 9]\/(7’, h)

As before, when the coefficients of f with negative index are integral, we may conclude
that ®7(zf;, b, f) = 2 log|al for some o € Hy and r € Zg, where d = —|N’/N|. Moreover,
the Galois action on « is compatible with the action on (z[jf, h) by Shimura reciprocity.
Theorem (and certain variants involving other regularized theta liftings) represents one
of the main ingredients of the proof of Theorem For the average values of higher Green

functions at small CM cycles we obtain the following result (Theorem [5.4)).

Theorem 1.8. Let f € Hy_s;;,. The value of the higher Green function ®(z, h, f) at the
CM cycle Z(U) is given by

1 j . + + /

Here E5; denotes the holomorphic part of the harmonic Maass form E(7,0;1), see ,
and L(g,U,s) is a certain convolution L-function of a cusp form g € So_ji9j,, and the
theta series Op, see Lemmal[5.3

Theorem |1.8is very similar to one of the main results, Theorem 1.2, of [BY09]. In loc. cit.
it was conjectured that this quantity is the archimedian contribution of an arithmetic
intersection pairing of a linear combination of arithmetic special divisors determined by
the principal part of f and the CM cycle Z(U) on an integral model of Xy. Here the
first quantity on the right hand side is the negative of the non-archimedean intersection
pairing. This conjecture was proved in [And+17] for maximal even lattices. It would
be very interesting to establish a similar interpretation of Theorem [I.8 Is it possible to
define suitable cycles on fiber product powers of the Kuga-Satake abelian scheme over the
canonical integral model of X whose non-archimedian intersection pairing is given by the
first quantity on the right hand side of ? We show that this question has an affirmative
answer answer when Xy is a modular curve in Section [6.3] see in particular Theorem

(1.4)

1.3. A higher weight Gross-Kohnen-Zagier theorem. In the special case when V'
has signature (1,2) and Xy is a modular curve such ‘higher’ Heegner cycles are defined
in [Zha97], [XuelO]. We will use Theorem to prove a Gross-Kohnen-Zagier theorem
in this setting. Let M be a positive integer and let L be the lattice of signature (1,2)
and level 4M defined in (6.F]). Taking K = GSpin(L) ¢ H(A;), the Shimura variety Xy
is isomorphic to the modular curve T'o(M)\H. The special divisor Z(m,u) agrees with
the Heegner divisor of discriminant D = —4Mm of [GKZ87]. Moreover, the small CM
cycle Z(U) agrees with a primitive Heegner divisor. In particular, when the lattice N has
fundamental discriminant Dg, then Z(U) is equal to a Heegner divisor Z(my, o), where
DO = —4Mm0
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Let x be an odd positive integer. For an elliptic curve £ with complex multiplication by
VD, let Z(E) denote the divisor T'— (E x {0})+D({0} x E) on E x E, where I is the graph
of multiplication by v/D. Then Z(E)*~" defines a cycle of codimension x — 1 in E**~2, By
means of this construction Zhang and Xue defined higher Heegner cycles Z,(m, i) on the
(2K — 2)-tuple fiber product of the universal degree M cyclic isogeny of elliptic curves over
the modular curve X, (M), see Section [6.3|for details. Zhang used the Arakelov intersection
theory of Gillet and Soulé to define a height pairing of such higher Heegner cycles, which
is a sum of local height pairings for each prime p < oco. The archimedian contribution to
the global height pairing

<Z,€(m, :u)v ZH(mOa MO))

is given by the evaluation of a higher Green function at Z(my, ), which can be computed
by means of Theorem [[.8] The non-archimedian contribution can be calculated using
results of [Xuel0] and [BY09]. It turns out to agree with the negative of the first quantity on
the right hand side of , yielding a formula for the global height pairing (Theorem [6.5]).
By invoking a refinement of Borcherds’” modularity criterion, we obtain the following higher
weight Gross-Kohnen-Zagier theorem (Theorem and Corollary [6.13)).

Theorem 1.9. Assume the above notation and that Dy is a fived fundamental discriminant
which 1s coprime to 2M . The generating series

Z <Z,i(m,u),Z,.i(m0,u0)> : qm¢u

m,
(4Mm,Dg)=1

is the Fourier expansion of a cusp form in Syi1/2,, (Do(Dg)).

Note that this result does not depend on any assumption regarding positive definiteness
of the height pairing. We consider the generating series which only involves the Z,.(m, u)
with 4Mm coprime to Dy in order to avoid improper intersections of Heegner cycles.
It would be interesting to drop this restriction, which causes the additional level of the
generating series.

The structure of this paper is as follows. In Section 2 we recall some background on
orthogonal Shimura vareties and Siegel theta functions, and in Section 3 we collect some
facts on weak Maass forms, differential operators, and Rankin-Cohen brackets. Section 4
deals with higher automorphic Green functions on orthogonal Shimura varieties, and in
Section 5 the main formulas for their values at small CM cycles are derived. We also
comment on potential analogues for big CM cycles, see Theorem [5.10} In Section 6 we
specialize to signature (2,2) and prove a refinement of the main result of [Viall|. We also
specialize to signature (1,2) and obtain some preliminary results towards Theorem
We use this to prove the higher weight Gross-Kohnen-Zagier theorem. In Section 7 we
extend the results in the case of signature (1,2) by looking at more general theta kernels
which involve different Schwartz functions at the archimedian and non-archimedian places.
In that way we prove (a generalization of) Theorem [1.6] from which we deduce Theorem
and Corollary Section 8 deals with some numerical examples illustrating our main
results. Finally, in the appendix we explain how the main results of [DL15; |EhI17] on
harmonic Maass forms of weight 1 can be extended to more general binary lattices.
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2. ORTHOGONAL SHIMURA VARIETIES AND THETA FUNCTIONS

Throughout, we write A for the ring of adéles over Q and A; for the finite adéles.
Moreover, we let Z = [,<oc Zp be the closure of Z in Ay.

Let (V,Q) be a quadratic space over Q of signature (n,2). We denote the symmetric
bilinear form associated to @ by (z,y) = Q(z +y) — Q(x) — Q(y). Let H = GSpin(V),
and realize the corresponding hermitean symmetric space as the Grassmannian D of two-
dimensional negative oriented subspaces of Vk. This space has two connected components,
D =D* UD~, given by the two possible choices of an orientation. It is isomorphic to the
complex manifold

(2.1) {zeVc: (2,2)=0(z,2) <0}/C*.
For a compact open subgroup K C H(Ay) we consider the quotient
Xi = HQ\(D x H(A)/K).

It is the complex analytic space of a Shimura variety of dimension n, which has a canonical
model over Q.

There are natural families of special cycles which are given by embeddings of rational
quadratic subspaces V' C V' of signature (n/,2) for 0 < n’ < n. Asin [BY09] we consider
these cycles for n’ = 0 and n’ = n — 1. Let U C V be a negative definite 2-dimensional
subspace. It defines a two point subset {z%} C D given by Ug with the two possible
choices of the orientation. The group 7' = GSpin(U) is isomorphic to the multiplicative
group of an imaginary quadratic field. It embeds into H acting trivially on U+. If we put
Ky =KNT(Ay) we obtain the CM cycle

(2.2) Z(U) = TQ@\({=} x T(A)/Kr) — Xic.

Here each point in the cycle is counted with multiplicity ﬁ, where wrr = #(T(Q)NK7r).

The cycle Z(U) has dimension 0 and is defined over Q.
To define special divisors, we consider a vector x € V with Q(z) > 0, and let H, C H be
its stabilizer. The hermitean symmetric space of H, can be realized as the analytic divisor

D,={2€D: z 1L}

in D. For h € H(Ay) we let K}, = H.(A;) N hKh™" be the corresponding compact open
subgroup of H,(Ay). Then

H,(Q\(D, x Hy(Af)/Kna) = Xk, [z, 1] = [z, iR

gives rise to a divisor Z(h,x) in Xg. Given m € Q- and a K-invariant Schwartz function
v € S(V(Ay)), we define a special divisor Z(m, ¢) following [Kud97|: If there exists an
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x € V(Q) with Q(z) = m, put

(2.3) Z(m, ) = > p(h'2)Z(h, ).
heHqy(Ap)\H(Af)/K

If there is no such z, set Z(m, ¢) = 0.

2.1. Siegel theta functions. We briefly recall the properties of some Siegel theta func-
tions. For more details we refer to [Bor98|, [Kud03], [BY09).

We write IV = Mp,(Z) for the metaplectic extension of SLy(Z) given by the two possible
choices of a holomorphic square root on H of the automorphy factor j(v,7) = ¢ + d for
v=1(2%) € SLy(Z) and 7 € H.

Let L C V be an even lattice and write L’ for its dual. The discriminant group L'/L
is a finite abelian group, equipped with a Q/Z-valued quadratic form. We write S, =
C[L'/L] for the space of complex valued functions on L'/L. For p € L'/L we denote the
characteristic function of u by ¢,,, so that (¢,), forms the standard basis of S;. This basis
determines a C-bilinear pairing

<Z)3,y> = Z TuYu

peL’/L
forx =3 z.,¢,and y =3} y.¢, in Sp. Recall that there is a Weil representation py, of
IV on Sp. In terms of the generators S = ((9 '),v/7) and T = ((§1),1) it is given by

(2'4) pL(T) (Cbu) = e(Q(N))(bu»

e((2 —n)/8)

2.5 S = ————"
25) )0 = O

see e.g. [Bor98|, [BY09], [Bru02|. We frequently identify S, with the subspace of Schwartz-

Bruhat functions S(V (Ay)) which are translation invariant under L = L®yZ and supported

on L'. Then the representation p; can be identified with the restriction to Mpy(Z) of the
complex conjugate of the usual Weil representation wy on S(V(Ay)) with respect to the
standard additive character of A/Q.

If z€ D and x € V(R) we write z, and z,. for the orthogonal projections of z to
the subspaces z and 2% of V(R), respectively. The positive definite quadratic form z
Q(z,1) — Q(x.) is called the majorant associated with z. For 7 = u +iv € H, (z,h) €
D x H(Ay), and ¢ € S(V(Ay)) we define a Siegel theta function by

(2.6) O(1,2,h,p) =0 Z e(Qz.0)T+ Q(z.)7) - p(h'x).
zeV(Q)
Moreover, we define a Sp-valued theta function by

(2.7) OL(m.2,h) = > 0(r.2,h,¢,) 0,

uweL'/L

Z 6(—(#, I/))(bl/?

vel//L

As a function of 7 it transforms as a (non-holomorphic) vector-valued modular form of
weight § — 1 with representation py, for I'. As a function of (z,h) it descends to Xy if K

stabilizes L and acts trivially on L//L = L' /L.
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3. DIFFERENTIAL OPERATORS AND WEAK MAASS FORMS

Here we recall some differential operators acting on automorphic forms for I and some
facts about weak Maass forms.

3.1. Differential operators. Throughout we use 7 as a standard variable for functions
on the upper complex half plane H. We write 7 = u + iv with v € R and v € Ry for the
decomposition into real and imaginary part. Recall that the Maass raising and lowering
operators on smooth functions on H are defined as the differential operators

0
Ri=2i— + kv !
L 287_—1—'0 ,

Lk = —2Z'U2£

ot
Occasionally, to lighten the notation, we drop the weight & and simply write L for the
lowering operator, since its definition in fact does not depend on k. The lowering operator
annihilates holomorphic functions. Moreover, if ¢ is a holomorphic function on H, then

(3.1) R_,(v"g) = 0.
For any smooth function f:H — C, k € %Z, and v € [V we have
Ri(f [k v) = (Bef) lk+2 v,

Li(f 1k v) = (Lef) |k—2 -
The hyperbolic Laplacian in weight & is defined by

0?02 9] 0
_ 2 . .
(3:2) Bi =~ (8u2 * 802) ik (3u i Z@v) '

It commutes with the weight k action of IV on functions on H. It can be expressed in terms
of Ry and L, by

(3.3) —Ap = Ly oRp + k= Ri_oLy,.
For j € Z>, we abbreviate
R} = Ryiaj—1)0 -0 Ry,
Li == Lk*?(jfl) C---0 Lk;
The following lemma is an easy consequence of (3.3)).
Lemma 3.1. We have
R Ly = Lo R+ j(k+j— 1R,

If I C T" is a congruence subgroup we write Ax(I") for the complex vector space of
smooth functions f : H — C satisfying the transformation law f |, v = f for all v € I'". If
f,g9 € Ap(I"") we define their Petersson inner product by

(f,9)pet = f(M)g(m)v* dp,

F//\H
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provided the integral converges. Here du(1) = ‘hj)Qd” is the usual invariant volume form. If

f € Ap(I") and g € A(T'"), we have
(3.4) Ria(fg) = (Rif)g + f(Rig).

Moreover, if g € A_;_o(I'") we have the identity of invariant differential forms

(3.5) ((Rif)g + f(Rok-29)) du(1) = R_5(fg) du(r) = —d(v™>fg dT).
In combination with (3.1]) this identity implies the following lemma

Lemma 3.2. Let h € Ay_o(I") and assume that h has moderate growth at the cusps. Then
for any holomorphic cusp form g € Si(I'") we have

(Rr—2(h), g)pet = 0.

We will also need Rankin-Cohen brackets on modular forms. Let j € Zsq. If f € A, (T'")
and g € A;(I") we define the j-th Rankin-Cohen bracket by

(3.6) ol = S0y (P (e

S — S
s=0 J

where f) = _L_9" £ Tt is well known that the Rankin-Cohen bracket can also be

= Gy or

expressed in terms of iterated raising operators as

1 < E+j—1\[l+j—1\, ..
. = —1)° J—$ Sa).
I D D S | M [l
The latter identity implies that [f,g]; belongs to Ajii42;(I'). Moreover, (3.6) implies
that the Rankin-Cohen bracket takes (weakly) holomorphic modular forms to (weakly)
holomorphic ones.

Lemma 3.3. Let f; € A(I") and fo € Ai(I'"). There exists a function h € Apyip2j—o(I")
such that

s=0

k+1 | — ,
Lf1, fol; = @( " +j2j 2) f1- R (f2) + Rrqigoj—a(h).

If fi and fy have moderate growth, then h can also be chosen to have moderate growth.
Proof. See |[Vialll Proposition 3]. O

3.2. Weak Maass forms. As before let L C V be an even lattice. Recall the Weil
representation py, of I" = Mpy(Z) on Sy. Let k € Z. For v = (g,0) € I and a function
f+H — S we define the Petersson slash operator in weight £k by

(f lep M(7) = (1) pr (1)~ fg7).
A smooth function f : H — Sy, is called a weak Maass form of weight k& with representation
pr, for the group I (c.f. [BF04, Section 3]) if

(1) [ lkpy v = [ forall v € I';
(2) there exists a A € C such that A, f = \f;
(3) there is a C' > 0 such that f(7) = O(e“?) as v — oo (uniformly in u).
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In the special case when A = 0, the function f is called a harmonic weak Maass form[]

The differential operator
f(r) = &(f)(7) == v" 2Ly f(7)

defines an antilinear map from harmonic Maass forms of weight k to weakly holomorphic
modular forms of dual weight 2—k for the dual representation. Following [BF04], we denote
the holomorphic part of any harmonic Maass form f by f and the non-holomorphic part
by f~. Asin [BY09] we write Hy, ,, for the vector space of harmonic Maass forms of weight
k (with representation py, for I') whose image under & is a cusp form. The larger space
of all harmonic Maass forms of weight & is denoted by H} ko We write M o0 Mrprs Skpr
for the subspaces of weakly holomorphic modular forms, holomorphlc modular forms, and
cusp forms, respectively. Then we have the chain of 1nclus1ons

| !
Sk?,OL - MkvpL - M];I,pL - HkvpL - HiC,pL7
and the exact sequence

¢
0—— M, —> Hyp, —> S2-1p, —0.

Important examples of weak Maass forms are given by Poincaré series, see [Bru02, Chap-
ter 1.3]. Let M, ,(2) be the usual M-Whittaker function as defined in [AS84], Chapter 13,
p- 190. For convenience, for s € C and v € Ry we put

M p(v) = U_k/QMfk/zsq/z(U)-

The special value at s = 1 — k/2 is given by
M k() =2 (T2 k) — (1 —K)T(1 —k,v)).
For any m > 0 the function M x(4mmuv)e(—mu) is an eigenfunction of Ay with eigenvalue
(s —k/2)(1 —k/2—s).
For simplicity we assume here that 2k = —sig(L) =2 —n (mod 4). Then, for p € L'/L

and m € Z + Q(u) with m > 0, the Sp-valued function

Ms,k(47rmv)6(_mu> (Cbu + ¢7u)

is invariant under the |, 5, -action of the stabilizer I, C I" of the cusp co. We define the
Hejhal-Poincaré series of index (m, 1) and weight &k by

(38)  Fuunsk) = 3 Maslmmo)e(—mu)(é, + 6] len, 7
['(2s)

YETLAL

The series converges normally for (s) > 1 and defines a weak Maass form of weight k with
representation gy, and eigenvalue (s—k/2)(1—k/2—s) for I, see e.g. [Bru02, Theorem 1.9]
and note that we work here with signature (n,2) instead of signature (2,n). If £ < 1/2,
then the special value F,, ,(T, so, k) at so = 1 —k/2 defines an element of Hj, ;, with Fourier
expansion

Fou(7, 50, k) = e(—m7) ¢, + e(—m7)o_, + O(1),

ITo lighten the terminology we will frequently drop the attribute ‘weak’ and simply speak of harmonic
Maass forms.
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as v — 00, see |Bru02, Proposition 1.10]. The next proposition describes the images of the
Hejhal-Poincaré series under the Maass raising operator.

Proposition 3.4. We have that
1
mRka’u(T, s, k)= (s+k/2)F (1,5, k+2).
Proof. Since Rj commutes with the slash operator, it suffices to show that
1
MRkMs,k(élwmv)e(—mu) = (s + k/2) M jr2(dmmuv)e(—mu).
This identity follows from (13.4.10) and (13.1.32) in [AS84]. O

Corollary 3.5. For s =so+j=1—k/2+ j we have that
1

(4dmm)J

The following lemma on Rankin-Cohen brackets of harmonic Maass forms will be crucial

for us. To lighten the notation we formulate it here for scalar valued forms with respect to
a congruence subgroup I C I. An analogue also holds for vector valued forms.

Ry (7,80 + j, k= 25) = jl+ Fru(7, 50 + 4. k).

Proposition 3.6. Let f be a harmonic Maass form of weight k and let g be a harmonic
Maass form of weight | for T'". For any non-negative integer j we have

(—am LI, g], = (”fy )(Rif><Lg>+<—1>j(k+j‘1)<Lf><R{g>.

Proof. According to (3.7) we have

YL gl - (1) (N (T e

S — S
s=0 J

+ Z (k I 1) (l J;j_; 1) (RLf)(LR;g).

In the first sum on the right hand side we consider the s = j term separately and in the
second sum the s = 0 term. We obtain

(39)  (~AnPLIf.gl; = (l +§— e+ (U wnm
e (MY (1 ae

J
kK+j—1\[/l+j—1 s s
e (N (e e,
Since f is a harmonic Maass form Lemma [3.1] and (3.3]) imply for s < j — 1 that
LR “f=—(j—s)(k+j—s—1)R,""f.
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Similarly, we have for s > 1 that
LRjg=—s(l+s—1)R'g.

Now a straightforward computation shows that the two sums over s on the right hand side
of (3.9)) cancel. This implies the assertion. O

Let M C L be a sublattice of finite index. A vector valued harmonic Maass form
f € Hy,, can be naturally viewed as a harmonic form in Hj ,,,. Indeed, we have the
inclusions M C L € L' € M’, and therefore an inclusion

L'/Mc M'/M
and a natural map L'/M — L'/L, p+— fi.
Lemma 3.7. There is a natural map

resp/nv t Hypy — Hi s f 0 furs

given by

0, ifpuédlL//M.

We refer to [BY09, Lemma 3.1] for a proof of the lemma and for more details about this
construction.

Fah = {f;“ if e L'/M,

3.3. Binary theta functions. In this subsection we assume that V' is a definite quadratic
space of signature (0,2) and let L C V be an even lattice. Then the corresponding
Grassmannian consists of the two points z‘j,E given by Vg with the two possible choices of
an orientation. The Siegel theta function 61 (7, 2z, h) defined in does not depend on
z, and therefore we often drop this variable from the notation. This theta function is a
non-holomorphic Sy-valued modular form of weight —1 with representation p;. Because
of , we have
R_10L(T, h) = 0.

Following [BY09, Section 2| we define an S;-valued Eisenstein series of weight ¢ by
EL(T’ S;E) = Z [U(S+1_£)/2¢0] |f7pL -
YELLAL

For the Maass operators we have the well known identities
1
(3.10) RyEL(T,8;0) = 5(84— 1L+ O EL(T,80+2),

1
(3.11) LyE(1,8;0) = §<S +1—-0OFEL(r,s,(—2).

The following special case of the Siegel-Weil formula relates the average of Siegel theta
functions over the genus of L and such an Eisenstein series, see e.g. [Kud03, Theorem 4.1].
We use the Tamagawa measure on SO(V)(A) (such that vol(SO(V)(Q)\ SO(V)(A)) = 2)
and normalize the Haar measure on the compact group SO(V)(R) to have total mass 1.
This determines a Haar measure dh on SO(V)(Ay) with vol(SO(V)(Q)\ SO(V)(Ay)) = 2.
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Proposition 3.8. With the above normalization of the Haar measure, we have

/ 0, (r,h) dh = Ey(r, 0; —1).
SO(V)(@\SO(V)(Ay)
Using the identities
(3.12) LiBy(7,5:1) = SEu(r,si-1),
1
(313) L1E2(7—7 07 1) = §EL(Ta O, _1)7

which follow from (3.11)), we see that the derivative E}(7,0;1) of the incoherent Eisenstein
series of weight 1 is a preimage under the lowering operator of the average of binary theta
functions on the left hand side of Proposition 3.8, Moreover, £.(7) = E}(7,0;1) is a
harmonic Maass form of weight 1 with representation py, for I'V. We write

(3.14) EF(T) =) k(m,p)q" ¢,

m,p

for its holomorphic part. The Fourier coefficients of E’ (7,0;1) are computed in [KY10],
see also [BY09, Theorem 2.6]. In particular, up to a common rational scaling factor, the
k(m, p) with (m, 1) # (0,0) are given by logarithms of positive rational numbers.

Later we will also need harmonic Maass forms of weight 1 that are preimages under
the lowering operator of the individual binary theta functions 6, (7, h), without taking an
average over h. While the existence of preimages follows from the surjectivity of the &-
operator [BF04, Theorem 3.7], it was proved in [Ehl17] and [DL15] that there are actually
preimages with nice arithmetic properties.

We let D be the discriminant of L and kp = Q(v/D) 2 V be the corresponding imaginary
quadratic field. We write Op C kp for the order of discriminant D in kp. Note that
H(Q) = kp and H(Ay) = A .. There is a canonical map from class field theory

[, kp) - AL — Gal(k3 /kp),

where k'jgb denotes the maximal abelian extension of kp. The ring class field Hp of Op

is fixed by [@B, kp] and if Cl(Op) denotes the class group of Op, we have the canonical
isomorphisms (see e.g. [Cox13| §15.E])

(3.15) Cl(Op) 2 k\AL, ;/O) = Gal(Hp/kp).

Moreover, K = O3 stabilizes L as above and acts trivially on L' /L. Hence, 0 (7, h) defines
a function on

(3.16) X = {2} x Cl(Op).
By abusing notation, we will simply write the same symbol h for the element of H(Ay)
and for its class in H(Q)\H(Ay)/K = Cl(Op).

In [DL15] lattices of prime discriminant and in [Ehl17] lattices of fundamental discrimi-

nant were considered. The following result generalizes Theorem 4.21 of |[Ehl17] to arbitrary
binary lattices and will be proved in the appendix (see Theorem [A.4)).
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Theorem 3.9. For every h € Cl(Op), there is a harmonic Maaf form Gr(r,h) € H; ,
with holomorphic part

G, h) = Z ZcLhmu Je(mT)o,

peL’/L m>—o0

with the following properties:

(1) We have Li(GL(T, h)) = 0L(7, h).
(2) For all w € L'/L and all m € Q with m = Q(u) mod Z and (m, u) # (0,0), there
is an ar(h,m, ) € H}, such that

1
(3.17) ct(h,m, p) = —;log\a,;(h,m,uﬂ7

where v € Z~o only depends on L.
(3) The algebraic numbers ay(h,m, 1) satisfy the Shimura reciprocity law

ar(h,m, p) = ag(1,m, p)™m*el,

(4) Additionally, there is an ar(h,0,0) € H}, such that

2
¢t (h,0,0) = ;log lar(h,0,0)] + £(0,0).

4. AUTOMORPHIC GREEN FUNCTIONS

In this section we return to the general case that L is an even lattice of signature (n, 2).
Throughout, we assume that the compact open subgroup K C H(Ay) stabilizes L and
acts trivially on L'/L. Let f : H — S be a weak Maass form of weight £k = 1 — n/2
with representation py, for I". For z € D and h € H(A) we consider the regularized theta
integral

wnf) - [ )00, 1) du(r).

f
Here F denotes the standard fundamental domain for the action of SLy(Z) on H and
du(r) = 244v The regularization is done as in [Bor98]. It turns out that ®(z, h, f) has
a finite value at every point (z, h). It defines a smooth function on the complement of a
certain cycle in Xy (see Proposition below), and it is locally integrable on Xk
Let p € L'/L and m € Z + Q(p) with m > 0. For the Hejhal-Poincare series of index
(m, p) defined in (3.8)), the lift

(4.1) D, (2, 0y 8) = (2, h, Fpy (T, 8, k))

is studied in detail in |[Bru02]. It turns out to be an automorphic Green function in the
sense of [OT03] and is therefore of particular significance.
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4.1. Properties of automorphic Green functions. Let F(a,b,c; z) denote the Gauss
hypergeometric function, see e.g. JAS84), Chapter 15]. Then, according to [Bru02, Theorem

2.14], we have for R(s) > so := % + 5 and (2,h) € X \ Z(m, p) that
[(s+2—1)
4.2) o, h,s)=2—-2_2°
( ) M(Zv 7S> F(QS)
y Z < m )S+2_%F(+n 1 n+12 m )
s+——=,s——+-,25; ——— | .
Aeh(ut L) Q(/\ZJ-) 4 2 4 2 Q(AzL)
Q(N)=m

The sum converges normally on the above region and defines a smooth function there. In
s it has a meromorphic continuation to the whole complex plane. At s = sq it has a simple
pole with residue proportional to the degree of Z(m, p).

Let A be the SO(V)(R)-invariant Laplace operator on D induced by the Casimir element
of the Lie algebra of SO(V')(R), normalized as in [Bru02]. Note that A is a negative operator
in this normalization, and that it is equal to —8 times the Laplacian in [OT03]. According
to |[Bru02, Theorem 4.6], for (z,h) € Xg \ Z(m, p) and R(s) > sq, the Green function is
an eigenfunction of A, more precisely

1
AD,, (2, h,s) = 5(8 —50)(s+ 50 — 1)@y, (2, Ry 5).

The behavior of ®,, ,(2, h, s) near the divisor Z(m, p1) is described by the following propo-
sition.

Proposition 4.1. For any zy € D there exists a neighborhood U C D such that the function

2 —2mmu+4n d
@m’u(z,h,s) — F(T}\ ) %m / Msk 471'777/0) 2 +4TQ(Az)v ”
eh(p Zo

QN)=m

is smooth on U. Here the reqularized integral is defined as the constant term at ' = 0 in
the Laurent expansion of the meromorphic continuation in s of

/ Mk (47Tm1))6_27va+47rQ()\z)’Uv—s/—1 do.
1

We note that the latter integral exists if (s') is large and has a meromorphic continua-
tion in s’ because of the asymptotic expansion of the M-Whittaker function, see (13.5.1) in
[AS84]. Hence the regularized integral exists and has a finite value for all s. Moreover, we
note that the sum over A in Proposition is finite, since 2y is a positive definite subspace
of V(R). In particular we see that ®,, ,(2, h, s) has a well defined finite value even on the
divisor Z(m, ). However, it is not continuous along Z(m, ). The proof of the proposition

can be given as in [Bor98, Theorem 6.2].
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We may use the asymptotic behavior of the M-Whittaker function to analyze the regu-
larized integral further. We have for v > 0 that

(4.3) M i (v) = e 20 2 M (s + k /2,25, 0)
I'(2s)

~ Tk OO

as v — 0o. We extend the incomplete I'-function I'(0,t) = floo et CfJ—” to a function on
R>( by defining it as the regularized integral, that is, as the constant term of the Laurent

. . . . oo _ g
expansion at s’ = 0 of the meromorphic continuation of [~ e "v™* ‘fj—”. Hence we have

~ T(0,1), ift>0,
F(O’t):{o( ! ift=0

Using (4.3)), it is easily seen that the function

2 reg dv 2
. 4 —2mmu+4TQ(X:)v Y — T1(0.,—4 )\z
I'(25) / M p(drmo)e v TGk TR

is continuous in z. Taking into account higher terms of the asymptotic expansion, one can
also describe the behavior of the derivatives in z.

Corollary 4.2. For any zy € D there exists a neighborhood U C D such that the function

D, (2, b, s) — [0, —47Q(A,))

o
VA
+
(\]
|
(]

18 continuous on U.

Since I'(0,t) = —log(t) + I"(1) + o(t) as t — 0, we see that ®,, ,(z,h,s) is locally
integrable on X and defines a current on compactly supported smooth functions on Xg.
To describe it, we first fix the normalizations of invariant measures. Using the projective
model , we see that there is a tautological hermitean line bundle £ over D. Orthogonal
modular forms of weight w can be identified with sections of £*. The first Chern form

Q= —ddlog|(z,2)|

of £ is H(R)-invariant and positive. We fix the corresponding invariant volume form Q"
on X and the volume form Q"1 on any divisor on X.

Theorem 4.3. As a current on compactly supported smooth functions we have

(&= 5= (s 450 = 1)) By b)) =~

7m0
2F(s+%—%) Z(mop)

Here 07y, denotes the Dirac current given by integration over the divisor Z(m, p) with
respect to the measure Q" 1.

This is essentially |[OT03| Corollary 3.2.1], for the comparison of the normalizations of
measures see also [BK03, Theorem 4.7].
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Theorem 4.4. If V is anisotropic over Q or R(s) > %n > %, then @, ,,(z, h,s) belongs to
L*(Xk).
Proof. This follows from [OT03, Theorem 5.1.1] by noticing that py = § and 7 =2 — % in

the notation of loc. cit. Moreover, by equality (4.19) of [BKO03|, the function ®,, ,(2,h, s)
is a finite linear combination of the Green functions Gas_1(x) of [OT03]. O

The Green function can be characterized as follows.

Proposition 4.5. Assume that R(s) > 3n > 3. Let G(z,h,s) be a smooth function on
Xk \ Z(m, u) which is square integrable and satisfies the current equation of Theorem .
Then G(z,h,s) = Oy, (2, h,s) on Xk \ Z(m, p).

Proof. We consider the function
g(z,h,s) =G(z,h,s) — Dy, (2, by s).

It satisfies the current equation

(4.4) (A - %(5 — s9)(s 4+ 50 — 1)) (2, h, )] = 0.

Hence, by a standard regularity argument, g extends to a smooth function on all of Xg.
By the hypothesis g belongs to L*(Xx). Since A is a negative operator on L?(Xf) and
R(s) > so = % + 3, the eigenvalue equation (4.4) implies that g = 0. O

Remark 4.6. Similar characterizations of ®,, ,(z, h, s) can also be obtained for n < 2 and
JR(s) > so by imposing additional conditions on the growth at the boundary of Xy, see
e.g. Section [6.1] and [Zha97, Section 3.4].

4.2. Positive integral values of the spectral parameter. Recall that £k = 1 — n/2
and sp = 7 + % In the present paper we are mainly interested in the Green function
®,, (2, h,s) when the spectral parameter s is specialized to sy + j for j € Zso. These
special values can be described using lifts of harmonic Maass forms.

Proposition 4.7. Let 4 € L'/L and m € Z + Q(u) with m > 0. For j € Zso let
Fou(m,k —2j) € Hy_9j;, be the unique harmonic Maass form whose principal part is
given by

Fou(m, k —2j5) = e(—m7)p, + e(—m7)p_,, + O(1),
as v — oo. Then

D, (2,80 +5) = ® (2, h, Ry, F (7. k — 27)) .

(4mm)ij!
Proof. The assertion is an immediate consequence of (4.1)) and Corollary . O

5. CM VALUES OF HIGHER GREEN FUNCTIONS

Recall that k = 1 —n/2. Proposition suggests to study for any harmonic Maass form
f € Hy_s;5, its ‘higher’ regularized theta lift

(5.1) O (2, h, f) = ﬁ@(z, h,R_,.f).
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Denote the Fourier coefficients of f by ¢*(m, u) for p € L'/L and m € Z — Q(p). Then
®7(z, h, f) is a higher Green function for the divisor

(5.2) Z(f) = Z ct(—=m, p)ym? Z(m, i)
ugL>’ (/)L
on Xg. Here we compute the values of such regularized theta lifts at small CM cycles.
Let U C V be a subspace of signature (0,2) which is defined over Q and consider the
corresponding CM cycle defined in (2.2). For (z,h) € Z(U) we want to compute the CM
value ®7(z, h, f). Moreover, we are interested in the average over the cycle Z(U),

(5.3) I(Z(U), f) = 2 > Dz h f)

WET (. hyesup(2(V))

According to [Sch09, Lemma 2.13], we have
_ deg(Z(U))

(5.4) ®/(Z(U), f): 5 /
heSO(U)(@\SO(U)(Ay)

(=5, h, f) dh

and deg(Z(U)) = —4—

~ vol(Krp)*
The space U determines two definite lattices

N=LnNnU P=LnU*.

The direct sum N @ P C L is a sublattice of finite index. For z = 2% and h € T(A;), the
Siegel theta function 0 (7, z, h) splits as a product

0r(T, z[jjt, h) =0p(T) ® On(T, 25, h).
In this case Lemma 3.1 of [BY09] implies for the C-bilinear pairings on Sy, and Sygp, that
<f7 0L> - <fP@N)9P ® 9N>7

where fpgyn is defined by Lemma |3.7] Hence we may assume in the following calculation
that L = P @ N if we replace f by fpen. For h € T'(Af) the CM value we are interested
in is given by the regularized integral

) reg ]
(st b, f) = ﬁ /f (RL o 1 (1) @ Ox(r, 25 1) diu(7).

To compute it, we first replace the regularized integral by a limit of truncated integrals. If
S(q) = Y ez anq" is a Laurent series in ¢ (or a holomorphic Fourier series in 7), we write
(5.5) CT(S) = aop

for the constant term in the g-expansion.

Lemma 5.1. If we define
Ao = (=1 CT ({(SHD(7), 0p(7) @ do4n)),
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where fT is the holomorphic part of f and gV = iy 5,79, We have
— 1; 1 J +
- jll_rgolo {W /_;__T <Rk—2jf(7—)> 0P<7_) ® 9N<7_7 2Us h)) d:u(T) — Ao IOg(T):| :

Proof. This result is proved in the same way as [BY09, Lemma 4.5]. In addition we use

the fact that for a polynomial P(v™!) = >"_ cv™*

reg d T d
/ P) % = lim (/ P(v)—v—colog(T)).
v>1 v T—o0 v=1 v
|

By means of (5.4]) and the Siegel-Weil formula in Proposition 3.8, we obtain the following
corollary.

in v~ we have

Corollary 5.2. We have
_deg Z(U)
- —5

< Jim |5 [ (L, F(0).00(0)  En(r, 05 -1)dur) — 2A0log(T)|.
Fr

T—o00 (47T)j

' (Z(U). f)

For any g € Si4n/2+2j,, We define an L-function by means of the convolution integral

(56) L(g, U, S) = ([9P<T>7 EN(Tv = 1)]j7 g(T))Pet'

Here the Petersson scalar product is antilinear in the second argument. The meromorphic
continuation of the Eisenstein series Ex(7,s;1) can be used to obtain a meromorphic
continuation of L(g,U, s) to the whole complex plane. At s = 0, the center of symmetry,
L(g, U, s) vanishes because the Eisenstein series Ex(7,s;1) is incoherent.

Lemma 5.3. Let g € Siin/242j,, and denote by g =
pansion. Write Op = >

- b(m, pn)q" ¢, the Fourier ex-
M, r(m, 1u)q"¢,. Then L(g,U,s) can also be expressed as

1 (2 —kK\TE+1+7)
Hot0 = () S

Morerover, it has the Dirichlet series representation

. (9p ® En(T, 514 27), g)Pe

"

1 2] —K\TE+1+)D(E+2+9) e
L(g,Uss) = ( . ) : Rl Bl S R B
(47T)] J F(§ + 1) (47‘(‘)2""2"‘3 MG]DZ//P
m>0

Proof. We rewrite the Petersson scalar product (5.6)) using Lemma and Lemma
We obtain

L(g7 U7 3) — (4711')3 (2‘7]_ k) (9P X (R{EN@—? S5 1))7 g)Pet'
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According to ([3.10) we have
L(5+1+7)

RjEN(T,S; 1) = .
¢ I'($+1)

En(1, 5,14 2j),
and therefore

51 Uets) = o () R 0 e Batrs1 £ 20, 0),,

The latter scalar product can be computed by means of the usual unfolding argument.
We obtain

(QP ® EN(Tv s;1+ 2.])7 g)Pct - / <‘9P ® U%7j¢0+N7 §>U1+%+2j d:u(T)
I _\H

=D T(m,u)b(m,u)/ eIt EH L gy
0

ueP' /P
m>0
Y _s_mn_; S n .
= > r(m,p)b(m, p)(4wm) 25T (5 +5 +]>.
HeP' /P
m>0
Inserting this into ([5.7]), we obtain the claimed Dirichlet series representation. [l

Theorem 5.4. Let f € Hy_s;;,. The value of the higher Green function ®(z, h, f) at the
CM cycle Z(U) is given by

I
deg(Z(U))

Here £ denotes the holomorphic part of the harmonic Maass form Ei(7,0;1), see (3.14).
The Rankin-Cohen bracket is taken for the weights (1,1).

(Z(U), [) = CT ({(f*, [0p. EX];)) — L' (&—2;(f), U, 0).

Proof. According to Corollary [5.2] we have
~deg Z(U)
2

i L J s — T) — 0
« lim [@ /f (L3, (7). 00(7) @ B( 05 ~1))du(r) — 20 og(T) |

' (Z(U), f)

T—o00

We use the ‘self-adjointness’ of the raising operator (which is a consequence of (3.5)) and
Stokes’ theorem) to rewrite this as

(5.8)

wi(2(0).5) - “E20)
’ 2
i ! ) ;— T)— 0
i | s [ U0 R 0(7) @ Bx (0 -1)haut) 240 ow(T)|.

T—o0
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Here the vanishing of the boundary terms in the limit 7" — oo follows from Lemma 4.2
of [Bru02| by inserting the Fourier expansions. Since R_jEn(7,0; —1) = 0 and because of
(3.13]), we have

R, (0p(7) ® Ex(7,0;—1)) = (R]_,0p(r)) ® Ex(r,0;—1)
=2(R]_,0p(7)) ® (LiEjy(7,0;1)).
By Proposition (3.6, we find

(5.9) R’, (0p(7) ® Exn(1,0; 1)) = 2(—47)  L{0p(1), Ei(7,0;1)];.
Hence, we obtain for the integral

1 y . .
5100 )= s U, BL06(n) © B0 -1)) di(r)
that

Ir(f) =2 /f (f. Lbp, Ey(-.0;1)],) dyu(r)

- /f L{f. [8p, Ey(-.0; D], du(r) — 2 /f (LF), bp iy (0 1)) du(r).

The second summand on the right hand side can be interpreted as the Petersson scalar
product of [0p, E(-,0;1)]; and the cusp form &;_o;(f). The first summand can be com-
puted by means of Stokes’ theorem. We get

/ L{f, (8, Ex(-0; 1)) du(r) = — / A((f. [0p. Eiy(-,0;1)],) dr)
Fr Fr

_ / (f, [0p, By (-, 0; 1)];) dr
OFT

iT+1

- / (f, Bp, Ex(-0; 1)) dr.

—iT
Consequently,
iT+1
lim [I7(f) — 2Alog(T)] = 2 lim {/ (f, 0p, EN(-,0;1)];) dT — Aglog(T)

T—o0 T—o0 —iT

—2-([6p, Ex(-,0;1)];, fk—2j<f>)1>et‘

As in the proof of [BY09, Theorem 4.7] we find that the first term on the right hand side
is equal to

2CT (<f+7 [epa EJJ\FT]J» ’
Putting this into (5.8]) and inserting ({5.6[), we obtain
O(Z(U), f) = deg(Z(U)) (CT ({f7, [0, Ex1s)) — L'(€k—2,(f), U, 0)) .
This concludes the proof of the theorem. O

In the same way one proves the following result for the values at individual CM points.
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Theorem 5.5. Let f € M;_,. - and h € T(Ag). Then we have

(25, h, f) = CT ((f, [0p, G (T, h)];)) -

Here, G(7,h) denotes holomorphic part of any harmonic Maass form Gy(7,h) € H
satisfying L1Gn (T, h) = On(7, h).

By taking the particulary nice preimages Gy(7,h) from Theorem [3.9] we obtain the
following algebraicity statement. We use the same notation as in Theorem 3.9] in particular,
D < 0 denotes the discriminant of N, kp = Q(v/D), and we write Hp, for the ring class
field of the order Op C kp of discriminant D.

!
1591\7

Corollary 5.6. Assume that f € M}szj’pL has integral Fourier coefficients and that Z7(f)
is disjoint from Z(U). For every h € Cl(Op) there is an oy s(h) € H}, such that:

(1) We have
S 1
AT (25, h, ) = =~ - log|aw,s(h)],
r

where A € Zi~q is the least common multiple of the levels of the lattices P and N,
and v € Z~g is a constant that only depends on L and D (but not on f, h or j).
(2) The algebraic numbers ay ¢(h) satisfy the Shimura reciprocity law

ay,s(h) = ay,p(1)MFe]

Proof. Recall that we assume that L = P @ N holds. According to [MP16, Lemma 2.6],
the group GSpin(L) is the maximal subgroup of H(A[) that preserves L and acts trivially
on L'/L. Hence f is GSpin(L)-invariant and we can assume that K = GSpin(L). We now
show that Kp = @B Consider the embedding ¢ : T < H, where T acts trivially on U=,
Since GSpin(N) = OF, we have +(O}) C Kp. However, by the maximality of GSpin(N),
the other inclusion follows as well. Now the assertion follows from Theorem B.9 g

5.1. General CM cycles. Let d € Z>, and let F' be a totally real number field of degree
d+1 with real embeddings oy, . . ., 4. Let (W, Qr) be a quadratic space over F' of dimension
2 with signature (0,2) at the place oy and signature (2,0) at the places oy,...,04. Let
Wo = RespigW = (W,Qq) be the space W viewed as a Q-vector space with the Q-
valued quadratic form Qg(w) = trp(Qr(w)). Then Wy is a quadratic space over Q
of signature (2d,2). In this subsection we assume that there is an isometric embedding
i: (Wo,Qq) — (V,Q), which we fix throughout. This gives an orthogonal decomposition

V=V, @ W

Let T' C H be the inverse image under the natural map of the subgroup Resp/q SO(W)
of SO(Wg). Then T is a torus in H, fitting into the commutative diagramm

1 Gm T Resp/o SO(W) —1

N

1 G, H SO(V)
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The even Clifford algebra C%(W) of W is a CM field E over F. Tt is easily checked that
T(Q) = E*/F*, where F' denotes the group of norm 1 elements in F.

The subspace W,, = W ®p s, R C Vg is a negative 2-plane. Together with the choice of
an orientation it determines two points zfo in D. The image of natural map

T(Q\{25} x T(A)/Kr — Xk,

where Ky = T(Ay) N K, determines a CM cycle Z(W, g¢) of dimension 0, which is defined
over oo(F). Its Galois conjugate o0, (Z(W, 04)) is defined over o;(F) for 0 <i < d. It is
equal to a certain Hecke translate of the CM cycle Z(W;, 0;), where Wy = W, and (W, Q)
is the quadratic space over F' such that (W,,,Q;) = (W,,Qp) for all primes (finite and
infinite) v # oy, 0, and W, 5, is positive definite and W} ,, is negative definite. Notice that
there is an isometry of quadratic spaces Wg = W, g over Q. The specific Hecke translate
is given in [BKY12, Section 2] and is related to the choices of isomorphisms Wy = W, o
and Wy = W, ;. We refer to [BKY12| for details. Hence the CM cycle

(5.11) ZW) =Y Z(W;, )

is defined over Q. We remark that different ¢’s might give the same Galois conjugate, in
such a case Z(W) is a multiple of the formal sum of the Galois conjugates of Z(W, ay).
When F = Q, Z(W) is a small CM cycle as defined before. When Vj = 0, i.e., V = W,
it is a big CM cycle studied in [BKY12|. The general case is studied by Peng Yu in his
thesis [Yul7].

Let N =LNWgand P = LNV, and let 0p(7) be the Siegel-theta function of weight
5 — d associated to P. Associated to N C Wg = W, there are d + 1 coherent Hilbert
Eisenstein series En(7,s;1(i)) of weight 1(i) over F' (0 < i < d) and one incoherent
Hilbert Eisenstein series En(7, s;1) of weight 1 = (1,...,1). Here 1(¢) is obtained from 1
by replacing the i-th entry 1 by —1 as in [BKY12, Section 5|. These Eisenstein series are
related by the identity

1
(5.12) LiiBy(7,0:1) = S En(7,0:1().

Here L, is the Maass lowering operator with respect to the variable 7;. In particular, if
we denote by H — H%*! 7+ 72 = (7,...,7) the diagonal embedding, we have

1 ,
LiBN(r%,0:1) = 5 En(r%,0:1().

The same argument as in Corollary [5.2] (see also [Yul7] or [BKY12]) leads to the following
proposition.
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Proposition 5.7. Let the notation be as above, and let f € Hy_o;5,. Then the CM value
of the higher Green function ®(z, h, f) is given by

(Z(W), f) = %/f (Rioif 00 ® D En(r,0,1(0))) du(7)

_deg Z(W,0¢) [™* j e -
- CEZE [ R 0r © LB (r2,0:1) di()

In order to derive an explicit formula for this CM value analogous to Theorem [5.4] we
need to find an explicit modular form G on H (smooth and with possible ‘poles’ at cusps)
such that

(513) L27k+2j(G) = Rj_k (ep &® LlEﬁv(TA, 0; 1)) .

In the case of small CM cyles, that is, for d = 0 we could use for this purpose.

There is one further case, in which we can determine a function G, this is the case when
d =1 and Vy = 0, which we assume for the rest of this subsection. These conditions
imply that F' is real quadratic, V' = Resp/g(W) has signature (2,2), L = N, and k = 0.
The function G is obtained using a Cohen operator on Hilbert modular forms, which is a
slight variant of the Rankin-Cohen bracket considered in Section [3.1] Let g : H? — C be a
smooth Hilbert modular form of weight (k1, k2) for some congruence subgroup of SLay(F').
Define the j-th Cohen operator as

(5.14)  Ci(g)(r) = ( 2;_)]. 2(_1>s(k1 + j - 1) (k2 +j— 1) ( ;’:;s ;;S g) (r,7).

p= J=s

Then C;(g) is a smooth function on H which is modular in weight ky + k3 + 25 for some
congruence subgroup. The following result generalizes Proposition [3.6]

Proposition 5.8. Let g be a smooth Hilbert modular form of weight (ki,ks) for the real
quadratic field F. Assume that, as a function of the first variable, g is annihilated by
Ay, and, as a function of the second variable, g is annihilated by Ay,. Then for any
non-negative integer j we have

- ko+j—1 ; ;
R B A [ A P
Applying this for g = E\ (1, 72,0,1) we find:
Corollary 5.9. Assume that d =1 and V = Resp/o(W) as above. Then
(—47) La12,C5(Ey(-,0,1)) = Ry [(LiaEx (- 0; 1)) (72) + (=1) (Laa By (-, 0; 1)) (72)] .

Hence the function C;(E}(+,0, 1)) on the left hand side has essentially the property that
is required in ([5.13)) for the function G, except for the sign (—1)7 which appears in addition
on the right hand side. However, this sign can be fixed by slightly redefining the CM cycle
by putting
(5.15) ZIW) = Z(Wy,01) + (—=1) Z(Wy, 00).

Now the analogue of Theorem in this case is as follows.

By +j5—1

: )(Lk1,13£2,29><r, ).
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Theorem 5.10. Assume that d = 1 and V = Resp/o(W) as above. For f € H_5;; we
have

1
deg(Z (W, a9))

Here & denotes the ‘holomorphic part’ of E}(7,0;1) (see ([BKY12, Proposition 4.6]), that
18, the part of the Fourier expansion which is indexed by totally positive v € F together
with the holomorphic contribution of the constant term. The Cohen operator is taken with
respect to the parallel weight (1,1).

q)j(ZJ(W>7f) =CT (<f+7 Cj<gz_)>> - (CJ(ElL(u O; ]-))’ 5—2j(f))Pet'

We omit the proof since it is analogous to the one of Theorem with Proposition |3.6
replaced by Corollary [5.9]

The second term on the right hand side is the central derivative of the Rankin-Selberg
type integral

L(g, W, ) = (C(EL(,8:1)), 9) pgy-

for a cusp form g € S5_5;,,, similarly as in [GKZ87, Section III]. When f is weakly
holomorphic, this contribution vanishes, and Theorem [5.10| gives an explicit formula for
the value of the higher Green function ®/(z,h, f) at the CM cycle Z/(W). Using the
explicit formulas for the coefficients of £} of we see that

(5.16) BN (ZI(W), f) = C -loga,

for a constant C' € Q only depending on L and a positive rational number a whose prime
factorization can be determined explicitly. Here dr denotes the discriminant of F'.

It would be very interesting to generalize this result to general d > 0. The crucial point
would be to obtain an analogue of Corollary or some other variant of . While
there are Cohen operators for higher degree Hilbert modular forms (see e.g. [Lee04]) there

does not seem to be a direct analogue of Corollary [5.9]

6. THE GROSS-ZAGIER CONJECTURE AND HIGHER HEEGNER CYCLES

Here we consider examples of our main results for n = 1, 2. These can be used to prove
certain cases of an algebraicity conjecture of Gross and Zagier and a higher weight version
of the Gross-Kohnen-Zagier theorem.

6.1. The resolvent kernel. Let V' = Maty(Q) with the quadratic form Q(X) = det(X)
of signature (2,2). The corresponding bilinear form is (X,Y) = tr(XY™), where

(o) - (%)

denotes the adjugate matrix. We consider the even unimodular lattice L = Mato(Z) in V.
In this case

H= {(.91792) S GL2 X GL2 : det(gl) = det(gg)},
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and the natural map H — SO(V) is given by (g1,92).X = ¢1X g, The space H x H can
be identified with the Hermitian space D' by the map

z = (21,29) — RRX(2) + RS X(2),

where

(6.1) X(z) = (Zf _2122) € Le.

Under this identification, the action of H(R) on D becomes the natural action by fractional

linear transformations. We fix the compact open subgroup K = GSpin(L) € H(Ay). Then
the corresponding Shimura variety X is isomorphic to X (1)?, where X (1) = SLy(Z)\H.
If A\=(2%) € L, then

(A, X(2)) = cz129 + dzy — azy — b,
(X(Z)am) = —4y19o,
(A, \o) = 2 ‘()\an _ _|cz122 +dz — aze — b[2‘
| (X(2), X(2)) 2511

The automorphic Green function (4.2) can be interpreted as a function on H x H. Using
the fact that

['(s)? 2\’ .
(62) @sa(t) = 2T (2s) <1_+t> F(s, s, 2s; 1 —I—t)’

where Q,_1(t) = [;7(t + v/t* — 1 cosh(u))~* du denotes the Legendre function, we obtain

q>m<z,s>=2lf(<§2) > (Q&;))SF (5’3’2‘9;%)

AEL
QN=m
4 2Q()\.)
o> QH(“ m )
Q(N=m

Here we have dropped the subscript p from the notation in ®,,,(z,h,s), since L is uni-
modular, and the argument h € H(Ay), since we have evaluated at h = 1. With the above
formula for (A,, \,) we get

4 — _ K2
CDm(z7 s) _ Z Qs—l (1 + ‘62122 + le azo b‘ )

['(s) ~— 2my1ys

T=\cd €L
det(y)=m
4 |21 — ’722|2
= (1 .

i 2 9 (1 st

det(y)=m
Hence ®,,(z,s) = —%Gf(zl, 23), where G7'(21, 22) denotes the Green function defined the

introduction in ((1.1]). In particular, for m = 1 we obtain the resolvent kernel G, = G} for
the hyperbolic Laplacian. It has the following properties, see [Hej83|, [GZ86|, Chapter 2.2].
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(i) Gy is smooth on (X (1) x X(1)) \ Z(1), where Z(1) denotes the diagonal;
(i) it satisfies A;G, = s(1 — 5)G,, where A; = —y? <88—;2 + g—;) is the hyperbolic
Laplacian in the variable z; for ¢ = 1, 2; Z l
(iii) we have G4(21, 22) = €., log |21 — 22|* + O(1) as 21 — 2y, where e, denotes the order
of the stabilizer of z; in PSLy(Z);
(iv) Gi(z1,22) = O(y; %) as y1 — oo for fixed zo.

When R(s) > 1, these properties characterize G5 uniquely, see [Zha97|, Section 3.4]. Here,
property (iv) replaces the integrability condition in the analogous result Proposition .

Let j € Zso. For m > 0, let f,,, € H_5;;, be the unique harmonic Maass form whose
Fourier expansion starts with f,, = ¢~ + O(1) as v — oo. Then according to ([5.1)) and
Proposition [4.7] we have

) 1 . o
(6.3) (2, fm) = Wfb(% Ry fm) = —m? Gy (21, 22).
It is easy to see that the two-dimensional, positive definite subspaces of V(Q) are in one-
to-one correspondence to pairs (z1, z2) of CM points lying in the same imaginary quadratic
field.

Consequently, Theorem and Theorem lead to formulas and algebraicity state-
ments for CM values of the Green functions Gi4; ¢(21, 22) defined in ([1.2)), when evaluated
at two different CM points z; and 23, such that Q(z1) = Q(22). In particular, Corollary
implies the following strengthening of a result due to Viazovska [Viall, Theorem 7].

Theorem 6.1. Let z1,2, € X(1) be different CM points corresponding to CM orders of
discriminant Dy = t3Dy and Dy = 2Dy in the same imaginary quadratic field Q(v/Dy).
Moreover, let 7 > 0 and suppose that [ &€ M!_2j has integral Fourier coefficients. Then
there is an o € H}5, where D = lem(ty,t2)* Dy, such that

] o o 1 o
DIy 5(, %) = — log o]

for every o € Gal(Hp/Q(v/Dy)), and where r € Z~q only depends on D, not on j or f.

6.2. Modular curves. While Theorem [6.1] gives the algebraicity of the values of higher
Green functions at a pair of CM points for the same CM field, we now consider evaluations
at pairs of CM points for different CM fields. We obtain new results in this case by applying
Theorems and for a suitable quadratic space of signature (1,2). Our argument also
relies on a quadratic transformation formula for the Gauss hypergeometric function.

Fix a positive integer M. Here we let

V = Maty(Q) = {X € Maty(Q) : tr(X) = 0}

with the quadratic form Q(X) = M det(X) of signature (1,2). The corresponding bilinear
form is (X,Y) = M tr(XY™). In this case H = GLy with the Clifford norm corresponding
to the determinant, and the natural map H — SO(V) is given by ¢.X = gXg~!. The
upper half plane H can be identified with the hermitean space D+ by the map z ~
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RRX(z) + RIX(z), where

(6.4) X(z) = G _22> € Le.

Let L be the lattice

(6.5) L= {(g _Ci/bM) . a,b,c€ Z}

in V. The dual lattice is given by

(6.6) L = {(b/sz __6“/2]\]\44) . a,b,c€ Z}.

We frequently identify Z/2M7Z with L'/L via r — p, = diag(r/2M,—r/2M). Here the
quadratic form on L'/L is identified with the quadratic form x — —z% on Z/2MZ. The
level of L is 4M. We fix the compact open subgroup K = GSpin(L) C H(Aj). Then
the complex space of the corresponding Shimura variety X is isomorphic to the modular
curve T'o(M)\H.

Let m € Q¢ and let p, € L'/L such that Q(u,) =m (mod 1). Then D := —4Mm € Z
is a negative discriminant satisfying D = r? (mod 4M), and we have

Z(m, Ur) = PD,?” + PD,—T?

where Pp, is the Heegner divisor defined in [GKZ87|. If A = (b/ iM __ba/%[) € L' with
Q(X\) = m, we denote the associated CM point by

b Vb2 —4Mac
2\ = + € H.
2Mec 2M|c|

Using a similar calculation as in Section [6.1}, we obtain

Q0 _ la—bRE) 4 el | |2 =P
m 2v/ Mmy 2y3(2n)
The automorphic Green function (4.2]) can be interpreted as the function on H given by

(6.7)

RCES ) m - 1 L, _—m
(6.8) P2, 5) = QTST )\GMZJrL (Qo\zi)) i (S - Z’S ' 4 . Q()\ZL)) |
QM)=m

Here we have dropped the argument h € H(Ay), since we evaluated at h = 1.

Proposition 6.2. Assume the above notation, and let Gyrs(21, 22) = G}W,S(zl,zg) denote
the Green function for T'o(M) as in [GZ86, Chapter 2.2]. Then
2

Py u(2,8) = _WGM,QS—%<Z7 Z(m, p)).
4



32 J. H. BRUINIER, S. EHLEN, AND T. YANG

Proof. We employ the quadratic transformation formula for the Gauss hypergeometric

function
1 1 20 1 2/
Fla,a+ =, c;w) = F(2a,¢—=,2c—1; v ,
2 1+ w 2 14w

see [AS84) (15.2.20)], to deduce

m \*1 1 1 m
<Q(A2L)) F(“z‘i’”i’?S’Q(Azn)

:( Vi )QSQF(2S—123—143—1' 2vm )
VL) + vm 2’ 2’ QML) +/m

Applying (6.2]) and (6.7) to the right hand side we get
(6.9)

m O\ 1 1. om \  257%T(4s— 1) Q1)
(QW)) F(S_Z’”Z’%’@(Azn)‘ T(2s - §)? QM( m )

2272 (45 — 1) |z — 232
= s (14— ).
Tas— 1P (1 )

Inserting this into (6.8)), we obtain

e JT(s—3) T(4s —1)
e AEZ Qas

QN )=m
4 |z — vz
= 1+ ==
(s + ) 2 2 QQS%( RETEICEN

AE(p+L)/To(M) yeTo(M)/To(M)x
QN)=m

2
= (s 4 ) Cmay (5 20 )

This concludes the proof of the proposition. O

To state Theorem in the present case, we first interpret the L-function L(g,U, s)
following [BY09, Section 7.2]. Let xy € L’ be primitive and assume that my = Q(zo) > 0.
We let g = xo+ L € L'/L. Throughout we assume that Dy = —4Mm, is a fundamental
discriminant. We consider the CM cycle Z(U) associated with the negative definite sub-
space U = V Nxg. The corresponding negative definite lattice N = LNU has determinant
|Dy|. Since Dy is fundamental, we have Z(U) = Z(my, o).

Let S5,4;(To(M)) denote the subspace of cusp forms in Say4;(I'o(M)) which are in-
variant under the Fricke involution. Recall that there is a Shimura lifting map Shy,, ,, :
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S3/242j,p1, — S244;(Lo(M)) which is given in terms of Fourier series by

> (D n? n
(610) 9= b(m, 1)q" ¢y 1> Shg () = S 3 <70> b (moﬁ’“%) 7

w m>0 n=1 d|n

see [GKZ87, Section I1.3]. If we denote the Fourier coefficients of Sh,,, ., (g) by B(n), then
we may rewrite the formula for the image as the identity of Dirichlet series

(6.11) L (Shypg 0 ( ZB L(xp,,s — 27) Zb mon®, pon) n”>.

n>0 n>0
The maps Shy,, ,, are Hecke-equivariant and there is a linear combination of them which
determines an isomorphism of the subspaces of newforms of Sz/21;,, and Sy, ,;(Io(M)),
see [SZ88|. If g € S3/242j,0;, 15 a newform that corresponds to the normalized newform
G € Sy,4j(I'o(M)) under the Shimura correspondence, then

(612) L(Shmo,uo(g)vs) = b(mOa,UO) ’ L(G> S)‘
Lemma 6.3. Let mo, jo, Do, U be as above. If g € S3/9495,, has real coefficients b(m, 1),
then

L(ga U, S) = 0(87]) ’ (47Tm0)_5_%_jL(XD07 s+ 1)_1L(Shmovlto<g)v s+ 1+ Qj)’
where
2170 (s+ 14 25)0(2)5 + 1)

Cls,5) = (4m)iT(2j + )I(3 + 1)

In particular,

22~ M =3/2=U (25 + 1/2)
mi deg(Z(U))

if g € S3/242j.p, and G € Sop4;(To(M)) are further related by .

Proof. According to Lemma we have

1 27—k F(§+1+j)F(§—|—%+j) _____ ;

w3 ) ey g X o
2 HeEP' /P

m>0

where we view g as a modular form with representation ppgy via Lemma 3.7 Using (6.11)
and the fact that b(Q(M\),A) =0 for A € P’ unless A € P’ N L' = Zx,, we obtain

L'(g,U,0) =

b(m07 MO)LI(G7 1 + 2])7

L(g,U,s) =

> r(mp)b(m, pym™ 3757 =2 " b(Q(lwo), lao)Q(lwo) 2
uepP'/P =1

m>0

=2my > 27> b(1Pmo, o)l
=1

=2mg 2 2 ' L(xpy, 5+ 1) L(Shyng o (9), 5 + 1 + 25).
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This implies the claimed formula with
2 —k\T(E+1+)0(E+5+7
C(Sa.j) =2 / . (2 j) 5(2 2 j)
j (4m)7T(5 +1)

Simplifying this gamma factor we obtain the first formula. For the derivative, we use (6.12))
and the fact that

24/ Dy

deg(Z(U)) = L(X Dy 1),

see [BY09, Lemma 6.3], to deduce the assertion. g
Combining Theorem [5.4) and Lemma [6.3] we obtain the following result.

Theorem 6.4. Let f € Hyjp_9j;5, and use the above notation. The value of the higher
Green function ®(z, f) at the CM cycle Z(U) is given by
1 .
——— (U =CT ((f*, [0p,EF];
deg(Z(U)) ( ( )7f> ((f 7[P7 N]J>)

C(0,4) , |
— 1 . L ShmO 0 o ’1 + 2 .
e L 1) sl 1420

Here £y denotes the holomorphic part of the harmonic Maass form E(7,0;1), see (3.14).

Let j € Zsg and let f,, , € Hyj3_9j 5, be the unique harmonic Maass form, whose Fourier
expansion starts with ¢~ (¢, + ¢_,) +O(1) as v — oo. Then according to Proposition
and Proposition [6.2| we have

(6.13) @j(z, frp) = ®(z, R{/Q_zjfm,u) = _QijM,l-i—?j (2, Z(m, p)).

1
(4m)?
Hence Theorem [6.4] and Theorem [5.5] can be applied to obtain algebraicity results for CM
values of the higher Green function on the right hand side. We will come back to this topic
and some refinements in Section

6.3. A Gross-Kohnen-Zagier theorem for higher weight Heegner cycles. Here we
employ Theorem [6.4] together with some results of [Zha97] and [Xuel0], to prove a Gross-
Kohnen-Zagier theorem for Heegner cycles on Kuga-Sato varieties over modular curves,
see Theorem [6.12

We begin by recalling some basic facts on Kuga-Sato varieties and their CM cycles
following Zhang [Zha97] and [Xuel(O]. Let x > 1 be an integer, and let D < 0 be a
discriminant. For an elliptic curve F with complex multiplication by v/D, let Z (E) denote
the divisor class on E x E of I' — (E x {0}) + D({0} x E) , where I' is the graph of
multiplication with v/D. Then Z(E)" ' defines a cycle of codimension x — 1 in E?+~2.
Denote by S, (E) the cycle

¢ Y sen(o) o (Z(B)),

0EPy_2
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where P»,._, denotes the symmetric group of 2k—2 letters which acts on £*~2 by permuting
the factors, and ¢ is a real number such that the self-intersection of S, (E) on each fiber is
(_1)&—1.

When M is a product of two relatively prime integers bigger than 2, it can be shown
that the universal elliptic curve over the non-cuspidal locus of the modular curve X (M)
(over Z) with full level M can be extended uniquely to a regular semi-stable elliptic curve
E(M) over the whole X'(M). The Kuga-Sato variety ) = V(M) is defined to be a certain
canonical resolution of the (2x — 2)-tuple fiber product of £(M) over X(M), see [Zha97,
Section 2]. If y is a CM point on X' (M), the CM-cycle S, (y) over y is defined to be S, (&)
in Y.

For a general integer M > 1, we choose a positive integer M’ such that M|M' and M’
is the product of two co-prime integers bigger than 2. Let 7w : X(M') — AXy(M) be the
natural projection. If z is a CM point on Xy(M), then 7*(z) = @ Yo x with 7(z;) = @
and w(z) = | Aut(z)|. The CM-cycle S, (z) over x is defined to be . S, (z;)/v/deg.

Let Xo(M) and Y be the generic fibers of Xy(M) and Y. For a CM point z € Xy(M), let
T be its Zariski closure in Xy(M). It is proved in [Zha97] that S.(Z) has zero intersection
with any cycle of dimension x in ) which is supported in the special fibers. Moreover,
the class of S,(z) in H**~2(Y(C), C) vanishes, which implies that there is a Green current
gx(x) on Y(C), unique up to the image of & and 9, such that

1 -
Eaa gn(x> = 5SN(x)a

where the current on the right hand side is the Dirac current given by integration over

Se(z), and
[ oxtam=0

for any d0-closed form 7 on Y (C). The arithmetic CM-cycle S,(z) over z, in the sense of
Gillet and Soulé [GS90], is the arithmetic codimension x cycle on ) defined by

(6.14) Se(@) = (S(@), gu(x)).

Now let = and y be two different CM points on X¢(M). Then the height pairing of the
CM cycles Si(z) and S, (y) on Y is defined as the arithmetic intersection

(615) <Sn<x)75n(y)> = (_1)H(S’H(x) ’ S’n(y))GS~
According to [Zha97, Section 3.2], it decomposes into local contributions

(Sk(2), Sk(y)) = (Sk(2), Sk (¥)) gin + (Sk(@), Se(y))oos
with

(616) <S,{(CL’), SH(:U))fZTZ = Z(Sfi(x)u S&(y»p - <_1)R Z(Sfc(f) ' S&(@))ZH

p<oco p<oo

(617) (52(0), Sey))o = 5Giarnl, )
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Here the last identity is [Zha97, Proposition 3.4.1], and G .(z,y) is the higher Green
function defined in [GZ86, Eq. (2.10)]. Let U and mg be as in Section [6.2] Following
[Xuel0|, we define higher Heegner divisors for Xo(M) as

K—1

Z(U)=my*> > Salx),

zeZ(U)

and B
Ze(myp)=m = Z Sk(x).

z€Z(m,u)
It is our goal to compute the height pairing of these divisors in the case of proper intersec-
tion.

Assume that Dy = —4Mm, is fundamental and coprime to 2M (in particular Z.(U) =

Z(mo, o). Let my € Qsp and let py € L'/L such that Q(u1) = my (mod 1). Then
Dy := —4Mm, € Z is a negative discriminant which we assume to be coprime to Dj.

Theorem 6.5. Let the notation be as above and assume that k = 14+ 25 > 1 1s an
odd integer. Let fu,, ., € Hsjo_y;, be the unique harmonic Maass form, whose Fourier
expansion starts with ¢~ (¢, + ¢—uy) + O(1).

(1) One has

(Zulmro ). Zu(0) e = SBT3 O (4, 100 51 )

(2) The global height pairing is given by

(Zw(ma, ), Z:(U)) = \/(;F)(K; 31/22) L (SWong puo (€872 Frma yun ) ) -

Proof. By (6.17)), (6.13), and Theorem [6.4] we have

(el ), Ze(U) = Mamzaﬂ Zms, )
= - ( U) fml Ml)
_ K 1degZ ( ml s Qp,g—i—]m 1>>

)
(47rm0) L(XDO,l)L (Shmg o (€3/2— frm ) /<;)>

Using Propositions and Lemma [6.8 below, we find that

w1 deg Z(U)

(Zum, ), Ze(U)) gin = mg® =22+ CT (£ o 100, EF)0))

Hence, we obtain for the global height pairing:

(Ze(ma, ), Zu(U)) = my? i‘ii;i%?&(;’%l))

L' (Shyng o (€372 frns yur ) 50) -
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Moreover, a simple calculation shows that
2+/|D
e 2(0) = P 1y, 1),

C(0,551) = 2(4m)~ ST I'(k —1/2).

Inserting these expressions, we obtain the asserted formula. Il

Corollary 6.6. Let the notation be as above and assume that k = 1+ 25 > 1 is an odd
integer. Let f € Hsjo_y 5, with Fourier coefficients cE(m, 1) and define

Zfi(f): Z C+(_m7:u)ZR<m’p“)'

m>0
ueL' /L

If ¢ (=m,pu) =0 for all m > 0 with (4Mm, Dy) # 1, then

(29, 20) = 2 St 60,5

Proof. Since Z,(fm, ) = 2Zx(ma, p1), the corollary directly follows from Theorem [6.5] by
linearity. U

We now provide the three auxiliary results that were used in the proof of Theorem [6.5]

Proposition 6.7. Let the notation be as above and assume that k = 1+27 > 1 is odd. As
in (3.14)) let k(m, ) denote the (m, p)-th Fourier coefficient of Ex:(7). Then the (my, uy)-th
Fourier coefficient of [0p,Ex]; is equal to

; DyDy —n? 2n n
CT ((ff .., [0p,EX];)) = 2m1 m( o : )6(—)
(U s PS5 ) 1 Z(2M) AM|Do| /Do) " \N/DoD1

n=rori
n2<DgD;

where r(m, i) denotes the (m, p)-th Fourier coefficient of £5(7) as in (3.14). Moreover, 2
is an integer with 2 -2 =1 (mod Dy), and

5= (78 (2) 1

s=0

Proof. Let a(n,v) be the (n,v)-th Fourier coefficient of the weight 1/2 theta series 0p(7).
By definition, we have

g™ T Gy By

Mk’
/\
\/
N
.
~_
S
=S

+
0P78 § anlayl 7],27V2

ni,n2 s=0
v1,v2
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Now the same argument as in the proof of [BY09, Lemma 7.13] shows that the (m;, y1)-th
coefficient of [fp, EY]; is equal to

J ) .
Z a(ny, v1)k(ng, 1o Z (j ) (i) 7131 “n;

ni+na2=mi s=
vi+ve=p1  (mod L)

o ) )

n=ror1 (2M) s=0
n?<DgD1
; D[)Dl — 77/2 2
= mj K o —
lnzro;(QM) ( 4M|DO| )ﬁj( DODI)
n2<DyD1
The (my, —pq)-th coefficient gives the same contribution. O

Lemma 6.8. Let
(5]

1 d 1 on — 2K\ (n) .
Pue) = et == 5 0 () ()

=0

NE

be the n-th Legrendre polynomaial. Then
Bi(x) = Pyj(x).
Proof. Since P,; satisfies the differential equation
(1—x2)’P" —22P' +2j(2j +1)P =0,

Py;(x) is the unique polynomial

J
Z anx2m
m=0
satisfying the recursion formula

Gamt2 (2 —2m)(2j +2m +1) o -1 (25
A2m 2m+2)(m+1) / '

A simple calculation shows that we can write

J
x) = E Do z>™
m=0

with by, = (=1)77" 37 2™ and

s=j—m

A = o (2j2—jzs> <2> (j . m) - TG TG

(6.18)
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Clearly, by = (—1) 2%](2]]) To show that by, satisfies the recusion formula ((6.18]), notice
that

2™ CAs+1)(s+1—j+m)

(m) (25 —2s)(2j — 25— 1)’

xs—i—l
xgmﬂ) J—m
xgm) :S+1—j+m’
Y 4s(j —m)

AT (2 —25+2)(25 — 25+ 1)
With these formulas, we can split
l,§m+1) _ :Egﬁﬂ) + x(m-i—l)

L) 4(j —m)(s +1) 2
=t (2m+2)(2m + 1)V
m 27 —2m)(2j +2m —2s+ 1 , , m
xg_ﬂ):(J m)(2j + 2m s+ )l,gm)’ j—m<s<j x(_?ﬂ_l_zo
7 (2m +2)(2m+ 1) J 7
Now it is straightforward to verify the following identities for j —m < s < j:
oot T ¥sm Cm+2)m+1)
Notice that the right hand side is independent of s. Adding them together, we see that
bo, satisfies the recursion formula (6.18)). This proves that §;(x) = Ps;(z). O

j-—m—-1<s<j—1, 21" =0,

We thank Ruixiang Zhang for showing one of us (T.Y.) the proof of the above lemma.

Proposition 6.9. Let the notation be as before. In particular, assume that Dy is funda-
mental and (Dy,2M D) = 1. Then

<Zﬁ<m1aﬂl)7ZH(U)>fin
B w1 deg(Z(U)) n - DoD; —n? 2n
Sy TG 2 (Gme) < Gl )

n=rori
n2<DgDy

To prove this proposition, we need some preparations. Recall that D = —4Mm is a
negative discriminant and p = p, = diag(55;, —5%;) where D = 7% (mod 4M). The ideal
n=[M, %ﬁ] in the quadratic order Op of discriminant D has index M. It is invertible
if the conductor of Op is coprime to M. Following [BY09, Section 7.3], let Z(m, i) be the
moduli stack over Z assigning to a scheme S over Z the groupoid of pairs (7 : E — E’, 1)

where

(i) m: E'— E' is a cyclic isogeny of elliptic curves over S of degree M,
(ii) ¢ : Op < End(7) is an Op-action on 7 such that ¢(n) kerm = 0.

Then in the complex fiber we have Z(m, p)c = Z(m, ) = Pp, + Pp__, where Pp, is the
Heegner divisor defined in [GKZ87, (1) and (2) on page 542].
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Lemma 6.10. Let ¢ be the conductor of the order Op and put M’ = (M, c). Let Z(m, p)
be the Zariski closure of Z(m, u) in Xo(M). Then we have

Z(m, p) = Z(m, )
as stacks over Z[1/M'].

We thank Ben Howard for communicating the following proof to us.

Proof. We begin by showing that Z(m, u) defines a Cartier divisor on Xy(M). This can
be checked étale locally. Fix a geometric point z — Z(m, i) of characteristic p, and let
(6.19) Oyn.- = O%

m,p),z
be the canonical morphism of completed local rings. This morphism is surjective, and we
need to show that the kernel is a principal ideal.

We first assume that p is coprime to ¢ so that the order Op is maximal at p. The
completed local ring @%t(m 1),z classifies deformations of the elliptic curve E, correspond-
ing to z together with its Op-action. By the Serre-Tate theorem, these are the same
as deformations of the p-divisible group E,[p™] together with its action of the maximal
Zy-order Op @ Z,. The classification of such deformations is a special case of [How12|
Theorem 2.1.3]. If p is unramified in Q(v/D) it implies that @Z’t(m ,),» 18 isomorphic to the

Witt ring W of F,. If p is ramified in Q(+v/D) it implies that

OF (= = W @z Op.

m,u),z

Hence in both cases @%t(m 1),z 188 discrete valuation ring and is a surjective morphism
of regular local rings of dimensions 2 and 1. This implies that the kernel is principal, see
e.g. Lemma 10.105.4 of [Sta20].

Now assume that p is not coprime to ¢, and write ¢ = ¢/p’ with ¢’ coprime to p and
t € Zso. The hypothesis of the lemma implies p t M. By the Serre-Tate theorem,

R = (5%0( M),z classifies deformations of the isomorphism
Tt E.[p*] — E[p™].
This is equivalent to deformations of E.[p>] alone, and so R = W{[T]] (noncanonically)
where W is the Witt ring of IF,. The quotient
R/I = Og’t(myu),

z

classifies those deformations of E,[p™] for which the action of Op also deforms.

If p is split in Q(v/D) then E. is ordinary. For any complete local W-algebra A, the
Serre-Tate coordinates establish a bijection between the lifts of E.[p>] and the elements
of 1 +my, where my C A is the maximal ideal. Under this bijection, the lifts of E,[p™]
with its Op ® Zy-action correspond to the roots of unity p,r C 1+ my. It follows that 1
is the principal ideal generated by

(T +1)" —1.
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Now suppose p is nonsplit in Q(\/ﬁ) so that E, is supersingular. In this case, according
to [Wew07, Proposition 5.1], the deformation locus inside R of any non-scalar endomor-
phism of E, is a Cartier divisor. In particular, I C R is a principal ideal.

Finally, we note that the Cartier divisor Z(m, u) cannot have any vertical components,
because over any field there are only finitely many isomorphism classes of elliptic curves
with complex multiplication by Op. Hence Z(m, ) has to agree with Z(m, ). O

Assume from now on that D = Dy = —4Mmy is fundamental and (Dy,2M) = 1.
Moreover, recall that Dy = rZ (mod 4M). As in [BY09, Section 6], let C be the moduli
stack over Z assigning to a scheme S over Z the groupoid of pairs (F,:) where E is an
elliptic curve over S and ¢ : Op — Endg(E) =: Op is a homomorphism such that the main
involution on O gives complex conjugation on Op. According to [BY09, Lemma 7.10],
we have an isomorphism of stacks

(6.20) j:C=Z(m,p), (E,)w— (r:FE— E,=E/E[tW)],u).

Moreover, this map gives rise to a closed immersion (assuming M > 1 without loss of
generality)

(6.21) j:1C— Xo(M).

Now let D; be a discriminant which is coprime to Dy as before. Throughout, we write
n; = [M, #] for the ideal in Op, of index M corresponding to D; and r;. It is then
easy to see that j*Z(my, u1) = Z(mo, po) X x,(ary Z(ma, 1) is the intersection of Z(my, po)
and Z(mq, u1). It represents triples (F, ¢, ¢) where (F,.) € C and

(6.22) ¢: Op, = Opy, = End(E — Ey,)

such that ¢(ny)E[ng] = 0. The intersection is a stack of dimension zero which is supported
in finitely many closed fibers. Moreover, Lemma [6.10] implies that

(6.23) T Z(ma, ) = Z(mo, to) X xoary Z(ma, fi1).
Indeed, it suffices to check this in the fiber above p for every prime p. If p + M it is
an immediate consequence of the lemma. On the other hand, if p | M then p is split in
Q(v/Dy), and hence both sides of vanish. Indeed, the points (FE,:) € C(F,) are given
by ordinary elliptic curves, which do not admit additional complex multiplication by Op,.
To describe the intersection further, we recall the special cycles Z(m, a, u) in C defined in

[BY09, Section 6] (see also [KY13], Section 2.4]), where a is an ideal of Op, with quadratic
form Q(x) = —2z/N(a), p € \/LD—Oa/a, and Q(n) =m (mod 1). It assigns to every scheme
S the groupoid of triples (E,t, 3) where

(i) (E,t) € C(S) and

(ii) B € L(E,L)ﬁa such that N(B) = mN(a) and p+ 3 € Oga.

Here
L(E;.) ={z € O : t(a)x =xi(@),a € Op,}

is the lattice of special endomorphisms of (E,¢).
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Lemma 6.11. Let the notation and assumption be as above. Then there is an isomorphism

DyD; — n? v D
j*Z(ml’Ml)g |—| Z< 01 n n n-+nr 0)’
(2M)

AM|Do| " 2Dy

n=ror1i
n?2<DyD1

(E,0,0) = (B, 8)

2n = ¢(1/D1)u(/Do) + 1(v/Do)(/ D)
(i +VDi\ n+rvVDy
f= ¢( 2 ) -~ 2yD,

Proof. The lemma is proved in [BY09, Lemma 7.12] on F,-points, the proof goes through
in general. Tracing back the proof, we obtain the stated formula for 2n. O

with

and

Proof of Proposition[6.9. Since Dy is fundamental and coprime to M we have Z,(U) =
Z,(mo, p10). To compute the local contribution at p to (S, (1), Sk(20)) fin, let x; € Z(my, ;)
and denote by Z; the Zariski closure of z; in Xy(M). Let (E,t,¢) € j*Z(mq,m)(F,)
correspond to the intersection of the divisors z; and Zy in the fiber above p and put

for convenience n = n((E,t,¢)) = (¢(v/D1)e(v/Do) + t(v/Do)p(v/D1)) /2. Then Opy,
contains the Clifford order Sip, 2,,p,) defined in [GKZ87, Chapter 1.3]. By means of [Xuel0),
Proposition 3.1] we obtain

n

(6.24)  (Sk(x1), Sk(®0))p = (1) (Sk(Z1) - Sk(To))p = —Fua <\/ﬁ) (21 - Zo)p-

Using the identification (6.23]) together with (6.24)), we find

(moml)l%m (Z(my, 1), Z(Mmo, o)) fin

_ @) \ o)
X T () e

P< zej* Z(my ,ul)(]F )

where i,(z) = i,(j*Z(my, 1), x) is the length of the local ring of j*Z(my, 1) at z. By
virtue of Lemma and [BY09, Theorem 6.4], we obtain

1—k

(momy) 2 (Zx(ma, 1), Ze(U)) fin

n - DOD1 — n2 n+riv D()

= — Z P, 1| —=—) deg| Z , Mg, —

n=ror1 (2M) DODl 4M|D0| 2 DO
n?<DyD;

_ deg(Z(U) ZQM)P“( n ) H(DODl—rﬂ n—l—rl\/D_o)'

2 n=rory  ( Dols 4M|DO| 2 Do
n?2<DgD1
Since "o = 20 (164 @), ), we have proved the proposition O
2vDo — VDo Do )» p prop :
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As before, let Kk =14 25 > 1 be an odd integer. We consider the generating series
(6.25) Au(T,U) =Y (Ze(m, 1), Z(U)) - " .
m,p

In analogy with the Gross-Kohnen-Zagier theorem |GKZ87] it is expected that A, (7, U) is
a cusp form in Sy 12, , or equivalently a cuspidal Jacobi form of weight x + 1 and index
M for the full Jacobi group. Note that the height pairings (Z.(m, u), Z,(U)) may involve
improper intersections of higher Heegner cycles on Kuga-Sato varieties when (4Mm, D) #
1, a technical problem which we do not consider in the present paper. Here we prove the
following version of the Gross-Kohnen-Zagier theorem.

Theorem 6.12. Assume the above notation. In particular, let Dy be a fundamental
discriminant which is coprime to 2M. There is a cusp form g = Zmub(m,,u)qmgbu m
Skt1/2,0, Whose Fourier coefficients b(m, p) satisfy

b(mvlu) = <Zﬂ(m>u’)7 ZH(U»
forallpe L'/L and m € Q(u) + Z with (4Mm, Do) = 1.

Proof. The theorem is a direct consequence of Corollary and the modularity criterion
in Proposition below. ]

By means of Lemma below, we obtain the following consequence.
Corollary 6.13. The generating series

(6.26) ArU) = > (Zu(m,p), Z:(U)) - ¢y
(4M7:?,’50):1
belongs to Sﬂ+1/2,pL(FO(D8))'

Lemma 6.14. Let g =), b(m,11)q" ¢, € Sky1/2,p,, and let R € Z~y. Then

= Z b<m7 M)qm¢ﬂ

m,p
(AMm,R)=1

m,p

Qe

belongs to S.i1/2,5, (Do(R?)).

Proof. Using the isomorphism between Sy1/2,, and Jacobi forms of weight x + 1 and
index M, the assertion follows from [Sch16, Lemma 2.4]. O

We now turn to the modularity criterion required for the proof of Theorem [6.12 We
start with the following lemma.

Lemma 6.15. Let g = me b(m, 11)q" dp € Ski1/2,pr, and let Dy be a discriminant which
is coprime to M. If b(m,u) =0 for all p € L'/L and m € Q(u) + Z with (4Mm, Dy) = 1,
then g = 0.

Proof. This can be proved in the same way as [Sch16, Proposition 3.1]. Il
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Let Dy be a discriminant which is coprime to M. We call a harmonic Maass form
f € Hs/s_, 5, with Fourier coefficients ¢*(m, u) admissible for Dy if ¢*(—m, p) = 0 for all
m > 0 with (AMm, Dy) # 1.

It is a consequence of Lemma that for every g € Sii1/2,, there exists an f €
Hs/o_ . 5, which is admissible for Dy such that £(f) =

Proposition 6.16. Let Dy be a discriminant which is coprime to M. Let

=2, 2 O

HEL' /L meQ(p)
m>0

be a C[L'/L]-valued formal q-series satisfying a(m, u) = a(m,—p) for all (m,p). If

CT((f, ) =

for every f € M;}/Q—n 5, Which is admissible for Dy, then there is a g =3, b(m,1)q" ¢,
in Skt1/2,p;, whose Fourier coefficients b(m, p1) satisfy

b(m, ) = a(m, )
forall pe L'/L and m € Q(p) + Z with (4Mm, Dy) = 1.
Proof. For p € L'/L and m € Q(u) + Z positive, we define coefficients b(m, u) as follows:

If (4Mm, Dy) # 1 we consider the harmonic Maass form f,, , = ¢ ™ (¢, + ¢_,) + O(1) in
H3/o_ 5, Choose an f;w € Hs/o_y 5, which is admissible for Dy such that

(6.27) §(fm) = E(fmp).

If (4Mm,Dy) = 1, then f,,, is already admissible for Dy. In this case we simply put

7oy = fmu- In both cases we define

b ) = 5 CT((f0 1)),

where f;* denotes the holomorphic part of f;, ,. Note that we have b(m, ) = a(m, )
when (4Mm, Dy) = 1.
Now the generating series

= > > bmp)q",

pEL JL meQ(p)+7Z
m>0

satisfies CT((f, g)) = 0 for every f € M,
coefficients of f by ¢(n,v) and write

ko In fact, to see this we denote the Fourier
»PL

1
f:§ Z C(—m,/,b)fm,,u
weL’'/L
m>0
1 1
3 X gty X e~ fo)
uweL’'/L peL’/L

m>0 m>0
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The second sum on the right hand side is weakly holomorphic because of (6.27). Hence the
first sum also has to be weakly holomorphic. Since the first sum is in addition admissible
for Dy, we find by the hypothesis that

CT((fog) = 5 3 elom m) TS, — i o))

neL’ /L
m>0

Because the f;, , are admissible for Dy, we have

CT({(frp 9)) = CT( il h)) = 2b(m, ) = CT ({0, 9))-

Consequently, CT((f,g)) = 0. Therefore Borcherds’ modularity criterion |[Bor99, Theo-
rem 3.1] implies that g € Sy11/2,, - O

7. PARTIAL AVERAGES

In this section, we will use the higher automorphic Green functions for SO(1,2) to
evaluate certain partial averages of the resolvent kernel for SLy(Z) at positive integral
spectral parameter as considered in Section [6.1] To this end we employ and generalize and
Theorem and Theorem [6.4] of Section [6.2] Throughout this section, we let V', L, and
K be as in Section but we restrict to level 1 for simplicity. Thus, X is isomorphic to
the modular curve SLy(Z)\H.

The general idea of this section is to fix a fundamental discriminant d; and to consider
the partial average

Gj1,(C(dr), 22),
where we use the same notation as in the Introduction. We shall prove that at any CM
point 2z of discriminant dy the CM value G411 ¢(C(d1), 22) is equal to (dldg)% log || for
some a € Q (see Corollary below). This result proves Conjecture in the case when
the class group of Q(d;) is trivial.

7.1. Twisted special divisors. To obtain a stronger result, and to make this approach

work at all for odd j as well, we also consider twisted partial averages, which we will now
define.

Definition 7.1. Let A € Z be a fundamental discriminant, p be a prime, and A € V(Q,).
Ifpt A, welet xa, € S(V(Qy)) be the characteristic function of L, := L' ®z Z,. If p | A,

we put xap(A) = 0 unless A = (W Iy ) € L), with 4Q()\) € AZ,. In the latter case, we

c —b/2
let
(n,A),, if ged(a,b,c,A) =1 and [a,b, |
Xap(A) = represents n with ged(A,n) =1,
0, otherwise.

Here, (a,b), denotes the p-adic Hilbert symbol. Finally, for A = (),), € V(Ay), we put

xa(A) = H Xap(Ap)-

p<oo
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The following lemma is a local variant of [GKZ87, 1.2, Proposition 1] and we leave the
(completely analogous) proof to the reader.

Lemma 7.2. The function xa, is well-defined. Moreover, for p | A and X\ = (bf :b%> €
L, with 4Q(X\) € AZ,, we have the following explicit formula:

(a,8),, ifpta,
XA,}?()\) = (C7 A)pa pr 'f C?
0 otherwise.

Using this formula it is easy to see that for A\ € L', we have xa(\) = 0 if A {b? — 4ac.
Moreover, when A | b — 4ac and ged(a, b, ¢, A) = 1, we obtain that

xXa(A) = (%)

for any n with ged(A,n) = 1 represented by [a, b, ¢|. This shows that on L, our definition
of xa agrees with the (generalized) genus character as in [GKZ87; BO10]. In the following
lemma, we write h - A = hAh~! for the action of h € GSpin = GL, on A € V.

Lemma 7.3. For h € GSpin(L,) = GLy(Z,) and X € L!

Xap(h-A) = (det(h), A)p - Xap(A)-

Proof. Let S = (% ¢) and put L = LS. For A € L, we write and A = AS. Then
A is symmetric and Q(\) = Q()\). The group GLy(Z,) acts on L via h - A\ = hAh! for
h € GLy(Z,). Moreover, we have

h-X=(deth)h- A

we have

It is clear that n is represented by the quadratic form associated to A (i.e., [a,b,c]) if and
only if n is repesented by the form associated to h - A for any h € GLy(Z,). This implies
the statement of the lemma. O

Definition 7.4. For \ = (b/2 -~ ) € I/ with Q(\) > 0, we write A > 0 if

c —b/2
00
SHIEC

This is the case if and only if the corresponding binary quadratic form [a, b, c] is positive
definite.

We let
Ka:={he K | (det(h),A)s, = 1}.
By Lemma the function xa : V(A;) — {£1} is Ka-invariant. For A # 1, we have

Ka # K = GSpin(L), and then KA has index 2 in K. Now assume that A # 1. Since
H(A;) = H(Q)"K, the Shimura variety Xy, then has two connected components which
are both isomorphic to Xx = SLy(Z)\H.
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To describe this isomorphism, let I'y = Ka N H(Q)™ = SLy(Z), choose £ € K such that
£ ¢ Ka and put I'e = (EKAE™") N H(Q)' = SLy(Z). Then (det(£), A)s, = —1 and

H(As) = HQ)"Ka UH(Q)"¢{Ka.
We obtain an isomorphism
[\D"UT\D" = Xk, = HQ)\(D x H(A;)/Kp),

I'z— HQ)(z,1)Ka and I'ez — H(Q)(2,£)Ka.

For h € H(Ay), we denote by c(\, h) the “connected” cycle [Kud97] corresponding to A
on the component corresponding to the class of h. That is, we obtain the cycle (which is
really just a weighted point in our case) c¢(\, h) as the image of

Fh)\\Dj\r — Fh\D+, Fh,)\Z — I'yz

where I'j y C I'j, is the stabilizer of A in I'j, and D}\L is the unique point in D', such that
(Dy",A) = 0. Each point in the image is weighted by 2/|T's.x|. We keep the same notation
for A =1, where X, = Xk has only one connected component.

Definition 7.5. We define the following twisted divisors on X, (cf. also [BO10]). Let
r € Z with A = r? mod 4 and let u € L'/L with sgn(A)Q(x) = m mod Z. Define

(7.1) Za(m.h) = > xa(h '\ Nér(h N)e(M h).
A€V (Q) mod I'y,
Q\)=|Alm
A>0

Note that since we restricted to the level one case, p € L'/L is uniquely determined
by the condition sgn(A)Q(u) = m mod Z and therefore we dropped p from the notation.
Also note that by definition, the cycle Za(m, h) is supported on the connected component
corresponding to the class of h in H(Q)\H(Ay)/Ka.

Remark 7.6. For A = 1, we have Z;(m,h) = C(D) = Pps, where D = —4m, s* =
D mod 4 and Pp 5 is the Heegner divisor defined in |[GKZ87].

7.2. Twisted Siegel and Millson theta functions. For the partial averages in the case
of odd 7, we also need the Millson theta function. For

A= (bé 2 __b‘/‘2> € V(R)

1

(7.2) p(N) = —275(\ X (2)) = ;—yl(c\z|2 ~be +a),

6= ()

is a normalized (i.e., (X1(z), X1(2)) = 1) generator of the positive line X (z)t, and X (z)
is defined in (6.4)). Now suppose that M is an even lattice of signature (1,2), and fix an

and z e HUH 2 D we let

where
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isometric embedding o : M ® R — V(R). Then we define

O (T, 2, h)
(7.3) v ) Z p:(o R Ve (QA.)7 + QA7) by,
pEM’ /M XeV(Q

forr € H,z € D, and h € H(Af). The Millson theta function has weight 1/2 in 7 and
transforms with the representation py,.

For the twisted partial averages, we also need twisted variants of the Siegel and the
Millson theta functions. Let r € Z with A = 7? (mod 4). If M is any lattice with
quadratic form @, we write Ma for the rescaled lattice Ma = AM with the quadratic
form Qa = %. Note that we have M\ = M’ and thus M} /M = M'/AM. Following

[AE13], we let
(7.4) Va5, = Spy, Gu > Xa(0)@s.

seL’ /AL
Qa(0)=sgn(A)Q(n) (Z)
o=ru (L)
If A > 0, this map is an intertwining operator for the Weil representation p; on S;, and
pry on Sp,. If A <0, it intertwines pr on Sy and pr, on Sp, (see [AE13, Proposition
3.2] and [BO10, Proposition 4.2]).
The twisted Siegel theta function for the lattice L is defined as

HLA(T’th) = Z <0LA(T7Z7h)7¢A(¢M)>¢M'

peL'/L

By the intertwining property of 1, it transforms as a vector valued modular form of
weight —1/2 in 7 for the Weil representation p; if A > 0 and for p;, if A < 0. Explicitly,
we have

Ora(mzh)=v Y Z Xa(h™ )@ (hX)

peL' /L AEV(Q
Qa(N)= sgn(A)Q(u) (z)

<o Gar) o

By Lemma it is easy to see that h +— 6L A(T, 2, h) is invariant under Ka.
To define the twisted Millson theta function, we embed (La, Q) isometrically into V' (R)

via o(\) = \/ﬁ/\ and let 671 (7, z) be as in (7.3). We then define the twisted Millson theta

function as

O\ (m, 2 h) = > (01 (7, 2,h),9a(d,)) by

neL'/L
It transforms of weight 1/2 with py if A < 0 and with py, if A > 0 and is also Ka-invariant.
Remark 7.7. Note that in our level 1 case, the function 67, o vanishes if A < 0. Similarly,

oM ‘A = 0if A > 0. For higher level, this is not the case. Moreover, note that for A =1,
the map ¥ is the identity on L'/L.
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A straightforward calculation shows that the theta lift against any of the twisted theta
functions can in fact be obtained by twisting the input function using ¥a, which simplifies
many calculations.

Lemma 7.8. For any v € C[L'/L], we have

(v, GL,A(Ta z,h)) = (Ya(v), 0, (7, 2, h)).
The analogous formula holds with 01, A Teplaced by QJL\TIA and 0r,, replaced by Qﬁ"lA.

7.3. Twisted theta lifts. Let j be an even positive integer, and let A > 0 be a funda-
mental discriminant. For f € Hy/_;;, we consider the twisted theta lift

(7.5) B (b, f) = W /F C(RIZ (), 00.a(r, 2, ) du(r).

Let fn, € Hy/a—jp, be the unique harmonic Maass form whose Fourier expansion starts
with f,, = ¢™¢, + O(1) as v — oo. We now identify the theta lift with a twisted partial
average of the higher Green function. Fix h € H(Af). We then identify the connected
component I',\D" of Xy, with SLy(Z)\H. The divisor Za(m,h) is supported on this
component and corresponds to the divisor (det(h), A)a; Za(m) on SLy(Z)\H, where

2
(76) ZA(TTL) = E WZ,\,
AEL’ mod SL2(Z)

QM)=m|A|
A>0

zy € H is the CM point corresponding to A, and w(\) is the order of the stabilizer of A in
SLy(Z). We denote by G14j(Za(m, h), z) the function on SLy(Z)\H defined by

G1+j(ZA(m7 h)7 Z) = (det(h)’ A)AfGl-l-j(ZA(m)v z)

We can evaluate this function at points (z,h) that lie on the connected component
corresponding to h as follows: write h = vhok with v € H(Q),k € Ka, such that v~ 'z €
D™= H and hg = 1 or hg = £ and put

Grig(Za(m,h), (2,1)) = Gris(Za(m, h),y™'2) = (det(h), A)a, Gris(Za(m), 77 2).

Using Lemma , it is straightforward to check that the analogous identity to (6.13|)
holds:

(7'7) &)JA(Zv h, fm) = _Qmj/QGl-i-j(ZA(ma h)’ (Z, h))>

where the additional factor 2 is a result of the condition A > 0 in the definition of the
twisted divisor ([7.1]). See also the analogous proof of Theorem below which takes the
twist into account.

We now turn to the case of odd positive j. For a negative fundamental discriminant
A < 0 and a weak Maass form of weight —1/2 with representation p;, we may consider the
regularized theta lift

reg

(7.8) S (2, h, f) = / (), 02 (7, 2, 1)) da(r).

f
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For e L'/L and m € Z — Q(p) with m > 0, let F, ,(7, s, —1/2) be the Hejhal Poincaré
series of weight —1/2 defined in ({3.8)) but with p;, replaced by p,. We put

(7.9) @ﬁm(z, h,s) = &X'z, h, E,, (1,8, —1/2)).

By the usual argument it can be shown that the regularized theta integral is well defined
and smooth outside the special divisor Za(m, 1) + Za(m, ). The following result gives an
explicit formula for it analogous to Proposition [6.2]

Theorem 7.9. For z € H = D", we have

M () — OV 16y/m -1 -1 , 2 — 2
P he8) =~ 5 A;@) DB NXA (R N Qs <1+ 2y%(zA))
Q( i;}nlA\
8y/m
= WG%_%(ZA(W h), (z,h)).

Proof. Inserting the definition of the Poincaré series, we obtain by the unfolding argument

SN (2, h,5) = F(;s) /Freg (M, (rmo)e(=mu)(@, + 6-,), 04 (7,2, h) ) du(7)

o \H

# = .
28 \/K /\ezv: XA >\ gb’rﬂ( )\)pz(A)

Q= mlﬂ\

[ty (a2 2

where we also used p,(—\) = —p.(A) and xya(—A) = —xa(A) (since A < 0).
To compute the latter integral, which is a Laplace transform, we use [Erd-+54, p.215 (11)]
and obtain

/ st gm0, 5,200,

1

(47m) 4/ M4»$ 1 1 (4mmw) exp (—27rmv + 4WMU) v 34 dy

Q()\ ) ! 11 drm|A| )
|A| R 47Tm|A| ATQ ()

1. [ m|A| )S*i 1 1. mlA
=I'(s+ - F(s+—-,5s——,2s; .
( )<Q(A2L) 543 )

= (dm) AT (s + )
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Inserting this, we find

(Pg/fm(z, h, S) == M Z XA(h_l)‘)¢ru(h_l)‘>pz(>‘)

Ales) 4=
QN)=m|A|
m|A| \*H1 1 1. mlA
Fls+-.s— —. 2 .
X (Q()\Zi)) SR Tt o TE WL

N (2, R, ) Avml(s + ) Z Xa(h™ I \)gpu(h71N)
['(2s) Nt
(N)=m|A]
p.(\) [ mlA] \*Td 1 1. mlA|
- rpzm\(@uzn) et s 2 omy)

Using , we obtain

. 8v/m _1 1 pz()\) < ’Z_Z)\F)
SN (2 hys) = —YV__ % W) (b N L2 0, (14 B2
ST TG g XN et U

Q(N)=m|A|

Note that ‘pZ(A;| is constant on DV, and it is in fact equal to —1 if A > 0 and equal to 1 if

A < 0. Using xa(—A) = —xa(A) again, we finally obtain

164/m |z — 2y |2
M (2 hs) = ——V Ej W= Ny (h N Qyes <1+—
A,m( ) F(S _ 1/4) N XA (b H( )Q28 23/%(2,\)
Q)= m|A\
A>0

8ym
- WG 25-1(Za(m, h), (2, h)).

This concludes the proof of the theorem. [l

In particular, at the harmonic point s = 5/4 (note that the input form has weight —1/2),
we get

N (2, h,5/4) = 8v/mGa(Za(m, h), (z, h)).

Let f, € Hy/a—j,, be the unique harmonic Maass form whose Fourier expansion starts
with f,, = ¢"¢, + O(1) as v — oco. Then the analogue of (6.13)) for odd j states

Jj+1 5 j—1
o ifm) =m F( ; )q»ﬁfm( hy g+

(7.10) ~ DN (2, h, Rz

(4m) 5"

= Am3 G4y (Za(m, h), (2, h)).
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Completing the definiton of i)jA(Z, h, fm) in (7.5) we define the twisted theta lift of f €
Hy_; for odd j as
¥ 1 M o
(711) (I)A(Za h,f) = —];1(I)A (Za ha Rl/ijf)'
(4m) =2

The following theorem is a combination of a result of Duke and Jenkins [DJOS] (where
the maps ZaJ, are called Zagier lifts) and the generalization (using a theta lift called the
Millson lift) to harmonic Maass forms by Alfes-Neumann and Schwagenscheidt [ANS18|
Theorem 1.1]. To state the result, put

. pr if j is odd,
7.12 =
( ) pL {ﬁL if 7 is even.

Theorem 7.10. Let j € Z~o and let d be a fundamental discriminant with (—1)d < 0.

There is a linear map Za&), : H_o; — H%—j,,&y such that Zazl(f) 1s the unique harmonic

Maass form in H% with principal part (not including the constant term) given by

_jhaL

s d o dm?
(713) ’d’ i/2 Z C}_(—m) Z (ﬁ) ’]’I,]q 4n?2 gbd;nTz

m>0 nlm

Here, for any x € Z we write ¢ = @(z mod 2)- Furthermore,

(1) If f is weakly holomorphic, then so is Zal(f).

(2) More precisely, Zal(f) is weakly holomorphic if and only if L(—2;(f), Xa, j+1) = 0.

(3) Finally, if f € H_y; with L(§-9;(f), Xa,j + 1) = 0 and the coefficients of the prin-
cipal part of f+ are all contained in Z, then all Fourier coefficients of |d|?/?Zal;(f)
are contained in 7.

Proof. First of all, we note that both, [ANS18, Theorem 1.1} and [DJO08, Theorem 1] are
stated for scalar-valued modular forms. Using the isomorphism

Hy 5 — H%“_j(l“o(ﬁl)), fo(T)po + fi(T)1 — fo(4T) + fi(47),

we obtain the translation of their results to our vector-valued setting.

By Theorem 1.1 in [ANS18], the definition of Za}, then agrees with the dth Millson theta
lift, up to the normalizing factor |d ]‘j/ 2. Restricted to weakly holomorphic forms, it agrees
with the dth Zagier lift defined by Duke and Jenkins. Therefore, (1) follows from [DJOS|
and the generalization (2) follows from |[ANS1§].

The third item follows a bit indirectly from [DJO8|: If L({_2;(f),xd,7 + 1) = 0, then
\d|?/ 2Zafl( f) is weakly holomorphic by (2) and has only integral Fourier coefficients in its
principal part.

Write —2j = 120 + k', where ¢ € Z and k' € {0,4,6,8,10, 14} are uniquely determined.
Let A = 20 if ¢ is even and A = 20 — (—1)7 if £ is odd. In Section 2 of [DJO§], a basis
{fm | m > —A,(=1)"'m = 0,1 mod 4} for M, ; is constructed, where each basis
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element f,, has a Fourier expansion of the form

fm(T) = q7%¢m + E a(m, n)qn/4¢n
- n>A
(=1)’n=0,1 mod 4

and it is shown that a(m,n) € Z for all m and n.
Since the principal part of |d|?/2Za/,(f) contains only integer coefficients, it must be an
integral linear combination of the f,,, and thus all Fourier coefficients are integral. U

Theorem 7.11. Let j € Zsq. Letd; and A be fundamental discriminants with (—1)7d; < 0
and (—1)7A > 0, and put my = |d1|/4. For f € H_5; we have

Gj+1,f<ZA(m17 h)7 (Z7 h)) = _2j_1 (i]A (Z7 h) Zaﬁzl (f)) :
Proof. By ([7.13]) together with (7.7 for even j and ([7.10)) for odd j, we obtain that

A (z,h,Zafll(f)) = 217 Z c}r(—m)mj

m>0
d mym?
X Z (gl) Gj+1 (ZA ( 7112 7h) 7<Zah>> :
nlm

We need to compare the sum on the right-hand side with G411 ¢(Za(ma), (2, h)), which is
by definition equal to

Z c}_(_m>ijj+1(ZA(m17 h) ‘ T, (Z, h))

According to |[GKZ87, p. 508], we have

(7.14) Za(my,h) | T = (%) Za (m;b_grﬂh> .

nlm

and this finishes the proof. O

7.4. CM values. From here on, fix a (not necessarily fundamental) discriminant dy < 0
and 75 € {0,1} such that dy =5 (mod 4), and put

ER
— 2 /
Ty 1= <d2—r§ _T_2> €L
4 2

and my = Q(x3) = —dy/4. We let U = V N zy and consider the corresponding CM cycle
Z(U) on X, defined in (2.2)).

Note that we have U = Q(v/dz) and both CM points ({7, 1) and (2, €) correspond to
the point

—ry +/dy
2
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on each connected component of Xy, if identified with SLy(Z)\H. As in Section [5] we
have the two lattices P = LN U+ and N = L N U. Explicitly, they are given by

1 0 0 1 2
N=7 Z 2 P=7
DR R o R

which implies that P’ = Z2|;2T\2 x9. Hence, the discriminant group P’/P is cyclic of order
2|ds| if 7o = 1 and of order |dy|/2 if ro = 0. The lattice N has discriminant dy and is
described below in Lemma [7.12} which is a special case of Lemma 7.1 in [BY09).

Lemma 7.12. Let O4 C Q(\/d2) be the order of discriminant dy in Q(\/dy). Then
Q4 =7 & Z%@ and this defines a 2-dimensional lattice of discriminant do with the
quadratic form Q(z) = — Noa)/0(2). The map

P00 = Q). oy (1 0wy (W )
2 ) —1 T2 0

s an isometry. Both lattices are equivalent to the negative definite integral binary quadratic

dgfrg
Falt

form [—1, —rg,

Recall that we put 7' = GSpin(U) and Ky = K N T(Ay). We have Ky = @;27 where
Oy, C kq, = Q(v/dy) is the order of discriminant dy in kg, and @dQ = Oy, ®z 7. This can

either be seen as in Corollary or alternatively verified using the embedding given in
Lemma . Consequently, the cycle Z(U)x on Xk is in bijection to two copies of the
ring class group C1(Oy,), see Section [3.3]

We are now able to obtain a formula for the twisted partial averages at CM points. At
the point zy, we obtain two definite lattices Na = AL NU and P» = ALNU*, both
equipped with the quadratic form %.

Theorem 7.13. Let (25, h) € Z(U) be a CM point and let Gy, (7, h) € Hy,y  such that
Ll(gNA (1,h)) = Ona (7, h).

(1) If j € Z~y is even,

Gj+17f(ZA<m17 h) (ZUa h)) —2/71CT (<¢A(Za3il (f))PAGBNA? [HPA (7—)7 g]-{_fA (7—7 h)]%>) ’

(2) and if j € Z~o is odd, we have

Gyir.p(Za(mi, 1), (25, 0) = =27 CT ((a(Zah, (1)) psenas Fra (7), G (1, )] 20) )
where QNPA (7) is the weight 3/2 theta function

Op (T \/\K > S (cm) 7) B € Mja ..

ueEP! /AP Ne AP+p

Remark 7.14. Note that in both cases, the right-hand side in Theorem [7.13]is well-defined
even if (275, h) is contained in any of the divisors Za (my, h) | T}, for m > 0 with c;(—m) # 0.
These are in fact the values of the (non-continuous) extension of the higher Green function
to the divisor obtained from realizing it as a regularized theta lift in Theorem [7.11}
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Proof of Theorem [7.13. The proof is analogous to Theorem [5.4] First suppose that j is
even. By virtue of Theorem (7.5), and Lemma [7.8 we obtain

Gj-l-l,f(ZA(ml)? (ZE]‘—7 h)) = -1 (i)j (ZU7 h, Zadl (f))

2] 1 .

- (47r) ; 0a (ZU’h R12/2 ;L8 d1<f))
2] 1 reg i

- _(47r)% [7—‘ <R1/2 ]Zadl(f)<T>79L’A(T’Z’h)>d'u(7—)
9j—1  [reg ;

- /f (a(R2y 28, (F)(7)). O (7. 2 1)) dpu(7).

From here, the proof continues parallel to the one of Theorem [5.4 For odd j, we can
perform the analogous calculation using the definition in ((7.11)) and the splitting of the
Millson theta function

GIJ;?AIGBNA (T’ Zl?? h‘) = éPA (T> ® 9NA (7-7 h) [l

Corollary 7.15. Let j € Z>o. Let dy and A be fundamental discriminants with (—1)7d; <
0 and (—1)7A > 0, and assume that dydsA is not a square of an integer. Put m; = |dy|/4,
and let f € H_y; with integral principal part and such that L(§—2i(f), xa,J + 1) = 0.
Then we have for any (27, h) € Z(U) that the value |didaA[72G 11 1(Za(ma, h), (ZU,h))
can be expressed as a finite integral linear combination of Fourier coefficients of QNA In
particular,

A 1
iy AP G 5 (Za (i, ), (2, B)) = =~ log |aw pa(B)],
where ay s a(h) € Hyy (VA and t € Zsq only depends on dy and A. Moreover, we have
avga(h) = agga (1))

Note that even when d;dyA is a square, the statement of the corollary remains valid
if (27, h) is not contained in any of the Hecke translates Za(my,h) | T,, for m > 0 with
cf( m) # 0. For the proof of Corollary [7.15 we need the following Lemma.

Lemma 7.16. Let
KTA = {h e Krp | (det( ) )Af = 1}
Using the identification T(Ay) = Ay . as before, Kt a is identified with

{heOf | (N(h),A)a, =1}
and its fived field under the Artin map is Hy,(VA).

Proof of Corollary[7.15. By Theorem (3), all Fourier coefficients of |d; |7/ 22&21( f) are
integral. The Fourier coefficients of the Rankin-Cohen brackets [0p, (1), G¥, (7, h)];/2 and

V]2 Al[0p, (1), GXa (T, h)](j—1)/2 can be expressed as rational linear combinations of the
Fourier coefficients of Gy (7,h). The denominator of the rational numbers appearing in

this linear combination can be bounded by (4|dyA|)?/? when j is even and by (4]d2A\)% 2
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when j is odd (the additional factor 2 is obtained from p,(A) if ro = 1). In any case, taking
into account the factor 27! in Theorem , and the factor |d;doA|7/? in the statement
of the corollary, we are left with a factor of 2 in the denominator.

This remaining 2 in the denominator is also cancelled which can be seen as follows: If
we write the constant term on the right-hand side of Theorem as a sum of the form

Z Za(m7u>b(_maﬂ)>

HE(PADGNA) /(PAGNA) ™

where a(m, p) are the Fourier coefficients of 1Z)A(Zafl1(f))pA@NA and b(m, p) the Fourier
coefficients of [0p, (1), G, (7, h)]; or [0, (1), G, (7, h)]i1, then we can rewrite this sum
as
Z Z(CL(m? M)b(_mv :LL) + a(mv _:u)b<m7 —,u)),
HE(PA®NA) /(Pa®Na)/{£1} m

and since a(m, p)b(—m, 1) + a(m, —p)b(m, —p) = 2a(m, p)b(—m, ), we obtain another
factor of 2.

Collecting all factors, we obtain that |didaA[/2G 41 ;((25,h), Za(my)) is equal to an
integral linear combination of the Fourier coefficients ¢ (h,m, p) of G3 (7, h). By Theo-
rem [3.9, we have

1
C]_'\—fA (h> m, :u) - _P log |aNA (h> m, M)'

for all (m,p) # (0,0) and with an,(h,m,pu) € Hy , and n € Zso. Moreover, t' only
depends on Na which means it only depends on ds and A. Thus, we obtain that

) 1 -
‘dldQAV/QGjJrl,f(ZA(ml? h), (257 h)) = — log |Oé(h)‘

with a(h) € Hj .. However, the left-hand side is invariant under the h — h'h for

W € Kra and the field Hy,(v/A) is fixed by these elements according to Lemma By
virtue of the Shimura reciprocity law (Theorem (3.9 (3)) and the invariance under K a,
we obtain

|@(h)" o)) = |a(hn')| = |a(h)|
for all b’ € Ky . Moreover, we have (’5;2 r2 CKra C Ky = @;2. This implies that for all
o € Gal(Hg,n2/Hg,(v/A)), there is a root of unity ¢, such that

o(a(h))
a(h)

= Go-

Therefore, the constant term of the minimal polynomial of &(h) over Hg,(v/A) is equal to
a(h)™¢ where m is the degree of &(h) over Hg,(v/A) and ¢ is some root of unity. Note
that m is bounded by the degree [Hy,a2 : Hg,] and thus only depends on dy and A. By
putting oy ra(h) := &(h)™(, and t = t'm, we obtain the statement of the corollary. O

We finish this section by rewriting the CM cycle Z(U) in classical terms and give a proof
of Conjecture [1.1] when one of the class groups has exponent 2.
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Lemma 7.17. The image of Z(U)k on X = SLo(Z)\H is given as follows.

Let ng be the set of primitive integral binary quadratic forms [a,b,c| of discriminant
dy. For each such Q = [a,b,c] we denote by zq the unique root of az® + bz + ¢ =0 in H.
For simplicity, we also denote its image in SLo(Z)\H by zo. We have

Z(U)k = - >

w
@ QESL2(2)\QY,
where wgy, denotes the number of roots of unity contained in Og,.

Corollary 7.18. Let D' < 0 be a fundamental discriminant and assume that the class
group of Op: s trivial or has exponent 2. Let f € M!_2j with integral principal part and
let z € H be any CM point of discriminant D < 0 (not necessarily fundamental) and
2z € H be any CM point of discriminant D', where z # 2’ if D = D'. Then, there is an
ap(z) € (Hp - Hp )™ such that

. 1
[DD'2Gj41,4(2,2) = =~ log |ay(2)],

where t € Z~q only depends on D and D' (but not on f orj).

Proof. For the proof, we work with one of the connected components of Xx, and identify
it with SLo(Z)\H. Thus, we can work with the divisors Za(m;) defined in (7.6). For
each decomposition of D’ into D' = d;A with d; and A fundamental discriminants and
(—1)7d; < 0 as well as (—=1)?A > 0, we have shown in Corollary that for any z of
discriminant D, we have

. 1
DD G 4(Za(m), 2) = ~7; oglaal2)];

where aa(2) € Hp(v/A)* and ta € Zsy.

We let C' be the class group of Op,. For any fundamental discriminant A | D', we let
dy = D'/A and and m; = |dy|/4. The splitting D’ = A d; determines a genus character
Xa : C — {£1}. The twisted CM cycle Za(m;) is equal to

Za(mi) = > xalla])z),
[

aleC

where we write 2|, for the CM point corresponding to a on SLy(Z)\H.

Since C has exponent 1 or 2 by assumption, its order is exactly 2°~!, where s is the
number of prime divisors of D" and every class group character can be obtained as a genus
character. Note that there are exactly s splittings D’ = AA where A and A are both
fundamental discriminants and (—1)?A > 0 since D’ < 0. We denote the fundamental
discriminants satisfying these criteria by Ay, ..., A,. Note that {xa,,...,xa.} is a full
set of representatives of the class group characters of kp,. Hence, the individual value
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corresponding to an ideal class [a] can be obtained as

Gir1,s(2a), 2 hD ZXA )Gjt1,1(Za(m), z)
1 i (ja))-- log Jas, ()]
= —— A(aj)— 10 OAN. | 2
hoy 2 XA, ta g |0A,
|
— L1ogla(2).

where t = hpr - lem{ta,} and

is contained in Hp(v/Aq,...,v/Ay). Since the class group of kp has exponent 2, we have
Hp = kp (VAL ... VAS) and the claim follows. O

8. NUMERICAL EXAMPLES

Here we provide some numerical examples to illustrate the results of Section [7]
particular we demonstrate how our main results in Section [7| and the Appendix can be
implemented to obtain explicit formulas for the algebraic numbers determining the CM
values of higher Green functions.

8.1. Example 1. We start with an example for 7 = 2, which is a bit simpler than j =1
since we can work with A = 1.

Note that for k = j 4+ 1 = 3, we have that Sy, = Sg = {0}. Therefore, the algebraicity
conjecture concerns the individual values of G35 at pairs of CM points in this case. The
function Gs(z1, 22) is obtained as the higher theta lift ®'(f, z), where f € M, is the unique
weakly holomorphic modular form for the full modular group whose Fourier expansion
starts with f = ¢! + O(1). Tt is explicitly given by

[ = Es(1)/A(7),

where Eg(7) € Mg is the normalized Eisenstein series of weight 8 for SLy(Z) and A(7) € Sio
is the discriminant function.

For our first explicit example, we let d; = —4, dy = —23, and A = 1. Since the class
group of Q(y/—1) is trivial, the CM-cyle Z(1/4) only contains one point, represented by i €
H and counted with multiplicity 1/2. Using the usual isomorphism M, Jopn = Ml'/Jg(FO (4)),

we can identify the Zagier lift Za? ,(f) of f with the form
47a2 ,(f) = ¢~* — 126 — 1248¢ — 263832¢" — 666664¢> + O(¢%),

which can be constructed in a similar fashion as the weight 1/2 forms in [Zag02]; see also
[DJOS].
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We consider the case dy = —23. In the notation of the previous section, we have r = 1

and
To = —6 _% EL.

The CM cycle Z(U) for U = V(Q) Nz then consists of the three points

—1+iv23 +1+1iv/23
T’ 22/3 = T

The discriminant group P’/P is isomorphic to Z/46Z with quadratic form z%/92 and,
according to Lemma [7.12] the lattice N is isomorphic to the ring of integers O_s3 C
k_93 = Q(v/—23) with quadratic form given by the negative of the norm form. Numerical
approximations for the CM values can be obtained by using the Fourier expansion of Gj,
for instance

212(25?”:

G5 (i, z1) ~ —1.000394556341.

Note that, given m ¢ Z, there are exactly two cosets £, such that m = Q(um).
If m € Z, then pp = 0 is the only possibility. We now let Gi(7) = > c(m)q™¢m
be the holomorphic part of a harmonic Maass form Gy € H,,, with the property that
L1(Gn(7)) = On(7,1). To lighten the notation, we drop the index of the component x and
simply write ¢(m) for ¢(m, p) and ¢, = ¢, + ¢—p,, for m & Z and ¢, = ¢ for m € Z.
We require the additionally that ¢(m) = 0 for m < —1/23, which can be satisfied because
the space S ;, is one-dimensional and spanned by a cusp form whose Fourier expansion
starts with ¢*/?3. These conditions then characterize Gy uniquely, since M, ,, = {0}.

Theorem now gives the formula

1 , 25 4 11
20 1 378
+ 350(22/23) + 1(23/23) + T 7e(—1/23).

The coefficients of gj{, can be obtained as follows. We let ho3 be the normalized Hauptmodul
for T'§ (23), the extenson of I'y(23) by the Fricke involution. Its Fourier expansions starts
with

has(T) = 7' + 24 4q 4+ 7¢° + 13¢° + 19¢* + 33¢° + O(¢°).
It is shown in |[EhI17, Section 6] that the algebraic numbers a(1, m, u) =: a(m) occuring
in Theorem can all be obtained as certain rational expressions in the CM value

—23 4+ iv/23
o = —h23 T

By CM theory, this value is contained in the Hilbert class field H o3 of k_o3. In fact, «
is the unique real root of X — X — 1 and a fundamental unit of H_s3. The expressions
for the relevant a(m) are given in the second column of Table [l Note that the Hilbert
class field H_53 has class number one, so its ring of integers R_o3 is a unique facorization
domain. In the third column we list the corresponding prime valuations (see Theorem 1.3
of |[EhI17]) using the following convention. If p is a rational prime which is non-split in
k_s3, then there is a unique prime ideal (m,) of H_s3 above p that divides a(p/23). If

> ~ 1.324717957244.
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23m a(m) primes, valuations | ¢(m) = —log |a(m)| (12 digits)
T | (@ +a-2)? (77, 2) ~0.153173096659
11 2a% —a) (111,2) —1.563265867556
4| (@@—2a+3)2 | (,2),(2) —1.489050606368
19| (B3Z+a)? (719, 2) —3.770900708871
22 | 3o+ T7a+6)2 | (m,2),(,2) —6.04452042127
23 | (8a% + 12a + 7)? (23, 4) —7.218353704778
-1 a=? 0.562399148646

TABLE 1. Coefficients of Gy (7).

the valuation of a(p/23) at (m,) is equal to v and the element a(m) is of the form z”
for some # € R_y3, we choose m, = x. For instance, we put m; = a* + @ — 2. In our
example this does not work for m = 23. In this case, we can take the prime element

Tog = \/%23 (=902 + 2a 4 6) € R_y3. Then «(23)/75, is a unit. Finally, we then let 7/,
be the two Galois conjugates of 75" over k_ps, so that (p) = (mp)(m,) (7)) in H_o3. For

instance, for m = 14, the entry (7}, 2), (77, 2) in the third column means that the principal
ideal (a(14)) factors as (a(14)) = (75)*(w%)>.
Taking the units into account, we obtain the precise value

Gali, 21) = — - log |o-20t . (T 5 7o
) 23 7{'?0(71-,/77-[-/7/)8

Note that the algebraic number in the logarithm is in fact contained in the real subfield
Q(a) C H_y3 and thus has degree 3 over Q (this is visible in Table [I).

Moreover, it follows that we obtain G3(7, 20) = G3(3, 23) by applying any Galois automor-
phism ¢ € Gal(H_s3/k_s3) of order 3 to the numbers a(m) in Table [l Note that the two
possible choices for ¢ lead to complex conjugate algebraic numbers and thus log |a(m)?] is
independent of this choice. Numerically, we have G3(i, z2) = G3(i, 23) ~ —3.854054384748.
Finally, we obtain the factorization for the average value
1 < 11801922232

G3(iazl) +G3(ia22) +G3(i723) = ——log 766

~ —8.708503325837
= ) |

which alternatively follows directly from Theorem [5.4]

8.2. Example 2. One of the interesting features of the CM value formula is that the same
harmonic Maass form Gy occurs for all 7. To illustrate this, consider the same CM points
for dy = —4 and dy = —23 but now take 7 = 4 and 5 = 6. For these values, we still
have Syy9;(SL2(Z)) = {0}. Theorem [7.13| shows that the Fourier coefficients of the same
function Gy; occur. In the case j = 4, the numerical value is approximately

Gs(i,21) ~ —0.0869366459199.
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By Theorem we obtain

1 493 447 613
SGa(i ) = 2 14/2 19/2
5Ol 21) = (o0 el(T/23) + 150 c(14/23) + 525 c(19/23)
233 3 5775
— < orso(22/23) — Te(23/23) — 2 e(~1/23),

which gives a precise value of
986 (/. 11\3576 1226
1 —15594 77 (7 ) Ty

Gs(i,21) = ——==51
) T T R T ey

In the case j = 6, we get an approximate value of
Gr(i,21) ~ —0.0101643901834.

And Theorem yields
1 80659 - /93 2578 14/93 60209

SGaliz) = — 19/23
5Ol 21) = = 1uama O(T/23) + 5 aa c(14/28) + Jo7es o(19/23)
1538 5 49273
_ 92/93) — - ¢(23/23) — —1/2
2a334°(22/23) = 550(23/23) = oaare(=1/23),

which gives a similar precise algebraic formula as above.

8.3. Example 3. In this section we give an explicit example for j = 1. We obtain an
explicit, finite and algebraic expression for the value

%GQ <1 +2\/__37 1 +2\/__7) = GQ(Z—3<1/4)7ZJCQ)7

where the CM point z,, of discriminant —7 corresponds to the vector

R
2

The parameters for this example are d; = 1,dy = =7, A = —3.
Numerically, we have

1 14+v—=3 14++/—7
§G2 9 2

) ~ —2.928818048619.

The unique weakly holomorphic modular form f of weight —2 with a principal part starting
with ¢~! that corresponds to Ga(z1, 22) is given by

f(7) = Ew(T)/A(7),

where F1o(1) € My is the normalized Eisenstein series of weight 10 for SLo(Z) and A(7)
is the discriminant function. Its Zagier lift Zaj(f) for d; = 1 can be identified with a
scalar-valued form in MEJ{Q(FO(ZL)) given by

g1+ 10 — 64¢° + 108¢* — 513¢" + 808¢% — 2752¢'! + 4016¢' — 11775¢*° + O(¢*°).
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The lattice P is spanned by 2xs and P’ by 25/7. According to Theorem [7.13] we have

36 (B2 D) — Lo (s@al (D)o By (1) 9 G (7).

The lattice N_3 is isomorphic to the order O_g3 in k_7 = Q(+/—7) of discriminant —63.
We take the basis (1, BHT‘E) of O_g3, which has the Gram matrix

EE))

The dual of O_gj is given by the fractional ideal generated by - F The discriminant group

is isomorphic to Z/21Z x 7,/3Z. We write c(m, u) for the (m, p)-th Fourier coefficient of
the holomorphic part of Gy ,(7) for simplicity and we write p = (a,b) with a € Z/217Z
and b € Z/37Z. Then a little calculation, which we carried out using sage , shows that we
have explicitly

Gy (1+2‘/__3, H;/j) = \/32_1<—25c<;11 (1, 0)) +25c<211 (1,1))

—250(211 8, 0)> +5c(211 8, 2))
+c(%,(4,0)> _ (251 (4, 1))
e (251 (10, 0)) (%,(10,1))).

We implemented the algorithm outlined in the Appendix in sage to compute these coeffi-
cients numerically.

We remark that the computations are much harder than the previous examples for sev-
eral reasons: 1) the algorithm in the appendix is computationally more expensive because
the twist results in much larger discriminant groups. 2) The coefficients are obtained as
CM values of meromorphic modular functions on I'y(63), which has genus 5. In our first
example, we used the fact that the corresponding modular forms are rational functions on
[y (23)\H, which has genus 0, to obtain all CM values in terms of just one CM value of
the hauptmodul of T'$(23).

Each of the coefficients ¢(m, ;1) is of the form —z log |a(m, u)| with a(m, p) an algebraic
integer contained in the ring class field H_g3 of (9 63. We can use this information to
determine a(m, u) exactly from the numerical computations. We have H_ g3 = Q(ay),
where the minimal polynomial of «; is given by 2% + 2% — 32* + 22 + 1. We write R_g3
for the ring of integers in H_g3. We fix the embedding of H g3 into C, such that a; =
—0.9735614833—0.22842512587i. The field H_43 has a total of 4 pairs of complex-conjugate
embeddings. Hence, the rank of the unit group is 3 and is generated by a;, as and as,
where

1 1
Qy = —o{ + —oc?

1 1
5 501~ o+ =a* +a+ 3~ 0.562638276594 — 0.324839360448i

2
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2lm | p a(m, ) c(m, p) = —%log|a(m, )| (12 digits)
—1 | (1,0) | a;a2a? 0.692410519993
-1 ] (1,1) a;® 0
—1 ] 80 | aytay’a? —0.170144107668
-11 (8,2 1 0
5 | (4,0) | #ba?aba? 0.255860917422
5 | (4,1) oo, —0.582934829024
5 1(10,0) | wa; tay Pa? —1.786600671916
5 1(10,1) 8 —0.582934829024

TABLE 2. Coefficients of g;{,%(T)

has minimal polynomial 28 — 327 + 42% — 32° + 32* — 323 + 422 — 32 + 1, and
1 1 1 3 1
ag = §a? + 50/11 — §a§ - §a§ + 5 ~ —0.0626382765944 + 0.541186043336i

with minimal polynomial 28 — 27 4 22° — 2° — 5z 4+ 2% + 222 + 2 + 1.

Note that only m = —1/21 and m = 5/21 occur. This suggests that only primes above
5 should occur in the factorization of the CM value, which is indeed the case. The prime
5 is inert in Q(v/—7) and splits completely in R_g3 into 5R_g3 = p1popsps, where

1 1
p1 = (m), with m = —af + 504? —af +ai +3a) —af — 0
P2 = (7T2)a with mp = CYL;) + Oéi’ — 204,
. 1. 1, 1, 34 5
p3 = (m3), with 73 = bh! + oM T M T oM T T 5 + 1, and
. 1 ) 1 1 1
ps = (m4), with my = —CYI - ai’ + 50/1L + ia:{’ + Eozf — 5041 5

The values for the algebraic numbers a(m, ), are recorded in Table 2l Here, we wrote
down exactly what we obtained by implementing the method of the Appendix, even if
|a(m, p)| = 1, which yields a vanishing Fourier coefficient. Summarizing, we obtain the
following expression for the value of the higher Green function

a I+v-3 14T\ _ 3 o atasdring
2 2 72 VT ad?mins

As predicted, we can check that the algebraic number in the logarithm is contained in
Q(v/21). With a little computation, we obtain the surprisingly simple expression

G 1+v-3 1+V=7\ 3 o (32 + 7v/21)*
2 2 ) 2 - \/ﬁ g 25

APPENDIX A. PREIMAGES OF THETA FUNCTIONS

Following the strategy of [Ehl17] with a few modifications, we will now give a proof of
Theorem [3.9] In contrast to [Ehl17], we will not consider the prime ideal factorizations of
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the algebraic numbers, which allows for some simplifications. In this regard, the results
of [Ehl17] are stronger than Theorem [3.9) However, Theorem is much more general
as it does not put any restriction on N, whereas in [Ehl17] the assumption was that the
discriminant of N is an odd fundamental discriminant.

A.1. Weakly holomorphic modular forms. In this section, we basically follow [Ehl17,
Section 4.3] to define a convenient basis of the space of weakly holomorphic modular forms.
The setup for this section is more general than for the rest of the appendix. For simplicity,
we make the following assumptions: we let (N, Q) be any even lattice of even signature
and let k € Z such that 2k = sgn(N) mod 4.

First consider the space of holomorphic modular forms My ,, (Q) with rational coeffi-
cients and its dual My ,,(Q)Y. Let (my,),...,(my, pr) € Qs X N'/N such that the
linear maps oy, ..., a, € My, (Q)" defined by

(073 Mk’,pN(Q) — Q> f — Cf(mhy'i)

form a basis of My,,(Q)Y. We fix these indices once and for all and let Gy,...,G, €
My, (Q) be the dual basis, i.e., G; satisfies cq, (mj, itj) = 6; ;.

In the same way, we fix indices (11, fi1),..., (s, fis) € Q¢ x N'/N for the space
Ms_y ;5 (Q) such that the linear maps

Bit Moy 5 (Q) = Q. f = (i, i)
form a basis of Ms_j, 5, (Q)Y. As before, we let Fy, ..., Fy € Ms_ 5, (Q) be the dual basis.
Now we define special bases for the spaces M; , (Q) and M;_, - (Q). For Mj_, > (Q),
we define a basis {f,, .} as follows. First, for (m,n) = (—m,, ;) with i € {1,..., s} we
let f_pm, a5, = Fi. Then, for (m,pn) € Q5o x N'/N with m = Q(p) mod Z and (m, ) #

(mi, 245 for all i, we let fy,,, € Mj_;  (Q) be the unique weakly holomorphic modular
form such that

1 1 —
(A-l) fm,u(T) = éq_m(ﬁbu + ¢—M) o 5 ; ca; (ma M)q_mi(gbui + ¢—ui)
+ Z Z am,u(na V)qn(¢u + Qb—u)
vEN’/N n>0
with
(A.2) U (T1, £01) = ... = A (s, £fis) = 0.

It is clear that the forms f s, 4,,. .., f-m, . together with

{fmu | m€Qso,pp € (N'/N)/{£1}, m = Q(p) mod Z}

form a basis of MQ!_k?,ﬁN (Q).

For M}WN (Q), we define a basis {g, ,} in the same way: If (m, ) = (—m;, £4;) then
i e {l,...,r} welet g_pm, 44, = G;. Then, for m € Qs and p € N'/N with m =
—Q(p) mod Z, we let gy, , be the unique weakly holomorphic modular form in M,L o (@)
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with
1 —m
(AB) gm:M(T) = Eq (¢H + ¢ -5 ZCF m :u (¢Nz _'_ ¢ Nz)
+ Z meuny (bu+ d—p)
VEN'/N n>0
satisfying
(A.4) b (ma, 1) = ... = by (M, £p1) = 0.

We obtain a basis of M,!WN (Q) consisting of g_p, s+ - - s G—my p, and

{gmu [m € Qso,pp € (N'/N)/{£1},m = =Q(p) mod Z}.
Lemma A.1. The conditions above characterize the forms fm, . € Mé_k,pN(Q) and Gm €

M}WN(Q) uniquely. They satisfy the duality relation
(A.5) U, (n, V) = —=by (M, 1)

for allm,n € Q and p,v € N'/N with m = Q(u) mod Z and n = —Q(v) mod Z.

Proof. Existence follows from the second exact sequence in Corollary 3.8 of [BF04] and
uniqueness is clear. Using (A.1))—(A.4), it is easy to see that

CT({fmpr Gnv)) = A pu(10,0) + b (0, ).
Note that {fo u, gn.) € M, which implies that its constant term vanishes. O

The relation (A.5)) and the fact that weakly holomorphic modular forms with rational
Fourier coefficients have bounded denominators implies the following lemma.

Lemma A.2. For every ng € Q there is an A € Z~g, only depending on N, k, and nyg,
such that for all n < ng, and all v,m, p, we have A - ay, ,(n,v) € Z and A - by, (m, p) € Z.

In the following, we assume that N has signature (0,q) with ¢ even. Then Ox(7,h) =
020y _1y(1, h) has weight —q/2 and the theta function Oy_1)(7,h) € My, is a holo-
morphic modular form. We dropped the variable z since the space U = N ® Q is definite
and the symmetric domain only consists of the two points z?}, yielding the same function.
Let k := 2 — ¢/2. We will then simply write ®x(h, f) for the regularized theta lift of
fe M, against 9N We will assume that (4, fi1) = (0,0) for convenience, which we
can do because Oy(_1) € Ms_j 5, has a non-vanishing constant term of index (0,0). In
particular, a, (0, O) =0 for (m, p) # (0,0) by (A.2).

Write T = GSpin(U) and let Ky C T(Ay) be a suitable compact open such that i +—
On (7, h) defines a function on Z(U) = T(Q)\T'(As)/Kr.

Lemma A.3. For every h € Z(U), there is a unique harmonic Maass form Gn(7,h) €
H;  with Ly(Gn(7,h)) = Ox(7, k) and holomorphic part

k,pn
G (T, h) = Z Zcthu "o,

HEN'/N m>—00

satisfying the following properties:
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(1) For m < 0, we have ci(h,m,pu) = 0 unless (m,u) = (—my, £f1;) for some i €

{1,...,s}.
(2) We have c(h,m;, +p;) =0 fori=1,...r.
(3) For everym € Q and p € N'/N with Q(pn) = m mod Z, we have

CDN(h? fm,u) = C]+\7<h7 m, M)

Proof. Arguing as in Proposition 2.12 of [ES18], there is a G' € H} with Li(G(7)) = On(7, h)
satisfying (1). To ensure that G satisfies (2), we can subtract suitable multiples of the G;
from G without changing the image under the lowering operator.

Now let Gy (7, h) be a harmonic Maass form with Lg(Gn(7, h)) = On(7, h) satisfying (1)
and (2). Note that these conditions uniquely characterize Gy (7, h). By Theorem we
have for m = —m,; and pu = ji; that

(A6) (I)N<h7 f*ﬁlzwﬁi) =CT (<f*mi:[l«i7 gN<7-7 h)>) = CE(}% _miy ﬂz)

Here, we have used ¢} (h, —m, ii;) = ¢ (h, =y, —fi;) and a_p, 4, (M, £f;) = 1/2. Simi-
larly, for m > 0 and p € N'/N with (m, p) # (mi, £u;), we get

On(hy finp) = CT ((fmpr Gn (T, 1))

= C]J\r/(h? m, :u) - Z CEU% mg, /’Li)CGi (m7 :u) + Z Cx(ha n, V)am,/i<_n7 V)

=1 n<0
veN'/N

= Cﬁ(hu m, :u) - Z Cﬁ(hﬁ mg, /’Lz')CGi (m7 lu) + 2 Z CE(]% _mia ﬂi)am,u(mi; /11)7

i=1 i=1

where we have used (1) in the second line. By condition (2), the first sum on the right-hand
side vanishes. Finally, by (A.2)), the second sum on the right-hand side vanishes as well
and this finishes the proof. O

A.2. Special preimages of binary theta functions. In this section we restrict to the
case ¢ = 2, i.e., N has signature (0,2) and k = 1. Let U = N ® Q be the corresponding
rational quadratic space and write 0y (7, h) for the Siegel theta function attached to N.
We put T' := GSpin(U). As in Section we let D be the discriminant of N, and write
Op C kp = Q(vD) = U for the order of discriminant D in kp. For convenience of the
reader, we recall the statement of Theorem [3.9] which we will now prove.

Theorem A.4. For every h € T(Ay), there is a harmonic Maass form Gy (7, h) € H
only depending on the class of h in Cl(Op), with holomorphic part

Gh(m,h) = Z Zcthu(mT)gbﬂ
HEN'/N m>—00

satisfying the following properties:
(1) We have Li(Gn(1,h)) = On(T, h).
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(2) Let w € L'/L and m € Q with m = Q(u) mod Z and (m, u) # (0,0). There is an
algebraic number a(h, m, ) € H}y such that

1
(A7) C]—i\_f(hvmnu) = _;log’aNULvm?“'”?

for some r € Z~qy only depending on N.
(3) For all h € T(Ay), we have

(A.8) ay(h,m, p) = ay(1,m, p)*ol,

(4) Additionally, there is an ay(h,0,0) € HJ, such that
2
ct(h,0,0) = ;log lan(h,0,0)| + £(0,0).

For the proof, we consider the lattice L := P @& N of signature (1,2), where P = 7Z
with the quadratic form 2. We put V = L ® Q and let D be the asociated symmetric
domain. We let H = GSpin(V) and K = GSpin(L), so that the theta lift @, (z,h, f) of
any f € M| /25, defines a meromorphic modular form on Xyx. We view Z(U) as a CM
cylce on Xy as in Section 2l For m € Q and p € N'/N with m = Q(u) mod Z, we let
Jmp € MiﬁN (Q) be as in the previous section.

Remark A.5. We remark that all of the following arguments can easily be adopted to
work with any lattice L of signature (1,2) such that we have a primitive isometry N < L.
In [Ehl17] we used the lattice for T'g(|D|) for odd squarefree D to obtain more precise
information about the algebraic numbers appearing in Theorem (for instance integrality
and the prime factorization), and for computational purposes it can also be useful to tweak
the choice of L. For the purposes of proving the statements of Theorem [A.4] however, our
simple choice suffices.

Proposition A.6. Let m € Q and p € N'/N such that Q(n) = m mod Z. There is
a weakly holomorphic modular form F,, , € Ml!/Z,ﬁL (Q) such that cg,, ,(0,0) = 0 and
satisfying

1205 (h, fonp) = Pz, hy Foup)-
Moreover, for every ng € Q there is a constant B € Z~qo such that for all n < ng and all
m, ji, we have B - cx,, (n,v) € Z.

Proof. We follow the argument given in Theorem 6.6 of [Vial9] and Section 4.2 of [Ehl17]
(here the special case for A = 1 in [EhI17] is sufficient). For any integer k, the space
M ,’C_l /2.5p is isomorphic to the space of J}M of weakly holomorphic Jacobi forms of weight
k and index 1 via the theta expansion of Jacobi forms [EZ85|.

We let §2~5_2,1 € J!_Q’1 = Mi5/2’ﬁp and ng,l € J(!)’1 = Mil/Q,pp be the two generators of the
ring of weak Jacobi forms of even weight over M,, the ring of holomorphic modular forms
for SLy(Z) as in [EZ85, Theorem 9.3]. These two forms correspond to vector valued weakly
holomorphic modular forms ©_5; € ML5 /2,50 and 1o, € M', Jopp- FOT any weak Jacobi
form ¢(7,z) € J,Zf%ak, the specialization ¢(7,0) is a holomorphic modular form of weight k

for SLo(Z). Hence, i
(V_21,0p) = ¢p_21(7,0) =0
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and (Yoq1,0p) = gz~5071(7', 0) is a constant. By inspection of the Fourier expansion of gi~>071 it
is easily seen that

(1ho.1,0p) = o (7,0) = 12.

Using the identification pr, = pp ® py, we view 1p1 ® fy, ., as an element of Mi/2 5, Thus,
we obtain the relation of theta lifts

120N (R, frp) = (I)L(Z§, h, Y01 ® frnp)-

The constant term of index (0, 0) of 1 ® fi,,, might be non-zero. In that case, let a € Z-
be minimal such that the Fourier coefficient of index (a,0) of ¥_51 ® Oy (_1) is non-zero
and let ¢ € M be the unique weakly holomorphic modular form of weight 2 with principal
part equal to ¢7®. Note that the constant term of g necessarily vanishes and that the
¢o-component of ¢_s; @ O (—1) does not have any non-zero Fourier coefficients of negative
index. Hence, g¢_51 ® fy(_1) has a non-zero and integral constant term of index (0, 0).
Using (¢_21,6p) = 0, we obtain

q)L(Z[:|]:7 hvg¢—2,l & 8N(—1)> - 07

and thus we can define F,, , = ¥01 ® fi, — 7 - 921 @ On(—1) With a suitable constant
r e Qx.

Finally, to obtain the bound, note that 1y, has integral Fourier coefficients and a princi-
pal part equal to ¢~/4¢; 247. Let A be the bound in Lemma such that Aa,, ,(n,v) € Z
for all n < ng+ 1/4. Then A1 ® fin,, has integral Fourier coefficients, up to ¢".

The Fourier coefficient ¢y of index (0,0) of gh_5 1 ®0n(—1) is an integer since Oy (1), g, and
1_o1 have integral Fourier coefficients. Thus, cpz € Z. Consequently, the denominators of
the Fourier coefficients of 7, ,, up to ¢"°, are bounded by B = lem(A, ¢y). O

According to [Bor98|, Theorem 13.3], there is a meromorphic modular form W (z, h, Fy, )
of weight 0 (and some multiplier system of finite order), such that

(Ag) cI)L(Z> h> ‘Fm,u) = _410g ‘\IJL(Za h7 ‘Fm#)’?

with div(Wr(z, b, Fonp)) = Z(Fmp) = 2ent/n 2onco CFmu(mv)Z(n,v).  The identity
(A.9) holds on the complement of

(A.10) U znw).
n<0
veL'/L
C]-‘myy‘(n,l/)#[)
Corollary A.7. There is a constant Ay € Z~q, only depending on N, such that for all
m and i, the Borcherds product Vi (2, h, AgFn,) defines a meromorphic function on Xy
which 1s defined over Q.

Proof. We use ny = 1 in Proposition to obtain a bound B on the denominator of the
Fourier coefficients of F,, ,, up to ¢'. By [HMP20, Theorem A], there is a constant A
with B | Ay such that Wy (z, h, AgFy,,) is defined over Q. An inspection of the proof of
[HMP20, Theorem A] shows that Ay can be chosen indepently of m and . g



REFERENCES 69

Proof of Theorem[A-], We let Gy be defined as in Lemma[A.3] Then (1) is clear. To prove
(2), let (m, ) # (0,0). We use that @1 (2, h, Fn,) is the logarithm of a CM value of a
Borcherds product and then invoke CM theory and Shimura reciprocity.

It is not hard to see (cf. Proposition 4.18 of [Ehl17]) that ¢y, ,(0,0) = 0 implies that the
Borcherds product W, (z, h, Fp,,) is always defined and non-zero at the CM point (2, h),
even if (z,h) is contained in one of the divisors Z(n,v) appearing in (A.10). Using
Corollary , it is straightforward to check that then still holds up to the logarithm

of a non-zero rational number. Hence,
O (25, hy Fon) = —410g [ W (25, hy Frn )| = log 2],

where t € Q* is equal to 1 if (2, h) is not contained in (A.10).
We let Ag be the constant in Corollary . Then Uy (2, h, AgFm,) is defined over Q

and hence, we infer that the algebraic number
o (hym, p) o= 40y (z5, b Ao Fin )

is contained in the ring class field Hp, since (z{;, h) is defined over Hp. The relation in
(2) now follows by Proposition and Lemma [A.3] Item (3) then follows from Shimura
reciprocity [Shi94, Theorem 6.31], i.e.,

OéN(h, m, ,LL) = tAO . \I/L(Zi, h, AOFm,u)4 - tAO . (\I/L(Z[:]t, 1, Aofm7u)4)[h’kD] = O(N(l, m, [L)[h’kD].

Finally, note that & (Gn(7) — EN(7,0,1)) is a cusp form. By considering the pairing with
the holorphic Eisenstein series 20En (7,0 — 1), (4) follows from [BF04, Proposition 3.5]. [
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